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Abstract - Fourier transforms and other related transforms are an essential tool in
applications of science, engineering and technology. In fact, much of the work currently
being done in mathematics, physics and engineering has its roots in Fourier’s pioneering
idea of representing an arbitrary function as the sum of a trigonometric series. The main
purpose of these notes is to give a brief overview of some Fourier-related transforms,
namely: continuous Fourier transform, Fourier series, discrete Fourier transform, fast
Fourier transform (FFT), sine and cosine transforms, Z-transform, Laplace transform,
windowed Fourier transform, continuous and discrete wavelet transforms. Our aim is
simply to present a summary of these transforms and to describe their main properties and
possible applications, and so most of the results are presented with no proof. References
containing the proofs and other details about the transforms are always indicated.
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I. NOTATIONS

We start by introducing the main notations that will be used throughout these notes.

o If X is a measurable subset of the real line R, in particular the whole of R, we denote by
LP(X) (0 < p < 00), the Banach space of the (equivalence classes of) measurable functions

f defined in X such that
1/p
1= ([ opar) " < (1)
X

When p = 2, this is a Hilbert space with respect to the inner product
(o) = [ foaoi )

(Here and throughout, @ denotes the complex conjugate of w.)

e When X is a finite interval X = [a,a+ Q] of length Q, © > 0, we can identify the above
space with the space of functions which are periodic of period €2, i.e. satisfy f(t + k) =
f@), for all k € Z and for almost all ¢, and are such that f;wﬂ |f(t)[Pdt < co. In fact,



https://core.ac.uk/display/55603238?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

any 2-periodic function is totally determined by its behaviour on any interval of length
and, reciprocally, any function which is only defined on an interval of length Q can always
be periodically extended (with period €2) to the whole line. We can also think of this
space as a space of functions defined on the Q-torus T = R/QZ; see Section IV if you are
unfamiliar with this type of notation. In this case, it is more convenient to normalize the
inner product (2) as

a+$2 -
(o) =g [ rwgma )

The norm |||, will also be redefined as

ruu:(él%ﬂﬂmme{ (@)

In order to simplify the notation, we will always write fTQ to designate & f;+Q This
means, for example, that the inner product (3) will be written simply as

(f,9) = i f(t)g(t)dt. (5)

e When X is the discrete set Z, the functions defined on X will simply be two-sided
sequences, and we use for them a notation of the type f = (f[k])rez, following the tradition
of signal processing literature of using square brackets around a discrete variable. In this
case, the integrals in (1) and (2) should be understood with respect to the discrete measure,
i.e. the norm and inner product are defined, respectively, by

1/p
1fllp = (Z If[k]|p> (6)

kEZ

and

(f.9) = flklglk]. (7)

keZ

These spaces are referred to as the spaces of p-summable sequences and denoted by ¢P(7Z).

e Finally, when the set X is discrete and finite, e.g. X = {0,1,..., N —1}, the functions on
X, which are simply vectors f = f ([k]),]f:_ol, can also be “viewed” as N-periodic sequences
on (P(Z) (any p) if we define, for k € Z, flk] = f[k mod N], where ¥ mod N denotes the
remainder of the division of k by the integer V. This space can be identified with the
space ¢(Zy) with Zy = Z/NZ; more details, again, in Section IV. Here, naturally, the
inner product and norm are the usual Euclidean inner product and norm of vectors in CV,
i.e. they are, respectively

N—

(f,9) =" flklglk] (8)

k=0

[y
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and

N-1
I = {7 IFTRIPY2. 9)
k=0

o A family {ex : k € Z} of elements in a Hilbert space H (with inner product (-,-) and
corresponding norm || - ||) is said to be an orthogonal basis of H if it satisfies:

L (eie;) =0, i Jj;
2. for any x € H, there is a unique sequence of scalars z[k]| such that
N

lim |lz— > Z[klex]| = 0. (10)

N—oo
k=—N

The orthogonality condition implies that the coefficients Z[k] are necessarily given by

o (mer)
= e

and we will write (10) simply as

<$,€k>
xr = ek (11)
2 el

When each vector ey has unit norm, the basis is said to be orthonormal (o.n.). In this
case, Plancherel formula, which sates an energy conservation, holds:

2l =D 1 (e, en) I (12)

keZ

We will frequently refer to Fourier transform to designate several different mathematical
transformations, depending on the nature of the spaces on which they are defined (in other
words, depending on the type of signals on which they are acting). When necessary, we
will be more specific and use terms like continuous time Fourier transform, continuous
time Fourier series, etc. A small table summarizing the Fourier transforms for various
settings is given below.



Table of Fourier Transforms

Name | Domain Transform F = f Domain
of f (and Inverse) of f
CTFT R fw) = [ f(t)e 2mwta R

F(0) = fy Flw)etmtedu

CTFS Tq flK] = Jo,, f(t)e2mkt/Qat Z

F(O) = Ypeg [TR]™H0

DTFT 7 FW) = Sheg flk]e2mike/Q Tq

f[k:] — f'ﬂ‘g ]E(w)e%z‘ktw/ﬂdw

DTFS VA fin] = o0t flk)e2mikn/N ZN

K = % X050 flnje?m N

CT-continuous time; DT-discrete time; FT-Fourier transform; FS-Fourier series

In Section IV, we wil give a more unified view of these different transforms, briefly de-
scribing how they all fit in the more general framework of Fourier transforms on groups.
For the moment, we will study in more detail each of the above transforms, discussing,
in particular the conditions (and the different interpretations) for the inverse formulas to
hold.

II. ConTtiNuOUS TIME FOURIER TRANSFORM (CTFT)
A.  Fourier transform in L'(R)

We start by defining the Fourier transform of functions in the space L!(R).

The Fourier transform (also called continuous-time Fourier transform or integral Fourier
transform) of a function f € L'(R) is the function f defined by

Flw) = /R F)e=2tdt e R, (13)

For simplicity, to indicate the correspondence between a function f and its Fourier trans-
form, we use the notation f — F.



We consider the following three operators, defined for a € R:

Translation: T.f(t) = f(t—a)

Modulation:  E,f(t) = €™ f(¢)

Dilation: Dof(t) = |a|~Y2f(t/a), (a #0).
The main algebraic and analytic properties of the Fourier transform are summarized in
the following two theorems; the proofs can be seen, e.g. in [6].

Theorem 1

1. Linearity c¢1f1 4+ cafo — c1F1 + coFo.
2. Conjugation  f(t) — F(—w).

3. Time shifting T,f — E_,F.

4. Modulation FE,f — T,F.

5. Time dilation ~ D,f — Dy F"

Theorem 2

Let f € LY(R) and let F be its Fourier transform. Then, we have

1. Boundedness  For each w € R, |F(w)| < || fl1-
2. Continuity  F' is (uniformly) continuous on R.

3. Riemann-Lebesgue Lemma | l|im F(w)=0.
4. Time differentiation  Let f € C™(R) N LY(R) be such that f*):k =1... ,m, are in
L'(R). Then
FB () — (@2riw)"F(w).

5. Frequency differentiation  Suppose that t™f(t) € L'(R). Then, FO k=1, m,
exist and
(=2mit)* f(t) — F®)(w).

Another important property of Fourier transform is its behaviour with respect to convo-
lution. Recall that the convolution f * g of two functions f and g is the function defined
by

fglt) = /R F(wg(t — u)du. (14)
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We then have the following result:

Theorem 3 (Convolution) If f,g € L'(R), then f x g € L'(R) and

frg— FG.

B. Inversion

Given a function g € L'(R), we define its inverse Fourier transform § by

g(t) ::/g(w)ezmmdw, teR,
R

i.e. g(t) is simply g(—t). The name inverse Fourier transform is justified by the following
theorem, which shows that the function f can be recovered from its Fourier transform, by
applying to it the inverse Fourier transform.

Theorem 4 Let f € LY(R) and let f denote its Fourier transform. If f € L*(R), then f

is continuous and f = f, i.e.
ft) = / fw)er™dw. (15)
R

Note: This theorem establishes a pointwise inversion formula for the Fourier transform under the
assumption that f € LY(R). It should be interpreted in the following sense: the integral on the
r.h.s. is defined for every ¢t € R and defines a continuous function which coincides with f almost
everywhere (a.e.); the pointwise equality is valid for the continuous representative of f.

C. Fourier transform in L*(R)

The formula (13) as it stands can not be applied directly to functions in the space L?(R)
(if they are not in L'(R)), so the definition of the Fourier transform for functions in this
space (the important space of signals of finite energy) has to be suitably adapted.

The following result is essential for establishing a natural definition for the Fourier trans-
form in L*(R).

Theorem 5 (Plancherel-Parseval) If f,g € L(R) N L?(R), then
(f,9) = (f,9) (Parseval identity). (16)

In particular, we have

£l = Ifl (Plancherel formula). (17)



The extension of the Fourier transform to L?(R) is based on the use of the above formulae
and the fact that L'(R) N L?(R) is dense in L?(R). This means that, given a function
f € L*(R), there is a sequence of functions (f;,)nen in L*(R)N L?3(R) converging to f (with
convergence taken with respect to the norm in L?(R)). This implies that || fu, — fall2 — 0
when m,n — oco. By the linearity of the Fourier transform and the Plancherel formula,
we immediately conclude that the sequence (f,)nez converges to a certain function in
L?*(R). This limit function will be called the Fourier transform of f (sometimes called the
Plancherel transform) and will also be denoted, as before, by f or F. It can be shown
that the limit function F' does not depend on the choice of the sequence f, converging to
f and, naturally, that it coincides with the usual Fourier transform of f when f € L!(R).
A standard way of selecting the sequence f, is to take f, = f1|_,), where 1,4 denotes
the characteristic function of the interval [a, b], i.e.

1, tela,b
1[a,b] (t) =
0, otherwise.

If we write L.i.m.g,(t) = g(¢) to indicate that ||g, — g|[2 — 0 when n — oo, we can thus
write, for f € L?(R),

f(w) :=Lim. ' f(t)e 2mwtay, (18)

-n
Note: With a convenient abuse of notation we will still write, when f € L*(R),

fl) = [ s,
R
with the understanding that this is a limiting process as defined above.

It is important to observe that the main properties stated for the Fourier transform of
functions in L!(R) also hold for this extension to L?(R). The extension of the definition
of the inverse Fourier transform § to functions g € L?(R) is, naturally, done in manner
analogous to the process described for the Fourier transform, and we also have an inversion
theorem for this case.

Theorem 6 (Inversion in L%(R)) The Fourier transform is a bijective linear operator
from L2(R) into L*(R). Given f € L*(R), we have

f=1

The definition of the Fourier transform can also be extended to a wider class of “objects”,
the so-called tempered distributions; as an example of a tempered distribution we have
the Dirac-delta §. This is a linear functional which acts on a (sufficiently well-behaved
function) f by giving its value at zero, i.e.



The Fourier transform of a tempered distribution is another tempered distribution. In the
case of the Dirac-delta, the Fourier transform can be identified with the constant function
1, i.e

o=1.

For more details on Fourier transforms of tempered distributions, see, e.g. [26] or [6].

ITI. ContiNuOUS TIME FOURIER SERIES (CTFS)

We now consider the case where the function f to be transformed is in L?(Tg), where
Tqo = R/QZ is the Q-torus (2 > 0). It can be shown that the set of functions

() = 2™k f e, (19)

is an orthonormal basis of L?(Tg) (with respect to the inner product defined by (5)). This
means that every function f € L?(Tg) can be written as

F(t) =Y flkle*mH/e, (20)

kEZ

where the coefficients f[k] are given by

A

SRl ={f5w)

=/ f(t)e™ 2Rt/ Ry, (21)
Q

The coefficients f [k], k € Z given by (21), are called the Fourier coefficients of the function
f and the series on the r.h.s. of (20) is the called the Fourier series of f.

The equality (20) is to be interpreted as (cf. 10)

Q N
lim 1F) = D flkle>™ O Pdt = 0
0 k=—N

N—oo

and does not necessarily mean that, for every ¢ € R, the series on the r.h.s. of (20)
converges to the value f(t). The problems associated with the pointwise (and uniform)
convergence of Fourier series, namely the discussion of the minimum conditions which
ensure this type of convergence, have attracted the attention of mathematicians for more
than two centuries and had a profound impact on the evolution of the foundations of
Analysis; an accessible reference on this subject, with an interesting historical perspective,
is [25].

The equality (20) is also known to hold for almost all ¢; moreover, if the function f is
sufficiently well-behaved (e.g. piecewise smooth) then the series converges, at every point
t, to the average value
)+ ()
2
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The Fourier series has a typical behaviour near the points of discontinuity; its partial sums
overshoot and undershoot the true values f(t*) and f(¢7), respectively, by about 9% of
the total jump f(¢t*) — f(¢~). This is the famous Gibbs phenomenon, and was observed
by Gibbs, for a particular function, in a letter to Nature (vol.59, p.606), in 1899.

Note: In fact, this phenomenon had already been described by H. Wilbraham, 51 years earlier
[50], although Gibbs was not aware of this. In 1906, M. Bocher, an American mathematician,
proved that this behaviour is a general property of Fourier series in the vicinity of a jump discon-
tinuity; [7].

The computation of the sequence of the Fourier coefficients f [k] in the case where f is a
periodic function can be seen as the analogue of the computation, for a function f with
no periodicity, of f (w), for all w € R. This corresponds, in both cases, to the analysis
phase of the given signal f; the inversion formula (15) and the series expansion (20) then
correspond to the synthesis or reconstruction phase of the signal.

Since 7y (t) = e2™kt/2 form an orthonormal basis of L?(Tq), Pareseval’s identity gives us

KA =Y IR = 11115 (22)

keZ keZ

It is also important to state the following result (which should be compared with the result
3. in Theorem 2).

Lemma 1 (Riemann-Lebesgue) If f € L2(Tq), then its Fourier coefficients f[k] sat-
isfy
lim f[k] = 0. (23)
|k|—o0
Note: The above result is also valid for functions in the wider class L*(Tg,.)

The analogies between the Fourier transforms and series can also be extended to results
on convolutions, provided an appropriate definition for convolution is given. Given two
functions f, g € L*(Tq) we define its convolution as

frgt)= [ flug(t—u)du.
Tq
We then have the following result (cf. Theorem 3).

Theorem 7 Let f, g € LY (Tq), with corresponding sequences (f[k]) ez and (§[k])rez of
Fourier coefficients. Then, f *x g € LY(Tq) and the sequence of its Fourier coefficients is
the product of the two sequences (f[k])rez and (§[k])kez, i-e.

o —

[xglk] = fIKglK], keZ.



IV. DiscrReTE TIME FOURIER TRANSFORM (DTFT)

The equality (22) shows that, given a function in L?(Tq), the sequence of its Fourier
coefficients is in the space £2(Z). One can also “move” the other way around. Let f =
(flk])rez be a given sequence in £?(Z). Then, for any chosen € > 0, the trigonometric
series

Z f[k]ef%rikw/ﬂ (24)
kEZ
converges (with respect to the || - ||2 norm defined by (4)), to a certain function in the

space L?(Tgq). We call this function the discrete time Fourier transform (corresponding to
Q) of the sequence f = (f[k]) and denote it by f(w). That is, we have

flw) =" flkje?mikre, (25)

keZ

One can show that the Fourier coefficients of this function f are precisely the given numbers
f[k], that is, we have

flw)e™ /% dw = f[k], (26)
Tq

which can be seen as an inversion result. The equality (25) is also known to hold for almost
all w. Moreover, if the given sequence is known to decrease “faster” than just being in
(%(Z), namely if f = (f[k])rez € ¢1(Z), then the series on the r.h.s. of (25) converges
uniformly and defines a continuous function f(w), for all w € R.

If f,g € *(Z), we define the convolution f * g of these two sequences by
(f*g)k) =Y flllglk — 1. (27)
l€Z

We again have a result concerning the behaviour of the (discrete) Fourier transform with
respect to convolution.

Theorem 8 Let f,g € ((Z) and let f,g denote their discrete Fourier transforms. Then,
fxg€elXZ) and

—

Frgw) = flw)gw) (28)

V. DISCRETE FOURIER TRANSFORM (DFT)

We now concentrate on the case where our signal is simultaneously discrete in time and
finite, f = (f [k])iv:_ol. As already mentioned, we can also think of f as a periodic sequence
f = (f[k])kez of period N (i.e. as an element in ¢(Zy)) by letting f[k] = f[k mod N], for
all k € Z.
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It is easy to show that the set of NV vectors yx;k =0,..., N — 1, defined by

vuln] = e2™kIN. =0, N —1, (29)

is an orthogonal basis of £(Zy) and that ||v||?> = N. Hence, any signal f € (Zy) admits
the following expansion

N—
Zf[k:]e%ik”/]v; n=0,1,...,N —1, (30)
k=0

[y

finl =

where the coefficients f[k] are given by

= flnle >™* N k=0,1,...,N - 1. (31)
n=0
Formula (31) defines the so-called discrete time Fourier series or discrete Fourier transform

(DFT) of f and formula (30) the inverse discrete transform. Naturally, the following
Parseval’s identity holds

N—-1 1 N-1 .
D fRP =5 D 1fkIP.
k=0 k=0

Because of the N-periodicity of the functions e=2"*"/N e can also see (31) as a function

defined on Zjp. This means that the discrete Fourier transform can be seen either as a
map from CV into C"V or as a map from ¢(Zy) into £(Zy). Let’s introduce the following
standard notation

Wiy = e 2m/N, (32)

Then, the discrete Fourier transform of f = ( f[n])nN:_O1 can be defined by

N-1
flk) = fIWR". (33)
n=0
The discrete Fourier transform (as a linear transformation from C" into CV) can also be
defined using the N x N matrix (called the Nt order DFT matrix),
M = (mkn), Mkn = W]]{:fn; k,n = 0,...,N— 1.

It is simply given by

N

f=Mf.
Given two sequences f, g € {(Zy), we define its convolution by
N-1
(f*g)lk] = flglk —U,k=0,1,....N — 1. (34)

=
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(Recall that the sequences are periodic of period N, i.e. g[k] = g[k modN].)

Once more, we have the usual property relating the Fourier transform of convolutions and
the product of Fourier transforms.

Theorem 9 Let f,g € {(Zn) and let f and g denote their DFT’s. Then, we have

—

o+ glk] = fk]g[k].

e Relation of DF'T to Fourier coefficients

Assume that we know the period ) of a certain function f as well as N of its values
y[n] := f(t,) at the equally spaced points

Q
tn::nﬁ;n:(),l...,N—l, (35)

and that we want to make use this information to approximate the Fourier coefficients
f[k] of f. In other words, we want to compute

Q
ik = /0 F ()22, (36)

If we approximate the integral in (36) by a left-endpoint, uniform Riemann sum, based on
the points t¢,,, we obtain

i

1o 1 —omiktn/0 o S
= 3 St .
1 N-1 .
_ N y[n]e—%rzkn/N‘ (37)

n=0

The above formula shows that the k% Fourier coefficient of the function f is approximately

A~

given by L[k, where (§[k])r -, is the N-point discrete Fourier transform of the vector
sy = (FF )50

Note: The approximation described by the formula (37) has to be interpreted very carefully. Note

that the r.h.s of (37) has period N in the variable k and the same is not true for the sequence ( f[k])
(typically, f [k] — 0, as k — 00). The approximation (37) will usually be used only to calculate
coefficients f[k] for |k| << N, e.g. for |k| < N/8; for a justification of this “rule of thumb”, see

e.g. [47].
VI. TRANSFORMS IN SEVERAL DIMENSIONS
All the transforms referred so far were given for the one-dimensional case, i.e. for functions

of a single variable. The extension of these transforms to higher dimensions is straightfor-
ward. For example, the Fourier transform of a function f € L'(R?) is defined by

flw) = /R @) s, w e R (38)

12



In the particular case of dimension d = 2 (this is of special importance due to its applica-
tions in image processing), we have

flw,6) = /R /R fz,y)e @+ dr dy,  (w,€) € R2. (39)

The evaluation of the Fourier transform of a 2D-function is especially simple when the
function is separable, i.e. can be written as

f(z,y) = g(z)h(y).

In that case, its Fourier transform is simply given by

f(w,&) = g(w)h(©),

where ¢ and h are the one-dimensional transforms of g and h. The basic transforma-
tional properties of a d-dimensional Fourier transform are essentially the same as in one
dimension, with one new feature: the Fourier transform commutes with rotations, i.e. if
R denotes a rotation in R%, then

f(Rz) — f(Rw).
e Fourier transforms of radial functions

The fact that the Fourier transform commutes with rotations has the following interesting
consequence. A function f defined in R? is called radial if f(Rx) = f(z) for all rotations R,
i.e. f(z) depends only on |z|, where we used the simplified notation | - | for the Euclidean
norm|| - |2 in R%. If f is radial — say f(z) = g(|]z|) — then so is its Fourier transform —
f(w) = h(|w|), say. In this case the integral formula relating f and f can be written in polar
coordinates to yield h directly in terms of g. Let us illustrate with the two-dimensional
case. With £ = r(cos#,sinf) and w = p(cos ¢, sin ¢), we have (r,w) = rpcos(d — ¢), and
hence

flo) = [ e

oo 21
_ / / g(r)€727rirpcos(97¢)rd9dr
0 0
oo 2

:/ g(?") |:/ 627riprcosed0:| rdr
0 0

By recalling the definition of the zero-order Bessel function of the first kind

1 2w )
J(](Z) _ e—zzcosed‘g’
2 0
we obtain
h(p) = 27r/ g(r)Jo(2mpr)rdr. (40)
0

13



The integral on the r.h.s (without the factor 27) is called the Hankel transform of order
zero of g.

e Projection

Suppose that we project a two-dimensional function f(z,y) onto the z-axis, i.e we form

p(z) = /R £ y)dy

Then, the (one-dimensional) Fourier transform of p is

)= [ [ / f(as,y>dye—2m] da
- / / £, y)e 2T gy = Flw,0)
RJR

~

So, the transform of the projection of f(z,y) onto the z-axis is f(w,§) evaluated along
the w-axis. This, together with the rotation property, implies that the Fourier transform
of the projection onto a a line at an angle # with the x-axis is just the Fourier transform
computed along a line at an angle § with the w-axis. This projection property can be used
e.g. in computerized axial tomography; see, e.g. [13].

VII. FOURIER TRANSFORM ON GROUPS

It is possible to give a unified view of all of the different Fourier transforms described
above. This is done by considering them as particular cases of a more general theory
of Fourier transforms on groups. To present this theory in full detail requires ideas from
topology and measure theory which are beyond the scope of these notes. We will, however,
try to give a very brief idea of the main points (for simplicity, we will concentrate in the
1-D case).

A.  Groups, Subgoups, Cosets

We start by recalling the notion of a group. A set G forms a group with respect to a
certain binary operation @, if the following properties hold:

1. ClosureVf,ge G, fdgeG
2. Associativity Vf,g,h € G, (f@g) @h=fD(gDh)
3. Identity 306 € G:Vge G 0g+g=9g+0c=yg

4. Inverse Vge Gd—geG:gd—g=—gdg=0q
As examples of groups especially important for our work, we have:

14



1. the set of real numbers R, under addition;
the set of integers Z, under addition;
the set NZ, N fixed integer, under addition;

the set QZ, > 0, under addition;

DA ol R

the unit circle S* in the complex plane (i.e. the set of complex numbers of modulus
1), under multiplication.

A group is called Abelian if the operation @ is commutative, i.e. f@® g = g ® f, for all
fig€dG.

A group G is locally compact if it has a topological structure such that the map (f,g) —
f @® —g is continuous and every point in G has a compact neighbourhood. The group R is
naturally a locally compact group (with the usual topology on R). In fact, all the groups
referred to in our examples are locally compact Abelian (LCA) groups.

A subgroup K of G is a subset of G which is also a group with respect to the same group
operation. We use the notation K < G (respectively K < @) to indicate that H is a
subgroup of G (not equal to G itself). For example, for any N, NZ is a subgroup of Z;
the integers Z also form a subgroup of the additive group R.

If K < G and g € G, we define the coset ¢ ® K of K in G as the set
g K={g+k: ke K}

If G is an Abelian group with subgroup K < G, then the set of all cosets of K in G is a
group under the following operation inherited from @ (for which we use the same symbol
®):

(feK)o(yaoK):=(fog) e K. (41)
This group is denoted by G/K (the quotient group of G modulo K).

It is easy to see that the group Z/NZ is finite and has exactly N distinct elements. A
set of coset representatives of G/K is a set S of elements of G such that every coset in
G/K contains exactly one element of S. For example, a set of coset representatives of
Z/NZ can be taken to be {0,1,..., N — 1}. When we use coset representatives instead
of writing the full coset notation itself, we must remember that the operation involved
is modular. In this sense, we can identify the group Z/NZ with the group formed by
the set {0,1,..., N — 1} with the operation of addition modulo N. Similarly, the group
Tq := R/QZ can be identified with the group whose set of elements is [0, ) (or any other
interval of length ) and whose operation is addition modulo €.

Let G and H be two groups with operations &g and @yy, respectively. A homomorphism
from G to H is a map ¢ : G — H such that

o(f ®cg) =o(f) ®u #(g), Vf,ged.
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Is the homomorphism is bijective, we call it an isomorphism. For example, the function
¢ : Tq — St defined by '

Ot +QZ) = ¥ teR
is an isomorphism between the additive group T and the multiplicative group S*. In
some sense, we can view the two groups S and T, as the same group. Another important

example of two isomorphic groups is given by the group Z/NZ and the group Sy of all
the N roots of unity,

Sy = {1, W, Wa, ..., WY1}, Wy =2V,
under multiplication. An isomorphism between the two groups is given by

¢k + NZ) = 2™*/N — wk.
B. Characters of a group

For any Abelian group G, a character « of G is a homomorphism of G into the group S*!.
The set of all continuous characters of G is denoted by G and is itself an Abelian group
under the operation of pointwise multiplication. This is called the dual group of G.

For example, when G is the additive group R, one can show that the characters are the
functions
’Yw(a?) _ e27mwz’ = R,

for all w € R.

Note: The choice of the exponent 27 associated with the “index” w is just for convenience; any
other real number would do, which would correspond to a simple renaming of the functions ~.

This is easily seen to be isomorphic to R itself (the mapping w +— +,, defining an isomor-
phism). In that sense, we say tat R is self-dual and write R = R. One can also identify
the characters of the group Zy = Z/NZ : they are the functions ;6 =0,1...,N — 1
defined by

velm] = 2" N e {0,... N —1}.
The function ¢ : k — - is an isomorphism between Zy and 7N and, in that sense, Zy is
also self-dual.

Finally, we describe the characters of the group Tq. They are the functions
W (t) = 2t e [0,9),

for all k& € Z. The dual group of Tq is thus isomorphic to Z, the mapping ¢ : k — Y&
defining an isomorphism.

Since the dual group is also an Abelian group it is possible to define its set of characters,

i.e. to define its dual G. It turns out that this group is always isomorphic to G. Hence,
the dual group of Z is (isomorphic) to the Q-torus Tq (the particular choice of Q > 0 is
not important, since all these groups are isomorphic to each other).
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C. Integration on groups and Fourier transform

In order to be able to give an adequate definition of the Fourier transform on a (LCA)
group, one has to introduce an appropriate concept of measure and corresponding integra-
tion on the group. It can be shown that in every LCA group, there exists a non-negative
and regular measure, which is not identically zero and is translation invariant. This mea-
sure is unique (up to the multiplication by a positive constant) and is called the Haar
measure of GG. Integration on the group G will always be understood with respect to such
measure. For the construction of such a measure, see e.g. [29] or [35]. In our cases, we
simply refer that this measure is:

1. the usual Lebesgue measure, for the cases G = R and G = Tq (with the “normal-
ization” constant é in the latter case) ;

2. the usual counting measure for the discrete cases G = Z and G = Z/NZ.

Having defined integration on G, we can also introduce, in a natural way, the L?(G) spaces.

We can then define the Fourier transform of any function f € L'(G): it is the function fA‘,
defined on G by

7 = /G [t @Ddt, €. (42)

Note that the Fourier transform of a function defined on G is actually a function defined
on G. This means, for example, that in the case of G = R, we should have written the
Fourier transform of a function f as f (7w). However, due to the identification of R with
R, this is naturally shortened to f(w).

Having identified previously the characters v € G for all the cases G = R,G=Tq, G=7
and G = Zpy, it is now simple to verify that the definitions (13), (21) , (25) and (31) all
fit into this framework.

We also have an inversion theorem (cf. formulae (15), (20), (26) and (30)).

Theorem 10 Let f € LY(G) be such that f € L*(G). If the Haar measure of G is fized,
the Haar measure of G can be normalized so that the following inversion formula holds

/f (t)dy, ted.

If we define the convolution of any two functions f,g € L'(G) by

/f g(t — u)d

we have the following result from which the results of theorems 3,7,8 and 9 are specific
examples:
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Theorem 11 Let f,g € L'(G) and let f,ﬁ be their Fourier transforms. Then, f * g €
LY(G) and

Fraty) = F@)aly).

Finally, we would like to remark that there is a natural way of extending the definition of
the Fourier transform from L!(G) to L?(G) and that the Parseval formula holds

[ swatar= [ foaen
G G

For more details on this fascinating topic of Fourier transforms on groups see, e.g. [40]. We
now turn to the problem of describing efficient algorithms for the computation of Fourier
transforms.

VIII. FasT FOURIER TRANSFORM

The Fast Fourier Transform — the most valuable algorithm of our lifetime.

Strang, 1993

A direct calculation of a N-point DFT requires (N — 1)? multiplications and N(N — 1)
additions, i.e. it involves a number of operations of order O(N?). For large N, this can
be extremely time consuming. In 1965, Cooley and Tukey [19] proposed an algorithm
to compute the DFT reducing the number of operations involved to O(N logy N), when
N = 2". This algorithm, which has become known as the Fast Fourier Transform, had
a tremendous impact and is responsible for the widespread use of DFT’s in almost all
branches of scientific computation, with particular emphasis on digital signal processing.

Note: In fact, as referred in [32], the basic idea of the FFT had already been discovered by Gauss,
in 1805, as an efficient means of interpolating asteroid orbits. However, it was the Cooley and
Tukey publication which popularized the use of the discrete Fourier transform; see [18].

Many variants of the basic FFT algorithm have also appeared subsequently. Here, we will
briefly describe one of the most widely used of these algorithms, the so-called decimation
in time, radix 2 FFT; for other variants the reader is referred to, e.g. [47], [11] or [24].
FTT programs in various computer languages can be found in [39]. The article by Burrus
[12] gives an excellent summary and contains an extensive list of references on efficient
algorithms to compute the DFT. A compiled bibliography on this topic (with more than
3400 entries!) is given in [41].
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A. Decimation in Time Radix 2 FFT

We will assume that N is a power of 2, say N = 2", where r is a positive integer. Let us
start by recalling the formula for the N-point DFT transform of a sequence f = (f [k])fcv:_ol,

N-1
fln) =) flIWR", (43)
k=0
where Wy = €2™/N For simplicity, we will introduce the notation F, := f [n]. We can
halve the N-point DFT in (43) in two sums, each of which is a N/2-point DFT:
N/2-1 N/2-1
= Y FREWRT+ D f2k + YW
= k=0
N/2-1 N/2-1

Z FI2RWED, + Z 2k + YW, Wi

We can thus write

F,=F)+WRF}

in = N/2 -1 (44)
Fn+N/2 :F'rg _W]T\LIFV}
where, for 7 =0, 1,
N/2—1
> Fl2k 4 51 (Wyp)™, (45)
k=0
and where we have used the fact that Wj (N/2)+n _ = WYy, depending on wether j = 0, 1.

The DFT (F,)"-} written in terms of the calculations (44)-(45) can be visualized as
F) —F)+WLF,;
X (46)
F! —FY —WRF!
where n = 0,1,...,N/2— 1. This diagram is called a butterfly. The butterfly (46) can be
viewed as a construction of the DFT in Zy in terms of two DFTs, F? and F!, on L2
In the same way, each F? and F' can be constructed in terms of a pair of two of DFTs
on Zpyy4. For example,
F = F0 1 Wy, FY
and
0 01
N = =F WN/QF

for n = 0,1,...,N/4 — 1, where F% is the DFT of (f[0], f[4],...,f[N —4]) and F% is
the DFT of (f[2], f[6],..., f[N —2]). Since N = 2", this procedure can be repeated and
after r = logy N — 1 stages we reach a point where we are performing N/2 2-point DFTs,
which consist of adding and subtracting two points. Computationally, it is convenient to
compute the 2-point DFTs first, then the 4-point DF'ts, etc.
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B. Bit Reversal

Let f : Zny — C be given and suppose we want to compute the DFT F' in the natural
ordering (Fy,...,Fy). From (45), it is clear that if we begin with the DFTs of the pairs
(flo], fI1D), (f12], f13]),- .. we will not obtain F' in the natural ordering. For example,
when N = 8, the input indices must be ordered as (0,4,2,6,1,5,3,7) so that the output
sequence will appear in the natural order. This ordering is obtained by bit reversal. Bit
reversal (at level r or of order r) is defined recursively as follows. For r = 1, the bit
reversal ordering (of the set {0,1}) is the ordered pair (0,1). At level r;r = 2,3,..., the
bit reversal ordering of the set {0,1,...,2" — 1} is the 2"-tuple

(Qbo,...,QbM_l,Qbo—F1,...,2bM_1—|-1), (47)
where M = 2"~ and (bg, b1, ...,bas_1) is the bit reversal ordering at level — 1. For exam-
ple, bit reversal orderings at levels 2 and 3 are (0,2,1,3) and (0,4,2,6,1,5,3,7), respec-
tively. The term bit reversal comes from the following observation. If k£ € {0,1,...,2"—1}
has the binary expansion

r—1
k= Z €j2j
§=0
then the number in the position k;k = 0,...,2"~! of the bit reversal ordering is obtained

by “reversing” the order of the coefficients €; in the above expansion. It is important
to observe that there are efficient algorithms for obtaining bit-reversed indices; see e.g.
[11] or [47]. This last reference also describes efficient ways of performing the butterfly
calculations involved in each step of the FFT algorithm.

IX. FOURIER RELATED TRANSFORMS
A. Cosine and Sine Transforms
A.1 Fourier Sine and Cosine Transform

Using Euler’s formula, we can write the Fourier transform of f as
flo) = [ st
R

. / F(t) cos(2mwt)dt — i / F(t) sin(2mwt)dt
R R
= Cf(w) —iSf(w), (48)

where C f(w) and S f(w) are called, the Fourier cosine transform and Fourier sine transform
of f, respectively. Observe that if the function f is real-valued, then its Fourier transform
can found by evaluating two real integrals. Also, if f is an even function, then the Fourier
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transform of f is simply its Fourier cosine transform and can be computed simply
f(w) :/Rf(t) cos(2nwt)dt
= 2/00O f(t) cos(2mwt)dt.
Similarly, if f is an odd function,
Flw) = —i /R F(1) sin(2ret)dt
= —22'/000 f(t) sin(27wt)dt.

A.2  Fourier Sine and Cosine Series
It is simple to establish that the set of functions
Yn(t) := cos(mnt/Q), n € Ny,

is an orthogonal basis of the space L?(Tg), and that ||[y]|3 = 1 and ||7,|3 = 1/2, n € N.
Hence, every function f € L?(Tq) admits an expansion

£(t) = %Ao + 3 Ay cos(mnt/9), (49)
n=1
where
9 Q
A, = 5/0 f(t) cos(mnt/Q)dt. (50)

The series (49), with the coefficients given by (50), is called the Fourier cosine series of f.
Note: The above series is, in fact, the Fourier series of the even extension of f to L?(Taq).

In a similar manner, we define the Fourier sine series of f:
oo
ft) = Z By, sin(mnt/Q)dt,
n=1

where

2 (% ,
B, = 5/0 f(t) sin(mnt/Q)dt.
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A.8 Discrete Cosine Transforms

There are also discrete versions of the sine and cosine transforms. Here, we refer to four
established discrete cosine transforms (DCT-I through DCT-IV). The (two-dimensional
version) of DCT-IT and DCT-IV are constantly applied in image processing and have a
FFT implementation, which makes them especially useful. The DCTs (in fact DCT-II)
was only discovered in 1974, [1]. All four types of DCT are orthogonal transforms and use
bases for the space CV (or £(Zy)) that involve only cosines. For k,n =0,1,..., N — 1 the
nth component of the kth basis vector is

DCT-I  cos <nk: 1) (divide by v/2 when k,n =0, N — 1)
DCT-II  cos ((n ) (divide by v/2 when k = 0)
DCT-IIT cos (

DCT-IV  cos ((

ky
)%)  (divide by v/2 when n = 0)
(k+3)%)

If we consider the matrices CI,CH,CIH and Cty whose columns are the above vectors,
then each of the DCT-T transforms fT of a vector f € CV is defined by

N—

+
k+

n—|—

fr=0Crf; T=1ILIILIV. (51)

All vectors have norm /N/2; hence, we have, for example (using the DCT-IV transform),
that any vector f € CV can be written as

i 1 1.
Z frv[k] cos ((n+ 2)(k:+ 2)N>
where
fivlk Zf cos(n—ki)(k—k;);).

Similar expressions for the transform and corresponding inverse for the DCT-I — DCT-III
are easily written.

B. Hartley Transform

The Hartley transform Hf is obtained by combining the sine and cosine transforms re-
placing —i by 1, i.e.

Hf(w) =Cf(w) +Sf(w)
_ /R F(t)cas(2rwt)dt, (52)

where cas(t) := cost + sint. The Hartley transform was initially proposed by Hartley in
1942 [31], but was virtually ignored until it was reintroduced by Bracewell [10] in 1983.
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The Hartley transform has the advantage that is real-valued for a real-valued signal, but it
lacks some of the important properties of the Fourier transform; a thorough investigation
of Hartley transforms can be found in [9]. There is also a discrete version of the Hartley
transform and fast algorithms for its computation (Fast Hartley Transform).

C. Laplace Transform

Fourier transforms were defined for real values of the frequency variable. A more general
class of transforms can be obtained if the frequency variable is allowed to be complex.

We define the (bilateral) Laplace transform of a function f by
Li(s) = / F(t)e=tdt (53)
R

where s € C. Note that, when s = 2miw, Lf(s) = f(w) and so, as it might be expected,
the Laplace transforms has many important properties similar to those of the Fourier
transform. When s = o + 2miw, then Lf(s) is the Fourier transform of g(t) = f(t)e %",
i.e. is the transform of an exponentially weighted signal.

Note: The more frequently used unilateral Laplace transform can be defined as the Laplace
transform of f(t)u(t), where u(t) is the unit-step function defined by w(t) = 1, for ¢ > 0 and
u(t) = 0 otherwise.

The above transform does not, in general, converge for all values of s. The set of values
for which (53) converges is called the region of convergence (ROC). The ROC has the
following important poperties:

1. it consists of strips in the complex plane parallel to the to the iw axis i.e. is of the
form A < Re(s) < B where A and B may be —oo and +o00, respectively; (In the
extreme cases, the < sign might have to be replaced by <);

2. if f(t) is right-sided (left-sided), i.e. is zero for ¢ < Ty (i.e is zero for ¢t > T1), then
B =+00 (A= —0).

3. if f(¢) is time-limited (i.e. f(t) = 0 for Ty < ¢t < T, then its ROC is the whole
complex plane (provided it converges at some point);

4. if the iw axis is contained in the ROC, then the Fourier transform of f exists.

The Laplace transform can be inverted. Its inverse is given by

F0)= 5 | T st f(s)as,

21 Jy_ino

where o is chosen inside the ROC.
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The (unilateral) Laplace transform is particularly useful for solving initial value problems.
For a comprehensive treatment of the Laplace transforms and its applications, we refer
the reader to [22] or [5].

D. z-Transform

Just as the Laplace transform was a generalization of the Fourier transform, the z-
transform can also be introduced as a generalization of the discrete time Fourier transform.
For a given sequence f = (f[k])kez, we define its z-transform as

Z(fIk]) = F(z) =) flK="F, (54)

keZ

where z € C. Again, the transform is only defined for the values of z for which the above
series converges, these values defining its region of convergence (ROC). On the unit circle
z = €2™ this is the discrete-time Fourier transform (€2 = 1), and for z = pe?™™ it is the
discrete-time Fourier transform of the sequence f[k]p~*. The ROC of the z-transform has
properties “analogous” to the ROC of Laplace transforms:

1. it consists of a ring in the complex plane, i.e. is a set of the form A < |z| < B, where
A may be zero and B may be +00. (In the extreme cases, the < sign might have to be
replaced by <).

2. if the sequence f([k]) is causal (i.e. f[k] =0 for k < 0), then B = +o0 (< possibly
replaced by <); if the sequence is anti-causal (i.e f[k] =0 for k& > 0), then A =0 (<
possibly replaced by <);

3. if the sequence is of finite length and causal, the ROC is the entire plane, except
possibly z = 0;

4. if the sequence is of finite length and anti-causal, the ROC is the entire z-plane
except, possibly, the “point” z = oo;

5. the discrete time Fourier transform of the sequence f([k]) converges absolutely if
and only the ROC contains the unit circle.

The inverse z-transform involves the contour integration in the ROC and Cauchy’s integral

theorem. We have )

=— ¢ Z(fk))z""'d
fln) = 57 20"
where C' denotes a contour around the origin lying in the ROC. The z-transform is very
useful for the study of difference equations and discrete-time filters; more details can be

seen, e.g. in [33] or [38].
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E.  Mellin Transform

The Mellin transform M f of a function f is defined by

Nﬁwyzémf@ﬁlﬁ. (55)
If we make the change of variable x = logt, we find that

MIG) = [ e (56)

which shows that M f(—2miw) is the Fourier transform (at w) of the composition f o exp;
a good reference to read about Mellin transforms is the book by Bracewell [8].

F.  Hilbert Transform

The Hilbert transform Hf of f € L?(R) is defined by

HI() = /_ TS g, (57)

t—u
interpreting the integral as a Cauchy principal value, i.e. as

lim fw) du.

=0 [t—u|>€ l—u

This transform is invertible, its inverse being simply —H, i.e.

F) =2+ / * AW (58)

T )_ oo U—1

e Analytic signals and Hilbert transform

A function f € L?(R) is said to be a (strong) analytic signal if its Fourier transform is zero
for negative frequencies, i.e f (w) =0 for w < 0. If f is real valued, one can associate with
f an analytic signal f, in the following manner: f, is the signal whose Fourier transform
is given by

(59)

5 B 2f(w), w>0
‘Mm_{u w < 0.

One can show that if f, if is the analytic signal associated with the real signal f, then
Re f, = f and Im f, = Hf, i.e.
fa = f+iHf. (60)
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Let

fa(t) = A(t)e'®)
The envelope E(t) of the signal f(t) is defined as |A(t)] = /f(t)2 + Hf(t)2 and E(t)?
is the the so-called instantaneous power; the instantaneous frequency w(t) is defined by
w(t) = ¢'(t). Hence, Hilbert transform analysis provides a method of determining the
“instantaneous” frequency and power of a signal. This technique is widely used in com-
munications systems analysis; see, e.g. [15].

G. Haar and Walsh Transforms

We consider again the space L?(Tgq) and take, for simplicity, Q = 1, i.e. consider functions
in the space L2[0,1]. Besides the basis functions v;(t) := e*™**  k € Z, used in the
Fourier series expansion, one may consider the use of other orthonormal bases for this
space. We describe here two such bases, consisting of step functions.

Let H(t) be the function defined by

1 0<t<i
H(t) = ’ 2 (61)
-1, 1/2<t<1

This is called the Haar function. Then, the set of functions obtained by dyadic dilation
and translation of this function, i.e.

Hjn(t) == 22H(2t — k), >0, k=0,1,...,27 —1, (62)

together with the function Ho := 1 1) (the characteristic function on the interval [0, 1)),
form an orthonormal basis for L2[0,1]. Thus, every function f € L?[0,1] admits a Haar

series expansion
271

F@&) = fualo)+> > fuld, kI Hi(t)

>0 k=0

where the Haar coefficients fr[0] and f[j, k] are given by
1 1

fuld) = [ FO#@ds falih = [ fOH 0
0 0

To introduce the other basis consisting of step functions, we start by defining the so-called
Rademacher functions r,,. For n > 0, consider the division of the interval [0,1] into 2"
subintervals of equal length. Then, r,(¢) is the function which takes the values +1 and
—1, alternately, in each of these subintervals, starting with +1; in other words, if d,(t) is
the nth digit in the binary representation of ¢ (0 <t < 1), then

ra(t) = (<10,
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Ifn > 0andby,..., b are the digits in the binary representation of n, i.e. n = (b ...b2b1)2,
then the ntt Walsh function w,, is defined by

wp(t) = 7’1(t)blr2(t)b2 . rk(t)bk‘.

Then, the set of Walsh functions {w,;n > 0} is an orthonormal basis of L?[0,1]. For an
account of the applications of the Haar and Walsh functions in signal and image processing
and other related fields see, e.g. [4]. Naturally, there are are also discrete versions of these
transforms.

The Haar function is the first example (constructed by Haar in 1910 [28]) of an orthogonal
wavelet, i.e. of a function ¢ € L?(R) whose dyadic dilations and translations 1, =
2j/2w(2jt —k); j,k € Z constitute an orthonormal basis of L?(R); we will come back to
this topic of wavelets in a little more detail in Section XI.

X. WINDOWED FOURIER TRANSFORM

Recalling the expression for the Fourier transform
flw) = [ s at
R

we see that f(w) depends on the values f(t) for all time ¢ € R. Hence, it is difficult to read
any local behaviour of f from f' . In many applications, such as analysis of non-stationary
signals or real time signal processing, the simple use of a Fourier transform may not be
appropriate. In fact, one would like to dispose of an analytic tool that provides information
both in time and frequency. One of the first ideas was simply to truncate the signal and to
analyze only what happens on a finite interval [—A, A]. Mathematically, this corresponds
to multiplying f by the characteristic function of this interval, 1|_4 4], and taking the
Fourier transform of the product. We then have

1 4 f (@) = (Sa* Hw),

where Sg(w) = %. Thus, truncating the function results in convolving its spectrum
with a cardinal sine. However, the cardinal sine decays slowly and has important lobes
near the origin (hence there is poor localization in frequency). To avoid these problems,
we can replace 1_y4 4 with more regular functions W (t), called windows. Some typical
choices include:

Bartlett or triangle window
W) = (1~ 91aa
Hamming and Hanning windows
W(t) = [a+ (1 — ) cos(nt/A)|1[_a 4
For a = 0.54 we have Hamming’s window and for a = 0.50 we have Hanning’s

window.
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Blackman window

W (t) = [0.42 + 0.5 cos(nt/A) + 0.08 cos(2mt/A)]1[_4 4

Gaussian window ,
W(t) = Ce™ o (C,a > 0).

For more details and other choices of window functions, see e.g. [30] or [39]. All the
windows described above are concentrated around the origin. We can then “slide” the
window along the real axis and analyze the whole function. We then define the so-called
windowed Fourier transform or short time Fourier transform (associated with the specific
window W) as:

Fwf(w, 1) = /Rf(t)W(t — T)e Mgy, (63)

Note: When a Gaussian window is used in the short time Fourier transform, this is usually referred
as Gabor transform. If we define the family of functions W, ; by the result of two simple
operations — translation by 7 and modulation by w — on the basic window W, i.e.

Wer(t) := W (t — 7)™, (64)

we can view the windowed Fourier transform simply as the inner product of f with each
of these functions:

Fw f(w, ) = (f, Wa,r). (65)

We then also have, by Plancherel formula,

A A

]:Wf(wv T) = <f7 Ww,7'>- (66)

If W and W are localized around the origin, then W, ; is localized around the instant 7,
while W,, - is localized around the frequency w. The value Fy f(w,7) thus provides an
indication of how the function behaves around time 7 and frequency w.

The function f can always be recovered (in the L? sense), by a double integral

ft) = / s Fw f(w, )W (t)dw dr, (67)

where we have assumed that the window W was chosen satisfying ||[IW||2 = 1. There is
also an energy conservation property for the windowed Fourier transform:

[ 17wt Pdwir = 1513 (65)
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The windowed Fourier transform is even more familiar to signal analysis in its discrete
version, where 7 and w are assigned regularly spaced values: 7 = n7y and w = mwyg, where
m,n € Z and 79, wy > 0 are fixed. That is, we let

Winn(t) := eTMOMW (¢ — nrg) (69)
and compute the values

Cm,n = <fa Wm,n>- (70)

The question naturally arises of whether it is possible to reconstruct the given function
f from its transform coefficients C, ,, in a numerically stable way (i.e. in a manner not
too “sensitive” to the unavoidable errors in the computed values). The answer is positive,
provided the functions W, ,, given by (69) constitute a frame, i.e. satisfy

AIFIE< D0 K Wnn)? < BIIFI3, (71)

m,ne”L

for all f € L?(R), with constants 0 < A < B < oo. The following theorem, whose proof
can be seen, e.g. in [20], establishes necessary conditions on the parameters wy and 7y for
the set functions {W,,, : m,n € Z} to be a frame of L*(R).

Theorem 12 Let W € L?(R) be such that |W|ls = 1. The windowed Fourier family
{Wim : m,n € Z} can only be a frame if

woTo S 1. (72)
The frame bounds A and B necessarily satisfy

1
WoTo

A< < B. (73)

In particular, a necessary condition for the functions (69) to be an orthonormal basis of
L?(R) is that woro = 1.

We also have the following important theorem, whose proof can again be seen in [20].

Theorem 13 (Balian-Low) If |[W|2 =1 and {Wy,,, : m,n € Z} is a windowed Fourier
frame with wotg = 1, then

/ W () 2dt = 400 or / W2 |W (W) [2dw = +o0.
R R

This theorem shows, in particular, that we can not construct an ortogonal windowed
Fourier basis with a differentiable window of compact support.
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XI. WAVELET TRANSFORM
A.  Continuous Wavelet Transform

The windowed Fourier transform computes the inner product of the function f with a
family of functions W, ; obtained by translating and modulating the basic window W.
The functions of this family are all of the “same size” (i.e. they all have the same spread
in time and frequency). If the signal to be studied has components which are almost
stationary associated with sudden variations, then the windowed Fourier analysis is not
the appropriate tool, due the above fixed size of the windows. We now study a different
transform which overcomes the above limitations, by using windows whose size naturally
adjusts to frequencies. The idea of the continuous wavelet transform is again to compute
the inner product of the function to be analyzed with a family of functions v, dependent
on two parameters. In this case, however, these functions are obtained from a basic
function (the analyzing or mother wavelet) by contractions or dilations (i.e. changes of
scale)— controlled by the parameter a, and translations — controlled by the parameter 7.
The mother wavelet 1 used for the analysis has to satisfy a certain technical condition,
known as the admissibility condition. More precisely, we say that ¢ € L?(R) is a wavelet
if it satisfies

/W dw < 400 (74)

In practice, we want to use a function ¥ which behaves like a time window, i.e. we select
Y with a fast decay property in time (e.g. 1 and t1)(t) € L*(R)). In this case, the
admissibility condition (74) turns out to be equivalent to the condition

/R b(t)dt = 0. (75)

This indicates that 1) must “oscillate” above and below the ¢ axis, i.e. must behave like
a wave; this, together with the constraint that ¢ decays fast (i.e. is “small”) justifies the
name wavelet adopted for these functions. Given a certain wavelet 1) (normalized so that
||l2 = 1), we define the family of functions

1 t—T1

mw .

Then, the continuous wavelet transform (associated with the wavelet 1) of f is defined by

Wzbf(a? T) = <fa @Zja T>

Yo r(t) == ); a € R* =R\ {0}, 7 € R. (76)

dt a€eR" TR (77)

- 7 LS OFC

As in the windowed Fourier case, there is an inversion formula and a conservation of energy
result, which can be stated as follows:
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1 dadr
ft) = C—w //R2 Wwf(aﬁ)%ba;(t)? (78)
and
1 odadr 9
o [ [ westanP St = i (79)

If the function v is localized around ¢ = 0 and 1/3 is localized around w = 1, then 9, ;
will be localized around 7 whilst &aﬁ will be localized around w = % When |a| > 1
(lw| = |1| < 1), the function 1, becomes a stretched version of ¢ (less localized in time,
more localized in frequency); on the contrary, when |a| < 1 (Jw| = || > 1), ¢, will be a
function more localized in time (a compressed version of ) and less localized in frequency;
this is the already mentioned flexibility of the wavelet windows: their size naturally adjusts
to the frequencies.

B.  Multiresolution Analysis (MRA)

As usual, we might like to use a discretized version of the wavelet transform, i.e. to
compute Wy (a, ) only for a discrete set of values of @ and 7. A very common choice is
to take the dyadic points in the plane

a=27, 1=27k j kel (80)
For the above choice of values, we thus consider the family of functions
bip(t) = 20220t — k); j k€L (81)
and compute the wavelet values
Cie = ([ ¥jk)- (82)

A natural challenge for the earlier researchers was to find 1 such that the corresponding
set of functions (81) was an orthonormal basis of L?(R), in which case every function
f € L?(R) could be decomposed in a double series

f(t) = Z Cirjk(t), (83)

J,kEZ

with the coefficients C} j, given by (82). A function with this property is called an orthogo-
nal wavelet. In section VIII, we already mentioned the existence of one such function: the
Haar wavelet (61). This is, however, a discontinuous function, and the converge of the se-
ries (83) is extremely slow. In the 80’s, other orthogonal wavelets, with better properties,
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were discovered by J. O. Stromberg [42], Y. Meyer [37], G. Battle [3] and P. G. Lemarié
[34].

These first constructions of wavelets seem a bit “miraculous”; Y. Meyer confesses “I found
my wavelets by trial and error; there was no underlying concept.” In the end of 1986,
Stéphane Mallat, in collaboration with Yves Meyer, introduce the important concept of
multiresolution analysis (MRA). This structure gives a complete understanding of all the
wavelet constructions obtained up to then, and allows the construction of new orthogo-
nal wavelets. It is based on this concept, that I. Daubechies introduces a new class of
wavelets (the so called Daubechies wavelets) which became of great importance in ap-
plications; these wavelets have important properties: they have compact support, are
smooth (smoothness increasing with the size of support) and have a certain number of
zero moments.

Another important consequence of the introduction of the AMR paradigm was the dis-
covery of efficient computational algorithms for the decomposition and reconstruction of
a function in a wavelet basis, the fast wavelet transforms.

A multiresolution analysis (MRA)(V;, $) of L*(R) is a sequence of closed subspaces of
L2(R) and an associated function ¢, called the generator or scaling function, satisfying:

1. V}‘C‘/]‘_A,_l, VjeZ

2. (V= {0}

=/

3. Jvi = L*(R)
JEZ

4. v(t) € V; <= v(2t) € Vi

5. The integer translates of ¢, ¢(t — k), k € Z, form an orthonormal basis of the space
Vo.

Note: The concept here introduced is sometimes referred as orthogonal AMR; in fact, Condition
5. can be replaced by the less stringent assumption that the ¢(t — k) are a Riesz basis of Vj; in that
case, an “orthogonalized” function ¢ such that ¢ (¢ — k) forms an o.n. basis of V; can always
been obtained by a well-defined procedure; see, e.g. [20, pp. 139-140].

It follows from the properties of an AMR that, for each j, the set of functions {¢; :=
21/2¢(21. — k) : k € Z} is an o.n. basis for the space V; (the so-called nodal basis).
Wavelets are associated with detail spaces, i.e. with complementary spaces W; satisfying
Vi1 = V;®W;, where @ denotes the orthogonal complement of V; in V;,1. The properties
of the multiresolution analysis imply that ;.; W; = L2(R). Hence, if we can find a
function 1) whose integer translates form an o.n. basis of Wy, then the collection {1;}, :=
29/24)(27 - —k) : j, k € Z} will be an o.n. basis for the space La(R) (a so-called wavelet
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basis), i.e. 1 will be an orthogonal wavelet. The basic principle of a multiresolution
analysis is that 1 always exists and can be explicitly determined (from ¢). In fact, we
have the following theorem.

Theorem 14 Let (V;);ez be a MRA of L*(R) with scaling function ¢. Then

1. there exists a sequence of scalars (hy,) € (2(Z) such that

G(t) = V2 hpp(2t — k) (84)

keZ
2. the function ¢ defined by

b(t) = V3 g2t — k) (85)

kEZ

where the coefficients g are given by

gk = (=1)*h1_, (86)
is an orthogonal wavelet., i.e. the set of functions {1, 1(t) := 21/24p(29t—k), j, k € Z}
is an o.n. basis of L*(R).

Notes:

1. Equation (84), which is known as the refinement equation or the two-scale equation
for the scaling function ¢ follows immediately by observing that /2¢(2t — k) is an
o.n. basis of Vi and hence the function ¢ € Vj C V7 must have a representation in
that basis.

2. The sequence of coefficients (hy)r € Z in (84) is called the filter of ¢. These coeffi-
cients are, naturally, given by

he = (f, du) = V2 /R F(6) 90— Rydt. (87)

3. tThere are other possible ways to define the coefficients g, (in terms of hy) so that
(85) is an orthogonal wavelet; the different wavelets are, however, all closely related
to each other; further details can be seen, e.g. in [20, pp. 135-136].

C. Fast Wavelet Transforms

We now show how the MRA structure leads to a very efficient iterative scheme for com-
puting the coefficients of the expansion of a function f in a wavelet basis.
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Let (V;);ez be a MRA of L?(R), with scaling function ¢ and corresponding wavelet .
Properties 1. and 2. of the MRA show that any function f € L?(R) can be arbitrarily
well approximated by a function v; in a certain space V;, provided j is taken sufficiently
large, i.e.

Ye>0 3J€Z Fv;eVy: |f—wvsl2<e (88)

Let, as before, denote by W; the orthogonal complement of V; into V; 11 and let P; and Q);
denote the orthogonal projectors of L?(R) into V; and W, respectively; since V; C Vi1,
we have that Q; = Pj11 — P;. Moreover, P;Pj;1 = Pj and Q;jPj11 = Q).

For each j, let v; and w; be the projections of f into V; and W, respectively, i.e. let v;
and w; be given by

vj = P;f and wj = Q;f. (89)
We thus have,
vy=Psf=Pr1f+(P;r—Pr1)f
=vj-1 twj-1

=vj—2twj_2+wj_1
= =Vj_pFWj_pF+ o F Wy, M > 0, (90)

Property 2. of AMR ensures that, provided M is sufficiently large, one has

lvg—nllz <e (91)

We can therefore conclude that any function in L?(R) can be reasonably well represented
as a finite sum of functions belonging to the subspaces W) and a remainder v;_js in a
space Vj_pr which can be interpreted as a very coarse version of f. The decomposition
(90) tells us the details that must be added to this blurred version of f to obtain the fine
approximation vy to f.

Let us assume that we know the approximation vy = P;f € Vj to f and that we want to
obtain the decomposition (90). Since, for every j, {¢; 1 : k € Z} and {¢; 1, : k € Z} are o.n.
bases of V; and W, respectively, to know the functions v; and vy_pr, wj—p, ..., wy—1, is
equivalent to know their coefficients in these bases. Let ¢/ = (C;i)kez be the sequence of
the coefficients of v; = P; f in the basis {¢; : k € Z}, i.e. let

CZ: = <f’ ¢j,k>v ke Z’ (92)

and let &’ = (di)k:ez be the sequence of the coefficients of w; = Q;f in the basis {9; :
keZ},ie. let

& = (f, i), ke (93)
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Hence, we aim to obtain the decomposition

J-1
v=> Mot D> D dik (94)

keZ j=J—M keZ
Recall that ¢ satisfies the dilation equation, i.e. that
$(t) =D hnorn(t)
nez

Hence, we have
i 1k(t) =207 V2271 — k)
= 20712 " hyygy (2771t — k)

ne”L

=212 " hnd(27t — (2K + n))

nel

=Y It ksn(t)

nez

=5 b sk inlt). (95)

neL

Thus, one gets
C]];vil = <f7 ¢j—17k>
= <f7 Z hn72k¢j,n>

ne”

= Z hn—2k <f7 ¢j,n>

neL

nez
In a totally similar manner, by making use of the equations (85) and (86), one gets

4= Gadl, (97)

neL

Starting from the sequence ¢’ = (c;]), formulae (96) and (97)above can be used, recursively,
to obtain the sequences ¢/=M d’/=1 ... . d’~™ ie. to obtain the desired decomposition
for v;; see the scheme in Figure 1.

J-M J—1 J—M
1 d

The above transform can be easily inverted; starting from the sequences ¢
we can obtain the initial sequence of coefficients ¢/. We have, for each j,

ey ,

ij =V =051 + Wj—1

= Z A i1+ Z &My

leZ leZ
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‘dj—l ‘ ’dJ—Q ‘ d/—M

Figure 1: Decomposition Scheme

Therefore,
C]i = <fa ¢],k>
= chj_l<¢jfl,la¢j,k> + Zd{_l<wjfl,la¢j,k>- (98)
I€Z. I€Z.
But,

(bj—10: ik = O b, b))

neL

— Z h—21{Pjns Pj k)

neL

= Z hp—210n . = hi—a1. (99)
nez

On the other hand,

(Vj—11, Ojk) = (Z In—21Djn> Djk) = Gk—21- (100)

nel

Hence, we get

= Z hi—zicl "+ ng—md{*l

leZ lEZ
=> (hk:—QlCljil + gk—zzd{71> ; (101)
leZ
see the scheme in Fig.2.
dJ—M dJ—M+1 dJ—l
N\ \ N\
M, eJ-M+1 R A N

Figure 2: Reconstruction Scheme
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Notes

1. Naturally, when implementing the algorithms, all the infinite sequences have to be

and

truncated. Hence, when we apply the decomposition scheme, the initial sequence is
always a finite sequence, i.e. a vector of certain length N, (c({, c{, ceey C}{y,l)- Also,
either the filter (hg)kez is finite or, if we are working with wavelets that do not
have compact support, will have to be truncated for a vector of a certain size L:

(h—mn h—m-i—l) ERE h*WH*L*l)-

Since the initial sequence has finite length it is necessary to know how to deal with

the boundary points. For example, the formulae for cg 1 and 61{772171 are

J—1 7 J
cy = Z hne;,

n=N+L—m—3

J—1 _ J
Nj2—1 = E : hn—N126;,
n=—m+N-2

Hence, it is necessary to add m components at the left of the vector ¢/ and L —2—m
components at the end. This can be done in several ways; see, e.g. [36, pp. 282-290]
for a discussion on different choices of these boundary conditions.

With an appropriate choice of the boundary conditions, formulae (96) and (97)
show that in the first step of the decomposition we compute approximately N/2
coefficients cg_l and N/2 coeficientes dg_l. The next decomposition step is only
applied to the coefficients c,‘g_l which represnt the part in V;_; and so on. Hence,
as the decomposition proceeds, less operations are involved If the filter length is L,
the number of operations involved is of the order of

N N
LX<N+2+4+"'><2NL.

Hence, the number of operations involved in the fast wavelet transform is O(N); cf.
with O(N log N) for the FFT.

There are many important variants of the basic wavelet theory. Since it is impossible to
present here a reasonable description (even very brief) of these variants, we just refer to
some of these developments and indicate some references for the interested reader:

e Biorthogonal wavelets, introduced by Cohen, Daubechies and Feaveau in [14];
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e wavelet-packets, introduced in [17] and applied in signal compression in [48]; we also
recommend the book by Wickerhauser [49] and the article [46];

e Wilson bases— [21];

e local sine and co-sine bases — [16], [2];
e multiwavelets — [27];

e interpolatory wavelets — [23];

e lifting scheme and second generation wavelets — [43, 44, 45].

XII. CONCLUSION

The idea of transforming or decomposing an object (e.g. a function) in order to extract
more “relevant” (for a specific purpose) information, and then reconstituting it, pervades
all the areas of mathematics. This makes the subject of mathematical transforms ex-
tremely vast and impossible to cover, even in condensed form, in a set of notes. We were,
therefore, forced to make a personal selection of topics. Our idea has been to focus on
the most popular transforms, having also in mind their relevance in applied areas, such as
signal processing.

We sincerely hope that these notes can be useful as a quick reference and a starting point
for studying, more deeply, this fascinating area of mathematics.
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