-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Universidade do Minho: RepositoriUM

CMAT

Centro de Matematica da Universidade do Minho

Universidade do Minho Campus de Gualtar 4710-057 Braga Portugal Universidade do Minho
Escola de Ciéncias
www.cmat.uminho.pt Centro de Matematica

Quaternions: a Mathematica Package for Quaternionic Analysis

M.I. Falcio® Fernando Miranda®

“Departamento de Matematica e Aplica¢des, Universidade do Minho, Portugal

®Departamento de Matemitica e Aplicacdes and Centro de Matemitica, Universidade do Minho, Portugal

Information Abstract
Keywords: This paper describes new issues of the Mathematica standard
Quaternions, Clifford Analysis, monogenic package Quaternions for implementing Hamilton's Quater-
functions, symbolic computation. nion Algebra. This work attempts to endow the original pack-
age with the ability to perform operations on symbolic ex-
Original publication: pressions involving quaternion-valued functions. A collection
Computational Science and its Applica- of new functions is introduced in order to provide basic math-
tions, Lecture Notes in Computer Science, ematical tools necessary for dealing with regular functions in
vol. 6784, pp. 200-214, 2011 R™*1, for n > 2. The performance of the package is illus-
DOI: 10.1007/978-3-642-21931-3_17 trated by presenting several examples and applications.

www.springerlink.com

1 Introduction

Quaternions were introduced in 1843 by the Irish mathematician William Rowan Hamilton. One of the most
popular application of Hamilton's Algebra is concerned with the use of quaternions for describing 3D rotations.
In fact, quaternions are inextricably linked to rotations ([4]) and their use has become indispensable in all high
technologies with need of calculations in real time.

Nowadays, with the development of Quaternionic Analysis, quaternions are also recognized as a powerful
tool for modeling and solving problems in both theoretical and applied mathematics ([20]).

The increasing interest in using quaternions and their applications in almost all applied sciences has moti-
vated the emergence of several software packages to perform computations in the algebra of the real quaternions
(see, for example, [15,16,22]), or more generally, in Clifford Algebras (see [1,3] and the references therein for
details).

Three main reasons lead us to develop this work:

— to endow the standard package Quaternions with the ability to perform operations on quaternion-valued
functions;

— to extend the applicability of the package to arbitrary dimensions;

— to introduce a basic set of special polynomials, which plays an important role in applications.
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2 Quaternions: a Mathematica Package for Quaternionic Analysis
2 Algebra of Quaternions

2.1 Basic Results
Any quaternion z can be written in the form
T =x9+ix] + joo + kxs, xv; €R, (1)
where Hamilton's imaginary units 4, j and k satisfy the multiplication rules
i?=j2=k’=—-1landij=—ji=k. (2)

This non-commutative product generates the algebra of real quaternions H. The real vector space R* will be
embedded in H by identifying the element x = (g, 21, 22, 73) € R* with the element z = xg + iz + joo +
kxs € H. Thus, throughout this paper, we will use the same symbol z to represent a point in R* and the
corresponding quaternion in H.

For a quaternion z of the form (1) we will distinguish between the real part of z,

Rez := xq,

and the vector part of z,
Vecr =z :=1ix1 + jrs + kxg,

so that a quaternion x can be written as

r=x9+x.

When z = z, z is called a pure quaternion. The conjugate of x is
T:=x9g— X

and the norm of z,

x|, is defined by
2|” = 22 = 22 = 2] + 2] + 23 + 23.

If |z| =1, « is said to be a unit quaternion. It immediately follows that each non-zero « € H has an inverse
given by
1 z

ER

and therefore H is a non-commutative division ring or a skew field.
We note that an arbitrary non-null quaternion x can be written as

x =z +w(z)lz|, (3)
where w(z) is the unit quaternion
T
w(z) ==, (4)
|z|
very much like a complex number is written in the form a +4b.! Moreover, since w? = —1, w behaves like the

imaginary unit. In fact, if z = 2o +w(z)|z| and y = yo +w(y)|y| are quaternions such that w(z) = w(y) = w,
then all the algebraic operations can be computed as if  and y were complex numbers, in particular

vy = yr = (2o + wlz|)(yo + wlyl) = Toyo — |z|[y| + w(@oly| + |z|y0) -

1 In literature concerning quaternionic treatment of rotations, (3) and (4) are commonly referred to as the binary form
of = and the sign of z, respectively.
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2.2 Additional Functions

Quaternions is a Mathematica standard package to implementing Hamilton's Quaternion Algebra. It adds
rules to Plus, Minus, Times, Divide and the fundamental NonCommutativeMultiply. Among others, the
following quaternion functions are included: Re, Conjugate, Abs, AbsIJK, Norm, Sign, AdjustedSignIJK,
ToQuaternion, FromQuaternion and QuaternionQ. Help on the use of these functions can be obtained from
the Quaternions package guide. In the package, a quaternion is an object of the form Quaternion[x0,x1,x2,%3].
In the original version of the package, quaternions must have real numeric valued entries. This extended version
allows the use of symbolic entries, assuming that all symbols represent real numbers.

The complex-like representation (3) of a quaternion is quite useful and thus we introduce an object of the
form ComplexLike[a,b]. For such objects, simple rules as Plus, Times, Power and functions as Re, Abs,
Norm, etc. are defined.

The main commands to perform algebraic operations on quaternions are essentially the original ones. There
are just some new commands:

Vec gives the vector part of a quaternion.
PureQuaternionQ gives True for pure quaternions and False otherwise.
W gives the sign of a quaternion.

ToComplexLike returns a quaternion in the complex-like form.
QPower recursive implementation of the Power.

Example 1. Simple Functions

In[1]:= gql=Quaternion[1, 2, -2, -1];
In[2]:= Vecl[qll

Out[2]= Quaternion|0, 2, —2, —1]
In[3]:= % // PureQuaternionQ

Out [3]= True

Example 2. The ComplexLike object

In[4] := q2=Quaternion[x0,x1,x2,x3];
In[5]:= ToComplexLike[q2]

Out [5]= ComplexLike [XO, x12 + x22 + XSZ]
In[6]:= % // TraditionalForm

Out [6]= x0 + vx12 4+ x2? + x3%w

Example 3. Operations on ComplexLike objects

In[7]:= g3 = Quaternion[-1, 4, -4, -2];
In[8]:= clql = ToComplexLike[q1]
Out [8]= ComplexLike[l, 3]

In[9]:= clq3 = ToComplexLike[q3]

Out[9]= ComplexLike[-1, 6]

In[10]:= {q1**q3 // ToComplexLike,clql*clqg3}
Out[10]= {ComplexLike[-19, 3],ComplexLike[-19, 3|}

In[11]:= {Abs[clqll, Abs[qll}
Out[11]= {V/10,+/10}
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The rules for Power contained in the original package are based essentially on Moivre's theorem for
quaternions and are more efficient when the quaternion is numeric valued. Here we adopt the power recursive
implementation given by QPower.

Example 4. The QPower function

In[12] := QPower[ql,3]
Out[12]= Quaternion[-26, -12, 12, 6]
In[13]:= QPower[q2,2]

Out [13]= Quaternion [xO2 —x12 — x2% — x32, 2x0x1, 2x0x2, 2X0x3]

3 Quaternionic Analysis

3.1 The Concept of H-regular Functions

In complex function theory there are three distinct, but equivalent, approaches to regular functions: Cauchy’s
approach connected with the notion of complex differentiability, the Weierstrass approach based on the use
of convergent power series and the so-called Cauchy-Riemann equations, introduced by Riemann. Since H is
a skew field, it is natural to ask whether differentiability of a function f : H — H can be defined in a similar
way as in the cases of R and C. The functions of a quaternion variable which have quaternionic derivatives,
in the natural sense, are just the constant and linear functions (and not all of them); the functions which can
be represented by quaternionic power series are those which can be represented by power series in four real
variables. The first approach leads to a very restrictive class of regular functions, while the second one gives
a too large class of functions. See [15] and the references therein for details and also [23].

In 1935, R. Fueter, one of the founders of Quaternionic Analysis ([11,12]), proposed a generalization of
complex analyticity to the quaternionic case by means of an analogue of the Cauchy-Riemann equations. He
showed that this definition leads to close analogues of several important results from classical complex function
theory ([23]). We describe briefly Fueter's approach to what he called regular H-valued functions.

Consider a quaternion-valued function f of one quaternion variable z, defined in a domain 2 C R*

f:02—H,

f(@) = fo(z) +ifi(x) + jf2(z) + kf3(z),

where z = (29,1, T2, 73) € R* and f) are real valued in £2 functions. Continuity, differentiability or integra-
bility are defined coordinate-wisely.
On the set 41 (£2,H) define the quaternionic Cauchy-Riemann operator

9:= 80—|—8£, (5)

0

where 0y := o0

and 0, is the Dirac operator

.0 .0 0

This leads to the following definition of H-regular function or monogenic function (as called nowadays):

Definition 1 (Monogenic function). A €'-function f satisfying the equation Of = 0 (resp. fO = 0) is
called left monogenic (resp. right monogenic). A function which is both left and right monogenic is called
monogenic.

The concept of quaternionic or hypercomplex differentiability was first introduced by Malonek in [18,19].
Later on, the definition of hypercomplex derivative was generalized to higher dimensions [13].
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Definition 2 (Hypercomplex derivative). Let f € ¢ ({2, H) be a monogenic function in (2. The hyper-
complex derivative [’ can be expressed by the real partial derivatives as

1

f'=50f. ™)

where 0 = 0y — 0 is the conjugate Cauchy-Riemann operator.

Since a hypercomplex differentiable function belongs to the kernel of 0, it follows that in fact

fr=0af

like in the complex case. Obviously, last formula guarantees that the hypercomplex derivative of a monogenic
function is again a monogenic function.

3.2 From Quaternionic Analysis to Clifford Analysis

Clifford Algebras were introduced in 1878 by the English geometer W. K. Clifford, generalizing the com-
plex numbers and Hamilton's quaternions [8]. They have many applications to differential geometry, physics,
robotics, computer vision, etc. (see, for example, [2]).

The foundation of Quaternionic Analysis by R. Fueter and his collaborators can be considered as the starting
point of Hypercomplex Function Theory (as called by Fueter), or Clifford Analysis (as called nowadays).

Here we present the extension of the main definitions and results of the previous sections. Details about
this subject and related topics can be found in [6,14,15].

Let {e1,€2, -+ ,e,} be an orthonormal basis of the euclidean vector space R"™ with a product according
to the multiplication rules

exer +eep = =20, kK, 1=1,--- ,n,

where dy; is the Kronecker symbol. This non-commutative product generates the 2"-dimensional Clifford
Algebra Cly,, over R and the set {e4 : A C {1,--- ,n}} with eq = ep,€p,---€p., 1 < hy <--- < h, <
n, eg = eg = 1, forms a basis of Cl ,,. Denoting by A,, the subset of the Algebra Cly ,,,

A, :=spang{l,e1,...,en},

the real vector space R"™! can be embedded in A,, by the identification of each element (zq, 21, ,z,) €
R™*1 with the paravector x = xg + x1e1 + ... Tpen € A,.

Similarly to the quaternionic and complex case, a paravector can be written in terms of a real part and
a vector part as © = xg + z, the conjugate of z is T = z¢p — z and the norm |z| of z is defined by
|z[* = 22 = Tz = 2§ + % + - + 27, Moreover, denoting by w(z) = 5; € S", where S" is the unit sphere
in R™, each paravector x can be written as a complex-like number B

&= +w(a)el. (8)

In general, due to the algebraic properties of Cly,,, we have to assume that a monogenic function f,
defined in some open subset 2 C R", has values in Clo ,, i.e., it is of the form f(z) = >, fa(z)ea, where
fa are real functions.

The Cauchy-Riemann operator in R"*! is obtained from the generalized Dirac operator

_ n 9
0:=00+0,, where 09, :=

: €in
- - 8.%‘1‘
=1

and f is a monogenic function in the sense of Clifford Analysis if it belongs to the kernel of 0. We suppose, once
more, that f is hypercomplex differentiable in £2 in the sense of [18] and [13], i.e., f' = 3(dy — 0x)f = 0o f
like in the complex and quaternionic case.
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3.3 New Functionalities

One of the objectives of this work is to endow the package with the ability to operate on paravector elements.
For this purpose, the new object Paravector is introduced and some elementary operations are extended.?

If nothing is stated otherwise, it is assumed that n = 3 and therefore the new functions accept as
arguments objects of the form Quaternion or Paravector.? For different values of n we have to declare the
space dimension, through the command CoordSys.

Example 5. The Paravector object

In[14] := CoordSys[5]
Out[14]= The coordinates system list is set to {X0,X1,X2,X3,X4}

In[15] := Paravector[1,2,3,4,5] // TraditionalForm
Out[15]= eg +2e1 +3es+4e3+5e4

Example 6. Operations on Paravector objects

In[16] := Paravector[1,2,3,4,5]+ 2 Paravector[5,4,3,2,1]
Out[16]= Paravector[11,10,9,8,7]

In[17]:= Conjugatel[%]

Out [17]= Paravector[11,-10,-9,-8,-7]

In[18] := W[Paravector[1,0,1,0,1]]

Out[18]= Paravector [0, 0, %7 0, %]

For Quaternion objects the package includes the following new functions:

CauchyRiemannL left Cauchy-Riemann operator.
CauchyRiemannR right Cauchy-Riemann operator.

DiracL left Dirac operator.

DiracR right Dirac operator.

MonogenicQ gives True for monogenic functions.
Derivative gives the derivative of monogenic functions.

We underline that the last two functions have been extended for Paravector and ComplexLike objects.

Example 7. Quaternion-valued functions

In[19] := CoordSys[x0,x1,x2,x3]

Out[19]= The coordinates system list is set to {x0,x1,x2,x3}

In[20] := f1=QPower[Quaternion[x0,x1,x2,x3],2]
Out [20]= Quaternion [X02 —x1%2 — x2% — x32, 2x0x1, 2x0x2, 2x0x3]

In[21] := CauchyRiemannR[f1]
Out [21]= Quaternion[-4x0,0,0,0]

2 2

. 2
In[22] := f2=Quaternion [XO — xD_ x27 _ x8 2x0xl  2x0x2 QXOX3] ;

3 3 3°°3 ' 3 3
In[23]:= MonogenicQ[f2]

2 The product of two paravectors in A,, is an element of Cly,, but, in general, it is not an A,-element. Hence, the
multiplication is not extended for this class of objects.

% We underline that, due to the algebraic properties of H and A3, a quaternion and a paravector in R* have different
natures.
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Out[23]= True

In[24] := Derivative[f2]

Out [24]= Quaternion [2){07 %, %, %]

In[25]:= Derivative[fl]
>

Out [25]= Derivative [Quaternion [x0% — x1% — x2% — x37, 2x0x1, 2x0x2, 2x0x3]]

Example 8. Paravector-valued functions

In[26] := CoordSys[x,y,z]

Out [26]= The coordinates system list is set to {x,y,z}
2 2

In[27]:= p1=Paravector[x2—y7—%,x y,x z];

In[28] := MonogenicQ[p1]
Out [28]= True

In[29] := p2=Derivative[p1]

Out [29]= Paravector [2x,7, 2]

Example 9. Complex-like functions
In[30] := q1=Assuming[xr>0,Simplify[ToComplexLike[p1]/.y* — -z%+r?]]
Out [30]= ComplexLike —é +x%r x]

In[31] := MonogenicQ[ql,x,r]
Out [31]

True
In[32]:= gq2=Assuming[r>0,Simplify[ToComplexLike[p2]/.y*> — -z?+r?]]
Out [32]= ComplexLike[2 x,r]

In[33]:= Derivative[ql,x,r] ==q2
Out [33]

True

4 Generating Monogenic Functions

4.1 A Basic Set of Polynomials

In recent years, special hypercomplex Appell polynomials* have received attention from several authors and
for different reasons ([5,7,17]).

In this section, we consider a basic set of polynomials first introduced in [9] for the 3-dimensional case and
later on extended to higher dimensions in [10,21]. These polynomials can be written in terms of a paravector
variable x and its conjugate as

k
PQ(m):ZTf(n)xk_sis, reR"™ n>1, (9)
s=0

where o )

k! nrl _ n—21
T(n) = R () -9 ("5 ) ) ’ (10)

) (k) (k —s)ls!

* We recall that a sequence of polynomials Py, Pi,... is said to form an Appell sequence if: (i) Py is of exact degree

k, foreach k = 0,1,...; (ii)P, = kPx_1, for each k = 1,2,.... Examples of Appell sequences, besides the monomial
functions, are the Hermite polynomials, the Bernoulli polynomials, the Euler polynomials, etc..
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and a(,y denotes the Pochhammer symbol, i.e., a(,) = F}’I(Z)T) , for any integer r > 1, and q() = 1.

It can be proved, under the additional (but natural) condition P;'(1) = 1 that the sequence P = (P}) .y
is an Appell sequence of monogenic polynomials, i.e., (P}')" = kP}’_, . Therefore such polynomials behave
like monomial functions in the sense of the complex powers z¥ = (z¢ + iz1)*, k = 1,2,---, and allow a
construction of special monogenic functions as series of the form

&(z) = Z arPr (), (11)

with suitable chosen coefficients.
Other important properties of such sequence can also be obtained, in particular the following binomial-type
formula,

rw =3 (B rmrw =3 (e, (12)

s=0

where

cs(n) =Y (=1)'T} (n). (13)
Finally, we stress the fact that it is possible to write (12) as
Pi(2) = Py (xo + wlz]) = ulwo, [z]) + wolzo, [2]), (14)

where u and v are the real valued functions

[NE

]
u(zo, |z) = (’“) (1) 22, (n) |2

2s
s=0
and
(%3] k
vonle) = 3 (4,5 ) 10 o)l

4.2 New Features

The package includes the functions Tks, Ck and Pkn to compute (10), (13) and (12), respectively.

Tks gives the (k,s) element of a special triangle.
Tks::usage = Tks[k,s] for the default dimension value.
Tks[k,s,n] for the n+1 dimensional case.

Ck gives the alternating sum of Tks.
Ck::usage = Ck[k] for the default dimension value.
Ck[k,n] for the n+1 dimensional case.

Pk gives the basic monogenic polynomial of degree k.
Pk::usage = Pk[k,x] for the default dimension value.
Pk[k,n,x] for the n+l dimensional case.

The function Pk used with two arguments, the degree of the polynomial and a paravector, returns a
paravector. When the dimension n increases, the corresponding output becomes very large. In such a case it is
more convenient to use the alternative syntax form, where x is now a ComplexLike object of dimension n+1
and the output is a ComplexLike object as in (14).

We illustrate the applicability of these functions by presenting some examples.
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In[34]:
In[35]:
Out [35]=

In[36]:=

Out [36]=

In[37]:=
Out [37]=

In[38]:=

Out[38]=

In[39]:=

Out [39]=

In[40]:=

Out[40]=

In[41]:=

Out[41]=

M.I. Falcdo and Fernando Miranda
A basic set of monogenic polynomials

CoordSys [x0,x1,x2,x3];

Tks [k, s]

2(1+k—s)

2+43k+k?2
TableForm[Table[TableForm[Table[Tks[k,s,n|,{k,0,5},{s,0,k}]],
{m,{2,3,5}}],TableDirections — Row, TableHeadings —
{{"Tks(2)", "Tks (3)", "Tks (5) " }}]

Tks(2) Tks(3) Tks(5)

1 1 1

3 1 21 3 2

4 4 3 3 5 5

5 1 1 11 1 2 2 1

8 4 8 2 3 6 5 5 5

3 15 9 5 231 1 2 12 9 4

64 64 64 64 5 10 5 10 7 35 35 35

63 7 9 3 7 141 2 1 32 9 6 1
128 32 64 32 128 3 15 5 15 15 14 7 35 35 14
231 105 35 25 35 21 25 41 2 1 1 5 5 4 5 1
512 512 256 256 512 512 7 21 21 7 21 21 6 21 21 21 42 21
Ck [k]

3+(=Dk 42k

2(2+3k+k2)

TableForm|[Table[Ck[k,n|,{n,{2,3,5}},{k,0,10}],
TableHeadings — {{Ck[k,2],Ck[k,3],Ck[k,5]},Range[0,10]}]

\01234567 8 9 10
113 3 5 5 35 35 63 63
e RS I R
s S SRR
Cklk,51[1 5 5 55 35 51 21 33 33 143 143

TableForm[Map[Flatten, Table[{Ck[k,m|, Table[Tks[k,s,m], {s,0,k}]},
{k,0,4}]], TableHeadings — {None, {Ck [m], Tks [k,s,m] } }]

Ck[m] Tkslk,s,m]
1 1
1 m—+1 m—1
m 2m, 2m
1 m—+3 m—1 m—1
m 4m 2m 4m2
3 (mA3)(m+5) 3(m-1)(m+3) 3(m*=1) (m-1)(m+3)
m2+4+2m  8m(m+2) 8m(m+2) 8m(m+2) 8m(m+2)
3 (mAB)(mA7) (m-1)(mt5) 3(m?-1) w21 (m=1)(m-+5)
m242m  16m(m+2) 4m(m+2) 8m(m+2) 4m(m-+2) 16m(m+2)

TableForm[Table [{StringJoin[{"Pk[",ToString[k],",x]="}],
Pk [k,Paravector[x0,x1,x2,x3]1},{k,0,3}]1]
»73773773

Pk[0,x]=1
XB]
Pk[2,x]= Paravector |x0% — x? | x2?  x?

Pk[1,x]= Paravector [x0, X 2 x3
x1% _ x2% _ x3% 2x0x1 2x0x2 2x0x3
3 3 3 3 3 7 3
Pk[3,x]= Paravector xO(xO2 —x12 —x2% — x32), —%xl( — 5x0%+
x1°+x2° +x —=x2 (—9x0° +x1° 4+ x2° +x
17 + x2° + x387%), —1x2 (—5x0% 4 x1% 4 x2” 4 x3%)
7%){3 (75)(02 +x12 +x22 + X32) ]

) )

TableFornm|Table[{StringJoin[{"Pk[", ToStringlk],",2,x]1="}],
Pk[k,2,ComplexLike[x0,1]]|}, {k,0,3}]]

Pk[0,2,x]= ComplexLike[1, 0]
Pk[1,2,x]= ComplexLike [x0, %]

PK[2,2,x]= ComplexLike | —% + x0%rx0]
Pk[3,2,x]= ComplexLike |35 4 x0% —3 (r¥ — 4rx02)}
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4.3 Applications

In the original Quaternions package and, as far as we are aware, in all available quaternion packages, the
elementary functions are defined by using series expansions analogue to the complex case. In fact, if a complex-
valued analytic function f has a Taylor series expansion of the form

f(z) = fzo +iy) = Z arz® (15)
k=0
the analogue H-valued function
F(x) = F(xo +wlz|) = Zakxk (16)
k=0
is related to f by
F(zo+ w|z|) = Re (f(xo + 1@\)) + wlm (f(:co + z|g|)) . (17)

Unfortunately, none of the elementary functions obtained from (16) is monogenic as the following example
illustrates.

Example 11. A non-monogenic exponential function

In[42]:
In[43]:

f1=Exp[Quaternion[x0,x1,x2,x3]];

Simplify[ReplaceAll [ToComplexLike[f1], x1? > r? —x2% — x32],
Assumptions — x0 € Reals && 0 <r < 7r] //TraditionalForm

Out [43]= e*Cos|r] + e wSin[r]

In[44] := MonogenicQ[f1]
Out [44]= False

In Clifford Analysis several different methods have been developed for constructing monogenic functions
as series with respect to properly chosen homogeneous monogenic polynomials. Our objective here is to
obtain monogenic functions in R"*! based on the use of the monogenic polynomials (9) instead of the (non-
monogenic) complex powers of a quaternion. More precisely, for each complex-valued function f which has a
Taylor expansion of the form (15), we define the monogenic analogue A,,-valued function®

Fla) = Flzo +wlz) = > arPp(z). (18)
k=0

The package includes the additional function PkSeries which can be used to construct monogenic func-
tions as truncated series with respect to the set (9). For certain special arguments, PkSeries returns the serie
(18).

PkSeries gives a (truncated) series expansion of a function in
R°{n+1}, with respect to the polynomials Pkn.
PkSeries::usage =
PkSeries[f,k,x] gives the polynomial of order k associated
to the Taylor expansion of the complex function f.
PkSeries[f,Infinity,x] gives a hypercomplex-analogue of f.

Example 12. Polynomial approximations

In[45] := PkSeries[f,2,Paravector[x0,x1,x2,x3]]

® Since T¥(n) > 0 and Z’g T¥(n) = 1, for all n € N, the absolute convergence of the defined function (18) is ensured
because, for each k > 0, we have | P} (z)| < Z’;:O TE(n) |z |z)° = |z|F.
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Out [45]= Paravector[f[0] + & (6x0£'[0] + 3x0*£" [0] — (x1° + x2° 4+ x3%)£" [0]),
+x1(£'[0] 4 x0£" [0]), $x2(£'[0] + x0£" [0]), $x3(£' [0] + x0£" [0])]

In[46] := PkSeries[Exp,4,ComplexLike [x0,r]]

Out[46]= ComplexLike[l + x0 -+ %(—% + x0%) + & (—r’x0 + x0°)+

4 3 3 3
i(%—QI2X02+XO4),§+r§fO+%(—% +rX02)+i(_4r5x0 + 4r§0 )]

Example 13. Monogenic exponential functions in R? and R*

In[47] := CoordSys[x0,x1,x2];
In[48] := PkSeries[Exp,Infinity,Paravector[x0,x1,x2]]

e*%x1Bessell [1,\/ x12+x22}

\/x12+x22 ’

Out [48]= Paravector [exoBesselJ [0, \/m] ,
e*0x2Bessell [1\/;mj ]
V/x124x22
In[49]:= CoordSys[4];
In[50] := PkSeries[Exp,Infinity,ComplexLike [x0,r]]

e®3in[r] e*0 (—Cos[rH—SiiJ) :|
T )

r

Out [50]= ComplexLike [

5 Final Remarks

This paper presents briefly a collection of functions to endow the Mathematica standard package Quaternions
with new functionalities in the framework of Clifford Analysis. It should be considered work in progress in its
present form. Future work on the package will include, for example, implementation of different techniques
to generate monogenic functions and more applications of the Appell set (9) (special functions, orthogonal
polynomials, etc.).
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