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We study a new class of electromagnetostatic problems in the variational framework of
the subspace of WP (Q) of vector functions with zero divergence and zero normal trace,
for p > g, in smooth, bounded and simply connected domains Q of R3. We prove a
Poincaré-Friedrichs type inequality and we obtain the existence of steady-state solutions
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modelling a critical state generalized problem for type-II superconductors.
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1. Introduction

Consider a nonlinear electromagnetic field in equilibrium in a bounded domain €2 of
R3. The electric and the magnetic fields, respectively e and h, satisfy the stationary
generalized Maxwell’s equations

j=Vxh, Vxe=f and V-h=0 inQQ, (1.1)
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where j denotes the total current density and f denotes an internal magnetic cur-
rent. The magnetic field h is supposed to be divergence-free by assuming the usual
relation with the magnetic induction field, b = u h, where the magnetic permeabil-
ity u is constant (see Ref. 18). In classical Faraday’s law f = 0 but, in theoretical
physics, magnetic monopoles have been postulated by formal symmetry consider-
ations (Bossavit®) and by reported observations (Cabrera'’)
purposes, it may be interesting to consider f # 0.

Here we shall consider nonlinear extensions of the classical Ohm’s law in the

so, for mathematical

form

e=pj (1.2)

where the scalar resistivity p = p(6,h,V x h) can be taken as a highly nonlinear
function of the temperature # and of the magnetic field h.

In this work we are concerned with the natural boundary value problem associ-
ated with (1.1),

h-n=0 and exn=g onl =09, (1.3)

where n denotes the outward unitary normal vector to I' and g is a tangential
current field.

In order to take into account the thermal effects, in the nonisothermal stationary
case, we have the equilibrium of energy

V-q=7j-e, (1.4)

where the heat flux ¢ = —k V0 is given in terms of a nonlinear thermal conductivity
k= k(0)|VO|972, g > 1, (the case of a constant k > 0 corresponds to the usual linear
Fourier law) and the right-hand side of (1.4) represents the Joule heating.

We are particularly interested in the case of a nonlinear resistivity in (1.2) also
of power type, p = v(0)|V xh|P~2, p > 1, when the equilibrium equations for h and
6 may be written, from (1.1), (1.2) and (1.4), in the form

Vx (v(0)[Vxh|P2Vxh)=f and V-h=0 inQ, (1.5)

— V- (k(0)|VO|12V0) = v(0)|Vxh|’ in Q. (1.6)

From the first equation of (1.5) the external field f must satisfy V-f = 0 and,
if we associate the second boundary condition of (1.3), the given field g should be
tangential on I'" and compatible with f:

Vr-g=f-n onl, (1.7)

where Vr - denotes the surface divergence. The presence of the external vector
field f, although unusual in classical Maxwell’s theory, has been considered in the
mathematical literature (see, for instance, Yin*") and, combined with the tangential
current field on the boundary, it enlights the compatibility condition (1.7) — see also

Remark 2.2 below.
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We observe that the system (1.5) has a mathematical structure similar to the
usual p-Laplace equation. Indeed, it reduces to a scalar equation with the left-
hand side structurally similar to the left-hand side of (1.6) in only two dimen-
sions, when the domain 2 = w x R is a longitudinal media and the parallel field
h= (0,0,h($1,m2)), for (z1,22) € w. In this case, the second equation in (1.3)
reduces to a Neumann boundary condition on dw for the third component h.

In the evolutionary situation, this scalar coupled 2D problem has been con-
sidered by several authors, for instance, with p = ¢ = 2 and Dirichlet data, in
Rodrigues?® or in Parietti-Rappaz?® for alternating currents. Also for unsteady cases
with p = ¢ = 2 the 3D “induction heating” problem has been considered, for in-
stance, in Bossavit-Rodrigues’ or in Yin,?! and with phase changes in Bermudez et
al® or Manoranjan et al.??

A second example of a generalization of the constitutive law (1.2) arises in type-II
superconductors and is known as an extension of the Bean critical-state model, in
which the current density cannot exceed some given critical value j > 0.

When this critical threshold j may vary with the absolute value |h| of the mag-
netic field, Prigozhin?” has remarked that this model admits a formulation in terms
of a quasi-variational inequality. Here we shall consider the case

Ww|VXh|P2Vxh  if [Vxh| < j(|h]),
(v ?2 + A)Vxh if |Vxh| = j(|h]),

with the nondegeneracy parameter vy > 0, where v is a small given constant and
A = A(z) > 0 can be regarded as a (unknown) Lagrange multiplier associated with
the inequality constraint

|V xh|(z) < j(|h|(z)) ae z € Q. (1.9)
The support of A lies in the superconductivity region
S = {x € Q:|Vxh|(x) :j(|h|(x))}

Multiplying the second equation of (1.1) by v — h and integrating over {2 we
obtain

/QVxe-(v—h):/Qf-(v—h).
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Integrating by parts and using (1.3) we get

/Qe Vx(v—h /f v—nh /Fg (v—h),

and by (1.8), we have
/e~V><(v—h):/1/0|V><h|p_2V><h-V><(v—h)—|—/)\Vxh-Vx(v—h).
Q Q S

Choosing v such that |V xv| < j(|h|), we have
AVxh-Vxv <\ Vxh|j(h|]) = AV xh|?in S

obtaining the quasi-variational inequality

2
/QVO|V><h|p Vxh-Vx(v—h /f v—h /Fg~(v—h), (1.10)

for any test function v such that |V xwv| < j(|h]).

This variational formulation for the analysis of critical state models for type-II
superconductivity has stimulated the study of the power law model, since it has been
shown to be the limit case p — oo, first in the scalar case, Barrett-Prigozhin,® and
also in the case of a bounded simply-connected domain in R?® with null tangential
component on the boundary, Yin et al,>> both for the evolutionary problems.

In previous works of Yin and co-workers, instead of the natural boundary con-
dition (1.3) for perfectly conductive (superconductive) walls (h tangential to the
boundary: h-n = 0 on I') only the case of perfectly permeable walls (h normal
to the boundary: h x n = 0 on I') has been considered. In particular, Yin and
co-workers??:33 obtained existence and some regularity results for this later evolu-
tionary case for p > 2.

A main difficulty arises in extending the “main inequality of 3D vector analysis”
(see Ref. 1 for p = 2) to the nonlinear framework p # 2. So the variational frame-
work for magnetostatic and electrostatic problems that has been developed for the
linear problems in the hilbertian framework (see, for instance, Refs. 14, 11, 15 and
12) requires, to the nonlinear case, further extensions that go beyond the natural
extension to the LP-integrable functions that has been done for arbitrary Lipschitz
domains in R? (see Refs. 23 and 24).

In this first work, that is restricted to steady-state problems, we develop the
variational approach to power law Maxwell models of the type (1.5) with homoge-
neous normal trace (1.3) in bounded simply connected domains of R3. In Section 2
we show a new Poincaré-Friedrichs inequality for p > 2 , extending a well-known
property for p = 2, for vector functions with curl in L? (Q) and with null divergence
and null normal trace.

In Section 3 we develop the well-posed variational theory in two applicable direc-
tions: a strongly continuous dependence result and the limit variational inequality
problem with bounded curl when the power of the nonlinearity n — oo. The station-
ary electromagnetic induction heating problem (1.5)-(1.6) is formulated and solved,
in Section 4, as a coupled system for the cases p > g and ¢ > %
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Finally, in Section 5, we solve the quasi-variational inequality (1.9)-(1.10), by
extending a continuous dependence result of Mosco type (see also Ref. 2) for convex
sets of bounded curl and generalizing an existence result of Kunze-Rodrigues'” in
the scalar case.

2. The variational approach
2.1. Weak formulation of the model problem

In this section we consider an abstract problem associated with (1.5), for a given
temperature, with the boundary conditions (1.3),

Vx(a(x,Vxh))=f in Q, (2.1a)
V-h=0 in €, (2.1b)
a(z,Vxh)xn=g on T, (2.1c)
h-n=0 on T, (2.1d)

where a :  x R3 — R? is a Carathéodory function satisfying the structural con-
ditions

a(z,u) - u > ajul?, (2.2a)
la(z,u)| < a*|ulP~?, (2.2b)
(a(z,u) —a(z,v)) (u—v) >0, ifu#wv, (2.2¢)

for given constants a., a* > 0, for all u, v € R3 and a.e. z € Q.
The variational approach of this problem leads to introduce

WP(Q) ={veW"(Q):Vw=0,v-n,=0}, 1<p<oo, (2.3)
which is a closed subspace of WP(Q). Here W?(Q) = W'?(Q) denotes the
usual Sobolev space, where the following Green-type formula

/va~<p—/v-Vx<p:/vxn-go chEWl’p/(Q) (2.4)
Q Q r

holds with v x n,. € W_%’p(f‘) in the sense of traces (see Refs. 13 and 23).
From (2.1) we are then naturally lead to the weak formulation of the model
problem: given f € L? (Q) and g € L? (T'), find h € WP(Q) such that

/Qa(x,Vxh)~V><ga:/Qf-cp+/Fg-cp Yo € WP(Q). (2.5)

2.2. The space WP (Q2)

In this section we characterize the space WP (2) and we prove an essential extension,
for p > g, of the Poincaré-Friedrichs inequality for the well-known case p = 2. The
following assumption stands in the rest of this work:

Q is a bounded domain in R?, simply connected, with a €2 boundary T (2.6)
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Here we also define the W**P-norm of v, as usually, by the sum of the LP-norms
of v and Vu.

Theorem 2.1. In WP(Q), for Q satisfying (2.6) and p > 2, the semi-norm

IV X+ o) is @ norm, denoted by ||« ||y (q), equivalent to the WP porm.
First we introduce the functional spaces
WP(V-,Q)={veLP(Q): V-vweLl(Q)}
and
WP(Vx,Q) ={veLl(Q): VxveLl(Q)},
endowed with the graph norms, in particular

[llwrvx.0) = VlLr@) + IV X0l 1eq) -

WH(V-,Q) and WH(Vx,Q) represent the closure of 2()® in the spaces
WP(V-,Q) and WP(Vx,Q), respectively. All these spaces are separable reflexive
Banach spaces when 1 < p < oo and 2(Q)? is dense in W?(V-,Q) and W?(V x, ),
where Green formulas, such as (2.4), hold, being the boundary integrals interpreted
in the duality between Wr? (T") and Wfi’p(l“) (see, for instance, Refs. 13 and 23).

The following characterizations

WV, Q) ={veWP(V.,Q): v -n,. =0}
and
WH(Vx, Q) ={veWP(Vx,Q):vxn =0}
are also well-known.
Lemma 2.1. With the same assumptions of the Theorem 2.1, in WP(Q) the norm

I =1 llpevee) +IVX-lpr

is equivalent to the WP -norm. Here p\V 2 = max{p, 2}.

Proof. We prove first that
WP(Q) = L*(Q) N WP(Vx,Q) N WE(V-,0,0).

where W{(V-,0,Q) = {ve W§(V-,Q): V-v=0}.

Observing that for p > ¢ we have W'?(Q) < L?(f2), we need to prove that a
divergence-free function v € L*(Q) N LP(Q) = L*Y?(Q), having curl in L”(Q) and
v-ny, =0, has gradient in L”(Q2).

Considering

V={¢eHyQ):VE£=0},
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the homogeneous Dirichlet problem for
—AE=Vx(Vx€ =Vxv inf (2.7)

has a unique solution & € V. Indeed, in the Hilbert space V', the norms | - HHI(Q)
and [[VX+[|z»q) are equivalent (see Ref. 13, p. 209) and, since V xv € L?(Q2) and
LP(Q) — H'(Q) if p > £, the existence of solution to the weak formulation of
(2.7)

/Vx.ﬁ-ngo:/va-cp VeV,
Q Q

follows from standard results. By elliptic regularity we may conclude that & €
H(Q) N W?P(Q) (see Ref. 16).
Let us consider the function ¢ = Vx€ —v. By the properties of v and (2.7) this
function is such that
W e L(Q) N LX),
Vap=V-(Vx€) —-Vv=0 in Q,
Vxyh =Vx(Vx€) —Vxv=0 in €,
Pp-n=(Vx€) - n—v-n=0 on T,
this last equation being a consequence of £ = 0 on I', which implies that V <&, is
orthogonal to n, by applying Stokes theorem over T'.

So, 9 € H(Q) = {u € L*(Q) : Vxu =0,V-u=0,u-n, =0} As we
have that dimH(2) = 0 (see Ref. 13, p. 219), we conclude that ¥ = 0, and so
v=Vx¢&eWP(Q).

To prove the equivalence of the norms || - [lyy1.5 () and ||+ | gov2(q) + IV X[ Lo (q)
in WP (), it is enough to observe that this space is a Banach space with both norms
and that the first norm is stronger than the second one. 0

For the proof of Theorem 2.1 we also need the following Lemma, which proof
can be found in Lions-Magenes,?! p. 171.

Lemma 2.2 (Peetre). Let Ey, Ey and Ey be three Banach spaces and let
A12E0—>E1 andAQ:E0—>E2
be two linear continuous mappings with:

1. As is a compact mapping;
2. there exists a constant ¢ > 0 such that

[0l g, < c([Arvllg, + [ A20]lg,) Yo € Ey. (2.8)
Then:

1. ker Ay has finite dimension and Im Ay is closed;
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2. there exists a constant Cy > 0 such that

inf
€ker

inf o+ wlg, < Coll vl

Proof of Theorem 2.1: To see that the semi-norm [[V X[z, is a norm in
WP () for p > £, we define the linear continuous operators
Ay WP(Q) — LP(Q)
v +— VXxwv

and
Ay s WP(Q) — L*(Q) N LP(Q),
v — v

noting that A, is compact.
Since

loll = 40 o + 14201l vy
the inequality (2.8) is verified, so by Peetre lemma,

3Co >0 inf Jut o] <Coll 4wl (2.9)

Observing that ker A; C H(2) = 0, the relation (2.9) is equivalent to
3G >0 |ofl < Co[Vxv| Loy,

proving that the semi-norm [V X[z, q) is a norm in WP(€2), equivalent to the
W hP_norm. O

Corollary 2.1. Let Q satisfy (2.6) and p > g, Given h € WP(Q), its trace,
h. € Wﬁ’p(l"), is such that

Ptell 0 gy < € Il (210)
for some C = C(Q,p) > 0.
Proof. This result is an immediate consequence of the continuity of the trace map

from W'%(Q) onto Wﬁ’p(l") and of the equivalence, in WP (), between the W'
and WP norms. 0

2.3. Solution of the variational problem

We can now show the existence and uniqueness of solution of the variational for-
mulation (2.5) of the problem (2.1).

Proposition 2.1. For Q) satisfying (2.6) and p > g, the problem (2.5) has a unique
solution.
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Proof. WP(2) is a separable reflexive Banach space. Considering the operator
A WP(Q2) — WP(Q) such that

(Ah,go)z/a(a:,Vxh)-ngo Vh, ¢ € WP(Q),
Q

the structural properties (2.2) allow us to conclude that A is a bounded, hemicon-
tinuous, monotone and coercive operator.
Defining L € W?(Q)’ such that

<L,<P>=/Qf-so+/rg-<p Ve € WP(Q),

a well-known existence theorem to monotone operators (Ref. 20) guarantees the
existence of solution in WP(2) to the problem Ah = L. The uniqueness results
directly from the strict monotonicity (2.2¢) of the operator A. 0

Remark 2.1. For the existence of solution of the strong boundary value problem
(2.1) with given data (f,g), as we observed in the introduction, it is necessary that
f is divergence-free and g is tangential on T'. However the weak formulation (2.5) of
the problem (2.1) has a unique solution with no restrictions on the data, that can
be taken more generally as an element L € WP(Q2)’ in the right-hand side of (2.5).
Usually, a solution of a weak problem is also solution of the strong one, as long as
it has enough regularity. The situation here is different. In fact, the compatibility
condition (1.7) is a necessary condition for the existence of solution of (2.1) (see
Ref. 23, p. 143) but not for the existence of a weak solution.

Remark 2.2. Let us observe that, given f € Lp/(Q), using the Helmholtz decom-
position (see Ref. 29), we may write f = f,+ V&, where f is divergence-free and,
given g € r” ("), we may write g = gy + g, where g, and gy are, respectively,
the tangential and the normal components of g.

Since the set of test functions WP?(2) only takes into account f, (the divergence-
free component of f) and g, (the tangential component of g), the problems (2.5)
with data (f,g) and (f,,gr) are the same and both correspond to the weak for-
mulation of problem (2.1) with data (f,,g7)-

Although, because of the structure of the test functions in the weak formulation
of the problem, in order to go back to the strong formulation, we have to impose
the compatibility condition (1.7). In fact, if h is a regular solution of (2.5) with
data (f,g), if we set a = a(z, V x h), integrating by parts, we have

/ (Vxa-— fo) ~go+/ (axn—gp) =0 VoecWP(Q),
Q r
S0, a X n = g on I'. Noticing that the function { = Vxa — f, is divergence-free
and, on the other hand, since @ x n| is tangential, we have, on I'
¢-n= (an-n)—f0~n=Vp~(axn)—fo-n:Vp-g—fO~n=0,

as long as the compatibility condition (1.7) is satisfied. This implies that ¢ is zero
and (2.1a) is satisfied.
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3. Properties of the variational solution
3.1. A continuous dependence result

Consider sequences of functions f, € ¥ Q), g, € 7 (T') and a sequence of
Carathéodory functions a,, satisfying, together with a, the properties (2.2) with
the same a. and a*, where we replace (2.2¢) by

a,*|u—'v|p7 pZZa
(a(z,u) —a(z,v))  (u—v) > (3.1)
a.(jul + [v)P7?lu —of?, T<p<2.

Let, for each n € N, h,, € WP(Q) be the solution of the problem
/an(x,Vxhn)-ngo:/fn~<,o—|—/gn-go Y € WP(Q). (3.2)
Q Q r

Theorem 3.1. If f, —— f 1in Lp/(Q), g, —— g in Lp/(I‘) and
a, —— a a.e. in Q x R3, then the sequence of the solutions of the problems
(3.2), {hn}n, converges in WP(Q) to h, solution of the problem (2.5).

Proof. Replacing in (2.5) and (3.2) the test function ¢ by h,, — h we have that
/ (an(z,Vxhy,) —a(z,Vxh)) -Vx(h, —h) =
Q
[Ga=8)-t=1)+ (9.~ 9) (ha =)
Q r
and so h and h,, satisfy the relation
/ (an(@,Vxhy) — an(e, Vxh)) -V x (R — h)+
Q
/ (an(z, Vxh) — a(z,Vxh)) - Vx (h, — ) =
Q
r

/ (Fo—f) (e — )+ / (9 —g)- (hn— ). (33)
Q

Notice that, given f € Lp/(Q), g€ Lp/(I‘) and h € WP(Q) there are constants
(1 and Cy such that

/Q Foh < £l o 1Bl oy < Co Il Flw o ol
and

/rg “h < lgllzy @) 1Plpoy < Collglle o) Il o) -
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Using the property (3.1), in the case p > 2, from the relation (3.3) we obtain

ay |V (hy, — h)||’l.:p(Q) <
lan(z,Vxh) - a(z, VXh)HLv’(Q) IV (hy — h)”LP(Q) +

Cillfn — f”LP’(Q) [n — h||wv:>(9) +Callg, — QHLP’(F) [n — hHWP(Q)

and so

ax [V x (hy — )Hm(sz
lan(z,Vxh) —a(z,Vxh)| g q) +

Collfn = Fllper @)+ C2llgn —9llpr - (34)
In the case g < p < 2 using the property (3.1), from (3.3) we obtain
a*/ (IV x| + [V xh|)" 2|V x (h, — h)|*
Q

(e, V xh) = a(a, V xh)l| o o IV 5 (B = B o )+
Cu = Fllp iy 1 = Bllgyoy + C g, — g||m> 1B = Bllgyogay - (35)

Using a reverse Hélder inequality with 0 < £ <1 and 5 < 0, we obtain

a*/ (IV % hy| + |V xh|)" 2|V x (hy, — B)|?
Q

P
o (27 (195 Bl + 19 5Bl ) ) T 195 = Wl (36)
We have, from (2.2a), that for n € N
a. [V xhyllpoq) = / ay |V xh,|P < / a(z,Vxhy,) -Vxh, =
Q Q

/an hn + /an “hn < (Cl H-fn”LP’(Q) +C ||gn||Lp’(F)> ||V><hn||Lp(sz) :

Using the convergences of f,, and g, to f and g respectively, there exists a
positive constant C' such that

0 ||V x By < C.

Going back to the inequality (3.6), this last estimate allow us to write
—2 2
a,*/ (IVxhy| +|Vxh|)" 7|V x (h, — h)|" > C5 ||V x (hy, — h)||2Lp(Q)
Q

for some positive constant C3 independent of n.
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Using this last inequality, from (3.5) we have
Cs HVX (hn - h)”LP(Q) <
lan(x, Vxh)—a(x,Vxh) ||Lp/(Q) +
Cullfn = Fllgw oy + Callgn — gl (37)

We can write both relations (3.4) and (3.7) in the following inequality

1V % (hn = B[ Frie)* <
Ca( llan(w, V) = alw, VxR o) +
1= Fllsriy + 190 = gllprry ) (3:8)
valid for p > g, where Cy is a positive constant independent of n. 0O
Remark 3.1. If
an(r,u) = v, (z)|uP?u and a(z,u) = v(z)|ufu

from (3.8) we have a stronger result

V1
[ hngp(Qv <C (”Vn - VHLOO(Q) +fn - f”Lp’(Q) + g, — gHLP’(F) )

3.2. A limit problem when n — oo
In this section we assume tha:c g <p<mn,p and n’ are respectively the conjugate
exponents of p and n, f € L? (Q) and g € L? (T"). For simplicity we denote
Vpxu = |V xulP"2V xu. (3.9)
Since the operator A, : W (Q) — W™ (Q)’ defined by

(Anu,v>:/anu-vaJr/é(x,qu)on'v,
Q Q

where d(x,w) satisfying (2.2a,b) and (3.1) with nonnegative constants d, and §*
(in particular, we may have §, = ¢* = 0), is bounded, hemicontinuous, strictly
monotone and coercive, the problem

/anhn~V><<,o+/ é(x,Vxhn)'anp:/pr—k/gwp Y € W*(Q), (3.10)
Q Q Q r

has a unique solution h,,.
We are going to characterize the limit of {h,, },,, when n — oco. If we take ¢ = h,,
n (3.10) we obtain

/|V><hn|"+/6(x7V><hn)-V><hn:/f-hn+/g~hn
Q Q Q r
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and so there exists a positive constant C7, independent of n, such that

/|Vxhn|"+6*/|V><hn|P§
Q Q

Oy (111 @y WPl oy + 1l oy Wl g 3y ) (B11)

Using the equivalence between the W” and W™ norms and the inequality of
Corollary 2.1, we obtain the a priori estimate

IVxholpr@) < Co Co=Ca(llfllpr ) l9llLe r)- (3.12)

Defining the convex set Koo = {v € W>(Q) : [Vxwv| < 1 a.e. in Q}, where in
(2.3), letting p = co, we obtain the definition of W (£2), we consider the following
variational inequality.

To find ho € K4 such that

/vah ) V(@ — hoo /f (¢ — hoo / (@ — hoo)
Vo € Koo, (3.13)

Theorem 3.2. Assuming that the operator § satisfies (2.2a,b), with nonnegative
d« and §*, and (3.1), let h,, denote the solution of (3.10). Then we have, at least
for subsequences,

h, — h in WP(Q)-weak, (3.14)
where hoo s a solution of (3.13).
If 0, > 0, the whole sequence converges to the unique limit.
Proof. As the sequence {h,}, is bounded in WP(Q), there exists a function hs,
such that at least for a subsequence, still denoted by {h,, },, we have
h, — hy weakly in WP(Q).

Due to the equivalence between the norm of W?(Q) and of W'?(Q), we may
say that

Vxh, — Vxhy, in LP(Q)-weak,
h, — hy in LP(Q)-strong.

Given p < ¢ < n we have, using the estimate (3.12),

1_1 11 1
HVth“Lq(Q) S |QT [V xhy| L) = Q"= Cy
and so
- 1
IVXhosllpaga) < hrnnlnf IV xhy||pa) <[99 Vg > p.

As Vxhy € L¥(Q) and ||V xhyl[p=@) < 1, we have that ho belongs to the
convex set Koo
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Choosing, in (3.10), ¢ = v — h,, € W™ () as test function, by monotonicity we
have

/anv-Vx('u—hn)—i—/J(x,va)-Vx(v—hn)2
Q Q

[r@=ni+ [ w=n)

and imposing that ||V xv| =) < 1, letting n — oo, we obtain that h., satisfies

/éxva) Vx(v—h /f v—h /Fg-(v—hoo), (3.15)

for any v € K such that ||V xv||p~(q) < 1 and, by density, also for any v € K
Choosing now, in (3.15), v = A@ + (1 — A hs, where 0 < A < 1 and ¢ € Ko,
is arbitrary, we easily see, after letting A — 0, that h., satisfies (3.13). 0

Remark 3.2. Notice that the above argument holds even in the case where § = 0.
In this degenerate case, we have shown the existence of hgo € K such that

/f~(¢—hgo)+/g-(<p—hgo)§0 Vi € Koo
Q r

4. A stationary electromagnetic induction heating problem
4.1. Weak formulation of the coupled system

Considering the coupled problem (1.5)-(1.6) and using the notation (3.9) for the
operator p-curl, and, similarly,

V,0 = |V60|72V0,

we introduce the weak formulation of the stationary electromagnetic induction heat-
ing problem.

To find (h, ) € W?() x W, (Q) (for a certain r: 1V (¢ — 1) < r < ¢) such
that

/ v(0)Vpxh - Vxp = /f <p+/g<p Ve € WP(Q), (4.1a)
/ O)V,0 - Ve = / 0)|V x h|P¢ VE € Wy™(Q). (4.1b)

For technical reasons we shall restrict ourselves to the case p > g and q > %
Here we assume that v,k : R — R are continuous functions such that

O<wve<v(@) <v'and 0 <k, <Ek(f) <k* VOeR. (4.2)

£

Theorem 4.1. Letting p > % and ¢ > 5, v,k: R — R satisfy (4.2) and f €

Lp/(Q) and g € L (T"), the problem (4.1) has a solution with r = q if ¢ > 3 and
1<r< (qfl) if%<q§3.
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To solve this problem, we consider a family of approximated problems by trun-
cation.
Let us define the truncation operator as follows: given M > 0 and v a real
function,
—Mifv<—-M,
M) =(WAM)V(-M) = v if —-M <v< M,
M ifv> M.
For M > 0 consider the approximated problem of (4.1) which consists of finding
(har,0ar) € WP(Q) x W, 9(Q) such that

/V(GM)Vpth-ngo:/f-go+/g-cp Y € WP(Q), (4.3a)
Q Q T

Proposition 4.1. For any p > g and q > 1 the problem (4.3) has a solution.

Remark 4.1. In fact, the function |7as ((627)|V x has|P)| is a priori bounded by
M, and a well-known classical global estimate for 0, (see Ref. 16, Section 10.5, for
instance) yields

||9M||Loo(g) <CM,

where C' is a positive constant depending only on €2, ¢ and k.. So, for the existence
result of Proposition 4.1, the upper bounds v* and k* in the assumption (4.2) are
not necessary.

Remark 4.2. More generally, we can consider a coupled problem for (h,0) €
WP(Q) x W, (Q) (where, as before, 1V (¢ — 1) < r < q) of the form

/ap(x,Q,h,Vxh)~V><ga=<L,ap> Y € WP(Q),
Q

/bq(x,e,h,ve)-vgz/ (ay(z,0,h,V xh)-Vxh)¢ VEe Wp™(9Q),
Q Q

for a general L € WP(Q)" and quasi-linear Carathéodory functions

ap,b,: xR xR xR? — R3
satisfying the structural conditions (2.2), respectively for p > g and g >
formly in the variables (z, 0, h).

5

3 uni-

Remark 4.3. The case 1 < ¢ < % can still be considered in the framework of

entropy solutions introduced by Bénilan et al.* It consists in replacing (4.1b) by
/ k(0)Vq8 - V1,0 — &) = / v(0)|VxhlPrs(0 — &) VEe€ WOI’OO(Q) Vs> 0,
Q Q

and the entropy solution is such that 74(9) € VVO1 (), for every s > 0. A continuous
dependence result for entropy solutions (see Ref. 19) and their truncates allows to
extend the existence result to this case.
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4.2. Existence of weak solutions

Proof of Proposition 4.1: The proof will be done using the Schauder fixed point
theorem.

Given R > 0, we consider Dr = {7 € LYQ) : [Vl e < R} and, fixing
v € Dpg, we solve the auxiliary problem

/Qu(y)Vpxh-ch,o:/wap—k/Fg-cp Y € WP(Q). (4.4)

This problem is exactly the problem (2.5), for which we proved the existence
of unique solution in the Proposition 2.1. Calling the solution h(y) and using it as
test function in (4.4) and recalling (4.2), there exists C' > 0, depending only on v,
p, Q, f and g, such that

IV % h(3)ll oy < C- (4.5)

Observe that, using the continuous dependence result of Theorem 3.1, we have
that the function Sy : LY(Q) — WP(Q) defined by S1(y) = h(v) is continuous for
the strong topologies.

Considering now v and Si(y) = h(vy) fixed, we solve the problem

/Q (1)V,6 - VE = /TM DIV xh(y)P)E Ve WH(Q).  (46)

This elliptic problem has a unique solution 8(y) = 6(y, h(7)) € Wy 4 (Q) (see
Ref. 20).
Using 6(7) as a test function in (4.6), we get

b [ 190001 < s DI P |t ) 10
and applying the Poincaré inequality,

100 w2y < Car. (4.7

where C)p; > 0 depends on M and €.
It is now easy to see that the function

Sy 1 LI(Q) — WP(Q) — Wy 9(Q),
v = h(y) —0(y,h(y))
is continuous. Indeed if {~,}, is a sequence in L?(2) such that v,, ——— +, then
by Theorem 3.1, [V xh(y,)[? —— [Vxh(y)[? in L'(%). !

Arguing as in the proof of Theorem 3.1 for the Dirichlet problem (4.3b), which
satisfies the structural assumption (3.1) with ¢ > 1, as in Remark 3.1, we easily
obtain the estimate

IV (00rm) = 0[S < ClIE() = km) ey +
721 (v(N)|V x h()P) — 7ar (v (7) |V x B (7 )HLq @ (4.8)
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50 () ——— 6(v) in Wy'%(Q) and the continuity of So follows.

Recalling the compact imbedding of W, %(Q2) into L9(Q) the Schauder fixed
point theorem in L9(Q) yields a solution to (4.3) with hys = h(0a). O

Proof of Theorem 4.1: For ¢ > 3, by the Sobolev imbedding W, *(Q) c C°(Q),
repeating the proof of the Proposition 4.1 with (4.4) and (4.6) without the trun-
cation Tps, we obtain the a priori estimate (4.5) and (4.7) with a constant C’ > 0
depending only on , on C of (4.5) and on the constants k. and v* in (4.2). Hence
the same fixed point argument yields directly a solution (h(6),0) to (4.1).

For 2 < ¢ < 3, we consider solutions (has,6a) of (4.3) and we note that

ras (VDT X Badl?) | 1 ) < )V x P Pl gy <
VIV s [f ) < CF, (49)

where C* > 0 is a constant independent of M.
By the estimates of Boccardo-Gallouét,® we have for 1 < r < 3(q — 1) the a
priori estimate

HQMHWOM(Q) < CT:

where C,. > 0 is a constant also independent of M but depending on C* of (4.9)
and on the constants of (4.2).
Then, by compactness, at least for a subsequence M — oo we may suppose

h]\/[ —— h in LP(Q), (410&)
Vxhy —— Vxh  in LP(Q)-weak, (4.10D)
Op —— 0 in L™(92), (4.10c)
VO —— V0 in L (Q)-weak (4.10d)
and, using the assumption (4.2), also
v(Or) — v(6) in L*() V1< s< oo, (4.10f)
v(0m)Vpxhy — A in Lp/(Q)—Weak7 (4.10g)

since |[v(0a1)Vp X bt || o () < V° HVXhMHZ;(lQ) < C"”, where C" does not depend
on M by (4.5).
From (4.3a) and (4.10g) we see that h solves (4.1a) if we show

/)\ongo:/y(e)Vprpchp Ve € WP(Q), (4.11)
Q Q

which can be done by an adaptation of Minty’s lemma (see Ref. 20).
Indeed, on one hand, letting M — oo in (4.3a), we obtain first

AA-VX¢=/§2f~¢+/Fg-¢ Ve € WP(Q2)
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and, noting that h € W?(Q), also

M Jq M \Ja r

/Qf'h+/rg-h:/ﬂ)\-V><h. (4.12)

/I/(QM)VPXh]u~VX(hM7’U)7\/Z/(Q)VPX’U‘VX(th’U)Z
Q Q

By monotonicity, we have

/ (v(0rr) — v(0))Vyxv - Vx (hy — )
Q
and, letting M — oo, using (4.12), we obtain
/ (A=v(0)Vyxv) - Vx(h—v) >0 Yve WP(Q). (4.13)
Q

Choosing v = h — a ¢ with ¢ € WP(2), dividing by « > 0 and letting o — 0,
we obtain from (4.13)

/Q (A= v(0)V,xh) - Vxp >0 Yeec WP(Q),
which implies (4.11).
Taking ¢ = hyr — h in (4.1a) and (4.3a) we obtain
/QV(QM) (Vpxhy —Vpxh)-Vx(hy —h) =
/Q ((0) — v(0)) Vpxh -V (hyr — h).  (4.14)

By Lebesgue theorem and (4.10f) we have (v(6) — v(0r))V, xh — 0 in Lp/(Q),

so the right-hand side of (4.14) tends to zero. The assumptions (4.2) imply that
V xhyy — Vxh in L*(Q),
using, when p < 2, arguments similar to (3.6). By (4.10f), we have
v(0nr)|V xhpy|P — v(0)|[Vxh|P in L'(Q)
and, consequently, also
™z (v(001) |V x B |P) — v(0)|Vxhlp in L*(Q).
Finally, in order to show that 8 also solves (4.1b) we apply Lemma 1 of Boccardo-

Gallouét,” which implies that {6y} is compact in Wy (Q), for any 1 < r <
3(q— 1) and therefore we have

k(Ou) Vet —— k(0)V,0 in L*(Q) V1<s<3.
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5. A stationary magnetization of a superconductor
5.1. The quasi-variational inequality

Similarly to the quasi-variational inequality (1.10) considered in the introduction,
and substituting the operator p-curl by the more general operator a, we are lead to
the following quasi-variational inequality,

heKp={veWP(Q): |Vxv| < F(|h]) ae. in Q}
(5.1)
/a(x,Vxh)~V><('vfh) Z/f~(vfh)+/g~(v7h) Vv e Ky,
Q Q r
where the operator a satisfies the assumptions (2.2).

Theorem 5.1. Suppose that p > %, fe Lp/(Q), gc LPI(F) and F : [0,00) — R
18 continuous and there exists v > 0 such that

F(s)>v>0 Vs>0. (5.2)

If g < p < 3 suppose, in addition, that there exists positive constants ¢y and ¢y
such that

F(s) <cop+c1s® ¥s>0, (5.3)

where o > 0 if p=3 andogagﬁ if ¢ <p<3.
Then the quasi-variational inequality (5.1) has a solution.

5.2. A continuous dependence result
We consider first the following variational inequality, defined for a given nonnegative

function ¢ € L>(Q),

heK, = {veWP(Q): |[Vxv| < F(p) ae. in Q}

/Qa(at,Vxh)-Vx(v—h)z/ﬂf~(v—h)+/rg-(v—h) Vo e K,. o

Lemma 5.1. Suppose we have a sequence {py }n in L°(Q) such that p,, ———
in L>=(Q). Let F satisfy the assumption (5.2) and the operator a verify (2.2). If h,
and h denote the solution of the variational inequality (5.4) for given ¢, and ¢,
respectively, then
h, —— h in WP(Q). (5.5)
n

Proof. We follow arguments similar to Ref. 2 by proving the Mosco convergence
of the family of convex sets K, to K.
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Given a sequence {v,, },, belonging to K, , we need to prove that if v, — v
n

in WP(Q) then v € K. It is enough to observe that, for v,, belonging to K, we
have |V xwv,| < F(yy,) and, since for any measurable w C €,

/\va|§liminf/ |V X, Sliminf/F(cpn):/F(cp)7

we get |V xv| < F(p) a.e. in Q.
Given v € K, we need to construct a sequence v, € K, such that
v, —— vin WP(Q). Defining A\, = [F(en) — F(¢)|lr=), we have

A — 0. If we define v,, = l%n'v, for p, =1+ )‘7 then v,, € WP(Q) and

1 1
[Vxwn| = —=[Vxvl < 7= F(9) < Flgn)

since

£ (o) = F(p)llLo=( N

which means that v,, € K, . Besides that

pn =1+

1\P
fon=vlfyney = [ [P0 = [ (1) 1908 = 22 ol ) —— 0

and so the Mosco convergence is proved. By a well-known result of Mosco (see
Ref. 25), we have (5.5). O

5.3. Existence of solution of the quasi-variational inequality

Proof of Theorem 5.1: Following Ref. 17, we use a fixed point argument to prove
this theorem.

For a given ¢ € C(f2), we denote by h, the unique solution of the variational
inequality (5.4) with convex K, and we define

S:C(Q) — WrP(Q).
¢ +—hy,

The continuity of S is a consequence of Lemma 5.1.
For p > 3, since WP (1) is a subspace of W' (Q) and this last space is compactly
imbedded in C(Q), we have

S:C(Q) - Wr(Q) — C(Q) — C(Q) (5.6)
¢ = hy = hy = |hy

is a continuous and compact mapping.
Taking v = 0 in (5.4), we easily conclude that

P llwe () < C, (5.7)
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where C' > 0 is independent of the ¢ but depends on a*, 2, f and g. Therefore,
there exists some R > 0, such that we have S (C(Q)) C Dg, for D = {¢ € C(Q) :
lello@) < R}. Applying the Schauder fixed point theorem, we get that S has a
fixed point in Dg, which solves (5.1).

To prove the case g < p < 3, we apply Leray-Schauder principle (see e.g. Ref. 16,
p. 280). We start noticing that, given ¢ € C(2), the solution h,, of (5.4) belongs to
W ().

Besides that, given 1 € C() and for any r > 3 we have

Vo — ey = /Q 1V (hy — hy)l" <

2t [ (P + PO )V x (b, — bl (58)

So, using Lemma 5.1, the function S, defined as in (5.6), with W?(Q) replaced
by W7 (£2) is continuous and compact. To prove that S has a fixed point it is enough
to prove that the set

A={peC(Q):p=AS(p) for some X € [0,1]}

is bounded independently of A.
Given ¢ € A, we have ¢ = AS(p) = A|lh|, for some A € [0, 1]. So

”SDHTc(Q) =\ |h90| ||2‘(Q) < C”hsa”gzvr(g) - C/Q |V><h¢|r <
C/ COIIS C/ (co +Cl|90|a)r =< +51|)\|m/ |hy|™ <
Q Q o

%
G + call gy < 0 +c3 (/ |thq,p) :
Q

using the Sobolev inclusion WhP(Q) C L"*(2), which is verified by the assump-
tion (5.3) on a. The conclusion of the boundedeness of A follows then directly from
(5.7). |
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