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Abstract
Let Q be a set and Q1,...,Q,,_1 subsets of 2, being m an integer greater than one.
For a given function f = (f1,... fm) : & = R™, we prove the existence of a unique
function a = (aq,...,m) : & = R™ such that
(673 = ;41 On Qz
o+ ta; = fit--+fi onQ\Q;, foralli<m
ar+tam = fito+ fm,

called the average function of f : & — R™ relatively to (Q,Q1,..., Qm_1).

When 2 is a topological space and f is a continuous function, we find necessary
and sufficient conditions for the continuity of the average function of f.

We write «; as a linear combination of characteristic functions of the (coinci-
dence) sets N3_.2j, 1 <r < s <m— 1, belonging the coefficients to Q[f1s- -+ fm)-

1. Introduction

The motivation of this paper had its origin in a joint work with J. F. Rodrigues
and L. Santos (see [1]). The problem under consideration there, was a variational
inequality modelling the problem of equilibrium of N membranes, attached to rigid
supports on the boundary, each one under the action of given forces (fi,...,fn)
and constrained by the other membranes (see Remark 3.2).

Let Q be a set, m > 1, an integer, €2;, 1 <1i < m — 1 subsets of 2. It is easy to
characterize the sets

AT = {aef(Q)m: 2 C{re: ai(x) = aip1(z)}, forlgigm—l},
B™ = {aEf(Q)m: D ={reQ: o) =ais1(2)}, forlgigm—l},

where F(€) is the set of real-valued functions with domain €.

For instance, o = (aq,...,a,) € A™ if and only if there exists fi,..., fm such
that a; = f; and a; = a;_1 + fi;h;—1 where h; is a function that vanishes on
Q;, for example the characteristic function of Q \ €; or, in the case we are in a
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metric space, the distance function to 2;. In both cases it is easy to know when
« belongs to B™ and when it is continuous. But in none of these cases we have
ar+ o = fi o e

The family (2;),_; ,,_, allows us to define m partitions of £ that are crucial to
the construction of the average functions. In what follows we consider Qg = Q,, = 0.
We also construct partitions to Q\ Q;, fori =1,...,m — 1.

Definition 1.1. For 1 <r <s<m let
(1) Qs = N % |\(@1UQ) fl<r<s<m.
r<k<s—1
Notice that, with the usual convention about intersections, €,.,, = Q\(£2,-1 U Q,).
Lemma 1.2. For eachi=1,...,m,
a) (QT»S)lgrgigsgm s a partition of €.
b) (Q’”vi)lgrgi’ (Qi+1>5)i<s§m and (QT>iﬁQi+1>5)1gr§i<sgm are partitions of Q\ ;.

Proof. Is x Qi1 UQ; then z € Q;,. f x € Q;, for j € {i — 1,i} then = € Q, 4
where r is the smaller integer such that z € ﬂﬂizr and s is the biggest integer
such that = € (VQ;Z;. And of course, if (r,5) # (', s') then Q, s N Qo = 0. The
other proofs are identical. O

The first alinea of the this lemma can be illustrated in the following figure, for
m =4 and i = 2: in the left, we consider {2 and a general situation for 1, Qs and
23 and in the I‘ight, we have the sets 91)2, Ql)g, 91,4, 92,3 and 92)4 that define a
decomposition of 21 Uy (recall that Q92 is Q\ (1 U Q2)):

0 Q1,3

FIGURE 1. Decomposition of Q1 U9, if m =4 and ¢ = 2.



2. Average function

In what follows, given a set A C Q, X4 denotes the characteristic function of A,
i.e., Xa(x)=1if x € A and Xa(z) = 0 otherwise, and 0A the boundary of A. If
fi,--+y fx € F(Q) we denote their average (%) by [f1,-.., fx]. The average
of elements of F(2)™ are defined component by component.

Definition 2.1. With the notations above, we define the average function of F(2)
relatively to (2, Q1,...,Qm_1) as ¥ = (Y1,..., %) : F(Q) = F™(Q) where

(2 Vi<m Vf=(f1,-. . fm) €EFEQ" () = Y [frr o [l Xoy,

r<i<s

Note that, by Lemma 1.2, for 1 <4 < m, and using the previous notations

(3) Vr <i<s, i(f)=1fr, -, fs], in Q.
and in particular
(4) Yi(f) = fi, iIn Q\ (Qi—1 U Q).

If, for example, for some kg < m — 1, € is the empty set for all k£ < kg and is
equal to 2, otherwise, then

fi if i <ko

vi(f) =
[fkot1s---» fm] i@ > ko.

In particular, if ko = 0, ¥;(f) = [f1,.- ., fm] and, if kg = m — 1, ¢ is the identity
function.

The average function have some nice (and trivial) properties. In particular it is
linear and preserves averages.

Proposition 2.2. If f,g, f',..., f* € F(Q)™ and h € F(Q) then
a) ¥(f+9) =¢(f) +(9);

b) ¥(hf) = mp(f);

c) if f < g then p(f) < ¥(g);

&) B(f D) = [, ()]s

e) if v € Qand fi(z) <--- < frn(x) then 1 (f)(x) < -+ < o (f)(2).

Proof. The first four alineas are immediate consequences of the definition of the
average function. For the last alinea, suppose that fi(z) < --- < f,(z) and let
1<i<m. IfzeQ; then ¥;(f)(z) = Yit1(f)(z). If x € Q; then, by Lemma (1.2),
x € Q,;NQi41,s for some r < i < sand, in this case Y11 (f)(x) = [fix1,- .-, fs](x)

2
fira(@) = fi(x) = [fis. -, i) (@) = i) (). O



Remark 2.3. In fact the function ¢ should be denoted by >t Sm—1_ We will
use this notation only in the beginning of Section 3 and in the proof of the next
result, where the use of an induction argument on m may induce confusion.

As an immediate consequence of the definitions, we have, for 1 <j <i<m

(5) 1/}21,91 ..... Q-1 (f17 o fm) _ 1/}21,91 ..... Qi1 (fl; s f’L) in Q \ QZ

Theorem 2.4. Given m > 2 and Q4,...,Q,_1 subsets of 2, the average function
Y= (Y1,...,0m) is the unique function satisfying the following conditions:

G,) lf1§2<m7 wi(flw"ufm):wi-‘rl(flu"'afm) inQi"
b) if 1 <i<m, iwj(fl,...,fm)zifj in Q\Q; (recall that, Q,, = 0).
j=1 j=1

Proof. a) Note that ¥;11(f1,-. -, fm) — Yi(f1,..., fm) is equal to

Z [f?“v T 7fs] Xﬂi+1,s - Z[fﬁ T 7f5] Xﬂr,i
s=i+1 r=1

which vanish in Ql as Qi+175 N Ql = Qrﬂ' N Qz = 0

b) We will use an induction argument on m. If = 1 and m > 2 the result follows
from (4). If m = 2 (on the left) or m > 3 and i = 2 (on the right) we have

{ V1(f1, f2) = fr Xava, + L2 Xo, { Y1(f1, -, fm) = f1 Xoro, + 282 X0,
Va(f1, f2) = f2 Xava, + L2 Xo, Yo(fry-- oy fm) = f2 Xava, + 252 Xo v,

For the induction step consider m > 3. If 2 < i < m then the results follows
by the induction hypothesis using the equality (5). For the case i = m we prove
the result on each set Q,.,, (r < m) that form a partition of Q\ Q,,:

o in Oy, = N\ Q-1 we have, using (5), with ¢ = m — 1, and the induction

hypothesis,
m m—1
S Uiy hm) = D Fi+Um(fr s fn)
j=1 j=1

> L by ()
j=1
e in Ql,m = le"'mﬂm—lu wl(fla"'ufm) = = wm(fluufm) =

[f1,---, fm] by alinea a) and (3), and the result follows.
o in Q=N NQy_1\Q_1 (for 1 <r < m) we have

r—1 r—1
S owi(fis i fm) = D fi
j=1 j=1



using the case already proved. Then

m r—1 m
> owi(freees fm) DL+ wi(fis fm)
j=1 Jj=1 Jj=r

r—1
= > fit(m=1+D¥m(fi, .., fm) by alinea a)
j=1
- ij,
j=1
as, by (3)7 Wlth 1=35= m, wm(fla .. 7fm) = [fT7 .. 7fm]
To prove the uniqueness, suppose that ¢ = (p1,...,¢0m) € F(Q)™ satisfies

conditions a) and b) and let us prove that ¢;(f1,..., fm) = [fr,---, fs] in Q. 5,
forl1<r<i<s<m.

In fact, in Q. 5, @r(f1,...s fm) = = @s(f1,..., fm) and then

Ci(f1o- s fm) = ﬁzwj(fl""’fm)
1 S r—1
= T () = Sl f)

s r—1
41 oy
T s+l ij—ij by condition b)
Jj=1 Jj=1

_ ﬁng:[fr,...,fs]

which completes the proof. (|

We are now in conditions to studied when the average function of f belongs
to B™ and, if 2 is a topological space and f is continuous, when this function is
continuous.

Theorem 2.5. With the previous notations:
a) Yotp=1p;
b) A™ is the image of V;
c) B™ is the set of all f = (f1,..., fm) € A™ such that, if
1§7‘§z<s§m, xEQT,iﬁQi-‘rl,s - [fTu"'ufi](x)#[fi-i—lu"'ufs](x)'

d) if Q is a topological space and f = (f1,..., fm) s a continuous functions of A™
then ¥(f) is continuous if and only if

1< <i<s, s <m, x €0 NN s = [fryo o, [s](@) =[fr,.-., fs]().



Proof.
a) Let j € {1,...,m}. Then in Q, ;, for r < j <,

Wou)j(froifm) = (Wr(frs fin)s o Um(frseo s fim))
= [U(frooifm)so o Us(froo o fm)] by (2)
= [frseo s fslos e £]] by (2)
= [fr-o o Sl = vif1, -, fm)-
b) By Theorem 2.4, the image of 1) is contained in A™. For the other inclusion,

just note that if (f1,...,fm) € A™, 1<r<i<s<m,then fr =---= fsin Q5

and by consequence ¥;(f1,..., fm) = [fry---, fs] = [fi-
¢) Use the definition of ¢ and Lemma 1.2, b).

d) Fixi=1,...,m, and f1,...,fm € F(Q). We have a family of continuous
functions f, s : @ = R (with 1 <r <i <s <m), defined by f, s(x) = [fr,..., fs], &
partition of Q, (), ,cicocr, a0 Y1(f1,..., fm) : & — R that is equal to f, s in

Q. s. In these conditions, it is well known that ¢ (f1,..., fm) is continuous if and
only if fr s = frr o on 00 s NOQ, & for all (r,s), (r',s'). O

Remark 2.6. If we use average functions with weight we obtain similar results.
For instance if €1,...,em > 0 and €1 4+ -+ + &, = 1 then there exists a unique
function ® = (®q,...,D,,) : F™(Q) = F™(Q) such that for (fi,..., fm) € F(NQ)

a) Zfl <i<m, Eiq)_i(fly ceey fm) = 5i+1(1)i4r1(f1; ey fm) m Qi,’

b) zflgzgm, Zaiq)j(fl,...,fm):iéifj ZTlQ\QZ
Jj=1 j=1

The idea is to consider ©;(f1,..., fm) = E%j/}(slfl, cosEmfm)-

3. The average function using characteristic functions

Now we wish to define v in terms of the characteristic functions of the coincidence

n
sets m Q;, with 1 < k,n < m, with the convention that this intersection is equal
j=k
to Q if k > n. To simplify, we will denote those characteristic functions by Xk .
Using the equality XA\(BUC) = Xa— XanB— Xanc+ Xansnc, for A, B,C C Q,
we obtain, for i <m and fi,..., fm € F(Q),

6) Gi(f1, o fm) = D U Fl (Xt = Xomrom1 = Xos + Xom1s)

r<i<s

and the following result.



Theorem 3.1. Ifme N, 1 <i<m and f1,..., fm € F then
(7) wl(fhufm) = fl+ Z b(T,S,i) X’r,s—l

1<r<s<m, r<i<s
where

rseoos £ = s for] ifi=r
brs,i) = & U £l = [frvno £l ifi=s
m{[ﬂdﬂw”mfsfl]_[frafs]} ifr<i<s.
Proof. From equality (6) we obtain that ¢;(f1,..., fm) is equal to
Do Al bl = rrtse s fl = o sl + oo foa]} Xos

r<i<s

The only non trivial part is the one with » < ¢ < s. In this case, if we multiply

oo s fal = e fal = o o fama] oo o fama] by (s = 7)(s =7 4+ 1)

we obtain, successively

s s—1
(5= fu—(s—r+1) Z fk+ka - H_l > f

e her k=r+1
s—1
_(fr—I—fs)—i—[(s—r)_Q(S_T+1)+(S—;“)_T 7“—1—1} ka
k=r+1
s—1
o o B
k=r+1
(fT"'fs) Z fk
k r+1
2([fre1s--s fs—1) = [fr, f5])
which completes the proof. .

Remark 3.2. The problem we considered in ([1]) was the following: given Q a
bounded open subset of R™, E a Banach space contained in F(Q;R), having some
additional properties, a closed convex subset of EV

K:{(vlv"'va)eEN: vy > EUN}a
fi,---,fn € E' and a given (not necessarily linear) operator A : E — E', we
wanted to prove existence of (u1,...,un) € K satisfying
N
(8) > (Auj,v) = uj) Z Firv5 = ug)
j=1 j=1

and to study some properties of this solution. With additional assumption on the
fi»i=1,...,N, our aim was to prove that the inequality (8) could be rewritten as a



system of equations, using the coincidence sets Q; = {x € Q: u;(z) = uir1(z)} and
their characteristic functions. This characterization of the inequality by an equality
had a decisive importance in the proof of the stability of these coincidence sets under
small variations of the given functions f;, 7 =1,...,N.
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