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Abstract. We review recent work on the stability of flat spatially homogeneous and isotropic
backgrounds with a self-interacting scalar field. First, we derive a first order quasi-linear
symmetric hyperbolic system for the Einstein-nonlinear-scalar field system. Then, using the
linearized system, we show how to obtain necessary and sufficient conditions which ensure the
exponential decay to zero of small non-linear perturbations.

1. Introduction
The asymptotic stability of spacetime cosmologies is an important problem of mathematical
relativity. This problem can be addressed by considering small perturbations of a given
background solution and investigating whether they asymptotically decay in time. Most of
the approaches to this question have been limited to the use of linear or higher-order truncated
perturbation theory, and thus, they never take fully into account the non-linearity of the Einstein-
Field-Equations (EFEs). In [2], Friedrich extended his frame representation of the vacuum EFEs
to the case of matter sources consisting of perfect fluids. These systems form a first-order quasi-
linear symmetric hyperbolic (FOSH) system. In general these are of the form

A0(u)∂tu = Aj(u)∂ju+B(u)u, j = 1, 2, 3, (1)

where u = u(x, t) is a smooth vector-valued function of dimension s with domain in Σ× [0, T ]
where Σ is a spacelike 3-dimensional manifold, and Aj , B denote smooth s × s matrix valued-
functions such that A0, Aj are symmetric and A0 is positive definite. The operators ∂t and
∂j stand for the partial derivatives with respect to the coordinate t ∈ [0, T ], and to the spatial
coordinates xj in Σ respectively. A natural way of performing a stability analysis (see also [3]) is
to consider a sequence of smooth initial data uε

0 for the EFEs satisfying the constraints equations
on a Cauchy hypersurface Σ. The sequence is assumed to depend continously on the parameter
ε in such a way that the limit ε→ 0 renders the data of the reference solution ů0. In particular,
one can write the full solution to the EFEs as the Ansatz uε = ů+ εŭ, where ŭ is a (non-linear)
perturbation whose size is controlled by the parameter ε. Using this splitting in equation (1),
we are led to consider the following initial value problem for the non-linear perturbations:[

Å0(ů) + εĂ0(ŭ, ε)
]
∂tŭ =

[
Åj(ů) + εĂj(ŭ, ε)

]
∂jŭ+

[
B̊(ů) + εB̆(ŭ, ε)

]
ŭ,

ŭ(x, 0) = ŭ0(x).
(2)



where Åµ (µ = 0, 1, 2, 3) and B̊ are defined as the non vanishing terms with ε = 0. When
the linearised system (ε = 0) of (2) has constant coefficients, then for small enough ε, global
existence in time t, and exponential decay to zero of a solution to (2) is well known – see [4].

Roughly this follows from the eigenvalues of the non-principal part of the linearised system (B̊)

having negative real part. To systems of the type considered here, where the matrices B̊, Åµ

are not constant but depend smoothly on time, these methods can be easily generalized — see
also [3].

2. The Einstein-Friedrich-nonlinear scalar field system
Using the Friedrich formulation of EFEs for the Einstein-Euler system [2], we obtained the
following symmetric hyperbolic reduction for the Einstein-non-linear scalar field system – see [1]
for details,

∂tφ = ψ,

∂tψ = −ψχ− dV
dφ
,

2∂tχ(bd) − 2 e′(b
0∂tad) − 2 e′(b

j∂jad) =
2

3

(
V(φ)− ψ2

)
hbd − 2χp

(dχb)p + 2abad + 2Ebd

− (γpbd + γpdb) ap

∂tac − e′p
0∂tχc

p − e′p
j∂jχc

p =

(
2

ψ

dV
dφ

+ χ

)
ac − χc

pap − γqcpχq
p + γpqpχc

q,

2∂tEbd − 2εpa(b|e
′
a
0∂tBp|d) − 2εpa(b|e

′
a
j∂jBp|d) = −ψ2

(
χ(bd) −

1

3
χhbd

)
− 4χEbd + 10χq

(bEd)q

− 2hbdχ
qpEqp + 4aaBp(bεd)

pa − 2γqpaBq(dεb)
pa

− 2εpa(dγ
q
b)aBpq,

2∂tBbd − 2εap(d|e
′
a
0∂tE|b)p − 2εap(de

′
|a
j∂j|Eb)p = −2χBbd + 6χq

(bBd)q + 2χacBpqε
pa

(bεd)
qc

− 4aaEp(bεd)
pa − 2γqpaEq(bεd)

ap

− 2εap(bγ
q
d)aEpq,

∂te
′
b
0 = −χb

ce′c
0 + ab,

∂te
′
b
i = −χb

ce′c
i,

∂tγ
′a
bd = Bdpε

pa
b − χd

pγ′abp + 2hapχd[pab].
(3)

and the following result:

Theorem 1. The Einstein-Friedrich-nonlinear scalar field (EFsf) system consisting of the
equations in (3) forms a quasi-linear first-order symmetric hyperbolic (FOSH) system for the
scalar field (φ), its momentum-density (ψ), the spatial frame coefficients (e′b

i, e′b
0), the connection

coefficients (χ(ab), ac, γ
′a
bd), and the electric and magnetic parts of the Weyl tensor (E(bd), B(bd)),

relatively to the slices of constant time t, as long as the quadratic form∑
a=1,2,3

θaiθ
a
j −

∂iφ

ψ

∂jφ

ψ
, i, j = 1, 2, 3,

with θai the spatial co-frame coefficients, is positive definite.

3. Stability Analysis
In this section we use the symmetric hyperbolic system of last section to show that, for some
classes of potentials, the evolution of sufficiently small nonlinear perturbations of a Friedmann-



Robertson-Walker background with a scalar field with positive potential, asymptotic exponential
decay to zero in time.

3.1. The background solution
As it is well known, the metric of a Friedman-Robertson-Walker (FRW) spacetime —i.e. a
spatially homogeneous and isotropic spacetime— can be written as

ds2 = −dt2 +

(
a(t)

ω

)2

δijdx
idxj ,

where a(t) is the Robertson-Walker scale factor, ω = 1 + k
4δijx

ixj , ∂iω = kxi, and k = −1, 0, 1
is the curvature of the spatial hypersurfaces. Since the metric is conformal flat, it follows
that E̊bd = B̊bd = 0. The gauge conditions[1] for the frame are satisfied if e̊0

µ = δ0
µ,

e̊b
µ =

(
ω
a

)
δb

µ where b = 1, 2, 3. Thus, the spatial connection coefficients are given by

γ̊cbd = k
2a2

(hdbx
c − hd

cxb), with xµ = (ω/a)δµcx
c. The remaining nonvanishing connection

coefficients are γ̊0bd = χ̊db = Hhbd, γ̊
b
0d = χ̊d

b = Hhd
b, where H(t) ≡ ȧ/a is the so-called

Hubble function and ˙ denotes differentiation with respect to time t. In particular χ[bd] = ab = 0
and χ(bd) = 0 for b 6= d, and for such background metrics χ̊ = 3ȧ/a ≡ 3H. Thus in the case of a
FRW cosmology the Einstein-scalar field system (3) reduces to the evolution equations

dφ̊

dt
= ψ̊,

dψ̊

dt
= −3Hψ̊ − dV

dφ̊
and

dH

dt
= −H2 − 1

3
ψ̊2 +

1

3
V(φ̊), (4)

subject to the Friedmann-scalar field constraint equation H2(t)− 1
6 ψ̊

2(t)− 1
3V(φ̊) = − k

a2
.

3.2. Linearised evolution equations

In order to perform the linearisation procedure we compute duε

dε

∣∣∣
ε=0

and drop all (nonlinear)

terms of coupled perturbations. In this way, we obtain the following system

∂tφ̆ = ψ̆,

∂tψ̆ = −

(
d2V̊
dφ̊2

)
φ̆− 3Hψ̆ − ψ̊χ̆,

2∂tχ̆(bd) − 2
(ω
a

)
δ(d

j∂j ăb) =
2

3

((
dV̊
dφ̊

)
φ̆− 2ψ̊ψ̆

)
hbd − 4Hχ̆(bd) + 2Ĕbd

− k

a2
(
hbdx

păp − x(băd)
)
,

∂tăc −
(ω
a

)
δp

j∂jχ̆c
p =

(
2H +

2

ψ̊

dV̊
dφ̊

)
ăc +

(
dH

dt

)
ĕc

0 +
k

2a2
xcχ̆− 3k

2a2
xqχ̆(qc),

2∂tĔbd − 2
(ω
a

)
εpa(b|δa

j∂jB̆p|d) = −ψ̊2

(
χ̆(bd) −

hbd
3
χ̆

)
− 2HĔbd +

k

a2
xpε

pq
(bB̆d)q,

2∂tB̆bd − 2
(ω
a

)
ε(d|

apδa
j∂jĔp|b) = −2HB̆bd +

k

a2
xpε

qp
(bĔd)q,

∂tĕb
0 = −Hĕb0 + ăb,

∂tĕb
i = −Hĕbi −

(ω
a

)
δc

iχ̆b
c,

∂tγ̆
a
bd = −Hγ̆abd −

k

2a2
(xaχ̆db − xbχ̆d

a)

+H (δad ăb − hbdă
a) + B̆dpε

pa
b.

(5)



As a consequence, the linearised system is of the following form

Å0∂tŭ− Åj(t,x)∂jŭ = B̊(t,x)ŭ.

Since we are considering perturbations over a Friedmann-Robertson-Walker background with
flat spatial sections, then, the linearized matrices Åµ and B̊ are functions of cosmic time t, only.
In this case the characteristic polynomial of B̊ has the following form

(λ+H)21 × (λ+ 2H)3 ×
(
λ2 + 6Hλ+ 2ψ̊2 + 8H2

)3
×

×

(
λ2 −

(
H + 2

V̊ ′

ψ̊

)
λ−

(
dH

dt
+ 2H2 + 2H

V̊ ′

ψ̊

))3

× f(λ)

(6)

where f is a polynomial of degree 8 in λ with coefficients depending on the background
quantities (V̊ ′′, V̊ ′, ψ̊,H). Here V̊ ′ and V̊ ′′ denote, respectively, the first and second derivatives

of the potential with respect to φ̊. Then, in order to obtain conditions which ensure that
the characteristic polynomial have eigenvalues with negative real part, we can make use of
the Liénard-Chipart theorem—see e.g. [5]. This theorem states that a polynomial f(z) =
a0z

n + a1z
n−1 + a2z

n−2 + · · ·+ an, a0 > 0, with real coefficients, has roots with negative real
part if and only if all coefficients of f are positive and the Hurwitz determinants defined by

δ0 ≡ 1, δl ≡ det


a1 a3 a5 · · · a2l−1

a0 a2 a4 · · · a2l−2

0 a1 a3 · · · a2l−3
...

...
...

...
0 0 0 · · · al

 l = 1, . . . , n.

are positive. It is easy to see that the first two term in (6) requires H(t) > 0, which is simply the
condition for an (ever) expanding background. Then if there is a constant H0 > 0, such that for
all t, H(t) > H0, the conditions in the potential, for its first and second derivatives (V ′ and V ′′)
can be infered – see [1] for details.
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