CONVERGENCE OF CONVEX SETS WITH GRADIENT CONSTRAINT

ASSIS AZEVEDO & LISA SANTOS*

ABSTRACT. Given a bounded open subset of RY, we study the convergence of a sequence
(Kn)nen of closed convex subsets of WP(Q) (p €]1,00[) with gradient constraint, to
a convex set K, in the Mosco sense. A particular case of the problem studied is when
K, = {v € W5P(Q) : Fu(z, Vo(x)) < gn(z) for ae. zin Q}. Some examples of non-
convergence are presented.

We also present an improvement of a result of existence of a solution of a quasivaria-
tional inequality, as an application of this Mosco convergence result.

1. Introduction

Many physical problems have a mathematical formulation using variational inequalities.
A special case of variational inequalities is the one whose convex sets are defined using con-
straints on the gradient. A well known problem in the literature, with gradient constraint
(and the first introducing these kind of problems), is the elastic-plastic torsion problem.
Its elliptic variational formulation was considered by Brezis (see [1]). The parabolic case
was solved in [11]. Jensen, in [2], considered elliptic linear variational inequalities where
the convex sets are defined using convex functions depending on the gradient. In [10],
Rozhkovskaya presents a survey of her works on elliptic and parabolic variational inequal-
ities with gradient constraint. In [6], Prighozin introduces a model of a sandpile using
a degenerate variational inequality with gradient constraint and, in [7], he presents the
critical state model of type-II superconductors in a longitudinal geometry, which is a qua-
sivariational inequality with a constraint on the gradient. Rodrigues and Kunze, in [3],
proved existence of solution for the stationary case and in [9], Rodrigues and Santos proved
existence of solution for the evolutive case. The existence of solution of the variational
problem with gradient constraint, as well as the continuous dependence on the data can be
found in [12]. In the papers [9] and [12], to obtain the proof of existence of solution, it was
necessary to establish a result that corresponds to part of the proof of the convergence of a
family of special convex sets, in the sense introduced by Mosco in [5]. On the other hand,

the proof of continuous dependence on the data (in [12]) uses, given a function belonging
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to a certain particular convex set, the same type of construction of a function belonging
to another convex set, as the one used to prove the Mosco convergence. It turns out that
the abstract problem of convergence of a family of convex sets with gradient constraint is a

relevant problem and it is the aim of this paper to treat this problem in a general situation.

In section 2, we introduce the definition of the convex sets considered, the definition of
Mosco convergence and we present some preliminary considerations.

Section 3 is the main part of this paper, and there we consider different situations in
which we are able to prove Mosco convergence. We also present two important examples
of non-convergence.

In section 4 we present an example of application of Mosco convergence. More specifically,
we apply Mosco convergence to improve a result of existence of solution of a quasivariational

inequality.

2. Preliminaries

Let Q denote a bounded open subset of RY with smooth boundary 9Q. For z € Q, let
(Kn(2))nenu{os) denote a family of compact convex subsets of R uniformly bounded in

x and in n. We assume that (see Remark 2.7 for a slight generalization),

(1) Ve Vn e NU{oco} 0€ Ky(x)

For these sets we define, if n € NU {oo} and p €]1, o0,

(2) K, = {u € WyP(Q) : Vu(z) € K,(z) a.e. in Q}.

Notice that the sets K,, are nonempty closed convex subsets of W(l]’p (Q).
For simplicity, in this work, we will drop the symbol co whenever possible.

Our aim in this work is to prove the Mosco convergence of K,, to K, when n — oo, with
suitable assumptions on (K (Z))nenu{oc}-

In what follows, given A,B C RY, r > 0 and 29 € R, A = B denotes the symmetric
difference between A and B, |A| the Lebesgue measure of A, d(x(, A) the distance from g
to A, B(0,r) = {z € R": |z| <r} and B(0,7) = {z € R" : |z| < r}.



CONVERGENCE OF CONVEX SETS WITH GRADIENT CONSTRAINT 3

Definition 2.1. Let (Ty)uenufoo} be a family of closed convex subsets ofW(l)’p(Q). We say

that (T, )nen converges to Too in Mosco sense if (see [8]):

(3) Vu€To Ve N Ju, € Tyt up —— u in WHP();

(4)  if foralln €N, v, € T, and v, —— v in Wé’p(ﬂ)-weak’, then v € Two.

When (T,)nen converges to To in Mosco sense we will write T, Ly Te.

Below we present an important class of convex sets K,,.

Example 2.2. For n € NU{oo}, consider functions g, : Q@ — R, F, : Q x RV — R and
suppose that F,, is conver in the second variable. Define the family of closed convex sets
Kn(z) ={£ €R": Fyp(z,§) < gn(x)}. Then

K, = {ue W(l)’p(Q) : Fo(x, Vu(z)) < gn(x) a.e. in Q}.

If F(z,€) = [€], we obtain Ky (z) = B(0, gn(x)) and
K, = {ue Wé’p(Q) D Vu(z)| < gn(x) a.e. in Q}.

In general, we may define the convex sets K, (z) using a function g, that depends on

the point = but also on the direction in R, as we can see in the following remark.

Remark 2.3. Given (K, (2))nenufoo}, for @ € Q, defining gn : @ x RN\ {0} — R{ by
(5) In(2,€) = max{\ € R} : )\% € K,(z)},
we have Kn(x) ={§ € R™ : [¢] < gn(z,8)}-

Defining d,, () = d(0, 0K, (z)), notice that d,(x) = ‘Ig‘n_% gn(x,€) and, if p # 0 and A > 0,
In (2, AE) = gn(z,§). Given z € Q,

(6) 0e I%n(a;) = gn(z,-) is continuous.

In this work we will deal with the following three natural assumptions on the sets

(Kn(2))nenu{oo}, trying to guarantee the Mosco convergence K, - K.

Assumption 2.4. |K,(z) = K(x)| - 0, uniformly in z, and, ¥n € N, I%n(a;) # 0.
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Notice that, if the sets K, (z) had all measure zero, this condition would be meaning-
less. Nevertheless, we will prove that, if N = 1, this is sufficient to guarantee Mosco

convergence. If N > 1 and 0 € K (x), then we have the same conclusion if we demand
|[Kn () + K ()|
()Y

implies Mosco convergence.

0, uniformly in z. In particular, if d(x) >> 0, then Assumption 2.4

We will give an example which shows we cannot substitute the exponent N by any other
less than N — 1, neither we can substitute [d(x)]"¥ by |K(z)| if 0 ¢ I%(w) and |K(z)| > 0.

Assumption 2.5. g?n 5 1, uniformly on {(z,€) € Q x RN\ {0}) : g(z,&) #0}.

This condition always implies (3). In particular, Assumptions 2.4 and 2.5, together,

imply Mosco convergence.
Assumption 2.6. g, — g, uniformly in Q x RV \ {0}.

In this case, in order to obtain Mosco convergence, we will impose the continuity of the
functions g, and that, for every x € Q, 0 € I%(w) or K(x)={0}.
Notice that when N = 1 the Assumptions 2.4 and 2.6 are equivalent.

Remark 2.7. If there exists a function w € K, Vn € N, everything works similarly if we

substitute the condition 0 € Ié(m) YV € Q by the condition Vw(z) € Ié(a:) Vel

In the last section we use Mosco convergence to prove existence of solution of a parabolic
quasivariational inequality in a limit case. In [9], Rodrigues and Santos established exis-
tence of solution of a quasivariational inequality in the following convex set with gradient

constraint:
Ko@) = {v € W(l)’p(Q) | Vou(z)| < p(u(z,t)) for ae. z € Q}, for a.e t € [0,77,

satisfying the function ¢ certain regularity assumptions and the additional assumption
dm > 0: ¢ > m. The use of Mosco convergence allows us to generalize the existence

result referred above to the case where ¢ > 0.
3. Study of the Mosco convergence

This section is dedicated to the study of Mosco convergence, in different situations. We
also present two relevant examples.

Recall that we are always assuming (1).
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Proposition 3.1. If Assumption 2.4 is verified then condition (4) is always satisfied.
Proof. Let u, € K, for n € N, and suppose that u,, — u in W(l]’p(Q) — weak.
For m € Nand z € Q let K™(z) = {y € RV : d(y,K(z)) < L} and define
m={v e Wé’p(Q) : Vo(z) € K™(x) for ae. zin Q). As |K,(z) +~ K(x)] - 0, uni-

formly in z,
dpm €N: Vn>p, Ve ) K,(x) C K™ (x).
In particular,
dpm €EN: Vn>p, u, € K™.

As K™ is a closed convex subset of W(l]’p (), it is also weakly closed and so v € K™. To

conclude, just note that ﬂ K™ =K. O
meN

Firstly, we prove a specific result in the case N = 1. This case is special since the convex

subsets of R are simply the intervals.

Theorem 3.2. If N = 1, Q =|a,b] and |K,(z) = K(x)] — 0, uniformly in x, then

K, — K, in the sense of Mosco.
Proof. Let u € Wé’p (Q) and «’ be its derivative.
For m € N, and given ¢, § such that 0 < ¢, < %, let
I ={zeQ:d(x) >e} Js={zx e Q:d(zx) < -6}

K.={zeQ:0<d(x)<e} Li={xe€Q:—-d<d(z)<0}

and

g-s = max{u’ — ¢,0} + min{v’ + 4,0}

/95,5 = /u+/ u —el|l:| + 8| Js).
Q I.
= / u —e|l| +§|Js|, /u’zo.
KEUL6 Q

Fix €9, 80 < % We can suppose, without any loss of generality, that / Jeo,50 = 0. But
Q

Then,

. /
lim [ ge05 = —/ u —eo|ls] <0.
0—0 Jo K.

In particular, there exists 0 < §7 < % such that /9950751 = 0.
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Considering now hp,(z) = / Jeo.5, (t)dt, we have that h,, € Wé’p(Q), since hy,, €
W'P(Q) and h,,(a) = hy,(b) = 0. Besides that,

lu = han[15,1 :/\u’(m)—h’ (x)yp</ 1y oK .
mWO’P(Q) Q m = Jo \m mpP

We have that |K,(z) +~ K(x)] — 0, uniformly in z, all the convex sets K, (z) are
intervals containing 0 and K (z) contains u/(x). Then, there exists k; € N such that, for
n > kj, hy(x) € Ky(z).

. . n
Then, if, u; = -+ =up,—1 =0, up, = -+ = up,—1 = hy, for 1 > 1, u,, — w. O

Before studying the general case, we start with an example in RY, showing that we
cannot guarantee the Mosco convergence of the sets K, to K, even if 0 € I%n(ac) and
|[Kn () + K(2)|

d*(z)

— 0, uniformly in , for some 0 < v < N — 1.

Example 3.3. Let Q = B(0,1) C RY. Consider (Qm)men a partition of Q\ {0} such that

Qy, is a (non-measurable) set with exterior measure equal to |§2|.

Define now the closed conver sets K,(x) and K(x), withn € N and x € Q, as follows:
e K(0) = K,(0) ={¢€R": |¢| <1} forn e N;
e K(x) is the cilindre whose azis is the closed segment joining x to —z and the bases
have ratio %, for x € Qup;
o K,(z) = K(z) for z € Qp, and m < n, or if x € Qp,, m >n and |z| < L;
o K, (x) is the cilindre whose axis is the closed segment joining § to —% and the bases

have ratio L, for x € Qp,, || > L and m > n.

Notice that, if z # 0, then d(z) = inf {|z|, L }.

Let u : © — R be defined by u(z) = 3 (|z[*> —1). Observe that u € W(l]’p(Q) and
Vu(z) = x.
Then, if 0 < a < N — 1 and D is the volume of the unitary disk in RN~

|Kp(z) + K ()] D (L)Y | if € Qo m >, fo] > L,
d*(z)

0 otherwise,

which implies that

K, (z) = K ()| < <1>N‘1‘a n

() — 0, uniformly on z.

n
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On the other hand, if (uy,)nen is such that u, € K, for all n € N, then
1 .
VneN |Vu(x)— Vu,(z)| > 3 |z|, for a.e. z in Q, \ B(0,1).

As {z € Q: |Vu(z) — Vun(z)| > 3 |z|} is a measurable set, we conclude, by the assump-

tions on 2, that
1
VneN |Vu(x)— Vuy(z)| > 3 |z|, for a.e. zin Q\ B(0, L).

In particular

1 1
— Unp, P = v -V n P> = P> "
= wnllgnn /Q‘ u@) = V@l 2 2 O\B(0,1) S Q\B(O,U’m‘

and 50, U, £— u in WP ().

Now we are in conditions to set a positive result if N > 1. We start with a Lemma.

Lemma 3.4. Let K be a bounded convex subset of RN, d € R* andy € K. If B(0,d) C K
and € €0, 1] then

Vye K d((1—¢)y,0K) > ed.
Proof. If (1 —¢)y € B(0,d) then

d((1 — &)y, 0K) > d((1 — £)y,8B(0,d)) =d — (1 — &) |y| > d — (1 — ) d = =d.

If (1 —¢)y & B(0,d) consider C, the convex hull of {y} U B(0,d)

Then
d((1 —¢e)y,0K) >d((1 —¢)y,0C) = ed. [l
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Theorem 3.5. Let Q* ={x € Q:0¢€ I%(ZL')} and suppose that K(z) C K,(x), for x ¢ Q*.
Assuming that
[ K (2) + K(z)]
7
" ]

then condition (3) in the definition of Mosco convergence is satisfied.

250  uniformly in Q*

If we also have Assumption 2.4 then K,, — K.

Proof. For the second part of this theorem just use Proposition 3.1.

To prove the first part, given y = (y1,...,yn) € RY, a € Rt and p = (p1,...,un) €
{1, -1}V let

Alysa,) = { (@1, an) € Bly.a) s e —y) = §i=1,... . N}

A(y7 a, (_17 1))/—_\“4(% a, (17 1))

RN
/ \
\J T
TR

\_/
A(yaaa(_la_l)) A(y7 a, (17_1))

e
—~A—

Notice that, if A = [A(0,1,(1,1,...,1))|, then |A(y,a,n)| = Aa®.

First step: Let us prove that
¥e>03keNYR>kVoeQ Vye K@) [dy,dK(x) >ed(z) = ye K,(z)].

For € > 0, let k € N be such that, for all n > k and = € Q*
Fo(e) = K(@)| _ A
[d(x)¥  ~ 2




CONVERGENCE OF CONVEX SETS WITH GRADIENT CONSTRAINT 9
which implies that

K (2) \ Kn(2)] < 5 [d(@)]e".

For these k,n,x, if d(y,0K(x)) > ed(z) and p € {—1,1} then, as A(y,d(z)e, ) is a
subset of K (z) with volume A [d(x)]Ne, there exists y, € A(y,d(z)e, u) N Ky (z). In par-
ticular, K, (z) contains the convex hull of {y, : u € {—1,1}"}. This convex hull contains
B(y, =52).

Second step: Let ¢ €]0,1] and u € WP(1).

If € Q\ QF then (1 —¢) Vu(x) € K(z) C K,(x).

If z € Q*, then, applying Lemma 3.4 for y = Vu(z), K = K(z) and d = d(x), we have
d((1—e)Vu(x),0K (x)) > ed(z). By the first step, (1—¢)Vu(x) € Ién(:n), forn > k = k(e).
In particular (1 —¢)u € K,,.

To conclude, let k; be such that, for n > k;, kk—-;-l u € K. We can assume that (k;);en is
an increasing sequence. Then, if we consider, u1 = -+ = up, 1 =0, ug, = -+ = up,—1 =

%u, for ¢ > 1, then u, € K,, and u, — u. O

K ()]
N (z)
are closed balls, then the condition (7) in the last theorem is equivalent to

Remark 3.6. If

is bounded in x, which is the case, for example, if the sets K(x)

Ka(2) + K(@)] » -
— 0 uniformly in Q*
K ()]
If K, (z) is the closed ball of ratio g, (x) centered in O then this condition is also equivalent
to
K@)l — 1 uniformly in Q* or to 9n(2) — 1 uniformly in Q.
K ()] g(x)

The following example shows that, if we do not impose 0 to be an interior point of the
sets K (z), we can have non convergence in Mosco sense even with some conditions similar

to the ones in the last theorem.

Example 3.7. Let N =2 and define Q = B(0,1) C R2.
Consider {Q1,Q2} a partition of Q \ {0} on two (non-measurable) subsets of Q0 with

exterior measure equal to |Q].
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For z € Q\ {0} consider Hy and Hy the two closed half-planes containing x and 0 on
the boundary.

For z € Q; (i = 1,2), let K(z) be any bounded closed (uniformly in x) convez set
contained in H; and containing 0 and .

Consider:

o K(0) = Kn(0) ={¢ €R?: [¢| <1}, forn e N;
o Ky(r)={¢€K(x): L({—%,2)>+}.

Notice that

[ K (2) + K(2)|
K ()]

n . .
— 0, uniformly in x.

Consider u : Q — R defined by u(z) = 1 (|z[* —1). Notice that u € K, as Vu(z) = z.

Let (up)nen be a sequence such that u, € K,, for all n € N, and consider the function

d,: Q@ — R,
ou Ou, Ou, Ou

61‘1 61‘2 61‘1 81’2

which is the third component of the vectorial product of (g—;‘l, g—;;, 0) by (g%, %, 0).

The sets {z € Q: &,(x) > 0} and {x € Q : ®,(z) < 0} are, obviously, measurable sets.
On the other hand, @, > 0 and ®,n, < 0 or &y, < 0 and P, g, > 0. So, by the

assumptions on 2 and {29, we have
VneN &,(x)=0 forae zinQ

and consequently, Vu(z) and Vu,(z) are colinear a.e. in Q. Then, as Vu(z) = z, by the

definition of K, (z), there exists A < % such that Vu,(z) = Az. In particular

= tnlisrgy = | [Vule) = Vunla)?

1 T
| 3P = s
Q 2P 2r=1(p+2)

v

and so, u, #— u in W(l)’p(Q).

We present now another convergence result. In the special case where the convex sets

are closed balls, this result is equivalent to the previous one.
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Theorem 3.8. Let G* = {(x,&) € Q@ x (RNV\ {0}) : g(z,&) #0}. If

gn n, 1, uniformly on G*,

9

then condition (3) on the definition of Mosco convergence is satisfied.

If we also have Assumption 2.4 then condition (4) is satisfied and K, K.

Proof. We will follow the proof of Theorem 3.5.
Let £ €]0,1[ and u € K. As in the last theorem, we just need to prove that there exists
k = k(e) € N such that, for all n > k, (1 — ) u € K,,. By assumption

JgeNVn>qV(z,8) € G |gn(x,§) —g(x,8)| < eg(x,§).
In particular,
3geNVn=qV (2,8 €G" gn(x,§) = (1-e)g(,9).

This last inequality is also valid if £ # 0 and g(z, &) = 0.
Finally, let x € £2. We have

=0 if Vu(z) =0
(1—2)|Vu()| { < (1-e)g(x, Vu(x)) < gnlz, Vu(z)) if Vu(z) #0

In particular, (1 —¢)u € K,, as long as n > q. a

From now on, in this section, we assume that

8) VeeQ VYneNU{o) 0€K,(z) or Kn(z)=/{0},
9) Vn e NU{co} g, is continuous

and

(10) gn — g, uniformly on Q x (RV\ {0}).

Recall that under condition (8), the functions g, (z, ), with n € NU{oo}, are continuous

(see (6)).

As a natural consequence of (9) we have:

Lemma 3.9. If, for n € NU {o0}, gy, is continuous, then

dp: Q — R
x —  d0,0K,(x))

15 also continuous. O
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The following result will be crucial for the proof of the fundamental theorem of this

section.

Theorem 3.10. Given n € NU {co}, define

F,: QxRN — R.
wo o B0 e om0 20
0 7 otherwise.

Then, under the conditions (8) and (9):

(1) F, is continuous;
(2) Fu(z,€) < d2(x) if and only if K,(x) = {0} or p € K,(z);
(3) Yz € Q, F(x,-) is conve.
Proof.
(1) Just use the previous Lemma and the inequality F),(z,§) < d,(z)[¢].
(2) Use the Remark 2.3.

(3) If K,,(z) = {0}, the result is trivial. If 0 € Ién(ac), we need to prove that

per(-Nal _, I
In(@, AE+ (1= A)n) = ga(z,§)
Let £,n € RN A€ [0,1] and t = A€+ (1 — \) 7.

=) gn(|z|,n)'

veEneRY vYaelo,1]
e If £, nortis 0 then the inequality is trivial.
e If n # 0 and there exists a > 0 such that £ = an and t # 0 then g, (z,§) = gn(z,n) =
gn(x,t) and

|t] €] B ml B 7]
In(,1) = )‘gn(fc,t) ta A)gn(ﬂmt) a )\gn(fc,ﬁ) T A)gn(x,n)'

e If n # 0 and there exists a > 0 such that £ = —an and t # 0 then t = [—a\+(1—)\)|n
and

C gn(@,&) i —ad+(1—=X) <0
gnl,t) = {gn(x,n) if —aA+(1—X)>0

In this situation,

(ax+ @ =)l _ Il it —a -
IV wwm =Y e S
gn(x:t) (A==l oyl &L -y <o

@ @ e
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e If £ and 7 are not colinear, let Y be the intersection between the lines defined by 0

and ¢t and by g, (z,€) % and g, (x,n) %

Then
\__ld
ug"(|§|’£)£+(l—u)g"(|z|’n)n where h= gnl(m,a)A .
;o o T 1= Naan
1
H ¢
/\gn(xf) +(1- )\)gn(x,n)

By the first identity for Y we conclude that Y € K, (x) and, by the second one,
that g,(z,Y) = gn(x,t) and |Y| < gy (2, 1).

To conclude the proof, just notice that

1
Y| < gn(x,t) <~ It| < gn(z,t)
€] _ |l
t
L B i O

gu(w,t) =7 gn(w,8) gn(x,n)

Example 3.11. An important example of a family of convex sets with gradient constraint
is the following (see Example 2.2):

Let, for x € Q and n € NU {oo}, K,(x) = {£ € R" : [¢| < gn(x)} where the g, are
continuous functions. Then Fy(x,£) = gn(x) [£|. In this case we could substitute F,, by the

function (x,£) — [£].
We are now in conditions to prove the following theorem.

Theorem 3.12. Let Q be an open bounded subset of RN with a boundary of class C?. For

r € Q, let (Kn(7))nenu{oo} be a family of uniformly bounded (in x and n) closed convex
sets and K,, = {u € W(l)’p(Q) : Vu(z) € Ky (z) for a.e. in Q}. Forn € NU{oo}, let g, be
the functions defined in (5). Then, under conditions (8), (9) and (10),

n .
K, — K in the Mosco sense

Proof. As condition (10) implies Assumption 2.4, then, using Proposition 3.1, we only need
to prove (2.4).

We can also consider, without any loss of generality, that, for n > m and z € €Q,

Let v € K and suppose first that u has compact support.
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Consider U a regular domain containing the support of © and whose closure is contained
in Q.

Define
an = sup {lg(x,&) — gn(, &) : (z,6) € A x RV \ {0}}
U, = {xGU:dn(x)>\/oz_n}
T = {zeU:dx)=0}
Then:
o U, NT = 0;

o (Up)nen is an increasing sequence of open subsets of U;
. U U, =U\T, since o, — 0 and dy,(z) — d(z);
neN

e if x € U, then Vw,(z) € K, (x). To prove this, notice that, if Vw,(z) # 0 then,
Vwp(x) € Kp(xz) < |[Vwy(z)| < gn(z, Vo (z))

1
1+ o,

e 90 Tule) € 0, V@), 05w e K

< gz, Vu(z)) — gn(z, Vuy(z)) < an gn(x, Vuy(x))

< a, < \/@ gn(l'avun(l'))

which is true, as g (z, Vun(x)) > dp(z) > /oo, in U,.

Let R, be a closed subset of U, containing U \ U, with a Lipschitz boundary, and such
that |R, \ (U \ U,)| — 0. Notice that OR,, C OU UU, and |R, \ T| — 0.
Under these conditions, the restriction of the function F,, defined in Theorem 3.10, to

R, xRV is continuous and convex in the second variable. As Vw, (z) € K,(z), for z € U,,
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then F,(z, Vw,(z)) < d2(r) and, using a result of P. L. Lions (see [4], Theorem 5.2, page
126), there exists ¢, : R, — R such that:

{Fn(x,VCn(a:)) = d’(z) inR,
Cn() = wyp(z) in OR,.

This function can be extended to 2, defining (,, () = wy(z) for z € 2\ R,. Obviously,
Cn € WoP(9).

To complete this part of the proof we only need to show that ¢, — u.

/Q Vu(z) - Via(@)P = /Q L T VG /R V() - V)P

The conclusion follows from

/Q\Rn [Vu(z) — Vi ()P = /Q\Rn <%>ID Vu(z)[?

A/ On p n
< (=) lullgisgy — 0
14+ /o, Wy P ()

and

[ 19u@) - Va@P = /R ) =G / V() — V()P

Ry R,NT

= / |IVu(z) — VG (2)|P, as Vu(z) =V (z) =0,ifz €T
Ra\T

IN

MP|R,\T| —— 0,
where M = sup diameter (K, (x)).
z€Q,neNU{oo}

Suppose now that the support of u is not compact. As the boundary of Q is of class C2,
we can consider a N € N such that for k > N, S, = {z € Q : d(z,00Q) > 1} is a regular
open set with a C? boundary.

Let M = ||ul|o. Given z € Q\ S, let y € 99 be such that |x —y| < 1. Then

M
3 €]z, y[: @)l = |u(z) = uly)]l = [Vu() - (@ —y) < -
Let uy = (u+ — %)Jr — (u_ — %)Jr Notice that u; has support contained in S}, which

is a compact subset of (2.
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On the other hand, if Q; = {z € Q: |u(z)| < 4}, then
[ Vu@) = vu@P = [ Vute) = Va@P + [ [Vule) - V(o)
Q Q5 O\
k

— / Vu@)P Vu(@)P =0
Qp {zeQ:u(x)=0}

using the dominated convergence theorem.

By the first part of the proof, for all k > N and n € N, there exists u* € K, such that

k

uF " wy,. In particular, for n > N, u” € K, and u? — wu. i

4. An existence result through Mosco convergence

In this section, we are going to consider a quasi-variational inequality. Here, the convex
set considered is the subset of W(l]’p (Q) with a constraint on the gradient of its functions,
constraint that depends on the composition of a given function ¢ with a solution of the
quasi-variational inequality itself. It was proved an existence result for this problem, by
Rodrigues and Santos, in [9], in the case where the given function ¢ verifies the following
condition: there exists m > 0 such that ¢ > m. The formulation of this problem will
be presented here in detail. Our aim is to prove that Mosco convergence will allow us to

consider m = 0.

Let T € RY, Q7 = Q x [0, T]. Consider, given p €10, +oo[, u € L>®(Qr) and ¢ € C°(R),

the following convex set
Ky, = {U e WiP(Q): |Vu| < ¢(u) a. e. in Q}

The critical state model of type-1I superconductors in a longitudinal geometry was for-
mulated mathematically by the quasivariational inequality (14) with a constraint on the
gradient. If A, h = V.(|[Vh[P=2Vp) denotes the p-Laplacian and f, h, ¢ are given functions
such that

(11) fel®Qr), fieM(@Qr)=[C°@n)],
(12) he WiP(Q), |Vh <p(h)a e inQ, A,heM(Q)
(13) dm>0VseR o(s) >m,

the problem is to find u : [0, 7] x © — R such that
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up € Ky NL®(Qr) for a. e. int €[0,T],
u(0) = h,

(14)
/ w(t)(v — ult) + / Vu®)P2Valt) - Vo — u(t) > / £ — u(t)),
Q Q Q

Vo € Kyp,p fora e tel0,T]

)@7

In the next theorem, we will prove the same result, substituting the condition (13) by

the weaker condition
(15) © >0,

and this will be done as an application of Mosco convergence.

Theorem 4.1. Suppose that the assumptions (11), (12)and (15) are satisfied. Then problem
(14) has a solution, which is the limit, in Mosco sense, of solutions of problem (14) with ¢

substituted by ¢ + %

Proof. For n € N, let u™ : [0,T] x 2 — R be a solution of the problem

(u} € Kun(t)w_% NL>®(Qr) for a. e. int € [0,T],

" /Qu:%t)(v — (1) + /Q V" (P Vu(t) - V(v —u" ()

> / Ft) (v —u"(t)) Vv € Kyngpy o1, fora. e tel0,T]
L Q ’ n

Notice that, as ¢ + % > % > 0, (16) has a solution.

Since u"(t) € K, obviously [Vu"™(t)| < ¢(u”(t)) + 1.

ot
It was proved in [9] that a solution of the quasi-variational inequality (14) is bounded
in L>°(Q7) and this bound depends only on the given data. This means that [[u" g~ (g,

may be assumed independent of n, and consequently,
dM >0VneN Hu"HLoo(QT;WLoo(Q)) S M.

On the other hand, it was also proved in [9] that the L°°(0,7;L!(€2)) norm of the
derivative in order to time of a solution of the quasi-variational inequality (14) depends

only on [|[Aphllgi o) and on || fill1(q,)-
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So, there exists N > 0 such that [uf'||georL1(0) < N-
Then

dC >0VneN HunHLC’o(O,T;Wé'w(Q)) < C, ||U?HL°°(O,T;L1(Q)) < C.
So, there exists a function u such that

e u” "~ quin LOO(O,T;Wé’OO(Q)) weak —x;
o u(t) —— u(t) in L®(Q);

o ul —"— uy in L0, T; M(Q2)) weak—x.
We want to prove that u is the solution of the problem (14) for ¢ satisfying (15).

Given v € Ky o, since Koy 01 — Ky(#),, in Mosco sense (notice that ¢(u"(t)) +
5w~ p(u(t)) in Lo(Q)),
F " €Ky pra t V" " in Wol’p(Q).
So, for a.e. t € [0,T],

t/z#ﬁxv"—u”ﬁ»+i/\Vu”ﬁNWQVu”ﬁ%Yﬂv"—uﬁ@Dzi/ﬁfﬁxﬁl—u"ﬁw,
Q Q Q
from which follows

n no_n ,Unp—2 o o — " o™ — )
Aw@@ W+AWI Vo v mzéﬂm ®)

Notice that the use of this last step is related with the fact that we only have weak

convergence of Vu'"(t) to Vu(t).

Letting now n — +o0o we have, for a.e. t € [0,T],

(17) /ut(t)(v—u / |VoP~2Vo - V(v — ul(t / Ft)(v—u(t
Q
We are going to use now a kind of Minty’s Lemma. Let w(t) be an arbitrary function

of Ky4),p, for a.e. t € [0,T]. Define v(t) = u(t) + 0(w(t) — u( )), 6 €]0,1]. Obviously,
v(t) € Ky, for a.e. t € [0,7T] and, substituting in (17), we obtain

l/m@www—wm+
Q

/ ‘V(u(t) +0(w(t) — u(t)) (H V(u(t) +0(w(t) - u(t))> VO(w(t) — ult))
Q

zéf@ﬂw@—uw)

Dividing both members by 6 and letting § — 0, we obtain, for a.e. t € [0,7],
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/ut(t)(’tU(t)—U(t))+/ Vu(t)P=2Vu(t) - V(w(t) — u(t)) Z/f(t)(w(t)—U(t)),
Q Q Q

and, as w(t) is an arbitrary element of K ., for a. e. t € [0, 1], the conclusion follows. [J
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