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ABSTRACT

Non-linear finite element analysis has attracted a lot of attention in last few decades, as
real life problems dealing with analysis of concrete beams and columns are generally
non-linear in nature. This project deals with non-linear analysis of beam and columns,
using Timoshenko beam theory. The Timoshenko beam theory is applied to every
element, but before applying the theory the element is divided into fibers. The fibers as a
whole will govern the behavior of element. The section of each element is divided in
“finite elements”. Each finite element is a fiber along the length of element. Each fiber
element is independent in terms of the material constitutive laws, which govern the
behavior, while at the same time they are associated to each other by the relation of

displacements. The material laws of each fiber deals with the stress-strain relation

The numerical results are compared with the experimental results, which show a

reasonable correlation, and in turn demonstrate the capability of the proposed model to

depict the cyclic behavior of concrete elements.
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INTRODUCTION

Fiber model is one of the robust techniques which can describe the non linear material
behavior of element as a whole, which may contain various type of material along its
longitudinal axis. The element can contain various types of materials which are
characterized by different type of material constitutive laws for stress and strain. This
method assumes that the element can be divided into longitudinal fibers (like steel or
concrete). The implementation considered the possibility of using three types of fibers

(i) concrete fibers,
(i1) steel fibers and
(iii) linear isotropic fibers.

The concrete and steel fibers are characterized by the cyclic constitutive laws proposed

by Chang and Mander (1994).

The report begins primarily with basic theories and laws which are required for
implementation of fiber model. The report can be broadly divided in three parts as
constitutive laws, Timoshenko beam theory and implementation of fiber model. The
cyclic constitutive laws for concrete and steel are described in the section-1, which is
followed by the Timoshenko beam theory in section-2 and section-3 illustrates fiber

model implementation with examples and conclusions.



1. CONSTITUTIVE LAWS

The section below describes the modified cyclic constitutive laws for concrete and steel
derived from Chang and Mander (1994). The cyclic law described here considers the

degradation also.

1.1 CONCRETE CONSTITUTIVE CYCLIC LAWS

1.1.1) Types of Curves

The behavior of concrete can be described by three basic components, namely:

a) Envelope Curves:

Basically these curves represent the uniaxial monotonic loading of concrete and can be
considered to be the foundation for the other constitutive laws. As they are scalable and
shiftable, hence to simulate degradation mainly these two properties are used. In case of
concrete, compression envelope curve is assumed to be stationary, but at the same time
the returning point is assumed to be shifted to simulate the degradation. It means that the
point of return on an envelope curve is different to the point where the last reversal
occurred from.

b) Connecting Curves:

To connect one envelope curve to the other these curves are used. As these curves can
also characterize pinching (crack closure), and other softening or hardening phenomena
within the material or structural element, so they cannot be represented by single equation.
In general more than one equation has to be used to represent this type of curve.

¢) Transition Curves:

These types of curves are characterized by the connection between two connecting curve.

Transition curve is not taken directly to the envelope curve, which can make the model



unstable presenting unwanted shifting under local looping (common on most
applications).

1.1.2) Mathematical representation of Transition Curve:

Various types of equations are possible to join two points with a smooth transition curve,
but the equation which is most suitable to predict the behavior is derived briefly below.
The equation considers six known parameters to find the equation, three for each
corresponding to initial and final (target) point. The parameters required are coordinate of

intial point (x,,y,) with corresponding slope E, and analogous parameters ((x,,y,)
and £, ) for final point.
y=y,+E,(x-x,)+ A(x~x,)" (D
By taking derivative,
y'=E,+AB(x-x,)"" 2)
B is assumed to have a value greater than 1, otherwise at x = x, the first derivative would

be indeterminate. Thus,

y'(x,)=E, (3)

The derivative at the final point should be £, , then:

y'(x,)=E, =E, + AB(x, —x,)"*" 4)
and,

o

AB(x, —-x)"" = E, -E (5)

By evaluating the equation (1) at the final point,



yf = yo + Eo (xf - xa) + A(xf - xo )B (6)

Or,
g Y=Y
A(xf _XO)B 1 = xf _x _EO = ESCC _EO (7)
%
Using equation (7) and (5),
E, -E,
B =% & (8)
Finally,
_ Esec _E()
- (x,—x )" ©)
%
Where,
Y=Y
E. = P (10)
)

The final equation can be written as

y=y, +(x=x)| B+ dlx-x["] (11)
Where,
R Ef - Esec 12
- ESCC - EO ( )
E.—E, (13)
A= To
‘x X,

and E__is given by equation (10).

1.1.3) Cyclic Properties of Confined and Unconfined Concrete:



Chang and Mander (1994) developed a cyclic model for confined and unconfined
concrete, using the constitutive model of Tsai (1988) as its envelope curve for monotonic
loading; which is similar to model proposed by Mander et al(1988a). The model proposed
by Mander et al. (1988a) used experimental data of Sinha, Gerstle, and Tulin (1964); and
Karsan and Jirsa (1969) to verify the unconfined concrete in cyclic compression. While
for confined concrete Mander et al. (1988b) also performed tests to validate the proposed
model.

1.1.3.1) Compression Envelope Curve (Rules I and 5):

The compression envelope curve can be represented in non-dimensional form by

equation described below as shown in Fig. 1. The compression envelope curve is guided

by initial Young modulus ( £,), the peak coordinate (&’

ce?

f.), Tsai’s equation factor(r)
and non-dimensional critical strain (x_ >1). If the stress and tangent Young modulus is

written as a function of non-dimensional strain as:

fo= 1) (14)
E=E (x) (15)
where the Eqn (14) and (15) can be described in detail as:
For x~ <x_ (Tsai’s equation - Rule 1)
fo =1y (16)
E =Ez(x") (17)

For x, <x” <x_ (straightline - Rule 1)



fo =Sy +n72(x )(x" = x,,)]
E =Ez(x,)

For x,, <x (spalled - Rule 5)

f=E =0
where,

. onx _(1=x")
YO M beor

r— r—

D(x):1+(n—

! jx+ X for r =1
:1+(n—1+lnx)x for r =1

80

&

cc

x and n ~ are defined as: x "=

The spalling non-dimensional strain (x,,) can be calculated as :

- o(x,)

X = —_—

YT nz(x)

where,

* - the negative sign (-) refers to parameters related to compression envelope.

E_= concrete initial Young modulus
E, = tangent modulus

&,= concrete strain

&, = concrete strain at peak confined stress

/.= stress in concrete

c

E ¢

!
cc

!
cc

and n =|—-%

(18)
(19)

(20)

21

(22)

(23)

(24)



f.” = concrete stress on the compression envelope
f..= confined concrete strength

n = n value for the compression curve, assumed to be same as that of unconfined
concrete.

x = non-dimensional strain on the compression envelope

x,, = non-dimensional critical strain on the compression envelope curve. This strain is
used to define the tangent line up to the spalling strain.

x,, = non-dimensional spalling strain

y(x)=non-dimensional tangent modulus function

45 e Ecsp >

40 ge
35 -

Stress
[\
(e}

|

15 - Rule5

Straight line —_

Y
T T T T

-0.001 0.001 0.002 0.003 0.004 0.005 0.006

Strain

Fig. 1 Representation of rule 1 and rule 5 vital parameters for concrete model.



1.1.3.2) Tension Envelope Curve (Rules 2 and 6):
The shape of tension envelope curve is same as that of the compression envelope curve
(Chang and Mander (1994)), hence similar equations can be used to define the rule 2
(Egn (27-32)) and rule 5 (Eqn (33)) of tension envelope curve. The positive sign (+)
refers to the parameters related to the tension side.

To model the degradation on tension side, the curve is shifted to a new origin ¢,

(explained in later sections). The non-dimensional parameters n*,x"and x,, (cracking

strain) are given by:

- E
xt =% "% and n* = S, (25)
gt gt
xcrk = x;‘ - ):(xchr) (26)
nz(x,)

The stress and tangent modulus for any given strain on the tension envelope curve are

similarly defined as:

fo= 12 (x) @7
E =Ez(x") (28)
where [ (x+) and E; (x+) can be expressed as:

For x* <x_ (Rule 2)

IO = Iy (29)

E' =E z(x") (30)



For x <x" <x’, (Rule2)

IO = )+ 7z )(x" = x)] €20
E =Ez(x)) (32)
Forx), <x" (Rule 6)

fr=E =0 (33)

t

25 -

Stress
o
-—
1

£15 -

-0.008 -Oy
Straight line /

Rule2

-25 -

235 -

+— ECt ——
45 -
Strain

Fig. 2 Representation of rule 2 and rule 6 (not to scale , hypothetical data for

reprsentation).

&, = strain at peak tension stress
f,= concrete tension strength

x"= non-dimensional strain in the tension envelope curve



n*= n value for the tension envelope curve
x, = critical strain on the tension envelope curve. This factor is used to define the

cracking strain.

Where functions y and z are defined by Eqn (21). When the concrete has cracked it is

assumed that it will be having no tension resistance capacity, as a result of crack opening;

but on the other hand a gradual crack closure can lead to compressive stress.

1.1.3.3) Intermediate Parameters:
The current section deals with the intermediate parameters required for the hysteretic
laws. The Eqn 11 is used for the transition curve described in the coming sections in the

form represented as:

fo=fi+(e. —&)E +A|e,~¢g|'] (34)
where
-y, E, -E E -E
Eseczyf yz , R= f sec and A= sec 1,Q
xf =X Esec-Ei ‘Xf_xi‘

subscripts i, f and sec indicate initial, final and secant respectively.

The hysteretic parameters required for cyclic compression are described by:

S +0.57
- Ecgclc
ESCC = EC — ) (35)
Cunl 10,57
gCC
- gl:l’l (36)
E, =0.1E exp| —2|—*

cc

10



e S -
1.15+2.75 %
Ee
&
A =000f [ %m
&
5
'l un E;C
U
En_ew - _f;lew -
gun - gpl
g, =¢, tAc
&
f=r&
S
E=E ||
&

Similarly the parameters required for cyclic tension are given by:

—f“” +0.67
+ E(ng
Escc = Ec +
b= %] 1 0.67
gt
+ Ec
P, 1
gu’l _go +1
8f
6" =028

11

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)



A =015f"
+ =g+ _Q
'l un ES;C
S ==
E+ f;t:w
new €+ —6‘+
un pl
g =& +As

&
.
g —&
E:'e :E+— re 0
&
where,

&, = unloading strain from an envelope curve

/., = unloading stress

¢, = plastic strain

E = tangent modulus when the stress is released
Jow=new stress at the unloading strain

E . = tangent modulus at the new stress point

&, = strain at the returning point to the envelope curve

/., = stress at the returning point

E = tangent modulus at the returning point

1.1.3.4) Calculation of shift for Tension envelope curve:

12

(48)

(49)

(50)

6))

(52)

(53)

(34)



The shift in tension envelope curve is calculated as described in following steps:

(a) Calculate compression and tension strain ductility as:

_ | Cun

g!

cc

and x =

u

(b) If x, <x, then:

i
xu_‘xu’
g, =0,
+ ot
g, =x, & and

find corresponding stress f,; from tensile envelope curve for the strain (&, ) from

2/
ET + E,

sec

Eqn.(27) and calculate Ag, =

(c)The shift is calculated by

g, =&, +Ag, —x¢, (55)

3.4) Reversal from Compression envelope curve:

A reversal from compression envelope curve begins with rule 3, which subsequently
make over to rule 8 through rule 9 as intermediate rule, to finally end on tension envelope
curve. All the rules use the Eq (34) to connect smoothly the initial and final point. The
rules are described in Fig (3), with the parameters required for Eq. (34) described below

in tabular form.

Parameters Rule 3 Rule 9 Rule 8
§ &4 &y &y
1 S 0 Srew

13




E, E, E, E,,
&f &y &y &,
Iy 0 Srew S
Ef Eg;l Enm re
5 —
4 -
3 |
o 2 -
&
Rule 2 1 -
0 ‘ ‘
T~ 0.001 0.003

-0.001
\1 ~ Rule9

Rule 8 Strain

Fig. 3 Reversal from compression envelope curve (hypothetical data used fro
representation).
1.1.3.4) Reversal from Tension envelope curve:
The reversal from tension envelope curve is similar to the reversal from compression,
while the rule 4, rule 10 and rule 7 are used, which are also described in Fig(4). The rules

are summarized in tabular form:

Parameters Rule 4 Rule 10 Rule 7

14




Stress

; N
& & £y g
fi fon 0 foan
E; E, E, E.,
&, £y &, &,
I 0 Jow Je
E, E, B E,
1 / Rule 10
-0.00015 -0.00005 0.00005

2

3

Strain

Fig. 4.1 Reversal from Tension envelope curve.
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45 1

Rule 7

Stress

-0.001 5 I 0.001 0.002 0.003 0.004 0.005 0.006
Reversal from
tension envelope
-15 -
Strain

Fig. 4.2 Reversal from Tension envelope curve.

1.1.3.5)Post cracking unloading and reloading curves:

When complete cracking occurs, then it is understood that there will be no tensile
resistance capacity, so the region corresponding to tension will also not exist. When
reversal from compression envelope curve will occur, rule 6 will follow rule 3 instead of

rule 9 and rule 8. Reversal from rule 6 in this case will be followed by rule 13 (Fig 5).

The parameter describing rule 13 are described in tabular form:

Parameters Rule 13

16



& &
S 0
E, 0
&r &
I Jocw
EJ‘ i Enew

where & corresponds to reversal strain from rule 6.

1.1.3.6) Pre- cracking transition curves:
Rules 3, 4, 9 and 10 are considered as connecting curves, whenever reversal occurs from
these rules, a transition curve is used to connect to envelope curves or connecting curves.

Each rule is dealt separately below and compared with its counterpart.
When reversal from rule 3 occurs, modified rule 7 is used. In this case f, is modified to
/o5 and the returning point coordinate (g,,f,) are also changed to (g, *,f,*). The

modified expressions are:

- _ _&, —&.
Jrows = Jow = = (56)
gun - gp[
En;W* — f;te;W* — 7r0 (57)
gun - gro
£ =c, +As fu " (58)
gun - gpl
frZ*:f_(L*J (59)
gcc

17




gre*

&

cc

E,= E( ] (60)

The modified rule 7 (rule 7*) is described in tabular form for the possible strains as:

Parameters

g, £|gc|£ g, g, <|gc|< & o
& g, g,
f o Joo™
E, E, E,. .
& & g%
ff f;w* f;*
E, By E*

Similarly rule 8 is modified to rule 8*, when reversal from rule 4 occurs. The parameters

required for rule 8* is described in tabular from as:

+ +

N & —¢

Joew = Jun =N (61)
un pl
E;;W* — J(;tiw — ]}0 (62)
un - gr()
e (63)
gun - gpl
+ + g:g* —&,
e () o
gt
E.=E" [ S 8 j (65)
8[

Similar to rule 7* rule 8* can be described as:

18




Parameters

+
8"0 - 80

<le.—¢,|<

+
gun - 80‘

& —¢

re* o

<

+
gun - 80

<le.-¢,

g &, &

fi o S
&, g g *
I S S
E, E, o E*

When reversal from rule 9 occurs from point a (&,, f,), it is considered that it will target

rule 10 at point b (¢&,, f,), viarule 11 and analogous case will exist for rule 10; except

rule 9 will be targeted at point a (&,, f, ), via rule 12. The relation between a (¢, f,),

and b (¢&,, f,) is given by

bt Tl (66)
gun - gpl gun - gpl
Rule 11 and 12 are expressed in tabular form as:
Parameters Rule 11 Rule 12
& & &
f / e
& g, g,

19




Iy

o

E,

E(g,)

ACH)

where, (¢&,, f,) represents most recent reversal coordinate.

1.1.3.7) Post- cracking transition curves:

When cracking is considered, the existence of tension envelope curve diminishes; hence

any reversal from rule 13 can target only the strain axis. If a reversal occur from rule 13

from a (¢, f,), it will target b (¢g,, 0) through rule 14. A reversal from rule 14 will

target rule 13 at point a (&,, f,) through rule 15. The relation among a (&,, f,) and b

(&,, f,) 1s given by:

& =&, —gi (67)
The rule 14 and 15 are described in tabular form as:
Parameters Rule 11 Rule 12

& 2 &

f A .

&f g, g,

g 0 f,

E, 0 E(s,)

where, (¢&,, f.) represents most recent reversal coordinate.

20




1.2 STEEL CONSTITUTIVE CYCLIC LAWS

The constitutive laws described in this section are taken from Chang and Mander (1994)
Chang and Mander(1994) calibrated the proposed laws from the experimental results
obtained from Kent and Park (1973), Ma et al. (1976), and Panthaki (1991). The loading
and unloading stress-strain curves are being characterized by the Menegotto-Pinto

equation (1973).

1.2.1)The Menegotto-Pinto Equation:
The Menegotto-Pinto equation (M-P hereafter) describes a curve connecting two tangents
with a variable radius of curvature at the intersection point of these tangents. The M-P

equation describing a curve (Fig. 8) joining the initial point (¢&,, f,) and final point

(&,,f,)can be represented as follows:

f=f+E(e-eyor— 2 (68)

E_-OF
E_@(S‘ZE— SBCQO,R

sz (69)

Ja=Js

1+E,

where:

/. = stress in steel
f, = stress in steel at initial point of the curve

E = tangent modulus at initial point of the curve

21



&, = strain in steel

&,= strain in steel at initial point of the curve

Q= an equation parameter to control the shape of the curve
/., = an equation parameter to control the shape of the curve

R = an equation parameter to control the shape of the curve

E, = tangent modulus of steel
E_.= secant modulus or the slope of the line connecting the initial point (&, f, ) and the
final point (&, /)

1.2.2)Algorithm of M-P Equation:
The following steps are involved in determining the unknown parameters of M-P
equation.

1) Calculate £ as:

g =t (70)

SeC
&%

2) Calculate R, as:

—E,

E
R 2@ (71)
3) IfR,;, =0, the value of Qis taken as 1. In this case f,, = f,
4)If R<R_; thentake R=R , +0.01
5) Define a function of variablea :
f(@=E,-E, I;’j +E, “?:ZR) (72)

6) Takez=0.01. Calculate f(1—z)x f(z)

22



7) Decrease the value of z until f(I1-z)x f(z) becomes<0. Once this condition is
reached, the value of a satisfying the following equation can be found in the

interval (0, z) . The equation to be satisfied is:

+1
E}—Esecl aR +E;)a(1 QR):O (73)
l1-a 1-a

8) Consider an initial estimate:
a = ‘min (74)

9) Calculate f(a,)x f(1—¢) and if this is < O then decrease the value of a, using the

following recursive function:

a4 =4a;— 2f(ai)Aa (75)
f(a;+Aa)— f(a,—Aa)

This recursion should be applied on @ until the value of f(a,)x f(1-£)=0

The value of Aa should be taken as:
0.5(1-
Aa =min{0 ( “0)} (76)

10) Once the desired value of a is obtained, the value of unknown parameter » can be

calculated as:

po 1= (77)
a

The parameters @ and b are used in calculating the values of the unknown M-P

parameters f,, and Q.

11) Using the known values of a and b the value of f,, and O can be calculated as:

fa=fy+ o2, -5,) 78)

23



(79)

sec
—*¢—q

E{)
l—a

0=
12) Using these obtained values of initially unknown parameters b, f,,,Q the value of f,
corresponding to the value of & can be calculated from Eqn (68) and the value of
tangent modulus E, can be obtained from Eqn (69).

1.2.3.1) Cyclic properties of Reinforcing Steel:

This section deals with the stress-strain model for ordinary reinforcing and high strength
prestressing bars. It is described by ten rules, five corresponding to tension and other five
for the compression

1.2.3.2) Envelope Branches (Rule I and Rule 2):

The envelope branches are composed of monotonic stress-strain relation along both the
tension and the compression side, known as a) Tension Envelope Branch and b)

Compression Envelope Branch.

Rule 1 (Tension Envelope Branch): Chang and Mander(1994) assumed that the form of
the envelope branches should be kept intact, but when reversal would occur from them, a
scale factor would be considered. The model proposed the degradation of steel under the
action of local cyclic loading, which has not been proposed before. Chang and Mander
(1994) validated their model by means of experimental results obtained by Panthaki
(1991). The stress-strain relationship for the tension envelope curve is represented in (Fig.

8) and expressed by:

24



p+

. + +
/= Ee, N sign(e,, —gsh)+1(f+ _ - £ —E,
s 107701 B su ¥ +
E & su sh
1+£ S S8s
f+
Yy
p-l
E. sion(e. —e7)+1 . ]
E = s —+ g, —¢,) sign(e, —e )E;, Ju=ts
10 . 2 k KX K f+ _f+
E & su y
1+ S S8s
f+
y
where:
— +
gSS - g.Y - g{)m
+ +
(C; —
+ _ + K sh
p =L,
su _f;)
and

&, =point of origin of the tension envelope branch

E = Elastic modulus of Elasticity

f,} = yield stress during tension in steel

&, = strain hardening strain during tension in steel
f.r=ultimate (maximum) stress during tension in steel

& = strain at ultimate stress in steel during tension in steel

E’, = tangent modulus at strain hardening

25

(80)

(81)

(82)

(83)



A
f

&h—
N
Eh %

+
fo

3
v+ O SS>
(£.0) (&, f

Fig. 8 Representation of vital parameters for steel model.

Rule 2 (Compression Envelope Branch): The governing equations for the compression

envelope curve are described as:

.
E¢, sign(e, —&)+1, . £, &
f;: 10 0.l+ g h2 (-f;'u_fy) l_f
E & su_ ©sh (84)
1+ S8
T{y,
p -1
E ] . 1 T = r
(A S o
Ee 10" 2 Ju— 1, (85)
1+ S _SS
/)
where:
R (87)
su ¥y

26



and,

&, = point of origin of the compression envelope branch

S, = yield stress during compression in steel

&,,= strain hardening strain during compression in steel

/.. = ultimate (maximum) stress during compression in steel

&, = strain at ultimate stress in steel during compression in steel

E_, = tangent modulus at strain hardening

1.2.3.3) Reversal Branches (Rule 3 and Rule 4): The curve which connects a reversal
point on an envelope branch with a target point on the opposite envelope branch is known
as a reversal branch. It is considered that a reversal branch can be exclusively described
by the two extreme points:

a) Maximum excursion into the tension envelope branch (¢, )

b) Maximum excursion into the compression envelope branch (&, )

The type of reversal can be categorized in two cases depending on the position of reversal
point:

a) Reversal from a point within the yield plateau

b) Reversal from a point on the strain hardened curve.
These two cases are considered separately as they are governed by different set of
equations.
The reversal branches can also be divided into two types:

a) Unloading Reversal Branch (Rule 3)

b) Loading Reversal Branch (Rule 4)

27



Rule 3 (Unloading Reversal Branch):

Casel: If the unloading starts at a point (&,, f, ) on the tension envelope curve within the
yield plateau (Fig.9) then following equations are used to calculate intermediate
parameters for unloading. The target strain (&, ) on the compressive envelope branch is

calculated as:

gt; = gz:m + gmin (89)
where,
(90)
gmin = 6‘; + pr(gs_h - gy_)
_ _
& =g —Lo 1)
om o ES
Emae — €, (92)
pr = + +
£y &,
The target slope is calculated by:
E, = 1
1 11 (93)
P T
Es Esh ES

The target stress f,, is the yield stress ( f,) on the compression envelope branch.
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Fig 9 Reversal from rule 1 from with in yield plateau.

Case 2: If the unloading starts at a point (¢, f, ) on the strain hardening curve (Fig.10)

then following equations are used to calculate intermediate parameters for unloading. The

€. 1is calculated in same manner as in equation (90), but it should satisfy the following

min
condition:

(94)

|gmin| > gsh

The shifted origin for the compression envelope branch on strain axis is calculated as:

where:
5 =l e - 96)

s
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S 97)

ot _ Jmax
&y =&, T Enax

om
§

_ P (98)
k.., =exp| ——=——
5000(¢")

with:

k. = A factor used to locate the compression envelope branch between the points &
ande, .

The target strain &, is calculated using Eqn (89).

In this case the target stress f, and target slope £, are calculated from equations (84) and

(85) respectively. The controlling parameters used in the MP equation are shown in

tabular form below:

Parameters Rule 3
+
8413 (c"om +grmx
f;z 3 f max
E a3 E;
Ep3 &
e Ju
E b3 E;

where:

&, = Starting strain of Rule 3

f.,= Starting stress of Rule 3
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E .= Starting slope of Rule 3
&,, = Target strain of Rule 3
J,; = Target stress of Rule 3

E,, = Target slope of Rule 3

800 -
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400
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0.02

0.03

0.01
-200

-400 -

-600

Strain

Fig 10 Reversal from rule 1 after strain hardening

The initial slope E and the Menegotto-Pinto equation parameter R~ are the functions of

the strain amplitude Ag, which is given by:

Ae, =n b (99)
¢ 2

Experiments carried out by Panthaki (1991) have shown that the initial Young’s modulus

at the unloading point can be expressed as:
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E =(1-3A¢))E, (100)
The M-P parameter R was also found to be a function of the yield stress, which can be
expressed as:

1
R‘:16[%}3 (1-10A¢,) (101)
Using these parameters the M-P equation can be used to derive the unloading reversal
curve i.e. the Rule 3. Fig. 10 shows the transition from Rule 1 to Rule 3 obtained from the
numerical simulation of the hysteretic model for steel reinforcing bars.

Rule 4 (Loading Reversal Branch):

Casel: If the reversal crops up from a point (&, , £,") lying within the yield plateau of the

compression envelope branch, the following equations govern the loading reversal curve:

€ in :g;— _go_m (102)

m

The target strain on the tension envelope branch is calculated as:

g = Epp T+ En (103)
where,
Emax =&, + D, (E;,—€)) (104)
. 105
= - "
E,

gmin - ; (106)
="

gsh - gy

The target slope is calculated by:
1

1 11 (107)
- + pr " —_—
E Esh E

s s

+ p—
Eta -
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The target stress f,; is the yield stress f; on the tension envelope branch.

800
600 */.—‘///
Rule 1
Stress
-0.02 0.01 0.02

-600

Strain

Fig 11 Reversal from rule 2 from with in yield plateau.

Case2: If the reversal takes place from a point on the strain hardening curve (Fig. 12)

then the following equations govern the loading reversal curve. The ¢, is calculated in

same manner as in equation (104)

The shifted origin abscissa for the tension envelope branch is calculated as:

+ - + -7+
gom - 841 (1 - krev) + gb krev)
where:
& =& +&, ——fy

a om sh

Es

- A fmin

gb - gom +gmin - E

33

(108)

(109)

(110)



" o (111)
=exXp| ——————
o =P 75000z )

With:

k., = A factor used to locate the tension envelope branch between the points &, andeg, .
The target strain &, is calculated using equation (103).

In this case the target stress f, and target slope E, are calculated from equations (113)

and (114) respectively.
The starting strain, stress, slope and the target strain, stress, slope for Rule 4 are defined

by the following equations:

Parameters Rule 4
ga4 g;m + gm'n
Jas Jain
E, E
Ep4 &
Joa Ja
E b4 E:;

where:

The initial slope E and the Menegotto-Pinto equation parameter R"are the functions of

the strain amplitude Ag, which is given by:

(112)
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Experiments performed by Panthaki (1991) have shown that the initial Young’s modulus
at the point of reversal from the compression envelope branch (loading) can be expressed
as:

E'=(-A¢,))E, (113)
The M-P parameter R was also found to be a function of the yield stress, which can be

expressed as:

R =20[%]3 (1-20A¢,) (114)

s
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Fig 12 Reversal from rule 2 after strain hardening
Using these parameters the M-P equation can be used to derive the loading reversal curve
i.e. the Rule 4. Fig. 12 shows the transition from Rule 2 to Rule 4 obtained from the

numerical simulation of the hysteretic model for steel reinforcing bars.
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Returning Branches (Rule 5 and Rule 6): After complete unloading occurs on the
unloading reversal branch (rule 3), the current branch merges to rule 2 (Fig.9), but if there
is partial unloading then loading returning branch (rule 5) is considered, shown in Fig. 13.
Similarly, if complete loading occurs on the loading reversal branch (rule 4) then
transition from rule 4 to rule 1 takes place (Fig. 11), whereas the partial loading results in
generation of unloading returning branch (rule 6), shown in Fig. 13.

Rule 5 (Loading Returning Branch): As described above the reversal from rule 3 will

define the starting of rule 5, (Fig. 13). The target strain of rule 5 is given by:

g =& +e&,. +Aeg! (115)
where:
Ag, =€, —E,5— A (116)
1.2E,
and
0<ast <l (117)
re 3E

s

The target stress f,.and the target slope E,,can be calculated by using equations (100)
and (101) respectively. The initial Young’s modulus E ,and the M-P parameter R can be

calculated from corresponding rule table by putting:

Ag = s " &as (118)
‘ 2

Fig. 13 represents the transition from rule 3 to rule 5 on partial unloading on rule 3. The

rule 5 is also summarized in tabular form below.

Parameters Rule 5

36



Eus &,
foas /y
E sa,5 S0

Iy
Es Epme T T —ams—l_z‘gs
Sovs S(Eys)
E sb.,5 E; (‘c"sbS)

The graph is generated from the numerical simulation of hysteretic model for steel
reinforcing bars.
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Fig 13 Reversal from rule 3
Rule 6 (Unloading Returning Branch): At the occurrence of a reversal on rule 4, rule 6

will start (Fig. 14). The target strain of rule 6 is given by:
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+Ae, (119)

smin sre

gsb,é = gm +é&

where:

Ags_re = gsa 4= gsa 6 f;y (120)
1.2E,

and

03 Ac >l (121)

The target stress f,  and the target slope £, can be calculated by using the table

described above.

The initial Young’s modulus £, and the M-P parameter R can be calculated from
equation (113) and (114) respectively by putting:

AS _ 8sb,6 _8sa,6 (122)
sa 9

Fig. 14 represents the transition from rule 4 to rule 6 on partial loading on rule 4. The
graph is generated from the numerical simulation of hysteretic model for steel reinforcing

bars.
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Fig 14 Reversal from rule 4

First Transition Branches (Rule 7 and Rule 8): The curve followed after a reversal from
the envelope branch is called as reversal branch, the one followed by a reversal from a
reversal branch is called as returning branch. The curve which is obtained after reversal
from the returning branch is called as the first transition branch. Partial loading on
loading returning branch (rule 5) gives rise to the first transition branch (rule 7), shown in
Fig. 15. Similarly, the partial unloading on the unloading returning branch (rule 6) gives
rise to the first transition branch (rule 8), shown in Fig. 16.

Rule 7 (First Transition Branch): In case of reversal from rule 5, when partial loading is
done on rule 5, rule 7 will follow from that point onwards, rule 7 will target the starting
point of rule 5, which is also the reversal from rule 3. The vital parameters are shown in

tabular form.
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Parameters Rule 7
&7 &
Soa .
E sa,7 S0
Epa S5
fsb,4 fsa,s
E,, E ;(&,5)

where, E ,(s,5) is the tangential modulus calculated on rule 3 corresponding to the
strain ¢,,;. The Menegotto Pinto equation can then be used to connect these two points.

Fig. 15 represents the generation of rule 7 after reversal from rule 5 in the case of partial
loading. This graph is generated from the numerical simulation of hysteretic model for
steel reinforcing bars. In the case of complete loading on loading returning branch (rule

5), the transition from rule 5 to rule 1 takes place.
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Fig 15 Reversal from rule 5

0.04

Rule 8 (First Transition Branch): In case of reversal from rule 6, when partial unloading

is done on rule 6, the first transition branch (rule 8) will start from this point, which will

target starting of rule 6. The vital parameters are summarized in tabular form below:

Parameters Rule 8
2 g,
Sias fo
Es E,
€ s Euat
Jovs s
E,q E, ,(.5)
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The target stress f,, and the target slope E|,, are calculated from table. Fig. 16

represents the generation of rule 8 after reversal from rule 6 in the case of partial
unloading. This graph is generated from the numerical simulation of hysteretic model for

steel reinforcing bars.

800 7 Rule 1
(€sb.8, f3.8) Rule 4 1
N 600 ]
Rule 4 400 -
200
¢
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-0.04 .03 / -0.0 \ -0.01 0.01
Rule 8 Rule 6
-
(8 sa ,7, fsa,7)
Strain

Fig 16 Reversal from rule 6

Second Transition Branches (Rule 9 and Rule 10): Partial unloading on rule 7 gives rise
to the second transition branch (rule 9), shown in Fig. 17, whereas the complete
unloading on rule 7 results in transition from rule 7 to rule 3 (Fig. 17). Similarly, the
partial loading on rule 8 gives rise to the second transition branch (rule 10), shown in
Fig.18, whereas the complete loading on rule 8 results in transition from rule 8 to rule 4
(Fig. 18).

Rule 9 (Second Transition Branch): In case of reversal from rule 7, when partial

unloading is done on rule 7,rule 9 will follow from that point onwards. The curve that
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follows a reversal from rule 7 is called as the second transition curve (rule 9) whose
target point is defined as:
(123)

Epo =€

sa,7

The target stress f|, ,and the target slope E, , are calculated on rule 5. Fig. 17 represents

the generation of rule 9 after reversal from rule 7 in the case of partial unloading. The

vital parameters required for rule 9 are summarized in tabular form below.

Parameters Rule 8
S &,
Jas o
E E,
Evo Ear
Jono S
Esb,9 Esa,7 (gsa7)

This graph is generated from the numerical simulation of hysteretic model for steel

reinforcing bars.

Rule 10 (Second Transition Branch): In case of reversal from rule 8, when partial loading
is done on rule 8, rule 8 will follow from that point onwards. The curve that follows a
reversal from rule 8 is called as the second transition curve (rule 10) whose target point is

defined as:
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Ep10 = €sag

(124)

The target stress f,,,,and the target slope £, , are calculated on the rule 6. Fig.18.

represents the generation of rule 10 after reversal from rule 8 in the case of partial loading.

This graph is generated from the numerical simulation of hysteretic model for steel

reinforcing bars.

The below figure also summarizes a schematic representation of all the possible rules and

their combinations. The variables required for the rules are also summarized in the

tabular form below.

f
g 1 |
4 1
1
5
8 6
10 _
10 Es
8
4 6 2
6
2 2
3
Fig 19 Schematic representation of the constitutive steel laws
Rule number
Parameter
3 4 5 6 7 8 9 10
gsaﬁ gxr gsr gsr gsr gxr gsr gxr gsr
f;ai ﬂr ﬂr ﬂr ﬂr f&‘i fsr ﬂr fsr
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E sai E.;J Ev:) Evt) Ev;) E.;J E; E; E;a

gsrmx + g:o gsmin + 8;0
_ + +gsa3 _6;175 +6t¥a4 _(c’:va6

gsbi (C"Smm + gso gsrmx + gso gsaS gsa6 8&47 gsaS

AT
12E, 12E,
S SEw) | fi(Ew) JACH) S(Es) Sas Jas S Sas
E‘sbi Ey (gsbS) Ev ((C’st4) E.‘S‘ ((C’rsbS ) Ey ($Sb6) Esa,S ((C’rsaS ) Em,ﬁ ((C’Tsaé) E.‘sa] (gszﬂ ) E.‘sa,8 ((c’:vaS )

1.3 CFRP laminates

The stress and strain behaviour of CFRP laminates was assumed to be linear. In the femix

to simulate the behaviour, they were assumed to as a linear isotropic material. The figure

show the behaviour of the CFRP laminates.
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Fig 20 Stress strain relation for linear Isotropic material
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2. TIMOSHENKO BEAM THEORY

The current section describes in detail the Timoshenko theory which is applied to each
and every fiber element. This theory assumes first-order shear deformation effects in
addition to the classical beam theory. In this model CS remain plane and rotate about the
neutral axis, but do not remain perpendicular to the deformed longitudinal axis.
Transverse shear which remain constant over the cross section accounts for the deviation
from perpendicularity of the cross-section with respect to longitudinal axis. The
Timoshenko beam theory with finite element formulation is described in detail under the

following sections.

2.1 Coordinate Systems
From the analysis and computational point of view, it is not only necessary but important
also, to define two coordinate systems, Local and Global coordinate system. The Local
coordinate system is used as an intermediate step before the final analysis, which is
always performed in Global coordinate system. The relation between the two types of
coordinate system is derived later in this section.
2.1.1 Global Coordinate System (GCS)

Global coordinate axis is the only coordinate system which is immobile. For
every element its position is fixed, whatever may be the dimension, location and

orientation of the element. The GCS axes are represented by g,, g, and g,, respectively,

as shown in Figure 1, which also shows the unit vectors (f ;) and global displacements

(u? and 6F ), wherei=1,2and3

2.1.2 Local Coordinate System (LCS)
The Local coordinate system is established for each element in order to define the

entities related to the element. The LCS is represented by /,, /, and [, respectively, with

direction of /, always tangential to the beam axis (Figure 2).
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Fig 21 Local coordinate system (LCS) of the element

The transformation from one coordinate system to other i.e. from LCS to GCS and vice-
versa is derived here. Consider a typical element (Figure 3) randomly located in GCS
with the assumed LCS shown, assumed to have natural coordinate (s,) which stretches
from -1 to +1 along the axis. Moreover it is assumed that one of local coordinate axis
direction is always concurrent to the axis of the beam; therefore the direction of the
tangential axis is derivative of the curvilinear axis. It is to be noted that all the point on
the axis of the element can be expressed in terms of curvilinear coordinate system.

The vector /, is tangent to the curvilinear axis s,, so the derivative of the global

coordinates with respect to s, will generate a vector in direction of /,. Thus,

T
o= |90 O (125)
- Os, Os, Os,
o .

I :H = [ Ly 1, I ] (126)

The unit vector in the direction of /, axis can be determined in the following way. If the

direction of [ coincide with i, , then unit vector in the direction of /, can be assumed

as

>

(127)

St
Il
~
N
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Otherwise it can be derived by cross product of £, with /,,

I =i i, (128)

In analogous way, Z; can be generated by the cross product of above two local axes,

~

L=1xI, (129)

These generated vector directions can be used to generate the transformation matrix, to

transform the variables from local coordinate system to global coordinate system. If l;

and f3 are represented by the following components,

iz = [ l12 lzz 123 ]T (130)
iz. = [ 113 123 133 ]T (131)
_ Al 111 112 113
T® = Li=|h Ly Iy (132)

2.2 Displacement Field
Any point on the element can have three translational and three rotational displacements.

So the displacement field comprises of six components. The displacement field in the
LCS and GCS can be represented by U’ and U#, respectively, with the following

components:
U'=[u u o 6 6 6] (133)

Ut = [ufouf ufoor 6 6f] (134)

The displacement field from LCS to GCS can be transformed by the use of

transformation matrix.
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U =1
(6x1) (6x6)(6x1) (135)

g fg 0
T = _ (136)
0 T°

The theory derived here considers the feasibility of shear centre do not coincide with the

centre of gravity of the CS. Consider that G represents the centre of gravity (origin of the
local coordinate system) and C represents the shear centre, with x, and xi as the
coordinates in the direction of [/, and [/, with respect to centre of gravity. Hence

translational displacements of any point in the cross section (in LCS) can be written as

(see Figure 4)
ul (x], x5, x}) =u (x)+x160(x))—x,0 (x)) (137)
(X, Xy, X5) =y (x) = (= x5,) 6/ (x)) (138)
wy(xy, X5, x3) = s () + (% —x,,) 6 (%) (139)

Fig 21 - Generalized displacement field for TB.
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When shear centre coincides with the centre of gravity the equation 10 reduces to

ul(x, xh, xb) = ul (x))+ X505 (x)) — X301 (x!) (140)
uh(x), xj, X)) =us(x))—x; 6 (x)) (141)
uy(x), x5, x3) = uy(x)+x; 6 (x)) (142)

2.3 Strain components
The strains in the cross section of an element can be calculated using the equations 140-

142 in the following way

J ox,| a7 oxd
1
ou,  oul oul 00
gl L] (O] g P 0199 143
4 7’112 ol o 3 ox! (6 = x5, o’ (143)
gt ! 1 1 !
LGS - S
ox; Ox, ox, ox,
Equations (143) can be transformed in the following format
ox!
/ !
& g0, 2%
X, ox,
ous 06!
! 100 0 x —x]|Z+0-62
, . ox, Oox,
o =101 0 =x; 0 O o0 (144)
7l 001 x 0 0 —r
ox,
o0
ox,|
o0l
i Ox| |

or,
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=

g 1000x§—x2_1
yit=1010 —x 0 o0 i", =RE' (145)
7l 001 x, 0 01
&
or even
&'=Re’ (146)
where
_, ou
e (147)
1
is the axial strain,
ou, ., 06
ErRCe
—I 1 1
g = o o0 (148)
L0022
ox, ox,
are the shear strain components,
_, 00
z :g (149)
1
is the torsional strain and
o0,
_ | ox
& = 00 (150)
v
ox,|

are the flexural strain components.
2.4 Stress and Resultant stresses components
The stress vector in correspondence to the strain vector (eqn. 150) has the following

format:

Q:[Ull 71]2 71/3]T (151)

whose components are represented in figure 21.
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Fig 21 - Stress components

2.4.1 Constitutive equation

Assuming

! l

gy =&y =-ve and yi, =0 (152)

The constitutive relation for the 3D Timoshenko beam is

2'1]2 =10 G O 7112 (153)
or

a=Dg (154)
where E is the longitudinal elasticity modulus of the material and G is the transversal
elasticity modulus given by

G-—L
2(1+v)

(155)

2.4.2 Resultant stresses
Since the 3D Timoshenko Beam has six degrees of freedom at each node, the internal

forces are composed of three force and three moment components.
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g =[N v vl M M oM (156)
where N/, V}, V} and M|, M), M, are forces and momentsin /,, /, and /,

directions respectively, which are obtained from the following relationships:

N! = { oldA (157)
Vi =zl (158)
y
vy = {n@dfl (159)
M| = J.(—szxé +—71,x))dA (160)
y
M; =£01’X§df1 (161)
M] = —EGfXQdA (162)

where N/ is the axial force, V] is the shear force in /, direction, V; is the shear force in
I, direction, M, is the torsion moment, M} is the bending moment in /, direction and
M. is the bending moment in /; direction.

These relations can be arranged in matrix, getting the following format,

N/ 1 0 0]
v, 0 1 0
vy 0 0 1
:l — 3 — z_l dA (163)
w0 2|7
3
M, X, 0 0"
(M| | 0 0
or
o =IBTQldA (164)
A
Introducing (20b) into (33) and taking into account (13c) results:
—/ T ! T =/
&' =[R"Ds'dA = [ R" DRe'dA (165)
A A
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J— A

o=Dg' (166)
where
[ E 0 0 0 XE  —XE]
0 G, 0 -XG, 0 0
~ 0 0 G, 'G 0 0
D=[R"DRdA = | AR dA (167)
4 0 -G, 565 G,(x) +G5(x) 0 0
YE 0 0 0 E(x)’ —xix)E
_—xéE 0 0 0 —xéxéE (x;)2 E_

Since the material is homogenous, isotropic and moreover with one of the CS principal
axis coinciding with the local coordinate axis associated to a given cross section, the

following equations should hold,

[Exlda=E[xld1=0 (i=2,3) (168)
A A
[Gxlda=G[xlda=0 (i=2,3) (169)
A A
[ Ex\xida = E[ xixida =0 (170)
A A
JECY dd=E[ oy ad =1, a7
A A
[ECy da=E[(dy da=EL, (72)
A A
j [Gy(x)? + G (x)?1dA=G j [(x})? +(x})?1dA = EIL (173)
A A
[ Eda=EA (174)
A
.[Glsz =a,,GA =G4 (175)
A
[Grdd=a,Ga=GA; (176)
A

* £ . . .
where 4, and A are the reduced areas in /, and /, direction.
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therefore, for a section of homogenous and isotropic materials having a CS principal axis
coincident with the CS local coordinate system, the resultant stresses are obtained for the

following relationship:

ou,
ol
: 12 g 2
N} EA 0 0 0 0 0] ox x|
V) 0 G4 0 0 0 0 |lou d_d a6,
v 0 0 G4 0o 0 0 [ 7 Fa
M| ]o o o GI 0 o0 06 (77)
M, 0 0 0 0 EIL 0 ox,
My [0 0O 0O 0 0 EIL| 00!
ol
06,
R

2.5 Finite Element Formulation
The internal virtual work of a volume V, of a 3D TB element is obtained from the

following relation:

oW, = j (5‘9110-1] +571]27112 +571]37113)dV(8)
V(f)
W, = | 8y g'dv

V(f)

= [ o) R"De'dv
V(L’)

= [ 8" R DRE'aV
Jo (179)

= [ 6" ( | R'DRAA)E'dL
JiG) A©

(178)

= [ 8"y De'dL

7

The global coordinates of any point of a finite element can be obtained from the
coordinates of the nodes of that element and using the shape functions of the

element NV, (s,) . For a n noded finite element, n shape functions will be used to interpolate

the coordinates of a generic point at natural coordinate position s, :
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xX(s) =D N, (s)x¢ (180)
i=1
where n is the number of nodes per element. For a three noded finite element (180) can

have the following format:

X N,(s,) 0 0 . N(s) 0 0 x5
x5 ((s)=| O N,(s)) 0 0 N,(s,) 0 x5

(181)
x5 0 0 N,(s) ... 0 0 N,(s)) || x5,

where x; is the cartesian coordinate of node i in the x; and X £ is the vector of the

coordinates in the global reference of the nodes of the finite elements.

N, (s)

x4(s)=| N, (s)|X* (182)
N, (s)

)_Cg(sl) :Nx(éﬁ)lg (183)

2.6 Nodal Displacements

If the nodal displacements are known then the displacements of any point at interior of
the element can be calculated using the element shape function in a similar procedure
such as the one described in previous section. Adopting an isoparametric formulation, the
shape function used for coordinate interpolation can be used for the displacement
interpolation. If a finite element of n node is considered, the coordinates of a point at

natural coordinate position s, is obtained from the following relationship:
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- e

llll
g
“21
g
31
ag

g 11

“ Nsp) 0 0 0 0 0 N,Gsp) 0 0 0 0 o | g2

uf 0 NG 0 0 0 0 0 Nysp) 0 0 0 0 9%;

uf =] © 0 NGy 0 0 0 0 0 N,Gsp) 0 0 0 3 (154)

glg 1 0 0 0 Ni(s) O 0 0 0 0 N,(sp) O 0 <

0 0 0 0 0 NG 0 .. 0 0 0 0 N,(s) © i

08 0 0 0 0 0 N(sp) .. O 0 0 0 0 N,(spJ| “2n

3 uj?qn
O
g
92}1
g
_03n_

where u? and 67 are the displacement and rotation of node i in the x, and,
T
e _ |8 48 g g P8 g
Uu, = ':uln uy, us, 605 05 ‘93n:| (185)

is the vector of the displacement components at n™ node number in the global coordinate
system.
2.7 Matrices relating strains and displacements

Section 2.3 showed that strains can be obtained deriving the displacement field, therefore
the strain components at natural coordinate position s, of the vector ' can be obtained

from:

£'(5) = B.(s)U} (186)

WhereU kl is the displacement vector for k™ node (k = 1 to n) in the local coordinate

system,

T
Ukl = [”fk wy Uy O, O, 0311{} (187)

and the strain-displacement matrix ( B, ) is given by
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_M 0 0 0 0 0 ]
dx;|
o W) o)y,
'xl xl
0 0 de(lS]) . de(lsl) N, (s)) 0
dx; dx, (188)
Ek(sl):
dN, (s,)
0 0 0 # 0 0
1
0 0 0 0 % 0
X
0 0 0 0 0 dNA—(ISI)
dx; |

Since the displacements of the nodes of the structure are obtained in the global coordinate
system, the displacement of the nodes for each finite element need to be transformed to

the local coordinate system of the element:

2'(5)= Y Bu(s)[ T%(s) Ut

., (189)
:ng(sl)glf
or 7
EI(SI) = E(Sl) T (_]g (190)
(scx1) (scxt) (txt) (tx1)

Al . .
where B(s,)and T ® are extended to the element, U*? is the vector of the displacements of

the element nodes, sc is the total strain components of the element and 7 is the total
number of degrees of freedom per element.

2.7.1 Calculation of Jacobian
To evaluate dN, (s,) / dx| of B, the chain derivative rule is applied:

dx]  ds, dx (191)
W a1 192
dx] ds, J (192)
where J is Jacobian, which is derived in the following section.
Since,
dx, (s,) = \/(abclg)2 +(dx$)’ +(dxf)’ (193)
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therefore

! g\’ g\’ g\
dx; _ dx; N dx; N dx; (194)
ds, ds, ds, ds,
The Jacobian for one dimensional TB element with three nodes is given by:
o af(av, Y (an, Y (av, V)
T3NS | | S |+ S (19)
ds, =\ ds, ds, ds,

l
dx,

ds,

=J (196)

2.8 Stiffness matrix
The virtual work can also be written as,

ow, =[s(E") D'e'dL
L

= [o[u] [r*]B"D'BT U*dL (197)
L

Converting the integration for the natural coordinate the expression yields:

W =5[Qg]T+f[z‘g]T B'D'BT"Jds U* (198)

int - —

-1

Hence the stiffness matrix can be written as
+1
K=[[1"] B"D'BT*Jas (199)
-1

By using the Gauss Legendre integration the stiffness coefficient can be derived as

N, (e)

K= ([r*] B"D'BIT") siw, (200)

p=l

2.9 Equilibrium equations and external loads
In each structure node is regarded as a small connector to which elements are attached,
and it is argued that assembly of elements and load terms generate a set of equations
stating that each node is in equilibrium. Loads applied to a node come from element
deformation, from initial stress in elements, from external loads etc. In general the
following loading type can act on a structure

1. Point loads;
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Internal point loads;
Loads distributed per unit length of the finite element;

Gravity loads;

A

Prescribed loads.

2.10.1 Point loads

When concentrated point loads act directly on the discrete nodes of an element, the loads

are directly lumped to the load vector without any changes in the corresponding direction.
If the external load acting in GCS at n" node is given by 0.°,

0f=[F F¢ F Mg Mf MP] (201)
The Q,° is directly lumped to the global load vector Q¢ corresponding to its nodal
degrees of freedom.
2.10.2 Internal point loads
Consider that a point load is applied in between two nodes which is well defined in global
coordinate axes, the point of action is A. The load vector at point A in GCS is shown in

figure 5 and given by:

&3

&>

&

Fig 21 Internal point load in between nodes.
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T
Qi=[F* Ff Ff M{ M§ M| (202)
The load vector acting at point A is converted to the equivalent global load vector applied
at defined nodal points of the element. By using the virtual work principle the force

contribution at any node m can be calculated as:

F;Ouy, FS ouy,
F.6u;, FY, ouy,
F2 ou? FéE oué
3m 3m — 34 Nm (Sl A) 3m (203)
M:,66;, M¢, T 885,
where
SUS =[ouf, ous, oui, 505, 605, 005, (204)

oU# is virtual displacement vector for node m in the GCS. After canceling the nodal

displacements from both sides the equation reduces to

R Ft
F, R,
g g
A’Z =N, (5.) A’; (205)
M, s,
Mz, Mz,
Qi =N, (54 )Qi (206)

The above method to find the equivalent force at nodes can be compared to the
interpolation of the coordinates by using nodal coordinates and shape functions.

2.10.3 Gravity loads

The calculation of the equivalent nodal load vector due to the gravity load vector is
derived in this section. It is important that no moments are generated due to such body
forces. Consider that the generated loads in the GCS for a small part of element (dV) is

given by
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er?gJ g
dOs, b= pl gt tdv (207)
dngﬁ g5

where g, g5 and g5 are accelerations in the direction x{, x§ and x§ respectively,

and p is mass per unit volume. By using the virtual work principle, the work done at m™

node is given by (in LCS):

(E’Véi) [ N,6U, pg' AdL (208)

m L( e)

Converting the accelerations in GCS,

] —I —lg g
(EMQ ) = (f) N,oU, T pAg-dL (209)
ke

Since both sides include same nodal displacements, so the expression can be reduced to

force equation

l g
Fy,= [ N,T" pg‘4dL . (210)
L(L’)

The integration can be performed by Gauss Legendre integral technique and expression
reduces to

%{N F J} . 211)

p=l

2.10.4 Distributed load applied along the element axis
The possible ways of distribution of forces for a 3D Timoshenko beam is shown in the

figure 6. Consider a case of force distribution for any element given by the force vector
q;fk in local coordinate axis with g = f representing force and g =m representing

moments. The force equations for a small element dL can be written as —

L () =N () £+ No(sy) £+ Ns(si) 11y
S (s)=N () 15+ N () 115+ Ns(s) 115
S =Nl FE 4 Nalsi) Fo 4 V) i o)
mzl(sl)z 1(sl) ‘1+N(sl)mL2+N(sl)mL3
my? (s,)=N, (s, )+ N (s, )71, + Ny, ),
mi-*(sl):Nl(sl)mL;I+N2(s1)mL"-2+N3(s1)mL‘;3

In condensed form eqn. (212) can be summarized as

62



¢ (s)=NG)[d, | 213)

Fig 6 - Distribution of force on 3D Timoshenko frame element.

where in the condensed equation

— 7t i i — — — -0 i -t — ¢ — -t 7 . — ¢ —s |7
— 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 .
QL - [fL,l L i My, mpy g L2 fL.2 L2 My, My M, L3 vy Jy My My mL.J] (2 1 4)

and the shape function matrix is given by
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NN O 0O 0 0 0.NyO O 0 0 0
0N O 0 0 0..0N;,0 0O 0 0

No| 0 OM 00 0.0 0N 000 215)
00 0N 0 0..0 0 0Ny 0 0
00 0 0N O0O..0 0 0 0N; O
L0 0 0 0 0N ..0 0 0 0 0 Ny,

As already mentioned that the equations are derived for a small element, hence they must
be integrated over the length to get the equivalent nodal forces. Applying the virtual work

principle and integrating the work done:

dQ' (s,)=q,(s)dL . (216)
0;(s)= J | [NGs)] gfdL . 217)
The forces should be converted toL the GCS by using the following equation of
transformation
2 e a
9. (Sl):[z ] q,(s)) (218)
The integration of equation (218) can be performed by Gauss Legendre integration
technique.
N, . ,
Qi=2{[ﬁ] %] gILJ}pWP (219)

p=l K

The generated forces by the equation (219) are represented in the Figure 8 shown below.

83
%mm

83

&>
8

Fig 22 Equivalent force representation at the nodes
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3. FIBER MODEL

3.1 Introduction-

A fiber element is designed to model the 3D RC components in the RC structures. Its
cross-section can be edited in a divided fibrous form according to the real distribution of
steel and concrete in the axial direction. The section during the forced state is assumed to
keep a plane, and the average strain and average stress in each cell of the section obey the
corresponding constitutive relationship of concrete or steel materials or linear isotropic
materials(CFRP laminates). The force and moment acting on the section are obtained by
integrating on the section as described in the current section. The section is then reduced
to a point on the fiber element, which can be treated as a frame beam element in the
analysis of complete structure. Timoshenko Beam theory is used to consider shear
deformation which is assumed to be constant in this research, which can also be
improved at later stage. The geometrical nonlinear can also be taken into consideration.
The Gauss point values are considered in femix for integration of the fibrous element
properties. The gauss point refers to the representing point of function for gauss
numerical integral. When the element stiffness matrix is formed, the gauss point values
with gauss parameters are used instead of the complicated integrating computation. The
element internal forces at gauss points can be calculated easily too after global equations

are solved.

3.2. Non-linear analysis of Timoshenko frame element
The finite element equilibrium equations derived for static analysis was
KU =R (220)

The equation correspond to the linear analysis of a structural problem because the
displacement (U) is a linear function of the applied load vector (R); i.e., if the loads are
aR instead of R, where a is a constant, the corresponding displacements are aU. When
this is not the case a nonlinear analysis is performed.

Below a computationally efficient method of analysis of reinforced concrete

beams and columns is presented. According to this method any element is divided in
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longitudinal fibers (steel and concrete fibers), and the relation for section force-
deformation is derived from stress strain relation of the fibers. The fibers are considered
to follow the Timoshenko beam theory presented before. Using fiber, the deformation at
their specific locations is calculated and integrated over whole section for the derivation
of stiffness matrix. The use of a longitudinal fiber model for the simulation of the non-
linear behavior of structures has some advantages. The solution of the system of
equations of for non-linear analysis was generated by the application of Newton-Raphson,
described later. The algorithm of the implementation of the fibrous model is also

described later.

3.3 Stiffness Matrix

The element (e) section is discretized in finite elements (fibers) which follow
Timoshenko beam theory, the stiffness matrix for Timoshenko frame element is already
derived in section 2.6. The stiffness matrix of every element K, is the sum of the
stiffness of the fibers (the concrete fibers and steel fibers) of the element. As the stiffness
of the element is depending on the stiffness of fibers, the fibers performance depends on
the type (steel and concrete) of fiber and the position of fiber w.r.t. neutral axis of
element. The stiffness matrixes for steel and concrete fibers are tangent matrix derived
from the corresponding non-linear constitutive laws. Moreover the strain in each fiber
will be different, so the contribution of stiffness to the element stiffness matrix will also

vary. The figure 23 and 24 represents the discretization of frame element in fibrous form.
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Fig 23 Discretization of an element into longitudinal fibers.

The relation for the incremental stress and incremental strain considered was
Ao = D;Ae (221)
Here D, corresponds to the constitutive tangent stiffness matrix.
The calculation of the stiffness matrix can be summarized in the following steps —
e Evaluation of the generalized displacements (U), at the integration points (Gauss
points) for the 3D element,
e Calculation of the deformations (&) at each Gauss points of the finite elements
(cells) of the discretized section,
e Calculation of the tangent stiffness matrix (D, ) at the level of each Gauss point
of the section, using the constitutive relations of the material of fiber,

e Calculation of the stiffness matrix for the element (e) (it is sum of the stiffness

matrix of all the concrete fibers and steel fibers).
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Fig 24 Discretization of an element and fiber behavior.

At the level of each 3D element

IS
[

At the level of each section -

|
S}

3.3.1 Contribution of the stiffness from the concrete

In the linear analysis the effect of the axial force on the bending moment was neglected
and similarly the effect of the shear force on the torsion was also neglected, which can
also be seen from the equation derived in the linear analysis of Timoshenko frame

element. The equations were derived by the use of virtual work principle for the stiffness
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matrix for axial, shear, bending and torsion, but the contribution or the effect of any

component on the other was neglected.

For the nonlinear analysis the axial force is considered to have effect on the

bending moment and similarly the shear force to have on torsion as shown below

K, =[1"B/D,B,[T"] dL.

1

K, =[1"B"D,B,[T"] dL.

)i

K\ =[r"B'D,B[T*] dL.

—st—=t | —

7

sz(e) _ J’ Zzlgﬁlejngljs [Tglg ]T dL .
i

The subscripts used above represent

a = parameters related to axial,

b = parameters related to bending,

t = parameters related to torsion and

s = parameters related to shear.

By applying the numerical integration method of
submatrices of stiffness can be found as shown below —

Sub-matrix associated to the axial deformation —

KS= NZ (ngf_?fl:)acl_?a [z J) W

a p
p=l1 slp

ab,i

~ NGSCCI
¢ _ ¢
D= 2, Dyyidoy,
i=1

Where superscript ¢ stands for parameters related to concrete, NG,

(222)

(223)

(224)

(225)

Gauss-Legendre, the

(226)

(227)

represents

cCcl

the number of Gauss points in the finite element, 4., the area corresponding to the

Gauss point and the longitudinal tangential elasticity at the level of i™ Gauss point

by D;b,i .

Sub-matrix associated to the bending deformation

69



R . TAC e " (228)
k=3[0 8 D[] ) W

> p
p=1 slp
Ac Ac NG c 229
Pe = Dbll Db12 R abz('x3z) AGPz Dabz'x21x3zAGPi (229)
=b c c - c
Db 21 Db 2 _Dab1x2t‘x31AGP,i _ab,(le) AGP:

Where x, and x;, are the local coordinates of the gauss point of the finite

element w.r.t. the centroid of the section of the corresponding finite element.

Sub-matrix associated to the axial-bending interrelation

Ny . r (230)
K= (28 DB L] ) W,
p=1 slp
A . NOser - (231)
Q |:Dab11 Dab 21:| Z |:Dabt‘x3tAGP,i Dabt‘xZIAGPt:|
i=1
Sub-matrix associated to the bending- axial interrelation
Ny . T (232)
]—<bac = Z (Zblgﬁle—)baCBa [Zalg} J) Wp
p=l P
A c c 2
De _lina,11:|_ Z { Dab1x3zAGPi } (233)
=ba T | A - c
Dba 21 Dabt‘xZIAGPt
Sub-matrix associated to the shear deformation
Ny . T (234)
K= (ngﬁfz_)fﬁs N ) w,
p=l .\'1')
c c c * 2
bL’ [an Ds 12}_ Z [DSMA GP,i 0 } ( 35)
B D;,, DZ 2 = 0 DjttA*GP,i
Where Dj,; is the shear modulus of the concrete.
Sub-matrix associated to the torsional deformation
Nl R r (236)
k=3 (ciepa[r ] s)
p=1 slp
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N, (237)

i=1

Sub-matrix associated to the shear- torsion interrelation

Ny R r (238)
Ko =2(ro e os[r] ) w,
p=1 Slp
D¢ = l—)gr,ll _ R _l—)jt,ix;,iAGP,i (239)
st T ~ c - ~ c
D, i=1 l—)st,ixé,iAGP,i
Sub-matrix associated to the torsion-shear interrelation
Ny R T (240)
KS=2(zeB D[] ) W,
p=l s!
NG (241)

sect
Ae | Ae e _ e / A¢ !
D = |:D l_)m,zl} = Z I:_D X3 Agp; D ‘x2,iAGP,z:|

=511 = ts,i = ts,i

The number of Gauss points of associated to the integration of the sub-matrices of axial,

bending, axial-bending and bending-axial are same and equal to N:b . Similar 1s the case

for the number of Gauss points associated to the integration of the sub-matrices of shear,
torsion, shear-torsion and torsion-shear which is equal to N;".

3.3.2 Contribution of the stiffness from the steel

The sub-matrices for the steel are derived below, which are similar to the concrete sub-
matrices. The point to be noted is that the number of Gauss point used for calculation of
stiffness matrix (K“) of concrete should be used for calculation of stiffness matrix (K*)

steel also.

By knowing the location and the number of the steel fibers, and using the Gauss-
Legendre integration technique the sub-matrices can be found in the following manner as
described below —

Sub-matrix associated to the axial deformation
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(242)

(243)

Z abn S,n

Where NS is the number of steel fibers in the section, A4, is the area associated with n

steel fiber and D°, , is tangential modulus of elasticity for the n" steel fiber.

n

Sub-matrix associated to the bending deformation

N - (244)
K, = z (Zb B, D,’B, |:Zb :| J) Wp
p=l sP
As s ‘ 24
l’js _ Qb,ll Db 12 %jr ab n(x3 n) As n Dab nx2 n‘xé nAs n ( 5)
=b ) s o s
D, l—)b,22 =l Dab nxz,nxa,iAs,n D, (x; n) A,

Where xé,n and x;, are the local coordinates of the steel fiber w.r.t. the centre of
gravity in /, and /, direction.

Sub-matrix associated to the axial-bending interrelation

N . . (246)
1—<abS = Z (Zalgl—;aTl—)abxl—;b |:Zhlg:| J) Wp
p=l sf
.o . s (247)
Qab = |:Qab,11 Qab,21:| Z[Dab n‘x3 nAs n b, nx2 nAs n:|
i=1
Sub-matrix associated to the bending- axial interrelation
Nl R r (248)
K= (1B DB [L] ) W,
p=1 sf
bx {Dl&)a 11 :| Z|: D;b n'x3 nAv n ] (249)
= ba K - K
DbaZl i=l Dabn ZnAsn

3.4 Internal forces
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The nodal forces are equivalents to the stresses in the finite elements (fibers) and have to

be calculated from the constitutive stress strain relations. The procedure is identical to the

calculation of the stiffness matrix. The internal forces in the element ( f f::) is the

contribution from stresses of steel fibers f Sim and stresses in the concrete fibers f Cim .

For the calculation of these internal forces in each element, the following procedure can
be used effectively —
e Evaluation of the generalized displacements (U), at the integration points (Gauss
points) for the 3D element,
e C(Calculation of the deformations (&) at each Gauss points of the finite elements
(cells) of the discretized section,
e C(Calculation of the stresses (o ) at the level of each Gauss point of the finite
element of section, using the constitutive relations of the material for fiber,
e Integration throughout the section will result in the resultant forces ( /) acting on
the section,

e Calculation of the internal forces (f f:t)) of each 3D element( from stresses of

steel fibers f Sim and stresses in the concrete fibers f Cm ).

At the level of each 3D element U (e)

“_int

At the level of each section

Systemic way for getting the internal forces
3.4.1 Contribution of the Internal forces from the concrete
The contribution of nodal forces from concrete can be calculated by the Gauss-Legendre
integration technique by integrating over whole section. The general expressions used are

described below —
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e Nodal forces corresponding to axial deformation of the finite elements,
equivalent to the tension in the element
Ny (250)
f = Z (Z“IgBaTNcJ) WP

“_int,a
p=1 sf

NG (251)

Where o, is the normal stress in the concrete at the i Gauss point of the section.

e Nodal forces corresponding to bending deformation of the finite elements,

equivalent to bending stresses in the element

. Ny - (252)
Zinl,h - Z (Zb Bb MCJ) Wp
p=1 slp
M = Rt Uzb,ixé,iAGP,i (253)
= _O-sz,i'xé,iAGP,i

e Nodal forces corresponding to shear deformation of the finite elements,

equivalent to shear stresses in the element

Cwe (254)
zint,s - Zl (Z‘3 Bg QCJ) Wp
p= slp
o ¥ [ 259
= Tlcz,iA GP,i

Where 7;,, and 75, are the tangential stress in the concrete at the i Gauss point of the
section in the direction of /, and /; respectively.

e Nodal forces corresponding to torsional deformation of the finite elements,

equivalent to the torsional stresses in the element

o (256)
Lo =2 (T8I W,

p=1 s
NG (257)

_ c 1 c 1
I = Z —T13, %3, Agp; + Ti3, %, Agp,

c
i=1

3.4.2 Contribution of the Internal forces from the Steel
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The contribution of nodal forces from steel fibers [ Sim to element ( f f::) can be

calculated as described below —
e Nodal forces corresponding to axial deformation of the steel fibers, equivalent

to the normal stress in the steel fiber —
Ny (258)
=Y (LEB/NJ) W,

P
p=1 s

NS 259
Ns = Zo-:b,nAs,n ( )
i=1

Where o, , is the normal stress in the n" steel fiber.

n

e Nodal forces corresponding to bending deformation of the steel fibers,

equivalent to bending stresses in the element

R (260)
Lo :Z(Z.f B, MXJ) w,
p= sP
M zf O-:b,n'xé,nAs,n (261)
- i=1 _O-;b,nxé,nAv,n

3.5 Nonlinear Analysis Algorithm — Newton Raphson Method

The response calculation is carried out using a step-by-step increment of load till it
reaches the maximum load. The widely used iteration methods in finite element method
are based on the classical Newton-Raphson technique. In the present work the method of
Newton-Raphson incremental-iterative method is used.

In the non-linear solution algorithm a set of linear matrix relations are iterated till
convergence is reached. Theoretically it reaches when the applied loads are perfectly
balanced by the internal resisting forces of the elements. Numerically, however, such
perfect situation is impossible or computationally very expensive to attain. Hence in such
algorithm, it is considered that the convergence is reached when some control parameters,
such as unbalanced forces, are smaller than a specified threshold or tolerance. The

convergence criteria can be based on the displacement, force or energy.
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The decisive factor used here in computational code is of convergence in terms of forces.
It is considered that for a k™ load increment and i™ iteration, the norm of the residual
force i.e., the difference between the external forces and the internal forces of this
iteration, and norm taken to the exterior forces of this increment; should be lesser than the

specified tolerance ¢.

r—ik :iext,k _zint,ki (262)
o (263)
‘ iext,k Zint,k
<t
—ext k

3.6 Algorithm
Increment of load steps (k= 1 to m)

e If m is the total no of increment in load steps and f ..., Tepresents k™ increment

of external load value, with 52 and gi representing the initial residual and

initial displacement. Applying the Newton-Raphson equation of iteration

i‘ext,k :Zext,k—l + Mext,k ’ (264)
r=NL S (265)
u, =up (266)

But for the first iteration when k=1

f

. O J— O —_—
S i =05 1, =0 and u; =0
Increment of iterative cycles (i = 1 to n)
e (Calculate the stiffness matrix K "T,k with the deformation g';l , acquired of the

previous iteration

e Solve the system of equation
Ki:l :Kir,k M;
Where Zj:l is the residual of the (i-1)™ iteration and k™ load increment step.

e Update the nodal displacement
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i

u, =u, +Au,
e Calculate the internal nodal force f :mk based on the deformations u;,

i

e C(Calculate the force residual 7,

i _ i
r_k - Zex[,k iint,k
e Verify the criteria for the convergence
fori Lok :
ok Lintk L
= <t
< ext,k ‘ Zext,k

e Ifthe convergence condition is satisfied then the iteration cycle finishes: with

final i
Uy =Uy,

final i

Yy =L
and new load increment is done with all the steps described above is followed, if
convergence criteria is not met then procedure follows from increment of iterative

cycles.
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4. APPRAISAL OF MODEL PERFORMANCE

To simulate numerically the tested RC columns, the values included in tables (at the ned
of this section) were adopted for the parameters defining the concrete and steel
constitutive models. These values were obtained from the data registered in the tests
carried out with concrete and steel specimens. A columns was discretized in five
elements of three nodes, and two Gauss integration points per element were considered
on the evaluation of the stiffness matrix and internal forces. A cross section was
discretized in sixteen quadrilateral 4 nodes elements, for the concrete, elements of equal
dimensions, with 2x2 Gauss integration points, and four elements to simulate the
longitudinal bars. According to the developed approach, at the cross section level any
fibre is discretized by a quadrilateral finite element. Due to the rectangular geometry of
the simulated RC columns, a four nodded finite elements were used, with an integration
scheme of 2x2 Gauss integration points. The cross-section was discretized in sixteen
elements the concrete and four elements for the longitudinal steel bars. In case of NSM
strengthened RC columns, six additional elements were considered to simulate the CFRP
laminates. Following the results obtained in the carried out experimental tests, a linear
stress-strain relationship was assumed for the laminates. The values for the parameters
that define this relationship were those determined from these tests.

Fig. 24 compares the experimental and numerical envelope curves for tested columns,
from which it can be concluded that the developed numerical model captures the

mandatory phenomena involved in RC columns submitted to cyclic loading.
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The capability of the concrete and steel cyclic models, implemented into FEMIX
computer program, to simulate the energy dissipated by these materials in the loading
cycles can be assessed from the analyses of Fig. 23, which includes the horizontal force-
deflection relationship for the columns with 12 mm steel bar diameter. In spite of
predicting, with high accuracy, the envelope response, the used cyclic material models
estimate for the materials the possibility of dissipating energy larger than that observed in
the experimental tests. This is due to the fact that the steel cyclic constitutive model, in
the present version, does not contemplate the inelastic buckling phenomenon.

As expected, the laminates had marginal contribution in terms of enhancing the energy
absorption capacity for RC columns, since this type of reinforcements can only increase

the flexural resistance of the column. The results are shown in figure below-
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Fig. 25 Numerical and experimental results on columns 3 and 4
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Fig. 26 Numerical and experimental results on columns 3 and 4

Data used in the numerical analysis to simulate the behaviour of the steel bars.

Column Es 5 Osy 5 Esh Osh 5 Esu Ogu 5 Esh 5
(N/mm”) | (N/mm") (N/mm”) (N/mm?®) | (N/mm®)

Column 216900 328.0 | 7.5e-3 344.0 30.0e-3 457.0 6400.0

1 and 2

Column 229700 373.0 | 3.5e-3 384.0 30.0e-3 519.0 6400.0

3and 4

Data used in the numerical analysis to simulate the behaviour of the concrete.

7 £ 70
Column N &, X, (N/mm) £, X, (N/mm?)
Column 1 13.21 | 2.50e-3 | 2 20052 1.20e-4 |2 1.20
Column 2 14.79 | 2.50e-3 | 2 20821 1.40e-4 |2 1.36
Column 3 19.95 | 2.50e-3 |2 23000 2.50e4 |2 1.57
Column 4 17.93 | 2.50e-3 | 2 22001 1.89¢e-4 |2 1.42

(1) Uniaxial tensile strength, according to CEB-FIP Model Code (1993)

81



82



5. CONCLUCIONS

The numerical model can simulate degradation based on the material constitutive laws
implemented. The hysteretic behavior of steel is considered vital, as it influences the
degrading characteristic of a reinforced concrete. The constitutive laws of steel
implemented can simulate the hysteretic behavior of all types of steel. The monotonic
behavior of concrete in tension and compression is most efficiently predicted by Tsai,
which can describe confined and unconfined behavior rationally The concrete hysteretic
behavior can be predicted quite reasonably, for all possible cyclic loading.

This model takes into account the compression non-linear behavior of unconfined and
confined concrete, the tensile softening of cracked plain concrete, the tensile stiffening of
cracked concrete under the influence of conventional bars and CFRP laminates, the linear
shear behavior of concrete, the non-linear behavior of the steel bars and the linear-elastic
behavior of CFRP laminates. The behavior of the epoxy mortar, used for repairing the
column non-linear hinged region, was simulated by constitutive laws defined from the
experimental tests carried out. In the model perfect bond between CFRP laminates and
concrete was used, in accordance to the observed test results. This model has reproduced,
with good agreement, the behavior registered on the experiments, being a useful tool for

analyzing this type of structures.
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