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1 Introduction

The starting point are the Maxwell equations

od+j—Vxh=0, (1a)
ob+ Vxe =0, (1b)
V-d=gq, (1¢)

V-b=0, (1d)

where e, h, d, b, j and q represent the electric and magnetic fields, the electric and magnetic inductions, the
current density and the electrical charge, respectively.

Generalizing a linear model of an antenna’s problem due to Duvaut and Lions [7], we replace the classical
constitutive Ohm’s law and the linear magnetization and polarization laws, by analogue laws of power type
([1, 11, 17]), obtaining a nonlinear hyperbolic system.

We adopt as Ohm's law the relation

j=olef e, (2)

and we consider that the relations between the fields and inductions, both electric and magnetic, are of the

type ,
|d|P~?d =ce and |b|P ~?b = uh, (3)

where p and p’ are conjugate exponents, both greater than 1. In order to obtain a consistent model from
the mathematical point of view we were forced to choose conjugate exponents in the power-type laws, which
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2 A nonlinear hyperbolic Maxwell system using measure-valued functions

emphasize the dual character between the electric and magnetic fields and inductions. Different types of
nonlinear constitutive laws were suggested in the literature (see, for instance, [4, 16]), some of them leading
to variational and quasi-variational inequalities ([2, 8, 11]).

The permittivity € and the magnetic permeability 1 are time independent functions, bounded from above
and below by positive constants. The conductivity o is also time independent and it is bounded and nonneg-
ative. We observe that the constitutive laws (2)-(3), when p = p’ = 2, correspond to the linear case treated
in [7].

The constitutive laws (3) are rewritten as follows,

e=2|dP2d and h = j|b[" b, (4)

21 [ =1
where € = = and (i =

"

In what follows we lassume that 2 is an open %! subset of R3 with bounded boundary I and we denote
by m the outward unitary normal vector to I'. Going back to the vectorial equations (1), considering the case
not necessarily homogeneous, since no additional difficulty is introduced, using the constitutive laws (2) and
(4), the problem is modeled by the equations

dd +0” td - Vx (p|b’ 2b) =g,  inQ,
b+ Vx(é|dPF2d) = g, in Q,
where Q = Q x (0,7) and g; and g, are given data. As usual, we look at equation (1c) as the definition of
the electrical charge ¢ and we observe that equation (1d) results from equation (1b) if we consider that, by
assumption, V-b = 0 in some instant .
Considering the initial conditions d(0) = dy and b(0) = by such that V- by = 0 in 2, equation (1d) is
verified, if we impose the condition V-g, =0 on Q.
Calling ¥ =T x (0,T) and supposing perfectly conductive walls, the boundary conditions are

bn=0 and dxn=0 on X. (5)
Assuming some regularity on € and supposing that by - n = 0 on I', we may substitute (5) by
g, n=0 and dxn=0 on X.

Gathering all the equations and conditions above, given conjugate exponents p and p’, the problem consists
in the determination of vectorial fields d and b, solutions of the system
Od+oe” 'd—Vx (bl *b) =g, in Q (62)
g+ Vx(E|dPd) =g, in Q. (6b)
dxn=0 on X, (6¢)
d0)=dy in O (6d)
b0)=by in «Q, (6e)
where €, i and ¢ are scalar functions, the initial conditions dy and by are vectorial functions defined in 2, g,
and g, are vectorial functions defined in @, all given and satisfying the assumptions
Vg, =0 in @, g,-m=0 on X (6f)
V-bp=0 in € bp-n=0 on TI. (6g)

Here, if p < 2, d|p_2d is assumed to be zero when d is zero.
The problem (6) in the weak sense leads us to the equations

[ dapr [ oo [l Vo= [ g0t [ doeel0)
Q Q Q Q Q

_/Qb.at¢+/Qéd|p2d-V><1/J:/QgQ-¢+/Qbo"¢(O)
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where ¢ and 1) are test functions in convenient functional spaces.

A natural approach to solve this problem consists in approximating it by a family of finite-dimensional
problems. The scarcity of a priori estimates implies that the use of measure-valued functions seems to be an
adequate tool to interpret the limit of the composition of a nonlinear function with controlled growth with
a sequence of functions weakly convergent. A first use of these functions can be found in [12, 15, 6] and
a detailed study of measure-valued functions in [9]. As a consequence, we define a weaker version of the
problem, which consists to find b, d, e and h, solutions of the problem

—/d-8t<p+/aép"1d-<ﬁ—/h-V><<P=/91-<p+/do~<P(0),
Q Q Q Q 0

_/Qb.atqp+/Qe-V><1/J=/Qgg'¢+/ﬂbo"¢(0),

for all ¢ and 1 belonging to test functions spaces, where e and h are the weak limits, in the sense of
measure-valued functions, of &, |d,,|?~%d,, and fi, |bm|p,*2bm, respectively, with d,, and b,, solutions of
approximated problems in dimension m, defined later, after an appropriate choice of bases of the test functions
spaces.

In what follows, if E denotes a functional space, then E represents the space E3.

In Section 2 we present the existence result for the weak formulation of problem (6), introducing the
adequate functional framework. A density result and the characterizations of the traces of functions in the
space WP(V x, ), the space of functions v in LP(Q) such that Vxv € L?(Q), are a key tool for the proof
of the existence result presented in the last section. The proofs of the density and trace results are done in
Section 3, following some ideas of [5].

To prove existence of solution for the weak problem we apply, in Section 5, the Galerkin method, defining
suitable approximated problems in finite dimensional subspaces. However the fact that the unknowns d and
b belong to dual spaces and their expected lack of regularity force us to choose regular topological bases for
the spaces of test functions. As the problem is nonlinear we introduce a projection operator. Since we are
working in the L-L” duality, we cannot guarantee the uniform boundedness of these projections. In fact,
the natural boundedness of the orthogonal projections in L? of the approximated solutions, with respect to
the inner product, is no longer true when we substitute the duality L?-L? by LP-L” and the inner product
by the duality operator (see [14]) and so the choice of the bases, done in Section 4, must be carefully done.
The difficulties in the identification of the limits of the nonlinear terms are solved passing to the limit in the
sense of measure-valued functions.

2 Weak formulation
Given p > 1, consider the space
WP(Vx,Q) = {'v e LP(Q): Vxwv € LP(Q)}

endowed with the natural norm ||v||w»(vx,0) = |v]lLr) + IV X0 Lr ) -
The next propositions are useful to obtain the weak formulation of the problem (6) and their proofs will
be presented in Section 3.

Proposition 1 For 1 < p < oo, 2(Q) is dense in WP(V x,Q).

It seems natural, after the former density result, to define W,(Vx,Q) as the closure of 2(Q) in
WP(Vx,Q). In the next proposition we characterize the trace of functions in W?(Vx,Q) and we also
identify W (Vx, Q) as the subset of functions in WP (Vx, Q) with null trace.

Proposition 2 Given 1 < p < oo we have:

1. The trace function 7y, : (9(@), Il - ||WP(VX752)) — Wfi’p(l"), defined by ;v = v|. xn, is continuous

and linear and it can be extended, by density, to a continuous linear application defined in WP (Vx,Q),
still denoted by 7.
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2. The kernel of this function ~; is the space W§(Vx, Q).

Remark 1 From now on, we use for the trace of any v € W*(V x, Q) the notation v xm,... As a consequence

of the previous proposition we obtain for v € WP(Vx,Q) and ¢ € W' (Q) the following formula of
integration by parts

/U-chp—/ Vxv = (vxn.,p),
Q Q
where ( -, - ) denotes the duality paring between Wfi’p(l“) and W' (T).
Remark 2 Forp > 1 let

WP(V-,Q) = {v e LP(Q) : V-v € LP(Q)}

endowed with the natural norm |[v|lw»(v. ) = [v|Lr@) + V0| Lr ) -
The space D(Q2) is also dense in WP(V-,Q) and a function v in this space has a trace belonging to

Wfi’p(f‘) that we denote by v - n..

In order to present the weak formulation of the problem (6) we introduce the spaces
VE(Q) = {v e IP (0,T; W (Vx,9)) : 9w € LY (Q) and w(-,T) =0}
and
VP(Q) = {v e LP(0,T; WP (Vx,Q)) : v € LP(Q) and wv(-,T) = 0}.

We observe that if a function v € L(Q) is such that d,v € L(Q), then v € € ([0,T]; L(£2)), which gives
a sense to v(-,T).

The above spaces of test functions were chosen to allow us to pass, integrating by parts, the operators
J; and VX to the test functions. As the problem (6) does not impose any condition on the trace of b,

equation (6a) is tested against functions of Vé’/ (Q). The space V?(Q) was adopted for equation (6b) since,
by (6¢), d has null trace.
We will define a family of finite-dimensional problems. We start by fixing topological bases, (cpn)n and

(¥,,),, of WP (Vx, Q) and WP(Vx, ), respectively. We represent by P,,, the projection operators, both from

W’O’/(VX,Q) onto the finite-dimensional subspace (¢4, ...,,,) and from WP (Vx, Q) onto the subspace
(¥1,.--,%,,) In what follows &,, and fi,,, denote regularizations of ¢ and fi, g, ,,, and g, ,, regularizations
of g, and g5, by, and dg ., regularizations of by and dj. '

The approximated problem is to find b,, and d,, satisfying

. "y géP’ -1 Co.— 7 p'—2 . = 0. 3
[0t o;+ [ o700 05 = [ Puion nF 200 - V50, = [ 91005 (72)

/5tbm(t)'¢j +/ P (Emldm(0)[P~2dn (1)) - V x3p; :/glm(t) “py, (7b)
Q Q Q
bm(O) = bOv dM(O) = dO’ (7C)

with j=1,...,mand t € (0,T).
We are now able to present the existence result.

Theorem 1 Under the assumptions

o is a positive function in L (2),

i € L*(Q) and is bounded from below by fi, > 0,

£ € L>®(Q) N WHP(Q) and is bounded from below by &, > 0,
g, € L>(0,T; L*()),

92 € L¥(0,T;L7(Q)), Vg, =0, gy-m, =0,

do € LP(Q), bye L (Q), V-by=0, by n.=0,
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the problem

_/Qd.at<p+/QaéP'1d~cp—/Qh-V><cp=/Q91'504-/(2(10'90(0) Yo e VI(Q),  (8a)
_/Qb.atw/Qe.vw:/ng-¢+/Qbo~¢<o> v EVIQ),  (8b)

has a solution (b, h) € L”,(Q)2 and (d,e) € LP(Q)? such that b and d are, respectively, the weak limit of
subsequences of (b, ),, and (d,),,, solutions of the problem (7), and h and e are identified, respectively, as the
and of (|d,,|P~2d,,)

weak limit, in the sense of measure-valued functions, of subsequences of (|by, |V ~2b,, )

m m’

Remark 3 The meaning of the weak limit, in the sense of measure-valued functions, referred in the above
theorem, will be precised later, in Section 6.

3 Density and trace results

Now we present the proofs of the propositions stated in the previous section. For more detailed versions of
the proofs presented in this section, see [10] or [13].
Proof of Proposition 1 We start by first assuming that €2 is a star-like domain with respect to a fixed point
xg. For simplicity we set 2y = 0.

Given a function u € WP?(Vx, ) we consider, for m € N, the domain Q,,, = (1+ ) € and the function

U € WP(V, Q) defined by wn(z) = u (WLHL) Vi € Q.

Representing by 1., the extension of .y, by zero, to R?, let @y, = P * Uy, being p, a mollifier, n € N
and * the convolution product. Obviously, @, € D(R?), Vm,n € N, s0 Upmp := U, € D ().

We are going to prove that a subsequence of w,,, converges to u in W’ (Vx, Q).

Denoting by I',, the boundary of €,,, since I' and I';,, are disjoint compact sets then, for all x €
0, By, (z) C Q,, where d,, > 0 is the distance between I' and T',,. Hence, for n > i we have
U = (P * um)|Q and therefore Vxu,,,, = (pn * V xu,n)lg. The convergence of w,,, to u,, in W?(Vx,Q)
follows now at once.

The verification that w,, converges to u in WP?(V x,Q) is straightforward.

For general domains €, we consider a covering of Q by a finite family of open sets &;, i=0,...,n, such
that 0, N Q, fori = 1,...,n, are €% star-like domains with bounded boundary, 0y C 0y C Q. Let o,
i =20,...,n, be a partition of the unity subordinated to the above covering, more precisely,

a; € €°(R?), supp o; CO;, 0<a; <1, Zai(x) =1, Vze
i=0

Denoting, for i = 0,...,n, & = 0; N and ©’ = u|q,, we have ut € WP(Vx,Q;). Fori=1,...,n,
since €); is a star-like domain, there exists a sequence of functions of 2(£);), (uin)m such that ul, — ut
in WP(Vx,Q;).

We note that the boundaries I'y of 2y and I' are compact and disjoint, therefore the distance dy between
them is positive.

When € is bounded, it is clear that for m > %, ud = (py, * Uy, € 2(Qp) and u?, — o in
WP(VX7Q()).

If Qg is not bounded, we use the above regularizing process jointly with a truncation process, in order to
guarantee the compactness of the support of the functions u?, in the sequence.

Extending uf, to Q in such a way that this extension (still denoted by u!,) belongs to 2(), it is easy to

verify that u,, := Zamin € 9(Q) converges to u in WP(Vx, Q). O
i=0

Proof of Proposition 2
1. The Green's formula

/v-VXgo—/va-go:/vxn-cp, (9)
Q Q r
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verified for all v, ¢ € 2 (), may be extended, by density, for all v € 2(2) and ¢ € WP (Q). Then, given
veD(Q) and p € W' (Q),

/FU Xn - ‘P‘ < (”'U”LP(Q) + HVXUHLP(Q))(”‘P”LP’(Q) + HVX‘P”LP’(Q) )7

SO
‘/F'U X n '90’ < HUHWP(VX,Q) HSDHWLP’(Q) VoeP(Q) Vee WP (Q).

It is well known that, given 9 € Wl’p/(Q), its trace, pu := ¢|F, belongs to W%’p/(I‘). Besides, it is
well known that the trace operator W () — W (T") has a linear continuous right inverse. Given
[TRS WP ('), denoting by ¢, a function in Wl’p'(Q) such that

)

B = SO/”F and ||¢;Luwl,p’(9) < k ”N”W%I)I(F)

with k& > 0 independent of u, it is straightforward to conclude that
ol 2y = s

O a1, <
w?r ()

/F%v -u‘ <k H"’HWP(Vx,Q)'

Proved the continuity of +,, arguments of density guarantee its continuous extension to W?(V x, Q).
2. Observe that the Green's formula represented in (9) may be generalized, by density, to any function
v € WP(Vx,Q), obtaining, for all  in W¥ (Q)

/v-wa—/vaw:wv,cp%
Q Q

denoting ( -, - ) the duality paring between Wfi’p(F) and W%’p/(F).
Given v € WP (Vx, Q) such that v € ker~,, we have

/U-chp—/va-cp:O Yo € 9(Q). (10)
Q Q

To prove that a function v in WP (Vx, Q) verifying the equality (10) belongs to W#(Vx, Q) we need to
verify that v is the limit, in WP (Vx, ), of a sequence of functions in 2(12).

The technique used here is similar to the one used in the proof of Proposition 1, so we will describe it
briefly.

We begin observing that the extension by zero to R? of v satisfying (10) is a function of W?(V x,R?),
whose support is contained in €. In fact, calling w = V x v, representing by © and w the extensions to R?,
by zero outside 2, of v and w, respectively, from (10) we have

/@-ngo— fv-go:/v~V><cp—/V><v-g0:0 Vo € D(R?),
R3 R3 Q Q
which means that w = Vx @ in 2'(R3), so v € WP (Vx,R3).

Considering first the case where Q is a star-like domain with respect to zy € 2 (we assume zg = 0 for
simplicity), for each m € N, the function o, (z) := v ("™ z) belongs also to WP?(Vx,R?) and its support
is contained in €.

Defining, for n € N, 0., 1= pn * Uy, Obviously ¥,,, € 2(R3) and, for n big enough, supp ¥, C Q.

We have V X 0y = pn ¥ V X0y, and S0 Vpnn, — Uy in WP(Vx,R3).

On the other hand,

IV 5 8m = Vx5 < 277 (35 (527) IV %80 ) + [[(Vx ) (2L 2) = 9x[7, )
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and we conclude that

[0 — UHWP(VX,Q) o 0.
We can find then a sequence (n,,),,, such that ¥,,,, — vin W?(Vx,Q) and 0, € 2(2), Vm € N.

In the general case, the sequence of functions in 2(2) that approximates v is obtained considering a
covering of ) by a finite family of open sets whose closures are contained in €2 or whose intersection with € is
a star-like domain with bounded and lipschitzian boundary. Working with a partition of the unity subordinated
to this covering, we argue as in Proposition 1 to get the desired conclusion here.

The other inclusion is an immediate consequence of the definitions of W#(Vx,Q) and ~;. O

4 Special bases

The necessary a priori estimates to pass to the limit in the approximated problem (7) will be achieved by
constructing special topological bases of W, (Vx, Q) and W?(Vx, Q).

Proposition 3 There exist ¢, € 2(2) and ¥, € D(Q), n € N, such that (¢,,),, and (1,,), are topological

bases of Wg/(Vx,Q) and WP(Vx,Q), respectively.

n

Proof Since 2(Q) is dense in the separable space W’O’/(VX,Q) and 2(9) is dense in the separable space
WP(Vx,Q), the result follows. O

It is well known that a finite-dimensional subspace of a Banach space E has a topological supplement.
Besides, if G and L are topological supplements of E, given z € E, there exist unique x € G and y € L such
that z = x +y. The projection operators z — x and z —— y are linear and continuous. For details about
the above results and the following definition see [3].

Definition 1 Let E be an infinite-dimensional separable Banach space and (e,,),, a topological basis of E. If
L, is a topological supplement of G, = (e1,...,en), we represent by P, the projection operator from E
onto G,,, in the above sense.

Remark 4 The projection operators P, are linear and continuous but, although in the hilbertian case they are
uniformly bounded (i.e., bounded independently of m), this is no longer true if E is only a separable Banach
space. In particular, given a bounded sequence (z,), in L”(Q), we cannot assure that { P, z,, : m € N} is
bounded in L*(Q) independently of m, if p # 2 (see [14]).

4.1 Closed bases for the Vx operator

The difficulty raised in the last remark forces us to refine our choice of bases.

Proposition 4 There exist topological bases (¢,,), and (1,,), of WSI(VX7Q) and WP(Vx,Q), respec-
tively, where ¢,, € 2(2) and ¥, € D(2) and a nondecreasing sequence (k,,),, such that, for all m € N,

m

{VX%wwVX‘Pm}Q<‘P1a~~~a%0km>7 (113)

and

{Vxapy,...,Vxp, } C (hy,..., ¢, ). (11b)

Proof We consider a basis (¢,,),, of Wg/(Vx,Q) consisting of functions in 2(Q).

Given u € 2(Q), we represent by (VX)"u, n € Ny, the function obtained by applying n times the operator
Vx to the function wu.

As the set {(Vx)"gbm : (n,m) € Ny x N} is countable we consider an ordering of its elements. The set
of all finite linear combinations of elements of this sequence is dense in 2({2). We construct a topological
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basis, inductively, dropping the element in the position k if it is a linear combination of the previous ones. We
denote the topological basis obtained by (¢,,),,.

Using similar arguments we construct the topological basis (1,,),,.

For each m € N, the process of construction of the topological bases guarantees the existence of k,, € N
such that the inclusions (11) are satisfied. O

4.2 Bi-orthogonal sequences in the duality L”(Q)-L¥ (1)

Given topological bases (¢,,),, of Wg/(Vx,Q) such that ¢, € 2(2) and (v,,),, of WP (Vx,Q) such that
1, € D(Q), we are going to construct, for each sufficiently small § > 0, a new sequence of linearly independent
functions (’Q/)Z)n verifying, for all n € N,

0 A 0
€20 d H - <4,
¥ e2@) and o, -9l o<
(12)
det {/ cpi-ip?} # 0.
Q i,j=1,....,n
We  proceed, in a second step, to the bi-orthogonalization of the sequence
((gon,zpfn))n’m, in the duality LP(Q)-L? (Q), obtaining a new sequence
(@), . still in D(Q) x D({2), satisfying, for all n € N,
@,, is a linear combination of ¢y,..., ¢,
{bi is a linear combination of ¢, ..., 4% (13)

~ ~ 0 .o
/¢z¢j:51]7 7’7]:17"'7n7
Q

where §;; is the Kronecker symbol.

Let us implement the first step which gives us the sequence (wi)n.

Forn =1, if/ @Y, # 0, we take 1/)? = 1p;. In the other case we choose xy € ) such that ¢, (x) # 0.
Q

Let 41, be a component of ¢, nonzero in . Consider 6 > 0 such that By(zo) C €2 and ¢y, ny, dOES
S0

not change the signal. Fix 81, € 65°(Bg(xg)) such that 8,(x) > 0, for all x € By(zo). Extend (1, by
zero outside of By(xo) and define ¢! = v, + 081/ 1B1llwr(vx,a) where By = (6i61,)j=1,2,3. Then
i [l 0amd [p—ul] =0

Suppose we have constructed n functions 1pf, e 1/;?1 belonging to 2(12), such that, fori,j = 1,...,n,

i — !

<@ and det{/cpiﬂt,bf} ::az’n#O.
Q 1,7

,

WP(Vx,0)

Let us construct 'z/)flﬂ. If

i /Qsol'df? /Q<p1~¢ﬁ /Q‘Pl'wnJrl _

det ' ' ' ' £0, (14)
Q Q Q
/ Son—&-l : 1/’? s / (Pn+1 : "pfz / Son—s-l : ’lpn+1
-/ Q Q Q i

we choose @bzﬂ =Y,
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If (14) is not verified, we choose a function 83, € (1, ..., )" in LP(2) verifying / Pri1 Bry1 #0.
Q
Defining 9’| = 4,1 + 08,1 we have

6 6 0
det |:/ ‘loz . d"]:| = 0 amn/ ('pn-i-l : ﬁn+1 i an+1,n+1 7& 0.
Q 1,j=1,...,n+1 Q

=1,...,

Considering now a regularizing sequence (py),, let
0k _ P .
Vi1 =W+ 0 prx (XB0)Brt1)
and calling ai"fl n41 to the determinant of the corresponding matrix, we have
0,k o 0,k 0
e - Yopr in LP(Q) = a4 41 o dnt1nt1 #0,

so there exists kg € N such that ai’f‘i,nﬂ #0.
Taking

Pro * (XBy, (0)Bnt1)
’pk‘o * (XBkO(0)187L+1)

¢Z+1 =, +0 ‘

WP(Vx,0)

we have proved the existence of a sequence (@bfl)n verifying (12).
We remark that, although (1/12)71 is a linearly independent system, it may not be a basis of W?(V x, Q).

We continue by applying inductively the Gauss elimination method to the sequence ((cpn,'tpfn))

n,m’

~ 0
to construct a sequence ((@,,,,,)) satisfying (13), by transforming the block of dimension n € N,

n,m

[/%.@bﬁ] , of the matrix {/901-'1,1)?} ,i”[(;ij]. :
Q i,j=1,...,n Q2 i,jEN LI=Lem

Remark 5 Let F,,, = (¢pq,...,¢,,) and G, = (fbf,...ﬂ]}i). These are closed vectorial subspaces of

LPI(Q) and L?(Q)), respectively. Consider, for i = 1,...,m, the continuous linear forms ®;(u) = / u- @,
Q

foru € L” () and V;(u) = / u - 17%0 foru € L¥ ().
Q
Defining

H, =(\ker®; and Ly =[)ker;,
i=1 i=1
we observe that F',, and H,, are topological supplements in Lp/(Q) and G,,, and L,, are topological sup-

plements in L?(Q)).
In fact

L?(Q)=F,, ® H,=F,, ® G5,
Q) =G, ® L, =G, ®F:.

Ifu € F,, (respectively u € G,,) and v € LP(Q) (respectively v € ¥ (Q)), then

/u~v:/u-va+/u-(v—va):/u~P,n'u, (15)
Q Q Q Q

since v — P,v € L,, = F3. (respectively v — P,v € H,, = G;.).

0
From the construction of the sequences (@,,),, and (2,,),,, we have, for allm € N, F,;, = (¢1,..., @)

andsz <¢?77¢?ﬂ>
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5 Approximate problem in finite dimension

We denote J,,(u) = |u|P~?w and we introduce a regularization of this operator defining

Jp LP(Q) — LP(Q) .
u — (Jul+n) % u
where 7 is a positive constant.

We choose ((gon,zpm))n’m a topological basis of Wg/(Vx,Q) x WP(Vx,Q) satisfying the conditions

of Proposition 4 and we consider a sequence ((gon,d)fn)) satisfying the conditions (13). As before,

n,m
we represent by P, the projection operators, both from Wp (Vx, Q) onto the finite-dimensional subspace
(@1, -+, @) and from WP(Vx, Q) onto the subspace <1/11, ol

Represent by &,, and /i,,, functions of 2(Q) obtained by regularizing ¢ and /i, having the same upper and
lower bounds, respectively.

For this particular choice of bases, we redefine the approximated problem (7). We want to find
dm( m ij m VR (163)
b, (t) = b7 (1) Zgjm )@, (16b)

verifying the following 2m ordinary differential equations

/Q&gdm(t)ij—l-/gaep 'd,,(t) /VxP (A T b (1)) - goj:/gl_’m(t)-cpj, (17a)
/atbm(t)n/;ﬁ/vXP (Em T (1)) - /ng o (17b)
Q Q

with j =1,...,m. Forae. t € (0,T), g,,,(t) € (¥y,...,%,,) issuch that g, ,, — g, in L>°(0,T; L*(Q))
and g, ,,(t) € (¢1,...,P,,) verifies gy, — gy in L™ (O,T;L”/(Q)). We consider as initial conditions

dn(0)=dom  and by (0) =bom (17¢)

where dy ,,, belongs to (¢,,...,%,,) and by, belongs to (¢;,...,¢,,) being such that dy,,, — dp in
LP(R) and by, — by in L' (Q).

We remark that d,,, and b, depend, as we point out in (16), on 7 and 6, but we omit this dependence
whenever possible.

Proposition 5 The system of ordinary differential equations (17) has a unique solution (by,,d,,) belonging
to W2 (0,T;2(Q)) x Wh>(0,T;2(2)).

Proof Denoting &,,(t) = (&1,m(t), -, &mm(t)) and €, () = (Cm(t), - -+ Gmm(t)), the system (17) can
be rewritten as follows:

(€ (), (1) = (Z(&m (1), € (1), W (£(1), Cn(D))) + (G (1), G*(1)),
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where, for j =1,...,m,

Z3 (€ (1), Cn(D) = - /Q o (1) - p; + /Q VX Py (i b (1)) - 5,

Wj(fm(t)va(f)) V x Py, (5m<] d(t )) "/’fa

The existence and uniqueness of solution of the system (17) is a consequence of the Cauchy-Lipschitz-Picard
Theorem. 0

5.1 A priori estimates

Proposition 6 Let (d,,,b.,) be the unique solution of the problem (17). Then there exists a positive constant
C independent of m € N, n > 0 and 6 > 0 such that

Hd?rieHLOO(O,T;LP(Q)) SC ||b2{9||Lx(o7T;LP’(Q)) §C, (18)
||J,§7d;'%0||Loo<o,T;Lp'(Q)) <C HJ;?/b:]rf”Lw(O,T;LP(Q)) <C. (19)

Proof As P, (¢, (t)) belongs to (py,...,¢,,) and Py, (ﬂmjg/bm(t)) belongs to (49, ..., 4% ), the
unique solution of the system (17) satisfies

/at m (EmJldm (1)) + /aép’*ldm(t).Pm(émjgdm(t))
[ 0 t) - P35 ) = [ 810 Pr(En Ty
+‘/Qg2,m<t)'Pm(ﬂmJg/bm(t))‘

Applying to the last equality the orthogonality relation (15), we have

/Q En Oy (1) - T (1) + /Q G0 L, () - Jd ()
+ /Q fim O (1) - T by () = /Q 1 (t) - (Em (1))
+ [ 82n®)- (T (1):
Observing that for u € W14(0,T; L(f2)), 1 < ¢ < oo, we have

Ou- Tpu="1 0, ([uf* +n)* (20)

and
dp(t) - T (1) = (|d(®)> + 1) 7 |dpn(t)]> > 0, (21)
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we obtain

1 . 2
];/Qematudm(m )

P »’
2 2

1 . 2
ngumatubm(m )
< /Q G t) - T dn(1)) + /Q o (®) - (Fom T (1)).

" N " -0 L
The sets Qm@j = U supp ¢; and Qmﬁ):’ = U supp t; are bounded. Applying Holder and Young

j=1 j=1
inequalities to the second member of the previous relation we obtain

/ G (t) - (Em () + / Gom(®) - (T (1))
Q Q

1 P 1 / o P
<- t + - b dm + 2
o Lo+ 5 [ el +)

m,,l,bjg

1 v 1/ . v
+= " + = 2 (|bm ()] +n) 2
p,/nlgz,m()\ o (@ + )7

m,@;

Using the equalities (20) and (21), we conclude that

1 ~ D 1 N
,/ e Oh(dm@®) +m)% + f,/ i 0 ([ (D) + 1)
0 p Qm.p;

p Q. 50
]. p ]. A’
§ 7/ |glm(t)| +7// 621
b Ja PJa e
]

1 ' 1 R .
+—,/|ggym<t>|” +f/ i ([om @) +0) 7. (22)
P Ja P Ja

m,@;

»’
2

P
2

(Jdm (®)]* + 1)

Integrating over [0, t] the inequality (22), we get

1 2 1
= Em (|dm (0] +0)7 + = /
o, el e 5 [

m,p;

i (B (B +1) %

m,e;

1 p 1 2
<ol anldomPanf e [ ol v
Q.5 P Ja,

p s

L Lo [ ot

+*,/ / !92,m(7)!p +*/ / i, (|bum()|* +1) =
P Jo Ja P Jo Qi
obtaining

Lo Ganof+n+ [ (e +n)*
Q- Ui,

B A ey G AR S e s

+/Q (|d0,m|2+77)%+/ (|b0,m|2+n)%
[

m, P P

+/0T/Q|glym(t)|p+/oT/Q|92’m(t)|p’},
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where C'is a positive constant depending on p, p/, max { [|&]| < oy s [|fill oo () » 1} and min {&., /.. } and so
independent of m, n and 0. As

/ (!do,m|2+77)g+/ (|b07m|2+n)% <2”2/</ }do,m|p+/ \bo,m|p/+ngyﬂmw|+n}5]Qm7¢j|),
Q Q.o Q Q »ra

m,«?:? m,ej

considering, from now on, values of 7 such that

ngmin{mm@f_r% Qm,¢j|_§} (23)

~and (bg,m),, are bounded respectively in L”(£2) and L” () and

and observing that the sequences (do,m),,

the sequences (g, ,,), and (g, ,,),  are also bounded respectively in L*(Q) and Lp/(Q), the inequality (22)
becomes

’
p p_
2 2

l;ﬂdmﬁﬂ24-anm@g) +—Z;Qbmﬁﬂg4-nXQm¢)
<oi( [ [ an@P +uxa, )5+ [ [ (outol +nx0,0,) ) + 05

where C7 and C are constants independent of m, i and 6.
Applying the Gronwall inequality, we obtain

’
p_
2

/(’dm(t)’2+n>m -a)h/(’bm(t)!2+77>mm,¢,) <C
Q Bk Q ’

for a.e. t € (0,T), where C' is a constant independent of m, ¢, n and 6, and so

[lantr+ [ nol” <c
Q Q
concluding the proof of (18).

As, for 7 satisfying (23) we have for a.e. ¢

’

1T ()11 g/g(\dm(t)\unmmw)

P
2

< Nl dm®)lzr ) +1

and an analogous inequality is satisfied by .J}, b, (t), the proof of (19) follows. O

6 Existence of solution

Let us introduce a result which is a direct consequence of an important theorem concerning Young measures.
Details about Young measures and measure-valued functions can be found in [9].

Here we make the usual identification of the Banach space of the Radom measures M (R?) with the dual
space of (%o(R?), |- [|.o)-

Proposition 7 Let (z,,), be a sequence of functions uniformly bounded in LP(Q)), p €]1,+occ[. Then there
exist a subsequence, still denoted by (z,,),, and a measure-valued function ¢ : Q — M (R3), such that, for
every function 7 : R3 — R verifying the growth condition

Je>0 VEER®  |r(§)l < g, (24)

we have
T(zp) —— T, weakly in )i (Q), T(y) = (0y,¢)-
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Proof Choosing the Young function ¥(u) = u? , we have

/Q (\T(zn dy—/ |7(2zn |p dy<cp / B \(p 1paly—||zn|\Lp(Q 0.

Using the Theorem 2.1, page 171, of [9], the conclusion is immediate. O
Proof of Theorem 1 Assuming that  and 6 depend on m, satisfying (23) and such that 7,, — 0 and
0, — 0, we denote d,,(t) = d7%"(t) and b,,(t) = b7’ (t). We proved that d,, and J by, are

bounded sequences in L>(0,T; L”(2)) and by, and .J’"d,, are bounded sequences in L>(0,T; L (Q)).
So, there exists a subsequence v of m such that

d, —d weak-xin L™ ((),T; LP(Q)),

b, — b weak-x*in L=(0,T; Lp/(Q)).

v

Integrating by parts in (17) we have, for each v and j =1,...,v,

/atdy(tysoﬁ/oép—ld /P (1 T Bu0) - Txo, = [ 91,00, (252)
Q Q
[ ooyt +/P (€ dul0) - Tx e = [ g (0w (25b)
Q
Fixing n € N, let v be such that k,, < v (k,, defined in Proposition 4). For j = 1,...,n, we have
k]' k"j
Vxg, =Y aip, €F,,  Vxtp; =Y Bih, € G,.
i=1 i=1
From (25a), and using (15), we obtain
[ o) g+ [ o) 0, — [ b sz [a0-e; @)

Observing that

Vxpl = Vx (¢ — ;) + Vxap;
k;
= Vx (9 — ;) + D By
i=1

k; kj
=Vx (0 =) + > B, — i)+ > gyl
i=1 i

=
e G,
from (25b), using again (15), we obtain
/ Dibu (1) - ¥ + / P, (8,0 dy (8)) - Vx (7 — b))
Q Q
k;
P, (é,Jd,
+/Q (¢ *) ;ﬂw i)

vd s
4 / ¢, ad Zﬁz / g2, (1) . (27)
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Considering functions
)= &t)p;,  where §(t) € €([0,T)), &(T)=0
—

and

ZCJ " where Cj (t) € (51<[07TD7 Cj (T) =

multiplying in (26) and in (27), the j-th equation, respectively by &;(¢) and (;(t), with j = 1,...,n, summing
over j and integrating between 0 and 7', we have

/atdl,-‘I’n-l-/Jép/_ld,,-‘Pn—/ﬂl,Jg,”bl,~V><<I>n:/gl)l,(t)-q)n, (28a)
Q Q Q Q

/Q@tb,,~\Ilf;’+/ (&, g0 d Z@Vx( zp)
n k;
+/Q syJ”“ z:: z::
/ & Ted, ZQZ@ / g, - . (28D)

Integrating by parts, in time, the first term of equations (28), we have

7/ du'8t®n+/ Géplflduo'ﬁnf/ /ll,Jg,”by~Vx<I>n:/glyy(t)o‘I)nJr/dy’y@n(O), (29a)
Q Q Q Q Q

—/ b,,-athff;Jr/ Py (€ TJdy) - > GV x (9l — ;)
Q Q j=1

m kj m kj

I RACEZAD WD WERY SRS D oLA%
Q =1 =1 Q j=1 =1

= / gy, - O +/ b,o- ¥ (0). (29b)
Q Q
Before passing to the limit in v in equations (29), let us study the behavior of some terms. Writing
/ [y Jg}’bl, Vx®, = / iy (J;j,”bl, —Jyby,) - Vx&, +/ Lo Jpby, - VX Py,
Q Q Q
observing that, for a fixed v (recall that the functions b, depend on 7, and 6,,), we have

I by (x,t) = Jpby,(z,t) —— 0, for a.e. (z,t) € Q,

v —0

applying the Lebesgue Theorem we get

M —0

/ fu (S, — Jyby) - Vx @, —— 0-
Q

Observe now that the vectorial operator .J,/ is such that each component verifies the growth condition (24)
for p’. Then, for a subsequence, still denoted by b,

a.

('D

Ty (bs) — Ty (v,) = Jprp i= st in LY (Q), Ty (y) = (04, Ty )- (30)
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The function g in (30) is vectorial, more precisely, o : 2 — M (R?)3.
So

V—00

/ ﬂyJ;Z/VbD'VXQH R ﬂjp/’b'VXQHa
Q Q

as long as 7, goes to zero sufficiently quick, in order to satisfy (23).
Applying analogous arguments, since we also have
Tp(dy) —— Jp(a,) = Jpa = cein L(Q), Jp(y) = (dy, ), (31)

then
/EUJ””d ZQZ@ b Edpa VXU,
= V— 00 Q

The option we have made, denoting Jp/,b and J, 4 by ph and ce, respectively, will be clarified in Remark 6.
The properties of the operator P, linear and continuous, and of the functions (j, @b(;“ and 1, guarantee
the existence of constants C,, and C,, such that

) P, (¢,J0d, ZCJVX -4,

S v (éV ‘];)7,/ dV

Av4 O _ ’
) Lp,(Q)sz_;@ @5 =9 Lo
< Gy |60 T dul| v ) Crbo-

Since HéyJ;’VdZ,HLP,(Q) is bounded independently of v, 1, and 6,,, we conclude that

/ (&, 70+ d ZC]VX —4;) —— 0,
Q

V—00

as long as §, ——— 0 sufficiently quick.
vV—

o0
Analogously we conclude that

/Q (.0 d, Z@Zﬂm e

Passing to the limit in v in equations (29), we obtain that d, b, h and e verify

—/d~c’)t<1>n+/aé”/‘ld-@n—/h~V><<I>n:/gl-¢>n+/do-<I>n(0)
Q Q Q Q Q
—/b-(?t\Iln+/e~V><\Iln:/g2-\Iln—|—/b0-\I’n(0),
Q Q Q Q

using the identifications introduced in (30)-(31).

By density, we may substitute the functions ®,, by arbitrary functions in Vg,(Q) and ¥, by arbitrary
functions in VP(Q), obtaining existence of solution of problem (8). O

and

Remark 6 The constitutive laws (3) allow us to write the Maxwell system in the form (6a), (6b). It is then
natural to denote, in the approximate problem (17), h,, = fiJy by, and e,, = éJpd,,. As the sequences

(Rn),, and (e.,),, are bounded in L>(0,T; LP(2)) and L (0, T; L¥ (2)) respectively, then

fudpby, = fuph, Evdpd, = £,ce,
| | and I |

ﬂj /b h ﬂJp’d €

and so the identifications Jp p := ph and J d = €e are natural.
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