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1 Introduction and summary

Studying the scattering properties of black holes is a topic of current and future interest.

Of particular importance is the study of the quantum mechanical rate of decay of black

holes into a field quantum of a given frequency, which is given, up to a thermal factor,

by the greybody factor, due to the effective potential created by the black hole outside its



horizon. This greybody factor is, also up to a projection term, related to the cross section
of absorption of an equivalent quantum field by the black hole.

The low frequency limit of the absorption cross section for minimally coupled scalar
fields is equal to the area of the black hole horizon, a result which can also be extended to
higher spin fields [1]. Equivalently, one can say that the low frequency cross section equals
four times the Bekenstein-Hawking black hole entropy: o = 4G S. Recently there has been
a renewed interest in this cross section, also from the theoretical point of view, since this
quantity is directly related to the shear viscosity n of the dual quark-gluon plasma, which
according to the fluid-gravity correspondence [2, 3| behaves as a strongly coupled (and
almost ideal) fluid. In this context it is worth mentioning the KSS bound [4], which states
that for theories with a holographic dual the ratio /s between the shear viscosity and the
entropy density has a lower bound of ﬁ. This bound can be saturated for boundary field
theories in the limit of large 't Hooft coupling and number of colors.

The KSS bound was established in classical Einstein gravity (without higher order
corrections). However, string theories require higher derivative corrections in ', the inverse
string tension.

Such theories are dual to Einstein gravity (without corrections). However, more general
computations in higher derivative gravity showed that the KSS bound can be violated,
although the crucial sign of the coefficient in front of the higher derivative correction is in
general undetermined. This suggests the need to study higher derivative corrections to 7,
and correspondingly to the absorption cross section o [5].

Another motivation to study higher derivative corrections to the absorption cross sec-
tion is the aforementioned relation o = 4GS which, like the KSS bound, was only es-
tablished classically. It is important to check if and how such relation is maintained in
the presence of higher derivative terms, namely string o/ corrections. These are a few of
the theoretical motivations which lead us to study o’ corrections to the absorption cross
section. But such study is interesting and important by its own, since gravitational wave
astronomy is becoming an experimental reality which could allow for the detection and
measurement of (small) string effects.

The first work to discuss the effects of leading o’ corrections quadratic in the Riemann
tensor in the absorption cross section of spherically symmetric black holes for generic d
dimensions was article [7], but just dealing with a particular black hole solution. In this
article we wish to perform such study for any d dimensional asymptotically flat spherically
symmetric black hole with such corrections. We leave the asymptotically de Sitter/Anti de
Sitter cases for a future work.

The article is organized as follows. In section 2 we present the generic o/-corrected
black hole solutions in the background of which we consider a test scalar field. We also
discuss the field equation to this scalar field. In section 3 we solve this field equation
in different regions of spacetime, using different approximations: close to the horizon, at
asymptotic infinity and in the intermediate region. We present solutions, in closed form, for
these three regions. After matching these three different solutions, we are able to obtain a
general formula for the o/-corrected low frequency absorption cross section of the test scalar
fields by the black hole. All we have been describing is performed for a generic metric; in



section 4, we apply our result to three different known black holes with o’ corrections. In
section 5 we compute the o/-corrected entropy of these three black hole solutions, which
we compare to the cross sections obtained in section 4. All these results are obtained in
a specific scheme (concerning the metric) and based on assumptions about the coordinate
system; in section 6, we obtain expressions for the entropy and cross section which are
covariant and independent of metric redefinitions. We end by discussing our results.

2 Basic setup: a’-corrected field equations in d dimensions

2.1 Spherically symmetric o/-corrected black hole solutions

We start by considering a d-dimensional string effective action with o’ corrections given,
in the Einstein scheme,' by

e / e (R N 5 (076) 9,0+ N ex 20y (R) + £matter> d'z.  (21)

Here, Y(R) is a scalar polynomial in the Riemann tensor representing the leading higher
derivative string corrections to the metric tensor field, and )\ is, up to a numerical factor,
the suitable power of the inverse string tension o/ for Y/(R). The dilaton field is ¢, and w
is the conformal weight of Y (R), with the convention that w (g,,) = +1 and w (¢"") = —1.
If one is rather just considering higher order gravitational corrections in a non-stringy
framework, one can simply take ¢ = 0 in (2.1): the main results of this article are also
valid for such choice, as long as X is taken as a purely perturbative parameter. Liatter
contains terms, up to the same order in o, including the metric, the dilaton and also other
matter fields depending on the string theory we are considering.

After having eliminated certain terms involving derivatives of ¢, which would only
contribute at higher orders in our perturbative parameter )\, the dilaton and graviton field
equations following from the effective action (2.1) are respectively of the form

)\/
V2 — 5 ea=z (1+w)¢ Y (R) = matter terms,

(2.2)

SY(R) 1 1 SY(R)
Sgh q_ QY(R)Q;W - d— 2guug 5gPo

4
Ruw + N ea—s(1tw)¢ < > = matter terms.

(2.3)

The “matter terms”, coming from Lpatter, involve other fields than the metric and the
dilaton.

In this article we consider the scattering of massless test scalar fields by a spherically
symmetric black hole with string o/ corrections in d dimensions. These black holes are so-
lutions to the corrected Einstein equation coming from (2.1) which are built perturbatively

n this article we adopt the designation “scheme” instead of frame, in order to distinguish it from a
generic coordinate frame.



in o and valid only in regions where 72 > o’ : for these black holes the event horizon is
much bigger than the string length. They are of the form

ds® = —f(r) dt* + g7 (r) dr® + r2dQ3_,. (2.4)

As a solution to the classical Einstein equations, in principle one could take a metric
like (2.4), the most general spherically symmetric metric, with two independent functions
fo(r), go(r). But at order X = 0, (2.3) reduces to the Einstein equation in vacuum, R, = 0,
and in this case one can always take fo(r) = go(r).

The spherically symmetric solution to the vacuum Einstein equation in d dimensions
is the Tangherlini solution [15], with

folr) = T () =1 <H>d_3, (25)

Ry being the horizon radius.
In order to also include spherically symmetric black holes in the presence of matter,
we will allow for a multiplicative factor ¢(r) :

fo(r) =¢(r) (1 — <}iH>d3> . (2.6)

This will be the form of the function fo(r) we will be considering. The factor ¢(r) may
encode string effects (see subsection 4.3); it also allows for charged black holes, which may
happen in the presence of gauge fields. The corresponding solution, corresponding to a
black hole of mass M and charge @, is given by [15]

16w M 1 209° 1

Q —1_ : 2.7
fo'(r): (d—2)Qq_ord=3 + (d—2)(d — 3) r2(d=3)’ (2.7)
it can always be reduced to the general form (2.6) by taking
fg'(r)
c(r) = . (2.8)
f (r)

3=d it is a second

As it is well known, fgg (r) has in general two simple roots: taking z =r
degree polynomial in x. In this case Ry in (2.6) represents the largest (in r) root of f(? (r).
If the other root of f(?(r) is R_, ¢(r) is therefore proportional to R~ — z : it is a smooth
function of r. For the case of an extremal black hole (i.e. when R_ = Ry : f((;?(r) has a
degenerate double root) we see that c¢(Rg) = 0.

Concerning the o’ corrections, we make the general assumption that the functions

f(r),g(r) in (2.4) have the form
f(r) = fo(r) (L4 Afe(r)), g(r) = fo(r) (1+ Age(r)) . (2.9)

fo(r) is the classical solution, while the functions f.(r), g.(r) encode the o’ higher-derivative
perturbative corrections. \ is a dimensionless quantity defined in the same way as )\, with
the same numerical factor but with o’ replaced by the dimensionless quotient o’/ Rlzq. Here
we are assuming the horizon radius Ry itself does not admit any o/ corrections; it is always
possible to choose a system of coordinates in order for that assumption to be true.



2.2 The field equation for minimally coupled scalars in the background of
spherically symmetric black holes

We now consider the low frequency scattering of a massless minimally coupled test scalar
field ‘H by the black holes we saw in the previous section. (By “test” we mean it does not
affect the evolution of the black hole background.)

First we analyze the case without o/ corrections. In this case, the scalar field obeys
the Klein-Gordon equation

1
V=

From (2.10) and the metric (2.4), the scalar field H obeys therefore a field equation of

the type [1]

O [V=99" 0, H] = 0. (2.10)

O*H — F2(r) O*H + P(r) 0,H+ Q(r) H =0, (2.11)

F(r), P(r),Q(r) being functionals of the metric (2.4) and its derivatives, namely of the
functions f(r), g(r).

For pure gravity (in the absence of o/ corrections) in d dimensions, it is not difficult
to obtain such functionals, which in this case we designate by Fy, Pe, Qa:

Fcl = \/f73

Py=—f [(d—2)i+;(f/+gl)] :
Qu =" *Tf‘ ] _Tf)f/. (2.12)

Since we are in a static, spherically symmetric background, the field H can be redefined
and expanded as

O(t,7,0) = k(r)H(t,r,0) =Y ®y(t,r)Yeo..0(0). (2.13)
0

where £ is the angular quantum number associated with the polar angle § and Yy, . o, ,(0)
are the usual spherical harmonics defined over the (d —2) unit sphere. ¢1, ..., pq4_3 are the
azimuthal angles, which in our problem we may set to constants: 6 carries all the angular
information. In this case, up to a normalization, Yy, (6) are the Gegenbauer polynomials
CZTB (cos ) [6].
It is customary to rewrite the above equation (2.11) in terms of the tortoise coordinate
dr

ry defined in this case by dr, = AGR In order to achieve so, we take in (2.13)

k(r) = \/lfexp (- / i dr) , (2.14)

and replace 0/0r by 0/0r.
It is then easy to see that an equation like (2.11) may be written as a wave equation
with a potential V' [f(r), g(r)] [8]:

2P 9% F? FF’" P P2 PF
a2 o \YTT g ®

4 2 5 Tt 7 ) 2=VI),e(r)]e.  (215)



In the absence of o corrections, the A = 0 part of k(r) is given by ko(r) = rT (see (3.10)
below). The potential is given by

F2 F4F! P, P} P4F,

Valf(r),g(r)] = Qa+ == — TC' -5 T 4},53 i
= 167“12fg [(16£(£+ d— 3)fzg+r2f2f’2 +3r292f’2 - 2r2f(f —I—g)f'g'
4 fg(g — /)f" +16rfg* f + 4r(d — 6) fg f +4(d — 2)rf2gg’
+4(d — 4)(d - 2) f?¢%] . (2.16)

For solutions (2.4) with f(r) = g(r) a potential analogous to Vg [f(r),g(r)] has been
obtained in d dimensions in [6]. Still in the absence of o' corrections, equation (2.15)
also governs tensor-type gravitational perturbations of the metric, with the same potential
Ve [f(r), g(r)] obtained from the same functions Fg(r), Py(r), Qq(r) in (2.12), as it was
shown in [9].

Determining the field equation for the scalar H in the presence of the o’ corrections
is not as simple. Since we are dealing with minimally coupled scalars, one could take the
same equation (2.15) as in Einstein-Hilbert gravity, and consider that only the graviton
is affected by the higher-derivative terms. That procedure is very often followed in the
literature, in the context of black holes with non-stringy higher derivative corrections.
In such cases, it is possible that the higher derivative corrections only affect the metric.
Particularly in the context of Lovelock theories in d dimensions, even the metric does not
get a higher order equation of motion, as it is well known.

That cannot be the case in the context of string theory we are considering, since the
gravitational correction Y (R) in (2.1) is multiplied by a term containing the dilaton and, as
we have seen, acts as a source term in its field equation (2.2). In string theory the graviton
field equation (2.3) is modified and, in general, it is of higher order. That must be the case
of the other field equations too, including the dilaton. The dilaton field equation (2.2) is
of second order, but recall that it results from eliminating terms which would be of higher
order in )\, since ¢ is at least of order \. We do not have such information for H, and
therefore we cannot make a priori a similar elimination, at least without some extra input.

But a clever argument from [5] tells us that a second order equation is enough to
describe the dynamics of the test scalar field H, at least close to the horizon. Indeed,
regularity at the horizon tells us that the scalar field can only depend on one (but not on
the two) of the Eddington-Finkelstein coordinates u = ¢t — r,v = t + r,. This means that

close to the horizon, H must satisfy either %—7; = 0 (incoming solution) or %—Z}{ = 0 (outgoing

solution), which for the metric (2.4) may be written as %—t‘ = :l:F(r)%i:. Combining the

two possible behaviors results in a second order field equation for H close to the horizon,

<gt - F(r)§r> <§t 4 F(T)(i) H=0. (2.17)

In principle, the o/-corrected scalar field equation should also be a higher order differential

of the form

equation, of the same order of the derivatives in the corrections we are considering, namely



in Y(R). But, as argued in [5], close to the horizon such higher order equation should
reduce to powers (of the same order) of the second order equation (2.17). Therefore in this
region one may simply take (2.17).

At infinity, the curvature vanishes for an asymptotically flat solution like those we are
considering, and so do the curvature corrections in Y(R). We assume the same to be true
for the o’ corrections in general. Therefore the field equation for A in this region should
be the same as if there were no o’ corrections, i.e. a second order equation.

As we will see, in order to study the scattering of scalars by black holes we will
only need the scalar field equation in the intermediate region between the horizon and
asymptotic infinity in order to match the solutions obtained in these two regions. Since
in these two regions we have second order scalar field equations, in order to match the
respective solutions it is natural to take a second order equation.

This way we assume for the scalar H a field equation like (2.11), with functionals
F(r),P(r),Q(r) of the functions f(r),g(r), but this time including explicit A-corrected
terms, which we write as:

F= Fcl; P = Pcl + )\Pcorry Q = ch + )\Qcorr- (2~18)

The X\ = 0 parts Fy, Py, Qq, as we have seen, correspond to the o/ = 0 terms for F, P,Q
given in (2.12), while Peorr, Qcorr represent explicit A corrections (with a metric like (2.9) we
can always define F as Fy in (2.12), without explicit corrections). Such equation for H can
be rewritten as (2.15), but with a potential V[f(r), g(r)] also with explicit A corrections.

Still, as we will see the result for the absorption cross section will be essentially inde-
pendent of the potential, as long as a few general conditions are respected.

We are now ready to start studying scattering processes in the background of a black
hole like (2.4).

3 Scattering of minimally coupled scalars by spherically symmetric a’-
corrected non-extremal black holes in d dimensions

A classical result in Einstein gravity is that, for any spherically symmetric black hole
in arbitrary dimension, the absorption cross section of minimally coupled massless scalar
fields is equal to the area of the black hole horizon [1], or equivalently o = 45, S being
the Bekenstein-Hawking entropy. In order to extend such study to an effective theory
with string o/ corrections, we shall use the technique of matching solutions, which was first
developed for Einstein gravity in d = 4 in [12], and later extended to arbitrary d dimensions
in [13]. That was also the technique which was used in [7], where for the first time black hole
scattering with R? o/ corrections was studied. In that paper, a formula for the absorption
cross-section was derived for a particular d-dimensional solution [11]. We are looking for a
general formula for the absorption cross section, applicable to a general solution like (2.4).
The idea of this technique is to separately solve the scalar field equation (2.11) in different
regions of the parameter r, where in each region we take a different approximation in order
to simplify the equation.



We will be considering scattering at low frequencies, Rgyw < 1. The low frequency
requirement is necessary in order to use the technique of matching solutions: it is precisely
when the wavelength of the scattered field is very large, compared to the radius of the
black hole, that one can actually match solutions near the event horizon to solutions at
asymptotic infinity [12, 13]. Also, at low frequencies, only the mode with lowest angular
momentum contributes to the cross section [1]; therefore, from now on, we will always

d—3
take £ = 0. Since C* (cosf) = 1, from the expansion (2.13) we only have to consider
Ho(t,r) = H(t,r).

We assume that the solutions to the field equation (2.15) are of the form ®(r,,t) =
e“'®(r,), such that %—%’ = iw® (the same being valid for H(r,t)). This way (2.15) looks
like Schrodinger equation.

In appendix A we obtain the temperature 7" of a black hole solution of the form (2.9):
not surprisingly, it is proportional to f}(Rz). In this article we assume we are dealing with

non-extremal black holes; therefore we take f((Rpg) # 0. For the same reason, from the
(d=3)c(Rp)

Ry =
leave the analysis of scattering by extremal black holes to a future work.

discussion following (2.8) and since fj(Rpy) = , we also assume c(Rp) # 0. We

3.1 Scattering close to the event horizon

We start by solving (2.15) near the black hole event horizon. Since f(Rpy) = g(Ry) = 0,
in this region the functions f(r), g(r) from (2.9) have the form

f(r) = fo(Ru) 1+ Afe(Ru)) (r — Ru) , g(r) = fo(Ru) (14 Age(Ru)) (r — Rur) . (3.1)

We then naturally take the following assumption for the potential V[ f(r), g(r)] in (2.15):
at the horizon it vanishes, and as long as % < (Rpw)? one will have V[f(r), g(r)] < w?
and in this near-horizon region it may be neglected in (2.15). This assumption is based
on the fact that V[f(r), g(r)] is a function of f(r), g(r), which vanish at the horizon. But
V[f(r), g(r)] may also be a function of the derivatives of f(r), g(r), which do not vanish at
the horizon. That is the case of the potential V1 [f(r), g(r)] as seen from (B.2). In this case
the combinations of terms including derivatives of f(r), g(r) are such that the assumption
is indeed valid. That is necessarily the case for the classical part of V[f(r),g(r)] (the
o' = 0 part of Vq[f(r),g(r)]), as it an be seen from (B.3); this classical part is universal,
and it indeed vanishes at the horizon. The remaining part of the potential depends on the
considered A\ corrections, and we cannot guarantee that it always vanishes at the horizon,
like the o correction of Vr[f(r),g(r)] in (B.3) indeed does. But if that is the case then
it is always suppressed by A, which is some power of o/, guaranteeing the validity of the
assumption of the smallness of V[f(r), g(r)] near the horizon.

One thus obtains, very close to the event horizon,

(j:Z + wz) (k(r)H(r)) ~0. (3.2)



In this same region, with fy given by (2.6), one has from (2.14)

k) = Ay (1= A () + e ) = (1) = () ("2 ) )| (33)
+O(r— Rp). |

One can always choose a scheme in such a way that the condition f.(Ryg) = g.(Rpy) is
verified (this assertion will be clarified in section 3.5). If this is the case, then k(r) is well
defined at r = Ry, and can be treated simply as a constant, k(R ), in a neighborhood of
the horizon. Such constant can be discarded from (3.2), which we may then simply write as

(CZ; - w2> H(r) = 0. (3.4)

The solutions to (3.4) are plane waves. As we are interested in studying the absorption
cross section, we shall consider the general solution for a purely incoming plane wave:

H(ry) = Apeur€™™ + O (r — Rp). (3.5)

From (2.9) and the definition of F' in (2.18), one has

2
Also with fo given by (2.6), one has in this region fo(r) ~ f)(Ru) (r — Ru), f{(Ry) =
(d—3)c(RH)
Ry

, and therefore?

RH fC(RH) + gc(RH) r—= RH
(@~ 3)c(Bn) <1 - 2 ) o ( R

re(r) =

) +O((r—Rg). (3.6)
Replacing (3.6) in (3.5), one finally obtains in this region

H(r) ~ Ay, <1 + i(d—};m (1 _ pJelBn) ;90<RH)> log (7;5H)>+0 (r — gi)).

3.2 Scattering at asymptotic infinity

We now analyze the solution to (2.15) close to infinity.

In this article we consider asymptotically flat black holes which, at infinity, behave like
flat Minkowski spacetime. This is equivalent to saying that, in the metric (2.4), functions
f(r),g(r) tend to the constant value 1 in the limit of very large r, and their derivatives
tend to 0 in the same limit. This means that, as r — oo, ¢(r) in (2.6) must go to 1; that
is the case, for instance, of (2.8). In the same limit » — oo, f.(7), g.(7) in (2.9) must go to
0; indeed, in an asymptotically flat space the curvature tensor vanishes at infinity and so

*When obtaining (3.3), we mentioned we have re-scaled the time coordinate in order to have f.(Rm) =
ge(Rm). This choice could also be obtained by choosing an adequate scheme for the metric (see section 3.5).
As we will see in the same section, our final result is independent of the chosen scheme. We then prefer in
general to leave f.(Rpm) and g.(Ru) as independent quantities.



should its effects. Therefore in this limit we only need to consider the classical potential
Va(r), without string corrections, like in [13]. Having all this in mind, from (2.16) we
obtain that, asymptotically, V¢ (r) ~ % +0 (%) , and therefore the potential can
be neglected in the limit » — oo.

This way, in this limit (2.15) reduces to a simple free-field equation whose solutions
are either incoming or outgoing plane-waves in the tortoise coordinate. Omne can also
solve the same equation in the original radial coordinate in terms of Bessel functions,
obtaining [1, 12, 13]

H(r) = (rw) D2 [Ap Ja—3)j2 (0) + Buymp Nia_3)/2 (rw)] -

At low-frequencies, with rw < 1, such solution becomes

d—3
1 277 I (42)
H(r) ~ Ay —55— 777+ Bowwmr —— 05
7 T (%5

In order to compute the absorption cross section, we will need to relate the coefficients

O (rw). 3.8
) + O (rw) (3.8)

A,eymp and By 10 Ay, obtained in (3.7). This can be done by the technique of matching
near-horizon to asymptotic solutions, and requires us to solve the scalar field equation (2.11)
in an intermediate region, between the event horizon and asymptotic infinity [12, 13]. This
is what we will do in the following.

3.3 Scattering in the intermediate region

We now consider the intermediate region: far from the horizon, but not asymptotic infinity.
We keep working in the low frequency regime, but this time without any restrictions to the
magnitude of the potential, which may be large (but always assumed to be regular).

We want to solve (2.15) or, equivalently, equation (2.11), perturbatively in A. We then
define the expansion

H(r) = Hy(r) + AH(r), k(r) = ko(r) + Aky (7).

Using the previous assumptions (2.9) for f, ¢ and taking their A = 0 term (which is fy),
and also using the A = 0 terms Fyj, Py, Q¢ from (2.12) in (2.11), we obtain the following
equation for Hy(r), written in the r coordinate (where if A =0 % = fod%):

= futr) g (alr) g )+ oty (2SR EEDREN () =

(3.9)
First, one verifies that from (2.12) and (2.14) we have, up to a multiplicative constant

1 -2 ! -
falr) = 7 ex0 (/ (d% n ;}) dr> = (3.10)
Replacing this expression for kg, one indeed has, after a simple computation,
d d [ d—2
e (fo(r)dr (7“ 2 Ho))

= <(d — 2)(;17; 4)fo(r) + (d— ;ifé(ﬂ) rdz;zHg + T%d% <rd_2f0(r)$Ho) .

(and for any f),

(3.11)

,10,



Replacing (3.9) in the equation above, we see that Hy(r) satisfies

d [ 49 d
— —H = 12
o <7“ folr) 0(7")> 0, (3.12)
whose most general solution is?
dr
Hy AD BY / —. 1
( ) inter + inter TdiQfO (T) (3 3)

In order to solve for Hy(r), we take for F, P, similar expansions as we did for H, k :
F=F+AF,P =P+ AP,Q = Qo+ AQ1. The A = 0 parts Fy, Py, Qo, as we have
seen, correspond to the o/ = 0 terms for F, P, @ given in (2.12), while Fy, P;, Q1 represent
the full A corrections: those which are explicit, from (2.18), and those which are implicit,
coming by replacing the A corrections (2.9) to f, ¢ in (2.12).

We then expand every term of (2.11). To zero order in A we obtain

P Qo

HY — 72 H) — 72

Hy =0, (3.14)
which is completely equivalent to (3.9), with solution (3.13).

The terms of first order in A\ are —FZH{ — F2H} + PyH| + PiH} + QoH;1 + Q1 Ho,
which may be rewritten as

Py Qo

Fy Ql
F2 Hl F2

2

This is a second-order linear nonhomogeneous differential equation for H;. The homoge-
neous part is exactly the same as the differential equation (3.14) for Hp, with general
solution (3.13), replacing Ho(r), AY by Hi(r),AL,.., Bl

inter? 1nter inter? inter*

A basis for the vector
space of independent solutions of (3.14) is

ha(r) = 1, h(r) = / dffo() (3.16)

the respective wronskian matrix is

g = [0 k)] _ [
W(r) = [h’l(r) h’z(r)] [0 2 hm |

with inverse

1 dr
W) =12 fo(r) [TdQJO(T) -/ Td{QfO(T) ] :

According to the method of variation of constants, a particular solution to the nonhomo-
geneous equation (3.15) is given by

HP™ (1) = 01 (r)ha (7) + va(r)ha(r), [m(r)] _ /R(r) wL(r) [

3The integrals in this subsection are all meant to be indefinite.
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To obtain the most general solution to (3.15) one just needs to add to H{™"(r) the most
general solution (3.13) to the homogeneous equation (3.14), including the contributions
Hy,Hy as H= Hy+ \H; :

dr

H(r) = (A +A01(1)) b1 (1) 4+ (Binter +A02(1)) ho(1) = AjpiertBinter W

+AHP (7).

(3.18)
We still need to verify the behavior of the function H}™(r) given by (3.17), namely of the
indefinite integrals

vi(r) = —/R(T‘)Td2f0(7“)h2(7“)d7‘, vo(r) = /R(T)rd2f0(r) dr. (3.19)

Since the metric, by assumption, has no other singularity than the horizon, v (r), ve(r)
should be well defined functions for » > Rp. It is therefore necessary to verify that the
integrals at vy(r), va(r) converge at infinity (i.e for arbitrarily large values of r) and to
study their behavior close to r = Ry;.

Close to infinity, one has at most

folr) =1 — (%)H L0 (%)H; (3.20)

no lower power of 1 is allowed [15]. (If fo(r) represents the Tangherlini solution (2.5), then
m represents the horizon radius Ry, but in general other string effects may be present.)
Taking this to be the asymptotic form of fy(r), one has

d—3 md=>
?}1(7‘) ~ _/ Binter 7/_d_3 (fé(/r) +gé(r)) dr?

2
ar) % 52 B (1) + 00(r)). (3.21)

Here we make the same assumptions as in section 3.2, namely that all the A-corrections
(the functions f.(r),g.(r) and the functionals Peorr, Qcorr) tend to zero at infinity (i.e.
asymptotically the effects of the corrections vanishes, and everything happens as if f =
g = fo). This is a very reasonable physical assumption. In such case, vi(r), v2(r) and
therefore H{™"(r) vanish at infinity.

Close to the horizon, one has

o)~ 21 (Ryy)—go(Rir)) log (T‘%)QW%HHO (")
A(d—3)c(Ry)RE ¢ ‘ Ry ! Ry )’
n(r) %~ (o) e los (TG )40 (T ) )

(R ), vy*(Rp) are defined up to two integration constants (from (3.19)), which may be
absorbed by A, in (3.18). The only terms in these functions which are not regular at
r = Ry are both multiplied by (f.(Rz) — g.(Rm)) but, as we have mentioned in section 3.1
and will clarify in section 3.5, we can always choose a scheme in order to obtain a system
of coordinates such that f.(Rpg) = g.(Rpg). The remaining terms in v1(r), vs(r) are regular
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and vanish at 7 = Rp. This means that one can ignore H{*"(r) close to the horizon and
simply consider the solution to the homogeneous equation.

To summarize: we were able to solve the field equation (2.11) equation in the interme-
diate region. This is a linear nonhomogeneous equation; for its general solution, we should
add to the solution to the homogeneous equation a particular solution H}*"(r), which we
found by the method of variation of constants. We verified the behavior of this particular
solution H}™"(r) at infinity and close to the black hole horizon, and in both cases we con-
cluded that either it vanishes or its contribution was subleading; close to these regions, we
can neglect H*"*(r) and simply consider the solution to the homogeneous equation Hy(r).
This will be a key feature for the matching process.

3.4 Calculation of the absorption cross section

We are now ready to start the matching process, using fy given by (2.6).
If we evaluate (3.18) near the horizon, from (3.16) we obtain

Binter <T_RH> <T_RH)
H(r) ~ Ajer + lo +0 . 3.23
) T (d - 3)RY e (Ry) *\ Ry Ry (3.23)

Matching the coefficients above to the ones in (3.7) immediately yields

Anear = Ainter?

R R
B = iAo R 20 (1 - pJetf) el H)>. (3.24)
As in section 3.2 we assume that ¢(r) — 1 in such a way that condition (3.20) is
r—00
verified. This condition allows us to have, at asymptotic infinity, to leading order,
dr dr 1 1
h = ~ = e e 3.25
2(7“) / Td_gf()(?") /Td_2 + d—3 Td_?’ + ) ( )
and, therefore, evaluating (3.18) again asymptotically,
Binter ]-
H(T) ~ Ainter - d _ 3 ’["diS + (326)

In this region one may match the coefficients above to the ones in (3.8), yielding

- d—1 - d—1
Aasymp - 2%]:‘ <2> Ainter = 2%1—‘ <> Anear7

2
s w3 _ir (Rgw)’? <1 \Je(Ra) +gc(RH>> 4
asymp — ~  4—3 d—3 inter — _fd—l - 9 near*
272 (d=3)r (%) 22T (%)

(3.27)

Computing the low frequency absorption cross section is now a simple exercise in
scattering theory [12, 13]. Near the black hole event horizon, from (3.5), the incoming flux
per unit area is

1 dH dft
= _ Tp o — atr 2
Jﬂear 2 (H (T*) dr* H(T*) > w |Anear| . (328)
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The outgoing flux per unit area at asymptotic infinity, where r, and r coincide, is, from (3.8),

1 dH dH 2
Jasm_ HT 7_H = 2d3dAasm asym 329
= (A1 ) ) = 2 Ao Baenl - (3:20)
In order to compute the cross section, this same flux per unit area at asymptotic infinity
must be integrated over a sphere of (large) radius r, and the result should be divided by
the incoming flux per unit area:

de_2Jasymded72 2 2 d‘A

asymp<“asymp |
— = —Q 3.30
7 Jear T | A e | - (3:30)

Replacing the results from (3.27), the final result is

fc(RH) + gc(RH))

(3.31)

U:AH<1—)\ 5

where Ag = R‘;I_2Qd,2 is the horizon area with respect to the metric induced by (2.4).

3.5 Discussion on dependence under field redefinitions

During our calculation process, we have made the assumption that f.(Ry) = g.(Rp). In
general, f.(r) and g.(r) in (2.9) are two independent functions. Setting them equal by
a conformal transformation is possible: that would be equivalent to setting the functions
f(r),g(r) in the metric (2.4) equal. That field redefinition is called a change of scheme.
By requiring that f.(r) = g.(r), we are therefore picking a particular scheme, since such
relation is not valid in every scheme.

One may therefore ask which quantities depend and which do not on the choice of
scheme. It turns out that physical quantities should not depend on such choice, since
schemes are all equivalent up to metric redefinitions.

In appendix A we obtain the temperature 7" of a black hole solution of the form (2.9),
given by eq. (A.1). With fy given by (2.6), this temperature comes as

(d—3)c(Ru)

T —
4Ry

(L+ XoT). (3.32)
In this expression, ¢(Rp) should only depend on the black hole mass and charges. One
can always choose a system of coordinates (namely, rescaling the time coordinate, and its
periodicity 1/7") in which 7" has units such that we have ¢(Rpy) = 1.

Ry is the horizon radius in the scheme one is considering. Of course the horizon loca-
tion does not depend on the scheme, but if one wants the metric to remain of the form (2.4)
(as we do), after the change of scheme one must apply a change of coordinates. The rela-
tion between the location of the horizon in the two different coordinates can be obtained
precisely by equating the expressions for the temperature in the two different schemes,
since the black hole temperature, as a physical quantity, does not depend on the chosen
coordinates or schemes. Consider for example the known Einstein and string schemes, with
horizon radii RE, Rfl and A\ corrections 0Ty, 0T, respectively. Writing (3.32) in terms of
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the variables of each of the two schemes and equating the corresponding expressions, one
obtains the desired relation between the horizon locations in the two different schemes:

RE =Ry (1 + X\ (6Tg — 0Ts)). (3.33)

In general, for a black hole of the type we have been considering, its mass can be

written with a perturbative multiplicative A-correction to the classical Tangherlini mass
d—1

_ 2m 2 .
(-2 = v(zmy) o
—92 _ _
TG“R?, 3, (3.34)

Also in this expression, Ry is the horizon radius and M the A correction in the scheme one

M = (14X 6M)

is considering. Since the black hole mass also does not depend on the choice of coordinates
or schemes, by expressing (3.34) in the Einstein and string schemes and equating the two
expressions, like we did with the temperature, we can reobtain the relation (3.33) between
RE and R%, this time given in terms of the A corrections é Mg, d Mg respectively in the
Finstein and string schemes:

(3.35)

Mg — M
Rngfl(lJr)\m).

d—3

This relation between Rff and R% must be unique; therefore, there must be a relation
between the mass and temperature A corrections and the factors ¢(Rp) such that (3.33)
and (3.35) represent exactly the same expression.

The X corrections we have been considering are multiplicative; also for the black hole
absorption cross section the result (3.31) we obtained is of the form o = o|_,_, (1 + Xdo) .
Here do, like 0M and 07T, is a dimensionless factor characteristic to the specific solution
one is considering. These factors also depend on the scheme one is using, as we saw.

Comparing (3.31) with (A.1), we see that

o= Ay (1—\GT), 6T = —b0 = L) ;QC(RH). (3.36)

This relation between do and §1" will help us expressing the cross section in a way that

is independent of the chosen scheme. Once that is achieved, one can simply obtain do by
computing the black hole temperature, without having to be concerned with choosing a
scheme such that f.(Rg) = g.(Rp). We will return to this subject in section 6.

4 Application to concrete string-corrected black hole solutions

We now apply our results to the computation of the absorption cross section for a few
specific black hole solutions in string theory. Although our results can of course be applied
to concrete solutions in specific given d dimensions, we prefer to consider in this article
only solutions in which d remains arbitrary.

In this article we only consider solutions with leading corrections quadratic in the

/

Riemann tensor. Concretely, we take Y (R) = 3 R¥P7 R, in (2.1),* with X' = &, "‘Z/ or

4Any other gravitational correction of the same order in o’ is equivalent to this one by field redefini-
tions [11].
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0 (or A = 2;’%, 4?%1 or 0) for bosonic, heterotic and type II? strings, respectively. Since
in the previous sections we took A with arbitrary higher order corrections and here we
are working with a specific correction of first order in o/, we prefer in this section to keep
o’ explicit. We choose to work in the context of heterotic strings and, therefore, we take
A= ﬁ in this section. The formulas we obtain in this section are also valid in the context

of bosonic strings by simply replacing o/ by 2¢/.

4.1 The d-dimensional Callan-Myers-Perry black hole

The Callan-Myers-Perry solution was the first d-dimensional black hole solution with
quadratic Riemann corrections to be obtained (in [11]). It is a simple generalization of
the Tangherlini solution of the form (2.9), with fo = f& given by (2.5) and (in the Einstein
scheme)

folr) = ge(r) = fEMP(r) = —

- _ (Ry d—1
(= 3)d =) (RH>“1 (Rr> RS

A simple application of 'Hopital’s rule allows us to compute

lim fOMP(r) = fOMP (g, — (4= D =4)

T—)RH 2 ’

(4.2)

from which, using (A.1), we obtain the temperature of the Callan-Myers-Perry black hole
in the Einstein scheme:

—_— / —_— —_—
T:Lz 14 0TEMP % ’ 5TgMP:_w' (4.3)
AnRE 4 (RE) 2

From (3.36), we obtain the absorption cross section in the Einstein scheme®

B (d—1)(d-4) o
o= AL <1 + 2 (R§)2> : (4.4)

with AEI = (Rfl)d_2 Qg4_o. Just for future reference, the black hole mass is given in this

case by

! d— 2) Qd,Q d—3 (d — 3)(d — 4)
M= |14s16MP @ ( E pemp _ \ &7\ —2) o,
( + 0MEg 4(R§)2 e (Ri)” ~, 0Mp 9 (4.5)

Also for future reference, in the string scheme [11] the Callan-Myers-Perry solution is
still of the form (2.4), but with f, g replaced by ng P ggM P given by

= o4

/

Q(R%)QM(T)> ) (4.6)

/

CMP/ .\ _ T __« e(r _
gs~ " (r) = fo (1 Q(R%)ﬂ)), (4.7)

5Type II supersymmetry prevents this term to appear in the ten dimensional effective action; this is why
in this case we have X', A = 0.

SHere we are just confirming the result of [7], where this same computation was performed, with less
generality, just for this particular solution.
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with the definitions”

4 1_ER>d3{ 2 d—1 d—3
+d<}i>dl+df2¢(r)], (48)
blr) = —elr) + o (o) = (7)), (19)
- 52 o (1)) 5 ()t (1)
(" 5]
) gl (Bn d—1

f& is given by (2.5), but in the string scheme, the same being valid for ¢(r) in (4.10): in
both cases with Ry replaced by Ry B(z; a,b) = [ t°71 (1 — ¢)*~1dtis the incomplete
Euler beta function.

At the horizon, we have [14]

¢ (Ry) = —é‘f d_—2§ <d2 —2d +2(d—1) <¢<0> <d2_3> + 7> ~ 3> . (4.12)

In such scheme and system of coordinates, after determining the limits of €(r), u(r)
when r — Ry (using the definitions (4.8), (4.9) but also the properties (4.2), (4.11), (4.12)),
from (A.1) the black hole temperature is given by

d—3 /
T = <1+5T§‘MP = 2),

STGMP _ Bl el 1)242;12_@1)_ 2)(d-1) (v (5) +) . (413)

The black hole mass is given, again in the string scheme, by

_ cup (d—2)Qq 2, g\d-3
N T i

SMEMP = (d—3) <—5T5MP S 4)> . (4.14)

"The digamma function is given by (z) = I"(2)/T(2), I'(z) being the usual I function. For positive
n, one defines 1™ (z) = d"1(z)/d z™. This definition can be extended for other values of n by fractional
calculus analytic continuation. These are meromorphic functions of z with no branch cut discontinuities.

7 is Euler’s constant, defined by v = limp o0 (3 _, + — Inn), with numerical value v ~ 0.577216.
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4.2 The string-corrected dilatonic d-dimensional black hole

The Callan-Myers-Perry solution expresses the effect of the string o’ corrections, but it
does not consider any other string effects, namely the fact that string theories live in dg
spacetime dimensons (dg = 10 or 26 on heterotic or bosonic strings, respectively), and have
to be compactified to d dimensions on a dg — d-dimensional manifold. When passing from
the string to the Einstein scheme, the volume of the compactification manifold becomes
spatially varying. In the simple case when such manifold is a flat torus, that volume
depends only on the d—dimensional part of the dilaton ¢ and, after solving the o-corrected
field equation (2.3) the metrics of the compactification manifold and of the d-dimensional
spacetime decouple.

The explicit solution was worked out in [14]. The general solution for the dilaton, in
the background of the spherically symmetric Tangherlini black hole (2.5), is necessarily of
order o : ¢(r) :=
from (4.11), which can also be written as r¢’ = —5?3_2212) FEMP (), with fEMP(r) given
by (4.1).

The d-dimensional part of the metric is of the form (2.4), with f,g given by (2.9),
fo = f& given by (2.5) and (in the Einstein scheme)

4%/2 o(r), with ¢(r) given by (4.10). The derivative of ¢ can be obtained
H

gelr) = FOMP (). fulr) = FOMP() 44T (o, (4.15)

(ds —2)
Using (4.2), (4.11) and (4.12), one can determine lim, ,pr, (¢ —r¢’), which is a finite

quantity. Together with (4.15) and again (4.2), this allows us to obtain, using (A.1), the
black hole temperature in the Einstein scheme:

d* /
T:% 1+ 0T —~— ],
AnRE 1 (RE)

H
= (4 v 05 )
(4.16)
From (3.36), the absorption cross section comes as
E i_ o
o= Ay (1 — 0T 4(R§)2> . (4.17)

We have numerically evaluated the o/-correction for the cross section: it is always positive,
for every relevant value of d.
The mass of this black hole in the Einstein scheme is of the form (3.34), i.e.

_ a o (d—2)Q—2  p\d-3
M = (1 + 0Mp ’ (R§)2> e (Rg)™ 7,
(d—3)

Mz = - 1)(ds 2 [Q(d—1)(d—2)2(d—4)—2(d—1)(d‘2)(ds_d) <¢(0) <d33> ﬂ)

+(d—2)(d*—14d+17)(dg —d) +2(d—1)(d—4)(ds —d)*] . (4.18)
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When d = dg the solution studied in this section is equivalent to the previously studied
one of Callan-Myers-Perry given by (4.1); in this case, (4.16), (4.17) and (4.18) reduce
to (4.3), (4.4) and (4.5), as expected.

4.3 The doubly charged d-dimensional black hole

In article [16] one can find black holes in any dimension formed by a fundamental string
compactified on an internal circle with any momentum n and winding w, both at leading
order and with leading o’ corrections. One starts with the Callan-Myers-Perry solution
in the string scheme given in (4.6), (4.7). This metric is lifted to an additional dimension
by adding an extra coordinate, taken to be compact (this means to produce a uniform
black string). One then performs a boost along this extra direction, with parameter a,,
and T-dualizes around it (to change string momentum into winding), obtaining a (d + 1)-
dimensional black string winding around a circle. Finally one boosts one other time along
this extra direction, with parameter oy, in order to add back momentum charge. One finally
obtains a spherically symmetric black hole in d dimensions with two electrical charges.

The whole process is worked out in detail in [16]; the final metric, in the string scheme,
is of the form (2.4), with f, g given by

r) = L o p(r)
fS( ) o A(Oén)A(Oéw) [1 5 (RIS_})z A(Oén)A(aw)
ot sinh®(ay) sinh® () (RY 2(d-3)
2 (R%)gﬂ( ) Alom)Alonw) < )
o sinh? oo, sinh? Qg
+2(R%)2M(r)< Aan) * A(ay) >

r

o S\ 24=2) G2 ap) sinh? (ay,
Ay (R§)2(d_ 3)%fo. (RTH) hA((an))A(zw() )] . (419)
Ax) =1+ <Pf{>d_3 sinh? z, (4.20)

@
[9)
—~
=3
~—
l

I — 70/ er
£ (1 Tk ( )). (4.21)

The dilaton in this case is given by

20 _ 5 o B o . o T sinh?cq,,  sinh? o,
o d (d-3)? (R sinh?(a,,) sinh®(ay,)
imy? " (%) AanA(an) | (4:22)

with ¢(r) still given by (4.10).
In order for the functions f, g to have the form (2.9), one could take a conformal trans-
formation of the metric, changing scheme: gﬂy = e*2¢’gﬁy, e~2% being given by (4.22). In
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. _ fim) 1
this case fp would have the form (2.6), with f(r) = \/W and ¢(r) = NCRIYCWE

It would be easy to obtain the functions f, g., according to (2.9). But with this procedure
we would not obtain a metric of the form (2.4), since the form of the 72 factor in front of
d93_2 would not be preserved. We could solve that by defining a new radial coordinate as
rr = e ?0)y but that would imply to write the metric in terms of d T% instead of d 72, and
this way we would loose the assumed form (2.9) for the functions f, g

Instead, it is more convenient to consider the original string scheme metric given in
terms of the functions fs(r), gs(r) in (4.19), (4.21) and carefully look at their near-horizon
limit. From (4.7) we see that gs(r) = ¢S™F(r). From (4.20) we get A(x) TR cosh? x

H

and this way

fs(r) o s ( 1 2 2 2 2 >
— |1+ R —tanh” o, tanh® o, +tanh” o, +tanh” ay,
&) rors, 2 (RIS;T)2 p (Ri) cosh? a,, cosh? o,
o 1
cosh? a,, cosh? vy,
Simplifying the above expression using cosh? 2 — sinh? 2 = 1 we see that, close to the hori-

zon, we have fs(r) ~ c(R3)2fSMP(r), with f§MF(r) being given by (4.6) and c(R3;) =
1
cosh ay, cosh ay,

gous to the one which we took after (3.36), when we mentioned that time and temperature

. This means that, re-scaling the time as df = c¢(R%,) dt (in a procedure analo-

could be always chosen in order to set ¢(Ry) = 1), near the horizon the doubly charged
black hole we have been analyzing is written as

ds® = —f§MF (r) di? + g§M7 (r) dr® 4+ r?d©_,,

which is exactly the metric of the Callan-Myers-Perry solution written in the string scheme.
This way, there is a system of coordinates such that the near horizon geometry of this
black hole solution in the string scheme is the same as the Callan-Myers-Perry solution,
and therefore so is the black hole temperature, given by (4.13). From (3.36) we obtain the
absorption cross section:

a/
o=A%[1—- ——=oT§MP | . (4.23)
' ( (ry)" "
with 6T¢™MP defined in (4.13) and A%, = (Rfl)d*2 Q4_2. We have again numerically evalu-

ated the o/-correction for the cross section: like in the previous cases, it is always positive,
for every relevant value of d.

5 Comparison between the black hole cross section and entropy

As we have seen, in classical Einstein gravity the low frequency limit of the absorption
cross section of minimally coupled massless fields, for any spherically symmetric black
hole in arbitrary d dimensions, equals the area of the black hole horizon [1]. In terms of
a physical quantity, the Bekenstein-Hawking entropy, this statement may be written as
oly_o=4G S|, _,-
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It is an interesting physical question to figure out if such relation is preserved in the
presence of o corrections, i.e. to verify if the corrections to the cross sections we have been
obtaining and to the black hole entropy are the same. The a’-corrected entropy can be
obtained through Wald’s formula

oL
_ uv _po
S = 27r/H(9RWW€ " VhdQy o, (5.1)

L being the lagrangian one is considering, which can include o’ corrections; H is the black
hole horizon, with area Ay and metric h;; induced by the spacetime metric g,,,. ¥ is the
binormal to H.

For the metric (2.4) we are considering, the nonzero components of e*’ are " =
—e"t = —\/% For the o/-corrected lagrangian (in the Einstein scheme) (2.1) we took, we

have
oc 1 A ¢)\’ Y (R)
gRIPT 4 (Iup9ov — Guogpv) + € 5 gRuvPT

This way, taking only nonzero components, one gets from (2.4)

G

oL oL fooa, LAY (R) g
By _po __ gtretr — [ —2L “5 P/ J
SWGORnge el =4 x 877G6Rtm e’ = ( p +ed272) aRw ) F (5.2)

and therefore

_ 1 OY(R) _Am N [ OY(R)
S—4G/H<1 2N ot | VhdQua =5 3G |, amir VhdQq_s.  (5.3)

Here one should notice that the N = 0 part of the integrand could in principle also
contribute to the a’-correction to the entropy, because of the a/-correction to the metric.
But this \' = 0 part is actually constant, as one can see from (5.2), no matter what f,g
actually are. This way, the o/-correction to the entropy depends only on the \-correction
term in (5.2) which, to first order in X', should be computed with the A\ = 0 part of the
metric. Therefore, the o’-correction to the entropy does not depend on the \-corrections
to the metric (to first order in \'), and we may write

Ax
S = 1+ A6S 5.4
(14 155). (54)
Like M in (3.34) and 07 in (3.32), 65 is a dimensionless factor depending on the specific
correction and solution one is considering.
For the case Y (R) = l RMPIR ype and N = %/, corresponding to the particular
solutions in the Einstein scheme we have been studying, one has g%ﬁm? Rirtr. At order

o/ =0,¢=0, f=g=fI In this case Ryyy = 3 f". f"' = = —(Rj)j_s (d—3)(d—2).
Therefore
AE o
4G/ ( (d 3)(d— )) VRdQ =51 <1+(d 3>(d_2>4(}3§ﬁ> .

(5.5)
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This same result was first obtained (by a different process, though) in [11]. From what
we have just seen, it is no surprise that the result (5.5) is the same for the Callan-Myers-
Perry solution (4.1), for the dilatonic solution (4.15) and for any solution for which the
near-horizon limit of its classical part is the Tangherlini solution (2.5).

The absorption cross section of the doubly charged black hole we considered in sec-
tion (4.3) has been obtained in the string scheme, where its near horizon geometry is that of
the Callan-Myers-Perry black hole. We should therefore compute its entropy in the string
scheme. Since the entropy, as a physical quantity, is not affected by the change of schemes,
it is given by the result in (5.5), but with Rfl replaced by R%. This replacement can be
made using (3.33), with 67 given by 6TSMP defined in (4.3) and 6T given by 675MP
defined in (4.13). The final result is

A% (d—2)(d —5) o
S = ﬁ <1+ (d—2) <5TSCMP - 5 ) 4(R§?})2> : (5.6)

Comparing the value obtained in (5.5) with those in (4.4), (4.17) and the one in (5.6)
with (4.23), we see that in every case we have 65 # —dT. This way we conclude that the o/
corrections to the absorption cross section and to the entropy do not coincide, for a generic
black hole solution.

6 Covariant and scheme-independent formulae for the black hole entropy
and absorption cross section

As we previously saw, the o correction factor —d§7" in (3.36) is not invariant under field
(namely metric) redefinitions: its value depends on the scheme we take to compute it.
Also precisely because of such term giving the o’ correction, the expression (3.36) is not
covariant. Indeed the results we obtained for the cross section, using (3.36), are valid only
for a particular system of coordinates, namely in which the horizon radius Ry has no A
corrections. Since for each of the cases we considered the entropy and the cross section
have been obtained using this same system of coordinates, and in the same scheme, it is
legitimate to compare their values and to conclude that their o/ corrections are not the
same, as we did in the previous section. But it would be clearly useful to obtain expressions
for both the absorption cross section (3.31) and the entropy which are both covariant and
invariant under field redefinitions: that could clarify if there exists (or not) a relation
between these two quantities; nonetheless, it is certainly more convenient to express them
in terms of other quantities which do not depend on systems of coordinates or metric
redefinitions. That is also not the case of the horizon area (although this is a covariant
quantity).

Suitable quantities for this purpose are the black hole mass and temperature, given for
metrics of the form (2.4) respectively by (3.34) and (3.32). One can invert these relations
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in order to obtain in each case the black hole radius Ry (M), Ry (T) :

d—1\\ =3
Rur(M) = \}% (W) [1 “ A 3)6M] , (6.1)
Ru(T) = i;Tg (14 \6T). (6.2)

Replacing Ry (M) (respectively Ry (T)) in Ay = R?I_2Qd_2, we can obtain the horizon
area as a function of the black hole mass (respectively temperature). Replacing these
results in (5.4), we get

son =258 7 (or ()7 (245) 7 [ (s5- 2220 0
Qg o (d—3\""
S(T) = 4dG2 <4FT> (14 X(6S + (d—2)6T)). (6.4)

In order to better illustrate the procedure, first we will consider the Callan-Myers-
Perry solution. Considering the Einstein scheme values for this solution sMEMP §5GMP
respectively from (4.5), (5.5), and the corresponding string scheme values 6 M g MP 6SgM P
respectively from (4.14), (5.6), it is easy to verify that we have §SEM¥ — %5MEMP =
§SEMP — %5M§MP . In both cases, replacing that result in (6.3) we obtain the same
expression,

S(M)zzid—‘f’\/%<Gr<d21>>ﬁ<dﬂ_42> i 1+O/(d82)2”<gaz\ir(2d21)>ﬁ3 :

(6.5)
which indeed represents the entropy of the Callan-Myers-Perry black hole as a function of

SUISH
wind

its mass, to first order in o, and is a scheme-independent function.

Still for the same solution, considering the Einstein scheme values 5Tg MP ,5S§M P
respectively from (4.3), (5.5), and the corresponding string scheme values 07T g MP 5SgM P
respectively from (4.13), (5.6), we can also verify that 6SEMF + (d —2)6TSMP = §SGMP 4
(d—2)0T§MP . In both cases, replacing that result in (6.4) we also obtain the same expres-

| S(T) = Sid; (‘i;;’)d_2 <1 ol 2);(65 —5) <;7:7;’>2> , (6.6)

which represents the entropy of the Callan-Myers-Perry black hole as a function of its

temperature, to first order in o/, and is also a scheme-independent function. Similar ex-
pressions S(M), S(T) can be obtained for the dilatonic [14] and doubly charged [16] black
holes, replacing in (6.3) and (6.4) the corresponding values of the o/ corrections.

One can follow exactly the same procedure and replace Ry (M) (respectively Ry (7))
in the horizon area in (3.36), obtaining what would be the absorption cross section of a
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spherically symmetric black hole, as a function of its mass (respectively temperature):
d—2

o= () (2 (o 2.

o(T) = <‘i;;’> Qs (14 (d— 3)N6T) . (6.8)

C&'M

But for the cross section, concerning the Callan-Myers-Perry black hole, if one replaces
in (6.7) the Einstein scheme values one obtains a different result than if one replaces the
string scheme values: 5TCMP + 5M CMP L 5TCMP +d 25M MP \Without surprise, and
quite obviously, if one analogously replaces in (6.8) the Elnsteln scheme value one obtains a
different result than if one replaces the string scheme value: 5Tg MP 4 5TSC MP This means
that, differently from the black hole entropy, the string-corrected absorption cross section
cannot be expressed exclusively as a function of the black hole mass (or temperature) in a
way which is independent of metric redefinitions, i.e. of the chosen scheme.

From a computational point of view, comparing the A\ correction terms in (6.3), (6.4)
with those in (6.7), (6.8), that impossibility is easy to understand. Since classically, up to a
factor of 4G, both expressions are equal to the horizon area, they represent the same power
of Ry, which provides the same factor in front of the 07 or §M terms, plus an intrinsic
term, which is §.5 (given in (5.4)) for the entropy, and do for the cross section. The entropy
can be expressed in terms of the mass or temperature: the specific values of the intrinsic
correction 4.5 in the different schemes allow for that. Given that fact, for the same to be
possible with the cross section, the intrinsic correction do would have to equal 4.5, or at
most their difference would have to be a scheme-independent constant. But (3.36) tells us
that o = —dT, and one can easily check that 5SgMP +5T5MP =+ 5S§MP +5TSCMP. Once
more, this leads to the impossibility we just mentioned. The reason for this impossibility
lies precisely in the string o/ corrections and their coefficients: classically, those expressions
in terms of mass or temperature are possible. We would have found the same impossibility
if we had taken the A corrections corresponding to the other black holes we considered.

Thinking independently of these solutions and considering just the classical terms,
without the A corrections, from (3.32) and (3.34) we obtain o|,_, = Auly_y =

403 ; Ai;['l ol 0, including the A\ corrections, namely from (3.36), we see that such classi-

cal expressmn does not generalize. Nonetheless, the presence of the 1/T factor seems to
indicate the right dependence on the temperature that the cross section should have, in
order to naturally absorb the A term in (3.36) (this had already been suggested in ap-
pendix A). Replacing in (3.36) one of the factors of Ry by Ry (T) given in (6.2), we obtain

to first order in A\ o = Rd 2049 (1 —=X0T) = 47TTRd 3040, ie.

d—3 4=3
—Q5 Ad : 6.9
0= 47T H ( )
Since it was obtained only from (3.36) and (6.2), (6.9) represents an expression for the
absorption cross section which is covariant and valid on every scheme, for generic spherically

symmetric d—dimensional black holes, to first order in A.
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Several interesting questions can be raised. We can only guarantee that (6.9) is valid
to first order in A, because that is the order we worked with in our derivation. Interestingly
there is no explicit dependence on A (or o) in this expression. Could it still be valid to
higher (maybe arbitrary) orders in o/? Also, could an expression like (6.9) be valid for
non-spherically symmetric black holes?

The 1/T dependence of ¢ in (6.9) raises the issue of its validity in the 7" — 0 limit,
i.e. for extremal black holes (we recall that in our derivation we assumed we were dealing
with nonextremal black holes). That could be combined with the Ay — 0 limit: the case
of small black holes, where the horizon area vanishes classically and is of order A. These
questions are to be addressed in future works.

7 Discussion and future directions

In this article, we have obtained a general formula for the low frequency absorption cross
section for spherically symmetric d-dimensional black holes with leading o’ corrections in
string theory, which we applied to known black hole solutions. First we obtained it in a
form (3.36) that can be applied in a specific scheme and coordinate system, but later we
wrote it in a form (6.9) which is covariant and scheme-independent, given in terms of the
black hole area and temperature.

A remarkable fact about our o/-corrected cross section, either in the forms (3.36)
or (6.9), is that it depends exclusively on information computed at the black horizon.
Indeed, as we have seen, only the A = 0 contribution from the intermediate region affects the
matching (and the final result). At asymptotic infinity the analysis is exactly the same as
without o’ corrections, and close to the horizon, the potential V'[f(r), g(r)] given by (2.15)
also vanishes and the only effect of the o’ corrections comes from the approximation (3.1).

This suggests some kind of universality: maybe the low frequency limit of the cross
section is the same not only for minimally coupled massless scalar fields, but also for other
types of fields. In particular, our result for the cross section finally does not depend on the
effective potential and on the o/ corrections that it may contain. This fact, together with
the absence of explicit o’ corrections in (6.9), allows us to go even further and propose that
a result like (6.9) could be valid to higher orders in o/. All these claims should be checked
in future works. A first step would be the generalization of the cross section formula (3.31)
to include next to leading order o’ corrections.

Another general question we have addressed in this work is the validity of the relation
o = 4GS in the presence of o corrections. Indeed, from our discussion of section 5,
we showed that the entropy, to first order in o', depended exclusively on the classical
o/ = 0 metric, while from (3.31) the absorption cross section depends explicitly on the
o' corrections to the metric. The examples we have analyzed confirm such discrepancy,
which can be understood with the analysis of section 6. Indeed, as we saw the o/-corrected
entropy can be expressed in terms of the mass or temperature, something which is not
possible with the o/-corrected absorption cross section. This fact clearly shows that the
entropy and the (low frequency) cross section are two distinct quantities; the fact that,
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classically, they are related (up to a factor 4G) is just a coincidence, at least in string
theory.

But there are examples in the literature where the agreement o = 4GS exists up to
higher orders in . In article [17] such agreement was found, to all orders in o/, for funda-
mental strings in the (small) black hole phase (BPS states of heterotic strings compactified
on S' x T9). In this article we did not deal with fundamental strings or small black holes,
but this gives us a hint that, in some special cases, the agreement may exist.

A more recent example is in article [18], where the authors analyzed 1/4 BPS black
holes in N/ = 4 string theory both in d = 4 and d = 5, having in both cases obtained
the agreement o = 4GS just to first order in . The examples we have analyzed here are
not supersymmetric and are in generic d spacetime dimensions. But the agreement found
in [18] allows us to ask a few questions, which for now remain open: does that agreement
hold for generic d dimensions? Does it only hold for supersymmetric black holes? What
could be the minimal amount of supersymmetry for it to eventually hold? We cannot
provide answers to such questions because, as we have mentioned, our results only apply to
non-extremal black holes. In a forthcoming work we will extend the results of this article
to extremal (and, in particular, to supersymmetric) black holes.

From what we have seen, the possibility of the two quantities o, S having the same
correction would require some relation between the classical o/ = 0 metric and its o/
corrections. That should also be the object of further study.
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A The &’ corrections to the temperature

In order to compute the temperature 7" of a black hole given by a metric of the form (2.4),
one first Wick-rotates to FEuclidean time t = i7; the resulting manifold has no conical
singularities as long as 7 is a periodic variable, with a period g = % The precise smoothness

1
condition is 27 = lim, , g, — f ( )dfflir(r), from which one gets
g 2(r

T = lim @d\/f

rRy 2w dr

In the case f, g are given by (2.9), the temperature comes as

T fo(Rm) <1 4 fe(Ru) ~I—gc(RH)) ' (A1)

47 2
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The o correction to the temperature is the same obtained to the absorption cross
section in (3.31), but with opposite sign: when one of these quantities increases, the other
one decreases by the same (relative) magnitude. This means the product 7" does not get
o’ corrections to first order.

B An example: the potential for tensor-type gravitational perturbations
with leading o’ corrections

As we mentioned in the main text, without o' corrections the equation describing tensor-
type gravitational perturbations of a spherically symmetric metric in d dimensions like (2.4)
is the same as the field equation for H (the same being true for the potential Vg [f(r), g(r)],
given by (2.16)). That does not necessarily need to be the case in the presence of o
corrections. Just as an example of a higher order potential, here we show the potential for
tensorial perturbations of a metric like (2.4), but with leading o’ corrections quadratic in
the Riemann tensor, in the context of heterotic string theory, i.e. a solution coming from
the action (2.1), with XY (R) = & RFPIR 1 po.

In a different work [10] we showed that in this case the perturbation variable obeys an
equation like (2.11), with®

FT:ﬁ<1+jf/;g>,
Pr— [(d—) L)+ /<4(d—4)g(1r>+rg (f'—') - 4gg’+2<d—2>gf’)],

Ar2
or = e(e+gz—3)f+(g—rf)f +2% V(Hrd—?))f (21;g+f/>_|_(g_f)f’2:| _ (B.1)

r

From (B.1) and (2.16) we see that the corresponding potential is given by

Vrlf(r), 9(r)] /

= Valf(r) 9]+ 35,57
+3rg* 2 (f = g) =2 fgf' (' —d) g — 4 FPaf (f" —g") —2r° f29d (f" — ¢")
+2r8fg? (=3F'f" + 24 f" + f'g") — 43 f24? (f<3> — <3>) +18r2f g2 f? — 1272 f2g 7
—10r2f2gg”? — 2r2 f g2 f'g' + 2r2(4d — 13) f2gf'g" + 8222 f" + 8(d — 5)r? f2g2g"
+ar(d — 42 2% (f' + 9) + 8rf2g° (g — ') +8(d — 4)r fPg(f' + ¢ — 4g9")
+16(d —5)(d —4) 2 g (1 —g) = 212 (f' = ¢)], (B.2)

(3200 +d —3) f*(1 — g)g + 16¢(d + £ — 3) fgf'r

8t is easy to see that, for a solution like (2.9), one has Fr = Fy, as previously mentioned.
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Close to the horizon f, g are given by (3.1), and the potential V¢ [f(r), g(r)] comes as

r—R / ', /
ST |4 DIF(Re) + o S (Rir) [4(0 = )R ()

+ (8(d = 4) + (3d — 10) fo( Rer) + (d + 2)gc( i)
+ R (FURu) = 9.(Ru))) fo(Bar) + Rir (fo(Rir) = ge(Ren)) £5(Ran)] |
4O ((r - RH)2> . (B.3)

Vr(r) ~

This means at the precise location of the horizon, Vr[f(r), g(r)] vanishes; in the nearby
region it may be neglected.

In this article we consider asymptotically flat black holes which, at infinity, behave like
flat Minkowski spacetime. Here we make the same assumptions as in section 3.2, namely
that at asymptotic infinity, in the metric (2.4), functions f(r), g(r) tend to the constant
value 1 in the limit of very large r, and their derivatives tend to 0 in the same limit.
From (B.2) we see that, asymptotically, V1 (r) behaves at most as 1/r%, and therefore it
vanishes in the limit 7 — oo. The leading o/ correction behaves as 1/r* and it also vanishes
in this limit.

We conclude that the potential V¢ [f(r), g(r)] given by (B.2), which is an example of
a potential including o/ corrections, satisfies all the assumptions we made in sections 3.1
and 3.2.
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