ON THE MINIMUM VALUE OF THE CONDITION NUMBER OF
POLYNOMIALS

CARLOS BELTRAN AND FATIMA LIZARTE

ABSTRACT. In 1993, Shub and Smale posed the problem of finding a sequence
of univariate polynomials of degree N with condition number bounded above
by N. In [3] it was proved that the optimal value of the condition number
is of the form O(\/]V), and the sequence demanded by Shub and Smale was
described by a closed formula (for large enough N > Ny with Ng unknown) and
by a search algorithm for the rest of the cases. In this paper we find concrete
estimates for the constant hidden in the O(v/N) term and we describe a simple
formula for a sequence of polynomials whose condition number is at most N,
valid for all N = 4M?2, with M a positive integer.

1. INTRODUCTION

1.1. Statement of the main problem. The condition number of a polynomial at
a root is a measure for the first order variation of the root under small perturbations
of the polynomial. It has different formulas and properties depending on how these
changes are measured, see for example [13, 24]. Among the most popular and
useful definitions is the one given by Shub and Smale in [19, 21], where polynomials
are first homogenized (hence the zeros lie in P(C?)) and Bombieri norm is used to
measure the perturbation of the polynomial. The concrete definition of Shub and
Smale’s normalized condition number pnorm and some of its properties are recalled
in a later section.

In [20, 21] it was proved that with probability at least 1/2, (a certain choice of)
random polynomials have condition number at most N, leading to the following:

Problem 1.1 (Main Problem in [21]). Find explicitly a family of polynomials of
degree N whose condition number is at most N.

(The authors of [21] also relaxed the problem changing “at most N” to “at most
Ne¢ for any constant ¢, say ¢ = 100”.) By “find explicitely” they mean “giving
a handy description” or describing a BSS algorithm —that essentially means an
algorithm where exact real arithmetic is available, see [6]— to solve the problem.
During his plenary conference at the FoCM’14 meeting in Montevideo, Shub referred
to this question as “finding hay in the haystack”, since we know that a lot of such
polynomials exist but it just turned out to be very difficult to describe one!

The motivation of Shub and Smale was the search of a good starting polynomial
to be used in homotopy methods for polynomial root finding, that is the one—
dimensional case of Smale’s 17th problem. Smale’s 17th was finally solved without
finding the solution to Problem 1.1 nor its high—dimensional analogous, see [4, 11,
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17] or the monograph [12], leaving these questions open (see the Open Problems
section in [12]). Problem 1.1 was finally solved in [3] where it was proved that:

(1) There exists a constant @ > 0 such that the condition number of any degree
N polynomial is at least av/N.

(2) There exist an explicit construction of a polynomial of any degree, given
by its zeros, and a constant b > 0 such that the condition number of the
N-th degree polynomial is at most by/N.

From [15] we have the concrete value a > e“tos /2 where Cj,,, is defined by (1.3) and
bounded in (1.5), but the value of b is not known. As a consequence, one gets an
algorithm to generate a degree N polynomial whose condition number is at most
N: run in parallel a search algorithm (based on enumeration of rational zeros) and
the sequence of item (2). Since computing the condition number given the zeros
is immediate, and since the sequence of (2) eventually gets a condition number
smaller than N, this produces a polynomial time algorithm for Problem 1.1.

The solution of [3] is thus an algorithm to generate the demanded sequence, and
it certainly solves Problem 1.1, but it leaves an open question behind:

Problem 1.2 (Main Problem after [3]). Find an explicit formula for a family of
polynomials of degree N whose condition number is at most N. Also, find asymp-
totic bounds for the minimum condition number of a degree N polynomial, N — oo.

1.2. Main result. In these pages we make some partial progress in Problem 1.2.
More exactly, we prove for the first part of this problem:

Theorem 1.3 (Main result). Let N = 4M?, with M > 1 a positive integer. Define

452
N 3
for 1 < j < M and consider the polynomial of degree N given by

’I”j:4j, hjzl

Pu(z) = (7 =1) H (27 = p(hg)"™) (=" = plhy) "),

where p(z) = /L. Then finorm(Prn) < min(N, (19/2)v/N +1).

The zeros of above polynomial Py correspond, under the stereographic projec-
tion, to the spherical points of a set Py described in Section 2. Modifying Py
slightly, one can very likely adapt our proof to similar subsequences such as, say,
N =4M?+1or N = 4M? +2M, but solving the problem for general N is still out
of reach, since the explicit computations become too complicated.

Our method of proof also produces the upper bound in the following corollary,
which is a first answer to the second part of Problem 1.2 (the lower bound is proved
by U. Etayo in [15] and uses a recent result by S. Steinerberger [23]):

Corollary 1.4. The minimum condition number ay = inf{tnorm (P) : deg(P) =
N} of a degree N polynomial satisfies

Clog \/?:

< liminf S < Y2 3/449/8 _ 5647

0454... < &
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A related problem of great importance is that of finding the optimal constant
Cy in the multiterm Bombieri inequality

N
[Tz =l <y
=1

which compares the Bombieri-Weyl norm of a polynomial and the product of the
norms of its linear factors. Finding the optimal value of Cy is a formidable chal-
lenge! A recent breackthrough by U. Etayo [15] is that the optimal value of this

constant is essentially \/e”V /(N + 1). More precisely, define Ky by

N

H(z —z)

i=1

)

eN

N+1
Then, we have a < Ky < 1 for some o > 0 which is independent of N. No lower

bounds on « are known till now, but from [15, Th. 4.5] and our main result above
we deduce:

Cn =Kn

eClog

limsup Ky > ————

Nowe N7 Bed/Ar]8

1.3. Relation to well-distributed spherical points and the logarithmic

energy. We will define our sequence of polynomials by its zeros, which are in turn

seen as points in the unit 2-sphere S via the stereographic projection. It was noted

in [21] that if a collection of spherical points pi,...,pxy € S is very well distributed
in the sense that it quasi-minimizes the logarithmic energy

g(pla s 7pN) = Zlog
i#£]
then the associated complex points are the zeros of a well-conditioned polynomial.
More precisely, let us denote by my the minimum possible value of the logarithmic
energy,

> 0.08. (1.1)

! (12)
Ipi — ;| '

my = min _E(p1,...,PN)-
P1,..,PNES

The main result of [21] is that if E(p1,...,pn) < my + clog N then the condition
number of the corresponding polynomial is at most /N1+¢(N + 1), thus solving
the relaxation of Problem 1.1. (Note that our notation is slightly different from that
of [21]: we use the unit sphere instead of the Riemann sphere and our definition of
the log—energy ranges over i # j instead of ¢ < j. Our notation is the most frequent
nowadays).

Inspired by this result, Shub and Smale posed the problem of finding collections
of spherical points with quasioptimal log—energy. This later was included in Smale’s
famous list of Problems for the XXI century [22]:

Problem 1.5 (Smale’s 7th Problem). Can one find p1,...,py € S such that
Ep1y...,pN) < my + clog N for some universal constant c?

The value of my is not still well known. After [25, 18, 14, 8, 5], we have
1
my = kN? — §NlogN + Ciog N + 0(N), (1.3)

where Ciq is a constant and, denoting by do the normalized uniform measure in S,

1 1
K= log ——do(x)do(y) = = —log2 < 0, (1.4)
/z,yES |$ - yl 2



4 C. BELTRAN AND F. LIZARTE
is the continuous energy. From [23] and [5], we have that

—0.0954 ... < Clog < 2log2 + %logg + 3log F(\l//%B)
The upper bound has been conjectured to be an equality, see [10, 5] and the mono-
graph [7] for context. We stress that our construction of the point set for Theorem
1.3 does not solve Problem 1.5: its log-energy is of the form kN?—1 N log N+O(N)
(this can be deduced directly from (1.2) and Corollary 6.4 or seen as a consequence
of [15, Th. 1.5)).

= —0.055... (1.5)

1.4. Condition number of polynomials. We now give the precise definition and
some properties of the condition number of polynomials. Let us consider a bivariate
homogeneous polynomial with complex coefficients of degree N > 1,

N
h(l’,y) = Zaixin7i7 a; € (Ca anN 7é 0.
=0

The zeros of h lie in the complex projective space P(C?). Following [19], the nor-
malized condition number of h at a zero ¢ € P(C?) is

_ [ N[Ol HIRIICIN Y, i 3(DR(Q)[¢) T,
norm (B, ) = { ~+00, ‘ otherwise. ‘

Here, Dh(()|+ is the restriction of the derivative Dh(() = (a%h a%h)( -
T,y)=

the orthogonal complement of ¢ in C?, and ||h| is the Bombieri-Weyl norm (also
known as Kostlan or Bombieri or Weyl norm) of h, defined as

Il = (i (7 )||>/

Note that if ¢ is a double root of h, then by definition pinorm(h, () = co. On the
other hand, if there is not mention to a concrete root of h, then we define

to

Nnorm(h) //fnorm(ha C)

= max
CEP(C2):h(¢)=0
Let

N
f(z)zzaiziv G/N#Oa
=0

be an univariate polynomial of degree N with complex coefficients and z € C a zero
of f. Consider the homogeneous counterpart of f,

N
h(l’, y) = Z aixin_ia
=0

and define

norm\J» = Hnorm h, 7]- ) norm = norm\J, <)
Hnorm (f,2) = tnorm(hs (2, 1)), tnorm () = | _mmax  fnorm (£, 2)

Taking || f|| = ||h|| and expanding the derivative, it turns out that

_ NV P)
,U/norm(,ﬂ Z) - |f’(2)| ||f||7 (16)
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which allows us to easily compute the condition number for simple cases (see [1]
for an elementary proof of this last formula).

1.5. An alternative formula for the condition number and idea of our
proof. Since a polynomial is (up to a multiplicative constant) defined by its zeros
and these can be seen as spherical points, one can aim to give a formula for the
condition number of a polynomial that depends uniquely on the associated spherical
points. Shub and Smale accomplished this task. Adapting the notation of [21] to
ours, we have:

Proposition 1.6. Let P(z) = Hfil(z — z;) be a polynomial and denote by p; the
point in S obtained from the inverse stereographic projection of each z;. Then the
condition number of P equals

N 1/2
i —Pj 2d0'
/”'norm(P) = % N(N + 1) max (fS HJ? |p P ‘ (p)) . (17)

1<i<N Hj;ﬁi |pi - pj|

As in [3], we will start from a geometrical construction of a point set Py (see
Figure 1 for a graphical description). Its main features are:

(1) The N spherical points are distributed in 2M — 1 parallels of varying height
in the sphere, with the M—th parallel being the equator.

(2) The parallel at height h; contains r; points which are (up to a homotety
and a traslation) a set of r; roots of the unity. They may have a phase or
not, this is not important for our proof.

(3) The values of h; are chosen in such a way that there is a band of relative
area r;/N whose central height is h;.

(4) The construction is equatorially symmetric: h; = —hop—; and r; = ropr—j.
Once we have defined our set of points, in order to prove our main result we proceed
as follows:

(A) Given any ¢ € S and any band B in the sphere, we consider the central
parallel @ of B, and we compare the integral Ip of log|p — g| when p lies
in the band with the expected value fQ of the same function when p lies in
Q. We conclude that I = v(B)Ig where v is the normalized area of B.

(B) Given any ¢ € S, we divide the integral I = —k of log|p — ¢| with p € §
in the different bands associated to our point set. From (A), the value I;
in each band Bj is similar to v(B;)I; where I; is the expected value of the
function along the parallel Q;, that is I; =~ (rj/N)fj and —kN = IN =
NY L=, r;I;. The difference between —xN and > r;I; turns out
to be rather small except if ¢ is too close to the poles.

(C) We then compare the value of 7;I; with that of 3,7 log|q — pjx| where
the p;r are the r; points in the corresponding parallel. Both quantities
are again very similar (except for the parallel which is the one closest to g,
where the discrete sum can diverge to —oo). From this, we get

n . ~
[Tla—nil= eI L loglapinl < ZIT T oy pm RN
i=1
This essentially gives an upper bound for the numerator in (1.7), once the
details are settled.
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(D) The same kind of argument, using also that our point set is well-separated,
produces a lower bound H#j Ipi — pj| 2 VNe N* valid for all fixed i, for
the denominator of (1.7). This almost finishes the proof of our main result.

This procedure is similar to that of [3], but in this paper all the appearances of
~, <, 2 are estimated with concrete constants. One benefit that we get is that
our point set is more simple, since in [3] the points need to be distributed in the
parallels of height h; but also a part of them is sent to the parallels delimiting the
spherical bands, while we only need to allocate points in the central parallels.

Remark 1.7. The construction in [3] has a property that ours does not: the as-
sociated discrete measure can be used to approximate the continuous integral of
log |p —q| up to a constant order for any fized q. This property (which is the reason
to send part of the points to the parallels delimiting the bands) is a key point in the
proof of the main result of [3]. Our construction only gets this if q is not too close
to the north and south poles, yet we are able to prove our main theorem from this
weaker property.

Organization of the paper. In the next section, we state the construction of
the set of spherical points which will be, under the stereographic projection, the
zeros of the sequence of well-conditioned polynomials. In Section 3 we prove (A);
in Section 4 we prove (B); sections 5 and 6 are devoted to proving (C) and (D)
respectively. Finally, the main result is proved in Section 7.

2. GEOMETRICAL DESCRIPTION OF THE SET OF POINTS Py IN S

We now construct our set of points Py = {p1,...,pn} in S. We denote by Qp,
the parallel of height h,

Qn={(z,y,2) €S:2z=h}, —-1<h<L
Let M be a positive integer, define N = 4M?2, and let
_ 4 1<) <M, _ 1 m, 1<) <M,
j_{4(2M—j), M<j<2M -1, j_{_1+<”§4;’>2, M<j<2M—1.
Note that N = 7y +---+7r2a7—1 and the claimed symmetric properties r; = raa7—5,
hj = —han—j, and note also that hps = 0. Our point set is constructed by taking

r; equally spaced points in each of the parallels Q; = Qp,. We will refer to Q); just
as the j—th parallel. For all 1 < j < 2M — 1, we define the j—th band as

Bj = {(JL‘,y,Z) S S7 Hj <z < Hj—l}a
being

-2l 0<j<M—1, 01
ITY 1 (2M7j7]\})2(2M7j)7 M<j<2M—1. (2.1)
Observe that @); is the central parallel of the band Bj, in the sense that
H;_ 1+ H; T T .
hjzij B) j:ijl_NJ:Hj"_NJv 1<]<2M—1

Moreover, note that By and Bsjs_1 are just two spherical caps surrounding the

north and the south pole respectively and that S = U?fl_lBj. The relative area of

each band is (use for example Lemma A.1):
Hj—l — Hj

w(By) = S

T .
1<j<2M - 1.
B N’ J
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FIGURE 1. Our construction of spherical points for M = 3, that
is N = 36 points, from three different points of view (left: tilted;
center: equatorial; right: north pole). The parallels @Q); are the
black circles, and the points are equidistributed among them. The
red lines are the parallels @z, which delimit the bands (the north
and south poles are marked with red dots and correspond to Hy
and Hapr—1, but they do not belong in Py .)

See Figure 1 for a graphical illustration of this construction.

3. COMPARISON OF THE INTEGRALS IN PARALLELS AND BANDS

This section provides a comparison tool which is independent of the construction
above. It will later be applied to each of the bands B; described in Section 2. Let
B be the band contained between parallels of height i — e and h + €, with Q = Qp,
the central parallel. The relative area of B is e. We now show that, for any fized
q = (a,b,c) € S, the integral I5(q) of log |p—¢| with p chosen in B is approximately
equal to the relative area of the band, times the expected value I:Q (q) of the same
function in the central parallel. From [2, Prop. 2.2], for the parallel of height
t € [~1,1] the expected value I, (q) satisfies

2 (log(1 +t) +log(1 —¢)), if t > e,

Io.(q) = (3.1)
(log(1 —t) +1log(1+¢)), ift<ec.

N

From Lemma A.1 we have
1 1 1 h-‘rE -
Sl = [ dogle-sldo) = [ Taai (32)
€ € JpeB € Jh—e

Lemma 3.1 (Comparison when ¢ is outside of the band). With the notations above,
if c 2 h+ e we have

~ 1 62 > 52n
<Iolq)— ~Ip(q) — ———s = .
0<lola) = C1pl) = 572 n; An(2n+ 1)(1 — h)2n (3:3)
1/5 e
<= (2-10g2) ——
2 (6 % ) (1 h)t
and if ¢ < h — e we have
~ 1 52 0 62n
<Iolq) - -Ip(g) — —— = 4
0<lola) = 218(0) ~ a7y 2 n(2n + 1)(1 + h)2n (34)

3
U

VAN
N —

4
2

5 et

— —log2 | ——.
<6 08 >(1+h)4



8 C. BELTRAN AND F. LIZARTE

Proof. Assume first that ¢ > h +¢. Let U be the right hand term in (3.3). Then,

2

1 [ €

:_7/ 10g(1+ h)d 12(1€2h)2

n+1tn 52

7246\/ dt = 12(1 - h)2’

n=1

The terms with odd n in the sum integrate to 0 and hence we have

2n 2 el 2n

v :nz::l nn+ (1 —-h)2r  120-h)2 ; An(2n + 1)(1 — h)2n’

as wanted. The final inequality follows from noting that ¢/(1 — k) < 1 and com-
puting the sum ([16, (0.234.8)]). The other case (¢ < h — ¢) is proved the same
way. (I

Lemma 3.2 (Comparison when ¢ is inside of the band). With the notations above,
assume now that h —e < c < h+e. Then,

(1—log2)e?
e/t _; S hseshie,
B < _71. (a-n) 3.5
7z <lole) — 1s(a) < {(12(15}3)) h—e<c<h. )

Proof. Assume first that ¢ € [h, h + €], and define
~ 1
Ule) =lq(e) ~ Z15(a)

1 1 1 [
=—log(l —h)+ -log(l+c¢c) — —/ log(1 —1t)+log(l+c)dt
2 2 i ), .

1 h+e
5 / log(1 +t) + log(1 — ¢) dt.

With some little arithmetic it is easy to see that

h+e—c

e(2—2¢2) 7

The maximum and the minimum of U in the interval ¢ € [h, h + €] are thus in the
extremes. The case ¢ = h+¢ is covered by (3.3), which (using /(1 —h) < 1) yields:

U'(e) =

e 2n 2

€ € 1 &
< = —
Ule) <Ulh+e) nz::l In@n+ (I —hyr S 24 g 2n 1)

and again from [16, (0.234.8)] we obtain the result. For the minimum, we have

h h+e¢
U(e) > U(h) =7 (108(1 — ) +1og(1 + 1) - i (/h log(1 — ¢) dt +/h

h h+e
h—t —h
log {14+ —— log {14+ ———
/h_sog< +1 )dt+/ 0g< —I—1+ )dt)
1 N t N t
=—— log (14— | dt log (14— | dt|.
45(/0 Og<+1—h) Jr/o Og(+1+h) )

log(1 +t) dt)
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Expanding the logarithms in power series and integrating termwise we get

o0 oo

1SN (—1)mem 1 1SN (—1)mem 1
U(c) 2U(h) =-— - ,
(c) 2 U(h) 4;n(n+1) (1—h)n +4n§1n(n+1) (1+h)"
and since €/(1 — h) and ¢/(1 + h) are both at most equal to 1 we see that both

alternating series have decreasing terms, thus concluding:

€ € €/4
Ulc) 2U(h) = — — — 7
(©)2UM) 2 =50 “sa+m - 1-12
and the lemma follows. The other case (c € [h — ¢, h]) is done the same way. O

4. COMPARISON BETWEEN —kN AND Zj rjfj

Recall that:
e I;(q) is the integral of log |p — ¢| when p lies in the j—th band Bj;, so that
2M—1

= [oglp—dldotr) = Y 1) aes. (41)

j=1
. fj (q) is the expected value of log |p — ¢| when p lies in the j-th parallel Q;.
From (3.1) we have
2(log(1 + hy) + log(1 — ¢)), if h; > c,

Ii(q) = (4.2)
2(log(1 = hy) +log(1 + ¢)), if h; <ec.

The results in Section 3 yield NI;(q) = rjfj (¢) where the meaning of & is precise
and has different bounds for ¢ outside and inside of the band B;.

Lemma 4.1. Let ¢ = (a,b,c) € By CS with { < M and M > 5. Let

2M-1
Sy =Sn(g)= Y rili(q). (4.3)
j=1
Then,
1< Sy+Nk—-T() < M_FL,
{ 15
where
-1 3 2M—1 3
T) = — 4 —i (4.4)
Z:: 12N2(1+ h;)? j_%;rl 12N2(1 — h;)?
Proof. Let

(x) =Sy + Nk -T(¢)

@, (fE(Q) - Zlg(q))
-1 ;
+ er (jj(Q) - ZIJ(Q) B 122\72(1]-1-71])2)

2M—1 - N r;
I Z T (Ij(q) - EIJ‘(‘Y) - 12N2(1]—hj)2> '
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From Lemmas 3.1 (with ¢ = r;/N) and 3.2 (with ¢ = r,/N) we have on the one
hand
7“% 1

2 - = - 2 _17
S () R sy X

and on the other hand

—1 5 2M—1 5

(1—1log2)r; 1/(5 ] Ty
<X e e (2 3 3
) SoNa—np2 T2 \g 1082 2 NI Iyt P> N1 — hy)h

Jj=1 j=0+1
M-1 5 M 5
(1-1log2) 1 (5 ) " "
< + == —log2 2 I yiaa Z 7 1
l 2 \6 = N4(1+ hy) j:e+1N(1_h)
M—1 . M
2(1—-1log2) 1/(5 §° 1
=~ ¢ + 9 (6 10g2) 8 . (2M2 2)4 + Z 3
j=1 j=0l+1
M-1 . 0
2(1—-1log2) 1/5 j° 1
j=1 j=2
1 —log2 1/5 1

where ((3) denotes Apéry’s constant. Note that we have used [16, (0.121.5)] and
M > 5 to deduce

M-1 .5 2

P 2AM—1) 1 1
8N L2 (oqm—1)— — ) < —.
;Ms 3M5 ( ) M 30

The lemma follows after some arithmetic bounding log2 > 0.69 and ¢(3) < 1.203.
([

The following result offers us a lower and upper bound for T'(¢).

Lemma 4.2. Let g € By with £ < M. Then,

1. M+1 1. M 1
Slog T < T(0) < —log = 4 =
3% ()< glog 7 +5

Proof. From Definition (4.4) and symmetry with respect to the equator, we have

-1 3
1
T) =— —_
() 12j:1N2(1 12 Z N21— 12 Z N2
-1 M M-—1
1 53 1 1 53
S PNCT RS DIR IS DI =
3j=1 (2M?2 — ) 3 = (2M?2 — 52)%°

Then,
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Note that Z =41 1 vanishes for ¢ = M. The result follows from the following two
bounds: on the one hand
M-1 .
3> G < L i A <

2M2—] 3 e M M2 6

and on the other hand, from Lemma A.2 we have
M

1 M 1 1 1 1 M

Slog ol 2 Z oM

3 041 3 LI 3 S
and the proof is concluded. ([l

Proposition 4.3. Let g € By with { < M and M > 5. Then,
1 M+1 1 M 2(1—-log2) 1
-1< -1 71 <S8 Ne< zlog— + —————+ —.
TRe T SovTARS s T

In other words, —Nk ~ 3, r;1;(q) where the symbol ~ is essentwlly 1og

Proof. Immediate from lemmas 4.1 and 4.2. O

5. THE NUMERATOR OF THE CONDITION NUMBER FORMULA

This section is devoted to get a upper bound for the term
N

log [ Ip — pil — Sw.
i=1

with Sy = Sy (p) the discrete sum defined in (4.3), thus producing an upper bound
for the numerator in (1.7). We need some technical lemmata.

Lemma 5.1. Given z,y € R and ¢ € [0,27/r], we have
i i
H <w2 +y? — 2zy cos (go + )) = 2% + %" — 22"y" cos(ryp).
T
i=0
Proof. See [16, eq. 1.394]. O
Next we are going to give an exact expression for the quantity
r—1
o=]]lp-aP (5.1)
i=0

where p = (v/1 — 2,0, ¢) is a spherical point and qo, . .., ¢.—1 are r equidistributed
points in the parallel of height h, that is

o
g = (\/1—h2COS((p+m),\/l—h281n<(p+m> h)7
r

with ¢ € [0,27/r] any phase representing that the points can be in any position.

Lemma 5.2. We have © = 22" + y?" — 22"y" cos(rp), where
z=v1—cVv1+h,
y=v1+cv1l—h.
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In particular, the minimum and mazimum of © are reached respectively in ¢ = 0
and p = w/r and we get
|ZET _yr|2 < e g ‘IT _|_yr|2.
Proof. We write

C] =:_1:[: p - ail?
:ﬁ<2—2<p,qz—>>
—H (2 2TV eos (04 220 ) — ane)

Taking = and y as in the statement above and applying Lema 5.1 we deduce that
O =" + y*" — 22"y" cos(ry),
that is the first assertion of Lemma. The second one is direct: as the maximum
and the minimum value of the cosine are +1 it is enough to notice that
2 4y 2Ty = |2 £y
|

Proposition 5.3. Let p € S and let Sy be as in (4.3). Denote by p; € Py the
points in our collection Py. Then, for M > 5,

1
log H Ip — pi| < Sy +log2 + 3
Proof. Without loss of generality, we take p = (v/1 — ¢2,0, ¢) belonging to the band

By, with 1 < £ < M. Let us denote by gj0,---,¢jr,—1 the r; equidistributed points
in the parallel of height h;. From Lemma 5.2, we have

N 2M—17;—1 2M—1
log [Tlp—prl=log T I Ip—aul < D loglzy . +w .l (5.2)
k=1 j=1 =0 j=1

where
Thye =V1 = c\/T+hy,
T e T T,
Note that the bound obtained in (5.2) can be rewritten as

2M -1
T4 T4
E 10g|l’hjj,c + yh;,c|

— 2M—1
Z logan, e+ Y rilogyn, .o +loglzl 4yt | (5.3)
j=1 j=0+1

_ 2M—1

Z log|1+y;’ Jayl |+ > log|l+a [y |-

J=1 j=l+1



ON THE MINIMUM VALUE OF THE CONDITION NUMBER OF POLYNOMIALS 13

We know that ¢ € [Hy, Hp—1]. Then, for 1 < j < ¢ —1 we have h; > ¢ and hence
Thye Z Yny e Reciprocally, for £ +1 < j < 2M — 1 we get Tn; c < Yn; e Moreover,
if ¢ € [Hy, he] then hy > ¢ and zp,.c = Yn,.c, SO

l0g [ o + Y o] = 7108 Thyc + 1og |1+ 5L o/}t .| < relogan, . +log2,
and from (4.2) we deduce that

¢ 2M—1 2M-1
(5.3) <log2+ er log zp; . + Z ;108 Yn, c = log2 + Z ril;(p)
j=1 j=tt1 =

In a similar way, if ¢ € (hg, Hy—1] then we have hy < ¢, Tp,,c < Yn,,c and
log [z} .+ Yt | =71elogyn,.c +1og |l + 2y [y | < 7relogyn,,c +log2,

and again from (4.2) we get

-1 2M—1 2M—1 _
(5.3) <log2+ Y rjlogmn,c+ Y rilogyn,.c=log2+ Y  r;L;(p).
j=1 j=¢ j=1

In any case, we obtain

2M—1 2M—1
> loglay 4y, | <log2+ > r;Li(p)
i=1 =
-1 2M—1
+> logll 4y, Jayl |+ Y log|l+a Jy? |
j=1 j=L+1

By (4.3) and using log(1 + a) < a with a > 0, we have

2M—1
Z log |9U7,;]]C + y,:]JC| < log2 + Sy

and bounding Hy < ¢ < Hg_l it is easy to see that

log H Ip — pi| <log2+ Sy

el ri/2  2M-—1 v /2
(1+Hg_1)(17hj) 7 (17H£)(1+h‘7) J
E (g f () - o

Next, we are going to bound the two sums in (5.4). Notice that for £ = 1, the first
sum vanishes. We have

-1 /2 M r;/2
_ (L4 Hp—1)(1—hy)\ " (1—He)(1+hy)\"”’
=3 (G He_n(uhj)) p3 ()

j=1

ri/2
1—Hg hj) ’
’ Z ( (1+ Ho)( hj))
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/—1 . 27 M . 27
B (2M2—€(€—1))y2 J €(€+1)(2M2—32) J
=2 (w- 1) (202 —j2)> t 2 <<2M2 Ty 1>>j2)

J=1 J=t+1
. = 00 +1)52 %
S \(2M2 — (¢ + 1) (2M2 — j2)
Slaa) £ (5 LW’
Jj=1 Z(é 1) j=0+1 J 2 j=1 M
1
< )
2

since by Lemmas B.1 and B.2 one can deduce that

-1 .9 23 -2 .9 23 _ 2(0—-1)
2(5511) :Z<€€]1> +(Zel> <i’
Mo+ )N\Y O e +1)\¥ ¢\ 2D
2 2 - 2 AV

j=t+1 J j=042 J

B

45
<M) + e 2 < }’
2 J 6

i=t

M—1 , .\ 4j
) <=
> (3) <

J

+

| W
—

O
The final outcome of this section will be used in the proof of our main theorem:

Corollary 5.4. Ifp € By with { < M and M > 5, then

N 1/3

M 2/¢
1T Ip—pel <267V <) e/ (E) :
fie ¢ 2

Proof. Immediate from propositions 5.3 and 4.3. (]

6. THE DENOMINATOR OF THE CONDITION NUMBER FORMULA

The results obtained in the previous section give us an upper bound for the
numerator of (1.7). Now, for any fixed i = 1,..., N, we need a lower bound for the
denominator.

Lemma 6.1. Let r be fized and let py, ...,pr—1 be r equidistributed points on the
unit circumference. Then

r—1

log H |pk — po| = log 1.

k=1
Proof. This is a basic exercise in complex number theory: rotate the points in such
a way that p, = e?™%/7. Since the polynomial z” — 1 has the r roots of unity as
zeros, we have H;;é(z —pr)=2"—1=(z—-1)(1+z2+...+2""!). Removing the
factor z — 1 from both terms and substituting z = 1 we get the result. O
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The following is an inmediate consequence:

Corollary 6.2. Let r be fized and let pg, ..., ,Pr—1 be v equidistributed points in a
circumference of radius s. Then
r—1
log H |pk — po| =logr + (r — 1) logs.
k=1

Proposition 6.3. Let p € Py be fized and let Sy = Sn(p) be as in (4.3). For
M > 5, the following inequality holds

1
log H SN+log(2\[M)—§
pi€PN
Pi#P
Proof. We may assume, without loss of generality, that p = g0 = (1/1 — k7,0, hy)
is a point belonging to our set Py located in the parallel of height hy, with 1 <
¢ < M. As before, we denote by gjo,...,qjr;—1 the r; equidistributed points in
the parallel of height h;. We write

N re—1 —17;—1
log [] Ipi—pl=log H |ge,0 — qe,i| +log H 1T laeo — a;.il
pi €PN j=1 i=0
piFp J#L
2M—1
>1log 2V2M + rglogzp, n, + Z log|xh e y;27h£|, (6.1)
J#
where we have used on the one hand that, by Lemma 5.2,
2M—17;—1 2M—1
log H H g0 — g5l = Z log [ 1, = Y1) 1, |

j=1
J?f@ J#t
with
Thy hy =V 1—he/1+ hj,
Yhhe =V 1+ her/1 = Ry,
and on the other hand that, from Corollary 6.2

Tg*l

log H lge0 — qeil = (re—1)log m
i=1
Ty
=log —— +rrlogx
g m ¢ 108 XTh, h,
210g(2\/§M) +T@10gl‘h2,he.
For 1 < j<{—1, hj > hgso xn; n, > Yn,n,- Reciprocally, s, n, < yn;n, for
€<3<2M—1 Thus
oM —1 -1 2M—1
Z log |$2;7he - y;;‘,hel :er IOg‘Thj,he + Z Ty log Yhj,he

j=1 j=1 j=t+1
J#L
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-1 2M—1
+ Zlog 11— y:fjvhf/x;]jth + Z log |1~ x;jjvhé/y;]j7hé|7
Jj=1 j=0+1

and substituting into (6.1) we obtain

N
log [[ Ipi—pl>log(2v2M) + Sy + T,

pi€PN
PiFP
-1 2M—1
Ty; = Zlog 11— yh;,he/xh]j,hA + Z log |1 — ﬁhjj,h[/yhjj,hgh
j=1 j=t+1
(6.2)
since by (4.2) and (4.3)
¢ 2M—1 2M-1
ZT]' log zp,,n, + Z 75108 Yn, he = Z rilj(ae0) = Sn(p).
j=1 j=t+1 j=1
Next, we use
16
log(1 —a) > % @€ [0,1/16], (6.3)

to estimate (6.2) (note that for ¢ = 1, the first sum vanishes). It is not difficult to
check that we can use (6.3) to get the following bounds for (6.2).

[ M T 2M—1 [

16 Yhihe \ . 16 Thihe ) © 16 Thyhe \ *

T“\lsz( ) g (] ) s 2 Ger)
j—€+1

xhj,hz yhj,hg j=M+1 yhj,hl

16 = [((2M2 = 7)) % 22M? — )\ ¥
_15j:1 2(2M2 — j2) 2 \(2M2 — 2)52

+EMX_:1 (242 2j
1 (2M?2 — ¢2)(2M? — j2)

-1 , .\ 4j M 45 M-1 NV
16 j 16 ¢ 16 j
< E < —_ E — —_ E ~
=1 <£> 15 4 (;) 15 = (M>

where we have used lemmas B.1 and B.2. The proposition follows. O

We will use the following easy consequence in the last section:

Corollary 6.4. Let p be any point of Pn. Then

N

H Ips —p| = V2Ne "N 98,
PiEPN
DiFDp

Proof. Immediate from propositions 6.3 and 4.3. (]
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7. PROOF OF THE MAIN RESULTS

If M < 4 our proof is computer assisted: we construct the polynomial Py, (that
has rational coefficients) and the point set (whose points are algebraic and can thus
be represented exactly in a computer algebra package), which allows us to compute
exactly finorm from (1.6), showing that its actually upper bounded by N = 4M?2.
For M > 5, from (1.7) and the symmetry of the construction, we have

N 9 1/2
=1 — Py do
Nnorm(P):l N(N +1) max (fSHJ— [P = pil (p))

2 1<i<N [T, lpi — 4l
2M-1 1/2
Cor. 6.4 ] ( ka j= 1 |p p]| dg( ))
< 9 N(N+1) —kN —9/8
V2Ne +Ne
N M-1 N 1/2
_ e (fBM [[io) lp—pilPdo(p) + 230,20 [, TT52) Ip—pj|2d0(p))
T2 (N+1) VANe—+rNo—9/8

Using Corollary 5.4 and recalling that the relative area of By is 7o/N = {/M?, the
term inside the parenthesis is bounded above by

Ae—28N ;3/2 (;4 (2)4/1\4 . Mi/s legl/g (2) /é) ’

Lemma B.3 1 e 4/JV[ 3 24(1 — log 2) 6
—2kN _3/2 € 9
< 4e e (ﬂ - (2) 3 + i MA/3

We then have proved:

IN+1 , 1 jex¥/M 3 24(1-1log2) 6 \2
norm P g A A (*) — .
Hmorm(P) 2 ¢ VAT S VAR VETE

This proves our Theorem 1.3: the term inside the parenthesis decreases with M
and conclude after some arithmetic:

19

normpgi
Fmorm (P) 5

which is less than N for M > 5. Moreover, we also get a proof of Corollary 1.4
since in the limit M — oo we have

N1,

@ £3/4+9/8
2

Nnorm(P) < N +1.

APPENDIX A. SOME TECHNICAL RESULTS USED IN THE PROOFS

The following formula is a consequence of the change of variables theorem, send-
ing a point (a,b,c) € S to the cylinder ((a? + b>)~'/2a, (a® + b*)~/?b, ¢):

Lemma A.1l. Let f be integrable on [—1,1]. Then,

[ #ta0.0.1) /f

We have also used the following elementary estimate.



18 C. BELTRAN AND F. LIZARTE

Lemma A.2. Let M >2 and 1 <L < M —1. Then,

M+1 1 M

lo < Z - < log —

{41 Pty l
Proof. This follows from the comparison of the sum and the associated integral:
/, Z‘ff ! L dx for the lower bound and |, e{vﬁ_ ! —L+ d for the upper bound. O

APPENDIX B. SOME DISCRETE SUMS

In this section we prove some technical, elementary estimates that have been
used in the proofs of the paper.

Lemma B.1. For M > 2, let
M-1 j 4j
Jj=1
Then, R(M) < 1/16 for all M > 2, and R(M) < 1/30 for M > 5.

Proof. It is easy to check with some rational computations that R(15) < -+ <
R(3) < R(2) = 1/16 and also that R(5) < 1/30. We finish the proof by showing
that R(M) < 1/30 for M > 15. Indeed, note that the sum in the lemma is

£ 56" 2,05 0"

J=1 1<j<% 3e <j<% 5e SISM -1

and we bound each of the three previous sums. Let us denote them by Ry (M), Ro(M)
and R (M) respectively. It is easy to see that each summand in Ry (M) is at most
(2/3)* times the previous one, which yields

o0 4j 4 4 4 4

1 2 3 /M 3 /(15)
Ri(M) < — Z) = < .
1( ) M4JZO(3> 34724 34724

The second sum can also be easily bounded:

8M

8M 40

3\?%* _3M 3\ _45/3\ ¢

Ry(M) < ) o< (2) <= (2.
2(M) Z (26) 2e <26> 2e (26)

2M : 3M
3¢ <J<Ze

Finally, we note that each of the summands in R3(M) is at most (2/3)* times the
next one, yielding

M—1 4(M—-1) oo 2 45 14 56 34
< ) o<(=) ——.
mon<(Nr) 2 (5) <(5) s

Some arithmetic shows the (rough) upper bound Ry (M) + Ro(M) + R3(M) < 1/30
as claimed. g

Lemma B.2. For1 <{< M — 2, we have

i (+1 4j< 1
j Tt 17

J=0+2
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Proof. Note that for all j > ¢+1

45 , 4j
(“1) _ (1 _ J_H) < o4t
j j

which yields the following upper bound for the sum in the lemma:

o

Ze ]21)<Ze_4k 1.

j=0+2

The following sum has appeared in the proof of our main theorem:

Lemma B.3. The following inequality holds:

Z 0B ( ) ZMW +12(1 — log 2)M*/3 4 3.
=1
Proof. Write
e\t 4(1-log2)/¢ 4(1 - 10g2 = 4(1 —log2))*
(5) =eomt=1s 3

=2

and interchange the summation symbols to get the following expression, equivalent
to the sum in the lemma:

M-1 M-1 1 B 10 2 —1
3O ra1-10g2) S ¢ 2/3+Z & Z 3k,
£=1 {=1 k=2 £=1

We can upper bound the first of these three sums by flM /3 dx < 3M4/3/4, and
the second one by 1 + flM_l 27 2/3dx < 3M1/3. The third term is at most

o0 M-1
1

k=2
= (4(1 —log 2))* 3
2 T (1 T 4)

k=2
5 (et
<= —-1-4(1-1log?2)) <3,
2<24 ( og)) 3

where we have used some arithmetic for the last step. 0
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