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Resumen: A strengthening technique based on carbon laminate (CFRP) strips applied into 
slits cut on the concrete cover, and bonded to concrete by epoxy adhesive, was used for 
increasing the load bearing capacity of concrete beams failed by bending. This technique 
avoids the occurrence of the peeling phenomenon, mobilizes high percentage of the full 
strengthening capacity of the CFRP used, and provides higher protection against fire and 
vandalism. The adopted strengthening technique is briefly described and the main results 
obtained are presented and discussed. Using a numerical model developed for non-linear 
analysis of reinforced concrete structures, the response of the beams tested was predicted. 
The applicability of this kind of models in such type of reinforced concrete structures is 
commented. 
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1. INTRODUCTION 

 
Due to the high strength-to-weight and stiffness-to-weight ratios, corrosion resistance, 

lightness, high durability and easy application, carbon fibre reinforced polymer products 
(CFRP) have being replacing steel systems and concrete jackets on structural strengthening 
and retrofitting [1]. 

 
Current strengthening techniques are based on gluing laminates or sheets of carbon fibre 

reinforced polymer onto the surface of the element to be strengthened. Due to peeling 
phenomenon [2] it is current to attain 40% to 70% of the tensile strength of these composites 
[1-3]. 
 

Since 1999 a different strengthening technique has being investigated in the Laboratory of 
the Civil Department, at Minho University. This technique is based on bonding strips of 
carbon fibres reinforced polymer laminates (with a cross section of ≈ 9.5×1.5 mm2) into slits 
cut in the concrete cover of the beam surface to be submitted to tensile stresses. Four sets of 
beams reinforced with different percentage of conventional longitudinal steel bars were 
tested. Each series was composed by two beams, one strengthened with an amount of CFRP 
laminates for doubling the ultimate load of the other beam, not strengthened, designated in the 
present work by reference beam. The main results obtained are included in the present work. 

 
Since all the intervening materials were tested, the data necessary for performing the 

numerical simulation of the behaviour of the beams tested was available. An important point 
was to verify if the tension-stiffening model, implemented into the computational code 
developed for concrete reinforced with conventional bars and/or discrete fibres [4], was 
appropriated for this kind of structures, where a strip of CFRP was considered perfectly 
bonded to concrete up to its rupture. The numerical simulations performed are presented and 
analysed. 
 

2. EXPERIMENTAL WORK 

2.1 Characterization of the materials 

The concrete was manufactured in the laboratory, a commercial supplier has furnished the 
steel bars, BETTOR MBT Portugal has given the CFRP laminates and the adhesives. 
 
2.1.1 - Concrete 
 

The compression strength of the concrete used was determined from uniaxial compression 
tests carried out with cylinders of 150mm diameter and 300mm height. From the ten tests it 
was obtained an average compression strength of 46.1MPa, with a standard deviation of 
2.6MPa and a coefficient of variation of 5.7%. 
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2.1.2 – Steel bars 
 

In beams it was applied longitudinal bars of 6 mm and 8 mm diameter. The stirrups were 
made by steel bars of 6 mm diameter and wires of 3 mm diameter. The stress-strain 
relationships for the φ6 and φ8 steel bars are depicted in Figure 1, and were obtained from 
uniaxial tests carried out in a servo-controlled load frame. 
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Figure 1. Stress-strain relationship of the longitudinal bars applied in the beams. 

 
2.1.3 – Laminates of CFRP 
 

The CFRP laminates were provided in rolls, produced by S&P and distributed by Bettor 
MBT Portugal, and have a cross section of 9.5 mm width and 1.5 mm thickness. To evaluate 
the corresponding tensile strength and Young modulus, uniaxial tensile tests were carried out 
in a servo-controlled test machine (Instron, series 4208), according to the recommendations of 
ISO 527-5:1997 [5]. From these tests a Young modulus of 158 GPa and a tensile strength of 
2700 MPa were obtained. 
 
2.1.4 – Adhesives 
 

An epoxy adhesive, furnished by Bettor MBT Portugal, was used to bond the CFRP 
laminates to the concrete. From uniaxial tensile tests carried out according to the 
recommendations of ISO 527-3:1997 [6] it was evaluated a Young modulus of 5.0 GPa and a 
tensile strength ranged from 16 MPa up to 22 MPa. 
 
2.2 - Beams 
 

Figure 2 represents the geometry of the beams, the reinforcement arrangement and the 
number and position of the CFRP laminates. The loading and the support conditions are also 
schematised. The cross section area of the CFRP laminates (AL) applied in the beam of each 
series was estimated in order to double the ultimate load of the corresponding reference beam. 
To perform this task it was used a cross section layer model described elsewhere [7]. The 
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number of CFRP laminates was the necessary for obtaining a cross section area as nearest as 
possible to the values determined from the numerical analysis. It was applied a percentage of 
stirrups for assuring bending failure modes, even for the beams strengthened. The length of 
the CFRP laminates was determined in order to have the embedded length necessary for 
sustaining the tensile stresses on the CFRP, installed at by the ultimate load, without 
occurring slip between CFRP laminates and surrounding concrete. To accomplish this task it 
was used the results obtained by Sena Cruz et al. [8] and Sena Cruz e Barros [9]. In Figure 2, 
As is the cross section area of the tensile longitudinal steel bars. 
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Figure 2. Series of beams tested. 

 
2.3 - Strengthening technique 
 

The strengthening technique in composed by the following procedures: 
• Using a Hilti diamond cutter, model DC 230-S, it was executed slits of about 4.5 mm 

width and 12 mm depth on the concrete cover of the surface beam that will be in 
tension; 

• The slits were cleaned by compressed air; 
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• The CFRP laminates were cleaned using acetone; 
• Manufacture of the adhesive according to the supplier instructions; 
• Fill the slits with the adhesive; 
• Application of the adhesive on the faces of the CFRP laminates; 
• Introduce the CFRP laminates into the slits. 

 
Figure 3 illustrates the procedure of sawing the slits and Figure 4 shows the aspect of the slits 
after have being sawed. At least five days were spent on the curing/hardening process of the 
epoxy adhesive, before testing the corresponding beam. 

 

  
Figure 3. Sawing the slits. Figure 4. Final aspect of the slits. 

 
2.4 - Test set up and equipment 
 
 Figure 5 is a representation of the reaction frame, actuator and load cell used on the tests. 
Figure 6 illustrates the disposition of the LVDTs supported in a Japanese Yok system [10] 
(for avoiding the register of extraneous displacements) and the place and the reference of the 
strain gauges applied on a lateral surface of the CFRP laminates. The tests were carried out 
under the displacement control of the LVDT placed at mid-span, using a displacement ratio of 
20µm/s. 
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Figure 5. Test set-up. 
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2.5 - Failure modes 
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(a) (b) 
Figure 7. Aspect of the beams at the end of the tests: (a) Reference beams; (b) Strengthened beams. 

 
In strengthened beams, apart beam V1R1, the remainder have failed by the detachment of 

a concrete layer at bottom beam surface. This layer had non-homogeneous thickness, and 
attained 60 mm in some parts, which reveals that, not only the concrete cover was detached, 
but also parts of concrete above the longitudinal reinforcement. The test of beam V1R1 was 
interrupted when the deflection at mid-span was about 27 mm. For this deflection the beam 
had, basically, flexural cracks. 
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The tensile stresses in CFRP laminates are transferred to the surrounded concrete by shear 
stresses. The resultant of these shear stresses is applied near the geometric centre of the cross 
section of CFRP laminates, that is eccentric to the concrete weak surface (near the 
longitudinal steel bars), see Figures 7 and 8. This force induces shear and tensile stresses at 
this weak surface, decreasing the concrete strength at this micro-zone. Since this eccentricity 
is less than the one of current strengthening techniques (the laminates are glued on external 
surface), the decrease of the concrete strength of the weak zone is lesser, which is one 
justification for the higher efficacy of the strengthening technique proposed in the present 
work. Another mechanism supporting this higher performance resides on the fact that, in the 
present strengthening technique the laminate has both lateral faces glued to the concrete and 
are confined by the surrounded concrete, while in current strengthening techniques only one 
face of the CFRP is glued, and CFRP is not confined. 
 

Longitudinal steel bars

Weak surface
CFRP

Crack1 Crack2G ∆F

∆Mw

∆F

hL/2
hL/2

Excentricity

F+∆FF τ

τ CFRPAdhesive 
epoxy

Plant

Longitudinal steel bars

(∆F)

Adhesive epoxy

Geometric center of the 
CFRP cross section (G)

Weak surface

Crack2Crack1

C1

C1

C1 C1

 
Figure 8. Failure micro-mechanisms. 

 
2.6 - Results and comments 
 

Table 1 includes the ultimate load and the ratio between the ultimate load of a strengthened 
beam and the ultimate load of its corresponding reference beam. Excluding series S1, where 
the test of the strengthened beam was interrupted at a load of 50.3kN when the deflection was 
about 27 mm, in the remainder series the purpose was attained, i.e., the strengthening strategy 
applied has practically doubled the ultimate load of the corresponding beams. Last column of 
Table 1 includes the strain at beam failure, measured in the strain gauge SG3 fixed to CFRP 
laminates (see Fig. 6). In general, the strain at failure is greater in beams with lower ratio 

sL AA  (see Figure 2). Dividing these maximum strain values by the ultimate strain of CFRP 
laminates (2700/158000=17.1‰) it was obtained values ranged from 62% up to 91% (see 
values in brackets), which denotes a good efficacy of the strengthening strategy proposed. 
Figure 9 shows the relationship between the force applied and the displacement measured at 
mid-span for the beams tested. From these relationships it can be observed that, up to the load 
at cracking, the rigidity of the reference and strengthened beams are practically the same. 
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After this point the increment on the rigidity is proportional to the ratio sL AA . The presence 
of the CFRP laminates has increased the deflection corresponding to the moment when the 
steel bars have yielded. After this point (third branch) the rigidity of the strengthened beams 
has decreased, and the rigidity of this branch is higher for the beams with greater ratio 

sL AA . 
 

Series Beam reference Pult (kN) ( ) ( )RBultSBult PP ** Strain*** (‰) 

V1 28.2 - S1 
V1R1 50.3* 

1.78 
15.5 [91] 

V2 41.0 - S2 
V2R2 78.5 

1.91 
12.8 [75] 

V3 41.3 - S3 
V3R2 81.9 

1.98 
12.8 [75] 

V4 48.5 - S4 
V4R3 94.9 

1.96 
10.6 [62] 

* Test interrupted at a deflection of about 27mm; ** ( )SBultP  - Strengthened beam; ( )RBultP  - reference beam 

*** Strain at beam failure, registered in strain gauge SG3 (see Fig. 6). 

Table 1. Some results obtained. 
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Figure 9. Force deflection relationship of the beams tested. 

9 



Joaquim Barros and Adriano Fortes 

3 - NUMERICAL ANALYSIS 

 
3.1 Brief description of the model 
 

In the present model concrete cracking is simulated under the framework of the smeared 
crack concepts [4]. Non-orthogonal cracks can develop in a Gauss point of a finite element. 
According to the present model, the total strain increment in a cracked concrete element is the 
addition of the strain increment in the fracture zone (the width of the finite element over 
which the micro-cracks are smeared out) with the strain increment in concrete between 
cracks. The strain increment in the fracture zone is governed by the concrete fracture 
parameters [11], while the strain increment of the concrete between cracks is obtained using 
the theory of the elasto-plasticity applied to concrete [4]. The stress-plastic strain relationship 
used for defining the hardening modulus [12] was based on the stress-strain expression 
proposed by CEB-FIP Model Code 1990 [13]. Up to peak tensile strength it was assumed a 
linear elastic stress-strain relationship, governed by the concrete Young modulus and Poisson 
coefficient. After cracking, the fracture mode I for the concrete under the influence of 
reinforcing elements follows the tension-stiffening model schematically represented in Figure 
10. The concrete fracture parameters and the characteristics of the reinforcing elements 
contribute for the shape of this diagram [4]. The relationship illustrated in Figure 11 governs 
the fracture mode I of the concrete that is not under the influence of the reinforcing elements. 
Values attributed to ( 11, )αζ  and ( )22 ,αζ  define the shape of the tensile softening diagram. Its 
full characterization has the contribution of the concrete fracture energy (Gf) and the crack 
band width (lb). The recommendations proposed by CEB-FIP Model Code 1993 were taken 
into account for defining the boundary between elements in softening and elements in 
stiffening. 

 

A

εctB εctεctCεctA

σ ct
st

f ctm

σ ctA
st

εcr

Eci

σ ctB
st

C
B

Stabilized cracking

yield of reinforcement
at cracks

Average layer strain equals
the reinforcement yield strain

 

s nn
cr

f ct

f ct1

s nn,m
cr

2 ctf

ecrnn,u1 2 nn,uecr
nn,ue cr cre nnnn,lecr

nn,m
cre

I,3Dcr

crDI,2

crDI,1

G
f b/l

n nnecr
nns cr

α

α

ξ ξ

m

l

 

Figure 10. Tension stiffening diagram. Figure 11. Trilinear tension softening diagram. 
 

For simulating the decrease of the crack shear rigidity with the crack opening, the following 
expression was assumed for defining the parameter that affects the elastic shear modulus, Gc, 
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From the analysis performed it was observed that, the tension-stiffening model developed for 
concrete reinforced with conventional bars is not appropriate for concrete elements reinforced 
with bars and CFRP laminates, because steel bars and CFRP laminates have very different 
behaviour up to failure. A most appropriate model should be based on a diagram 
characterized by the following points: crack stabilization, yield of reinforcement at crack, 
average strain equals the reinforcement yield strain, failure of CFRP at crack, and average 
strain equals the failure strain of the CFRP. Since this model is not yet developed, the 
diagram indicated in Figure 11 was used, with some adjustments for taking into account the 
previous observations. 
 
In the model developed, concrete elements can be reinforced with discrete or/and smeared 
steel bars, as well as strips of CFRP laminates. Not only the steel bars were considered 
perfectly bonded to concrete, but also CFRP laminates. This assumption is also reasonable for 
CFRP laminates because previous tests [8] have revealed that slip displacement is negligible 
if the embedded length of CFRP are greater than twenty times the equivalent diameter of its 
cross section ( =eqφ ( ) ( ) 5.15.944 ××=× ππ LA =4.3 mm). The length of the CFRP 
laminates applied in beams was determined in order to assure an embedded length greater 
than the aforementioned value. Observing the aspect of the CFRP laminates after the failure 
of the strengthened beams, it was confirmed that these laminates were remained bonded to 
concrete. 
 
3.2 Model application 
 

Figure 12 represents the finite element mesh adopted on the numerical simulations. Due to 
symmetry conditions, only half beam was discretized in eight-nodded isoparametric plane 
stress elements. Two by two Gauss-Legendre integration points were used for evaluating the 
element stiffness matrix and the nodal forces equivalent to the internal stresses. The 
transversal and the longitudinal steel bars, as well as, the CFRP laminates, were all 
discretized in 1D bar element of 2 nodes, considered perfectly embedded into concrete. The 
first two rows of concrete elements were assumed under tension-stiffening, while the 
remainder elements were considered under tension-softening. In the analysis carried out, a 
new set of smeared crack can develop in a cracked concrete, only if the maximum principal 
stress has surpassed the concrete tensile strength and the angle between the new and previous 
cracks is higher than sixty degrees. Table 2 and 3 include the values of the materials 
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parameters adopted in the numerical simulation for the concrete and for reinforcing elements, 
respectively. 
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Figure 12. Finite element mesh (dimensions in mm). 

 
 

CONCRETE 
Compression strength = 46 MPa; Strain at peak compression stress = 2.2×10-3; Tension strength = 3.0 MPa; 

Young Modulus = 35757 MPa; Poisson coefficient = 0.15; Crack band width = (finite element area)1/2 

Softening (same parameters for all beams) 

087.0=fG N/m; 311 =α ; 02.01 =ζ ; 612 =α ; 48.02 =ζ  

“Stiffening” 

Reference beams (V1, V2, V3 and V4): " N/m; 24.0" =fG 5.01 =α ; 05.01 =ζ ; 4.02 =α ; 8.02 =ζ  

Strengthened beams (V1R1, V2R2, V3R2 and V4R3: " N/m; 7.0" =fG 6.01 =α ; 1.01 =ζ ; 3.02 =α ; 45.02 =ζ  

Table 2. Values for concrete properties. 
 
 

REINFORCING ELEMENTS 
φ3 STEEL WIRES 

Es1=195 GPa; fsy1=175.0 MPa; Es2=2 GPa; fsy2=200.0 MPa; Es3=2 GPa; fsu=288MPa 

φ6 STEEL BARS 

Es1=200 GPa; fsy1=700.0 MPa; Es2=40 GPa; fsy2=760.0 MPa; Es3=1.5 GPa; fsu=800MPa

φ8 STEEL BARS 

Es1=200 GPa; fsy1=473.0 MPa; Es2=0.25 GPa; fsy2=485.0 MPa; Es3=4 GPa; fsu=582MPa

εs

Es3Es2

Es1

fsy2
fsy1

fsu

fs

 

CFRP LAMINATES 

Es1= Es2= Es3=158000.0 MPa; fsy1= fsy2= fsu=2700 MPa 

Table 3. Values for properties of reinforcing elements. 
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Figure 13 includes the relationship between the force and the displacement at mid-span, 
obtained experimentally and with the computational code. The behaviour of the reference 
beams was captured quite well. For beams of series S3 and S4 the numerical model predicted 
an ultimate load a little bit lower the experimental one. This can be associated to the fact that 
it was not sure that the φ8 steel bars tested were the ones applied in these beams. It appears 
that the bars used in these beams have a yield stress higher than the value assumed in the 
numerical simulation. Figure 14 represents the typical crack patterns, at the last converged 
load increment, for the reference beams. Only the cracks completely open are represented. 
This crack patterns is representative of beams failed by bending. 
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Figure 13. Experimental and numerical responses. 
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For the strengthened beams the model predicted a premature failure. After a certain 

moment the convergence was no more assured, even for very little load increments, crushing 
the concrete of several Gauss points due to high shear strains. This happens in the transition 
between the elements in stiffening and the elements in softening, at a level of about 60 mm, 
where the rupture surface was suddenly occurred in the experiments (see photos in Figure7). 
Figure 15 shows the typical crack patterns at the last converged load increment for the 
strengthened beams. It can be observed the development of horizontal and very inclined 
cracks, a first announcement of the aforementioned failure surface. 

 

 
Figure 14. Typical crack patterns of reference beams at the last converged load increment. Only cracks 

completely open are represented (legend: a crack is represented by a rectangle with a width proportional to its 
normal crack strain). 

 

 
Figure 15. Typical crack patterns of strengthened beams in the last converged load increment. Only cracks in 

opening and completely open are represented: red colour => cracks in opening; blue colour => cracks 
completely open (see legend in Figure 13). 

 

4 CONCLUSIONS 

 
 Four sets of concrete beams were strengthened with strips of CFRP laminates, using a 
technique different to the current ones. The amount of CFRP laminates was evaluated for 
doubling the ultimate load of the reference beams. This purpose was attained and the 
strengthening technique has revealed high efficacy, since the strain at CFRP laminates, at 
beam failure, was between 62% and 91% of the ultimate strain of CFRP laminates. 
 
 A computational code developed for material non-linear analysis of concrete reinforced 
with conventional steel bars was used for numerical simulation of the behaviour of the beams 
tested. Since the CFRP laminates were inserted into slits cut onto the concrete cover of the 
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beams, and fixed to concrete by epoxy adhesive, the slip between the CFRP laminates and the 
surrounded concrete is negligible. Therefore, in the model the CFRP laminates was 
considered perfectly bonded to concrete, like the conventional steel bars. The model has 
predicted, with enough accuracy, the response of the beams tested, but the failure of the 
strengthened beams was attained prematurely, giving ultimate loads 8.5% to 10% lesser the 
ones registered in the experiments. 
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