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Abstract

An n x n matrix over the field of real numbers is a doubly negative matrix if it is
symmetric, negative definite and entry-wise negative. In this paper, we are interested in
the doubly negative matrix completion problem, that is when does a partial matrix have
a doubly negative matrix completion. In general, we cannot guarantee the existence
of such a completion. In this paper, we prove that every partial doubly negative
matrix whose associated graph is a p-chordal graph G has a doubly negative matrix
completion if and only if p = 1. Furthermore, the question of completability of partial
doubly negative matrices whose associated graphs are cycles is addressed.

1 Introduction

A real matrix A, of size n x n, is called doubly negative (DN) if it is symmetric, negative
definite and all its entries are negative. It is easy to see that this concept is invariant under
permutation similarity and under right and left multiplication by a positive or negative
diagonal matrix D (that is, DAD is also a DN-matrix). This last property allows us to
work, without loss of generality, with D N-matrices whose principal diagonal entries are
equal to -1. On the other hand, we note that A is a DN-matrix if and only if —A is a
symmetric positive definite matrix and entry-wise positive or equivalently —A is a positive
symmetric P-matrix.

A partial matriz is an array in which some entries are specified, while the remaining
entries are free to be chosen (from R). An n x n partial matrix is said to be combinatorially
symmetric if the (i,7) entry is specified if and only if the (j,7) entry is. A completion of a
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partial matrix is the conventional matrix resulting from a particular choice of values for the
unspecified entries.

Taking into account that every principal submatrix of a D N-matrix is also a D N-matrix,
we give the following definition.

Definition 1.1 An n x n combinatorially symmetric partial matriz A = (a;;) is said to be
a partial DN -matriz if every totally specified principal submatriz is a DN-matriz, all its
specified entries are negative and, whenever the (i, j) position is specified, a;; = aj;.

A matriz completion problem asks which partial matrices have completions with a given
property. In this paper we are interested in the DN-matrix completion problem, that is,
when does a partial D/N-matrix have a DN-matrix completion.

The characterization of a DN-matrix A by means of —A mentioned above can be ex-
tended to partial matrices in the following way: A is a partial D/N-matrix if and only if
—A is a positive definite partial matrix (see [2]) with positive specified entries, or —A is a
positive symmetric partial P-matrix (see [5]).

From [3] we know that a partial P-matrix admits a P-matrix completion if and only if the
principal submatrix defined by the specified diagonal positions has P-matrix completions.
As it is referred in that paper, a similar result is valid for many other classes of partial ma-
trices, including some subclasses of P-matrices under conditions of positivity and symmetry.
Therefore, one can easily conclude that the D N-matrix completion problem reduces to the
D N-matrix completion problem with all principal diagonal entries specified. We then make
the assumption throughout that all diagonal entries are prescribed.

A natural way to describe an n x n partial matrix A is via a graph G4 = (V, E), where
the set of vertices V is {1,...,n} and {i,j}, ¢ # j, is an edge or an arc if and only if the
(i, 7) entry is specified. As all diagonal entries are specified, we omit loops. A directed graph
is associated with a non-combinatorially symmetric partial matrix and, when the partial
matrix is combinatorially symmetric, an undirected graph can be used. In this paper we
work with combinatorially symmetric partial matrices and therefore with undirected graphs.

A path in a graph is a sequence of edges {i1, a2}, {42,143}, ..., {ix_1,%x} in which all vertices
are distinct, except, possibly, the first and the last. A cycle is a closed path, that is, a
path in which the first and the last vertices coincide. A chord of a cycle {iy, iz}, {i2,i3}, ...,
{ix—1,1k}, {ig, 01} is an edge {is,i;} not in the cycle (with 1 < s, < k).

A graph is chordal if every cycle of length 4 or more has a chord or, equivalently, if it has
no minimal induced cycles of length 4 or more (see [1]).

A graph is connected if there is a path from any vertex to any other vertex. A connected
component of a graph is a maximal connected subgraph. A graph is complete if it includes
all possible edges between its vertices.

It is a well known fact that a partial P-matrix, the graph of whose specified entries is



not connected, has a P-matrix completion if and only if each principal submatrix associated
to each connected component of the graph has a P-matrix completion (see [3]). By pertur-
bation, one can easily extend this result to partial D N-matrices. So, along our study, we
consider, without loss of generality, only partial D/N-matrices the graphs of whose specified
entries are connected.

The submatrix of a matrix A, of size n x n, lying in rows « and columns 3, a,( C
{1,2,...,n}, is denoted by A[a|f], and the principal submatrix Ala|a] is abbreviated to
Alal.

As the next example illustrates, a partial D N-matrix does not admit, in general, a DN-
matrix completion.

Example 1.1 Let A be the following partial D/N-matrix

-1 -09 -09 7
-09 -1 7 =01
-09 7 -1 =09

7 —-01 -09 -1

A:

Given z,y € R, consider the completion

~1 -09 —09 -y
—09 -1 -z -0.1

A= 09 -2 -1 -09
-y —01 —-09 -1
of A. Simple calculations show that det(—A.[{1,2,3}]) = —0.62 + 1.62z — z* and

det(—A.[{2,3,4}]) = 0.18 + 0.18z — 2%. So, these principal minors are both positive if
and only if 0.62 < x < 1 and z < 0.09 + 0.5 x v/0.7524 =~ 0.523705, which is impossible. We
can therefore conclude that A has no DN-matrix completions.

At this point, a combinatorial approach to our problem will allow us to go a little further.
Our aim now is to discuss the completability of a partial D N-matrix in terms of its associated
graph. In other words, we want to determine which types of graphs allow us to assure the
existence of DN-matrix completions of partial D N-matrices.

In section 2 we analyze the DN-matrix completion problem for combinatorially sym-
metric partial matrices, the graph of whose specified entries is a chordal graph. We show
that the 1-chordal graphs guarantee the existence of a D/N-matrix completion for a partial
D N-matrix and that a similar result is not valid for p-chordal graphs, with p > 2. In section
3 we focus on the mentioned matrix completion problem for a partial DN-matrix whose
associated graph is a cycle. In this case we cannot guarantee, in general, the existence of
the desired completion, but sufficient conditions are presented.
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2 Chordal graphs

In order to get started, we recall some very rich clique structure of chordal graphs. See [1]
for further information.

A cligue in a graph is simply a set of vertices that induces a complete subgraph. A clique
whose vertices are not a proper subset of a clique is a mazimal clique.

A useful property of chordal graphs is that they have a tree-like structure in which their
maximal cliques play the role of vertices. It is a known fact that a graph is chordal if and
only if it may be sequentially built from complete graphs by identifying a clique of the graph
built so far with a clique of the next complete graph to be added. These complete graphs
are the maximal cliques of the resulting chordal graph and the cliques of identification (the
so-called minimal vertex separators) are the intersections of those maximal cliques. If the
maximum number of vertices in a minimal vertex separator is p, then the chordal graph is
said to be p-chordal.

Firstly, we consider the case of 1-chordal graphs.

Proposition 2.1 Let A be a partial DN -matrixz, the graph of whose specified entries is
1-chordal with two maximal cliques. Then, there exists a DN -matrix completion of A.

Proof: We may assume, without loss of generality, that A has the following form

—An —ai2 X
_ T T
A= —ap  —1  —ay |,

T
X —ag3 —Asz

where the unspecified entries of A are, exactly, the entries of X and of X7 and where

—Ay —ae
T
| —a —1 ]
and _ ;
—1  —ag
| —@23 —Ass i

are D N-matrices. Let k be the overlapping entry of the two cliques.
Consider the completion

T

—Aq —Aa12 —Aa12053
_ T T
A= _a12T —1 — a3
—Q23079 —a23 —Ass

of A. Tt is obvious that (A.)T = A, and that all its entries are negative. Let B, = —A..
To prove that A. is a DN-matrix, we only have to show that det(B.[{1,...,i}]) > 0, for



all i € {k+1,...,n}. We know that det(B.[{1,...,i}]) > 0, for ¢ € {1,...,k}, and that
det(B.[a]) > 0, for any o C {k,...,n}.

Consider the principal submatrix B.[{1,...,k,k+1,...,k+s}], with 1 < s <n — k.
That submatrix has the following form

An a2 @ibge1r .. @12bpkys
T
A19 1 bkk+1 e bkt
T
brk+1@12 brkt1 bkik+1 - bkgikts ||
T
| Okkts@ly Okkts  Dbsikts o Dkgskts |

where each b;; is positive. Thus, det(B. [{1,...,k,k+1,...,k+ s}]) is given by

AH 19 0 “o 0
aly 1 0 o 0
T 2
det | Ork+1a1y Drk+1  brsiksr — biprr oo Dkikrs — Okkr1Dkits
T 2
i brk+s@iy  brkvs Oriikts — Orkr1brrys - Dkyskys — bkk+s
2
A bky1ks1 — bkk+1 oo berikrs — Okkr1brrs
11 a12 . .
= det { T } X det : :
2 b bues b b B
k+1k+s — Ykk+1Ykk+s - - - k+sk+s — Ykk+s

Note that, being

A agg
det [ o7, 1 > 0,

our aim now is to show that

2
bk+1k+1 - bkk+1 o bk+1k+s - bkk+lbkk+s
det : : > 0.
2
bk+1k+s - bkk+lbkk+s CIE bk—|—sk+s - bkk.:,_s

By hypothesis, we know that

1 bek41 -+ Drkts
br b b
+1 Op+ik+1 -+ Ok4lk+s
det . ) ] > 0.
brkvs Okyikrs -+ Dhiskrs
Hence,
1 0 o 0
2
k-1 bryir+1 — by oo brgikgs — Orka1Orss
det . . . >0
2
bkk+s bk+1k+s — bkk—i—lbkk—l-s CIE bk+sk+s - bkk;+s
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and, consequently,

bitikt1 — Oipyy oo brgikts — Orkt1bkkas
det : : > 0.

2
bk-‘rlk—i-s - bkk+1bkk+s ce bk+sk+s - bkkJrs

We have proved that det(B.[{1,...,k,k+1,...,k+s}]) > 0, for all s € {1,...,n — k}.
Therefore, det(B. [{1,...,i}]) >0, for any i € {1,...,n}, and A. is a DN-matrix. O

The completion which is the basis of this proof was first used in the inverse M-matrix
completion problem (see [6]).
From the last proposition, we can easily conclude the following.

Corollary 2.1 FEvery 3 x 3 partial DN -matrix has a DN -matrix completion.

We can extend Proposition 2.1 in the following way.

Theorem 2.1 Let G be a 1-chordal graph. Then any partial DN -matriz, the graph of whose
specified entries 1s G, has a DN -matriz completion.

Proof: Let A be a partial DN-matrix, the graph of whose specified entries is G. The
proof is by induction on the number ¢ of maximal cliques in G. For ¢ = 2 we obtain the
desired completion by applying Proposition 2.1. Suppose now that the result is true for any
1-chordal graph with ¢ — 1 maximal cliques.

Let GG1 be the subgraph induced by two maximal cliques with a common vertex. By
applying Proposition 2.1 to the principal submatrix A; of A, the graph of whose specified
entries is GG1, and by replacing the obtained completion A;, in A, we obtain a partial DN-
matrix whose associated graph is 1-chordal with ¢ — 1 maximal cliques. The induction
hypothesis allows us to conclude the proof. a

The natural question that arises now is what happens with p-chordal graphs when p > 2.
The answer to this question is given in the following example.

Example 2.1 Consider the partial DN-matrix

—1 —0.45 —0.016 ?
—0.45 -1 -0.9 -0.01
-0.016 —-0.9 -1 -0.2

? —-0.01 -0.2 -1

A:

and its associated graph GG. Observe that G is a double triangle, that is a 2-chordal graph
on 4 vertices.



Given ¢ € R", consider the completion

-1 —0.45 —-0.016 —c

A_| 045 -1 09 o001
=] —0016 —09 -1  —02
—c  —001 -02 -1

of A. Since det(—A,) = —0.0282247744 — 0.146888¢ — 0.19¢* < 0, A. is not a D N-matrix.
In other words, A has no D N-matrix completions.

This example can be extended to any graph that contains a double triangle as an in-
duced subgraph: we may assume that all specified diagonal entries are equal to —1 and the
remaining specified entries equal to —9, with § > 0, sufficiently small so that all principal
minors corresponding to totally specified principal submatrices of —A are positive.

We note that any p-chordal graph, p > 1, contains a double triangle as an induced
subgraph. This allows us to assert that if G is a p-chordal graph, with p > 1, then there
exists a partial DN-matrix, the graph of whose prescribed entries is GG, that has no DN-
matrix completions.

As it was referred in the first section, the class of D/N-matrices is somehow related with
the class of positive definite matrices. Nevertheless, note that in the positive definite matrix
completion problem, the existence of the desired completion is always guaranteed when the
associated graph is chordal (see [2]). By adding the positivity condition and by restricting
our study to matrices over R, the p-chordal graphs with p > 2 are no longer completable
(that is, not every partial matrix lying in the class of interest whose associated graph is a
p-chordal graph has a matrix completion lying in that class of interest).

3 Cycles

In this section, we analyze the matrix completion problem in question for partial DN-
matrices the graphs of whose prescribed entries are cycles. We begin by noting that, in
general, such partial D/N-matrices do not admit a DN-matrix completion, as Example 1.1
demonstrates.

We now present a sufficient condition for the existence of a D N-matrix completion of a
partial D N-matrix whose associated graph is a cycle. Observe that, without loss of gener-



ality, we can assume that those partial matrices have the following form

-1 —ap ? ? —Qin
—a1s —1 —ag3 ? ?
? —ao3 —1 ? ?
: : : : : : : (1)
? ? ? . —1 —Up—2n—1 ?
? ? / ce. —Qp_on—1 -1 —Qp1n
—Q1n ? ? . ? —Qp_1n -1

with 0 < 12,023, .y Ap_1pn, A1p < 1.

Lemma 3.1 Every n x n partial DN -matriz of the form (1), with ay, lying in the interval
}algagg e Op1p — E,Q12093 . . . Ap_1p, + € [, where

n—1
. _ 2 1/21 _ 2 1/2
je{l,...,nz}{( H a““)(l ajj+1) (1 aj+1j+2) },

€= max
=1
7,541
has a DN -matriz completion.

Proof: The proof is by induction on n.
For n = 4, consider the partial matrix

-1  —ap ? —Q14
| mae —1 —axz 7
A - )
? — Q923 —1 — Q34
—a14 ? —as34 -1

where 0 < aq9, a3, 434, a14 < 1, and suppose that a4 E}CL126L236L34 — €, (12093034 + 6[, where
e = max{a(1 - a3,)' (1 = a) V2 an(1 — ady) V(1 - a3,)'2}.

Consider the following partial matrices

-1
—1 —A12 —A140G34 ?
A . —Qa19 —1 —asg3 ?
- -1
—Q1403; —023 —1 —a34
? ? — Qs34 -1
and
-1 —Qa12 ? ?
~ — -1 — — -1
A= a2 a23 14019
? — Q923 —1 —a34
-1
? —Q140Q19 —a34 —1

8



If A[{1,2,3}] is a DN-matrix, then A is a partial D N-matrix that admits a DN-matrix
completion which is also a completion of A. The proof of Proposition 2.1 allows us to make
that assertion. Analogously, if A[{2,3,4}] is a DN-matrix, we can conclude that A is a
partial D N-matrix that admits a DN-matrix completion that also completes A.

It is easy to Verify that det(—fl [{1, 2, 3}]) > 0 if and OIlly if Q14 E} a120923034—E€1, a19a93A34+
e1[, with &1 = az(1 — a},)/*(1 — a;)"/?. In these conditions, A[{1,2,3}] will be a DN-
matrix. Moreover, det(—fl [{2,3,4}]) > 0 if and only if a4 E}a12a23a34 — €9, A12023034 + €9 [,
where €5 = a15(1 — a23)"/?(1 — a2,)"/%. In these conditions, A [{2,3,4}] will be a DN-matrix.

Since ay 6}&12&23&34 — £, Q12093034 + 6[, we can conclude that at least one of the two
partial matrices A, A is a partial DN-matrix that has a D N-matrix completion which is also
a completion of A.

Suppose now that the result is true for any (n — 1) x (n — 1) partial DN-matrix of the
referred form.

Let A be a partial DN-matrix, n x n, of the form (1), with ay, 6}@12@23 e Op1p —
€,412093 . . . Gp_1p + € [, where

n—1
= . _ 42 1/2¢1 _ 2 1/2
€ —je{gl.é.l’i(_%{( H au+1)(1 ajo) / (1 aj+1j+2) }

We consider the following two cases:

(a) € # a12a23 . . . psn—2(1 — @} o, 1) (1 = a}_y,)"?

In this case,

n—1
== .. 2 1/2 2 1/2
: _je{{?.%fz{—?)}{( H a”“)(l ajj+1) / (1 aj+1j+2) }

=1

i1
Consider the partial matrix
i -1 - ? ? —ay.a ) i
a12 ! e ! A1nAp 1y,
—a12 -1 —ass 7
? —a93  —1 ? ?
A= : : :
? 7 —1 —ap—2n—1 ?
-1
—A1nly 1, ? ? e —Ap—2p—1 -1 —Qp—1n
? ? ? e ? —Up_1n —1

By the proof of Proposition 2.1, we know that if A[{1,...,n —1}] is a partial D N-matrix
that admits a DN-matrix completion, then A also admits a D N-matrix completion.
Observe that A is a partial DN-matrix of the form (1) if and only if ai,a;’,, < 1.

n—1n
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By the induction hypothesis, in order to guarantee that A has a DN-matrix completion

when aj,a;',, < 1, it suffices to prove that

A1nQy 1, 6] 12023 -« . Qp—2p—1 — €,012023 . . . Ap_2p—1 + 5[7

where

n—2
c = 3y 2 /201 .2 1/2
) _je{{?.?fz{—s)}{( 11 a”“)(l a3i) (1= a3y 40) }

i=1
i#j,J+1

In other words, to conclude the study of this case, we must show that aq, < a,_1, and that

12023 - - - Qp—1n — Qp—1n€ < A1 < Q12023 - - . Ap—1p + Ap—1nE.
n—2

Let k € {1,...,n— 3} be such that ¢ = ( H 1)1 — ag )2 (1 = al 1)

=1

itk k+1
Given that ay, 6] 412493 . . . Qp—1p, — €, A12093 . . . Upy_1p, + € [, we can assert that

1p < Q12023 ...0p—1p T €
2 1/2 2 1/2
= Q12...0k-1kQk+2k+3 - - - an—ln(akk+1ak+1k+2 + (1 - akk—i—l) / (1 - ak+1k+2) / )

< Ap—1n,

because
a1« .« Q- 1k Ok 2k+3 - - - Ap—2n—-1 < 1
and
Qg1 @r ke + (1= appy) (1= afpppn)? < 1

Observe, now, that a,,_1,& = €. Hence, we know that
Q1n E} (12023 - . - Qp—1p — Qp—1,€, 12023 . . . Ap—1p + anflng[-

Therefore, Al{1,...,n —1}] is a partial DN-matrix that has a DN-matrix completion and

A admits as a completion at least one D N-matrix that is also a completion of partial matrix
A.

(b) € = a12a93 . . . ap_3n—2(1 — ai—?n—l)l/Q(l - ai—ln)l/z

Consider, in this case, the partial matrix

-1 —Q12 ? . ? ? ?
-1
—a12 —1 —Q923 ... ? ? —A1nl19
? —ass —1 c. ? ? ?
A= :
-1 —Qn—2n-1 ?
—Ap—2n—1 —1 —Ap—1n
-1
i ? —Q1p075 ? - ? —Qp—1n -1 |
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If A[{2,...,n}] is a partial DN-matrix that admits DN-matrix completions, we can con-
clude, again by the proof of Proposition 2.1, that A has a DN-matrix completion. By a
similar reasoning to the one presented in the previous case, one can prove that ay, < ajo
and that A1n E} 124923 ... Ap—1pn — a12§, 12093 . . . Ap_1pn + (1125[, where

n—1
& = i 1—a2 V21 —¢g2 .. /2L
© je{gnafz(—%{( H ¢ +1)( a”“) ( aa+lg+2)

77777

i#5.4+1
Hence, A[{2,...,n}] is a partial DN-matrix that has a D N-matrix completion and, conse-
quently, A also admits D N-matrix completions. O

We end this section by showing that the condition given in the last result is not a necessary
condition. Let 0 < a < 1 and consider the following n x n (n > 4) partial matrix

[ 1 —a ? ... 7 —a
—a —1 —a
? —a —1 ?
A= ,
? ? 7 ... =1 —a
—a 7 ? ... —a —1

the graph of whose specified entries is a cycle.
In this case, the sufficient condition given in the last result is

a €]a"?(2a®> - 1),a"?[.

Since a > a™3, the partial matrix A does not satisfy the referred condition. Nevertheless,

-1 —a —a ... —a —a

—a —1 —a ... —a -—a

—a —a -1 —a —a
A, = .

—a —a —a -1 —a

—a —a —a ... —a —1

is a DN-matrix completion of A. In fact, AT = A, A. is entry-wise negative and, for each
ic€{l,...,n}, det(=A.[{1,...,i}])) = ((i — Da+1)(1 —a)"! > 0.
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