-

View metadata, citation and similar papers at core.ac.uk brought to you byj: CORE

provided by Universidade do Minho: RepositoriUM

FOCUSING ON YOUNG CHINDREN'S ADDITIVE AND MULTIPLIC ATIVE REASONING
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This paper describes a brief study to analyse h@aydars-old children solve different types of anei

and multiplicative reasoning problems. Individuaterviews were conducted on kindergarten children
when solving the problems. Their performance as agtheir explanations were analysed when solving
additive and multiplicative reasoning problems. Tdmditive reasoning problems comprised simple,
inverse and comparative problems; the multipliGatones comprised simples and inverse problems.
Results suggested that Portuguese kindergartedrehilhave some informal knowledge that allowed
them to solve additive and multiplicative reasonimgblems with understanding.
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Framework

In their process of understanding numbers childiead to make connection between quantities and
numbers. Numbers are used to represent quantittb$oarepresent relations. Nunes and Bryant (2010a)
refer that when numbers are used to representitjgarthey are the result of a measurement operatio
from which a quantity can be represented by a nurabeonventional units (e.g., 3 children, 4 chpirs
When a number is used to represent relations, thebar does not refer to a quantity but to a retatio
between two quantities, expressing how many mofewer (e.g., there is 1 more chair than children).

In mathematics children are expected to be abhttibute a number to a quantity, which is meagurin
(Nunes & Bryant, 2010a), but they also are expetiduk able to quantify relations. When quantities
measured, they have a numerical value, but it ssipte to reason about the quantities without nreasu
them. In agreement with Nunes, Bryant and Wats0a @}, it is crucial for children to learn to makethy
connections and distinctions between number anchtijya Quantitative reasoning results from a
quantifying relations and manipulate them (NunesB&ant, 2010a), making relationships between
quantities valuable (Thompson, 1993). For Thomdd®@93) “Quantitative reasoning is the analysis of a
situation into a quantitative structure — a netwofkjuantities and quantitative relationships [...h&vit
important is relationships among quantities.” (B)JL6Quoting Nunes and Bryant (2010a), “[...]
guantifying relations can be done by additive oftiplicative reasoning. Additive reasoning tell alsout
the difference between quantities; multiplicatieasoning tell us about the ratio between quantities
(p-8). In literature, additive reasoning is asstatlao addition and subtraction (see Vergnaud, 1888
multiplicative reasoning is associated to multigtion and division problems (see Steffe, 1994;
Vergnaud, 1983).

Children can use their informal knowledge to analgtad solve simple addition and subtraction problem
before they receive any formal instruction on additand subtraction operations (Nunes & Bryant,
1996). But they also can know quite a lot abouttiplidative reasoning when they start school (Nu&es
Bryant, 2010b). To have an opportunity to solveitaid and subtractions problems can help childen t
construct a more complete understanding of thedeaetic operations.

Additive reasoning

Piaget (1952) argued that children’s understandingrithmetical operations arises from th&themaA
‘schema’ is a representation of an action in wtdaly the essential aspects of the action are etidén
identified three schemas related to additive reiagpioint, separate and one-to-one corresponderioe.
author pointed out that children are able to maatelition and subtraction only when they understhed
inverse relation between these operations, whichcigeved by the 7-years-old. More recently, Nunes
and Bryant (1996) referred that kindergarten chifdof 5-6-years-old can relate their understandihg
number as a measure of set size to their concepfiaddition / subtraction as an increase / deeréas
quantities. This can help children to begin to ustéad that one operation is the inverse of therothhe
schema from which children begin to understandtamdand subtraction are representations of thefact
joint and separate, respectively (Nunes, Campoglifda& Bryant, 2005). These schemas allow 5-years-
old children to solve a problem such as: "Anna Basindies. Her mother gave her 2 more candies. How
many candies does Anna have now?".
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Additive reasoning problems involve one variabled ahey tell us about the difference between
quantities. The part-whole relation is the invatiahthe additive reasoning. The whole equals tima sf
the parts. Nunes, Bryant and Watson (2010) argaé ddditive relations are used in one variable
problems when quantities of the same kind areqméther, separated or compared.

Carpenter and Moser (1982, 1984) presented a fotasgin of addition and subtraction problem that
does not characterize all the types of word problémvolving additive reasoning, but those who are
appropriate for primary age children. They distiished four categories of addition and subtraction
problems: change, combine, compare and equalieedagenter & Moser, 1982, 1984).

Carpenter and Moser (1984) conducted a researdgbriorary school children to analyse their solution
strategies according to the type of problem preskrithe authors argue that the processes thatemild
use to solve addition and subtraction problemsirgransically related to the structure of the preiol
This idea that addition and subtraction word profdaliffer both in semantic relations used to désca
particular problem situation and in the identitytbé quantity that is left unknown is also supparbg
other researchers (see De Corte & Verschafefelf10@8rpenter & Moser, 1982; Riley, Greeno & Heller,
1983; Fuson & Willis, 1986), who argue that additend subtraction problem types are related tdyfair
systematic differences in children’s performanceaious grade levels. Even though slightly differe
classifications of problems were used by differ@uthors, their empirical research consistently ébtimat
different class of problems vary in their leveldifficulty.

According to Nunes et al. (2005), children’s abilib solve problems involving an additive structure
develops in three phases: first children can salveple problems; then they can solve the inverse
problems; and finally they can solve static protdeifhe addition and subtractions simple probleras ar
those in which children are asked to transform qurentity by adding to it or subtracting from itdg.Joe

had 5 marbles. Then he gave 3 to Tom. How many lesdoes he have now?). These types of problems
involve relations between the whole and its parte inverse problems are those in which the siinati
presented in the problem relates to a schemahbutdrrect resolution demands the inverse scheara. F
example, in the problem “Joe had some marbles. Tikemon 2 more marbles in a game. Now Joe has 6
marbles. How many marbles did Joe have in the bégy?” (Nunes & Bryant, 2010a), subtraction
appears as the inverse of addition; the quantityeased and the final one are given, and the linitia
quantity is unknown. The addition and subtractitatis problems are those in which children are dske
to quantify comparisons. For example, “Joe has &laa and Tom has 5. Who has more marbles? (an
easy question) How many more marbles does Joe thare Tom?” (a difficult question) (Nunes &
Bryant, 1996; Nunes et al., 2005).

For Nunes and Bryant (1996) the difficulty of th@lplem is determined not only by the situation &lsb

by the invariants of addition and subtraction thate to be understood by the children in ordeoteesa
particular problem, and these invariants changerdarg to the unknown parts of the problem. Nunes
and Bryant (1996) also point out that the succesaddition and subtraction tasks for young childien
also determined by the resources that childrenuaheg to implement computational procedures, the
system of signs. For the authors problems thatlevelations are more difficult than those thatalve
quantities. The literature about additive reasoriag been giving evidence that compare problems,
which involve relations between quantities, are engifficult than those that involve combining sets
transformations. Carpenter and Moser (1984) réfat tany children do not seem to know what to do
when asked to solve a compare problem.

Nunes et al. (2005) conducted a research with pyireehool Brazilian children, from grades 1 tod, t
analyse their performance when solving problemaddfitive reasoning. Their results indicate levdls o
success above 70% for the children of all gradesrwdolving simple problems of part-whole relations
involving addition and subtraction. When childreares asked to solve inverse problems only 60% of the
first graders and more than 80% of tHBgtaders succeeded in a problem such as: "Kateshate
candies. She won 2 more in a game. Now she hasridies. How many candies did Kate have in the
beginning?”. Their study also analysed compargiiablems, such as: “In a classroom there are 9pupi
and 6 chairs. Are there more chairs or pupils? Hwamy pupils are there more?”. The authors reported
around 50% of success for the second questionalmdst 90% among the"4graders. These results
support the idea that the development of childredditive reasoning is progressive, but also sugbes
children are able to solve many of these probleeierb they receive any formal instruction on adxditi
and subtraction.

Literature gives evidence that kindergarten childeze able to solve some addition and subtraction
problems (see Fuson, 1992; Nunes & Bryant, 199)tHat does not mean that they understand all the



relations in the context of additive reasoning peals. The children’s understanding of addition a
subtraction is progressive and develops over a pemngd of time.

Multiplicative reasoning

Piagetian theory supports the idea that childrest fjuantify additive relations and can only quignti
multiplicative relations much later (see Piaget6@® In spite of his undoubted contribution to wsh,
more recently research has been giving evidenca different position. Thompson (1994), Vergnaud
(1983) and Nunes and Bryant (2010a) support tha ttat additive and multiplicative reasoning have
different origins. Thompson (1994) considers quatitie operations as a mental operation by which on
conceives a new quantity in relation to one or maheady conceived quantities. He argues that
“Quantitative operations originate in action: Theaqtitative operation of combining two quantities
additively originates in the actions of putting étiger to make a whole and separating a whole teemak
parts; operation of comparing two quantities agdlti originates in the action of matching two qutes
with the goal of determining the excess or defittie quantitative operation of comparing two quaati
multiplicatively originates in matching and subdiivig with the goal of sharing.” (Thompson, 1994, pp
185-186). Also Vergnaud (1983) in his theory of cgptual fields distinguishes the field of additive
structures and the field of multiplicative struesy considering them as sets of problems involving
operations of the additive or the multiplicativepéy Vergnaud (1983) argues that “multiplicative
structures rely partly on additive structures; thety also have their own intrinsic organization ethis

not reducible to additive aspects” (p.128). Nuned 8ryant (2010a) also consider that additive and
multiplicative reasoning have different originsgaing that “Additive reasoning stems from the atsio
of joining, separating and placing sets in one+te-oorrespondence. Multiplicative reasoning stems f
the action of putting two variables in one-to-mamyrespondence (one-to-one is just a particulag)cas
an action that keeps the ratio between the vagatdastant.” (p.11).

Multiplicative reasoning involves two (or more) iables in a fixed ratio. Thus, problems such ase"J
bought 5 sweets. Each sweet costs 3p. How muchedgbent?” Or “Joe bought some sweets; each sweet
costs 3p. He spent 30p. How many sweets did he "bay® examples of problems involving
multiplicative reasoning. The former can be soligda multiplication to determine the unknown total
cost; the later would be solved by means of a @imiso determine an unknown quantity, the number of
sweets (Nunes & Bryant, 2010a). Research has bég@nggevidence that children can solve
multiplication and division problems of these kindsen before receiving formal instruction about
multiplication and division in school. For that yheise the schema of one-to-many correspondence.
Carpenter, Ansell, Franke, Fennema and Weisbetd(reel by Nunes and Bryant (2010a), reported high
percentages of success when observing kindergehiédren solving multiplicative reasoning problems
involving correspondence 2:1, 3:1 and 4:1. Nunes.€R005) analysed primary Brazilian school oflul
performance when solving multiplicative reasonimglgpems. When children were shown a picture with
4 houses and then were asked to solve the probflaneach house are living 3 puppies. How many
puppies are living in the 4 houses altogether?% &f the f-graders and above 80% of the children of
the other grades succeeded. When children werel aslsolve a division problem, such as: “ThereZte
sweets to share among three children. The childwart to get all the same amount of sweets. How many
sweets will each one get?”, the levels of success-graders was 80% and above that for the other
graders (¥ to 4"-graders).

Kornilaki, refereed by Nunes et al. (2005) analySedb 8-years-old children performance when sgvin
multiplicative reasoning problems, presented tarthesing only pictures. She presented multiplication
and division problems of two types, direct and nseeproblems. In the direct problems children can
reach the solution using directly correspondenag @istribution to solve multiplication and division
problems, respectively. In the inverse problems tbannot be done immediately. In an inverse
multiplication problem such as “It's Charles birelyd Each friend that is coming to his party wilkt @e
balloons. He bought 18 balloons. How many friengsthere in the party?”. Kornilaki's results shalve
that 30% of the 5-year-olds and 50% of the 6-ydds-ohildren succeeded in this problem. In the igge
division problem “It's Ana’s birthday and she isigg to share cookies among her friends. She prdpare
small bags with 3 cookies each to share betweerrieeids. She used 18 cookies to prepare the bags.
How many bags did she make?”, 40% of the 5-yearasld almost 68% of the 6-year-olds children
succeeded. Again, research is giving evidencedhigdren can solve multiplicative reasoning probdem
before being taught in school about it and befatéeving all the additive reasoning development.

In this scenario some questions arise that stilehao answer in the literature. How do 4-6-yearsold
children master the different types of additive andltiplicative reasoning problems? How much the



development of the children’s additive reasoninde@é the development of their multiplicative
reasoning? To what extent do children’s additivd amultiplicative reasoning can be improved in the
kindergarten? This paper explored the first quesfacusing on children’s informal knowledge when
solving some additive and multiplicative reasorjmgblems.

Methods

Individual interviews were conducted to 6 kindetgarchildren (4-6-year-olds), from Viseu, Portugal.
These interviews were conducted in two differerasgms. There was one week between these two
sessions. Each session last approximately 25 nsinutethe first session, children were challenged t
solve 9 additive reasoning problems (3 direct motd, 3 inverse problems, 3 comparative problems); i
the second session, the children were challengelte@ 6 multiplicative reasoning problems (4 direc
problems, 2 inverse problems). The problems presetd the children were an adaptation of the
problems previously documented in the literatureNaynes et al. (2005). Tables 1 and 2 give some
examples of additive and multiplicative problemeganted to children, respectively.

Table 1: Examples of additive reasoning problems

Type of problem Example

Direct Kate’s mum gave her 4 pencils. Later sheedaar 2 more. How many pencils
does she have now?

Inverse Anna had some candies. She gave 3 to $ter.sAnna has 2 candies now.
How many candies did she have in the beginning?

Comparative In a classroom there are 6 pupils arghalrs. Are there more pupils or
chairs? How many more?

All the problems were presented to the childrentliy means of a story problem and material was
available to represent the problems.

Table 2 Examples of multiplicative reasoning problemsserged to the children.

Type of problem Example

Direct In this street there are 3 houses. In eactsé are living 2 rabbits. How many
rabbits are living in the houses altogether?

Inverse It's Bill's birthday. He is going to off@& balloons to each friend in his part
He bought all these balloons to offer (Showing wlbeith 15 balloons). How
many friends are in the party?

<

The interviewer was the same in all the intervieMs.feedback was given to any child when solvirg th
problems. All the children were asked “Why do ybink so?” after his/her resolution in order to know
children’s arguments. Data collection took placentsans of digital video record and interviewer&ddi
notes.

Results

A descriptive analysis of children’s performanceewhsolving additive and multiplicative reasoning
problems was conducted. Table 3 summarizes thigrivdtion for each type of problem, when solving
problems.



It is remarkable children’s success levels whenrisgladditive and multiplicative reasoning problems
The inverse problems are more difficult for childrthan the direct ones, but even in those children
presented a correct resolution in approximately @8%e additive inverse problems and in 75% of the
multiplicative inverse problems presented to them.

Table 3: Number of correct/incorrect resolutions presefite@hildren when solving additive and
multiplicative reasoning problems.

Additive reasoning Multiplicative reasoning
problems
problems
Direct Inverse Comparative Direct Inverse
Resolution | (18 resol.) (18 resol.) (18 resol.) (24 resol.) (12 resol.)
Correct 17 14 10 18 9
Incorrect 1 4 8 6 3

In the additive reasoning problems, the comparatives were the most difficult for the children, in
which children presented around 56% of correctlutioms.

A bit more about the additive reasoning problems

The number of correct responses on this type olblpms gives evidence that children possess some
informal knowledge about addition and subtractitwattallow then to successfully solve additive
reasoning problems. Nevertheless, some of thedsepns seem to be more difficult for them than agher

Because the comparative problems were the mostutfiones, in some cases the interviewer had to
repeat or even reformulate the problem presentéuktahild. In the cases in which the reformulaticas
needed, the interviewer had to present a new questithe problem, transforming a static questieg.(

— “how many cars are there more than planes?”) anttynamic question (e.g. — “how many cars more
does Tom need to have as many as Ben?”). Thisnfiacke us reconsider the analysis developed and
introduce a new to point, the level of performandeus, when a child solved easily an additive peobl

the level of performance was “easy”; when a refdation of the problem was required, the level of
performance was “difficult”. Table 4 summarizes theels of performance observed among those who
solved correctly the additive problems.

Table 4 Number of children who correctly solved the aeitproblems by level of performance.

Additive reasoning problems
Direct Inverse Comparative
Performance (18 resol.) (18 resol.) (18 resol.)
Easy 17 7 7
Difficult 0 7 3

An analysis of children’s strategies when solvihgse tasks was conducted. For this, four categories
were distinguished: join, separate, one-to-one espwndence, and invalid. These categories were
previously presented in the literature (see Nunes.e2005; Nunes & Bryant, 2010). Tfan category
comprises all the cases in which a child join twautities to produce the result (e.g., “4 plust'®,6”);

the category of separate comprises the cases ichvehchild separates an amount to produce thetresul
(e.g., “there are 6, | took 2 and now there are #i® one-to-one correspondence comprises the @ases
which a child establishes this type of corresporddn share items and produce a final amount. Table
presents the number of strategies of each typenadb®n the children who correctly solved the dddlit
reasoning problems.

Most of the additive reasoning problems were calyesolved using join and separate strategies. The
correspondence seemed to play an important rolfeanthe comparative problems. Figures 1 and 2 give
examples of children strategies using join and torere correspondence to solve the problems.



Table 5 Number of strategies of each type used by thieem who correctly solved the additive
problems according.

Additive reasoning problems
Direct Inverse Comparative
Strategy (18 resol.) (18 resol.) (18 resol.)
Join 12 12 3
Separate 5 2 5
Correspondence 0 0 2

Figure 1 — A child using the strategy of join to solve aid#ive direct problem.

Figure 2 — A child using the strategy of one-to-one coroesfence to solve an additive comparative
problem.

To know more about children’s reasoning when sgjsimese problems, their arguments were analysed
for each problem. Four categories of children’suargnts were considered in this analysis. The valid
arguments comprise the justifications in which atgh consider all the quantities involved in the

problem correctly (e.g., after solving a problemplds 2, it's 6” explains using his/her fingers tifo..1,

2, 3, 4 plus two, is 5, 6”; or “because there werand then plus 2 is 5"); the incomplete category
comprises children’s arguments that refers onlgrte part of the quantities involved in the problemcl



the invalid arguments are those in which children bt articulate the quantities involved in the
problems. Table 6 presents the number of argumehtsach type that were used by children when
solving additive reasoning problems correctly.

Children presented valid arguments in most of thges of correct resolutions observed. This suggests
that the results obtained from children’s perforoeare associated to their understanding of théiaeld
reasoning problems.

Table 6. Number of arguments of each type presented dégliidren when solving additive reasoning

problems.
Additive reasoning problems
Type of argument Direct Inverse Comparative
Valid 17 14 8
Incomplete 0 0 1
Invalid 0 0 1

In the additive—comparative reasoning problemsetiveas a child that solved the problems correcily, b
who presented an incomplete argument; another ahildese conditions presented an invalid argument.
The use of an incomplete argument can be understeachild difficulty to articulate verbally a iog
explanation for the procedure that was carried out.

A bit more about the multiplicative reasoning problems

The number of correct responses on this type olblpms gives evidence that children possess some
informal ideas of multiplicative relations. Theskeas allowed them to successfully solve the diaect
inverse problems. Nevertheless, the inverse prabksem to be more difficult for them than the iseer
ones.

Children’s performance was analysed and two lewélperformance were considered: the easy one,
comprising the resolutions in which a child soltkd problem immediately after its presentationhwib
additional intervention of the interviewer; and tH#ficult one, comprising the cases in which the
interviewer had to repeat. Table 7 summarizes ¢vel$ of performance observed among those who
solved correctly the multiplicative reasoning pexhk.

Table 7— Number of children who correctly solved the riplitative problems by level of performance.

Multiplicative reasoning problems
Direct Inverse
Performance (18 correct resol.) (9 correct resol.)
Easy 14 8
Difficult 4 1

There were 24 direct problems presented to thelremlwho solved correctly 18 of these problems. tMos
of the children who succeed were able to solvelyetts® direct problems and almost half of the irseer
problems. This fact suggests that children can tstaled multiplicative relations much earlier thaeyt
receive instruction on multiplication.

An analysis of children’s strategies when solvihgse tasks was conducted. For this, three catsgorie
were distinguished: equal share, one-to-many cporetence, and trial and adjust. The first two
categories were previously presented in the liteeafsee Nunes et al., 2005; Nunes & Bryant, 20103.
equal share category comprises all the cases ichvehthild shares a quantity among recipients taiob
the result; the category of one-to-many corresppogl€omprises the cases in which a child estalsliahe
correspondence between an element of a set anbearg#t with more than one element; the trial and
adjust comprises the cases in which a child usesrid and error strategy but refines and appraxés
each attempt to produce equal subsets of thelinéita Table 8 presents the number of strategieaci
type observed on the children who correctly solredmultiplicative reasoning problems.



Most of the multiplicative reasoning problems warerrectly solved using strategies that rely on
correspondence. Figure 3 gives an example of alsithg one-to-many correspondence to solve a
multiplicative reasoning problem.

Table 8 Number of strategies of each type used by tlildrelm who correctly solved the multiplicative
problems according.

Multiplicative reasoning problems
Direct Inverse
Strategy (18 correct resol.) (18 correct resol.)
Correspondence 14 0
Equal share 1 6
Trial & adjust 3 3

Most of the multiplicative reasoning problems wererrectly solved using strategies that rely on
correspondence. Figure 3 gives an example of alsithg one-to-many correspondence to solve a
multiplicative reasoning problem.

Figure 3 — A child using the strategy of one-to-many cqumslence to solve a multiplicative direct
problem.

When analysing children’s arguments for each probléhree categories were considered: the valid
arguments, comprising the justifications in whidhldren consider all the quantities involved in the

problem correctly; the incomplete arguments, cosipgi arguments that refers only to one part of the
guantities involved in the problem; and the invadidjuments, in which children do not articulate the
quantities involved in the problems or answer “hti&now!”. Table 9 presents the number of argureent

of each type that were used by children when sglwinltiplicative reasoning problems correctly.

Table 9 Number of arguments of each type presented bghildren when solving multiplicative
reasoning problems.

Multiplicative reasoning problems
Type of argument Direct Inverse Comparative
Valid 17 19 7
Incomplete 1 0 0
Invalid 0 0 2

Children presented valid arguments in most of #ees of correct resolutions observed, suggestimg so
understanding of the multiplicative reasoning peois.



Similarly to the additive reasoning solving probkenn the multiplicative-simple reasoning problems
there was a child who solved correctly the problbat,could not articulate a complete explanatianitfo
The use of an incomplete argument can be understsachild difficulty to articulate verbally a log
explanation that was carried on.

Final remarks

The results of this study give evidence that kigdeten children possess some type of informal
knowledge that allow them to successfully solve sqgroblems of additive and multiplicative structure
Children’s informal knowledge is supposed to be dtarting point for the formal instruction. Thus, i
makes sense to know better what do children cancandot do before being taught about arithmetic
operations in primary school. The results preseherd suggest that Portuguese kindergarten chithen
able to solve some problems involving additive emdtiplicative structures in particular conditions.

Our findings suggest that direct and inverse adgliiroblems can be solved by children from 4- to 6-
years-old, in particular conditions. Children’saségies as well as their arguments support the titkgta
these levels of success were not obtained by chdieecomparative problems seem to be more difficul
for these children. These ideas converge with tippesented by Nunes et al. (2005) who analysed 5-8-
years-old children’s performance when solving adéiteasoning problems. These authors also reported
that additive comparative problems were more diffi¢co young children than the simple and inverse
ones.

Also the multiplicative structure problems presedrie the children of this study were correctly sal\by
many young children. The solution to direct anceirse multiplicative structure problems was readhed
many children, and arguments to support their ploces were presented by them, revealing an
understanding of the situation. These findings eog® with the idea presented previously by Nunes. et
(2005), and Nunes and Bryant (2010) when they athaechildren possess some informal knowledge
that allow them to solve multiplication and divisiproblems much earlier than they receive any férma
instruction about these operations at school.

Nevertheless, this study involved a very small demyhich makes impossible the idea of establishing
any type of generalization of these findings. Redeaefers that additive and multiplicative reasgni
involve different schema of action. This suggesiat tpossibly these two types of reasoning develop
differently, and one can be more difficult than tbther. This study was not designed with the
appropriate controls in the research in order twvide comparative information about these two typies
problems. More research is needed to analyse fldreris understanding of these issues and to diumd
what sort of problems, if there are any, could esented to kindergarten children in order to tiegm

to develop their reasoning.
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