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ABSTRACT: Track functions describe the collective effect of the fragmentation of quarks
and gluons into charged hadrons, making them a key ingredient for jet substructure mea-
surements at hadron colliders, where track-based measurements offer superior angular
resolution. The first moment of the track function, describing the average energy de-
posited in charged particles, is a simple and well-studied object. However, measurements
of higher-point correlations of energy flow necessitate a characterization of fluctuations in
the hadronization process, described theoretically by higher moments of the track function.
In this paper we derive the structure of the renormalization group (RG) evolution equa-
tions for track function moments. We show that energy conservation gives rise to a shift
symmetry that allows the evolution equations to be written in terms of cumulants, x(N),
and the difference between the first moment of quark and gluon track functions, A. The
uniqueness of the first three cumulants then fixes their all-order evolution to be DGLAP,
up to corrections involving powers of A, that are numerically suppressed by an effective
order in the perturbative expansion for phenomenological track functions. However, at the
fourth cumulant and beyond there is non-trivial RG mixing into products of cumulants
such as k(4) into x(2)2. We analytically compute the evolution equations up to the sixth
moment at O(a?), and study the associated RG flows. These results allow for the study
of up to six-point correlations in energy flow using tracks, paving the way for precision jet
substructure at the LHC.
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1 Introduction

The characterization of energy flow within jets, colloquially known as jet substructure,
provides new ways to study QCD and search for potential new physics at the LHC [1, 2.
The remarkable advances in this area in the last decade have primarily focused on the
calculation of infrared and collinear (IRC) safe observables that can be computed within
perturbative QCD, up to power corrections. The famous theorems of Kinoshita, Lee and
Nauenberg [3, 4] state that this is only possible if one is completely inclusive over hadron
species. As a consequence, such calculations can only be used to describe observables
constructed from energy flow information, disregarding all the interesting information con-
tained in other particle properties. Theoretically, these observables are therefore (combi-
nations of) correlation functions of energy flow operators, (£(71)E(7ia) - - - £(7k))-



There is significant motivation to go beyond this energy flow paradigm, both for allow-
ing more detailed tests of QCD, and for sharpening our tools in new physics searches. Such
observables are inherently non-perturbative, as they require knowledge of the spectrum of
hadrons in the theory. For example, at the LHC, many precision jet substructure measure-
ments are made using tracks (charged particles), due to the improved angular resolution
of the tracking system. This sensitivity to hadronization can of course also be viewed as
a positive if the goal is to understand features of the hadronization process. For example,
the study of energy flow on charged or strange particles provides insight into how these
quantum numbers evolve in the confinement process.

The departure from IRC safety should not be done arbitrarily, and in particular, one
should attempt to maintain the wealth of theoretical structures and advances of perturba-
tive quantum field theory, but generalize them to a wider class of observables. In ref. [5],
building on [6], it was shown that the natural way to extend the space of IRC safe observ-
ables to incorporate particle species information is to consider correlations of energy flow on
subsets of particles. These are defined theoretically by considering an energy flow operator
on a subset R of particles, Eg(7i1), and enable a much more general class of correlations
to be studied, (Er, (71)Er, (72) - - - Er,, (Tx)), where in general the subsets, R;, are distinct.
As we will discuss, these observables exhibit a clean factorization into a non-perturbative
component, and a perturbative component. The perturbative component shares many
of the features of the standard energy correlators, and in particular can be computed at
high perturbative orders using well-developed techniques from perturbative quantum field
theory.

Although the correlators (Eg, (71)Er, (fi2) - - - €, (7)) cannot be directly computed in
perturbation theory, they can be matched onto the standard energy flow correlators using
non-perturbative track functions [7, 8]. These track functions were introduced to describe
the fraction of energy deposited into charged hadrons from a perturbative quark or gluon,
however, they can trivially be generalized to the study of any other quantum number.
Unlike standard fragmentation functions, track functions incorporate correlations between
particles, arising from the fact that quarks and gluons can fragment into an arbitrary
number of charged hadrons. As such, their evolution with scale is substantially more
complicated, since all the correlations mix under evolution.

In ref. [6], it was shown that, by restricting to correlation functions of energy flow
measured on tracks, one is only sensitive to low moments of the track functions. These
characterize the fluctuations in the hadronization process.! To describe N-th order fluc-
tuations requires only a finite set of operators, which mix under renormalization. Fur-
thermore, the full track function distributions seem well-described by a truncated Gaus-
sian, whose form is fixed by the first two moments. In ref. [5] it was shown that energy
conservation places severe constraints on the RG evolution of the fluctuations, fixing the
evolution of the first three moments to be DGLAP, up to corrections proportional to pow-

'In analogy with the study of a spin system in statistical mechanics, the track function can be though
of as the partition function or generating function, and its moments as the study of the expectations (m®” ).
Instead of studying the full renormalization group structure of the partition function, we consider the
renormalization group of the low fluctuations, as is more standard.



ers of A = Ty(1) — T,(1). For track functions describing the production of electrically
charged hadrons in QCD, A « 1, effectively suppressing these contributions by an order
in the perturbative expansion. At the fourth moment and beyond the fluctuations in the
hadronization process exhibit non-trivial RG flows describing the mixing between different

cumulants, for example x(4) and x(2)2.

In this paper we discuss in detail the structure of the RG for the moments of the
track functions. In dimensional regularization, the corrections for the track functions are
scaleless thus linking the evolution (UV poles) and the IR poles needed for incorporating
track functions in calculations. We derive general constraints on the structure of the
evolution that hold to all orders in perturbation theory, and in generic theories. In QCD,
we then analytically compute the first six moments at next-to-leading order (NLO), and
study the structure of their RG flows, which exhibit interesting mixing. For the first three
moments the mixing terms are all suppressed by powers of A and smaller than the NNLO
corrections, allowing us to extend our calculation to this order. We also argue, that due to
the nonlinear nature of the track function evolution, it exhibits a UV fixed-point where the
track functions become a delta function. Our explicit results enable the calculation of jet
substructure observables sensitive to up to six point correlations in energy flow on tracks.

While the primary motivation for this work is practical, namely enabling higher point
correlators to be precisely measured at the LHC, the study of track functions is also of
more formal theoretical interest. Track functions, and related multi-hadron fragmenta-
tion, are intrinsically Lorentzian observables whose RG evolution goes beyond standard
DGLAP evolution. Although there has been significant recent progress in understanding
certain classes of Lorentzian operators using lightray operators [9], this has primarily been
restricted to operators on the leading Regge trajectory (which includes DGLAP). Under-
standing how the more general class of track function observables fits into this picture is
interesting, and could lead to a better understanding of the analytic structure of Lorentzian
observables in conformal field theories (CFTs). While we will not address this issue directly
in this paper, our perturbative calculations provide important theoretical data for future
investigations.

The outline of this paper is as follows: we discuss the flow of energy on subsets of
particles in section 2, motivating the study of moments of track functions. In section 3
we review the field-theoretic definition of track functions, and derive all-orders constraints
on the renormalization group evolution of their moments. We then restrict to NLO, and
derive the specific constraints both for a pure gluon theory, as well as for QCD. In section 4
we present results for the first six moments of the track functions at NLO, and describe the
techniques used in the calculation. More details of the calculation for Pure Yang-Mills are
given in appendix A, which include results up to ninth moment, and the time-like splitting
functions entering our results are collected in appendix B. In section 5 we numerically
study the structure of the RG flows. We first show that in QCD, A <« 1, allowing us to
extend our results for the evolution of the first three moments to NNLO. We then study
the importance of non-linearities in the evolution of the fourth and fifth moments. We
conclude in section 6.



(a) (b)

Figure 1. (a) For a standard dijet event shape observable, which constrains the phase space of all
emissions, a separate track function is needed for every emission, leading to a complicated structure
of the hadronization process. (b) For energy correlators, matching can be performed at the level
of the detectors, instead of for each parton. Since the number of detectors is fixed this leads to a
much simpler description of the transition from quarks and gluons to hadrons.

2 Energy flow on tracks and track function moments

To motivate the study of track function moments, we begin by reviewing the natural
generalization of the study of correlations of energy flow, to the study of energy flow on
subsets R of particles. Here we will see that the non-perturbative information required for
this extension is precisely the moments of track functions, motivating our focus on these
moments.

Energy flow in final states is characterized by the energy flow operator [9-16]

o0
E(n) = rgrgo/dt 20 To; (t, ri) . (2.1)
0

The canonical observables of the theory are the k-point correlation functions (€(7i1)E(7i2) - - -
E(rik)). These generalize the original two-point correlator introduced early on in the QCD
literature [17]. There has recently been significant interest in better understanding these
observables from a number of different perspectives: these include higher loop perturbative
calculations [18-21], resummation and effective field theory studies [6, 22-26], the develop-
ment of CFT techniques [9, 14-16, 18, 27-32], the application of CFT based techniques to
QCD [33-35], and the calculation of higher point correlators [36].

Although these observables appear similar to more standard jet observables, which
are typically called “jet shapes”, they are in fact quite different. Jet shapes constrain
radiation about some underlying hard process, can be thought of as infrared and collinear
safe resolution variables for an S-matrix element of quarks and gluons. On the other hand,
the correlation functions (€(71)E(Miz) - - - E(Mi)), are statistical correlators defined as an
ensemble average, and do not constrain the emitted radiation. While these correlators have



been well studied in the formal CFT literature, that they can be useful phenomenologically
to systematically probe the structure of QCD was emphasized in ref. [6].

The energy correlators are simpler perturbatively, which has enabled a number of
remarkable calculations in both QCD [19, 20] and N/ = 4 SYM [18, 21]. However, for
phenomenological applications to QCD, it is perhaps their non-perturbative simplicity that
is even more important, due to the poor current understanding of the hadronization process
in QCD. Standard jet or event shape observables are sensitive to the complete structure of
emissions. This makes their extension to charged particles (or other subsets R of particles)
extremely complicated, since it requires a description of the hadronization process for every
single perturbative particle. This is illustrated in figure la. Furthermore, in addition to
having additional track functions at each perturbative order, the observable also depends
on the complete functional form, 7, (x), of these non-perturbative functions. On the other
hand, for correlation functions of energy flow operators, the fragmentation process should
be thought of as a matching between detector operators in the perturbative and non-
perturbative theory. Since the number of detectors is fixed (and in practical applications
only low numbers of detectors are considered), this leads to a simple theoretical description
of the fragmentation process, that is unchanged order by order in perturbation theory, see
figure 1b. It is this simple property of the energy correlators that allows them to be
naturally extended to a description of energy flow on subsets of particles.

We now formalize this in a factorization theorem involving moments of track functions.
This will motivate the study of the renormalization group structure of these moments, which
will be the focus of the remainder of this paper. To understand the energy correlators on
tracks, we begin by introducing an energy flow operator that only measures energy flow on
a restricted set of states, £g. This is a fundamentally non-perturbative object, which does
not admit a perturbative expansion about free asymptotic quark and gluon states. This
restricted energy flow operator admits an OPE onto partonic energy flow operators,

Enlinn) = Ty(1)E5() + Ty(D)Ey(7in) + Ty(1)E,(7i) (2.2)

The matching coefficients are given by first moment of the track function T, (1), describing
the average momentum fraction of the subset R, whose formal definition and RG structure
will be given in the next section. (Note that track functions can differ between quark flavors,
which we ignore here for notational simplicity.) To study multi-point energy correlators
on tracks, one will therefore need to perform the perturbative calculations of the matrix
elements

(€ay (M1)Eay (102) - - - Eay (k) - (2.3)
These are more general than what has been studied in the literature, but the same calcu-
lational techniques can be used, as will be discussed in section 4.
We are now able to present the general form of the factorization formula for a k-point
correlator in terms of these partonic correlators and moments of track functions

(Er(M)ER(T) -~ E(Mk)) = Y Tuy(1) -+ Tuy (1)(Eay (711) Eay (T2) - - - Eay, (7))

a1,a2, 0k

+ contact terms. (2.4)



The contact terms arise when any two detectors are in the same direction, introducing
dependence on higher moments of the track functions. We will now explicitly show the
structure of the contact terms for the two- and three-point correlator. For the two-point

correlator, we have

(Er(n)ER(N2)) = D Tuy (1) Ty (1)(Eay (711)Eay (7)) + Y Tu(2)(ELV (711))6 (71 — ia) ,

(2.5)
while for the three-point correlator, we have
(Er(1)ER(N2)ER(N3)) = Y Tay (1) Ty (1) Ty (1){Eay (7i1)Eay (712)Eay (713))
+ 3 Ty () Ta(2)(Ea, (7)) ENMD (72))0(7y — 7is)
D Ty (1) Ta(2) (Eay (2) ES (711))5 (711 — i3)
3 Ty (1) Ta(2)(Eag (3)EXD (71))0 (71 — 7o)
az,a

+ ZT 3WELLD (71))8 (7 — 7i2)6 (g — 7i3) . (2.6)

The extension to higher point correlators should be clear. These contact terms introduce
dependence on higher track function moments T.(n). The precise operator definition of the

(1,1, ), will not be important here, but in perturbation

corresponding lightray operators, &;
theory these simply weight the state by £", where n is the number of 1 in the exponent. The
precise notation is chosen due to their relation to multi-hadron fragmentation functions.
One appealing aspect of this factorization formula is that for an N-point correlator, it
contains a finite sum over the different track function structures. This structure is fixed
by the properties of the detectors, and independent of the order in perturbation theory, as
visualized in figure 1b. This follows the general philosophy arising from CFTs, namely that
one should study the space of detectors rather than the states, which leads to significant

simplifications here.

3 Track function moments and their renormalization group evolution

Having shown how moments of track functions naturally appear in the study of energy
flow, in this section we study in detail their renormalization group structure.

3.1 Definition and sum rules

The track function describes the momentum fraction = of an initial parton 4 that is con-
verted to a subset R of the final-state hadrons specified in terms of some particular quan-
tum number, e.g. charge, strangeness, etc. Its definition in terms of a matrix element in



quantum field theory is in light-cone gauge given by [7, §]

0= faytat s (e ) s Lo 0.0 (X900
(3.1)

Yo =) g A 0.5 OG- 0)0)

In general covariant gauges, Wilson lines are required to maintain gauge invariance, as is
standard for fragmentation functions. The Fourier transform of ™ fixes the large light-cone
momentum of the initiating field to be k~, and the y | -integral sets its transverse momentum
to zero. The delta function encodes the measurement of the momentum fraction x of the
subset R of the final-state X. Finally, the matrix elements encode the probability of a
quark or gluon to produce a final-state X, averaged over its color and spin (with d the
number of space-time dimensions, used as regularization).
We will often work in terms of the moments of the track functions, defined as

To(n,p) = /dx " Ty(z,p) . (3.2)

Note that this differs by one unit from the standard convention, which is why the evolu-
tion of T'(n, u) will involve the DGLAP anomalous dimensions y(n + 1) in the standard
convention. The zeroth moment satisfies the sum rule

T,(0,pu) =1, (3.3)
implying that the track function is normalized.

3.2 Comparison to fragmentation functions

The difference between the definition of the track function in eq. (3.1) and the fragmentation
function D,_,; is that

;5@—?)” s /gﬂhl 2_ 25( >|hX><hX’|, (3.4)

so instead the momentum fraction z of a hadron h (e.g. h = 7) is measured.
Because a single parton can produce multiple hadrons, the fragmentation function is
not normalized, in contrast to eq. (3.3). Instead, it satisfies the momentum sum rule

ZDa—m(lnu’) =1, (35)
h

where the sum on h is over all hadron species. Note that this is consistent with egs. (3.3)
and (3.4) because

Z/ dph z_m%)zg‘hy)mx’\:Z\XMX! (3.6)
X

Xl




In grouping h and X’ together in X, the factor P, /k~ is necessary to get the correct
symmetry factor, because X’ may also contain another hadron h. This is discussed in
section 2.5 of ref. [37].

The first moment of the track function and fragmentation function are related

Tlw= Y Duu(lp) (3.7)
charged h

However, for the second moment

To(2,p) = Z Dosn(2, 1) + Z Da—>h1h2(1a Lp), (3.8)
charged h charged hi,h2

where Dy _ypn,h,(1,1, 1) is a moment of the dihadron fragmentation function. This arises
because z = ), z; where z; is the momentum fractions of the i-th hadron in R, and
z? = Do :cZ2 + Z#j z;x;. (For the corresponding discussion in the context of jet charge, see
ref. [38].) This can be extended to the n-th moment of the track function, which involves n-
hadron fragmentation functions, clearly demonstrating that the track function is sensitive
to correlations between final-state hadrons.

3.3 Renormalization group evolution and shift symmetries

The track function evolution has the following general form

Tz Tlo) zz[

N {a;}
X L:l_ll/o da; Ty, (3:@)} 5(30 - ézm) , (3.9)

where we suppressed the argument p for brevity. There is a sum over all possible splittings

[T [ 4231 - 3 %) P (1)

=1 =1

of a parton a into partons ay with momentum fractions zy, and for each of these parton
there is a track function T},,. The total momentum fraction z is obtained by summing over
the x; of these partons, which are rescaled because these fractions are with respect to the
parton a; who carry a momentum fraction z; of the initial parton a. The sum on N goes
up to the order o’ ~! that one is working to in perturbation theory. E.g. at order a? we
need at most N = 3, corresponding to 1 — 3 collinear splittings. The explicit expression
for P is only known at order ag, for which N = 2.

We note that this evolution equation is invariant when the arguments of all track
functions are shifted T,(x) — To(z + b) and Ty, (x;) — Tq,(z; + b). This follows because
x— >,z = (x+b) — >, zi(zr; + b) due to momentum conservation >, z; = 1. Track
functions must satisfy 0 < z,z; < 1, and thus for a generic track function this shift cannot
physically be performed. However, the evolution equation is independent of the functional
form of the track function, so that one can choose to consider a compactly supported track
function on which the shift does make physical sense. This allows shifts to be used to
constrain the form of the evolution.



Converting eq. (3.9) to moment space for integer n, we can use the multinomial ex-
pansion to obtain

d
dln p? Tum) =22 2. Ya—{agy({ms}) H Ta, (i, )
N {as}{ms}
N
Yar{apy({mys}) = <m1 . ) { /dzl m} ;z) wsiay ({261 (3.10)

The sum of the moments of the track functions on the right-hand side must equal n,
ie. >, m;=n.

The aforementioned shift symmetry of the evolution is particularly convenient for mo-
ments:

To(n,p) = /dxaj To(x, p1) —>/dxm To(z+b,p) = /da: (x—=b)" Ty(z, ). (3.11)
Explicitly, for the first few moments,

Ta(ovﬂ) %Ta(ovu) = 17 Ta(lhu’) %Ta(laﬂ)_ba Ta(2’lu’) _>Ta(2aﬂ)_2bTa(17N)+b2'

(3.12)

In the next subsections we will work out the consequences of this, starting with the case
of a pure Yang-Mills theory that allows us to ignore flavors.

The evolution of the fragmentation function can be derived from the same P in eq. (3.9)

d
dlnu

Dossp(z) =3 [H / dzz} iZ) Paostasy({z1})

N {a } =1 i=1
X Z/ dz; Do, —p(zi)0(z — zix;) (3.13)
i=1"0

In moment space this becomes

d
mDa—m(n) = - ;’Yba(n + 1) Dyp(n),

N
Yoa(n + 1) Z Z [H/ dzz] Z'Zl) a—s{ay({2f}) Z‘Sbaz z'.  (3.14)

N {af} =1 i=1

Here we have used the standard conventions for the timelike twist-two spin-n, anomalous
dimensions, y(n). A comparison of egs. (3.10) and (3.14) reveals that the coefficient of the
anomalous dimension of Ty (n) involving T,(n) is the same as that entering in the evolution
of the moment D,_,;(n) of the fragmentation function,

—Yea(n +1) Z Z ("Yaﬁ{af} {n,0,--,0})dpa, + ’Ya%{af}({o n,,0})0p.a,
N {as}
o Yars o) (0,0, 0y ) - (3.15)



3.4 Constraints from shift symmetry: pure Yang-Mills theory

We will now demonstrate how the shift-symmetry determines the structure of the evolution
equation for a pure Yang-Mills theory.? From the form of eq. (3.10) we know that

d d
dln,uQT(l) =mT), dln p?

T(2) = %2T(2) + 1 T(1)%, (3.16)
etc. Since we have only a gluon, we suppress flavor labels. The notation 1, y2, v11,- - -
for the anomalous dimensions is only used in the pure gluon case described here and in
appendix A. From the perspective of the shift symmetry alone, these anomalous dimensions
are arbitrary. We will later relate them to the timelike twist-2 spin-n anomalous dimensions
~v(n) (note the differing notation).

Applying the shift to these equations, we obtain

d
——(T(1)—=b) =7(T(1)—b
dln/ﬂ( (1) =b) =m(T(1) —b),
d
W(T@) — 26T(1) + b%) = 2(T(2) — 26T(1) + b?) +y11(T(1) — b)?, (3.17)
which leads to .
——T(1) =yT(1) —71b 1
a2 LM =mT) = mb, (3.18)
and thus 71 = 0 in this case (this is not true when there are other parton species), as
well as .
WT@) = 12T (2) + T (1)? + (711 +72) (26T (1) + b%), (3.19)

implying y11 = —72.
A more economical approach to deriving these equations is to directly use shift-
invariant central moments

1

oln) = [ do (@ (@) T, (3.20)
0

where the average (x) is simply the first moment 7'(1, ). Note that this can simply be
thought of as a change of basis. Now we immediately have

d

WU@) =720(2), (3:21)

since no other terms can appear on the right-hand side. Inserting o(2) = T'(2) — T'(1)?, we
then again obtain 11 = —y2. As we will see, in the case of multiple flavors one can form
shift invariant first moments, T;(1) — Tj(1).

2Note that in this case the electric charge is not relevant, but one could use track functions to describe
the momentum fraction of bound states of e.g. a specific type of glueball.

~10 -



Extending this to higher moments, we obtain the general structure of the renormal-
ization group evolution of the central moments of the track functions

d

WUB) =730(3),

dhcliugff(ll) = Y4 0(4) +7220(2)?,

dlsﬂgff@) =75 0(5) +7320(3)0(2),

0113”20(6) = 76 0(6) + 7120 (4)7(2) + 7330(3)% + Y2220 (2)3

dljuz a(7) = 77 0(7) + 7520 (5)0(2) + 430 (4)0 (3) + 3220 (3)7(2)?,

dh(li/ﬂa(8) = 750 (8) +7620(6)7(2) +7530 (5)0(3) + 7440 (4)2 + 4220 (4) 7 (2)? +73320(3) 20 (2),
dlj/ﬂa@) = 79 0(9) + Y720(7)7(2) + 7630 (6)0(3) + V540 (5)(4) + Y5220 (5)(2)2

+ 1320 (4)0(3)0(2) + Y3330 (3) (3.22)

etc. Because the evolution of T'(n) can involve at most 3 track functions at order a2, the
form of these equations are further restricted at this order. Thus, up to order o2,

Yoo = 6y — 8v3 + 374, (3.23)
Y32 = 1072 — 1093 + 275,
Y222 = —V42 + 1572 — 4073 4 60y4 — 4875 + 1576,
V33 = —7v42 + 1572 — 2073 + 1574 — 1275 + 5% ,
Y2 = a2 — My2 + Gy — 3574 + 4995 — 359 + 977,
Va3 = — 52 + 3572 — 1273 4 70y — 7045 + 3576 — 577,
Y322 = — 52 + 3572 — 5 + 1407, — 11275 + 357,
V53 = Bva2 — 362 — 5672 + 2503 — 14074 + 1685 — 566 — 4877 + 283,
Va1 = —Byss + 2762 + 84y, — 283 + 210y — 22475 + 846 + 3297 — 21s,
Yazz = B2 — 362 — 5672 + 1325 + T0v4 — 2245 + 36475 — 28877 + 843,
332 = — B + 262 + 8470 — M85 4 140y, — 19676 + 19297 — 565,
Vo3 = 562 — 572 — 4276 + 12677 — 12675 + 4279,
Y54 = — 3762 + 5772 + 3672 — 8473 + 1267 — 1265 + 12676 — 16277 + 12675 — 369,
Y522 = —84y40 + %’Yﬁ - %772 + 6129 — 10923 + 16384 — 17645 + 1266 + 14587
— 1134~5 4 27079,
Yazo = 168710 — 33760 + Lyry — 118879 + 193293 — 25204 + 22685 + 88275 — 329477
+ 214275 — 45079,
V333 = —847y49 4+ 36762 — 1072 + 61279 — 10083 + 126074 — 100875 — 5886 + 16567
— 100875 + 20079 .
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This structure for the evolution is fixed entirely by shift symmetry alone. However, this does
not fix the values of the anomalous dimensions. To further fix the anomalous dimensions,
we note that from their definition, the diagonal anomalous dimensions +, are related to
the timelike twist-2 anomalous dimensions (moments of the gluon fragmentation function),
Vag (TL), by

Tn = —Ygg(n+1). (3.24)
These anomalous dimensions are known to NNLO [39-42].

Therefore up to o5 all anomalous dimensions are constrained in terms of the DGLAP
splitting functions, for og only one new anomalous dimension needs to be calculated and
no new one is needed for o7. Beyond o7, one (or more) new anomalous dimensions need to
be calculated for every moment.

An alternate approach is to exploit the symmetry of the matrix elements. This is in
practice equivalent to the shift symmetry, though restricted to a specific order in pertur-
bation theory. For example, at order a2 for which N = 3, we can express the  in the
equations above to that in eq. (3.10),

v = v(0,0,0) =0, 7 =~(1,0,0) +~(0,1,0) +v(0,0,1) = v(0,0,0) =0,  (3.25)

using momentum conservation z; + 2o + z3 = 1. Similarly,

Y11 = 7(17 17 0) + 7(1707 1) + 7(07 17 1) = 37(17 170) = 3(7(07070) - 27(17 070) - 7(27 07 0))
= "2,

using the symmetry under permutations of z1, 22, 2z3. In the final steps we used that under
the integral the following identities hold

22120 = (214 2)° =22 =22 = (1—23)2 =22 —22 = 123425 — 20— 22 = 1-22—22.  (3.27)
Clearly the use of shift-symmetric central moments is much simpler.

3.5 Constraints from shift symmetry: multi-flavor

Having described in detail how shift symmetry constrains the form of the evolution in
the case of a pure gluon theory, we here extend the discussion to the case of multiple
parton species, which is needed for QCD. We will consider the case of one quark species
and assume that the track functions for quarks and anti-quarks are the same, to keep
the discussion simple and highlight the new features. The extension to multiple quarks is
straightforward, and our final results do not use this assumption.

The simplifying feature of the pure gluon evolution is that the mean, 7T'(1), is not
shift invariant, and therefore cannot appear in the evolution equations. Shift symmetry,
combined with the uniqueness of the shift invariant second and third moments, then fixes to
all orders in perturbation theory the evolution equations for the second and third moments

T = 13)02).
dl;iMQa(S) = —7(4)0(3). (3.28)
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When moving to multiple flavors there are two new features that appear. The first is
a trivial extension, namely that we must extend the evolution equations to be matrix
equations in flavor space, as is familiar from DGLAP. Focusing for simplicity on the case
of one quark and one gluon, we define

F(n) = (0_9(”)) , (3.29)

as well as the standard matrix of anomalous dimensions

5(n) = (’)’gg(n) ’ng(n)> _ (3.30)

Yoq(n) Vgq(n)

The second extension that appears in the case of multiple flavors is a more non-trivial
modification, namely the appearance of a new shift invariant quantity,

A =T,(1) = T,(1), (3.31)

constructed from the difference of first moments. This object can appear in the evolution
equations, leading to additional complexity.

Focusing on the first five moments, which makes the general structure clear, shift
invariance then implies that to all orders in perturbation theory,

dlr(li/ﬂA = ~(74(2) +799(2) A, (3.32)
dlf#ﬁ(?) = —7(3)7(2) + Ta2 A%,
dhill;& (3) = —A(4)F(3) + YopaF(2) A + Fas A,
T30 = —AG)) + A0ses(512) - T + 30T B + 30,2520 +Tai,
dl:m‘?@) = —4(6)F(5) + o0, (7(3) - 7(2)7)

+ 30,80 (H)A+7,22(5(2) - 7(2)") A+, 225(3) A% +9,5,28 5 (2) A +745 A .

The presence of A significantly complicates the form of the evolution compared with the
pure gluon case, and in particular, the first three moments are no longer uniquely fixed by
the shift symmetry. Note that the anomalous dimensions 4,5y, Yog0, and ’Ayag A are rank 3
tensors, taking a matrix as input and returning a vector.

The additional complexity arising from the presence of quarks can be thought of in
the two different ways discussed in section 3.4: from the shift-symmetry perspective, the
complexity arises purely from the presence of the new invariant A. From the perspective
of the calculation from matrix elements (discussed briefly at the end of section 3.4 and
made more concrete in section 4.1.2), the presence of quarks implies that one can no longer
symmetrize over the final state particles when using momentum conservation arguments
to reduce integrals. The differences that arise from this lack of ability to symmetrize are
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then captured by powers of A. The integrals for these residual A-dependent pieces turn
out to be simpler to compute.

Despite the fact that the terms proportional to A are not fixed in terms of the DGLAP
kernels, we will see that this organization still proves extremely useful, particularly for the
case of track functions describing the momentum fraction of charged particles in QCD. In
the high energy limit, where the energy cost to produce pions is negligible, one expects that
the average properties of the track functions are fixed by isospin, namely T, (1) ~ T;(1) ~
2/3, and A ~ 0. This intuition is born out by the evolution equation for A in eq. (3.32),
where the positivity of v44(2) + 744(2) drives A — 0 at asymptotic energies. This behavior
is already well born out at moderate energies, where one finds the approximate numerical

3/

relation A%/o9 ~ aj 2, showing that its contribution to the evolution of the second moment
is suppressed in the perturbative expansion of the evolution. We will show in section 5.1,
the NLO terms proportional to A in the evolution of the second moment are irrelevant
even compared to the NNLO DGLAP corrections. For the third moment, the corrections
in A are effectively suppressed by one order in the perturbative expansion. This allows us
to extend our results for the first three moments to NNLO, which is the most important
practical application of the shift symmetry.

The shift symmetry also forces the evolution of the first moments to be proportional

to A, namely
4 A
Tt = @A, (3.33)
d
ng(l) = —7g9(2)A. (3.34)

This result also follows from energy conservation in the one point function (£(7)), further
emphasizing the connection between the shift symmetry and energy conservation. This
result shows that the evolution of the first moments of the track functions is numerically
suppressed by a factor of A/T(1), as compared to the naive expectation. The inclusion
of tracks in factorization formulas for energy correlators will therefore have an extremely
minor effect, explaining the observation of [6].

Finally, one appealing feature of the structure of the equations in eq. (3.32) is that it
is known that the eigenvalues of the 4(NN) are positive. This allows us to immediately see
that the cumulants (or central moments) of the track functions decay to zero. In the high
energy limit, they converge to a delta function with A = 0, which is the unique attractive
fixed point of the evolution. The limiting value of T;(1) = Ty(1), corresponding to the
position of the delta function, is the only nonperturbative parameter that remains.

4 Track function moments at NLO

Having discussed the general structure of the RG evolution of track function moments in
section 3, we now move on to their calculation in QCD. We describe our calculational tech-
nique in section 4.1, and present the full results for the first six moments in section 4.2. For
simplicity, throughout this section we use the language of track functions for charged par-
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ticles, as opposed to a generic subset of particles. However, our calculations are completely
generic, and can be applied to any general subset, R, of hadrons.

4.1 Calculational technique

To verify the universality of the renormalization of the moments of the track functions,
we compute it in two different ways: first we use an IRC safe observable that is directly
sensitive to the track function moments, namely the EEC and projected EECs. When
computed on tracks, this observable is no longer IRC safe, and the infrared poles directly
determine the RG evolution of the track function moments. Second, we compute the
moments of the track function by computing a jet function on tracks. This approach is
computationally much simpler since it only requires the integration of splitting functions
instead of complete matrix elements, but it assumes collinear factorization, and hence the
universality of the track functions. The agreement between these two approaches provides
a strong check both on our calculations and on the universality of the track functions.
The universality of the first three moments of the track functions was tested at NLO in
this same manner in [5]. Here we extend this to the sixth moment. In the following two
subsections we detail these two approaches.

4.1.1 Using projected energy correlators

We begin by computing the RG for the track functions from the structure of infrared poles

in energy-energy correlators, which was briefly described in [5] for the case of the two-point

correlator. Here we describe it in some detail, as well as its extension to projected energy

correlators, which is necessary to extract the RG of higher moments of the track functions.
The standard two-point energy correlator [17, 43, 44] is defined as

dﬁ B E;E; B 1 — cos xij
P —%:/da 2 5(2 5 ) (4.1)

This can be extended to a projected N-point energy correlator [6], which is sensitive to
higher point correlations, but is only differential in the longest side, z;. It is defined as

doV]

dZL

N
- Z Z dUe+e*—>Xm 5(ZL - max{ziﬂév Ririzy -+ ZiNfliN}) )

m 1<it,. iy <m QN

(4.2)
where X,,, denotes a m-particle final state and z;; = (1 —7; - 77;) /2 = (1 — cos §;;)/2 is the
two-particle angular distance.

The projected correlators are IRC safe observables. However, when computed on
tracks, they have collinear divergences. These collinear divergences must be absorbed by
the track functions. Therefore by computing these collinear divergences, we can obtain
the RG of the track functions. To simplify the notation, we combine all the products of
track functions of a fixed total weight n (see (3.10)) into a vector T, (e.g. for n = 2, Ty =
{T4(2),T4(2), T,(1)T,(1), Ty(1)T4(1), T4(1)Ty(1)}). For notational simplicity, throughout
this section we consider the case of a single flavor of quarks, and make the assumption
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T, = T;. However, we have performed the complete calculation without this assumption.
Writing the renormalization group evolution of T, as

d - - -
Tn =R, Ty, 4.
dlIn p? R (43)
then
(1) »(2) (1) (1) p(1)
= — n’ = ]. Rn Rn Rn - Rn s
T bare = Tn(p) + as p Thn(p) + 50@ ( + 2 % ) Ty (p) + O(a:;’) )

(4.4)
=Ty (as, €)Tn(p).

where as = as(p)/(47).
In terms of the tree-level track functions T, we can write the two-point track EEC as

dx dXq dX 2
=) = 7O 1)1 a T(0)(2) ==< 45
(%) = ¥ oot om0 St @)
avbe{q]7QJ7g} Ce{q]7Qng}
The perturbatively calculable components entering this formula are given by
dX . 9 E,E; 1 — cosxi,i
TR N [ AuMf b g, e (e - )

m 1<i;#ia<m

oY T [ aIMa s 5000), (46)

m 1<i<m
Here f;,, fi,, fi denote the flavors of the final-state partons with the four-momenta
Py iy DYy dayiys Obiy and O are Kronecker deltas in flavor space, d®,, denotes m-body
phase space and M, is the corresponding matrix element.
Using that in dimensional regularization the loop corrections to the track function are
scaleless, T(O) = Tj,.e, we can employ (4.4) to rewrite (4.6) in terms of the renormalized
track functions,

(%), -
dz tri

Ta ()
Iy Tg(2)
s R 1, (R RYRY - pRY Ty, (2)
di 1—|—(13+2§< 3 62 2 >+O( )‘|
Ty, (1)Tg,, (1)

TQ,bare
(4.7)

The UV poles of the track function renormalization must cancel against the IR poles in
Y to yield a finite result, allows us to extract the RG evolution of the first and second
moments of the track function.
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To have access to the higher moments of the track functions, we must consider the
higher point projected correlators. These proceed in a similar manner. Focusing on the
three-point projected correlators, we have

dy dSgpe dY, e
(dz) = Y rPon’onfa) + LMY (2)
Lot apeeleangr ¢ abefa; gt "
Ay,
+ > e (4.8)

ce{q;,d5,9}

The perturbatively calculable components entering this formula are

5 E. E. E: 1 —cos

3 abc _ Z Z /d(bm|Mm|26a,fi15b7fi2(sc:fi3“C;;ZS (ZL — %) ’
RL m 1<i #is#iz<m

T O T W

ZZabt APy | M| 0a, 1, O, 1 70— —2 )

dzr, mo1<ii#iz<m e ( : )

d¥ s 2 E;

DI / A0 Mol b, 550 (21) )

m 1<i<m

These have the same structure as for the two-point correlator, with the only difference being
the higher energy weights. They can therefore be computed using the same techniques.
The integrals ¥, are more complicated, but fortunately the shift symmetry can be used
to reconstruct the full answer from just X2 and X3 (at least to the order at which we are
currently working). More generally, for the evolution of the higher moments of the track
functions, we consider the integrals

dXgrpa Z Z / 2 Ef E;I 1 — cos Xy
= dq)m‘Mm| 5a,i 5b,7,’ L2 2L — — = ;
dzy, 1< e<m LR Qrta ( 2 )
dch 2 Ep
= D, | Mo l? 6es =2 . 4.1
=Y Y[R o) (410)

m 1<i<m

and then use the shift symmetry to reconstruct the full result.

These integrals can be computed using the same approach as was used to compute the
standard energy correlator in ref. [19], and subsequently in refs. [20, 45]. This approach
is an extension of the reverse unitarity method [46], which expresses delta functions from
phase space constraints in terms of propagators allowing more standard loop integration
techniques to be used. Using the Cutkosky rules [46, 47], we express the on-shell delta
functions as the cut propagators

1 1 1
2y & _
o) =55 (p2 90 p? +i0> (4.11)

and the measurement function as

5<z 1 C;)SXij> _ b ;pj 5(22(pi - Q)(pj - Q) — pi - p)) (4.12)
1 1

2mi 2z ((QZ(pz‘-Q)(pj'Q)—Pi'pj)—io (22(1%-Q)(pj'Q)—pi-pj)JriO)’

1 (pi-pj)
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where we set the center-of-mass energy @ = (1,0,0,0) for simplicity (the dependence
on @ can be restored by dimensional analysis). The phase-space integrals can then be
reduced to master integrals (MIs) using techniques from the study of multi-loop integrals.
In particular, integration by parts and Lorentz invariance identities were generated with
LiteRed [48, 49] and the reduction to master integrals was performed using FIRE6 [50].
The MIs are the same as that for the standard EEC and can be evaluated by the method
of differential equations (DEs). The canonical forms of the DE systems are obtained by
CANONICA [51]. The solutions of the DEs are written in terms of harmonic polylogarithms,
which can then be simplified to classical polylogarithms using HPL [52]. The calculation of
Yer is equivalent to the calculation of cut bubble integrals, and the master integrals can
be found in refs. [53, 54].

4.1.2 Using splitting functions

While the calculation of the track function RG from the energy correlators provides a robust
check on the universality of the track functions, it becomes computationally expensive at
higher moments. Indeed, the main advantage of that approach, is that one also gets the full
EEC distribution on tracks, which is itself a physically interesting observable. However,
if one just wants the renormalization of the track functions, which is purely collinear in
nature, it is easier to directly take advantage of collinear factorization, and obtain the RG
from the splitting functions. Here we give a general description of this approach, with more
details for the case of pure Yang-Mills given in app A. Although we focus in this paper
on deriving moments, this approach has the added advantage that it can be generalized to
allow a derivation of the full RG of the track functions in z-space.

To obtain a non-scaleless integral in the collinear limit, one must consider the measure-
ment of some additional observable. We consider the measurement of the jet mass of all
particles and the energy fraction on charged particles, encoded in the jet function J,(s, ).
The measurement of the jet mass renders the integrals non-scaleless, but importantly, the
renormalization of J, (s, x) is identical to the standard J,(s) (see e.g. [55]). After perform-
ing this renormalization, as well as the standard renormalization of the strong coupling
constant, the remaining poles determine the renormalization of the track functions. Unlike
the pure gluon case considered in appendix A, where all terms in the NLO evolution can
be related to those involving three track functions, in the multi-flavor case, one must also
consider terms involving two track functions. Therefore one must properly incorporate
both the 1 — 3 triple collinear splitting functions [56, 57], as well as the NLO corrections
to the 1 — 2 splitting functions [58-60].

We will now provide a bit more detail for each of these steps, starting with the calcu-
lation of the jet function J,(s,x):

Ja,bare(sa :L') =

S5 [dwiests = ) oi gy (zrh srd) [ [ﬁ A T30 ()| 6z - ix) .

(4.13)
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Here ®¢; is the N-particle collinear phase space with total invariant mass s’ and oL {a}

is the squared collinear matrix element for a — aias---ay. At LO, Jlgaievf(s, xr) =
d(s)T Jgo) (). The NLO calculation of the jet function gives rise to the LO RG evolution of
the track functions. To derive the NLO RG for the track functions, we must consider the
NNLO calculation of Jyape(s, ).

At NNLO, we have both the NLO corrections to the two-particle final state (real-virtual
corrections) and the three-particle final state (real-real corrections). Explicitly,

Ja,bare(sa .1‘)

a?
Z /d@g 5(s—8")0C _pe(2ps 2y 8 = Spe) /dxldeTb(O) (21) T (22)0(x—21 21 —2222)
(4.14)

+Z/@C a2 b sr) [ dardeadas T @) TO @) TS (20)
b,c,d

X §(x — w121 — Tozp — T323)

where of_,, and o¢_,, , are the NLO 1 — 2 splitting and LO 1 — 3 splitting functions
respectively.
Taking moments of this equation

Jo(s,m) = /d:): " Ju(s,x), (4.15)

and using the sum rule for the track functions, one finds that J,(s,n) is expressed in terms
of integrals of the 1 — 2 and 1 — 3 splitting functions weighted by a polynomial of weight
n, as is done explicitly in appendix A for the pure gluon case. These integrals can be
performed explicitly using the approach of [61] (many integrals relevant for the quark case
can be found in [55]).

For each value of n, the renormalization of J,(s,n) in the variable s is the same as for
Ja(s). Renormalizing the coupling using

Za=1--—+ O(a?), (4.16)

and expanding the bare jet function and the renormalization factor in terms of the renor-
malized coupling, Jpare = Y520 ak (1) J e and Zy, = S50 ak ()2, the two loop

a,bare
renormalization for the jet function is then

J(§2)(57n’#) Z(z) ® J( ) + Z(l) ® J( ) ( )® J( ) (417)

a,bare bare a,bare *

The explicit form of the renormalization factors can be found in [55] (for a = ¢) and [62]

(for a = g) up to order a2.

After performing this renormalization in s, the RG for the

track functions can be directly read off, as for the EEC based calculation in section 4.1.1.

Explicitly, rewriting the tree-level track functions in (4.14) in terms of the renormalized
72(0)

track functions, using T~ = ’f‘mbare and (4.4), the UV poles from the renormalization
in (4.4) should cancel against the IR poles from the direct integration in (4.14). This
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should be compared with the approach in appendix A, which starts from the matching of
the jet function onto renormalized track functions, where the matching coefficient is finite
and the IR poles are contained in the track functions. Here, instead by expressing T(® in
terms of renormalized track functions, one automatically gets something of the form of a
matching relation and the resulting coefficient is therefore the finite matching coefficient.
Compared to the full EEC calculation, the integrals over the splitting functions are much
easier (and mostly known). However, the fact that identical results are obtained from both
approaches provides a strong check on our results.

4.2 Results

In this section we present results for the first six moments of the track functions. The
results for the first three moments were presented in [5] and those for the fourth through
sixth moments are new. These results are provided in electronic format accompanying this
paper. We write the evolution equations for the central moments, whose definition can be
found in (3.20), in terms of a perturbative expansion

d S L+ (D)
WUQ(N) = Lz_:oas DUQ(N) . (418)

At a given order in perturbation theory there are constraints to which combinations
of track functions can appear in the evolution equations. These constraints arise from the
fact that in the evolution equation of T,, a term involving the combination 737, originates
from a a — bcX splitting contribution. The constraints from the possible splittings at a
given order in perturbation theory results in linear dependencies between different terms
in the evolution of central moments. This motivates the use of a minimal basis, in which
both the constraints from possible splittings as well as shift invariance is clear throughout.
For the evolution of the gluon central moments such a basis is provided by the following
shift invariant quantity

N NN
8u(N) = [do [0 = T,(0)] " Tala) = 3 (k> COMEWT(N — k), (419)
k=0

while for the evolution of the quark central moments instead

N NN
() = [ o= 1,00V Tlo) = ( k)(—n’“T:(l)Ta(N k) (4.20)

k=0

is used. The A, introduced in section 3.5 is equal to A,(1), and we will abbreviate
74(1) = 74. Note that as a consequence of this notation, 7, = —A,.

The evolution of A, is fixed to all loop orders in terms of the DGLAP anomalous
dimension

DR =~ (2) +98) (2)] A, (421)

q
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The leading order evolution equations for gluons are given by

Dy = =14 Boa(2) + { = 19O + 832 + 3Tr 25,
D((f(;)( 3) = _'Vgg +Z { 752) Ay (3)—2Tk Ug(z)Aqi‘i‘l:iOTF Ay (2)Ag+(gi qi)},
D)y = 0 Bog(4) + 2Cac2(2) + ) { =19 6)8,0) + 15 Tr 203

b o Tr A (2)8(2) - §TF 70(3)00, + (@ q»},
D) = A (6)04(5) + - Caog(3)75(2) + ) {=99©)8,6) + 1Tr 80125

4 %TF Ay (3)Ag (2) ?TF 0,4 Ay + (g @-)},
DY) = =15 (7)o (6) + §CA 0q(4)0,(2) + %CA o2(3)

£ { DNV 84,(6) + 2T 8 (3)Dg, + £ T By, (4)25,(2)

+ o Tr Ay (B)A5() ~ ATe 0y (DA, + (g 0 @)}, (4.22)

and for quarks they are given by

DOy = —19(3)7,(2) — 12 (3)75(2)
Dy = =1 (0)(3) = 2 (W7(3) — T Croy(2)7,
22 7
DY)y = =D (5)04(4) — 49 (5)7y(4) — = Craq(3)7y + 20 04(27,(2).

208 31 6
c(f(i)(s) 15 (6)a4(5) =59 (6)74(5) — o7 Croa@)rg+5:Cr o'q(3)7g(2)+?CF 0(2)7,(3),
E‘(r)z)(6) - _752)(7)0 (6) — 752)(7)7—9(6) CF Jq(5) Tq

25
+4 gCr oq(4)74(2 )+ CFUq( ) (3)+ CFUq( )79(4) - (4.23)

At NLO the evolution equations for the first six moments of the gluon track functions are

D«(wlg)( 5 = g (3)70(2) + Z { Y45 3) (8q,(2) + Ag,(2)) (4.24)
12413 5272 1528 16
K 1350 45 )CA+ 595 CF ~ 25”fTF} AqlAql},
(1) 638 87> 3803
DUg( 3) 799 )+ Z{ ’qu Agi(3) +TF[< 15 =t 3 CA—%CF 04(2)Ay,

5321 272 1523 12
Tp|( o — - O o T | Ay (2)Ag + (¢ & @
{(3000 5 )C + a0 OF T o5 F} :(2) qq/+(qz+>qz)},
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20709772 158472

L W B 2 i 9
66482 3272 1291307
§ ) — - A,
i { g (8) B 4) + T ( 3675 |9 >CA 6650 | 73

o] (022 }
+Tr ( ?;s;l;iJrlggz) ?iggg%_ 1320245”pr Aa(2)Aq(2) + (@ & qi)}’
D) = =758 (6)(5) K2369;1734209087 N 282?2 +80<3> Ci- gCAnf TF} 79(3)75(2)

Cr

579361 4072 11205259
)G = Siasoan Cr| a8,

) B
+Z{ Yag (6)24;(5) + T [( 26460 T 9 163050

o < - 22:23829 * 28;2>CA N m%} 79(3)A¢q(2)

+ Tr '<51;9900007 B 28973)0 4 — 2444590 CF} 04(3) Ay, Ags

7| = Sp900 = TR (00 )

+1%:ﬁ§iCA—1§£C%(w@ﬂyxmA%

+1r (ﬁ:?% _277T2)C 12592440509 Cp— 24445 ngTr| Ag,(4)Ag,

+TF :(g;‘éﬁ_ 127;2)0 13938057559 F— iginfTF Ay (3)A(2) + (g & @)}7
Dg@ = —14g (T (6) + C4 {291934702507089 - 18576 m + 360(3} o5 (2)
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This evolution in moment space is one of the main results of this paper, and illustrates
perturbative control over the structure of track function moments. They enable the cal-
culation of up to the six point correlation functions in energy flow, matching the state of
the art measured at the LHC in jet substructure. Our approach can be straightforwardly
extended to compute higher moments of the track functions, as desired.

5 Numerical studies of track function evolution

In this section we numerically study the structure of the evolution equations for the track
function moments. The goal of this section is two-fold. First, we show that A is sufficiently
small in QCD, that corrections to DGLAP for the first three moments are effectively
suppressed by (at least) an order in the perturbative expansion, allowing us to extend
their RG evolution to NNLO. Second, we show that for the fourth moment and beyond,
non-linearities in the evolution give rise to genuinly new behaviour beyond DGLAP.

5.1 The size of A in QCD and extension to NNLO

We begin by studying the numerical impact of A for the first three-moments. The evolution
of the first three central moments is constrained by shift symmetry to be of the form

d
dIn MQA = —[199(2) +744(2)] A,
d = 2 — —
T0() = A7) + T,
d | P P .
dln Mza(?’) = —9(4)7(3) + 95,a0(2)A + ’YA3A3 ) (5.1)
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Figure 2. The ratio defined in eq. (5.3) for the quark (darker) and gluon (lighter) second (blue
dashed) and third (orange dotted) central moments as a function of the renormalization scale p.
Note that the ratio for the second moment has been amplified by a factor 100 such that it is visible
in this plot. The effect of A on the evolution of the second central moment is much smaller than for
the higher moments because A appears only squared in the evolution for ¢(2), while for the other
moments terms linear in A are also allowed.

where the evolution of A is fixed by DGLAP to all orders. For the second and third moment
the evolution can be split into two parts: a linear term fixed by DGLAP and corrections
proportional to powers of A. Recall that A = T,(1) — Ty(1), or more generally in the
multi-flavor case is give by differences between the first moments of the track functions of
different flavors. Since QCD final states at high energies are dominated by large numbers of
nearly massless pions, the average values of the track functions are largely fixed by isospin,
and hence satisfy Ty(1) ~ T,(1) ~ 2/3, and A ~ 0. Small corrections to this pictures give
rise to A < 1 in real world QCD. This suppression of A, combined with the shift symmetry
is particularly convenient, since it effectively suppresses the corrections to DGLAP by (at
least) an order in the perturbative expansion. Indeed, we will see that this allows us to
include the NNLO corrections to the DGLAP evolution while keeping the terms involving
A at NLO. In our numerical studies we use the following initial conditions [8],

T,(1) = 0.624,  T,(2) =0.417,  T,(3) = 0.293,
T,(1) = 0.611,  T,(2) =0.425, T,(3) =0.319, (5.2)

at p=10GeV, and o,(Mz) = 0.116 with ny = 5.
To demonstrate that the effect of A on the evolution is much smaller than that of
DGLAP, we study the following ratio

oi(n)|nLo,a=0 — oi(n)|NLO

Ri n)=
() ai(n)|nnLo,a=0 — 0i(n)|NLo

(5.3)

In this ratio we compare the effect of including A with the effect of including the NNLO
corrections to the DGLAP evolution. The notation o;|(n)NLO,A—0 Means setting the A
terms in the (N)NLO evolution to zero, but not in the lower order terms of the evolution.
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Figure 3. The difference in renormalization group evolution for (a) o,(3) and for (b) o4(3) for the
initial conditions in (5.2). Shown are the effect of the A terms at LO (blue dotted), NLO (orange
solid), the effect of the NLO evolution (red dot-dashed) and the NNLO evolution (green dashed).
Note that two curves are multiplied by 10 for better visibility.

We note that this ratio is scale dependent, and furthermore depends strongly on the value
of A. Since this ratio is meant to illustrate the approximate size, we have for simplicity
kept the initial conditions the same for all scenarios, using the values in eq. (5.2). Figure 2
shows this ratio for a range of values of p, which is much smaller than 1 for the second
moment, as it only involves A? terms. For the third moment, which involves terms linear
in A, the ratio is of order 1, indicating that the A terms at NLO are of the same size as
the NNLO correction to the DGLAP evolution. The (unknown) A terms at NNLO are of
course much smaller. We further investigate the various contributions to the third moment
in figure 3. Here we show the size of the NLO evolution, the A term in the LO and NLO
evolution, and the NNLO evolution (without A term) by taking appropriate differences,
demonstrating that the A terms are effectively suppressed by one order in the perturbative
expansion. The A terms at NNLO can therefore safely be neglected.

This allows us to immediately extend the evolution of the first three central moments
of the track function to NNLO using known results for the timelike spin-n anomalous
dimensions [39]. This simplification is quite convenient, as it allows us to immediately
consider NNLO evolution for up to three-point correlators. For convenience, we provide
the DGLAP anomalous dimensions for the first three moments up to NNLO in appendix B.

5.2 Non-linearities in the fourth and fifth moments

Although the evolution of the first three moments are DGLAP up to correction in A, this
is not the case for higher moments. This is because the evolution of higher moments can
contain non-linear terms that are not proportional to A and are therefore not suppressed,
even in a pure gluon theory. For example, the evolution of the fourth and fifth central
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moment is constrained by shift symmetry to be of the form

d = 2 - 2o g - A - ~ — —
T 270 = ~AEFW) + 30 [7(2) - 57 (2)] + 30,07 B)A + 3,207 4 Tan?,
(5.4)
d N = N - _. PO
T 20 = ~AOF6) + 30, [7(3) - 57 (2)] + Fpiad(4)

+452a10(2) - 7T (2)] A + A5, 225 (3) A% + 45,035 (2) A + Fas A

While the terms involving A are suppressed, the terms involving products of o(2) and o(3)
are not. These non-linear terms are not constrained by DGLAP and require additional cal-
culational techniques. Therefore extending the evolution of higher track function moments
to NNLO is beyond the scope of this paper.

Let us continue to study the effects of the non-linear terms in the evolution equations.
For simplicity we consider the evolution of the fourth and fifth cumulant in pure Yang-Mills
theory, where the evolution of these moments simplifies to

dlIclllu,Qﬁ(Zl) - _799(5)H(4) + Vraka 52(2) ,
dhcll,uQH(m = —49(6)K(5) + Viezro k(3)K(2) . (5.5)

These simplified expressions allow us to study the non-linearity of the evolution by means
of a two-dimensional RG flow plot, shown in figure 4. This figure shows the RG flow for
the fourth and fifth cumulant in the x(4) — xk2(2) and x(5) — x(3)x(2) planes respectively.
From these plots it is clear that there is a single fixed-point in the evolution at the origin,
corresponding to the trivial fixed point where all cumulants vanish. In addition to this
fixed point, the flow lines are attracted to a common valley before flowing to the fixed
point. Note that the range of the axes on these plots are somewhat arbitrary, as the figure
is invariant under a simultaneous rescaling of both axes.

While it is clear that the trivial fixed point is an attractive fixed point, these plots give
interesting insight into the behavior of the track function. For example, we can consider
a Gaussian track function for which all higher cumulants vanish. In this case, the track
function will first generate a non-zero value of k(4) through the non-linear mixing, after
which the DGLAP anomalous dimensions drive it back to zero. In this case, which is a good
approximation to real world QCD, the mixing anomalous dimensions dominate the behavior
of the track function evolution. Since physically the distribution must eventually collapse
to a delta function under RG evolution, this suggests that there should be a positivity
bound on 7y,x,. This provides further evidence that it may have a direct interpretation as
an anomalous dimension of some generalized lightray operator, and it would be interesting
to understand this better.

The RG flow of the fifth cumulant, x(5), is interesting in that it illustrates the struc-
ture of odd moments. The RG of the track functions preserves symmetry/anti-symmetry
properties under RG flow. This is manifest in the x(5) — —k(5), k(3) = —k(3) symmetry
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Figure 4. Renormalization group flow in pure Yang-Mills theory at fixed p for (a) the fourth
cumulant and (b) for the fifth cumulant. The arrows denote the direction of the derivatives with
respect to Inp and their color reflects their strength. The black line indicates the eigenvector of
the evolution equation.

of the RG flow in the figure. For higher moments, additional non-linear terms in the evolu-
tion appear and a visualization of the RG flow can only be realized in higher-dimensional
RG flow plots.

Due to the dominance of mixing terms beyond the third moment, we are not imme-
diately able to extend our calculation to NNLO. While the complete calculation of the
NNLO evolution of higher moments is beyond the scope of this paper, we briefly comment
on what would be required to do so. The constraints from shift symmetry hold to all orders
in perturbation theory. Focusing on pure Yang-Mills theory for simplicity, one can show
that to all orders in perturbation theory the fourth moment takes the form

M%T(‘l) = —7(5)T(4) —4(v(4) — () T(1

)
+ (Y101 — 67(3) + 8v(4) = 39(3) T(2)T(2)
— 231004 — 37(3) + 2YW)T()T(D)T(2) + 1oaT (V)T ()T (L)T(L)

T(3)

Here we see that only one anomalous dimension, 7;_4, beyond the standard DGLAP
anomalous dimension, appears. Interestingly, this particular contribution does not involve
any soft singularities, since it has one energy weighting on each parton. Its calculation
is therefore much simpler than calculations of the NNLO DGLAP kernels. It could be
computed, for example, using the known 1 — 4 splitting functions [63, 64].
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6 Conclusions

Track functions characterize the fluctuations in the fragmentation process of quarks and
gluons into charged hadrons (or some other subset of hadrons), and its moments are essen-
tial for the description of track-based measurements of higher-point correlation functions
in jet substructure. Although they are fundamentally non-perturbative objects, the track
function evolution is perturbative and exhibits interesting renormalization group structure
involving mixings between different moments.

In this paper we have derived the all-orders structure of the RG for the moments
of track functions, using the action of energy conservation as a shift symmetry. This
highlights the remarkably constrained structure of the evolution, implying that the RG
can be expressed in terms of cumulants (or equivalently, central moments), and differences
of first moments.

We performed an explicit calculation of the first six moments of the quark and gluon
track functions in QCD. At the fourth moment and beyond one finds interesting RG flows
describing the mixing with products of cumulants, for example between r(4) and (x(2))2.
We studied the structure of these RG flows, finding that these mixing terms dominate the
evolution. These higher cumulants of the track functions therefore probe evolution in the
fragmentation process that goes beyond the standard DGLAP evolution, and it would be
interesting to better understand the structure of these mixing terms in terms of anomalous
dimensions of the underlying field theory, and study them experimentally.

Finally, we showed that for the first three moments cumulants of the track function,
shift symmetry constrains any evolution beyond DGLAP to be proportional to A. For
track-based measurements in QCD, A < 1, making the corrections proportional to A
suppressed by an effective order in the perturbative expansion. This allows us to extend
the evolution to NNLO, enabling up to three-point correlators to be studied on tracks
at this order. We also outlined the missing ingredients for a similar extension to NNLO
beyond the third moment, where genuinely new ingredients are required.

Although we have primarily focused in this paper on the experimental utility of track
functions, we believe that better understanding the evolution of the moments of the track
functions could be of more formal theoretical interest. The DGLAP anomalous dimensions
have a deep connection to the twist-2 operators of the theory, which has recently recieved
renewed attention in the study of lightray operators in CFTs [9]. Track functions are
another class of intrinsically Lorentzian observables, that probe features of the theory
beyond the leading twist trajectory. It would be interesting if they could be put on a
similarly firm theoretical footing, and if one could more precisely understand what features
of the theory they are probing, and how they are related to its operator content.

Our results allow the calculation of up-to six point energy correlators on tracks, which
have recently been investigated with CMS open data [65-67] providing a view on the
hadronization transition, non-Gaussianities and quantum scaling dimensions. The three-
point energy correlator has also been proposed as a new way to extract the top quark
mass [68], with the potential to reduce the theoretical uncertainty, particularly from non-
perturbative effects. The angular resolution offered by tracks is essential to carry out these
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measurements. This is also the case for the azimuthal decorrelation in vector-boson plus
jet production [69], which however requires knowledge of (the evolution of) the full track
function. In conclusion, we believe that our work will be of significant interest for precision
studies at the LHC, and we look forward to their application in phenomenology in the near
future.
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A Splitting function calculation for pure Yang-Mills

We will now discuss how the anomalous dimensions for pure Yang-Mills can be calcu-
lated using the approach of section 4.1.2. We will employ the notation for the anomalous
dimensions in section 3.4.

In our method we will consider ~(a, b, ¢) with a,b,c > 0, which allows us to avoid soft
singularities in the integrations. For pure Yang-Mills this is sufficient, since v(a,0,0) = 3%
is the known anomalous dimension of the fragmentation function, and we can fix v(a, b, 0)
using

b 1 b a+b
b—c,c)= [ dardaadas (1 — 21 — 22 — 23) P({2 S7e25
C;Ov(a, ¢, c) / z1dzodz3 6(1 — 21 — 29 — 23)P({= })cgo (a b . c) 2129 €25

Z( oty ) ~1)*Yate- (A1)

b—cec

This follows, because under the integral we can make the replacement

b

a+b a bec c a+b) a+b\ .,
Z<a bc c> i Zg:( b >Z1(22+Z3)b:< b )zl(l_mb
—Z( atb ) (—1)ez0te

ab—cc

(A.2)

As discussed in section 4.1.2, we will extract the track function evolution from the jet
function J(s,z) differential in the total invariant mass s of the jet and the track fraction
x, by integrating the collinear splitting amplitudes. Because the measurement of x only
receives contributes from collinear radiation (contributions from soft radiation are power
suppressed), consistency of factorization in SCET implies that this jet function must have
the same anomalous dimension as the well-known jet function that is only differential in
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the invariant mass s [62]. After this renormalization, the remaining divergences must be
IR in nature and absorbed by the track functions, as encoded by the matching relation

N
J(s,x; 1) [H/ dzl] Zz)flaN Azt p /[H de; T CCZ,[L)](S(SC—ZZZ'C(?Z').
N li=1 i=1
(A.3)
Note that this matching is between renormalized quantities, as is standard. Since we are
working in a pure gluon theory, we have removed all flavor labels. Note that the matching
coefficients J are IR finite. The IR poles in the track functions follow from the inverse
of (4.4), which reads

+ 5as (:u)

| L (L B R
5 -+

() = {1—as(u) ) +o<a§>}f£?>. (A4)

€ €2
At order o2, we get the contribution J©) ® T®?) = §(s) T () in (A.3), which gives us
the desired IR poles of the renormalized track function, from which we can infer the UV
poles R( ) and anomalous dimension. This also tells us that we can restrict our attention
to the coefficient of the d(s) term in eq. (A.3). The cross term involving J) and T can
be taken into account, using the matching coefficients for fragmenting jet functions [37],
which are the same at this order (since the momentum fraction of the other branch is
simply 1 — z). Finally, the J ) contribution can be ignored, since it does not contain any
poles.

We will now describe the calculation of the jet function J(s, z) in some detail. Since
we restrict to a, b, c > 0, only the double real contribution needs to be included,

:é/d(jbgé — 5123) a;;/[dez )}6(:1:—223:12,%)4- (A.5)

Here d®§ the three-body collinear phase space [70] for non-identical particles (hence the %)

dq)g = d8123 dsis d513 d823 5(8123 — S12 — 813 — 523)(1'21 sz ng 6(1 AT AT Zg)

10(~A)(~A)73 ¢
(4m)5=2e(1 — 2¢) '

(A.6)

with z; the momentum fraction of parton in 4, s;; the invariant mass of partons i and j
and
A= (213812 — 21893 — 22813)2 — 42122813823 . (A7)

The squared collinear matrix element o§ describing the g — ggg splitting is [56, 57]

VE\ 2¢ 4% 2 — — 2 3 -1
c (He ) g A{( €)<221323 22513+21 22512> +Z(1_6)+81£ 42172

73 = 47 3%23 4812 21+29 Z1+29 S12 1—23
z129—2 3 b 1—23(1—23))2 $29a [2z122(1—22)(1—22
L Aan=? T 3+( 3(1—23)) ]+ 123 { 122(1—22)( 3)+2223_2
23 2321 (1—21) 512513 23(1—23)
21(1+221) 14221 (1421) 1—221(1—21)}} )
5 tat . A8
5 (1= 2)(1—23) 5292s +5 permutations (A.8)
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The integral over s;; can be carried out analytically using the results in the appendix of
ref. [61]. Since we only need the coefficient of §(s), we can restrict ourselves to the first

term in the plus expansion s~172¢ = —1/(2¢) §(s) +.... By taking the n-th moment, we
can rewrite
/dxa: [/dacz } (ac — 21X1 — 29Ty — 23T3)
n
- Z < b ) 42525 T (@)TOB) T (c). (A.9)
a+b+c=n abvce

Because we restricted our attention to those terms with a, b, ¢ > 0 there are no soft singu-
larities, allowing us to first expand in € and then integrate over z;.

Finally, to subtract the contribution involving J™ and TW, we need to transform
eq. (A.3) to moment space. Keeping only the d(s) term,

J(s,n) = a25(s) {T(Q) +2 Z

a+b=n

( ) (a,b)T(a )T(l)(b)} ..., (A.10)

where as = as/(47) and (assuming a, b, c > 0)

hl Z T(O) T(O) / dz 2t 2)pag(2)

)(a,b) /dzz (1 —2)° In[2(1 — 2)] pgg(2)

1-—
Pgg(2) = QCA[l —

z
Using this approach we have determined the unknown anomalous dimensions in pure Yang-
Mills up to the ninth moment (see (3.23))

— S 42(1-2)]. (A.11)

2
(2) _ oo (47613060061 _ 23217
i’ = G4 22226400 o ).
2
@) _ o2 6322515311879 _ 7773887 672
% = CA( 1440747000 485 ).
(@) 22916518522033 1820967
= — 288 A.12
& A( 18489586500 155 Q’)’ (4.12)
and it is easy to obtain results for higher moments.
B Moments of timelike splitting functions
The timelike splitting functions are
= L
Py(z) = Y ar' B (2), (B.1)

L=0

where as = as/(47m). The Mellin moments of timelike splitting functions are

WP = [ as SR ) (B.2)
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Note that this is shifted by one from the definition of the moments of the track function

in eq. (3.2).

7] in that file. At LO,

All the results of P;j(z) up to order-a? are e.g. listed in the ancillary file,
“PT.txt”, of [39], and P;j(z) corresponds to PT[“i

(0) (0)
P— and PQ q

vanish while the non-vanishing moments up to the 7th moment are given by
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For @) # g we have yqq = 7, and up to the 7th moment we have

(1)
704 (2) 27CF F, 1043) = 5500 CF T 1044) = 57500 CF T
(1) 46516 (1) 3649 (1) 779767
5) = 6) = CpT V=00 oo (Ba
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For the EEC evolution to NNLL, we need the N = 3 moment at LO, NLO and NNLO,
which can be obtained from refs. [40-42, 71]. (Note that we include the pure singlet term
in the gq element.) At NNLO, we have
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Along with the DGLAP anomalous dimensions, we also require the 8 function, which we
expand in powers of o as

B(a) = ~20, é 5 (22)" B.7)
Up to three-loop order in the MS scheme, the coefficients of the 3 function are [72, 73]
By = 13—1CA — %Tan, B = %403, — (?CA +40F> Trny,
By = 28570A (c% - CFCA - 1415@) UTyny + <191€F + ;ZCA) AT2n2. (BS)
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