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Abstract. We review recent work on the stability of flat spatially homogeneous and isotropic
backgrounds with a self-interacting scalar field. First, we derive a first order quasi-linear
symmetric hyperbolic system for the Einstein-nonlinear-scalar field system. Then, using the
linearized system, we show how to obtain necessary and sufficient conditions which ensure the
exponential decay to zero of small non-linear perturbations.

1. Introduction

The asymptotic stability of spacetime cosmologies is an important problem of mathematical
relativity. This problem can be addressed by considering small perturbations of a given
background solution and investigating whether they asymptotically decay in time. Most of
the approaches to this question have been limited to the use of linear or higher-order truncated
perturbation theory, and thus, they never take fully into account the non-linearity of the Einstein-
Field-Equations (EFEs). In [2], Friedrich extended his frame representation of the vacuum EFEs
to the case of matter sources consisting of perfect fluids. These systems form a first-order quasi-
linear symmetric hyperbolic (FOSH) system. In general these are of the form

A’()9u = AJ(u)d;ju + B(u)u, j=1,2,3, (1)

where u = u(z,t) is a smooth vector-valued function of dimension s with domain in ¥ x [0, 7]
where ¥ is a spacelike 3-dimensional manifold, and A7, B denote smooth s X s matrix valued-
functions such that A% AJ are symmetric and A? is positive definite. The operators d; and
0; stand for the partial derivatives with respect to the coordinate ¢ € [0,77], and to the spatial
coordinates 27 in ¥ respectively. A natural way of performing a stability analysis (see also [3]) is
to consider a sequence of smooth initial data u for the EFEs satisfying the constraints equations
on a Cauchy hypersurface . The sequence is assumed to depend continously on the parameter
¢ in such a way that the limit ¢ — 0 renders the data of the reference solution 1. In particular,
one can write the full solution to the EFEs as the Ansatz u® = u+ eu, where 0 is a (non-linear)
perturbation whose size is controlled by the parameter . Using this splitting in equation (1),
we are led to consider the following initial value problem for the non-linear perturbations:

A%(a) + eA(w, g)} Oyt = [Aj(ﬁ) +eAd (1, a)} 0,1 + [é(ﬁ) +eB(w,e)| 1,
u(z,0) = ap(x).

(2)



where A* (b =0,1,2,3) and B are defined as the non vanishing terms with ¢ = 0. When
the linearised system (e = 0) of (2) has constant coefficients, then for small enough €, global
existence in time t, and exponential decay to zero of a solution to (2) is well known — see [4]

Roughly this follows from the eigenvalues of the non-principal part of the linearised system (B)

having negative real part. To systems of the type considered here, where the matrices B A
are not constant but depend smoothly on time, these methods can be easily generalized — see
also [3].

2. The Einstein-Friedrich-nonlinear scalar field system

Using the Friedrich formulation of EFEs for the Einstein-Euler system [2], we obtained the
following symmetric hyperbolic reduction for the Einstein-non-linear scalar field system — see [1]
for details,
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3)
and the following result:
Theorem 1. The FEinstein-Friedrich-nonlinear scalar field (EFsf) system consisting of the
equations in (3) forms a quasi-linear first-order symmetric hyperbolic (FOSH) system for the
scalar field (¢), its momentum-density (), the spatial frame coefficients ()i, e;°), the connection
coefficients (X(ap), @c, Y *ba), and the electric and magnetic parts of the Weyl tensor (E(ya), B(pa));
relatively to the slices of constant time t, as long as the quadratic form

IR A = T ESER)
a=1,2,3 w 1/}

with 0%; the spatial co-frame coefficients, is positive definite.

3. Stability Analysis
In this section we use the symmetric hyperbolic system of last section to show that, for some
classes of potentials, the evolution of sufficiently small nonlinear perturbations of a Friedmann-



Robertson-Walker background with a scalar field with positive potential, asymptotic exponential
decay to zero in time.

3.1. The background solution
As it is well known, the metric of a Friedman-Robertson-Walker (FRW) spacetime —i.e. a
spatially homogeneous and isotropic spacetime— can be written as

O\ 2 o
ds? = —dt® + (a()) Sijda'dad,
w

where a(t) is the Robertson-Walker scale factor, w = 1 + géijxiazj, Ow = kx;, and k = —1,0,1
is the curvature of the spatial hypersurfaces. Since the metric is conformal flat, it follows

that Ebd = ébd = 0. The gauge conditions[l] for the frame are satisfied if ép* = 0o,
et = (%)51,“ where b = 1,2,3. Thus, the spatial connection coeflicients are given by
Yopd = # (hagpz® — hgtxp), with z# = (w/a)é*.x°. The remaining nonvanishing connection

coefficients are 5%q = Xa» = Hhoa, Y20a = Xa® = Hhg®, where H(t) = a/a is the so-called
Hubble function and " denotes differentiation with respect to time ¢. In particular xq = ap =0
and X (5q) = 0 for b # d, and for such background metrics X = 3a/a = 3H. Thus in the case of a
FRW cosmology the Einstein-scalar field system (3) reduces to the evolution equations
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— - — — = —H?— 4= 4
7= o SHY- G ed g 07+ 3V0), (4)

subject to the Friedmann-scalar field constraint equation H?(t) — %&Q(t) — %V(qﬁ) =k,
3.2. Linearised evolution equations

In order to perform the linearisation procedure we compute % . and drop all (nonlinear)

€=
terms of coupled perturbations. In this way, we obtain the following system
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As a consequence, the linearised system is of the following form
A%9u — AJ(t, x)oju = B(t, z)i.

Since we are considering perturbations over a Friedmann-Robertson-Walker background with
flat spatial sections, then, the linearized matrices A* and B are functions of cosmic time ¢, only.
In this case the characteristic polynomial of B has the following form

o 3
A+ H)2 % (A + 2H)? x ()\2 FBHA+ 202 + 8H2> X

/ 5/ 3 (6)
X ()\2— <H+2Z>A— <(15+2H2+2H2>> x f(\)

where f is a polynomial of degree 8 in A with coefficients depending on the background
quantities (V” V’ w, H). Here V' and V" denote, respectively, the first and second derivatives
of the potential with respect to d) Then, in order to obtain conditions which ensure that
the characteristic polynomial have eigenvalues with negative real part, we can make use of
the Liénard-Chipart theorem—see e.g. [5]. This theorem states that a polynomial f(z) =
apz" + a1z M+ a2 2 + -4 an, ap > 0, with real coefficients, has roots with negative real
part if and only if all coefficients of f are positive and the Hurwitz determinants defined by

ap a3 as -+ ag—1
ap az a4 -+ A2]—2

So=1, G=det|0 a a3z -+ a3 l=1,...,n.
0 0 0 - g

are positive. It is easy to see that the first two term in (6) requires H(t) > 0, which is simply the
condition for an (ever) expanding background. Then if there is a constant Hy > 0, such that for
all t, H(t) > Hy, the conditions in the potential, for its first and second derivatives (V' and V")
can be infered — see [1] for details.
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