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Summary: In this work an analytical model for obtaining the local bond stress-slip relationship of 
hooked-end steel fibres is presented. The mathematical representation of the pullout problem is 
described and the numerical algorithm of the model is detailed. Furthermore, the performance of the 
developed model is assessed using results obtained in fibre pullout experimental tests. 
 
 
1 INTRODUCTION 

In fibre reinforced cement composite (FRC), the interface between fibre and cement paste is the 
weak link of its micro-structure. Therefore, understanding how this interface behaves is mandatory to 
predict the macro-mechanical properties of FRC. Moreover, with the outcome of rather innovative 
matrices, such as, fibre reinforced self-compacting concrete, the study of the fibre/matrix interfacial 
behaviour assumes a new interest. However, even in the research of modern materials there is not a 
straightforward experimental method to assess the bond-slip relationship of a fibre/matrix system. This 
“direct” method would require the evaluation of the interfacial crack initiation and, moreover, the 
continuous monitoring of the crack growth. For this kind of experimental monitoring it would be 
necessary the use, in simultaneous, of several equipment, such as, microscope, video camera 
recorder, during the loading process of the fibre pullout test. 

Hence, the effectiveness of a given fibre as a medium of stress transfer is often assessed using a 
single fibre pullout test, where fibre slip is monitored as a function of the applied load on the fibre [1,2]. 
Moreover, the results of the pullout tests are used in the development of analytical and numerical 
models to assess the bond-slip relationship and the bond stress distribution along the fibre. Several 
authors have developed models for straight smooth fibres based on force equilibrium considerations 
and assuming the fibre pullout test as an axisymmetric stress and strain problem [3,4]. 
Nevertheless, the models for straight smooth fibres are of questionable application for hooked-end 
fibres, since the behaviour of hooked-end fibres is dominated by the mechanical anchorage. In 
hooked-end fibres the bond strength may be small when compared to the parcel provided by the 
mechanical anchorage. More recently, analytical models have been developed to predict the 
mechanical contribution of anchorage resistance assured by the hooked extremities of steel fibres 
[5,6].  

The abovementioned analytical models are only capable to determine a load-slip relationship N(s) 
of a pullout test adopting a bond law, τ(s), i.e. the direct problem, where with τ (s) the N(s) is obtained. 
The straightforward analytical determination of the bond stress versus slip relationship for a given 
pullout curve, i.e. the inverse problem where with N(s) is obtained τ(s), is extremely difficult due to 
considerable complexities from mathematical point-of-view [7]. Actually, to overcome this concern, the 
inverse problem was approached as a direct problem with an integrated numerical fitting tool.  

In the present work an analytical cohesive interface model is developed to obtain the bond stress-
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slip relationship for hooked ends steel fibres. To account for the interfacial bond, a non-linear bond 
stress-slip law was used. On the other hand, the reinforcement mechanism provided by the fibre 
mechanical anchorage was accounted by a nonlinear spring component. The mathematical 
representation of the pullout problem was based on a stress criterion supported on both the problem 
boundary conditions and a second order differential equation that governs the slip evolution of steel 
fibres. To solve this differential equation an iterative method (Newton-Raphson) and a numerical 
integration procedure (Runge-Kutta-Nyström) were used. In the present work the numerical method 
and the mathematical tools are detailed and its performance is assessed. Hence, the parameters that 
define the local bond stress-slip relationship are obtained by a fitting procedure between the simulated 
pullout curve and the experimental one. 
 
2 OVERVIEW OF EXISTING FIBRE PULLOUT MODELS  

One of the first pullout models was proposed by [8], which relates the shear stress distribution 
along the fibre to the elastic properties of the matrix and fibre. Based on the latter, several other 
models were developed for the fibre pullout problem [3,4,9,10]. These models are one-dimensional, 
with many common features. They include a shear-lag model for the fibre embedded length in full 
bond conditions, gradual debonding, and frictional sliding for the fibre embedded length where 
debonding is occurring. In [10] only frictional bond was considered. The force distribution in the fibre 
and matrix was deduced in [4]. A two-way debonding theory was developed in [11], in which the 
debonding can progress from both fibre ends. In other models, at a first stage, when fibre is fully 
bonded to the matrix, it is assumed that the interfacial shear bond stresses are elastic. After 
debonding takes place, two interfacial zones will arise, a bonding and debonding zone, in the latter the 
stress transfer will be governed by frictional shear bond [9]. To describe the debonding criterion, 
basically two different approaches have been used: a strength-based criterion (or stress-based) and a 
fracture-based criterion. In the strength based models, it is assumed that debonding initiates when the 
interfacial shear stress exceeds the shear strength. For the fracture-based models, the debonding 
zone is treated as an interfacial crack. To drive the debonded zone forward, i.e. interfacial crack 
propagation, the energy release rate for propagation of a unit length interfacial crack must be equal to 
the fracture energy resistance of the material, see [3,12]. Nevertheless, the models for straight fibres 
are of questionable use for hooked-end fibres, since the behaviour of hooked-end fibres is dominated 
by the mechanical anchorage. In hooked-end fibres the bond strength may be small when compared 
to the parcel provided by the mechanical bond [1,13]. An analytical model to predict the mechanical 
contribution of anchorage resistance assured by the hooked extremities of steel fibres was developed 
in [14]. The mechanical bond provided by the hook is considered as a function of the work needed to 
straighten the fibres during pullout. To predict the full pullout response a two-step process is needed, 
corresponding to the contribution of the frictional and mechanical components. To overcome this 
two-step process, an analytical model was developed in [15], where both the frictional bond and 
mechanical anchorage components are combined in the solution. This model is an extension of the 
smooth fibre pullout model, previously developed by [4], where the adoption of a nonlinear spring 
component intends to simulate the mechanical anchorage reinforcement mechanism.   

3 THEORETICAL RELATIONSHIPS 
The pullout problem is often represented by a second order differential equation, established in 

terms of forces [4,7,15]. Nevertheless, since in the model developed within the ambit of the present 
work the displacements of the concrete points at the interface between concrete and fibre were 
neglected, the differential equation was derived in terms of slip, after [16-18]. For hooked-end steel 
fibres aligned with the pullout force, the three bond mechanisms that during the pullout contribute to 
the ductility of the composite material are: adhesion, friction, mechanical bond. The first two 
components can be simulated by a local bond-slip relationship, whereas the mechanical bond due to 
the anchorage resistance at the fibre embedded end, can be simulated by an additional spring 
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component, Fig. 1. The pullout problem of hooked fibres is markedly a three dimensional problem. 
Even so, it was approached as a two dimensional problem, since otherwise it would be extremely 
difficult to plant an analytical model. Moreover, it seemed feasible to model the interfacial bond of the 
hooked fibre as a two dimensional axisymmetric problem, since the hook length is relatively smaller 
than the fibre length, and then introduce the anchorage component by a spring. 

3.1 Local bond-slip 

The equilibrium of the free body with an infinitesimal length dx of a fibre bonded to a concrete 
matrix can be given by (see Fig. 1(c)): 

( )f f f f f fA P dx d Aσ τ σ σ⋅ + ⋅ ⋅ = + ⋅  (1)

where τ = τ(s(x)) is the local bond shear stress acting on the contact surface between fibre and 
concrete, and s is the slip, i.e. the relative displacement between the fibre and the concrete. Finally, σf, 
Af and Pf are the normal stress, cross section area and perimeter of the fibre, respectively. 

  
(a) (b) (c) 

Figure 1: Axisymetric pullout model: (a) general problem, (b) simplified model (c) equilibrium of an 
infinitesimal fibre free-body. 

Assuming that the fibre has a linear elastic constitutive law in the longitudinal direction 
( σ ε= ⋅f f fd E d ), Eq. 1 can be rewritten into: 

ε
τ = ⋅f f f

f

E A d
P dx

 (2)

where Ef and dεf are, respectively, the Young modulus and the strain of the fibre. The strain 
components in a representative bulk of the fibre-concrete interface are indicated in Fig. 2. The slip 
variation over an infinitesimal length, ds/dx, is given by: 

f c
ds
dx

ε ε= −  (3)

where εc is the concrete strain. However, the contribution of the concrete deformability in the slip 
assessment may be neglected, since the fibre is subjected to large inelastic deformations. Several 
authors have neglected this component, on the evaluation of the bond-slip relationship of reinforcing 
bars [16] and FRP reinforcement [17,18]. To validate this assumption for small fibres, an analytical 
model was used, which takes into account the deformation of the matrix surrounding the fibre [15], in 
the assessment of the pullout force-slip relationship. A sensitivity analysis was carried out using the 
latter model to evaluate the influence of the matrix deformation on the pullout response. For the 
current fibres lengths and matrix stiffness, the εc did not influence the slip value determination, since 

c fε ε<< . 

x x
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Figure 2: Stresses and strains on the fibre bond region. 

Considering the abovementioned assumptions, neglecting the concrete deformability in the slip 
determination ( 0cε = ), and incorporating Eq. 3 into Eq. 2, the second order differential equation that 
governs the local bond phenomena of the fibre-matrix interface is given by: 

2

2 ( )f

f f

Pd s x
E Adx

τ= ⋅  (4)

3.2 Pullout force-slip relationship 

The pullout force-slip relationship can be determined using either an energy approach [17] or an 
equilibrium approach [4,16]. In the present work the energy approach is adopted. 

Consider a steel fibre embedded on a concrete matrix over a bond length b bL L= , where N is the 
generic applied pullout force, and sf and sl are, respectively, the free and loaded end slips starting at 
the free end of the fibre (see Fig. 3). When the fibre is slipping due to an applied pullout force, N, the 
following functions can be evaluated along the fibre bond length: slip along the fibre, s(x); bond shear 
stress along the embedded length, τ(x); fibre strain, εf ; and the axial force, N(x). 

 
Figure 3: Entities evolved in the developed method. 

In Fig. 3 the slip diagram along the fibre, s(x), can be regarded as the sum of two components. A 
constant component, sf, which produces a rigid body displacement of the fibre, whereas the sd(x) 
component results from the deformation of the fibre. Moreover, for any point x of the fibre embedded 
length, just the sd(x) component will result in a fibre length change, and, therefore, contributing to the 
fibre deformation energy. Likewise, the axial force along the fibre N(x) can be decomposed into two 
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components: a constant component, Nsp, due to the spring load (only in the case of hooked fibres) and 
the N’(x) component. Only the latter will contribute to the fibre deformation energy, since in the 
adopted model it was assumed that Nsp does not produce a fibre length change. Therefore, the fibre 
deformation at a point x is obtained from '( ) ( ) /( )f f fx N x E Aε = . Considering a generic fibre cross 

section at the interval 0 bx L≤ ≤ , and that the fibre lateral surface over embedded length x  is 

fP xΩ = ⋅ , the work performed by external forces acting on the range 0 bx L≤ ≤  is: 

( ) ( )( ) ( )

0
( ) ( )

f f

s x x s x

ext fs s
w s ds d P s ds dxτ τ

Ω

= ⋅ Ω = ⋅∫ ∫ ∫ ∫  (5)

On the other hand, remarking f fV A x= ⋅  as the fibre volume over the embedded length, the elastic 
energy of the fibre is: 

( ) ( )( ) ( )

int 0 0 0

2

0

( )

( )
2

f

x x x

f f f f f f
V

xf
f

f

w ds dV A E d dx

A
x dx

E

ε ε
σ ε ε ε

σ

= ⋅ = ⋅

= ⋅

∫ ∫ ∫ ∫

∫
 

(6)

From Eq. 5 and 6 is obtained: 

( ) 2

0
( ) ( ) 0

2f

x s x f
f fs

f

A
P s ds x dx

E
τ σ

⎛ ⎞
⋅ − =⎜ ⎟

⎝ ⎠
∫ ∫  (7)

Since Eq. 7 must be satisfied for each value of 0 bx L≤ ≤ , this equation may be rewritten as: 

( ) 2( ) ( ) 0
2f

s x f
f fs

f

A
P s ds x

E
τ σ⋅ − =∫  (8)

At x = bL  Eq. 8 becomes: 

2( ) '( ) 0
2

b

f

s x L

f s
f f

NP s ds
E A

τ
=

⋅ − =∫  (9)

( )
' 2 ( )b

f

s x L

f f f s
N E A P s dsτ

=
= ⋅ ⋅ ⋅ ⋅∫  (10)

Eq. 10 allows determining the generic applied pullout force for a smooth fibre or, in the case of a 
hooked fibre, the pullout force component at the fibre free end due to the interfacial bond of the fibre. 
Regarding that in the case of hooked fibres, the generic applied load is N = N’ + Nsp (see Fig. 3), for 
these fibres the generic applied load is given by: 

( )
' 2 ( )b

f

s x L

f f f sps
N E A P s ds Nτ

=
= ⋅ ⋅ ⋅ ⋅ +∫  (11)

4 DESCRIPTION OF THE ANALYTICAL MODEL 
The adopted method is supported on the work developed by [17,18]. In order to improve the 

performance of the method and to adapt it to the specificities of the present study, some modifications 
were performed. In this section, it is described in detail the implemented algorithm. 
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Considering the entities described in Fig. 3, the boundary conditions at the free and loaded ends 
indicated in Eq. 12 can be stated for smooth fibres, whereas the boundary conditions included in 
Eq. 13 are attributed for hooked fibres. In the present method, numerical and experimental entities are 
simultaneously used, hence the experimental one was distinguished by an overline, i.e. iN  represents 
for the pullout force experimentally measured in the i-th scan read-out. Additionally, remark that for a 
smooth fibre '( )bN N L= , while for a hooked fibre '( )b spN N L N= + . 

( ) ( )

( )(0)
0 (0) 0 ( )

(0) 0 ( ) ' /

b lf

b b

f f b b f f

s L ss s
x N x L N L N

L N L E Aε ε

⎧ ==⎧ ⎪⎪ ⎪= → = = → =⎨ ⎨
⎪ ⎪= =⎩ ⎪⎩

 (12)

( ) ( )

( )(0)
0 (0) ( )

(0) 0 ( ) ' /

b lf

sp b b

f f b b f f

s L ss s
x N N x L N L N

L N L E Aε ε

⎧ ==⎧ ⎪⎪ ⎪= → = = → =⎨ ⎨
⎪ ⎪= =⎩ ⎪⎩

 (13)

The fibre pullout tests provide in terms of pullout force, N , and loaded end slip, ls , several scan 

read-outs, being i
ls  and iN  the values of the i-th scan read-out. Regarding these experimental 

results, the set of unknown parameters of a given local bond relationship is desired to be found in 
order to fit the differential Eq. 4 as accurately as possible. A computational code was developed and 
implemented, supported on the algorithm described in Fig. 4. The second order differential Eq. 4 
included in the algorithm is solved by the Runge-Kutta-Nyström (RKN) method. Further details of the 
latter method can be found elsewhere [19]. The algorithm is built up from the following main steps: 

1. the sτ −  relationship is defined attributing values to the unknown parameters. The error, e , 
defined as the area between the experimental and analytical pullout force-slip curves, is 
initialized; 

2. the numerical loaded end slip is calculated at the onset of the free end slip, ls , (see Module A 
in Fig. 5); 

3. for the experimental i-th scan reading, the loaded end slip, i
ls , and the pullout force, N  are 

read; 
4. taking the loaded end slip, i

ls , and using Eq. 4, the pullout force at the loaded end, ( )i i
lN s , is 

evaluated. In this case the following two loaded end slip conditions must be considered: 
• if i

l ls s< , the determination of ( )i i
lN s  must take into account that the effective bond length 

is smaller than the fibre embedded length (see Module B on Fig. 5). For the case of 
hooked fibres, the mechanical anchorage contribution is not considered, since the fibre is 
not yet fully debonded; 

• if i
l ls s≥ , the evaluation of ( )i i

lN s  is based on Module C (see Fig. 5). In this module, the 

contribution of the hooked end, ( )( )i
sp l bN s L , is assessed by an analytical expression, 

which was obtained by nonlinear fitting of experimental data, corresponding to the 
mechanical reinforcement mechanism of the hook.  

5. the error associated with ( )i i
lN s  is calculated. This error is the area between the experimental 

( exp,
i

fA ) and numerical ( ,
i
num fA ) curves. The points ( )( )1 1 1,i i i

l ls N s− − −  and ( )( ),i i i
l ls N s  are used to 

define the numerical curve, whereas the experimental curve is represented by the points 
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( )( )1 1 1,i i i
l ls N s− − −  and ( )( ),i i i

l ls N s ; 

6. the error is updated. 
 

In Modules B and C the Newton-Raphson method is used. Whenever the Newton-Raphson method 
fails, the bisection method is used as an alternative. 

The determination of the unknown parameters defining the bond stress-slip relationship, sτ − , was 
performed by a back-analysis, i.e. determining the sτ −  relationship in such a way that the difference 
between the numerical and experimental pullout force-slip curves provides a minimum error, e. 
Additionally, two restriction conditions were added in order to assure similar values between the 
numerical and experimental peak pullout force and its corresponding slip (with a tolerance smaller 
than 2%). The back-analysis was performed by the exhaustive search method (brute force method), 
based on several parameters sets ascertained by a predefined range and step for each parameter of 
the corresponding set. 
 

Module C

isl
sl

i

Lef

0

Define the parameters of the relationship
Initialize theerror: 0

s
e
τ −

=

Module A

        Calculate ls

i=1, n. of 
scan readings

?

i
l ls s≥

Module B

( )Calculate
with

i i
l

ef b

N s
L L<

Calculate the numerical and experimental areas

( )( ) ( )( )
( ) ( )

1 1 1
,

1 1
exp,

, ; ,

, ; ,

i i i i i i i
num l l l l l

i i i i i
l l l

A A s N s s N s

A A s N s N

− − −

− −

⎡ ⎤= ⎣ ⎦
⎡ ⎤= ⎣ ⎦

Update the error

exp, ,
i i i i

l num le e A A← + −

No Yes

( )Calculate
with

i i
l

ef b

N s
L L=

ne e=

(1)

(2)

(3)

(6)

(5)

(4)

N

sl

Read ,i i
ls N

 
Figure 4: Algorithm implemented to obtain the local bond-stress slip relationship. 
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Figure 5: Modules A, B and C of the algorithm shown in Figure 4. 
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5 ASSESSMENT OF THE LOCAL BOND LAW FROM EXPERIMENTAL DATA 
The present model was calibrated with both smooth and hooked-end steel fibres experimentally 

pulled-out from a steel fibre self-compacting concrete medium. The smooth fibres were tested with an 
embedment length of 20 and 30 mm, named, respectively, S_Lb20 and S_Lb30, whereas, the hooked 
fibres were tested with 10, 20 and 30 mm embedment length, and named H_Lb10, H_Lb20 and 
H_Lb30, respectively. Each series of smooth fibres comprised 3 specimens, whereas each series of 
hooked fibres included 6 specimens. A detailed description and discussion of the experimental test 
results, test setup, concrete composition, specimen preparation and other details is out of the scope of 
the present paper, and can be found elsewhere [20]. 

5.1 Analytical bond-slip relationship 

The local bond stress-slip relationship used in the numerical simulations is given by Eq. 14, where τm 
and sm are, respectively, the bond strength and its corresponding slip. Parameter α defines the shape 
of the pre-peak branch, whereas α’ and s1 describe the configuration of the post-peak branch of the 
τ-s equation. These relationships were selected due to its easiness and aptitude to accurately model 
the local bond stress-slip behaviour, as previously ascertained by several researchers [18,21]. 

'

1

( ) 1

1

m
m

m

m

s
s

s

s s
s

α

α

τ

τ
τ

⎧ ⎛ ⎞
⎪ ⎜ ⎟
⎪ ⎝ ⎠
⎪= ⎨
⎪

⎛ ⎞−⎪ + ⎜ ⎟⎪ ⎝ ⎠⎩

 (14)

5.2 Analytical relationship for the mechanical anchorage 

The mechanical component of bond was obtained subtracting from the experimental average curve 
of the hooked series (curve 1, see Fig. 6), the correspondent experimental average curve of the 
smooth series (curve 2, see Fig. 6), i.e. the curves with the same embedment length. In a second 
step, an analytical relationship was obtained by nonlinearfitting of curve 3 (see Fig. 6) . A detailed 
description of this procedure is presented and discussed in [20]. 

  
(a) (b) 

Figure 6: Contribution of the hooked-end to the overall pullout behaviour in fibre with an embedment 
length of: (a) 20 mm and (b) 30 mm. 
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5.3 Numerical simulation 

The values of the parameters of the proposed local bond stress-slip relationship (see Eq. 14) were 
determined using the numerical strategy previously described. The local bond stress-slip relationship 
for each series was calibrated from the average experimental pullout force-slip curve. The values of 
the mechanical and geometric properties of the tested fibres used in the numerical simulation were the 
following: Young modulus, Ef, of 200 GPa; cross sectional area, Af, of 0.562 mm2; cross section 
perimeter, Pf, of 2.356 mm. 

In Figs. 7 and 8 are depicted both the numerical pullout force-slip relationship and the experimental 
envelope for each tested series. On the other hand, the values of the parameters defining the local 
bond relationships, obtained by back analysis, are included in Table 1, as well as the corresponding 
normalised error, e , which was defined as the ratio between e and the area under the experimental 
curve. The numerical curves fitted the experimental data with high accuracy, even for high slip values, 
as the normalised error in each series is quite low. The average values and the corresponding 
coefficients of variation of the local bond law parameters are also indicated in Table 1. In spite of the 
accurateness of the numerical simulation, the coefficients of variation of the bond law parameters 
were quite high. This fact can be related to the method used in the back-analysis (exhaustive search), 
since the parameters search is based on a previously defined range and step, i.e. the parameter 
variables are discrete. Moreover, only one objective function was used, namely the difference between 
the area under the experimental and numerical curves, to determine the best fit for each series. A 
possible way to solve this problem could be the utilisation of a multi-objective function. 

Table 1: Parameters for the local bond stress-slip relationship obtained by back analysis. 

Series sm [mm] τm [MPa] α α’ s1 [mm] e  [%] 
S_Lb20 0.14 1.77 0.60 0.22 0.44 3.2 
S_Lb30 0.24 2.27 0.69 0.42 1.30 5.0 
H_Lb10 0.25 1.61 0.22 0.88 0.53 4.3 
H_Lb20 0.23 1.80 0.84 0.45 1.10 2.2 
H_Lb30 0.14 2.10 0.89 0.42 2.21 1.9 

0.20 1.91 0.65 0.48 1.11 Average (24%) (11%) (37%) (45%) (57%) - 

Values in round brackets are the coefficients of variation of the corresponding series. 

  
(a) (b) 

Figure 7: Pullout force-slip numerical simulation for a smooth fibre with an embedded length of: (a) 
20 mm and (b) 30 mm. 

(a) (b) 
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(a) (b) 

 
(c) 

Figure 8: Pullout force-slip numerical simulation for a smooth fibre with an embedded length of: (a) 
10 mm, (b) 20 mm and (c) 30 mm. 

6 CONCLUSIONS 
In the present work an analytical cohesive interface model was developed to obtain the bond 

stress-slip relationship for hooked ends steel fibres. To account for the progressive damage at the 
interfacial bond, a non-linear bond stress-slip law was used. On the other hand, the reinforcement 
mechanism provided by the fibre mechanical anchorage was accounted by a nonlinear spring 
component. The developed analytical model was able to simulate, with high accuracy, the 
experimental pullout force-slip curves, even for high slips for both hooked and smooth fibres. In spite 
of the accurateness of the numerical simulation, the coefficients of variation of the bond law 
parameters were quite high. This fact can be related to the method used in back-analysis (exhaustive 
search), since the parameters search strategy is based on a previously defined range and step, i.e the 
parameter variables are discrete. Moreover, it was used only one objective function, i.e. difference 
between the area under the experimental and numerical curves, to determine the best fit for each 
series. A possible way to solve this problem could be the utilisation of a multi-objective function. In 
spite of the high coefficients of variation for the local bond law parameters, some trends could be 
observed, such is the case of the increase of the bond strength parameter with the increase of the 
fibre embedment length. 
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