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1. Introduction

Throughout this paper, X is an infinite set with cardinal p, and ¢ is a cardinal such
that Ry < ¢ < p. Let T(X) denote the semigroup under composition of all (total)
transformations from X to X. If o € T'(X), we write ran « for the range of o and

define the rank of o to be r(a) = |ran «|. We also write
D(a) = X\ Xa, d(e) = |D(e)],
Cla)=Ulya™" :lya™t[ =2}, cla) =|C(a)l.

and refer to these cardinal numbers as the defect and the collapse of «, respectively.

We now write
BL(p,q) ={a € T(X) : ¢(a) =0, d(a) = ¢}

and call this the Baer-Levi semigroup on X: as shown in ([1] vol 2, section 8.1), it is
a right simple, right cancellative semigroup without idempotents; and any semigroup
with these properties can be embedded in some Baer-Levi semigroup. In addition,
every automorphism ¢ of BL(p,q) is “inner”: that is, there exists g € G(X), the
symmetric group on X, such that ap = gag™—! for all « € BL(p,q) [6].

In this paper, we examine a related semigroup defined as follows. Let V' be a vector
space over a field F' and suppose dim V' = p > Ny. To emphasis the analogy between
our work and what has been done already for BL(p,q), we let T(V) denote the
semigroup under composition of all linear transformations from V to V: in other
words, we use the ‘V’ in T(V) to denote the fact that we are considering linear
transformations. If a € T'(V'), we write ker @ and ran « for the kernel and the range

(image) of a, and put
n(a) = dimker o, r(a) = dimran«, d(a) = codimran .

As usual, these are called the nullity, rank and defect of «a, respectively. For each

cardinal ¢ such that Xy < ¢ < p, we write
GS(p,q) ={a € T(V) : n(a) = 0,d(a) = ¢}

and call this the linear Baer-Levi semigroup on V. In section 2, we show this is
indeed a semigroup with the same properties as BL(p, q): this fact extends work by
Lima [8] Proposition 4.1 on GS(p,p). More importantly however, in section 3 we
show these two types of Baer-Levi semigroups — one defined on sets, the other on
vector spaces — are never isomorphic. In section 4, we transfer results of Sutov [11]
and Sullivan [10] on the left ideals of BL(p, q) to the vector space setting. Finally, in
section 5 we initiate the study of maximal subsemigroups of GS(p, q) by using ideas
taken from [7].



2. Basic properties

In what follows, Y = AU B means Y is a disjoint union of A and B, and we write
idy for the identity transformation on Y. We adopt the convention introduced in [1]

vol 2, p 241: namely, if « € T(X) then we write

= (%)
Lg

and take as understood that the subscript ¢ belongs to some (unmentioned) index
set I, that the abbreviation {z;} denotes {z; : i € I}, and that rana = {z;} and
r;a” b = A;.

A similar notation can be used for aw € T (V') (see [9] p 125). That is, often it is
necessary to construct some o € T'(V') by first choosing a basis {e;} for V and some
{u;} € V, and then letting e;a = wu; for each i € I and extending this action by
linearity to the whole of V. To abbreviate this process, we simply say, given {e;} and
{u;} within context, that a € T'(V') is defined by letting

a:(z).

As usual, the subspace of V' generated by a linearly independent subset {e;} of V'
is denoted by (e;); and, often when we write U = (e;), we will tacitly assume the
set {e;} is a basis for the subspace U. The following result is analogous to [1] vol 2,

Theorem 8.2 (and to [8] Proposition 4.1 for the case p = q).

Theorem 2.1. If dimV = p > ¢ > Ny then GS(p,q) is a right cancellative, right

simple semigroup without idempotents.

Proof. Assume o, € GS(p,q) = S say, and let rana = (e;) and V = (e;, e;), so
|J| = q. Then {e;3}U{e;3} is independent and generates ran 3, and ran af = (e;3).
Hence d(af) = g+ q = q, and clearly if «, # are injective then a/ is also, so af € S.
Since elements of S are injective, the semigroup is right cancellative; also, if € € S is
idempotent then (ue)e = (u)e for all u € V implies € = idy, a contradiction. Suppose
a, 3 € S and write V = (eg) and

_ [ ek _ ([ ¢k
= (5) o= ()
Now if V' = (x, z¢) = (yk, Ye, Yym) where |L| = |M| = q and we define
_ [ Tk Z¢
H= (yk ye)
then p € S and § = au, and we have shown GS(p, q) is right simple. O
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Clearly, before proceeding any further, it is important to decide whether any of the
semigroups GS(m, n) are isomorphic to any of the BL(p, q) for appropriate cardinals
m,n and p,q (this was not considered in [8]). This question can be answered in
one of two ways: by showing the cardinals of BL(p,q) and GS(m,n) are different;
or by finding some algebraic property of BL(p,q) that is not preserved under an
isomorphism between it and GS(m,n). For their intrinsic interest, we now establish
some results pertinent to the first approach. Something like the following appears in

[3] Corollary 1.5.13 and Exercise 1.5.36, but for completeness we include a proof.

Lemma 2.2. If |[X| = p > ¢ and p > X then the number of subsets of X with
cardinal q equals p?. In fact, this is also the number of injective mappings from a set

of cardinal ¢ into a set of cardinal p.

Proof. Let |A| = q,|B| = p and note that for each Y C B with cardinal g, there is
an injective map A — B with range Y. Hence the number k£ of Y C B with cardinal
q is at most the number £ of injective maps A — B, and clearly £ < |B4| = p?. Now
each a: A — B is a subset of A x B and |a| = ¢. Hence |B4| is at most the number
m of subsets of A x B with cardinal q. But ¢ x p = p, so m = k. Hence k = p%. Thus
we have p? = k < ¢ < p?, and the result follows. O

We can now determine the cardinal of BL(p, ¢). But first we need the order of G(X)
where | X| = p > V. To find this, write X = AU B where |A| = |B| = p and note that
for each Y C A, there exists 7 € G(X) which fixes Y pointwise and shifts all elements
of (A\Y)U B. Hence |G(X)| > 24! = 2P and of course |G(X)| < |T(X)| = 27.

For clarity in what follows, we sometimes write BL(X, p, ¢) in place of BL(p, q), and
similarly GS(V, m,n) instead of GS(m,n) (see Theorem 3.5 below).
Theorem 2.3. If | X| =p > g > Xy then |BL(p,q)| = 2P.

Proof. Suppose ¢ < p. For each Y C X with cardinal ¢, we know | X \ Y| = p and
there exists a bijection « : X — X \ 'Y, hence a € BL(p,q). In fact, the set of all
such « is in one-to-one correspondence with G(X \ Y'). Therefore, since in this case

p+ g = p, we have:
IBL(p,q)] =Y {|G(X\Y)|:Y CX,|[Y|=q}=2"p? =p’.p!=p =2V

To find the cardinal k of BL(p, p) when p > R, write X =Y UZ where |Y| = |Z| =p
and fix 8 € BL(Z,p,p). Then for Xg < ¢ < p and each o € BL(Y,p,q), we have
aUpf e BL(X,p,p),so k> |BL(Y,p,q)| = 2P and it follows that k = 2P.

Finally for p = Xy we note that for each Y C X such that |Y| = |X \ Y| = Xy, there
exists « € BL(p,p) such that rana =Y, hence in this case | BL(p,p)| is at least the
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number k of such subsets Y of X. To calculate k, note that {Y C X : |Y| = Ng}

equals

Y SX Y= R0, [ X\ Y] =n <R} U{Y CX: [V =[X\V]=Ro}
=X\ A A =n<R}U{Y CX: Y] =X\ Y| =R}

and, taking cardinals, we find by Lemma 2.2 that

2% = NI = ) N4k =R+ k.

Tl<N0

Hence k must equal 2%0. O

To obtain analogous results for GS(p, q), we first recall [5] vol I, p 245: if V is a
vector space over a field F' and dimV = p > R then |V| = p x |F|. Now let A
be a basis for V. Since each a € T(V) determines a unique map from A into V,
and conversely any map from A into V can be extended by linearity to a unique
a € T(V), we have |T'(V)| = |V|P. In fact, since p? = 2P, we can deduce that

[ R <p
TV ={ e i e

Lemma 2.4. If V is a vector space with dimV = p > ¢ and p > Ny, then the
number of subspaces of V' with dimension ¢ equals |V|9. In fact, this is also the
number of injective linear mappings from a vector space of dimension ¢ into another

with dimension p over the same field.

Proof. Let k be the number of subspaces of V' with dimension ¢. Now, if a subspace
U has dimension ¢ then there is a basis A C U with |A| = ¢, so k is at most the
number |V |7 of subsets of V' with cardinal q. Now let U be any vector space with
dimension q. Note that each linear o : U — V' can be regarded as a subspace of the
vector space U x V. In fact, if A = {a;} is a basis for U then {(a;, a;a)} is a basis for
a C U x V, hence dim o = q. Therefore the number of linear U — V is at most the
number ¢ of subspaces of U x V' with dimension ¢q. But dim(U x V') = ¢+p = p (since
if {u;} is a basis for U and {v;} a basis for V' then {(u;,0)} U{(0,v;)} is a basis for
U x V). Thus, U x V and V have the same dimension, hence they are isomorphic,
so £ = k. Also, if A is a basis for U then any map A — V can be uniquely extended
to a linear U — V; and any linear U — V induces a unique map A — V. That is,
the number of linear U — V equals |[V4| = |V]? and it follows that k = |V|4.

Finally, let U be a vector space with dimension g and V' a vector space with dimension

p over the same field. To find m, the number of injective linear U — V', we follow
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the corresponding argument in the proof of Lemma 2.2. That is, for each injective
linear U — V, there is an injective linear U — U x V (for example, U — {0} x V);
and conversely, since ¢ x p = p and thus U x V is isomorphic to V, for each injective
linear U — U x V, there is an injective linear U — V. Now if a : U — V is any
linear map, let o/ : U — U X V,u — (u,ua), and note that o’ is linear and injective.
Hence the number |V|? of linear U — V is at most the number of injective linear

U — U x V, and we have seen this equals m. It follows that m = |V|? as required.O

Theorem 2.5. If dimV =p > ¢ > R, then |GS(p,q)| = |V|P.

Proof. Suppose V' = (v;,v;) is a vector space over a field F' where |I| = p and |J| = g,
and let W = (v;). Now, for each basis A = {a;} for V and each o € G(A), there
exists an invertible linear o/ : V' — V and an injective linear 5 : V — V,a; — v;, and
then /3 € GS(p, q). In other words,

[GS(p,q)| = > {IG(A)|: Ais a basis for V}.

But if |F'| > 3 then, for all k; € F* = F \ {0}, {k;a;} is a basis for V, hence in this

case the number of bases for V' is at least |F*|P = |F'|P. Thus
GS(p,g)| 2 2% [F[" = (p.|F[)P = [VI?,

and equality follows.

Suppose now that |F'| = 2. Let {e;} be a basis for V', so |I| = p. For each fixed j € I,

{e; +€;} is a basis for V and so the number of bases for V' is at least p. Hence
IGS(p,q)l = > {IG(A)|: Ais abasis forV} > p.2" = (p.2)? = [V]7,
and then we also have equality in case |F| = 2. O

From Theorems 2.3 and 2.5 we deduce that BL(p, q) is not isomorphic to GS(m,n)
when |F| > 2P and m > p. For, Konig’s Theorem states that if {r; : i« € I} and
{s; : i € I} are any sets of cardinals such that r; < s; for each i then >, r; <[], s:
([3] Theorem 1.6.7). In particular, if r; = 2P for each ¢ € I and |I| = p then
> o;mi =px 2P =2P; and if s, = |F| for each 4, then [[, s; = |F|P. So in this case

|GS(m,n)| = |[V|™ = [VIP = |F|" > 2P = [BL(p, q)|

To see that there are fields of any infinite order, we prove the following result for

which we are unable to find a detailed reference.

Lemma 2.6. For each k > N, there is a field F' such that |F| = k.
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Proof. We begin by closely following [4] Exercise I111.5.4. Namely, let X be a non-
empty set with cardinal & > Ny, let N denote the set of non-negative integers, and
suppose ® is the set of all maps ¢ : X — N such that ¢(x) # 0 for at most a finite

number of x € X. Then ® is an abelian monoid under the operation ‘-’ defined by

(o ¥)(x) = o(z) + ().

We write ¢ - ¢ = ¢ when it is convenient to do so. For each x € X and i € N, we
define 2 € ® by
irn ) if y ==,
x(y)—{o if y # x.
If p € ® and x1,...,z, are the only y € X such that ¢(y) # 0, it can be shown that

_ 12
=T Ty Ty

where i; = ¢(z;) for j = 1,...,n. If Q is the field of rational numbers, we let
Q[X] denote the set of all functions f : & — Q such that f(¢) # 0 for at most a
finite number of ¢ € ®. Then Q[X] is a commutative ring with identity under the

operations:

(f +9)(@) = fp) + g(v),
(f9) (@) =D fla)g(B),

where the summation is over all pairs («, ) such that af = . If p = a:lf ~x52 coexln €
® and r € Q, we let r¢ denote the function f: & — Q defined by

_ it ¢ = ¢,
Then every non-zero f € Q[X] can be written as
f= mei“:ﬁ;” e (2.1)
i=0

where 7; € Q, x; € X and m, s;; € N are all uniquely determined by f.

Now, as in [4] Theorem II1.5.3, Q[X] is an integral domain, so we can form a field of

‘rational functions’ (compare [4] p 233, Example) thus:

QX)={f/g9: f.g€Q[X],g#0}.

We assert that |Q(X)| = k. To see this, first note that each polynomial 1 € & C
Q[X] equals x1/1 € Q(X), hence |Q(X)| > k. On the other hand, using the map

f/g— (f,g), we have:
|Q(X)| < |Q[X] x Q[X]| = |Q[X]].
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Now, by uniqueness, the number of polynomials in Q[X| with the form rzj*z5? - - - xin

n

is exactly
Q| x k*t x -+ x k%" = E.

Thus, to count all f € Q[X] expressed as in (2.1) is equivalent to counting the number
of subsets with cardinal m < Nj in a set with cardinal k£, and by Lemma 2.2 this
number equals k™ = k. It then follows that |Q(X)| = k as asserted. O

Of course, this discussion leaves open the question of whether BL(p, ¢) and GS(m,n)
are isomorphic when the condition “|F'| > 2P and m > p” does not hold. We consider

this possibility in the next section.

3. Isomorphisms between Baer-Levi semigroups

In this section we aim to use algebraic conditions on BL(p, q) to decide whether it
is ever isomorphic to GS(m,n). To do this, we first recall that Green’s L relation
on BL(p,q) equals the identity relation on BL(p,q) and the R relation equals the
universal relation on BL(p, q). In addition, BL(p, q) is not regular (since it contains
no idempotents). In this situation, it can be useful to study Green’s *-relations
instead. That is, following [2], if S is any semigroup and a,b € S, we say a L* b if
and only if
for all z,y € S',az = ay if and only if bz = by,

and we define R* on S dually. Clearly these relations are equivalences on S. In
fact, L C L* and R C R* always, so R* is universal on BL(p,q). However the
characterisation of £* on BL(p,q) is comparable with that of £ on T'(X) [1] vol 1,
Lemma 2.5: namely, from the next result, we deduce that a L* 3 on BL(p, q) if and

only if ran a = ran 3.

Lemma 3.1. If o, 5 € BL(p, q) then the following are equivalent.
(a) ran 8 C ran «,

(b) for each \, u € BL(p, q)*, aX = au implies S\ = Bu,

(c) for each A € BL(p, q), aA = « implies B\ = .

Proof. Assume «, 3 € BL(p, q) are such that ran 8 C ran«. Then § = i« for some
B € T(X). Let \,u € BL(p,q)*. Then, a)\ = au implies S\ = (Bra)\ = B1(a\) =
B1(apn) = (f1a)pw = Bu. Hence (a) implies (b). It is obvious that (b) implies (c¢). To
prove (c) implies (a), assume that, for each A\ € BL(p, q), a\ = « implies g\ = (.

Write X = {z;} and
xX; . xI;
=) o=
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If X = {a;} U{a;} = {b;i} U {b;} where |J| = ¢, write {a;} = {c¢;} U {d;} and

define
o a; Qaj . a; Gy
A_(ai Cj)’ M_<az‘ dj>'

Then A\, u € BL(p, q) and aX = a = au. Consequently S\ = 5 = Bu, and this implies
ran 3 Cran A = {a;} U {¢;} and ran 8 Cranpu = {a;} U {d;}. Hence ran 3 C {a;} =

ran o, as required. O

We now decide when BL(X, p, q) and BL(Y, m,n) are isomorphic: although the proof
of the next result closely follows the arguments in [6], we provide all the details since
similar ideas will be used later. However, first note that if ¢» : A — B is an order-
isomorphism between two families of sets then (A; N As)Y = Aj1p N Azt whenever

A1, As € Aand A1 N Ay € A. This is because order-isomorphisms preserve infima.

Theorem 3.2. The semigroups BL(X,p,q) and BL(Y, m,n) are isomorphic if and
only if p = m and ¢ = n. Moreover, for each isomorphism 6, there is a bijection
h: X — Y such that ad = h™tah for each a € BL(X,p, q).

Proof. Clearly, if the cardinals are equal as stated, then any bijection from X onto
Y will induce an isomorphism between the semigroups. So we assume there is an
isomorphism 6 : BL(X,p,q) — BL(Y, m,n) and aim to find a bijection h : X — Y.
We begin by noting that Lemma 3.1 says: for aj,as € BL(p,q), ranca; C ranas
if and only if for each 3 such that as(8 = a5, we have a1 = «;. Since 6 is an
isomorphism, it follows that rana; = ranas if and only if ran(a;0) = ran(asf).
Hence, if B(X, q) is the family of all subsets A of X such that |A] = pand | X\ 4| = g,
and B(Y,n) the family of all subsets B of Y such that |B|] = m and |Y \ B| = n,
then 1y : B(X,q) — B(Y,n), defined by letting Ay = ran(af) where o € BL(p, q)
is such that rana = A, is a well-defined order-isomorphism of B(X, q) onto B(Y,n).

Next we show that every order-isomorphism v of B(X,q) onto B(Y,n) is induced by
a bijection of X onto Y. Let A € B(X,q) and x € X \ A. We write AU{z} as AUz.
Clearly, AUz € B(X,q) and AU x covers A. Hence (A U x)y covers A, that is,
(AUz)p = Ap Uy for some y € Y \ Ayp. Write y = xhs. We proceed to show that
xha, = xhy, for all A;, As € B(X,q) not containing z. Let Ay, Ay € B(X,q) with
x Q/ Al UAQ. If A1 N AQ € B(X, q), then

(A1 N Asp) Uzhana, = (AiNA)pUzha,na,
Al N AQ) U ilf) ’I,ZJ
AiUz)N (A Ux)) (3.1)
AiUz)ypnN(AsUx)

Alw Ul?hAl) N (AQ'QZJ UthQ).

(
((
=
(
(



Thus,

{rhaina,t = (A N{zha, 1) U ({zha, } 0 A2) U ({zha, } N {zha,}).

Suppose zha, € Aitp. Then, xha, = xha,na, and so ((A1 NAx)Ux)y C Ay
by (3.1). Since @ preserves order, (41 N As) Ux C A; and this implies x € A;, a
contradiction. Therefore, xha, ¢ A19. Similarly, we conclude that xha, ¢ Aty and
hence {xha,na,} = {xha, } N {xha,}. Thus xha, = xha, = ha,n4,. On the other
hand, if A; N Ay & B(X,¢q) then, since | X \ (41 N Ag)| = ¢, we have |41 N As| # p
and thus p must equal ¢. In addition, |A;| = |A; \ A2] =p = |42\ A1| = |A2|. We
write As \ A; as the disjoint union of two sets M and N, with |[M| = |N| = p and let
As = (A1 \ A2) UM. By construction, both M and As belong to B(X, q). Moreover,
x g Ay UAs, Ay NAs € B(X,q) and x & Ay U Az, Ao N A3 € B(X, q). From the first

case, we may conclude that xhy, = xha, = zha,.

We now define h : X — Y as follows: xh = xhs, where A € B(X, q) satisfies z ¢ A.
The foregoing argument shows h is well-defined. Suppose xz1h = zoh for x1, 25 € X
and take A € B(X,q) with 21,20 € X \ A. Then (AUx1)yY = AY Uxihy =
AYpUxohy = (AU xs) 1 and hence AUx; = AU zo since ¢ is one-to-one. Therefore
xr1 = x2 and thus h is one-to-one. In order to show that h is onto, let y € Y and
B € B(Y,n), with y € B. Let A;,Ay € B(X,q) be such that A;¢p = B\ y and
Astp = B. Then As covers A; and so there exists © € X \ A; such that As = A; Uz.
Thus B = (B \ y) Uzha, and y = zha,. Hence h is a bijection and |X| = |Y.

Next we show that ¢ is induced by h, that is, Ay = Ah for each A € B(X,q). Let
y € Ah. Then there exists z € A with y = xh. Since A\ z € B(X,¢q) and A covers
A\ z, we have Ay = (A\ )1 U xh g\, which equals (A\ )4 Uy by the definition
of h. Hence y € Avy. Conversely, if y € A1 then At covers Ay \ y. Let A1 € B(X,q)
be such that Ay \ y = A1¢. Then, A covers A; since v preserves order, and so there
exists v € X \ A; with A = A; Uz. Thus Ay = (Ay \ y) Uzh (again by definition of
h) and hence y = xh € Ah. Therefore Ay = Ah.

Finally, we prove that, for each « € BL(p, q), af = hglahg where hy is the bijection
corresponding to the order-isomorphism vy. Let « € BL(p, q),z1 € X and x5 = x; 0.
We may choose A1, Ay in B(X,q) such that A; C Ay and A \ A1 = {z1}, together
with 3,7 € BL(X, q) such that ran 3 = A; and rany = As. Now ran+y\ranf = {x1}

and so

ran ((ya)f) \ran ((Ba)f) = ran((70)(ad)) \ ran ((50)(ab))
—  (ran(40) \ ran(96)) (a8)
= (A2vg \ A1tg) (o)
= {z1hg}ab.
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On the other hand, ran(vya) \ ran(fBa) = (A \ 41)a = {z2} and so

ran ((ya)f) \ran ((Ba)d) = (ran(ya)) g \ (ran(Ba)) vy
= ran(ya)h \ ran(SBa)h
= {Zl)gha} .

Thus x1hgal = xohy = x1ahg for all x1 € X and so af = he_lahg. Finally, since
afl € BL(Y,n) implies that |[Y \ Yaf| = n and, on the other hand, |Y \ Yh™lah| =
|(X \ Xa)h| = q for any bijection h : X — Y, we also have ¢ = n. O

We now use a similar argument to show that BL(X,p,q) is never isomorphic to
GS(V,m,m). For this, we need a result for GS(m,n) which is analogous to Lemma
3.1 (its proof uses the well-known characterisation of Green’s L-relation on T'(V):

see [1] vol 1, p 57, Exercise 6).

Lemma 3.3. If o, 5 € GS(m,n) then the following are equivalent.
(a) ran 8 C ran «,

(b) for each A, € GS(m,n)!, aX = ap implies S\ = [y,

(c) for each A € GS(m,n), aX = a implies S\ = (.

Proof. Let a, 5 € GS(m,n) be such that ran 8 C ran«. Since o, € T(V), there
is some 3; € T(V) such that 3 = Bia. Let \,u € GS(m,n)!. Then, a) = au
implies A = (Bia)A = fi(ar) = fi(ap) = (Bia)p = Bu. Therefore (a) implies
(b). Clearly (b) implies (c). Now assume (c¢) holds and write V' = (e;). It follows
that rana = (e;a) where {e;a} is linearly independent since « is one-to-one, and
V = (e;a,ej) with |J| = n since d(a) = n. Write {e;} = {u;}U{v;} and define

A€ T(V) as follows:
\ = € €4 = € €j
e uj )’ e vy )

Then \,p € GS(m,n) and a\ = o = au. Hence A = g = fu, so ranf C
ran A = (e;o,uj) and ranfS C ranp = (e;a,vj). Now, if w € ranf then w =
Yozi(e;a) + > yju; and w = )Y a;(e;a) + > bjv; for some scalars x;,y; and a;, bj;
hence, by linear independence, y; = b; = 0 for each j. Thus, ranf C (e;a) = rana,

as required for (a). O

Next we need [9] Lemma 6 which we quote below for convenience: as observed by
Lima [8] p 433, this result highlights an essential difference between sets and vector
spaces. For, if X = AUB where |A| = |B] = p and AN B = (), then there is no
C C X such that |[C|=pand CNA=()=CnNB.
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Lemma 3.4. If dimV = p > Ry and Uy, U, are subspaces of V' with codimension p in
V then there is a subspace W of V such that dim W = p and WNU; = {0} = WNUs.

Theorem 3.5. The semigroups BL(X, p,q) and GS(V, m, m) are not isomorphic for
any (infinite) cardinals p, g and m, with ¢ < p.

Proof. Suppose ¢ is an isomorphism from BL(X,p, q) onto GS(V,m, m). Then, from

Lemmas 3.1 and 3.3 we have
rana Cranf if and only if ran(a¢) C ran(B¢). (3.2)

Let B(X,p,q) denote the family of all A C X such that |[A] = p and |X \ A] = ¢
and let G(V,m, m) denote the family of all subspaces U of V' such that dimU = m
and codimU = m. We observe that ¢ gives rise in a natural way to a mapping ¢
from B(X,p,q) into G(V,m, m): for each A € B(X,p,q), let Ap = ran(a¢) for some
a € BL(X,p,q) such that rana = A. From (3.2), we readily deduce that ¢ is a
well-defined order-isomorphism of B(X, p, q) onto G(V,m, m).

Let Ay, As € B(X,p,q) and write X = A; U B; = Ay U By where |A;| = p and |B;| =
q for i = 1,2. Then A;p, Ay are elements of G(V, m, m), and hence codim(A;¢) =
dim V' = codim(Az¢p). By Lemma 3.4, there is a subspace W of V' such that dim W =
m and W N Ao ={0} = W N Azp. Let {w;} be a basis for W and {a;} a basis for
Ajp. Since WNA ¢ = {0}, it follows that {w; }U{a;} is linearly independent. Hence,
it can be expanded to a basis {w;, a;, v} for V, and so codim W = |I| + | K| = m.
Thus, W € G(V,m,m) and, since ¢ is onto, there is a subset C' of X in B(X,p,q)
such that W = Cp. We have C = CNX = (CNA;) U (CNBy). Since |C] = p
and |C N By| < ¢, it follows that |C N A;] = p when ¢ < p. Moreover, X =
(CNA)U(CNB)UX\C)and so | X\ (CNAy)| = q Therefore, C N Ay €
B(X,p,q) if ¢ < p. Since CNA; C C and C N A; C Ay and ¢ preserves order, we
have (CN A1) p C WNA;p = {0}, which contradicts the fact that (C'N A;) ¢ belongs
to G(V,m,m). On the other hand, if ¢ = p then either |C'N A;| =p or |C' N By| = p.
Without loss of generality, suppose |C' N A;| = p and write C N A1 = Y U Z where
Y| =p=|Z]. Then C =YUZU (CNBy)andso |X\Y|>1|ZU (CNBy)| =p.
Therefore, Y € B(X,p,p). Since Y C C, Y C A; and ¢ preserves order, we have
Yo CW N Ajp = {0}, which contradicts the fact that Yo € G(V,m, m). O

To obtain useful algebraic conditions on BL(p,q) when ¢ < p, we first observe that
it contains a copy of BL(q, q): namely, if Y C X has cardinal ¢, we let

B(Y)={ae€BL(p,q): YaCY, a| (X\Y)=idx\y}
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which is clearly non-empty and isomorphic to BL(Y, q, q). For each « € BL(p, q), we
define the shift of o to be

S(a) ={zx e X :za#zx}, s(a)=|5a)
and write
Fla)=X\S(a)={r € X :za ==z}.

Note that S(aB) C S(a) U S(B), so s(af) < s(a) + s(B) always. Clearly, A = A
in BL(p, q) if and only if ran A C Fixa. Also if « € BL(p, q) then s(a) = ¢ if and
only if Aa = A for some A € BL(p,q). For, we know X \ rana C S(«a), so s(a) > ¢
always. If Aa = A for some A € BL(p,q) then ran A C F(a), so S(a) € X \ ran A
and hence s(a) < ¢; conversely, if s(a) = ¢ < p then |X| = |F(«)| and any bijection
A : X — F(«) satisfies Ao = A and belongs to BL(p, q). Thus, we have an algebraic

characterisation for the elements of the semigroup:
Alq) = {a € BL(p,q) : s(a) = q}. (3.3)
Next we define an equivalence ~ on A(q) by:
a~ (3 ifand only if S(«a) = S5(5).

Surprisingly, this has an algebraic characterisation which is similar to Lemma 3.1(c).
Here it is also worth recalling [1] vol 2, Lemma 8.3: namely, the equation zy = y

cannot occur in any right simple, right cancellative semigroup without idempotents.
Lemma 3.6. If a, 8 € A(q) then the following are equivalent.

(a) S(B) € S(a),

(b) for each A\ € BL(p,q), A = X implies A3 = A.

Proof. Suppose S(5) C S(«). Let A € BL(p, q) be such that A = X\. Then ran A C
F(«) and since S(5) C S(«) it follows that ran A C F(3). Therefore, since A € ran A

for each x in X, we have x(A3) = (zA)8 = =, and hence A\ = A. Conversely, assume
(b) holds. If F(a) = {e;} and S(«a) = {x;}, write {e;} = {fi} U{f;} and

[ fi i oz
Oé_(fi fj’ %Ja>
. € Ty
A_(ﬁ ﬂ)'

Then Aa = A and A € BL(p, q) since d(\) = g = s(a). Hence A = X and F(a) =
ran A C F(3). Thus S(B) C S(«). O

Define
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If we fix some 3 € A(q) and put S(5) =Y then F(8) = X \ Y and we have:
BY)={aecA(g): S(a) C Y},

and this is the set of all « € BL(p, ¢q) such that ua = u for some u € BL(p, q) and,
for each A € BL(p,q), A3 = X implies Aa = A. In other words, we have an algebraic
description of each BL(q, q) inside BL(p,q) when g < p.

The aim now is to use this description to show that BL(p, q) cannot be isomorphic to
any GS(m,n) when p > q. However, for this we need to identify a subset of GS(m,n)

which will correspond to some B(Y) in BL(p, q) under an isomorphism.

We start by defining, for each o € T(V),
Fix(o) = {u € V : ua = u}.

Since this is a subspace of V', we can let s(a) = codim Fix(«r), and we call this the
shift of & € T(V). It can be shown that s(af) < s(a) + s(B): see [9] Lemma 5.
Hence, by analogy with A(q) in BL(p, q), if m > n then there exists a subsemigroup
of GS(m,n) defined by:

Y(n) ={a € GS(m,n): s(a) =n}.
Furthermore, we can characterise 3(n) algebraically as follows: given o € GS(m,n),
s(a) =n if and only if Aa = A for some A € GS(m,n). (3.4)

For, Fix(«) C ran « implies n = d(«) < s(«). If Aa = A for some A € GS(m,n) then

a) <
ran A C Fix(«) and this implies s(a) < d(A) = n; conversely, if s(a) = n < m then
dimV = dimFix(a) and any linear bijection A : V' — Fix(«) satisfies Aa = A and
belongs to GS(m,n).

Next we define an equivalence ~ on ¥(n) by

a=( ifand only if Fix(«) = Fix(f).

Its algebraic characterization is analogous to that of the equivalence ~ defined on

the subsemigroup A(q) of BL(p,q).

Lemma 3.7. If o, f € ¥(n) then the following conditions are equivalent.
(a) Fix(a) C Fix(0),
(b) for each A € GS(m,n), Aa = X implies A\F = .
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Proof. Assume Fix(a) C Fix(3) and let A € GS(m,n) be such that Aa = A\. Then
ran A C Fix(a) and so ran A C Fix(f). Therefore, A\G = A. Conversely, suppose
{e;} = {fi} U{f,} is a basis for Fix(a), where [I| = m > n = |J| since a € X(n).
Expand {e;} to a basis {e;,v;} for V and note that

[ fi fi vy
=(f 5 )
o €; U,
A_(ﬁ ﬁ)'

Then A\a = XA and A € GS(m,n) since d(\) = n = s(a). Hence A\ = X and so
Fix(a) = ran A C Fix(f). 0

Define A € T(V') by

One candidate for a linear version of B(Y'), the copy of BL(Y,q,q) in BL(p,q), can
be defined as follows. If U is a subspace of V' with dimension m and codimension n

and if W is a complement of U in V', then we let
GUW)={aecGS(m,n): Wa CW, U C Fix(a)}

which is clearly non-empty and isomorphic to GS(W, n,n). Unfortunately, whereas
the complement of a subset Y in X is unique, this is not true for a complement of
a subspace U in V. Therefore, we now fix some § € ¥(n) and put Fix(5) = U and
V =U& W, so we have

GUW)<C GWU)={aecX(n):U C Fix(a)}.
Note that G(U) is the set of all &« € GS(m,n) such that pa = p for some p in
GS(m,n) and, for each A\ € GS(m,n), A3 = X implies Aa = \: that is, G(U) has
the same characteristics as B(Y') in BL(p, ¢q). Note also that the above containment
is ‘proper’. For, if {u;} is a basis for U and {w;} a basis for W then V = (u;, w;).
Write {u;} = {v;} U{v;} (possible since |J| = n < m = |I| by the choice of U and
W) and also write {v; + w;} = {x;} U{y;}. Then {v;} U{v,;} U{v; + w;} is a basis

for V and
o =
Uy Ty

is an element of G(U) (note that wja # w; for each j) and it does not belong to
G(U,W) since WanW = {0}.

To proceed further, we require two technical results whose purpose will become ap-

parent in the proof of Theorem 3.10.

Lemma 3.8. For each vector space W with dimension n > Ny, there exists a €

GS(W,n,n) which fixes exactly one element of W, namely 0.
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Proof. Consider a basis for W of the form:

{wlk} U {wgk} U....

That is, W = (w;) where |I| = Ry and |K| = n. Define a € T(W) by
o W1k N Wik e
a= .
<w2k coe Witk )
Then d(a) = n, so o € GS(W,n,n). Now each v € W can be written as

v = inl’kwihk +...+ inmkwimk (3.5)
k k

where the z;, ;. are scalars, each sum is over a finite (and possibly different) index

set and we can assume i1 < i3 < ... < i,.. Therefore, if vav = v, we have:

E Tiy kWi ke + E Tig kWig ke + .+ E T, kWi, k
k k k

(3.6)
= E Ty kWi 41,k T E Tig kWigt1,k + - -+ E Ti, kWi, 41,k-
k k k

Since all the w;; j are linearly independent, and w;,  does not appear on the right

of this equation, we deduce that x;, ;, = 0 for all k. Then (3.6) reduces to
Z $¢27kwi27k + ...+ Z I’imkwir’k = Z $¢2’kwi2+1’k 4+ ...+ inr7kwir+1’k. (37)
k k k k

Again, w;, ;, appears nowhere on the right of this new equation, so z;, » = 0 for all

k. In like manner, all coefficients in (3.5) equal 0, hence v = 0 as required. O

Lemma 3.9. Let V be a vector space of dimension m and U a subspace of V' with
dimension m and codimension n. If Wy, W5 are subspaces of V' with codimension
n which contain U and satisfy dim(W;/U) = n = dim(W5/U), then there exists
a subspace L of V with codimension n in V' which properly contains U such that
LNWy=U=LNW,.

Proof. Let Wy, W5 be subspaces of V' such that U C Wy, U C Ws, codim(W;) =
n = codim(Ws) and dim(W;/U) = n = dim(W>/U). Recall that dim(V/U) equals
the codimension of U in V' and that there is a natural (linear) isomorphism between
V/W; and (V/U)/(W;/U) for i = 1,2. Hence, W;/U has codimension n in V/U.
By Lemma 3.4, there exists a subspace L/U of V/U such that dim(L/U) = n and
L/UNW, /U ={U} = L/UNWy/U. Since dim(L/U) = n, U is properly contained
in L. Moreover, since L/U N W, /U = {U},

n = dim(W;/U) < codim(L/U) < dim(V/U) = n,
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and so codim(L) = n. From L/UNW,/U ={U} = L/U N W5 /U, we may conclude
that LNW, =U = LN Wa. O

Theorem 3.10. The semigroups BL(X,p,q) and GS(V, m,n) are not isomorphic

for any infinite cardinals p, ¢, m,n with ¢ < p and n < m.

Proof. Suppose ¢ is an isomorphism from BL(X,p,q) onto GS(V,m,n). Let Y C X
be such that |Y| = ¢ and let 5 € BL(p,q) be such that S(8) = Y. Then, ¢ €
GS(m,n). Moreover, s(8¢) = n, since s(3) = q and so there exist u € BL(p,q) and
o € GS(m,n) such that 8 = p and (ud)(Bo) = pe. Hence, dim Fix(B¢) = m. Let
U = Fix(f¢) and V. =U @ W. Let B be the family of all subsets of Y with cardinal
q and let G be the family of all subspaces of V' with codimension n which contain U.
Consider ¢ defined as follows: given B € B, let By = Fix(a¢), where a € B(Y') is

such that S(a) = B. We assert that ¢ is an anti-isomorphism from B onto G.

Let B = {b;}U{c;}U{d;} € B, with |J| = ¢ and write {d;} = {e;}U{f;}. Write
X = {z;} UB and define a € T(X) by

Then ¢(a) = 0, d(a) = g and S(«) = B. Hence a € A(q) and, by the characterisations
discussed at (3.3) and (3.4), we have a¢p € 3(n). Also, since S(a) C Y, Lemmas
3.6 and 3.7 imply U C Fix(a¢). Therefore, Fix(ap) € G. If B;,By € B and
a1,a9 € B(Y) are such that S(ay) = By and S(ag) = Bs, then

B CBy, < S(a)C S(a)
& Adag = A implies Aa; = A forall Ain BL(p,q)
& plage) = p implies  p(aygp) =X for all g in GS(m,n)
< Fix(ag¢) C Fix(a1¢)
& Bop C Byp.

Thus, ¢ is a well-defined one-to-one mapping which inverts order. To show that ¢
is onto, we will use Lemma 3.8. Let G = (¢;) € G. Then codimG = n and U C G.
Write V =G @ H, with H = (f;) and define e € T'(V) by

€= <e¢ Ti ) 7
€; ijé
where a € GS(H, n,n) fixes exactly one element of H, namely 0. Now, e € GS(V, m,n)

and Fix(e) = G. For, if v = Y ae; + > b;f;, then ve = v if and only if « fixes the
element )b, f; € H. But the latter happens if and only if > b; f; = 0 in which case
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b; = 0 for each j; that is, v € G. Since ¢ is actually in 3(n), there exists § € A(q)
such that e = 0¢. Let B = S(0). Since Fix(8¢) = U C G = Fix(d¢), we conclude as
before that S(0) C S(B) =Y. That is, B € B and By = G.

We now show that, for subspaces Wy = By, Wy = Byp of V in G with WiNWs = U,
we have By U By =Y. Since ¢ inverts order, (By U Bs)y is a subset of By N Byp =
WinNWsy =U = Y (the last equation holds since Y is the greatest element of B and
U is the least element of G). Hence, Y C B; U Bs and so By UBy =Y.

Next, we use the above results to produce a contradiction. Let By, Bo € B be such
that BiUBy = Y. Then, Bip = Wi = (u;,vx) and Bap = W = (u;, wy), where
U = (u;). Since codimW; = n = codim W5, we can choose bases {z;}U{y;} and

{s;}U{t;} for complements of Wi and W5, respectively, where |J| = n. Then
Vo= (ui, vk, 25, y5) = (ui, we, S5, t5).

Let W{ = (u;, v, z;) and W3 = (u;, we, s;). Then W{, W3 € G and dim(W7/U) =
n = dim(W3/U). By Lemma 3.9, there exists an element L # U in G such that
LNW{ =U=LnNW)j. Since W; C W{ and Wy C WJ, we have LNW; = U =
L N Ws. Also, since ¢ is onto, there exists B € B such that By = L. Therefore,
Bp N Byp = U = By N Byp, which implies that BU B; =Y = B U By. Thus,
B1,B; C Band Y = B. Hence U = L, a contradiction. O

Next we show that BL(p,p) and GS(m,n), with n < m, are not isomorphic. We
recall that BL(X,p,p) is embeddable in BL(Y,r,p), with X ¢ Y and p < r, and

consider the semigroup
S={a e BL(Y,r,p): S(a) C X}.
For each a € S, s(a) = p since D(a) C S(a) C X. Let
T={acS:|XNF(a)| =p}
which is easily seen to be non-empty. If « € T', write X = {z;} = {s;} U{¢t;}, where

S(a) = {s;} and X N F(a) = {t;}. Write Y = {y;} U{z;} and {¢t;} = {u;} U{v;},
with {v;} = {a;} U{b;}. Define

A:(% uj %)_
yi aj uj b
Then A € S and Aa = A. On the other hand, let € S be such that A\a = A for

some A € S. Since A € S, we have S(\) C X. Hence Y\ X C F(X). We also have
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ran(A) C F(«) since Aa = A. Hence XA C X N F(«) and so | X N F(«a)| = p. Thus,

we have an algebraic characterisation for the elements of the set T

However, T is not a semigroup. To see this, let X = AU BUC, each with cardinal
p, and let B = By U By, C' = C U(Cjy, also each with cardinal p. Suppose a € S fixes
both Y and A pointwise, and maps B onto C' and C onto B;. Also, let § € S fix
both Y and B pointwise, and map A onto C; and C onto A. Then F(af) =Y and
| X N F(aB)] =0. Hence a, 3 € T but af & T.

Theorem 3.11. The semigroups BL(X,p,p) and GS(V, m,n) are not isomorphic

for any infinite cardinals p, m,n with n < m.

Proof. Suppose BL(X,p,p) is isomorphic to GS(V,m,n). Let Y be a set with
cardinal » > p such that Y O X. Then, BL(X,p,p) is isomorphic to a subset
of BL(Y,r,p) — namely, S = {a € BL(Y,r,p) : S(a) C X} — and there is an
isomorphism ¢ from S onto GS(V,m,n). Let T = {a € S : | X N F(a)| = p}.
Clearly ¢ induces a one-to-one mapping from 7" onto ¥(n). For, o € T' if and only if
Aa = X for some A € S, which in turn is equivalent to saying: pu(a¢) = p for some
pw € GS(V,m,n) (even though T is not a semigroup). But ¥(n) is a subsemigroup of
GS(V,m,n) and ¢ is an isomorphism, hence ¥X(n)¢~! = T must be a subsemigroup

of S, contradicting our earlier remark. O

Since we have now shown that BL(p,q) and GS(m,n) are never isomorphic, it is

worth observing the following result.

Theorem 3.12. Any right simple, right cancellative semigroup S without idempo-

tents can be embedded in some GS(m, m).

Proof. Let |S| = m and write S' = {a;}, with |I| = m. Note that S is infinite, since
S has no idempotents. Let F' be any field and let F; be a copy of F' for each 7 € I.
As in [4] p182, Remark (c), we let V' be the vector space ) F; over F' whose basis
can be identified in a natural way with {a;}: that is, > F; is the set of all (r;)icrs
where r; € F; and at most finitely many r; are non-zero. Since S is right cancellative,
the extended right regular representation of S is a faithful representation of S as a
semigroup of one-to-one mappings of S! into itself. Let x € S. Then x is represented
by ps : St — Sl a; — a;x, which is a one-to-one mapping of the basis {a;} into
itself. Hence p, can be extended by linearity to a one-to-one linear map V" — V.

Moreover, since S is infinite, [1] vol 2, Lemma 8.4 implies that

ST =15 =[S\ Sz =[5\ (x U Sz)| =[S\ S pg].
Therefore, codim p, = |S| = m and hence p, € GS(V,m, m). The faithfulness of the
extended right regular representation implies that S is embedded in GS(V, m, m). O

19



4. Left ideals of GS(m,n)

In this section we transfer results of Sutov [11] and Sullivan [10] on the left ideals of
BL(p,q) to the linear Baer-Levi semigroup on V. By analogy with their work, the
most natural way to do this is to show that the left ideals of G.S(m,n) are precisely
the subsets L of GS(m,n) which satisfy the condition:

(a € L, e GS(m,n), ran f C ran o, dim(ran o/ran ) = n) implies 3 € L.

Although this result is valid, to obtain more information about the left ideals of

GS(m,n) we proceed as follows.

If Y is a non-empty subset of GSS(m,n), we let L{: = Y U Ly, where
Ly = {8 € GS(m,n) :ran§ C ran o, dim(ran/ ran ) = n for some « € Y}.

To show Ly is non-empty, choose any a € Y. Suppose {e;} is a basis for V' and
write e;a = a; for each i. Since « is one-to-one, {a;} is linearly independent and so
it can be expanded into a basis {a;} U {b;} for V. Note that |J| = d(a) =n < m.
Therefore we can write {a;} = {¢;} U {d;} and define

ﬁ:(z).

This is in G'S(m,n) since B is one-to-one and d(3) = dim(d;,b;) = n. We have
ran # C rana and dim(rana/ran ) = dim(d;) = n. Hence § € Ly and so Ly is

non-empty.

Theorem 4.1. If Y is a non-empty subset of GS(m,n), then L3 is a left ideal of
GS(m,n). Conversely, if I is a left ideal of GS(m,n), then I = L.

Proof. Suppose Y is a non-empty subset of GS(m,n) and let o € L; and g €
GS(m,n). Then fa € GS(m,n) and ran(Sa) C ran«. Suppose {e;} is a basis for V.
Since (3 is one-to-one, {e;3} is a basis for ran 3, which can be expanded into another
basis {e;,e;} for V, with |J| = d(3) = n. Then ran o = (e;f5a, e;c). On the other
hand, ran(fa) = (e;fa) and so dim(rana/ran(fa)) = dim(eja) = n. If a € Y,
then Sa € Ly. If not, then a € Ly and so rana C ran~y and dim(rany/rana) = n
for some v € Y. Thus ran(fa) C rana C rany and n = dim(ranvy/rana) <
dim(ranvy/ran(fa)) < d(Ba) = n. Therefore fa € Ly. In other words, we have
shown that L7 is a left ideal of GS(m,n).

Suppose I is a left ideal of GS(m,n). We assert that I = L}. Let 8 € L;. Then

there exists a € I such that ran C rana and dim (rana/ran 8) = n. If {e;} is a
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basis for V' then ran 8 = (e;3) and, since ran§ C ranc, rana = (e;[3, e;) for some
linearly independent set {e;3,e;}. Moreover, |J| = n since dim (ran a/ran ) = n.
Since « is one-to-one and e;3,e; € rana, we can choose unique f; and f; in V such
that fia =e;0 and fjo = e;. Then {f;} U{f;} is a basis for V since « is one-to-one

and {e;(3,e;} is a basis for ran a. Thus, we have
_ Ji fj _ €;
@ (615 ej )’ b= eid )’
€
”:(ﬂ>'

Then v € GS(m,n) and B = ~va. Since I is a left ideal, it follows that g € I.
Therefore, L; C I and so L}“ =1. O

Define v € T(V') by

Remark 4.2. The left ideals of GS(m,n) do not form a chain under C. For,
suppose {e;} is a basis for V, let a € GS(m,n) and write e;a = a; for each i. We
can expand {a;} into a basis {a;} U{b;} for V, with |J| = n. Let |K| < n and write
{ei} = {fi} U{fi} and {b;} = {cx} U{d;}. Define

A fi f
=8 1)

Then o ¢ L}, and 3 ¢ L?a}' Thus Lfa} ¢ L}, and L

Jr
(9} (5} &L

{a}

The next result determines when one left ideal of G\S(m, n) is contained in another.

Theorem 4.3. Let A, B be non-empty subsets of GS(m,n). Then LY C L} if and
only if A\ B C Lg.

Proof. If Li" - LE, then A C BU Lp and so A\ B C Lp. Suppose now that
the latter happens and let o € LZ. Then o € Aor a € Ly. If « € AN B, then
a€ B. If a € A\ B, then « € Lg. On the other hand, if & € L4, then there exists
B € A such that rana C ran 8 and dim(ran 3/ rana) = n. If 8 € B, then a € Lp.
If not, then § € A\ B C Lp and so there exists v € B such that ran3 C ran~y
and dim(ranvy/ran3) = n. Therefore rana C ranvy and n > dim(ranvy/rana) >
dim(ran 3/ rana) = n and hence o € Lp. Thus we have shown that o € L}, and the

result follows. O

Hence A C B implies Lj C LE, but not conversely. For, suppose {e;} is a basis for
V and write {e;} = {a;} U{b;} and {a;} = {c;} U{c;}, with |J| = n. Define

e=(a) o= ()



in T(V). Since «, § are one-to-one and d(a) = dim(b;) = n = dim(b;,c;) = d(B), a
and 3 are elements of GS(m,n). If A = {3} and B = {a} then L} C L5 but A ¢ B.

Corollary 4.4. Let A, B be non-empty subsets of GS(m,n). Then LYULE = L% 5.

Proof. Since A,B C AU B, we have Lj U L}; C LXUB. Let v € LJAUB. Then
v€ AUB, and so vy € Aor v € B, or v € Layp. If the latter happens, then
there exists & € AU B such that rany C rana and dim(rana/ranvy) = n. Hence
v € Ly U Lp. Therefore v € Lz U LE and the result follows. O

A similar result does not hold for the intersection of two non-empty subsets of
GS(m,n). That is, there are non-empty subsets A, B of GS(m,n) whose intersection
is also non-empty but ij 5 & LX N LE. To see this, suppose {e;} is a basis for
V and write {e;} = {a;} U{b;}U{c;}U{d;}, with |J| = n. Since n < m, we can
also write {a;} U{b;} = {z:}, {a;} U{b;} U{¢;} = {v:} and {a;} U{d;} = {z:}. Now

define
€; [ €& [ €
«=(n) o=(5) = (%)

in T'(V). It is easy to see that o, 3,7 € GS(m,n) and ran o C ran 3, dim(ran 3/ ran «)
n and rana € rany. Let A = {a,v} and B = {(,7}. Then AN B = {v}. Since
a € A and a € Lp, it follows that o € Lj N LE. On the other hand, a # ~ and
o ¢ L,y Hence a ¢ L 5.

In addition, the correspondence A +— LZ is not one-to-one. For example, if C =
{a,} and D = {3} where «, 3 are the linear transformations defined in the last
paragraph, then L}, = L. To see this, let § € GS(m,n) be such that rané C ran

and dim(ran a/rand) = n. Then rand C rana C ran 8 and
n = dim(ran «/rand) < dim(ran 5/ rand) < d(d) = n.

That is, if € LY, then § = 3 or (rand C ran 8 and dim(ran 8/rand) = n) (by the
definition of o and 3, this covers the possibility that § = «). Hence § € L}, and
clearly LB C LJ(E, so we have equality as stated.

Note that by [1] vol 2, p 85, Exercise 3, if S is a right simple semigroup without
idempotents and if S = Sz U {z} then = belongs to (at least) two distinct principal
left ideals L; and Lo, hence S is contained in both of these and so L = Lo, a

contradiction. That is, GS(m,n) is not a principal left ideal of itself.

To decide when other left ideals of GS(m,n) are principal, we first observe that the
principal left ideal generated by o € GS(m,n) is Lf{a}. For, clearly GS(m,n)ta C

L?a} since a € L?a} and LELQ} is a left ideal of GS(m,n). Conversely, the argument
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in the second paragraph of the proof of Theorem 4.1 shows that if « € A C GS(m,n)
and 3 € L4 then 8 = vya for some v € GS(m,n). In other words, L, € GS(m,n)a
and it follows that Lfa} = GS(m,n)la.

Corollary 4.5. Let A be a non-empty subset of GS(m,n) and o € GS(m,n). Then
L} = Lzra} if and only if « € L} and A\ {a} C L{,;.

In effect, the following result determines when left ideals are proper.

Theorem 4.6. Let A be a non-empty subset of GS(m,n). Then L = GS(m,n) if
and only if for each a € GS(m,n) there exists A € A such that ran« C ran \.

Proof. Suppose the latter condition holds for a non-empty A C GS(m,n). Let {e;}
be a basis for V, suppose € GS(m,n) and write ¢;3 = b; for each i. We can
expand {b;} into a basis for V, say {b;} U{b;}. Write {b;} = {c¢;} U{d;} and let
{ei} ={bi} U{c;}. Define
= ()
Ci

Then v € GS(m,n) and so there exists A € A such that rany C ranA. Hence
ranf C rany C ran A and n > dim(ran A/ ran 3) > dim(ran~y/ran 3) = n. Therefore
B € LaC LY. Thus GS(m,n) C L} and equality follows. Conversely, if there exists
a € GS(m,n) such that ran € ran X for all A € A, then clearly o ¢ L and hence
L7 is a proper subset of GS(m,n). O

To see that A may not equal GS(m,n) in the above result, fix « € GS(m,n) = G
say, and write # = ya for some fixed v € G. Put A = G\ {4} and recall (see before
Lemma 3.6) that a # ya in G, so a € A. Clearly G = GAU A. Also, if p € G then
either u € A or = 7'\ for some A\ € A, and in each case ranpu C ran A for some
)\ € A. Hence, by the Theorem, L = G where A ¢ G.

It is easy to see that GS(m,n) has no minimal left ideals. For, by [1] vol 2, p 85,
Exercise 4, if S is any right simple semigroup without idempotents then Sba is a
proper subset of Sa for each a,b € S. But if L is a minimal left ideal of S and
x,y € L then Syr = L = Sz by minimality, hence S cannot contain any minimal left

ideals. However, it is not as easy to see that GS(m,n) has no maximal left ideals.

Theorem 4.7. The semigroup GS(m,n) has no maximal (proper) left ideals.

Proof. From Theorem 4.6, LX is a proper left ideal if and only if there exists some «
in GS(m,n) such that rana € ran A for all A € A.
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Let Ly> be a proper left ideal of G:S(m,n). Then there exists o € GS(m,n) such that
rana Z ran A for all A € Y. Let Z =Y U {a}. Then L] C L}. Obviously a ¢ L3
and so Ly, ¢ L}. We assert that L}, ¢ GS(m,n).

Write e;a = a; where {e;} is a basis for V', and expand {a;} into a basis for V, say
{a;} U{a;}. Write {a;} = {b;} U{c;} and let {b;} = {a;} U{b;}. Define

8= (Z) € GS(m,n).

Then rana C ran 3 and so § ¢ Y. Since o # 3, we have § ¢ Z. Suppose € Ly.
Then ran 3 C ranvy and dim(ranvy/ranf) = n for some v € Z. If v = «, then
ran 3 C ranca, a contradiction. Then v € Y, but rana C ran( C ran-~y, which
contradicts our condition on o and Y. Therefore, 3 ¢ L}, and hence L} ¢ GS(m,n).
In other words, given any proper left ideal A, we can find a strictly larger proper left

ideal that contains A. Hence there are no maximal left ideals of GS(m,n). ad

5. Maximal subsemigroups of GS(m,n)

In this section, we show that any subspace U # {0} of V' with codimension at least
n gives rise to a maximal subsemigroup of GS(m,n): here, our work closely follows
that in [7].

Let U # {0} be a subspace of V' with codim(U) > n and define

My ={a e GS(m,n) :U Lrana or (Ua«a CU or dim(Va/U) <n)}.

Theorem 5.1. For each subspace U # {0} of V with codim(U) > n, My is a

maximal subsemigroup of G\S(m,n).

Proof. We first show that My is a subsemigroup of GS(m,n). Let o, 5 € My . Since
a, B € GS(m,n), it follows that af € GS(m,n). If U € ran(af) then af € My. If
U C ran(af) then U C ran 3. Hence US C U or dim(ran 3/U) < n. If the latter
holds then dim(ran(af)/U) < dim(ran3/U) < n and so aff € My. f U C U
then UB C ran(af3) and so U C rana. Thus, Ua C U or dim(rana/U) < n since
a € My. Suppose Ua C U. Then Uaff C UB C U and therefore af € My.
If dim(rana/U) < n, write U = (u;) and so UB = (u;). Hence U = (u;[3,u;)
for some linearly independent set {u;5}U{u;}, and likewise rana = (u;,w,) and
ran(af) = (u;3,w,[). On the other hand, since U = (u;3,u;) C ran(af), we have
ran(af) = (uw;f,u;, ws). Hence |R| = |J| + |S|. Thus,

dim(ran(af)/U) = |S| < |R| < n.
Therefore, a8 € My and My is a subsemigroup of GS(m,n).
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In order to prove the maximality of My, we show that a subsemigroup M of GS(m,n)
properly containing My necessarily is GS(m,n) itself. Let M be a subsemigroup of
GS(m,n) satisfying these conditions. Let v € M\ My and a € GS(m,n)\ My. Since
v, & My, we know that U C ranvy, Uy € U, dim (rany/U) > n and U C rana,
Ua € U, dim (rana/U) > n. If Ua™! = (a;) and Uy~ = (b;), then U = (a;a) =
(bjv) and {a;a},{bjy} are bases for U, since o and 7 are one-to-one. Therefore
|I| = |J| and we can write Uy~! = (b;) and U = (a;a) = (b;y). Since Ua™! is a
subspace of V', we can expand {a;} into a basis for V, say {a;} U{ex}. Then rana =
(a;a, epa) where {a;a, epa} is linearly independent. Hence codim(Ua™1) = |K| =
dim (ran «/U). Since ran o = (a;, eya) and rana C V', we can expand {a;a}U{epa}

into a basis for V, say {a;a, exa, ep} with |L| = n and so codimU = |K| 4+ n = |K]|.

Analogously we can expand {b;} into a basis for V', say {b;, f,-}, and ran~y is spanned

by the linearly independent set {b;, f,v}. Hence
codim(Uy~ 1) = |R| = dim (rany/U) > n.

We can expand {b;7, fv} into a basis for V', say {b;v, fr7, fs}. Hence d(y) =n =
|S| and, since |L| = n, this means we can write {f;} instead of {fs}. Moreover
codimU = |R| = |K|. Therefore, we can also write {fx} and {fxv} instead of {f,}
and {f,7v}, respectively.

Since Uy ¢ U, there exists u € U such that uy ¢ U. It follows that {b;,u} and
{b;7y, uvy} are linearly independent. We can expand these sets into bases for V' and for
ran v, respectively, say {b;,u, by} and {b;y,uy, gr} (note that |K| = codim(U~y~1t) =
dim(u, hy) and | K| = dim(rany/U) = dim(uv, gx)). We can also expand {b;y, uy, gx }
into a basis {b;7y,uv, gk, g:} for V, where |T'| = d(y) = n = |L|. Write {g,} instead
of {g¢:} and let W = (uv, gr,g¢). Then W is a complement of U in V. We have
(uy CUNW~~L Also (u) C (u,hy), which is a complement of Uy~! in V. Since
|K| = dim(ran~/U) > n = |L|, we may write {hy} = {cx} U{d,}. Define

. a; €
=)
Since u € U and u ¢ ranf, it follows that U ¢ ranf and so f € My. Write
{u} U{ds} = {c¢} and ¢yy = 2z for each ¢. Then

bi Cl Cy
= b, .
iV CkY %
Let (wy) be a complement of ran+ in V. As in the second paragraph above, let {e,}

be a basis for a complement of ran« in V' and write {e;} = {z,} U{y,}. Now write
{z¢e} U{we} = {ve} and define

5= biy kY v
a;c epo Xy )
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10.

11.

Since U = (a;a) C rand and Ud = (b;y)0 = (a;c) = U, it follows that § € M. Since
Bv6 = «, we have o € My.M.My C M. Therefore, M = GS(m,n) and hence My

is maximal. 0
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