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Abstract

This paper studies existence, uniqueness, continuous dependence on the given data
and the asymptotic behavior of the solution of an evolutive variational inequality with
non-constant gradient constraint and homogeneous Dirichlet boundary condition.

With assumptions on the given data, we prove existence of solution for a variational in-
equality with two obstacles, a Lagrange multiplier problem and an equation with gradient
constraint. Equivalence of these problems with the variational inequality with gradient
constraint is proved. An example of non-equivalence among these problems is given in
order to show the necessity of the assumptions.

Mathematics subject classification: 35K85, 35K55, 35R35.
Key words: Parabolic variational inequality, parabolic PDE, free boundary problem.

1 Introduction

Variational problems with gradient constraint have been studied by several authors, in
many different situations. The well known elastic-plastic torsion problem, a linear elliptic
variational inequality, with constant coefficients and gradient constraint -y (the threshold of
plasticity, which, for simplicity, is assumed here to be 1), in a simply connected domain,
was solved by Brézis in [2]. Brézis also proved the equivalence of this problem with two
other problems, a double obstacle variational inequality and a Lagrange multiplier prob-
lem. The first equivalence was generalized by Caffarelli and Friedman ([3]) to problems with
non-homogeneous boundary conditions and the second one by Gerhardt ([6]) to multiply
connected domains and also non-homogeneous boundary conditions. A general elliptic vari-
ational inequality with a convex set defined by a convex nonlinear function of the gradient,
bounded from above by 1, was studied by Jensen in [9]. Evans studied general linear elliptic
equations with a non-constant gradient constraint in [5] and his regularity result was extended
by Ishii and Koike ([8]). Choe and Shim ([4]) obtained a regularity result for a variational
inequality for the p-Laplacian, with non-constant gradient constraint and non-homogeneous
boundary condition.

Parabolic variational inequalities with gradient constraint have also been considered (see,
for instance [20], [21] and [23]).

Recently, the interest in problems with gradient constraint increased, since the critical
state model of type-II superconductors in a longitudinal geometry turns out to be a nonlinear



https://core.ac.uk/display/55603202?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

evolution equation involving the p-Laplacian, for the relevant component of the magnetic field,
together with a gradient constraint the threshold of which depends on the solution (see [1]
and [17]). More explicitly, the model turns out to be a quasivariational inequality with a
gradient constraint depending on the solution itself. Another model, the description of the
growth of a sandpile, is also a quasi-variational inequality with gradient constraint depending
on the solution ([16]). Some recent works about quasi-variational inequalities with gradient
constraint are [10], [11] and [19].

In this paper we study an abstract evolutive variational inequality, with non-constant gra-
dient constraint and homogeneous Dirichlet boundary condition. Part of the results presented
here were announced in a symposium and are shortly described in [21].

This paper has two sections:

- the first section is divided in three subsections. The first one establishes briefly the exis-
tence of solution of the variational inequality, being this proof related with the one presented
n [19], for the quasi-variational case with the p-Laplacian. Obviously, the result obtained
here for the variational case (with the Laplacian) is stronger. The second subsection stud-
ies the continuous dependence of the solution on the data and the third one obtains the
asymptotic limit of the solution, when ¢ — 400;

- in section two we suppose the given function depends only on the ¢ variable. With
assumptions on the gradient constraint we prove, in the first subsection, existence of solution
of a double obstacle problem, deducing easily the Wg’l(QT) regularity of the solution in this
case. Afterwards, equivalence of this problem with the variational inequality with gradient
constraint is proved. In the second subsection we establish existence of solution of a Lagrange
multiplier problem and we prove that its solution is solution of the variational inequality. In
the third subsection, existence for an equation with gradient constraint is proved, as well as
the equivalence between this problem and the variational inequality. The forth subsection
is dedicated to the presentation of an example that shows the non-equivalence, in general,
among these problems.

2 The variational problem

The main purpose of this section is to define the variational inequality problem and to
present a brief proof of existence of solution. We also present a result about the continuous
dependence of the solution on the given data and we study the asymptotic behavior of the
solution, when t — +4oc0.

We assume that € is an open, bounded subset of RN, with a smooth boundary 9Q. We
denote by I = [0,T] (T € IR") a closed interval of IR and by Qr the cylinder Qx]0,T[. The
set ¥ = 9Q x I is the lateral boundary and Qg = Q x {0}.

Let f and g be functions defined in Qr, g > 0, and let ~ be defined in €.

Define, for a.e. t € I, the following closed convex subset of H}((),

Ky ={ve HY(Q) : |Vo(z)| < g(x,t) for ae. in z € Q). (1)



We consider the following variational inequality problem:

To find u € L>(0,T; H}()) such that

u(t) € Ky for ae. t €1, u(0) = h,

[ u®® =)+ [ Vu) T —u®) = [ 1w - uw)

Yo € L>(0,T; Hy(Q)) = v(t) € Ky, for ae. t el

2.1 Existence of solution

This subsection is dedicated to the proof of existence of solution, since the uniqueness
is obvious. In [19], it can be found the proof of existence of solution for a related quasi-
variational inequality problem with the p-Laplacian. There are many similarities between
both proofs. Obviously, the solution for the variational inequality presented here is more
regular and we prove here with more detail the facts which are specific of this problem.

Let us impose some assumptions on the given data:

9 € C%Qr) NWh(0,T; L>(Q)),
Im >0V(z,t) € Qr g(x,t) >m,

f e L=(Qr),

h e H}(Q), |Vh| <g(0)ae. in Q.

Let f¢ € Cg}a/Q(QT), ge € Ci”(;/Q(QT) and h. € C2(Q) (0 < a < 1) be smooth approxima-
tions of f, g and h in the spaces L>(Qr), C%(Q7) NW12°(0,T; L>®(R)), HL () respectively,
verifying h. and g. the additional conditions |Vh.| < g-(0) a.e. in , g > m. Let k. be a
C?, nondecreasing function, such that k.(s) = 1 if s <0, k.(s) = e*/¢ if ¢ < s. Consider now
a family of approximate quasilinear parabolic problems, defined as follows,

uj = V- (ke(|Vus[? — g2)Vu©) = f* in Qr,

(4)
u®(0) = h. in Q, u® =0 on X.

The following theorem is the main result of this section.

Theorem 2.1 With the assumption (3), problem (2) has a unique solution u belonging
to L>(0,T; Wol’oo(Q)) N C%Qr) N HY(0,T;L?(SY)). Besides that, u is the weak limit in
LP(0,T; WyP(Q)) (for any p €]N,+o0]) of a subsequence (us™),, of solutions of the family of
approzimate problems (4), us» — w in C°(Qr), ui" — u; in L*(Qr)-weak.



We begin presenting first some auxiliary results.

Proposition 2.2 Problem (4) has a unique solution u® € Ci’(ll/Q(QT) NCYQr), 0 <a< 1.

Proof: This result is an immediate consequence of the well known theory of quasilinear
parabolic equations (see theorem 6.2, page 457 of [12]). m

Lemma 2.3 Let u® be the solution of problem (4) and suppose that the assumption (3) is
verified. Then

ICy >0 Ve€]0,1] V(z,t) € Qr |u®(x,t)| < Cy, (5)
the constant Cy being dependent on || f|| L (g, and ||k Lo (q)-
Proof: This result is an immediate consequence of the well known maximum principle for

quasilinear parabolic equations (see [12], theorem 7.1 , page 181 ). Notice that, since h €
H}(Q) and |Vh| < g(0), then h € L>=(R). -

Lemma 2.4 Let u® be the solution of problem (4) and suppose that the assumption (3) is
verified. Then

30> 0 Ve o k(Y - Bllrer) < Cu, Q
the constant Cy being dependent on —, HfH%Z(QT), HgH%Q(QT) and HhH%Q(Q).

Proof:  Multiply the equation of the problem (4) by u® and integrate over
Q: = Qx]0,t[. Then,

1 1
2 L @P+ [ k(e @ vt = [ e [ a2
2 Jo Q¢ Q¢ 2 Ja

Using Holder and Poincaré inequalities, denoting by C' the Poincaré constant, we have

/Qt k(IVu? = g2)|Vus|? < C(/Qt(fE)2>é (/Qt \Vu5\2>% N ;/th

and using Young’s inequality and the fact that k. > 1, we have
[ B9 = IV < O gy + el
T
Now,

| v = v = [ k(e - ) [V - 2]+ [ k(9 - g2)g
Qr Qr Qr



and, since k-(s) = 1 for s <0 and k-(s)s > 0, Vs € IR], then

ko (IVE | — g2 [V 2 — g2 :/ ko (IVE 2 — g2) [V 2 — g2
J v =g [l g2 = f eV ) [ - g

Qt

+f ke ((Vu? — g) [Vl ? — g2
oy RV = 2) [Vl — 2]

> —/ gz
T

Then we conclude that

o
[orvep - < oo | [ ke - @iwap+ [ g
Qt m= LJQr Qr
1 -
< =5 (O Bagn + el + el Fao)
1 .
< =5 [CU 1 2ny + IR + N9lE2ony + 1]
since f¢, g. and h. are approximations of f, g and h. u

Lemma 2.5 Let u® be the solution of problem (4) and suppose that the assumption (3) is
verified. Then

ACy, >0 Ve €]0,1] Hu;fH%g(QT) < (o, (7)
the constant Cy being dependent on C1 and on Hg[!%vlm(o T:150(Q))-

Proof: Multiply the equation of problem (4) by uf, noticing that u§ n = 0, and integrate
over ;. Calling ¢.(s) = / k<(T)dT, we have
0

1 d
| w5 [ vl =B + [ k(e - ggege = [ £,
t Qt Qt Qt
and, consequently,
Wi < [P 2o el — ) [o-09u @ — g2

since

[ (609 ) = )] <0, because [V (0)] = [Vhe] < g-(0)
Let A ={(z,t) € Qr : |[Vu®(x,t)| < g-(x,t)}. Then we have:
forace. (z,t) €A ¢ (|Vui (2, 1) — g2(, 1)) = |[Vui(2,1)]* — g2(2,1) = —g2(x, 1),

forae. (,0) €Qr\A  ¢=(IVu(z,t)* — g2(x,1)) > 0> —g2(a,1),
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Consequently, for a.e. ty € I,

- /Q 0= (IV (10) 2 = ¢2(t0)) < N19: 12 0,222

and the proof is concluded. [

Lemma 2.6 Let u® be the solution of problem (4) and suppose that the assumption (3) is
verified. Then

Vp € [l,+o00[ 3D, € RT Ve €]0,1]: VUl r(@p) < Dy, (8)
the constant D), being dependent on p, C1 and on ||g||%2(QT).

Proof: We know, from (6), that there exists a constant C7, independent of €, such that, for
any ¢ €]0, 1],

| k(ve-g) <o
Qr

So,

|vus|?—g2
> [ k(v - g2) = [ e
{IVus[>>gz+e} {IVus?>gz+e}

Recalling that,

Vse R"Vj e N ESZj,
we obtain
Vje N / [|vu€|2—g§}j
{IVus[>>g2}
\vf\?—gg

§j!6j/ e <]'5]C’1
{IVus|2>g24¢}

Given p € [1, +oo[, we have

/ V| = / VP + / V. ()
Qr (IVue2<gie) (IVus 2> g2 +<}

Since there exists a constant M > 0, not depending on ¢, such that [|ge| o (g,) < M, we
can estimate, for p € IV, the second integral in the second term of (9) as follows,

/ V[ <
{|Vus|2>g2+¢}

p .
_ p -2 [1ge2 — g2]7
~imrgin 2 ( ’ ) 92225, (17012 = 2]

p .
(5



The first integral in the second term of (9) is obviously bounded. In fact,

/ Vs |2 < / (2+1)"
{IVus|2<g2+e} Qr
and the conclusion follows easily, not only for p € IN, but also for any p € [1, +oc[. u
Lemma 2.7 Define
Ky ={ve HY(Q) : |[Vu(z)| < ge(x,t) for a.e. x in Q}. (10)

Then, for any v € L>(0,T; Hg(2)) such that v(t) € Ky for a.e. t € I, there emists
v® € L>®(0,T; Hg(2)) such that v*(t) € K, ) and

v© — v when € — 0 in L>=(0,T; H(Q)).
Proof: Let a.(t) = ||g=(t) — 9(t)|| Lo (). Obviously,
a: — 0 when € — 0 in C°([0,T7).
Define ¢.(t) = 1+ ain(t) and, given v € L>(0,T; Hg(f2)) such that v(t) € K, for a.e.

1
t € [0,T], define v = " v € L(0,T; H}(Q)).
Then, )

- B 1 1
|Vos(z,t)] = RET) [Vo(z,t)] < ) g(z,t) < ge(x,1),
because
B Oés(t) az—:(t) gs(:v,t) —|—g(:L‘,t) _gs(x7t) o g(x,t)
pelm) =1k = 2y Z go(@, 1) = g, t)

So, v°(t) € IK,_ () for a.e. t € [0,T] and v° — v in L>(0,T; Hj(Q2)), when & — 0, since

IoF(t) — o)l 3 e 1 ocl1)

HUHLOO(O,T;H(}(Q)) < ||”HL°O(0,T;H5(Q))7

_‘ 1
V()
and so,

v©—w when ¢ — 0 in L>(0, T; Hg (Q)).

Proof of Theorem 2.1: We have proved that there are constants Co and C), (indepen-
dent of ¢), Vp € [1,400[, such that

luillz2(@ry < Cos [ o0, 7;wr e (0)) < Cp.

So, for p > N, by a well known compactness theorem ([22], page 84), {u®}.cjo,1[ is

relatively compact in C(0,7;C(€2)) and so, at least for a subsequence, we have

ut(t) — u when ¢ — 0 uniformly in ¢ in C°(9),



and we also know that,
ut —u when € — 0 weakly in LP(0,T; WhPQ)), p € [1, +oo]

uf — ug when € — 0 weakly in L2(Qr).

Let us prove now that w is, in fact, solution of the variational inequality (2). Given
v e L>(0,T; Hj () such that v(t) € Ky for ae. t € [0,T], let v° € L>®(0,T; Hj(R2)) be
defined as in Lemma 2.7. Multiply the equation of problem (4) by v*(t) — u®(t) and use the
monotonicity of k. and integration over |s, t[x€Q, 0 < s <t < T to conclude that

At/S)U§(U6_UE)+/St/(lva'V(U€_us)Z/St/gfs(ve_ue)'

Letting € — 0 and because s and ¢ are arbitrary, we conclude that

| u®@® = u®) + [ TtV - uw) = [ FO@E0 - u®)
Q Q Q (11)
Yo € L=(0,T; Hy () : v(t) € Ky for ae. t €]0,T].

Calling, for M > ¢, Ay = {(z,t) € Qr : [Vuf|? — g2 > M}, we see that, since in Apy.
we have k.(|Vu®|? — g2) > e%,

€2 _ 2
:/ 1§/ ks(IVuAL %) o o
A e Anre

€ e

‘AM,E

since ||ke(|Vus|? — g§)||L1(QT) < (4, C independent of €. So, choosing M = /e,
+ +
/ (\Vu]Q — gQ) < liminf/ (]Vua]2 R — \/§>
Qr =0 JQr

= lim inf (\Vu€|2—g€2—\@) Sgiil(l)D‘A\@E

1
2

=0,
&0 Afze

: 2 2 2]3 :
where D is an upper bound of (|Vu |“ — gz — \/E) , D independent of . Conse-
Qr
quently,
[Vu| <g¢ a.e. in Qr.

So u € K44 and, to complete the proof, it is necessary to show that, by a variant
of Minty’s Lemma (see [18], lemma 4.2, page 99), it is possible to substitute the term
/ Vo(t)-V(v(t) —u(t)) in (11) by / Vu(t)-V(v(t) — u(t)), in order to obtain the variational

Q Q

inequality (2). So, let w € L>(0,T; Hg(f2)) be such that w(t) € K,y for ae. t € [0,T].
Define v = u + 6(w —u), 6 €]0, 1]. Notice that v(t) € K, for a.e. t € I. Then, substituting
v in (11) and dividing both sides by 6, we obtain

| @O —uw)+ [ Va)Fwe) —u®) +6 [ 19O —u@)P = [ 1)t -u)



and, letting 8 — 0, we prove that

| @) —u®) + | )V - u®) = [ fe)e) -uw).

Yw € L®(0,T; Hy(Q)) : w(t) € K for a.e. t €]0,T.
It remains to prove uniqueness, which is an immediate consequence of Theorem 2.8 below.

|
2.2 Continuous dependence on the data

This subsection is dedicated to the study of the continuous dependence of the solution of
problem (2) on the given data.

Let u! and u? denote, respectively, the solution of problem (2) with data (fi,g1,h1) and
(f2, 92, h2). Denote

K

s = v € HJ(Q):|Vo| < gi(t) ae. in Q},  i=12 (12)

Theorem 2.8 Suppose that (f1,g1,h1) and (fa, g2, ha) satisfy assumption (3), with the same
m for g1 and go. Then

3Co, C1, C2>0 lut = w7 e 0 7200y + IV (' = 020, <
(13)
2 2 &
Collfr = follzz(ry + Cillln = hallza () + -~ ~llgr = g2ll 20,720 ()
: _ _ _ .00 Lg ) = 1 g1
Proof: Let 0(t) = ||g1(t) — g2(t)|| Lo () and ¥(t) = 1+ . Define v*(x,t) = ¢(t)u (z,t)
m

1
and v%(z,t) = ——u?(x, t).
(@)= 5D
Notice that

g1($,t) _ gl($7t)_g2(mvt) and also gg(x,t)
wet) T gy VW andako ey < vl
Since . .
Vol (z,1)] = \vax,w] < S0 < ()
and
2 = L U2 X L X X
Ve, t) = | S Ve8] < Ssmlant) < o),

we have that v!(t) € Ky, ) and v3(t) € Ky (1)



Putting in (2), for data (f1,g1,h1), v = v2, we obtain
[t —ul®)+ [ val -V - u' 1) > [ A - o ©)
Q Q Q
(14)
+ / (1 - 1) [} (yu2(8) + Y (6)-Vu(t) — Fu(tp(0)]
Q e(t)) Lt 7

and an analogous expression substituting the superscripts 1 by 2 and 2 by 1. Summing both
inequalities, integrating between 0 and ¢ and using Poincaré inequality (being C' the Poincaré
constant), we obtain

5 [ - @r+ 3 [ et - )

2 Jor
2
<G [ = preg [wto - o)
+ 1-— 1 ‘uqu +utut +2Vu' - Vu? — fru® — fou'
Qr (0
2
<G [ th=preg o - o)

5 1

+ / (1 — ;)2] ’ [/ (u%uQ + utzu1 +2Vu! -V — f1u2 — fgul)T ’

Noticing that

3D > 0 (depending only on the data) :

Hugu2 + u,?u1 + 2Vt -Vu? — fru? — f2“1||L2(QT) <D,

since uf, u? € L3(Qr), ut, u? € L>®(0,T;Wh*(Q)) f1, f2 € L>®(Qr) and that

L 0-9)T =e(f,20)'

(13) is proved. m

2.3 Asymptotic behavior in time

In this subsection we are going to study the asymptotic limit, when t — +o00, of the
solution of the variational inequality (2).

Considering T' = 400, we begin proving that there exists a global solution of the varia-
tional inequality, defined in € x ]Rg .
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Lemma 2.9 Suppose that the assumption (3) is verified, with T = +o0c0. Then problem (2)
has a solution u such that

w € L0, +00; W™ () N CO(Q x RY), wy € L} (RS ; L*(2)).

Proof: For each T €]0,+o00], let ur :  x [0,7] — IR denote the unique solution of the
variational inequality (2). Let u : Q x IRZ — IR be defined as follows: given (z,t) € Q x IR],
fix T > ¢ and define u(z,t) = ur(z,t). Clearly, u is well defined, due to the uniqueness (for
each T') of solution of the variational inequality (2), and u solves (2) with T" = +o00. By
the estimates obtained in the previous section, it is obvious that u € C%(Q x IR{) and that
u € L2 (IR ; L2(Q)).

loc

From the fact that u(t) € Ky for a.e. t € IRy, we obtain that
|Vu(z,t)| < g(x,t) for a.e. (r,t) € Q x Ry

and, since g € L®(Q x IR{), it follows that u € L>(0, +-00; W1°°(Q)). m

Let us now define, for given functions (feo, goo), satisfying the assumption
9o € C°(Q),
I Moo >0V €N Joo(T) > Moo, (15)
foo € L(92),

the limiting elliptic problem
To find u™ € IK,_ :

/ Vu®™-V(w — u™) 2/ foolw —u™>), Vw € K, ,
Q Q
where
K, ={wec Hj(Q):|Vuw| < g ae. in Q}. (17)
Existence of solution for the variational inequality (16) follows immediately from Stam-

pacchia Theorem (see [18], Corollary 3.3 i), page 95).

Lemma 2.10 ([7], pg. 286) Let ( : ]R(T — IR be a nonnegative function, absolutely contin-
wous in any compact subinterval of Rar, S Llloc(O, +00) a nonnegative function and \ a
positive constant such that

C(t) + XC(t) < D(2), VtelR]. (18)
Then
X 1 T+1
Vst € RY Ct+s)<e M+ T ox [ST?;/T @(f)d{] . (19)
[

11



Theorem 2.11 Suppose that (f, g, h) satisfy the assumption (3) with T = +o00 and (foo, goo)
satisfy the assumption (15). Suppose, in addition, that

t+1
/ / > drdz — 0, when t — 400,

(20)

1 D

aD 3 - collze() < -

503> olt) ~ goolmey < 2

Then we have
u(t) — u™ in C**(Q), (0<a<1) when t — +o0. (21)
) o(t)
Proof: Let, once more, 0(t) = [|g(t) — goollLoo(Q)> M0 = min{m, ms} and ¥(t) =1+ P
0
1 1

Then we have that o(t) = ——u* € K,y and v™° = ——u(t) € Ky, for ae. t € R*.

¥(t) ()
Substitute v by ©(t) in (2) and w by v*> in (16). Then, we obtain,

/Q (1) (wzt)uoo - u(t)) + /Q Vu(t)-v <w1t>u°0 - u(t))
> [ 10 (e o)

/QVuOO-V (@u(zﬁ) — uoo) > /Qfoo <¢%t)u<t) - u°°>
and so,

[ ® =), @) )+ [ 1900 —u)E < [ (70~ foo)u®) =)

and

_|_/Q <1 — ¢2t)> [ut(t)uoo + 2Vu(t)-Vu™ — f(t)u™ — foou(t)}

Using Poincaré’s inequality (denoting by C' the Poincaré constant) and denoting w(t) =
u(t) — u®, we obtain

1d 1 o2
ga/QwQ(t) + §/Q!v@u(t)!2 < S lf#) - FollZ2(a)

1
- Qb(t)’ [Hut(t)HL?(Q) + 1]-
since u®, foo € L®(Q), u € L®(0,400; W®(Qu)), wr € L2 (IRJ;L*(Q)) and f €
L*®(Q~). Looking at the estimate of Huf”%g(gx[o 7)) presented in the proof of Lemma 2.5,
we see that there exist constants Dy, Dy, such that

(22)
+Cq |1

luellZ2(@xjo,9) < Dot + D,

12



where Dy and D, are independent of ¢.
Calling ((t) = Hw(t)H%Q(Q) and

C1
(1) = C*ll (1) = FocllFaqe) +2 1900 = goc @y [ (0]l 20y + 1]
we see that, in fact, ® € L} _(0,+oc) and ¢ and ® satisfy (18). So, for this choice of ¢ and

®, (19) is verified.
Applying Lemma 2.10, the result is proved, since

t+1
[ 190) = geellien () 2o

2
<|19(7) = gooll Lo (@x)t,041)) </QX}HH[ |Ut|2>

DDy DD,
N3 Y

"

<

— 0 when t — +o00,

being Dy and Dy constants (independent of t).

3 Other problems with gradient constraint

There are problems with gradient constraint, well known in the literature, and which are
related with this one.

We are going to define now three other problems related with the variational problem (2).
It is our aim in this section to study whether this problem is equivalent to each one of the
three problems defined here.

In this section we impose the additional assumptions on f and g:

f=f(t) (ie. fis independent of x), feL>0,T7),
(23)
g € L>®(0,T;C%(Q)) N Whe(0,T; L>(Q)), 0Q is of class C2.

There are two main reasons for the choice of the function f depending only on t. The first
one is a historical reason. In fact, the first problem with gradient constraint known in the
literature is the elastic-plastic torsion problem, the elliptic variational inequality considered in
(16), with gradient constraint go, = 1 and f a positive constant. For this first problem, with
a clear physical meaning, equivalence with a double obstacle problem, with obstacles @(z) =
d(z,00) and ¢(z) = —d(x,09), was proved by Caffareli and Friedman in [3]. Equivalence
of this specific problem with a Lagrange multiplier problem was also proved, for simply
connected domains, by Brézis in [2], and for multiply connected domains by Gerhardt, in
[6]. Even in the case of the equation with gradient constraint, Evans ([5]) refers, without

13



proving, the truth of the equivalence, when the gradient constraint is one, of the equation
with gradient constrain and the variational elastic-plastic torsion problem, alerting to the fact
that this equivalence is not true, in the general case. The second and more important reason
to consider f depending only on the time parameter is that any natural way to establish
equivalence among all these problems depends on the application of the maximum principle
and on the obtainance of very precise estimates on the gradient of the solutions of each of
these problems. Considering f not constant in & would allow us to obtain gradient bounds
but not the necessary ones to prove equivalence among the problems.

We consider first the double obstacle problem. To define it, let, for z, z € Q,

Li(x,z) = inf{/ég(ﬁ(s),t)ds 2 0>0, £:]0,0] = Q, £ smooth , £(0) =z, £(0) = z,
0

ret)

Pz, t) = \/{w(x) rw € Ky s (24)

p(z,t) = /\{w(:lc) Tw € Kg(t)}. (25)

The function L; is a metric and it can be shown (see [15], theorem 5.1, page 117) that
?(x,t) = inf {L =1L Q
gp(:c, ) zle%(z{ t(maz)} t(x7a )

and that

g(az,t) = Zselg%{th(x, 2)} = —Ly(x, 00).

In the special case where g = 1, then L; is the geodesic distance to 92 and, if €2 is convex,
L; is the usual distance to 0f).
Consider the following closed convex set with two obstacles

K(t) = {w e H}(Q) : o(x,t) < w(z) < P(z,t) for a.e. 2 in Q}. (26)

The double obstacle problem is defined as follows:

To find u € L>(0,T; H}(9)) such that

u(t) € IK(t) for a.e. t € 1, u(0) = h,

21)
[ u®® =)+ [ u) V) —u®) = [ 1@ - u)

Yo € L®(0,T; HY(Q)) :  v(t) € IK(t), for ae. t € 1.

It was shown by Caffarelli and Friedman in [3], that the elliptic formulation of the varia-
tional inequality with constant gradient constraint is equivalent to the double obstacle prob-
lem. The equivalence is still true for the parabolic case and constant gradient constraint (see
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[20]). We intend to prove here the equivalence between these two problems, with non-constant
gradient constraint g, as long as g satisfy suitable assumptions.

The following Lagrange multiplier problem is also related with the problem (2):
To find (u,\) € [LOO(O,T; WOIOO(Q)) N Wwhee(0,T; L2(Q))] x L*°(Qr) such that

Ut — V()\Vu) = f in QT,
A€ k(|Vul? — ¢2), (28)

u(0) = h in Q, uy; =0,

where k is the maximal monotone graph defined by k(s) =1 if s < 0, k(0) = [1, +o0].

The existence of solution for the elliptic case was proved by Gerhardt ([6]) in the case
where f is constant, the boundary condition is zero and g = 1, as well as its equivalence with
the elastic-plastic torsion problem. The parabolic case with non-homogeneous boundary
condition was considered in [20].

Let us consider also the following parabolic equation with gradient constraint: to find
u € WLeo(0, T L°(Q)) N L0, T; WL (Q)) n W2L (Qr) such that

p,loc

max{u; — Au — f,|Vu| — g} =0 in Qr,
(29)
u(0) = h in Q, uy, = 0.

It is easily seen that, when ¢ is constant and f = f(¢), problems (2) and (29) are equiva-
lent.

Zhu ([23]) has proved existence and (additional) regularity of solution for a similar prob-
lem, if f > 0 (depending on (z,t)). More precisely, he studied the problem

min{u; + Lu + f,—|Vu| + g} =0 in RN x R{,

u(z,T) =0 VYze RN,

where L is an elliptic operator and T is a fixed instant.

3.1 Equivalence with the double obstacle problem

In this subsection, we present firstly a brief proof of existence of solution of problem (27).
The equivalence between problem (2) and problem (27) is obtained when

(6°),~2(s*) 2o (30)
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Theorem 3.1 With the assumption (3), problem (27) has a unique solution.
In order to prove this theorem, we are going to present some auxiliary propositions first.

Proposition 3.2 Let © and ¢ be the obstacles defined, respectively, in (24) and in (25). We
have

P, p € L0, T; Wh*°(Q)) nWh>(0,T; L™ (),

for a.e (x,t) € Qr IVo(z,t)| = [Ve(z,t)| = g(z,t), (31)
fora.e. t € I Vag € 00 IV@(z0,t)| = |[V(xo,t)| = g(20,1), (32)
3C >0: Ap <C, Ap>-C, in L>=(0,T;D'(Q)). (33)

Proof: Since p(z,t) = Li(x,09), L; is continuous and 9€2 is compact, there exists z € 9%
such that @(x,t) = L(z, z). So,

Ve >0 35 >0 3& : (0,05 — Q: £&(0) ==z, &(65) =2, €] <1,

% 58
/ g(&=(s),t)ds —e < p(x,t) < / g(€-(s), t)ds.
0 0

58

Since, obviously, given h > 0, we have L p(x, 2) < / ’ 9(&(s),t + h)ds, then
0

Liin(z,2) — Li(w, 2) % g(&(s),t 4+ h) — g(&=(s), 1) £
= = /0 h ds+ 5

= [" toteenmas + /< €.

where t < n(h) < t+ h and C is a constant, if we choose, for instance, ¢ = h%, noticing
that ¢¢ € L*°(Qr) and that d; is bounded from above independently of h (depending on
”g”Loo(QT) and on ).

Analogously,
Vh>0Ve>0355">03c:0,65" - Q:  0)=a, &M =2 ()] <1,
55,h 65,h

/O g(C?(S),tJrh)ds—eé@(w,tJrh)é/o g(C™(s),t + h)ds
0 0

e,h
60

and, of course, L;(x,z) < / g(¢l(s),t)ds, so,
0

Lin(w,2) = Li(w,2) /68’h g(C(s),t+h) —g(h(s).t) , €
h — Jo h h

e,h
60

= |7 et atmlas —</n =
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being ¢t < a(h) < t + h and, for a choice of € = h?, C is, as above, independent of h. Then
®; € L=(Qr) and so, p € W1*°(0,T; L>=()).

By theorem 5.1, page 117 of [15], we know that, for a.e. t € I, B(t) € WH*°(Q) and that
(31) is verified.

By theorem 8.2, page 179 of [15], we know that, if Q5 = {x € Q : d(z,00) > §} (where
d > 0), then

36 >0 forae. tel  B(t) € C*(Q\ Q). (34)
So, we have (32) and, using again theorem 5.1, page 117 of [15], we also have that
Vo >03Cs >0 forae tel: Ap(t) < Cs in D'(Qs). (35)

So, (33) follows immediately for @ from (34) and (35). The proof for the function ¢ is
analogous. -

Consider the following family of penalized problems

Zf—Aza%—%(za—(za/\@)\/g):f in Qr,

Proposition 3.3 Problem (36) has a unique solution z° € Wg’l(QT), for any p € [1,+00[
and

1
i) the set {(zs —(2*ANP) V) :e €0, 1[} is bounded in L (Qr);
- £
i) the set {z° : e €]0,1[} is bounded in W2'(Qr), for any p € [1,+o0|.
Proof: Let w® = 2* — h. Then
wf—Awa—F%((wg—i-h)—((wa—kh)/\@)\/g) = f—Ah in Qr,
w® = 0 on X U Q.
This problem has a unique solution w € L?(0,T; H}(2)) (see [14], pg. 162) and so,
problem (36) has a unique solution 2° € L2(0,T; HY(Q)).
Let ) = ® + Me, where M is a positive constant to be chosen later. By (33), we know

that Ap(z,t) < C in L>®(0,T;D'(Q)) and we also know that B, € L>®(Qr). Then, ¢ is a
supersolution of problem (36), i.e. , if L& = &§ — A + % (5 —(ENP)V g), then

Ly—f>0  in L(0,T;D(Q)), (37)

as long as we impose M > H@HLW(QT) +C + ||f||Loo(07T). And, for M > ||£tHLOO(QT) +C +
| fllze<(0,1)> ¥ = ¢ — Me is a subsolution of problem (36). So

(L= L)@t <0 ¥d e L%(0,T;D(2)
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and, consequently, as we can approximate z° — ¢ by functions in L>(0, T; D(f2)), we have
(25— L) (= = )" <.

Easy calculations show that
1 - +1? - eV+|2
2 L @O =@ + [ v@- )R <o
2Ja Q:

and, as a consequence, z° < 1) a.e. in Q.
Analogously we prove that 2 > ¢ a.e. in Q.
In particular, we conclude that

1

M < (- (AR ve)) <M,

which proves i).
From the classical theory for parabolic equations (see [12], theorem 9.1,page 341), since

1
f- - (za —(2*ANp)V g)) is bounded in L*>°(Q7) independently of ¢,
Vp € [1,400[ 3C >0, C independent of ¢ : |z ”WE,I(QT) <C.

Proof of Theorem 3.1: By the preceding proposition, we know that {z° : ¢ €]0,1[}
is a bounded subset in Wg’l(QT), for any p > 1. So, there exists a subsequence converging
weakly to some function u*, in this space. This convergence is strong in L?(0,T; H(Q)) (see,
for instance, [13], pg. 58). On the other hand, 2§ — u} weakly in L?(Q7).

Multiplying the first equation of problem (36) by v — 2%, being v(¢) a function belonging
to IK(t), for a.e. t € I, integrating over Qr, and using the fact that

/Q 1(z‘s—(z‘g/\ﬁ)\/g)(U—Z‘E)SO,

r €
we obtain

(U - Zs)a

/ zi(v—2%) + Vz£-V(v—2%) > f
T Qr Qr

Yo o(t) € IK(t) for a.e. t € [0,T).

Letting € — 0, we see that

/ up (v —u*) + Vu*-V(v—u*) > flo—u"),
T Qr Qr

Yo o(t) € IK(t) for a.e. t € [0,T).

Since
p(x,t) — Me < 2°(x,t) < P(x,t) + Me, for a.e. (z,t) € Qr,
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letting € — 0, we obtain

p(x,t) <u(z,t) <P, t), for a.e. (x,t) € Qr,

which means that u*(t) € IK(t) for a.e. t € I.
Given v such that v(t) € IK(¢) for a.e. t € I and given tg € I, § > 0 such that
Is =]ty — 6,t0 + [C I, define

w(t):{ z(t()t) ift eI\ I

if t € Is.

Obviously, w(t) € IK(t) for a.e. t € I and so,

/uf{(w—u*)—l— Vu*-V(w—u*)Z/ fw—u"),
T Qr T

and, dividing the inequality by J, we obtain

to+0 to+9 to+9
/ut /Vu V(v —u") / /fv—u
to—0 to—0 to

and, letting 6 — 0, where t( is a Lebesgue point, we have

[ it wte) = wto)) + [ Fu(ta) Vwito) = u* (ko) > [ Flto)(w(to) — u' (t0)).
Q Q Q

So, u* is solution of problem (27).

The uniqueness of solution follows immediately from the fact that, if u; and us are two
solutions of problem (27) then, substituting v = us(t) in the variational inequality when wu; is
considered as a solution and reciprocally and subtracting the inequalities obtained, one from
the other, we get

[ ® =@+ [V - <0
0 Q1

and so u; = ug a.e. in Qp. u
Proposition 3.4 Suppose that the assumptions (3) and (23) are verified. Then

M >0 V(z,t) € ZUQ (V28 (2, t)] < g, t) + My/e. (38)
Proof: Since 05 is of class C?, it satisfies the exterior sphere condition, i.e.

dR >0 Vo€ d) Ty € RN DR(y()) nNQ = {.’L‘O},

where Dp(yo) = {z € RN : d(z,yy) < R}. Fixed z9 € 9 we can, with a linear change of
variables, suppose that yg = 0.

Let &-(s) = ¢~ V% and define

U@, t) =p(x,t) + Me(1 = &(llzl = R),  ¥(=,1) = p(a,t) — Me(1 = &(||l=]| - R)).
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We are going to prove that 7 and 9 are, respectively, a supersolution and a subsolution
of problem (36), in the same sense as in (37).
Notice that

@|E > 0= Zisz] > Q\E’ ¢(l‘07t) =0= ZE(CC(],t) = %(an t)’

T’Z)\Qo 2 P10 >h= f\QO 2 %mo'
Let us denote &.(||x|| — R) simply by &.(—). Easy calculation show that

(= (WAP) V) =M1 -E(-)),

o | =

b =y,

n—1
e

AE = A@ - Mga(*) + M\/gfs(*)

-1
zt—Ago—IrM(l—\@nR )
Choosing ¢ such that /%51 < L and M > 2 (H@HLoo(QT) +C+ ||f”Loo(0’T)>7 we verify

that 1 is a supersolution of problem (36). Analogously, for M > 2 (HEtHLC’C(QT) +C+ HfHLoo(O’T))7
9 is a subsolution, so ¢ < 2° < @

In particular, recalling that 2¢ € WZ?J(QT), for any p € [1,4o0[ and the inclusion
Wp271(QT) — CL9Q x [0,7)), if p > n (and a = 1 — n/p), then, Vz°(xo,t) exists for
every (xo,t) € ¥ U Qg and

’VZE(xo,t)‘ < maX{|v$(‘T07t>‘v ‘V%(xo,t)’}

But,

(Vi (zo,t)| = |V@(20,t) + M2 (—) < g(wo, t) + M /e,

and also |V (zo,t)| < g(zo,t) + My/e.
Besides that, |Vz¢(z,0)| = |Vh(z)| < g(z,0), which completes the proof. m

xo
|z

[0l

Theorem 3.5 Suppose that the assumptions (3), (23) and (30) are verified. Then problem
(2) is equivalent to problem (27).

Proof: Differentiate the first equation of problem (36) with respect to x, multiply by Za,

and sum over k, denoting v = |Vz°|2. Since 1v; = 25, 2 ¢ and AV = (25,2, )° + 25, AzE , we
get then

1 1 1 -
vy — —Av4 = (v—VzE-V2) <
2’Ut 9 v E(U z Z) O,
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where 26 = (25 A P) V ¢ and using the Cauchy-Schwartz inequality,

1 1 1
—v Av +

S0 5 (v — |V#E|v2) < 0. (39)

€
Since we have proved in Proposition 3.4 that v(z,t) < (g(x,t) —|—M\/E)2, for (x,t) €

<
¥ U Qo, there exists N independent of & such that v(z,t) < ¢g*(z,t) + Ny/€ on £ U Q. Then
(v — (g% + N/€))" is zero on X U Q.

Notice that the expression —(v — |V;z~5|v%)(v — (g* + N/e))T is always nonnegative. In
€
fact,

vz, t) if p(x,t) < 25(z,t) < P(x,t),

|Vze(z,t)| =
g,) i 250, 1) 2 Bz, ) or 25(5,) < (o, 1)
Then, at a given point (z,t) € Qr,

VS g NVE= 2(0 - [V - (6 + NVE)T =0,

- 2 ~
U>92—I—N\@and<p<za<¢:>U—|st|v% :O:>f(v—|st|v%)(v—(g2+N\@))+:0,
= 5
v>gz+N\/§andzs2@0r25§£:>v—|v,z~5|v%:v%(vi—g)>0

— 20— [V (¢ + NVE)* >0,

Multiplying the inequality (39) by (v— (g% + N/€))" and integrating over Q; = Q x [0, t],
we have

/ v(v—(9° + Nve) ™ + 0 Vu-V(o—(¢* + Nve))* <0

and so

3 J [00 - @0+ 82 3 [ [0 - w0+ Mva) T

_l’_

[ [vo— @+ vy

< [ = [+ NVE) - A + NVED] (0= (g + NVEP)T <0,

Q¢
using the assumption (30).

Since (v(0) — (g%(0) +N/€))* = 0, we conclude that (v— (g% + N/€))* = 0, which means
that

V252 < >+ Nye a.e. in Qr,
and so, if u* is the solution of problem (27), since u* is the limit in L>(0,T; H}(€2)) of 2°,

when ¢ — 0, we have [Vu*| < g a.e. in Q7. In particular, u*(t) € IK ). Since Ky C IK(t),
then u* (by uniqueness) is also the solution of problem (2). m
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3.2 Equivalence with the Lagrange multiplier problem

We begin this subsection by proving existence of a solution for the Lagrange multiplier
problem (28), when the following assumption is verified:

(9?),z0  a(s) <o (40)

We would like to refer that the proof of existence of solution of this problem is very
technical, even in the case where g = 1. As we have done in the first section, the problem is
approximated by a family of quasilinear parabolic problems (depending on a parameter €) and
the necessary estimates to pass to the limit are obtained. The more difficult estimates are the
uniform boundedeness of the gradient and the uniform (local) estimate in L?(0,T; H%(2)).
Although the procedure for both cases (g constant and non-constant) is the same, these two
estimates are more difficult in the second case, since the partial derivatives of g are not zero.

Afterwards, with the same assumptions, we prove that if (u, ) is a solution of (28) then
u solves the variational inequality (2).

Consider the approximated problem (4), with k.(s) = e’ if s > ¢, where N is a constant
to be chosen later. In addition to the conditions imposed in the definition of the problem,
we impose that k. is a C*! function.

Recall that problem (4) has a solution u® € szi/Q(QT), 0<ac<l.

Proposition 3.6 Suppose that the assumptions (3) and (23) are verified. Then
C >0 |Vl (x,1))? < g2(x,t) + Ce for a.e. (x,t) € XU Q. (41)

Proof: Let @, and _be defined as in (24) and (25), respectively, with g replaced by /g2 + €.

Let, for s € R, n(s) = s+ ¢ (1 — e_BS), where B is a positive constant, to be chosen
later, depending on the given data and independent of ¢.

We are going to prove that ¢ = 1.(%.) and ¢ = 7. (¢_) are, respectively, a supersolution
and a subsolution of problem (4).

Define L) = 1y — V- (k:(]V]? — g?)V). Due to the monotonicity of k., it is enough to
prove that

Ly > f = Luf in Qr, @\zuﬂo = U\EEUQO’ (42)
and
L% S f — Lué‘ in QT, Q‘EUQO S UTEUQO' (43)

We present here only the calculations for the supersolution, since the calculations for the
subsolution are similar.
Obviously, since 7. is an increasing function and 7.(0) = 0, we have:

o for (z,t) € 5, ¥(z,t) = 1e(P.(, 1)) = 7e(0) = 0;
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e for (x,t) € Qo, ¥(x,0) = n-(@-(x,0)) > P.(x,0) > he(x) = u®(z,0).

Easy calculations show that
Y, = 1L(P°)Pris V| = nl(%°)y/ 92 + e,
Vo, = 1 (F°)P5, P2, + 1 (F°)Pra;
AY =1 (7°)(92 + €) + nl(P°) A%,

- = —e\3 o — — ey 2
Voo, Ve, = (NL(F°)) T 0, Pa, Pasay + (0L()) " 1 (@) [VeE[*
and, noticing that goxlgpxl% YeYer,> then GF 07 0% 0 = 9:Vge-VI©.
Denoting £(s) = e~ 5%, we have

n.(s) = 1+eB&(s),  nl(s) = —eB*(s).
Calculate now L1 (to simplify, we will omit the argument ° in 1’ and in &):

= 05 + 2k () (g2 +2) - g2) { = ()" (g2 +2)* = ()’ 9-V V| +

négavga-vsos} + ke (1) (92 + &) = g2) [-nLAF — (2 + ).
Notice that:
o for s > ¢ we have k.(s) = Lk.(s) and (L) (2 +¢) — g2 > &
e 3Cy > 0 (depending only on |||« ) such that 1 > ¢ = £(@,) > e~ BCO;
o ke>1,  gZ>m¥
e ; is bounded independently of ¢, Ap® < C, C positive constant independent of ¢;
o 1 <nl(¥°)=1+eBE(P°) <1+¢B;

1—(n.)?
. n;i"s)gﬂga V" = —(2B1l¢ + eBYLE) -V 9. V.

To prove (42) we only need to find B and N sufficiently large, independent of ¢, such that

1— (n))? _ _
ke {2N [BQ (1) €(g2 +¢)* + néin)gsvge'wa — L AP — (g2 + 6)} >

> 1 (@)NPE L (@) + 11l (0,1

23



The second term is bounded from above by a positive constant C; independent of e.
Working with e such that ¢ < % and noting that [|g.Vg. V% |ls < Xo, Xo not depending
on €, we see that

—nLAp® > —(14+¢eB)C > —2C,
—n (g2 +¢) >0,

1—(n 2 -
B2 (772)2 5(93 + 6)2 + ﬁéﬁgav%'v@s

> B*tm* — (2Bnl¢ + eB*1.£%) X0
= BE(Bm" —1L(2 + eB¢) Xo)
> B¢(Bm®* — 6X).
Choose B = (1 + 6Xg)/m* (this choice comes from imposing that Bm* — 6Xy = 1). So,

9V e VT« | — LA — 0 (g2 + )

1— (nL)?
2N | B? (n2)2£(g§+6)2+772§75>

> 2N B¢(Bm? — 6X,) — 2C

> 2NBe B% _90 >, >0,
Ch+2C

2Be—BCo’

Then, since k. > 1, C; >0

as long as N >

1— (1)
ke {2N [BQ (L)% (g2 +¢)* + néina) 9eVge-VE© | — LA — /(g2 + 6)}
2 ka‘cl Z 017

as we wanted to prove.
Since we have

Y <u <¢in Qr, P(x,t) = u(z,t) = Y(a,t) = 0if (z,t) € %,

then
V(z,t) €% |Vui(z,t)| < max{|Vy(z,1)],|Vi(z,t)|}.

But, for (z,t) € X,
Vo, ) = (12, 1)))° VP (@, )] < (14 eB)? (g2(x,) + ) < g2(x,t) + Ct,

where C is a constant independent of . Analogously, |Vi(z,t)[* < g2(x,t) + Ce.
Since |Vu®(x,0)| = |Vhe(z)| < ge(z,0), the proof is concluded.
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Proposition 3.7 Suppose that the assumptions (3), (23) and (40) are verified. Then
AC > 0 Y(z,t) € Qr Vs (z,1))? < g2(x,t) + Ce. (44)

Proof: Let v = |Vuf|? and w = v — g2. Since g satisfies (40), we may assume that the
approximations g. of g also verify (¢?), > 0 and Ag? < 0. Differentiate the first equation of
problem (4) with respect to zj. Then,

k/( )wmkwl‘z Ug, k,( W, i Tl x k/( )W, U

Cth T; Tk
(45)
Multiplying (45) by ug, , summing over k, we obtain
U Z‘kt k//( ) ui‘kwizka - k: ,(w)u$zua§kwxixk k‘J( ) J;kui‘zl‘kw - ké(w)uikuizmzwmk

—kg(w)uikuimxk =0.

Notice that )

e € _ € 2
Then
1
" € ,,€ / € ,,€ € € ! € ,,€
ivt + (_ks (w)uxlukaxz - ks (w) (u:pluxk:pl + umlxluwk)) Wy, — ('Ige(w)uxluxk> Wz,

1
—§k:g(w)Av + lfg(w)(u‘;ixk)2 =0

and, denoting
1
ain = K o, + She(w)dyy, b= —kL(w) (U505, + G0, ) — K (w)u, g,

and recalling that v = w + g2, we obtain

1

th — Qi Wyx), — bkwazk < *% [(gg)t - k&(w)A (gg)} ’

and, by the assumption (40) and the previous proposition, we have, in fact,

1
th — Qi Wyyx), — bkka <0. (46)
w‘EUQO < CE7

where C' is a constant independent of .

Since uf is a function belonging to the class C’g; /2(QT) and k. is also a C*“ function,
the coefficients a;. and b are Holder continuous functions. On the other hand, we have
Z ;&€ > 0 for all £ € IR™. So, by the weak maximum principle for parabolic equations,
i,k
if z=w — Ck,

t) < <0
2(2,t) < max{z} <0,

by the previous proposition. Since |Vuf|? = v = z + g2 + Ce, we conclude (44). m
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Proposition 3.8 Suppose that the assumption (23) is verified. Then
{uf : € €]0,1[} is bounded in L*(0,T; HZ.(Q)). (47)

Proof: In this proof, since there is no risk of confusion, we are going to omit the subscripts
and the superscripts €.

Given ' CC €, let 1 belonging to D(£2) be such that 1o, = 1. Multiply the equation of
problem (4) by —u,, ., n? and integrate over Q; = Qx]0,¢[. Then

/ —Utua:kxkn2 + / (k(’vu|2 - 92)ul‘1) _kaa:kUZ = / fumkxkn2
t Q: Ti Q1

We are going to consider each term of the equality above separately.
Notice that

/ _utuwkxk 772 - / (Ut772> uxk (48)
¢ Qt Lk
t

1 t
[ ot e ] .

1
= 9 / [(Uzk)z(t) - (uxk)Q(O)} 772 + / 2t U NNy, -
Q Q1
The second term of the equality above is treated as follows:

2 2 2 _ 2 2 2
S ROV = ) e = = [ KOV = g, (),

7

= _/Q k‘(|VU|2 - 92)uzi (uﬂ%xkme + ulkxk27]77xi) (49)
t

= [ (kv = Puan?) | o= [ ROTU? = 420 1,
Q¢ Tk Q¢

= /Q k:’(|Vu|2 — 92) (2U:pjuszk - 2999%) u$¢n2u$i$k
t
+ /Q k(Vul? = 62) (ttgra )2 7
t

+ 0 k(|Vu]2 - 92)u$iu$il’k2nnwk _/Q k(’VUF —gz)uxiQT]T]a;iukak
t t

= /Q K (|Vul? - g%) (2uxjuxjxk — 2ggxk.> ((Uay g,y — 9Gar) + 992,) 1
t

+ 0 k(|vu|2 - 92) (umzwk)2 772 +/Q k(|vu|2 - 92)Uziuxizk27777xk
t t

t
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_ / 2 9 2 5,1 2 2 2] 2
o [ T a4 L 5[]
+/Q k(’V’u,‘Q - 92) (U’xmk)2 772 +/Q k(|vu‘2 - gz)uwluxla:kznnxk
t t

_/Q k(|vu|2 - 92)ux1277nxzuxkxk
t

So, we have

3 [0 20 = e )20)] 0 + | 2w,

WOV = 07) (2t~ 200m) 0+ [ [w90 =], [57], 0

t t

t

Q1

Notice that

Lt ont =0, [ )20 = [ (ha)?

Q

/ 2uptg, MM, < Co, Cy constant independent of ¢,
Qt
2
/Q /ﬂl(|Vu|2 - 92) (2'“2]‘“%'9% - 2gg:rk) 772 >0,
t

KVl = 6) (20 = [ (t )
Qt Q¢

using Holder and Young inequalities, we see that

| (90l = )t 200, <

t

1
KVl = ) (), +5 [ ROVl = 62 (tain) 0,
Qt Q¢

and, obviously,
/ E(|Vul* - g2)(uxi)2ng2ck <y, (' constant independent of ¢.
Q¢

Analogously,

| V0l = un 2, < [ KVl - 2w, )0
Q¢ Q

t
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1
b7 | ROVl = 63 )
Q1

and

/ k(| Vul? — 92)(uxi)277£i < (Cy, () defined above.
Q¢

On the other hand,

and

[ fawa )], [, = [ kovur - ([] 0?) =cn

t

C3 constant independent of €.

Then,
1
Z (u:plxk)2 772 < / (hxk)2n2 + Co +2C1 +2C3 + f2772
Qr Q Qr
and the proof is concluded. [

Theorem 3.9 With the assumptions (3), (23) and (40), problem (28) has a solution.
Proof: We have proved that
{uf : £ €]0, 1[} is uniformly bounded in W = {v € L?(0,T; H2 .(Q)) : v € L*(Qr)}.

If we consider W with the weak topology, we know that {u® : & €]0,1[} belongs to a
compact subset of W (see [13], pg. 58). So, there exists u € W such that, for the weak
topology, u® — u in this space, when £ — 0.

So, u — u strongly in L2(0,T; H}(Q')), for all ' with smooth boundary and compactly
included in ©Q and Vu®(z,t) — Vu(z,t) for a.e. (z,t) € Qr.

Recalling that

AC > 0 V(z,t) € Qr Vs (x,1))? < g2(x,t) + Ce,

we have
1< ke(|Vul]? = g2) < eNC.

So, with the additional assumptions introduced in this subsection, k.(|Vuf|? — g2) is
uniformly bounded not only in L!(Qr), as we have proved in section 1, but also in L>=(Q7).
So, there exists A € L*°(Qr) such that

k-(|Vuf)? — g2) — X in L°(Qr) weak-*, whene — 0

and so
ko(|Vuf)? — g2)Vu® — AVu weakly in L?(Qr), when e — 0.
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Since [|ug||z2(g,) < C, C independent of €, we also have uj — u; weakly in L?*(Qr) and
so, passing to the limit in problem (4), we see that, in fact,

Ut — V()\V’U,) = f in QT,
upy =0, u(0) = h,

and it only remains to prove that A € k(|Vu|? — g2) to conclude that the pair (u, A) is solution
of problem (28).
Since A = {(z,t) € Qr : |[Vu(z,t)| — g(x,t) < 0} is a measurable set and

Eo(|Vul (2, 8) > — g2(2, ) — 1 when ¢ — 0, for a.e. (z,t) € A,

ke (|Vu (2, ) > — g2(2,t)) > 1 for ae. (2,t) € Qr

we conclude that A = 1in A and A > 1 in Q7. So, A € k(|Vu|? — g2), as we wanted to prove.
[ |

Theorem 3.10 Suppose that the assumptions (3), (23) and (40) are verified. Then , if (u, \)
is a solution of problem (28), then w is solution of problem (2).

Remark 3.11 From this theorem we may conclude that, under the assumptions (3), (23)
and (40), if (u, A) is a solution of problem (28), then u is unique, but nothing is established
about the uniqueness of A. Uniqueness for A\ was proved by Brézis in [1], for the elliptic case,
with g = 1 and homogeneous boundary condition. In [20], examples of non-uniqueness of A
can be found, when the boundary consition is not homogeneous. u

Proof of Theorem 3.10: Multiply the equation u; — V-(AVu) = f by v(t) — u(t), with
v e L>(0,T; Hj(Q)), v(t) € Ky for a.e. t € I, and integrate over 2, to obtain

[ u®@® = ue) + [ (O = 1)+ 1) V() V0~ ut) = [ @@ - ().
Q Q Q
Notice that

(A(®) = DVu(t)-V(u(t) —u®) < (AF) = D[Vu@)][[Vo(t)] = [Vu(t)]]

< (@) = DIVu@®)]g(t) - [Vu(®)]] = 0,

since A\(x,t) = 1 whenever |Vu(z,t)| < g(z,1).
Then,

/Q e (£) (0 (£) —u(t))+ /Q VUtV (o(t)—u(t)) > /Q FO@E)—u(t)), Vo e I,q, for ac. tel,

as we wanted to prove. Besides that, u(t) € Iy for a.e. t € I. m
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3.3 Equivalence with the equation with gradient constraint

In this subsection, the equation with gradient constraint (29) is considered. We begin
proving existence of solution of problem (29) if assumptions (3) and

Ahe L®(Q),  fe W™ (0,T;L™(Q),
(51)
—Ah(x) < f(z,t) for a.e. (z,t) € Qr, (gQ)t <0,

are verified. We would like to remark that, in order to prove existence of solution, we
don’t need to assume that f is independent of the spatial variable x. The proof has many
similarities with the proof presented by Zhu in [23], where a general linear parabolic equation
with gradient constraint is considered in an unbounded domain and for arbitrarily large times,
with a zero condition given at a fixed instant T', as well as with the proof of Evans ([5]), for
the elliptic case.

The proof of equivalence between the variational inequality (2) and problem (29) is pre-
sented if assumptions (3), (40) and (51) are verified (which implies, in particular, that g is
independent of t).

Theorem 3.12 Suppose that the assumptions (3) and (51) are verified. Then problem (29)
has a solution.

Proof: Consider the following family of problems

wf — A + (VP — ) = £ in Qr,
(52)
wfz =0, we(0) = he,

where 7, : IR — IR is a C?, nondecreasing, convex function such that v.(s) = 0 if s < 0 and

Ye(s) = i . © for s > 2, f* € 02’2/2(QT), and h. € C2(2) are approximations of f and h,

respectively, satisfying —Ah. < f¢ and |Vh.|? < g% + ¢.
Problem (52) has a unique solution w® € Ci(ll /2 (Qr), by the classical theory of quasilinear

parabolic equations (see [12], theorem 4.1, page 558).
Since 7. > 0, we have wj — Aw® < f° and so, by the maximum principle for parabolic
equations,
3C > 0 independent of ¢ : ||| oo (@) < C-

Let us prove now that wi is bounded in L*°(Qr) independently of e: differentiate the
first equation of problem (52) in order to ¢ and call z = wj. Then

2 — Az + L Vs = %) (205, 20, — (9°),) = ff in Qr,
2y =0, 2(0) = Ah. + £2(0),
Since 7. > 0 and (g?), < 0, we have, in fact that

2zt — Az + bizg, < ff, where b; = 29.(|[Vw®|* — ¢*)uS

xT;*
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So, by the maximum principle
3C; > 0 independent of ¢ : 1w | Lo 0,122 () < Ch- (53)

The next step consists in obtaining uniform gradient estimates (independent of ¢) for
Vw®. Let ¢° be defined as in (24) such that |V¢|? = g? + Me, where M is a constant
to be chosen later. It is easy to verify that, for M sufficiently big (M > [[¢f]lLe(@p) +
supQ {Ap°} + || £l L (@,)), independent of e, then ¢° is a supersolution of problem (52).
On the other hand, h. is obviously a subsolution of the same problem. Then

he <w® < ¢° in Qr, hejs; = wiy, = ¢y, he = w(0) < ¢(0),
and so
|V (z,t)[* < max{|Vhe(z)|?, |V (x,1)]*} < g*(2,t) + ¢+ Me for (z,t) € ¥ U Q.

Let v = |[Vw®|? —w®. The maximum of v may be attained at the parabolic boundary X UQq
or at Qr \ (XUQy). If the first case happens, since |Vw®| and w® are bounded independently
of € on ¥ U Qp, then the bound of v, and consequently, the bound of |Vw?| is independent
of €. Let us consider now the second case, i.e. the maximum of v is attained at a point
(zo,t0) & X UQg. Then, at this point (g, tp), we have

Vg, = 0, v =0, vy — Av > 0.

7

Since )
_ & 3 & _ 3 3 3 3
vy = 25 Wy — Wy, Av =2 (wzizj) + 2w, Aw,, — Aw®,

and
Aw® = wi + 7 (Vo' P = ¢*) = f5,  Awj, =i, + LV = ) (V'] = ¢)ay,
omitting the argument of ~. to simplify, we get at (g, to),

2
0<u—Av = 2wsws, —wi -2 (wiwg ) —2ug, [wg, +1L(=) (Vw2 = g2), ]

+ [wf +7:(=) = f7]
< —29L(—)ws, (IVw? = g%), + [%(—) + IIfSIILoo@T)} :

Since 7. is convex, we have, Vs € IR 7.(s) < ~L(s)s and, since v;, = 0, we have
(|Vw€|2)mi = wg,. On the other hand, we may suppose that ve(—) > 2[|f¢| p~(q,) at the
point (xo,to), because, otherwise, we would have already obtained the bound for |Vw®|. So,

Ye(—)

3 3
“oe(r) = 57(=) < SAL) (Vs - ¢
2||f5||L°°(QT)||f lz(@r) Q’Y( ) < 57:(=)( I"=97)

(=) + 15l tn)] < () + 5

and so, at (xo, o)

0< = Ao <L) [~2TurP + 2Vt vus + 3 (190 - 7).
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Then, —5|Vw?|?> + 2V (¢%)-Vu® — 39> > 0 and we get
|V (o, to)[* < 16|V g? (0, t0)|* — 69%(z0, to) < 16|Vg* (w0, to) |
and, since
v(z,t) = |V (z,t)* — w(z,t) < v(zo, to) = |V (zo, to)|* — w (o, to),
because |Vwe(z,t)|* = v(z,t) + w(x,t) we get that

[V (x,1)]* < v(o, to) + w®(x,t) < 16( max IVg? (@, t)” + 2[[w®|| L ()
Z, T

concluding then that Vw® is bounded in )7, independently of e.

Remark 3.13 Notice that, if g = 1, then the maximum of v is attained at the parabolic
boundary.

The next step consists in proving that 7. (|Vw®|? — ¢?) is locally bounded independently of
e: given ' CC Q, let ¢ belong to D(Q) be such that (jor = 1. Define v = Cre(|Vwe |2 — g?).
As before, if maxg, v is attained at (zo,%p) € € (notice that on ¥ we have v(xg,tg) = 0)
then maxg, v < (*(zo, to) Ve (9* (0, to) + Me — g*(wo, o)) = ¢*(z0,to)(M — 1) is independent
of . If the maximum of v is attained at (zg,tg) € Q7 \ X U Qp then, at this point, we have
v — Av > 0 and also vy, = 0.

Remarking that all the calculations below are done in the point (zg,tp), we have

v = Cl(=)(uwg,wg,, — (9%),)
2
B = () |(V0 P = )|+ 2NtV )+ AC(-)
()2 () + 2us, Aws, — A (g?)
’}/8 TGy x; zj g ?
and, since ¢*v/(—) [(|[Vw®|* — gQ)mi]2 > 0, using the calculations presented above for Aw_,

0 < v —Av<(-) [2wijw§jt - (92)4 —2(¢*)a V() (VP = g%)z, — AC(—)

—) [2 () + 205, (w4 )T = P),) — A (6?)]

Recall that, since 7. is a convex function, we have, Vs € IR, 7.(s)s > ~-(s). So, since
|AC?| < C, C independent of ¢,

0 = ) = (67), - AP (VP - )+ OV — )
=203 ) = 20 (s, (VU = ), + C AP

TiTj
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and, since v,, = 0 at the point considered, then, at that point, ¢2v.(—)(|Vw®|? — ¢2)s, =
—(¢%) 2,7 (=) and we get

¢ (e°),~2(¢), (Ve =g°), + OV —g*) = 28 (uf,,,)”

+2(C2)xiw§%’y€(—) +C2Ag% > 0.

But
_2(<2>x_ (\vwap_gz)m_ = —4(C, (Qw;jw;jxi_(gz)x)
’ ' ! (54)
< Clwgg,)? +16(ws))?(G,)® +4¢VEVg?
and 1
2(C)agwl,72(=) = 4ACVC Ve (=) < 22 (=) + 16|V V[
Then,

—(97), + w0 )? +16(w5) )2 (o) + 4CVC-V? + C(IVu[? = ¢) — 203 (w5, )2
1
+7C%92 (=) + 16|V Vw|? + (*Ag* > 0.
So, there exists a constant Cj , independent of &, such that
1
Cws,e,)? < Co+ 1C2(Ve'* - g°)
and then, at (zg, %), we have

1
3C1 > 0 independent of ¢ : ¢ <Ci+ 5(%(‘V7~U5|2 —g°).

€
wCCiZCj

Then, since (7 (|Vw®|? — g?) = (f — Cw§ + (Aw®, we have, at the point (g, t),

1
(Vw2 = 6%) < ¢l fllooe(@r) + Cllwi [l L @) + C1 + §Cva(lvw€!2 -9

and so

(20, to)V=(|VwE (20, o) |* — g*(w0, t0)) < O,

N

50 D1V (o, ) — (2, 1) <

where (s is a constant independent of e.
Now, if w = (w®, we have,

By — A = Cf — (re([Vuf |2 — ¢?) — (AQ) ws — 2V(-Vuf = @,
By = 0, @(0) = Ch

and so, since ® is bounded in L*°(Qr), independently of e, then w is bounded in Wﬁ’l(QT),
1 < p < 400, independently of ¢ (see [12], theorem 9.1, page 341).
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Since {w® : € € [0, 1[} is bounded in W;,’lzc(QT% let w be the weak limit of (w®). in this

space (at least for a subsequence), when ¢ — 0. Of course, we also have
wy — ug when € — 0, in L*(Qr) weak — x,

w® —u when ¢ — 0, in LP(0, T; WP (Q))),  for any Q' cC Q, 1 <p < +oo,

and, since |[w® |10 x(o,m) < C, C independent of e, we also have, due to the compact
inclusion WH°(Qr) — C%1(Qr),

w® — u uniformly in Q

and, in particular, w®(x,0) = h(z) — u(z,0) = h(x), when € — 0.

Since 7 (|[Vw®|? — ¢g?) is locally bounded, independently of & , we must have |Vu| < g
a.e. in Q7. On the other hand, v.(|Vw®|? — g%) — x, in L>®(Q x [0,T]) weak-x, for every
' cc Q, when € — 0. Letting ¢ — 0 in problem (52), we see that

up—Au+x = f, |Vu| <g, uy =0, u(0) = h.

It only remains to prove that, whenever |Vu| < g we have x = 0. Given zg € €, let
Q' be such that 29 € @ cC Q. Since w® — u in W2 (Q x [0,T]), for 1 < p < +o0,
when & — 0, and W2L(Q' x [0,T]) < C) ,(2 x [0,T]), if p > n (being this inclusion
compact) then, if (xg,%y) is such that |Vu(xg,to)| < g(zo,to), we have, for e sufficiently
small, v (|Vw®(zo,t0)|*> — g(z0,t0)) = 0. So, letting € — 0, we conclude that x(zg,ty) = 0
and the result follows. u

Proposition 3.14 Suppose that the assumptions (3), (40) and (51) are verified. Then prob-
lems (2) and (29) are equivalent.

Proof: Let u denote a solution of problem (29) and u* the solution of problem (27).
Recall the family of penalized problems (36) for the double obstacle variational inequality
problem:

zf—AzE—l—%(zE—(zE/\@)\/f):f in Qp,

Let us call ®.(v) = 7:(|Vv|? — ¢%) and . (v) =1 (v —(vAP) \/g)).
Notice that:

e since |Vu| < g then ¢ <u <P and so ¥.(u) = 0;
e u; — Au < f, since u is solution of problem (29).

So, u is a subsolution of the problem (36) and, due to the monotonicity of ¥., we have
u < 2° and, passing to the limit when € — 0,

u < u’.

On the other hand
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e since problems (2) and (27) are equivalent, we have |Vu*| < g;

e —Ah < f and |[Vh| < g (and consequently ¢ < h < @) implies that A is a subsolution
of the problem (36) and consequently, ¢ < h < 2°;

e passing to the (weak) limit when ¢ — 0 in the equation of problem (36), we conclude
that uf — Au* + x* = f; notice that x* = lim. W.(2%) > 0, since 2° > ;

e since uy — Au* < f and |Vu*| < g we know that u* is a subsolution of problem (52)
The monotonicity of ®. implies that «* < w® and so, letting ¢ — 0,
u* < u.

So u = u* and both problems are equivalent.
In particular, since u* is unique, we proved that problem (29) has a unique solution. H

3.4 A counter-example

This subsection is dedicated to present a counter-example. We prove that problem (2) is
not always equivalent to problem (27), as well as to problem (29), presenting data for which
the solutions of problems (2), (27) and (29) are different. Detailing more, we are going to
present an example to show that, if (¢%), — A (g?) # 0, then the problems considered in
section 3 may not be equivalent.

It is important to note that the data chosen here do not satisfy completely the assumption
(3), since the (very smooth) gradient constraint is zero in one point. Nevertheless, the
nonzero gradient constraint condition is used in the previous sections only to prove existence
of solution and not the equivalence among these problems. Since the solution of problem (2),
for the chosen data, will be calculated here explicitly, there is no question about the existence
of solution.

t

Let
f+]1-11[x]0,7[ —- R g: |—-1,1[x]0,T[ — IR

T — 2 T — 32

Remark 3.15 In fact (g%), (z,t) — A (¢%) (z,t) = —108z2 % 0.
Easy calculations show that the two obstacles (with respect to this function g) are
_ r3+1 ifxe[-1,0] —z3 -1 ifze[-1,0]
Pl t) = { 1—2% ifzelo1], and @@ =90 51 ifgeo1).

Let

1—2? if || > 2 and |2] < 1,
M) = { ?(z,0) — 5+ otherwise.
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We would like to remark that the function h is a C! function. Defining w(x,t) = h(z),
we see that |Vw(z,t)| = 2|z| < g(z,t), if |z| > 2 and |[Vw(z,t)| = 32% = g(z,¢) if |z] < 2.
So, w(t) € Ky for all t € [0,1] and w(0) = h. We are going to prove that w is, in fact, the
solution of problem (2), for the given data (f, g, h). Recalling that w is of class C', we have

/1 wi(6) (v(t) — w(t))de + /_11 wa(8)(0(t) — w(t))edz — /_11 2(v(t) — wlt))de

-1

1

1
= [ W@l t) K)o - [ 20(t) - hda
—1

-1
1

1
_ —/1 1 (2)(0(z, ) — h(z))de —/ 2v(t) — h)dz

- -1

= , (=h"(z) — 2)(v(z,t) — h(x))dz + , (=h"(z) — 2)(v(z,t) — h(z))dz
{lel<z} {lz[>5}

= [(-32% — 20) (v (. 1) — h(2))], - /_O (=322 — 22) (va (2, ) — I (2)

Wl
Wl

2

+ [(31’2 —2x)(v(x,t) — h(z))}f - /()§(3x2 —22)(vg(z,t) — b (2))dx

—/_02(3x2+2x)(vx(x’t)_3952)+/03(_3x2+2x)(vr(3:,t)+3x2)dac20,

as long as v is such that v(t) € Iy for a.e. ¢t € [~1,1], since, in that case, we have
—322 < v(x,t) < 322

If u denotes the solution of problem (27), it is easy to verify that u(t) — u®, when
t — +o0, in L%(Q), where u™ is the solution of the problem

1 1
/ u (v —u>)y > / 2w —u™®), Wel,
-1 —1

where IK = {v € Hj(—-1,1) : ¢ <v < P a.e.}. Since z(z) = 1 — 2? is such that z € IK and
2" = —2, obviously, z = u®°.

Now, if problems (2) and (27) were equivalent, we should have lim; ;. w(t) = u® in

L?(Q), which obviously does not happen.
On the other hand, w is not a solution of problem (29) since, although |Vw| < g a.e., the

function w does not verify w; — Aw < 2 a.e. in Q.
It was then shown that, for the given data, problem (2) is not equivalent to problem (27)

nor to problem (29).
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