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A B S T R A C T 

We report the results of the photodynamical analyses of four compact, tight triple stellar systems, KICs 6964043, 5653126, 
5731312, and 8023317, based largely on Kepler and TESS data. All systems display remarkable eclipse timing and eclipse depth 

variations, the latter implying a non-aligned outer orbit. Moreo v er, KIC 6964043 is also a triply eclipsing system. We combined 

photometry, ETV curves, and archi v al spectral energy distribution data to obtain the astrophysical parameters of the constituent 
stars and the orbital elements with substantial precision. KICs 6964043 and 5653126 were found to be nearly flat with mutual 
inclinations i mut = 4 . ◦1 and 12 . ◦3, respectively, while KICs 5731312 and 8023317 ( i mut = 39 . ◦4 and 55 . ◦7, respectively) are found 

to lie in the high i mut regime of the von Zeipel-Kozai-Lidov (ZKL) theorem. We show that, currently, both high inclination triples 
exhibit observable unusual retrograde apsidal motion. Moreover, the eclipses will disappear in all but one of the four systems 
within a few decades. Short-term numerical integrations of the dynamical evolution reveal that both high inclination triples are 
currently subject to ongoing, large amplitude ( � e ∼ 0.3) inner eccentricity variations on centuries-long time-scales, in accord 

with the ZKL theorem. Longer-term integrations predict that two of the four systems may become dynamically unstable on ∼
Gyr time-scales, while in the other two triples common envelope phases and stellar mergers may occur. Finally, we investigate 
the dynamical properties of a sample of 71 KIC/TIC triples statistically, and find that the mutual inclinations and outer mass 
ratios are anticorrelated at the 4 σ level. We discuss the implications for the formation mechanisms of compact triples. 

Key words: binaries: close – binaries: eclipsing – stars: individual: KIC 6964043 – stars: individual: KIC 5653126 – stars: indi- 
vidual: KIC 5731312 – stars: individual: KIC 8023317. 

1

T
(  

(  

f
i
‘
b
e  

‘  

i
p
K
a  

�

1

i

t  

o
c
i
M  

o  

r
p  

s
p
m  

w  

f  

e

©
P

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/515/3/3773/6648821 by U
niversity of Am

sterdam
 user on 18 August 2022
 I N T RO D U C T I O N  

he advent of planet-hunter space telescopes, such as CoRoT 

Auvergne et al. 2009 ), Kepler (Borucki et al. 2010 ), and TESS
Ricker et al. 2015 ), has additionally opened up a new window
or the detection of exotic multiple stellar systems. This especially 
ncludes triple systems and quadruples, which are both ‘compact’ and 
tight’. For simplicity, considering only hierarchical triple systems, 
y ‘compactness’ we mean that the outer orbital period does not 
xceed, let’s say P out = 1000 d, while a triple system is said to be
tight’ for an outer to inner period ratio P out / P in ≤ 100. 1 Tightness
s important because the magnitude of the gravitational three-body 
erturbations in a hierarchical triple stellar system, relative to the 
eplerian motion, is primarily determined by the ratio of semimajor 

xes of the inner and outer orbits. This ratio, with the use of Kepler’s
 E-mail: borko@electra.bajaobs.hu 
 Note, ho we ver, that these numerical values were chosen somewhat arbitrar- 
ly, and we do not mean to attempt to impose strict limits. 
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hird law, can easily be converted to the ratio of the much easier-to-
bserve orbital periods. On the other hand, compactness, which is 
losely connected to the physical dimensions of the system, strongly 
nfluences the time-scale of three- (multiple-) body perturbations. 

oreo v er, tightness is also important in determining the relations
f the magnitudes of other kinds of perturbations, e.g. tidal and
elativistic, to the dynamical ones, since these other perturbations 
rimarily scale with the semimajor axis, i.e. the compactness of the
ystem. Finally, in this regard, compactness is also an important 
arameter because, according to our present knowledge, compact 
ultiple systems form and evolve in a different manner than their
ider counterparts (see e.g. Tokovinin 2021 , in the sense of their

ormation, and Toonen et al. 2020 , 2022 , in regard of their later
volution). 

Hierarchical triple systems exhibit periodic gravitational pertur- 
ations in three different, well separable time-scales. (i) The shortest 
eriod ones act on the time-scale of the inner orbit ( P in ), and have
 relative amplitude on the order of the ratio ( P in / P out ) 2 and thus,
his class of perturbations is hardly observable. (ii) The medium 

ime-scale class of periodic perturbations have characteristic periods 

http://orcid.org/0000-0002-8806-496X
mailto:borko@electra.bajaobs.hu
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n the order of the period of the outer orbit ( P out ) and relative
agnitude of P in / P out (i.e. longer in period and larger in amplitude

han the short-period ones by a factor of P out / P in ). (iii) Finally,
he long-period (or, according to another nomenclature, the ‘apse-
ode’ type) perturbations have a time-scale related to P 

2 
out /P in and

elative amplitude of unity 2 (i.e. yet longer/larger than the previous
erturbations, with a second factor of P out / P in .) 
In terms of the formation, evolution, and future fate and stability

f hierarchical stellar systems, the largest amplitude, long-period
erturbations are by far the most important. Therefore, it is not
urprising that theoretical studies of the stellar third-body problem
ave focused almost exclusively on long-period perturbations (see
.g, the recent re vie w of Naoz 2016 , and further references therein).

Perhaps the most spectacular consequence of these long-period
erturbations occurs in the case of highly inclined inner and outer
rbital planes. The eccentricity of the inner orbit may then alternate
eriodically between small values (including zero) and nearly unity
nd, in parallel with this, the mutual inclination of the orbits also
aries substantially in an anticorrelated manner. In recent years, these
ffects are frequently referred as ‘von Zeipel-Lidov-Kozai effects’
hereafter ZLK) or ‘ZLK oscillations or, cycles’ in the honour of its
rst investigators (von Zeipel 1910 ; Kozai 1962 ; Lidov 1962 ) 3 

The original ZLK theorem takes into account only the lowest
rder quadrupole, long-period perturbations, and is strictly valid
nly if the orbital angular momentum of the triple system is stored
 xclusiv ely in the outer orbit, which is also circular. This asymptotic
uadrupole ZKL theorem has only one degree of freedom and, hence,
s integrable; therefore, the variations of the inner eccentricity ( e in ),
ynamical argument of periastron ( ω 

dyn 
in ), and mutual inclination

 i mut ) can be given in closed form. Based on the analytic form
f the perturbation equations, it can readily be shown that the
ehaviour of the ZKL cycles may be essentially divided into two
utual inclination regimes, which are separated by the value of

 cos i mut | = 

√ 

3 / 5 , i.e. i mut ≈ 39 . ◦23 and its retrograde counterpart. 4 

elow this mutual inclination (i.e. in the low mutual inclination
egime), there may occur only small-amplitude variations in the inner
ccentricity and the mutual inclination as well. Furthermore, in the
ase of an initially circular inner orbit, it remains circular at all times
of course, only in so far as the approximation used remains valid). 

In the high mutual inclination case, depending on the initial
onditions, (i.e. the value of the inner binary eccentricity, mutual
nclination, and dynamical argument of pericenter at a given instant),
he inner eccentricity and the mutual inclination may oscillate with
arge amplitudes, while the apsidal line may exhibit either circulation
r libration. As an extreme example, an originally circular inner
rbit, perturbed by a tertiary orbiting perpendicular to its orbit (i.e.
 mut = 90 ◦), may have its eccentricity periodically grow to near
nity and then shrink back to zero while, at the same time, the
NRAS 515, 3773–3795 (2022) 

 Unity is to be meant in that sense, that during the time-scale of the long- 
eriod perturbations, the numerical value of a given orbital element may take 
ny numerical value within its physical range. 
 These early authors did not deal with the hierarchical three-body problem 

n the context of stellar triple systems, but, instead studied the motions of 
mall bodies in triple systems (e.g. perturbations of Jupiter from comets and 
steroids orbiting around the Sun – von Zeipel; Kozai; or perturbations of the 
oon for Earth-orbiting artificial satellites – Lidov; see the recent monograph 

f Ito & Ohtsuka 2019 ). The first analytic works on this theorem, dedicated 
irectly to the stellar three-body problem was published by Harrington ( 1968 ) 
nd S ̈oderhjelm ( 1982 ). 
 Within the framework of the original ZKL theorem, the prograde and 
etrograde configurations are equi v alent. 
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utual inclination oscillates between cos 2 i mut = 0 and cos 2 i mut =
/5. Taking into consideration the further octupole terms of the per-
urbation function, and allowing the third body to hav e an y arbitrary
ccentricity, e.g. Ford, Kozinsky & Rasio ( 2000 ) and Naoz et al.
 2013 ) have shown that the problem will no longer be analytically
ntegrable, and the behaviour of the orbital elements may be more
omple x. F or e xample, large eccentricity variations may already
ccur in the case of lower mutual inclination triples, the relative
rientations of the orbital planes may show flip-flop phenomena
etween prograde and retrograde orientations, the semimajor axis of
he inner orbit may alternate between libration and circulation, and
o forth. 

Although the large-amplitude ZLK eccentricity cycles are evi-
ently the most important long-period, or secular, effects in the
ormation and evolution of triple star systems, these are often
arely observable in action. The main reason is that, due to their
ypically long time-scale, one cannot expect measurable eccentricity
ariations from spectroscopic, photometric, or astrometric obser-
ations 5 on time-scales of years or decades. Fortunately, ho we ver,
n the case of some other orbital elements, the variations driven
y the very same mechanism (i.e. third-body perturbations) may
ead to readily observ able ef fects e ven on ‘astronomer career’
ime-scales. These long-period perturbations are (i) the third-body
orced apsidal motion (in the case of an eccentric inner binary)
nd (ii) the orbital plane precession (or, nodal regression) in
hose triple systems where the inner and outer orbital planes
re not aligned. (Hence the other name of ‘apse-node time-scale
erturbations’). 
Eclipsing binaries (EBs) that belong to tight and compact hier-

rchical triple and multiple stellar systems may be ideal for the
etection of both of these effects. In particular, they can provide
mportant information on the non-alignment of the orbital planes, or,
ppositely, the flatness of the given systems. This is the case because
he orbital plane precession, in the case of an EB, leads to a variation
n the eclipse depths and, even to the disappearance of former eclipses
r, in the opposite sense, the occurrence of eclipses in formerly non-
Bs. The characteristic time-scale of this effect for triples can be
stimated by the following simple expression (S ̈oderhjelm 1975 ): 

 node = 

4 

3 

1 + q out 

q out 

P 

2 
out 

P in 

(
1 − e 2 out 

)3 / 2 
∣∣∣∣ C 

G out 
cos i mut 

∣∣∣∣
−1 

, (1) 

here q out represents the outer mass ratio, P in, out denote the periods
f the inner and outer orbits, e out stands for the outer eccentricity,
nd C is the (constant) total orbital angular momentum of the triple,
hile G out stands for the orbital angular momentum stored in the
uter orbit and, finally, i mut the mutual (relative) inclination of the
wo orbital planes. 

From an observational point of vie w, ho we ver, the problem is that,
lthough the stability of a hierarchical triple stellar system allows for
ery tight configurations with P out / P in ≈ 5 (see e.g. Mardling &
arseth 2001 ), in the vast majority of known triple or multiple

ystems that contain an EB, this ratio is larger than 100. Moreo v er,
ecause the periods of the outer stellar components are typically
onger than 1 yr, the time-scale of the precession, and therefore
he variation of the eclipse depths, may reach several centuries or,
illennia, in most of the systems. Therefore, one might expect eclipse

epth variations (EDVs) that occur rapidly enough to be observable
uring the ≈1.5 century-long history of EB observations, only in the
 At least within the accuracy limits of instruments that are commonly 
vailable for observing hierarchical triple stellar systems. 
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Table 1. Main properties of the three systems from different catalogs. 

Parameter 6964043 5653126 5731312 8023317 

RA (J2000) 19: 44: 03.474 19: 58: 48.479 19: 53: 00.434 19: 19: 52.879 
Dec (J2000) + 42: 25: 20.09 + 40: 53: 46.51 + 40: 54: 12.77 + 43: 49: 13.84 
G 

b 15.5868 ± 0.0003 13.1434 ± 0.0001 13.8246 ± 0.0001 12.8453 ± 0.0002 
G 

b 
BP 16.0472 ± 0.0029 13.5364 ± 0.0007 14.3641 ± 0.0008 13.2064 ± 0.0005 

G 

b 
RP 14.9591 ± 0.0014 12.5802 ± 0.0004 13.1272 ± 0.0005 12.3194 ± 0.0005 

B 

a 16.307 ± 0.068 14.159 ± 0.026 15.030 ± 0.066 13.819 ± 0.036 
V 

a 16.007 ± 0.137 13.225 ± 0.069 14.035 ± 0.103 12.990 ± 0.069 
g ′ 16.007 ± 0.071 c 13.709 ± 0.014 d 14.584 ± 0.001 e 13.329 ± 0.031 d 

r ′ 15.533 ± 0.048 c 13.139 ± 0.035 d 13.659 ± 0.001 e 12.810 ± 0.045 d 

i ′ 15.276 ± 0.083 c 13.028 ± 0.093 d 13.069 ± 0.001 e 12.702 ± 0.028 d 

J f 14.231 ± 0.027 11.957 ± 0.021 12.242 ± 0.022 11.682 ± 0.023 
H 

f 13.758 ± 0.026 11.710 ± 0.022 11.729 ± 0.023 11.395 ± 0.020 
K 

f 13.705 ± 0.043 11.632 ± 0.020 11.598 ± 0.018 11.340 ± 0.011 
W1 g 13.658 ± 0.025 11.543 ± 0.023 11.559 ± 0.024 11.310 ± 0.023 
W2 g 13.680 ± 0.031 11.572 ± 0.021 11.611 ± 0.023 11.359 ± 0.021 
W3 g 13.061 11.595 ± 0.122 12.926 11.163 ± 0.094 
W4 g 9.614 8.897 9.458 9.442 
T eff (K) a 5445 ± 122 6980 ± 118 4885 ± 60 5638 ± 103 
Distance (pc) h 2162 ± 142 1296 ± 32 351 ± 3 753 ± 7 
[ M / H ] a − 0.435 ± 0.111 −0.372 ± 0.057 0.224 ± 0.016 
E ( B − V ) a 0.130 ± 0.008 0.213 ± 0.014 0.073 ± 0.024 0.035 ± 0.002 
μα (mas yr −1 ) b −2.95 ± 0.03 0.38 ± 0.02 1.69 ± 0.03 −4.25 ± 0.01 
μδ (mas yr −1 ) b −1.69 ± 0.04 −1.12 ± 0.02 5.58 ± 0.03 −1.09 ± 0.01 

a TESS Input Catalog (TIC v8.2) (P ae gert et al. 2021 ). b Gaia EDR3 (Gaia collaboration 2021 ). c AAVSO Photometric All 
Sk y Surv e y (APASS) DR10, (Henden 2019 ), https:// www.aavso.org/ download- apass- data . d AAVSO Photometric All Sky 
Surv e y (APASS) DR9, (Henden et al. 2015 ), http://vizier .u-str asbg.fr/viz- bin/VizieR?- source = II/336/apass9 . e The Kepler- 
INT surv e y (Greiss et al. 2012 ). f 2MASS catalog (Skrutskie et al. 2006 ). g WISE point source catalog (Cutri et al. 2013 ). 
h Bailer-Jones et al. ( 2021 ). 
Note also, that for the SED analysis in Section 4 , the uncertainties of the pass-band magnitudes were set to σmag = max( σ catalog , 
0.030) to a v oid the strong o v erdominance of the extremely accurate Gaia magnitudes over the other measurements. 
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ost compact, tightest, and relativ ely rare (Toko vinin 2014 ) triple
ystems. 

Consequently, it is hardly surprising that before the era of the long-
uration, ground-based and space-borne photometric surv e ys, EDVs 
ere (serendipitously) detected in only fewer than a dozen EBs (see 

he recent re vie w of Borkovits 2022 ). In contrast to this, Kirk et al.
 2016 ) listed 43 EBs in the original Kepler sample that exhibit EDVs.
hough some of their systems were probably false positives (for a 
umber of different reasons), on the other hand, they did not list some
Bs with evident EDVs (e.g. neither KIC 6964043, nor KIC 5731312, 

wo of our four systems that are analysed in this paper). Therefore, we
ay confidently state that the number of the EBs with known EDVs

ad more than tripled by the end of the 4-yr-long primary mission
f the Kepler space telescope. The majority of these EDV-exhibiting 
Bs in the Kepler -field also display rapid apsidal motion. Moreo v er,

he y hav e readily detectable medium-period eclipse timing variations 
ETV) which are, again, forced by the dynamical effects (DE) of the
hird body (besides, and instead of, the usual, well-known light- 
ravel-time effect – LTTE, Rappaport et al. 2013 ; Borkovits et al. 
015 , 2016 ). Therefore, these systems offer excellent opportunities 
o determine their complete geometric and dynamical configurations 
ith unexpectedly high precision through complex, photodynamical 

nalyses. In this manner, these triple stellar systems may serve as
ctual case studies for later, in-depth investigations of the formation, 
s well as past, present, and future evolutions of hierarchical triple 
tar systems. 

In Section 2 , we introduce the four triples selected for our present
nvestigations, and we discuss the prior results on these systems 
hat are rele v ant in the context of the present study. Then the
 s  
escription of the observational data and their preparation can be 
ound in Section 3 , while the applied photodynamical method is
ummarized in Section 4 . In Section 5 , we discuss the results of
he photodynamical analyses, and study the future dynamical and 
strophysical evolutions of each system based on these results. 
oreo v er, the implications of our present and former findings about

ompact triple star systems for the formation processes of multiple 
tar systems are also discussed on a statistical basis. Finally, general
oncluding remarks are made in Section 6 . 

 SELECTED  SYSTEMS  

n a previous w ork, Bork ovits et al. ( 2015 ) analysed 26 such eccentric
Bs in the original Kepler -field for which perturbations by a close

ertiary star dominated the ETV. Amongst these triples, 17 were 
ound to exhibit EDVs to differing degrees, indicating that the 
ertiary star has an inclined orbit relative to the plane of the inner
inary. We have selected four targets of these 17 systems for a
etailed analysis. According to the previous analytic ETV analysis 
f Borkovits et al. ( 2015 ), two of the four systems belong to the
ow mutual inclination regime and, hence, one can expect rapid, but
mall-amplitude medium and long-period variations in the orbital 
lements. By contrast, the other two systems belong to the rare class
f highly inclined close triples, with i mut close to the inclination limit
f the asymptotic, quadrupole ZKL theory. Therefore, they may be 
deal for direct observational detections of such exotic perturbation 
ffects, as, e.g. rapid, strong eccentricity variations and/or retrograde 
or, librating) apsidal motion. The main cataloged parameters of the 
ystems are tabulated in Table 1 , while their 4-yr-long Kepler light
MNRAS 515, 3773–3795 (2022) 
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Figure 1. 4-yr long Kepler long cadence light curves of the four investigated systems with the photodynamical model solution. Small blue circles are the data 
points while the continuous red curves are the photodynamical models. Note, the alternating grey-white stripes help to distinguish the observing quarters. 
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urves are plotted in Fig. 1 . Below we summarize the main properties
ound from their prior results for these four systems individually.
ecause we are mainly interested in the consequences of the inclined

nner and outer orbital planes, we list the systems throughout this
aper in the order of increasing value of the mutual inclination ( i mut )
arameter as it is obtained from the present study. 
KIC 6964043 = KOI-1351 ( P 1 = 10.73 d; P 2 = 239 d; P 2 / P 1 =

2.3) was observed by Kepler in long cadence (LC) mode only from
he fourth quarter (Q4) of the primary mission to its end (Q17).

oreo v er, it was also observed in 1-min short cadence (SC) mode
n Q12. It is the only triply eclipsing triple system in our sample.
hese extra, third-body eclipses are the largest amplitude, longest
uration features of the light curve (see upper-left panel of Figs 1 –
 ). The regular inner eclipses are quite shallow (with depths of
1 −2 per cent). The inner EB exhibits growing eclipse depths during

he first few quarters and then, after a short period of constancy, the
clipse depths continuously decrease. This is the most compact and
ightest triple in our sample. Borkovits et al. ( 2015 ) have investigated
he ETV of the EB and pointed out that it is clearly dominated by
E, i.e. third-body perturbations o v er the LTTE. Therefore, besides

he orbital elements and mass ratio of the outer orbit, they were able
o determine the full spatial configuration of the triple and, hence, the
utual inclination and got i mut = 19 ◦ ± 2 ◦6 Moreo v er, the y estimated
NRAS 515, 3773–3795 (2022) 

 Note, that in contrast to the other three systems, where our new results 
onfirm the mutual inclinations obtained from the prior pure ETV analysis of 
orkovits et al. ( 2015 ), in the case of this triple the present, more complex 

tudy (see later in Section 4 ) resulted in a much lower value of i mut = 

 . ◦1 ± 0 . ◦1. 

V  

a
 

1  

t  

m  
he periods of both the apsidal motion and the nodal regression to be
bout 26–27 yr. KIC 6964043 was also observed with TESS in full-
rame image (FFI) mode in sectors 14 and 15, but these observations
 xhibit neither re gular inner eclipses, nor third-body eclipses, which
s in accord with our photodynamical model, as will be discussed
elow in Section 5 . 
KIC 5653126 = KOI-6612 ( P 1 = 38.51 d; P 2 = 968 d; P 2 / P 1 =

5.1) has by far the longest inner period of all the triples in our sample.
t was observed throughout the original Kepler -mission ( Q 0 − Q 17)
n LC mode, while SC data are also available for quarters Q 9 − Q 17.
he EB exhibits continuously increasing eclipse depths. In the first
even quarters, only primary eclipses were observable. The first, very
hallow, grazing secondary eclipse with a depth of ∼0.002 per cent
an be identified at BJD 2 455 539.7 (near the end of Q 7). During the
econd half of the data train, both kinds of eclipses can be clearly
etected (see upper-right panel of Fig. 1 and left-hand panel of Fig. 4 ).
orkovits et al. ( 2015 ) found a mutual inclination of i mut = 11 ◦ ± 1 ◦

nd apsidal motion and nodal periods on the order of 2–3 centuries.
he system was also observed by the TESS spacecraft in FFI-mode
uring Sectors 14, 15, and 41, where the observations led to the de-
ection of one additional primary, and three secondary eclipses. The
019 summer (S14,15) observations show flat-bottomed eclipses,
hile the somewhat shallower 2021 (S41) secondary eclipse is again
-shaped, indicating that the eclipse depths are now decreasing after
n interval of total eclipses (right-hand panel of Fig. 4 ). 

KIC 5731312 = KOI-6621 ( P 1 = 7.95 d; P 2 = 911 d; P 2 / P 1 =
14.6) is the shortest inner period triple in our sample. Similar
o KIC 5653126, it was observed throughout the original Kepler -

ission ( Q 0 − Q 17) in LC mode. One quarter ( Q 10) of SC data
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Figure 2. The ‘primary’ third-body, or outer eclipses of KIC 6964043 observed with Kepler . During these events the two red dwarfs of the inner binary transit 
(either partially or, totally) in front of the disc of the outer, most massive, G-star component. Blue dots represent the observed LC fluxes, while red lines represent 
the best-fitting photodynamical model. 
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Figure 3. The ‘secondary’ third-body, or outer eclipses of KIC 6964043 observed with Kepler . During these events the two red dwarfs of the inner binary are 
eclipsed (either partially or, totally) by the outer, most massive, G-star component. Blue dots represent the observed LC fluxes, while red lines represent the 
best-fitting photodynamical model. 
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re available as well. During the Kepler observations, this system 

xhibited the deepest primary eclipses amongst the four systems. 
uring the first half of the observations, only a small smooth decrease

n the amplitude of the eclipses can be observed (which is nearly
bscured by a w ave-lik e pattern which, ho we ver, is only a beating
ffect between the data sampling and the eclipsing periods). Then, 
etween BJDs 2455700 and 800, a sudden decrease in eclipse depths 
ccurred, which was then again followed by a slow smooth decrease. 
he much shallower secondary eclipses followed the same trend (see 

ower left-hand panel of Fig. 1 and left-hand panel of Fig. 5 ). At the
ame time, the primary and secondary ETV curves also exhibited 
ramatic peaked variations, clearly indicating periastron passage of 
he eccentric third body. Note, despite the fact that the outer to inner
eriod ratio exceeds 100, the ETV curves of this EB are clearly dom-
nated by the DE o v er the LTTE. Borko vits et al. ( 2015 ) and, in their
lightly revised ETV-analysis Borkovits et al. ( 2016 ), also found that
his triple system is probably quite inclined with a mutual inclination
f i mut = 37 . ◦8 ± 0 . ◦4. In addition, their analytical model fit resulted in
 currently retrograde apsidal motion. The EB was also observed with
ESS in sectors 14, 15, and 41. By this time, the secondary eclipses
ad disappeared, which is again in accord with our photodynamical 
esults to be presented below. Moreo v er, in between the 2019
nd 2021 space telescope observations, two additional primary 
clipses were also observed at Baja Observatory , Hungary , within
he framework of our photometric Kepler and TESS EB follow-up 
rogramme. 
MNRAS 515, 3773–3795 (2022) 
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Figure 4. Some characteristic primary and secondary eclipses of KIC 5653126 in the Kepler (left) and TESS light curves (right) overplotted with the 
photodynamical model solution. All the strips have durations of 0.6 and 0.8 d in the left-hand and right-hand panels, respectively. The left-hand panel shows 
that between the two consecutive primary eclipses around BJDs 2455486.3 and 2455524.9 no secondary eclipse can be detected, but just one orbital period 
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the last two segments of the left-hand panel. As one can see, by that time, the durations of the secondary eclipses exceeded that of the primary ones, which 
is a consequence of the slower orbital motion closer to apastron. In the right-hand panel, all the eclipses (three secondary and one primary minima) observed 
with TESS are plotted. Note, the secondary eclipses in sectors 14 and 15 are clearly flat-bottomed, implying total eclipses, while the S41 secondary eclipse was, 
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KIC 8023317 = KOI-6049 ( P 1 = 16.58 d; P 2 = 611 d; P 2 / P 1 =
6.9) displays slowly and continuously increasing primary eclipse
epths throughout the Q 0 − Q 17 Kepler LC data. (SC data were
lso gathered during quarters Q 5.2 and Q 17.1.) The very shallow
econdary eclipses, ho we v er, hav e constant depths during the 4-yr-
ong data set (see lower-right panel of Fig. 1 and right-hand panel of
ig. 5 ). This is due to the fact that the flat bottom of the secondary
clipses clearly indicates that during these events, the smaller fainter
nd colder secondary star was totally eclipsed. The EDV for the
rst time was reported by Rappaport et al. ( 2013 ) who also made

he first ETV analysis of the system. The system was also included
n the more sophistical ETV analyses of Borkovits et al. ( 2015 ,
016 ). All three investigations led to similar results, indicating that
IC 8023317 is one of the most inclined triple systems with i mut =
9 . ◦5 ± 0 . ◦6 amongst the EBs observed with Kepler . Moreover, similar
o KIC 5731312, the analytic solutions of Borkovits et al. ( 2015 ,
016 ) led to the conclusion that the apsidal motion of this EB is, again,
etrograde. This triple was reobserved with TESS during sectors 14,
0, and 41. These data exhibit five additional, U-shaped primary
NRAS 515, 3773–3795 (2022) 
clipses, ho we ver, the much smaller signal-to-noise ratio of the TESS
ight curves does not allow for a secure detection of the very low-
mplitude secondary eclipses. 

 OBSERVA  T I O NA L  DA  TA  A N D  ITS  

REPARATI ON  

ur analysis is primarily based on the photometric data gathered
y the Kepler spacecraft during its 4-yr-long primary mission. We
se e xclusiv ely the same LC (time resolution of 29.4 min) data sets,
hich were used in our previous work on the comprehensive ETV

nalyses of hundreds of Kepler EBs (Borkovits et al. 2016 ). The
ajority of these light curves were downloaded from the Villanova
ebsite 7 of the third revision of the Kepler Eclipsing Binary Catalog

Abdul-Masih et al. 2016 ; Kirk et al. 2016 ) while in the case of
http:// keplerebs.villanova.edu/ 

art/stac1983_f4.eps
art/stac1983_f5.eps
http://keplerebs.villanova.edu/


Kepler triples with EDV 3779 

K
d

a  

d
t
m
W
d
(  

o  

t  

p
T
a

p
c
F
T  

s
c  

a  

o
a  

D
s  

v
i  

p
t  

n  

t  

s  

t
w

 

t
A
4

w
b  

o
a  

(
a  

a  

e  

e
o  

p

t  

s
3
a  

8

9

t

b  

s  

a
(  

c  

d
a  

k
e

 

s
c  

n  

u
(  

s  

e

4

F
a
B  

i  

i
f
a  

f
a
P
s  

c
(  

s
i
e  

s  

d  

(  

2
 

c
P  

s
i
o  

f
f
c
d
5  

i
d
r
a
b

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/515/3/3773/6648821 by U
niversity of Am

sterdam
 user on 18 August 2022
IC 5731312, the missing quarters 12 and 13 were downloaded 
irectly from the MAST database. 8 

Regarding the more recent TESS observations, as mentioned 
bo v e, all four systems were measured in 30-min cadence mode
uring Year 2 observations. Additionally, three of the systems (with 
he exception being KIC 6964043) were also observed in the 10- 

in cadence mode during the first sectors of Year 4 observations. 
e processed the original TESS FFIs using a convolution-based 

ifferential photometric pipeline implemented in the FITSH package 
P ́al 2012 ). These raw light curves, ho we ver, exhibited large amounts
f scattered light and, moreo v er, due to the large pixel size of TESS ,
he signal of KIC 5653126 was blended with that of the 4.81-d-
eriod EB KIC 5738698 and, therefore, needed disentanglement. 
his disentanglement was carried out with a principal component 
nalysis (PCA) as follows. 

We used the built-in routines from the LIGHTKURVE Python 
ackage (Lightkurve Collaboration 2018 ). First, differential images 
entred on our targets were constructed by the previously mentioned 
ITSH pipeline subtracting a median image from the raw images. 
hese differential images were then read in as a 60 × 60 pixel-
ized TargetPixelFile object and the raw differential light curve was 
alculated by summing up the residual fluxes in a 3 × 3 pixel-sized
perture around the target. After that, assuming that all of the signal
riginated from our target is located inside the chosen aperture, 
ll the other pixels outside this aperture were used to constrain a
esignMatrix object with the vectors that contain information about 

cattered light, spacecraft motion, and other lefto v er e xtrinsic light
ariabilities (e.g. the signal of a close variable star partly measured 
n the aperture). From this DesignMatrix , we supplied the first 5–7
rincipal components to LIGHKURVE ’s Regr essionCorr ector in order 
o construct the noise model and remo v e the underlying systematic
oise from the raw light curves, and, in the case of KIC 5653126, also
o deblend the signal of KIC 5738698 from the light curve. As a final
tep, the relativ e flux es of the detrended light curv es were referenced
o the zero-point values calculated from the G RP magnitudes 9 and 
ere normalized to unity. 
Moreo v er, in the case of KIC 5731312, we included in the analysis

wo additional primary eclipses that were observed by us at Baja 
stronomical Observatory (Hungary) between the Year 2 and Year 
 TESS observations. 
In preparing these data sets for the photodynamical analyses, first 

e determined accurate eclipse times from the TESS and ground- 
ased follow-up observations in the same manner as the Kepler -
bserved eclipse times were determined earlier for our previous 
nalytic ETV analyses in Borkovits et al. ( 2016 ). Thus, we obtained 4
1 primary and 3 secondary) new mid-eclipse times for KIC 5653126 
nd, moreo v er, 11 and 5 primary eclipse times for KICs 5731312
nd 8023317, respectively. In the case of KIC 6964043, no further
clipses were detected in the TESS data. We list all of these
clipse times together with the former Kepler data in the tables 
f Appendix B . Moreo v er, the ETV curv es, together with the best
hotodynamical fits (see below, in Section 4 ), are plotted in Fig. 6 . 
For the photodynamical analysis, we took some additional prepara- 

ory steps with the light curves. First, to obtain a more uniform
ampling, we converted the Year 4 10-min cadence TESS data into 
0-min bins. Secondly, in order to save computational time and 
lso to give the eclipses themselves (which carry the vast bulk of
 ht tps://archive.st sci.edu/missions- and- data/kepler
 This is a rather good approximation due to the significant o v erlap between 
he passbands of TESS and Gaia (Ricker et al. 2015 ; Jordi et al. 2010 ) 

 

f

i  

t  
oth the rele v ant astrophysical and dynamical information) a higher
tatistical weight, we kept only small sections of the light curves
round the primary and secondary eclipses of the inner binaries. 
Note, more strictly speaking, we kept the small sections of the light
urves around the minima of the sky-projected distances of the stellar
iscs of the inner binaries, irrespective of whether eclipses have 
ctually occurred or not.) Moreo v er, in the case of KIC 6964043, we
ept some additional few-day-long sections around the third-body 
clipses, as well. 

Finally, we note that the light curves also exhibit some lo w-le vel
ystematics, which might have either an instrumental origin or be 
aused by stellar variability. Due to their very low amplitude, we did
ot attempt to remo v e these ef fects. Ho we ver, in the future, analyses
sing a simultaneous fit of Gaussian Processes or wavelet-based 
Csizmadia et al. 2021 ) noise models can remo v e some of these
ystematic behaviours and thereby slightly impro v e the fit and error
stimations. 

 P H O  TO D  Y NA M I C A L  M O D E L L I N G  

or the four triple systems, we have carried out a photodynamical 
nalysis with the software package LIGHTCURVEFACTORY (see e.g. 
orkovits et al. 2019a , 2020a , and references therein). As described

n these earlier papers, the code contains (i) a built-in numerical
ntegrator to calculate the gravitationally (three- or four-body ef- 
ects), tidally, and (optionally) relativistically perturbed coordinates 
nd velocities of the three (four) stars in the system; (ii) emulators
or multiband light curves (allowing multiple eclipses), ETV curves, 
nd radial velocity (RV) curves (if available), (iii) built-in, tabulated 
ARSEC grids (Bressan et al. 2012 ) for interpolating fundamental 
tellar parameters (e.g. radii and ef fecti ve temperatures), as well as
omposite spectral energy distribution (SED) model for the three 
four) stars, and (iv) a Markov chain Monte Carlo (MCMC-) based
earch routine for fitting the parameters. The latter utilizes an 
mplementation of the generic Metropolis-Hastings algorithm (see 
.g. Ford 2005 ). The use of this software package and the consecutive
teps of the entire analysis process have been previously explained in
etail as the code was applied to a variety of multiple stellar systems
Borkovits et al. 2018 , 2019a , b , 2020a , b , 2021 , 2022 ; Mitnyan et al.
020 ; Rappaport et al. 2022 ). 
For the four current systems, in the absence of RV data, we

ombined a composite SED analysis and the use of precalculated 
ARSEC grids as proxies to determine the masses of the constituent
tars. As a consequence, such a photodynamical model solution 
s no longer astrophysically model-independent. None the less, in 
ur previous work (Borkovits et al. 2022 ), we have shown that
or compact, strongly dynamically interacting triples (as is the case 
or the currently investigated systems), such a solution (which we 
all ‘MDN’ – astrophysical model-dependent solution without RV 

ata) results in fundamental stellar parameters (masses, radii) within 
–10 per cent to the results of an ‘MIR’ (astrophysical model-
ndependent solution with RV data) solution. The geometric and 
ynamical parameters (i.e. the orbital elements and, also the mass 
atios), as well as dimensionless quantities like the fractional radii 
nd temperature ratios of the stars, remain practically unchanged 
etween the MDN and MIR solutions. 

In the case of these ‘MDN’ runs, the adjusted parameters were as
ollows: 

(i) Orbits: Three of six orbital-element related parameters of the 
nner, and six parameters of the outer orbits, i.e. the components of
he eccentricity vectors of both orbits ( e sin ω) in, out , ( e cos ω) in, out , the
MNRAS 515, 3773–3795 (2022) 
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Figure 6. ETVs of KICs 6964043 (upper), 5653126 (second row), 5731312 (third row), and 8023317 (bottom). Left-hand panels represent the timing variations 
during the Kepler observations, while right-hand panels exhibit longer time intervals up to 2040. In these panels, grey-shaded area shows the nominal interval 
of the original Kepler mission. (Note, in those parts of the curves, where no eclipses would be observed due to the low orbital inclinations, the times of the 
minimal sky-projected distances of the stellar discs were calculated.) Red and blue dots represent the primary and secondary binary eclipses, respectively, while 
the correspondingly coloured curves connect the best-fitting photodynamical model ETV points. In the upper-left panel, the solid vertical grey lines indicate the 
times of the third-body eclipses detected by Kepler in the triple system KIC 6964043. The lower parts of the left-hand panels show the residuals from the model 
fit. 
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10 Note, we have also numerically integrated the dynamical evolution of the 
systems with TRES on the shorter time-scales and obtained similar (dynami- 
cal) results to those found with the built in integrator of LIGHTCURVEFACTORY 

for all four systems considered in this paper. 
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nclinations relative to the plane of the sky ( i in, out ), and moreo v er,
hree other parameters for the outer orbit, including the period ( P out ),
he longitude of the node relative to the inner binary’s node ( �out ),
nd, in the case of the triply eclipsing system KIC 6964043, the
ixth parameter was the time of the first (inferior) conjunction of the
ertiary star observed in the Kepler data ( T inf 

out ) (which corresponds
o the first observed third-body eclipse), while for the other three 
ystems the periastron passage times ( τ out ) were adjusted. 

(ii) Stars: Three stellar mass-related parameters: the mass of the 
ost massive component (being either m Aa , the primary of the 

nner pair or, m B , the tertiary star), and the inner and outer mass
atios ( q in, out ). Additionally, the metallicity of the system ([ M / H ]),
he (logarithmic) age of the three coe v al stars (log τ ), and the
nterstellar reddening E ( B − V ) towards the given triple were also
aried. Moreo v er, due to the strong contamination of the TESS light
urve of KIC 8023317, for this light curve only, the ‘extra light’
ontamination, 
 4 parameter was also freely adjusted. 

A couple of other parameters were constrained instead of being 
djusted or held constant during our analyses, as follows: 

(i) Orbits: The orbital period of the inner binary ( P in ) and its
rbital phase (through the time of an arbitrary primary eclipse or, 
ore strictly, the time of the inferior conjunction of the secondary 

tar – T inf 
in ) were constrained internally through the ETV curves. 

(ii) Stars: The radii and temperatures of the three stars were 
alculated with the use of three-linear interpolations from the 
recomputed 3D (metallicity; logarithmic age; stellar mass) PARSEC 
rids. Additionally, the distance of the system (which is necessary 
or the SED fitting) were calculated a posteriori at the end of each
rial step, by minimizing the value of χ2 

SED . 
(iii) Atmospheric parameters of the stars: we handled them in 

 similar manner as in our previous photodynamical studies. We 
tilized a logarithmic limb-darkening law (Klinglesmith & Sobieski 
970 ) for which the passband-dependent linear and non-linear 
oefficients were interpolated in each trial step via the tables from
he original version of the Phoebe software (Pr ̌sa & Zwitter 2005 ).

e set the gravity darkening exponents for all late type stars to
= 0.32 in accordance with the classic model of Lucy ( 1967 ) valid

or conv ectiv e stars and held them constant. Note, ho we ver, that the
hoice of this parameter has only minor consequences, since the stars
n the present study are close to spheroids. 

The median values of the orbital and physical parameters, as well 
s some derived quantities, of the four triple systems, computed 
rom the MCMC posteriors and their 1 σ uncertainties are tabulated 
n Tables 2 and 3 . Furthermore, the observed versus model light
urves are plotted in Figs 1 –5 , while the observed versus model ETV
urves are shown in Fig. 6 . 

 DISCUSSION  

n this section, first we briefly describe the photodynamical results 
or each individual system, and then we study the short and longer
erm dynamical evolutions of our triples. For the investigation of 
he short- and long-term dynamical evolutions, we integrate the 
uture motion of the triple star systems with two different numerical 
nte grators. F or the short-term ( ≤1 Myr-long) integration, we use
he very same integrator which is built into LIGHTCURVEFACTORY , 
nd described in Borkovits et al. ( 2019a , b ). Here, we note that this
ntegrator works directly with the equations of the orbital motions, 
ncluding point-mass, tidal, and relativistic contributions, and the 
ulerian equations of uni-axial stellar rotations. Its main advantage 
s that it returns at every integration step the spatial coordinates
nd velocities of each star and, therefore, can be used directly to
enerate the system light curve. It also gives the osculating orbital
lements at each instant and, hence, the observational consequences 
f the motions can be easily studied. The disadvantages are, however,
hat neither stellar evolution nor tidal dissipation are built in and,
herefore, it cannot be used for realistic simulations on much longer
ime-scales. Moreo v er, another disadvantage is that it is much
lower than the method we use for the investigations of the long-
erm (up to several Gyrs) dynamical evolution of the systems. For
his latter approach we use the triple stellar evolution code TRES
Toonen, Hamers & Portegies Zwart 2016 ), which incorporates 
ecular dynamical evolution, including the quadrupole & octupole 
evel interactions, stellar evolution including stellar winds & stellar 
nteraction processes, such as mass transfer , common-en velope (CE) 
volution, mergers, tidal forces, and gravitational wave emission. 10 

Finally, we discuss the implications of our findings on the system
arameters for the formation processes of multiple stellar systems in 
eneral. 

.1 KIC 69640403 

his is the only triply eclipsing triple among our sample, and
he system is found to be nearly flat. In contrast to the previous
ndings of Borkovits et al. ( 2015 , 2016 ), here we find the mutual

nclination of the inner and outer orbital planes to be i mut =
 . ◦14 ± 0 . ◦09. This is also the only system in the present study
or which the outer stellar component was found to be the most
assive one. This tertiary is a slightly evolved twin of our Sun ( m B =
 . 00 ± 0 . 08 M �; R B = 1 . 98 ± 0 . 09 R �; T eff, B = 5500 ± 50 K), and
t emits more than 96 per cent of the total flux of the system (at
east in the Kepler photometric band). The inner binary consists of
wo very similar red dwarf stars ( m Aa = 0 . 59 ± 0 . 04 M �; R Aa =
 . 59 ± 0 . 03 R �; T eff, Aa = 4130 ± 50 K and m Ab = 0 . 57 ± 0 . 04 M �;
 Ab = 0 . 57 ± 0 . 03 R �; T eff, Ab = 4040 ± 40 K, respectively). This

riple was found to be the oldest ( τ = 9 + 1 
−2 Gyr) and most distant

 d = 2450 ± 120 pc) among the set of studied systems. The distance
s greater by ≈2 σ than the Gaia EDR3 distance, but such an
nconsistency, in the case of a triple system with an outer period
ear 2/3 of a year, might be expected. Both the inner and outer mass
atios are relatively close to unity ( q in = 0.97 ± 0.01 and q out =
.87 ± 0.01) which, together with the flatness and compact nature 
f the system, imply that this system might have formed through
 sequential disc instability mechanism (Tokovinin & Moe 2020 ; 
okovinin 2021 ), which may lead to compact triple systems with both

he inner and outer mass ratios close to unity (double twins, Tokovinin
018 ). 
Regarding the orbital parameters, while the inner orbit is only 

lightly eccentric ( e in = 0.0037 ± 0.0005), the eccentricity of 
he outer orbit is moderately high ( e out = 0.4781 ± 0.0006).
s a consequence, the periastron distance of the outer orbit is
 out (1 − e out ) ≈ 5 . 1 a in , which places the system quite close to the
ynamical stability limit; ho we ver, the system is definitely within
he dynamically stable region. This is clearly illustrated in the upper
anels of Fig. 7 , which show the variations of the inner eccentricity
nd the mutual inclination o v er the first 250 yr of our 1 million
MNRAS 515, 3773–3795 (2022) 
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Table 2. Orbital and astrophysical parameters of the low mutual inclination triples KICs 6964043 and 5653126 from the joint photodynamical light curve, 
ETV, SED, and PARSEC isochrone solution. Note, besides the usual angular orbital elements (given in both the observational and dynamical frame of 
references), i inv and �inv give the position of the invariable plane with respect to the tangential plane of the sky. The osculating orbital elements are given for 
epochs t 0 , given in the first row. 

KIC 6964043 KIC 5653126 
Orbital elements 

Aa–Ab A–B Aa–Ab A–B 

t 0 (BJD - 2400000) 55182.0 54953.0 
P (d) 10 . 69787 + 0 . 00012 

−0 . 00015 239 . 2519 + 0 . 0076 
−0 . 0083 38 . 44825 + 0 . 00028 

−0 . 00028 971 . 39 + 0 . 25 
−0 . 25 

a [R �) 21 . 47 + 0 . 47 
−0 . 34 209 . 8 + 4 . 9 −3 . 6 69 . 77 + 0 . 26 

−0 . 35 675 . 8 + 3 . 0 −3 . 8 

e 0 . 03687 + 0 . 00025 
−0 . 00052 0 . 47806 + 0 . 00056 

−0 . 00053 0 . 2935 + 0 . 0015 
−0 . 0021 0 . 1787 + 0 . 0011 

−0 . 0011 

ω (deg) 75 . 46 + 0 . 15 
−0 . 15 311 . 41 + 0 . 09 

−0 . 10 304 . 36 + 0 . 32 
−0 . 22 323 . 90 + 0 . 36 

−0 . 32 

i (deg) 88 . 797 + 0 . 111 
−0 . 087 89 . 811 + 0 . 013 

−0 . 015 87 . 128 + 0 . 018 
−0 . 018 87 . 608 + 0 . 526 

−0 . 463 

T inf 
0 (BJD - 2400000) 55190 . 1678 + 0 . 0004 

−0 . 0004 55340 . 658 + 0 . 018 
−0 . 015 54985 . 8390 . 1678 + 0 . 0007 

−0 . 0007 ... 

τ (BJD - 2400000) 55184 . 3510 + 0 . 0043 
−0 . 0044 55110 . 444 + 0 . 047 

−0 . 050 54949 . 355 + 0 . 030 
−0 . 020 55481 . 39 + 0 . 65 

−0 . 63 

� (deg) 0.0 −4 . 023 + 0 . 089 
−0 . 086 0.0 −12 . 344 + 0 . 163 

−0 . 175 

i mut (deg) 4 . 138 + 0 . 087 
−0 . 061 12 . 348 + 0 . 168 

−0 . 152 

ω 

dyn (deg) 331 . 3 + 1 . 7 −1 . 3 27 . 2 + 1 . 8 −1 . 4 212 . 4 + 2 . 0 −2 . 1 51 . 3 + 2 . 1 −2 . 1 

i dyn (deg) 3 . 620 + 0 . 076 
−0 . 055 0 . 519 + 0 . 009 

−0 . 008 10 . 152 + 0 . 129 
−0 . 119 2 . 197 + 0 . 041 

−0 . 036 

�dyn (deg) 284 . 2 + 1 . 3 −1 . 8 104 . 2 + 1 . 3 −1 . 8 272 . 4 + 2 . 4 −2 . 1 92 . 4 + 2 . 4 −2 . 1 

i inv (deg) 89 . 685 + 0 . 015 
−0 . 017 87 . 514 + 0 . 437 

−0 . 383 

�inv (deg) −3 . 506 + 0 . 045 
−0 . 062 −10 . 149 + 0 . 127 

−0 . 135 

Mass ratio ( q = m sec / m pri ) 0 . 972 + 0 . 008 
−0 . 009 0 . 866 + 0 . 009 

−0 . 007 0 . 736 + 0 . 006 
−0 . 006 0 . 418 + 0 . 004 

−0 . 004 

K pri (km s −1 ) 50 . 06 + 1 . 10 
−0 . 77 23 . 41 + 0 . 74 

−0 . 44 40 . 69 + 0 . 22 
−0 . 28 10 . 52 + 0 . 11 

−0 . 11 

K sec (km s −1 ) 51 . 54 + 1 . 04 
−0 . 70 27 . 09 + 0 . 46 

−0 . 37 55 . 28 + 0 . 25 
−0 . 37 25 . 18 + 0 . 09 

−0 . 09 

Apsidal and nodal motion related parameters 

P apse (yr) 28 . 56 + 0 . 12 
−0 . 15 199 . 8 + 0 . 8 −0 . 7 309 + 3 −4 1204 + 3 −4 

P 

dyn 
apse (yr) 13 . 34 + 0 . 05 

−0 . 06 22 . 21 + 0 . 06 
−0 . 07 131 . 4 + 0 . 9 −0 . 7 190 + 2 −2 

P 

dyn 
node (yr) 24 . 99 + 0 . 10 

−0 . 08 225 + 3 −3 

�ω 3b (arcsec/cycle) 1329 + 7 −6 4249 + 16 
−16 441 + 6 −4 2863 + 10 

−7 

�ω GR (arcsec/cycle) 0 . 447 + 0 . 020 
−0 . 014 0 . 111 + 0 . 005 

−0 . 004 0 . 399 + 0 . 003 
−0 . 004 0 . 0553 + 0 . 0005 

−0 . 0006 

�ω tide (arcsec/cycle) 0 . 026 + 0 . 005 
−0 . 004 ... 0 . 050 + 0 . 001 

−0 . 002 ... 

stellar parameters 
Aa Ab B Aa Ab B 

Relative quantities 
Fractional radius ( R / a) 0 . 0274 + 0 . 0008 

−0 . 0007 0 . 0266 + 0 . 0010 
−0 . 0008 0 . 00944 + 0 . 00022 

−0 . 00024 0 . 0315 + 0 . 0002 
−0 . 0002 0 . 0188 + 0 . 0002 

−0 . 0002 0 . 00190 + 0 . 00004 
−0 . 00004 

Temperature relative to ( T eff ) Aa 1 0 . 9786 + 0 . 0069 
−0 . 0075 1 . 3303 + 0 . 0175 

−0 . 0159 1 0 . 8877 + 0 . 0077 
−0 . 0042 0 . 8824 + 0 . 0036 

−0 . 0035 

Fractional flux (in Kepler -band) 0 . 0203 + 0 . 0012 
−0 . 0012 0 . 0174 + 0 . 0010 

−0 . 0009 0 . 9623 + 0 . 0017 
−0 . 0020 0 . 6875 + 0 . 0098 

−0 . 0093 0 . 1588 + 0 . 0048 
−0 . 0050 0 . 1532 + 0 . 0073 

−0 . 0061 

Fractional flux (in TESS -band) − − − 0 . 4995 + 0 . 01791 
−0 . 0165 0 . 1227 + 0 . 0016 

−0 . 0016 0 . 1084 + 0 . 0048 
−0 . 0050 

Physical Quantities 

m (M �) 0 . 588 + 0 . 038 
−0 . 026 0 . 571 + 0 . 038 

−0 . 028 1 . 003 + 0 . 081 
−0 . 055 1 . 774 + 0 . 024 

−0 . 029 1 . 303 + 0 . 018 
−0 . 016 1 . 285 + 0 . 025 

−0 . 029 

R (R �) 0 . 588 + 0 . 031 
−0 . 025 0 . 571 + 0 . 034 

−0 . 027 1 . 980 + 0 . 087 
−0 . 077 2 . 198 + 0 . 017 

−0 . 017 1 . 310 + 0 . 022 
−0 . 020 1 . 281 + 0 . 034 

−0 . 037 

T eff (K] 4134 + 45 
−49 4041 + 44 

−41 5495 + 42 
−45 7062 + 53 

−88 6260 + 59 
−47 6228 + 47 

−64 

L bol (L �) 0 . 091 + 0 . 013 
−0 . 010 0 . 079 + 0 . 011 

−0 . 010 3 . 234 + 0 . 240 
−0 . 279 10 . 822 + 0 . 353 

−0 . 626 2 . 384 + 0 . 103 
−0 . 132 2 . 225 + 0 . 157 

−0 . 201 

M bol 7 . 38 + 0 . 12 
−0 . 14 7 . 53 + 0 . 15 

−0 . 14 3 . 50 + 0 . 10 
−0 . 08 2 . 18 + 0 . 06 

−0 . 03 3 . 83 + 0 . 06 
−0 . 05 3 . 90 + 0 . 10 

−0 . 07 

M V 8 . 27 + 0 . 15 
−0 . 14 8 . 50 + 0 . 16 

−0 . 12 3 . 62 + 0 . 11 
−0 . 08 2 . 10 + 0 . 07 

−0 . 03 3 . 80 + 0 . 07 
−0 . 05 3 . 88 + 0 . 11 

−0 . 08 

log g (dex) 4 . 668 + 0 . 018 
−0 . 017 4 . 679 + 0 . 022 

−0 . 021 3 . 846 + 0 . 016 
−0 . 014 4 . 000 + 0 . 007 

−0 . 006 4 . 317 + 0 . 009 
−0 . 009 4 . 331 + 0 . 016 

−0 . 015 

Global system parameters 

log (age) (dex) 9 . 934 + 0 . 075 
−0 . 107 9 . 016 + 0 . 028 

−0 . 038 

[ M / H ] (dex) −0 . 230 + 0 . 148 
−0 . 094 0 . 372 + 0 . 059 

−0 . 107 

E ( B − V ) (mag) 0 . 088 + 0 . 015 
−0 . 012 0 . 351 + 0 . 014 

−0 . 026 

Extra light 
 4 (in TESS -band) ... 0 . 270 + 0 . 019 
−0 . 046 

( M V ) tot 3 . 59 + 0 . 11 
−0 . 08 1 . 73 + 0 . 07 

−0 . 03 

Distance (pc) 2443 + 119 
−109 1374 + 16 

−14 
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Table 3. The same as in Table 2 but for KICs 5731312 and 8023317. 

KIC 5731312 KIC 8023317 
Orbital elements 

Aa–Ab A–B Aa–Ab A–B 

t 0 (BJD - 2400000) 54953.0 54953.0 
P (d) 7 . 946521 + 0 . 000011 

−0 . 000010 917 . 00 + 0 . 98 
−0 . 92 16 . 57544 + 0 . 00021 

−0 . 00020 605 . 4 + 2 . 3 −2 . 2 

a (R �) 18 . 20 + 0 . 10 
−0 . 09 448 . 0 + 2 . 5 −2 . 1 32 . 63 + 0 . 45 

−0 . 42 368 . 1 + 5 . 5 −4 . 4 

e 0 . 45866 + 0 . 00048 
−0 . 00033 0 . 5745 + 0 . 0077 

−0 . 0079 0 . 27889 + 0 . 00041 
−0 . 00068 0 . 252 + 0 . 013 

−0 . 013 

ω (deg) 206 . 82 + 0 . 15 
−0 . 12 36 . 06 + 1 . 38 

−1 . 59 152 . 90 + 0 . 32 
−0 . 15 159 . 14 + 2 . 91 

−2 . 66 

i (deg) 87 . 378 + 0 . 153 
−0 . 107 67 . 649 + 0 . 487 

−0 . 354 87 . 019 + 0 . 045 
−0 . 046 71 . 836 + 0 . 369 

−0 . 267 

T inf 
0 (BJD - 2400000) 54968 . 0942 + 0 . 0002 

−0 . 0002 ... 54979 . 7311 + 0 . 0003 
−0 . 0003 −

τ (BJD - 2400000) 54967 . 5686 + 0 . 0023 
−0 . 0017 54830 . 70 + 1 . 70 

−1 . 97 54975 . 7719 + 0 . 0135 
−0 . 0061 55023 . 12 + 4 . 82 

−4 . 22 

� (deg) 0.0 35 . 18 + 0 . 41 
−0 . 43 0.0 −55 . 25 + 0 . 86 

−0 . 81 

i mut (deg) 39 . 41 + 0 . 32 
−0 . 31 55 . 71 + 0 . 79 

−0 . 82 

ω 

dyn (deg) 263 . 9 + 0 . 5 −0 . 6 281 . 1 + 1 . 5 −1 . 7 79 . 4 + 0 . 4 −0 . 3 255 . 9 + 2 . 7 −2 . 6 

i dyn (deg) 27 . 20 + 0 . 33 
−0 . 34 12 . 22 + 0 . 37 

−0 . 37 33 . 38 + 0 . 85 
−0 . 88 22 . 33 + 0 . 52 

−0 . 53 

�dyn (deg) 118 . 9 + 0 . 6 −0 . 6 298 . 9 + 0 . 6 −0 . 6 257 . 9 + 0 . 5 −0 . 4 77 . 9 + 0 . 5 −0 . 4 

i inv (deg) 73 . 22 + 0 . 23 
−0 . 24 78 . 59 + 0 . 28 

−0 . 21 

�inv (deg) 23 . 62 + 0 . 39 
−0 . 39 −32 . 62 + 0 . 90 

−0 . 84 

mass ratio ( q = m sec / m pri ) 0 . 665 + 0 . 031 
−0 . 042 0 . 120 + 0 . 004 

−0 . 004 0 . 303 + 0 . 010 
−0 . 013 0 . 079 + 0 . 003 

−0 . 003 

K pri (km s −1 ) 52 . 05 + 1 . 63 
−2 . 28 2 . 99 + 0 . 08 

−0 . 08 23 . 99 + 0 . 48 
−0 . 50 2 . 25 + 0 . 07 

−0 . 07 

K sec (km s −1 ) 78 . 48 + 1 . 50 
−1 . 40 24 . 96 + 0 . 20 

−0 . 21 79 . 45 + 2 . 15 
−1 . 56 28 . 51 + 0 . 34 

−0 . 46 

Apsidal motion related parameters 

P apse (yr) −4787 + 280 
−306 18193 + 1368 

−1238 −653 + 31 
−36 −6567 + 676 

−929 

P 

dyn 
apse (yr) 1298 + 34 

−33 873 + 18 
−18 −1707 + 229 

−342 1103 + 56 
−54 

P 

dyn 
node (yr) 899 + 18 

−18 884 + 24 
−23 

�ω 3b (arcsec/cycle) −7 . 1 + 0 . 3 −0 . 4 179 + 13 
−13 −91 + 5 −5 −327 + 41 

−38 

�ω GR (arcsec/cycle) 0 . 736 + 0 . 008 
−0 . 007 0 . 0395 + 0 . 0005 

−0 . 0005 0 . 465 + 0 . 013 
−0 . 012 0 . 044 + 0 . 001 

−0 . 001 

�ω tide (arcsec/cycle) 0 . 47 + 0 . 02 
−0 . 02 ... 0 . 516 + 0 . 034 

−0 . 035 ... 

stellar parameters 
Aa Ab B Aa Ab B 

Relative quantities 

Fractional radius ( R / a) 0 . 0399 + 0 . 0007 
−0 . 0005 0 . 0277 + 0 . 0011 

−0 . 0015 0 . 000409 + 0 . 000009 
−0 . 000009 0 . 0600 + 0 . 0007 

−0 . 0007 0 . 0121 + 0 . 0002 
−0 . 0002 0 . 000474 + 0 . 000017 

−0 . 000015 

Temperature relative to ( T eff ) Aa 1 0 . 7272 + 0 . 0189 
−0 . 0225 0 . 5733 + 0 . 0058 

−0 . 0053 1 0 . 5402 + 0 . 0056 
−0 . 0061 0 . 4393 + 0 . 0056 

−0 . 0063 

Fractional flux (in 
Kepler -band) 

0 . 8986 + 0 . 0207 
−0 . 0202 0 . 0984 + 0 . 0200 

−0 . 0208 0 . 0031 + 0 . 0003 
−0 . 0003 0 . 9978 + 0 . 0001 

−0 . 0002 0 . 0021 + 0 . 0002 
−0 . 0001 0 . 0001 + 0 . 00001 

−0 . 00001 

Fractional flux (in TESS -band) 0 . 8774 + 0 . 0233 
−0 . 0220 0 . 1194 + 0 . 0218 

−0 . 0233 0 . 0033 + 0 . 0003 
−0 . 0003 0 . 8479 + 0 . 0256 

−0 . 0177 0 . 0023 + 0 . 0002 
−0 . 0002 0 . 0001 + 0 . 00001 

−0 . 00001 

Fractional flux (in r’ -band) 0 . 9086 + 0 . 0197 
−0 . 0193 0 . 0892 + 0 . 0192 

−0 . 0198 0 . 0022 + 0 . 0002 
−0 . 0002 ... ... ... 

Physical Quantities 

m (M �) 0 . 773 + 0 . 008 
−0 . 013 0 . 510 + 0 . 022 

−0 . 026 0 . 153 + 0 . 004 
−0 . 005 1 . 300 + 0 . 071 

−0 . 058 0 . 392 + 0 . 008 
−0 . 009 0 . 134 + 0 . 006 

−0 . 006 

R (R �) 0 . 728 + 0 . 009 
−0 . 009 0 . 505 + 0 . 023 

−0 . 029 0 . 184 + 0 . 004 
−0 . 004 1 . 963 + 0 . 029 

−0 . 046 0 . 394 + 0 . 008 
−0 . 010 0 . 174 + 0 . 008 

−0 . 007 

T eff (K) 5079 + 47 
−56 3693 + 68 

−91 2911 + 28 
−26 5869 + 66 

−73 3166 + 45 
−42 2575 + 35 

−36 

L bol (L �] 0 . 316 + 0 . 020 
−0 . 018 0 . 042 + 0 . 008 

−0 . 008 0 . 0022 + 0 . 0002 
−0 . 0002 4 . 084 + 0 . 196 

−0 . 215 0 . 014 + 0 . 001 
−0 . 001 0 . 0012 + 0 . 0001 

−0 . 0001 

M bol 6 . 02 + 0 . 06 
−0 . 07 8 . 20 + 0 . 23 

−0 . 18 11 . 43 + 0 . 08 
−0 . 08 3 . 24 + 0 . 06 

−0 . 05 9 . 41 + 0 . 06 
−0 . 06 12 . 07 + 0 . 11 

−0 . 12 

M V 6 . 27 + 0 . 09 
−0 . 08 9 . 56 + 0 . 36 

−0 . 26 14 . 68 + 0 . 19 
−0 . 19 3 . 27 + 0 . 07 

−0 . 06 11 . 91 + 0 . 18 
−0 . 20 16 . 72 + 0 . 15 

−0 . 17 
log g (dex) 4 . 599 + 0 . 007 

−0 . 006 4 . 739 + 0 . 027 
−0 . 021 5 . 095 + 0 . 007 

−0 . 007 3 . 967 + 0 . 013 
−0 . 011 4 . 839 + 0 . 013 

−0 . 009 5 . 077 + 0 . 021 
−0 . 020 

Global system parameters 

log (age) (dex) 9 . 775 + 0 . 043 
−0 . 046 9 . 639 + 0 . 036 

−0 . 064 

[ M / H ] (dex) −0 . 122 + 0 . 027 
−0 . 040 0 . 330 + 0 . 064 

−0 . 150 

E ( B − V ) (mag) 0 . 038 + 0 . 009 
−0 . 011 0 . 080 + 0 . 026 

−0 . 019 

Extra light 
 4 (in TESS -band) ... 0 . 150 + 0 . 018 
−0 . 026 

( M V ) tot 6 . 22 + 0 . 08 
−0 . 07 3 . 27 + 0 . 07 

−0 . 06 

Distance (pc) 353 + 6 −7 814 + 13 
−22 
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Figure 7. Variations of some of the osculating orbital elements in the triple system KIC 6964043. The left-hand panels represent short time-scale variations 
from 2009 to 2030, while the right-hand panels show 250 yr. The vertical shaded area in the left-hand panels denote the time domain of the original Kepler 
mission. Note, that the medium-period perturbation effects, especially the bumps around the periastron passages of the third component, are also nicely visible 
on the left-hand panels. Upper panels: variations of the inner eccentricity ( e in ) and the mutual inclination ( i mut ). Middle panels: the variations of the observable 
and dynamical arguments of periastrons of the inner and outer orbits ( ω in, out and ω 

dyn 
in , out , respecti vely). Lower panels: v ariations of the observable inclinations of 

the inner and outer orbital planes ( i in , i out , respectively). The green area represents the domain where at least one of the inner EB’s eclipses should be observed, 
while the cyan area stands for the inclination domain where both eclipses can be observed. Moreover, the horizontal black lines stand for the upper and lower 
outer inclination ( i out ) limits of the domain where outer, third-body eclipses might occur. See text for further details. 
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11 For the calculations, we used the formulae described in Borkovits et al. 
( 2015 ), appendix C. 
12 It can be readily shown that the observable and dynamical apsidal motion 
rates relate to each other as �ω = �ω 

dyn + ��dyn cos i dyn − ��cos i (see 
e.g. Borko vits, F org ́acs-Dajka & Reg ́aly 2007 ; Borkovits et al. 2015 ). For 
EBs cos i 	 1 hence, the last term is negligible (though it was taken into 
account for calculating the theoretical observable apsidal motion periods –
P apse , tabulated in Tables 2 and 3 ) and therefore, for the ne gativ e sign of 
��dyn , one can infer that the observable apsidal advance rate should be 
lower than the dynamical one. 
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r-long numerical integration. This short-term stability is mainly
uaranteed by the nearly perfect flatness of the system, which leads
o the suppression of any long-term or secular perturbations in the
emimajor axes, as well as to the almost complete disappearance
f the quadrupole order long-term perturbations in the eccentricities
nd the mutual inclination. Moreo v er, due to the nearly equal masses
f the inner binary, the octupole-order terms also remain very
mall. 

In the middle and bottom panels of Fig. 7 , we show decades-long
left) and centuries-long (right) variations of some further orbital
lements, which have readily detectable observational consequences.
n the middle panels, the time evolution of the observational and
ynamical arguments of periastrons ( ω in, out and ω 

dyn 
in , out , respectively)

re shown. Similar to the other three triples, the apsidal advances
f both the inner and outer orbits are clearly dominated by third-
ody perturbations o v er the relativistic and tidal effects (see the
orresponding rows in Table 2 ). Due to the flatness of the system,
gain the apsidal motion is practically linear in time, apart from
he small amplitude P out -medium period time-scale variations. The
NRAS 515, 3773–3795 (2022) 
heoretical 11 inner and outer apsidal motion periods in the dynamical
rame are P 

dyn 
apse = 13 and 199 yr, respectively . Naturally , in the

bservational frame, a much longer apsidal motion period will be
bserved due to the counterbalancing effect of the nodal regression. 12 

hus, the apsidal motion of the inner binary in the observational
rame of reference, which can be detected directly through the
nticorrelated primary and secondary ETV curves (Fig. 6 ), has a
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Figure 8. Evolution of the system eccentricities in KIC 6964043. 

Figure 9. Schematic evolution of the triple star system KIC 6964043. 
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heoretical period of P apse = 28.59 ± 0.02 yr, in accord with both the
umerical integrations and the observed ETV curves. 
The bottom panels of Fig. 7 display the inclination angle variations 

f both the inner and outer orbits. The precession period is about
5 yr. (The theoretical value is P node = 25.0 ± 0.1 yr.) In these panels,
e also denote with cyan (or green) regions of the inclination-angle 
omain where both (or at least one) eclipses of the inner binary can
e observed. The borders of these regions are calculated from the 
quation 

 cos i in | = 

R Aa + R Ab 

a in 

1 ± | e in sin ω in | 
1 − e 2 in 

, (2) 

hereas, on the right-hand side, the positive sign gives the 
nclination-angle limit for a single eclipse (i.e. the green area), 
hile the ne gativ e sign giv es the limit where both eclipses should
ccur (the cyan area). As one can see, during the first part of the
epler -observations, the inner inclination became closer and closer 

o 90 ◦, and the inner orbit was seen exactly edge-on from the Earth
round 2011.5. Therefore, during the second part of the Kepler 
easurements, the orbital plane was viewed under a continuously 

ecreasing angle. This is in nice agreement with the first increasing, 
hen constant (total eclipses) and, finally, decreasing eclipse depths 
Fig. 1 ) that were seen. Moreo v er, one can also see in the lower left-
and panel of Fig. 7 that during sectors 14 and 15 TESS -observations
 ≈2019.6), the inner binary was at the very edge of the eclipsing
egime. Strictly speaking, the inner eclipses were present, ho we ver, 
heir amplitudes were two orders of magnitude smaller than the 
catter of the TESS light curve of this very faint ( T = 15.0 mag)
ource. And, indeed, no third-body eclipse was seen during the 
wo sectors of TESS observations, therefore, the eclipsing nature of 
his system remained hidden from TESS . In contrast to this, during
he scheduled sectors 54 and 55 observations ( ≈2022.6) the inner 
inary will again be very close to its next edge-on position ( i in ≈
0 . ◦7), offering much better conditions to observe the shallow regular 
clipses. 

In the same panels we also denote, with thin black lines, the
nclination limits of the outer inclination domain for the possibility 
f third-body eclipses. These are defined as follows: 

 cos i out | = 

R B + R Ab + 

a in 
1 + q out 

(
1 + tan 2 i in cos 2 ��

)−1 / 2 

a out 

× 1 + | e out sin ω out | 
1 − e 2 out 

. (3) 

We will discuss this expression in Appendix A .) As one can see,
he system continuously remains in the domain of the third-body 
clipses. 

In addition, we assess the long-term future evolution of KIC 

964043. On longer time-scales of a few 100 Myr (Fig. 8 ), KIC
964043 displays evolution of the eccentricity of the outer orbit due 
o the octupole term. The outer eccentricity slowly increases from the 
nitial value of ≈0.48 to ≈0.50 at 765 Myr. At this point, the system
ormally crosses into the dynamically unstable re gime. Giv en the 
urrent proximity to the stability limit, it is not surprising that the
ystem’s hierarchy may break down. As the secular theory that TRES
s based on is no longer valid at this point, we stop the simulation.
ased on Toonen et al. ( 2022 ), we expect the system to remain in the
ynamically unstable regime as an unstable but bound triple for on 
verage 10 4 crossing times, about 5 kyr. The most likely outcome of
uch an interaction is the dissolution of the system into a binary and
ingle star, or the collision of two of the stars reducing the system
rom a triple into a binary. A summary of the evolution in shown in
ig. 9 . 

.2 KIC 5653126 

his triple contains the most massive stars in our sample, and it has
he second highest inner and outer mass ratios ( q in = 0.736 ± 0.006;
 out = 0.418 ± 0.004). The most massive component is the early
-type primary of the inner pair ( m Aa = 1 . 77 ± 0 . 03 M �; R Aa =
 . 20 ± 0 . 02 R �; T eff, Aa = 7060 ± 80 K), while its binary companion
nd the tertiary star are very similar late F-type stars ( m Ab = 1 . 30 ±
 . 02 M �; R Ab = 1 . 31 ± 0 . 02 R �; T eff, Ab = 6260 ± 60 K and m B =
 . 29 ± 0 . 03 M �; R B = 1 . 28 ± 0 . 04 R �; T eff, B = 6230 ± 60 K). The
ge of the system is found to be τ = 1.0 ± 0.1 Gyr. Our analysis yields
 distance of d = 1375 ± 15 pc, which agrees with the trigonometric
aia EDR3 distance to within 3 σ . 
Turning to the orbital parameters, both the inner and outer 

rbits are moderately eccentric ( e in = 0.294 ± 0.002 and e out =
.179 ± 0.001). The mutual inclination of the orbital planes was 
ound to be i mut = 12 . ◦3 ± 0 . ◦2, but at that epoch both orbits had very
imilar observable inclination angles. At the beginning of the Kepler 
bservations, the inclination angles were i in = 87 . ◦13 ± 0 . ◦02 and
 out = 87 . ◦6 ± 0 . ◦5 for the inner and outer orbital planes, respectively.
ote that, despite the absence of third-body eclipses, which would 

trongly constrain the outer inclination angle as well as the mutual
nclination, we were able to find these quantities with remarkable 
ccuracies of some tenths of a degree (which is even better than
he accuracies obtained for the same parameters in the case of some
ESS observed triply eclipsing triples – see e.g. Borkovits et al. 
022 ). This is a consequence of the fact that the variation of the inner
nclination angle and, hence, the depths and durations of the inner
clipses are extremely sensitive to these parameters. (Note, for the 
ormer system, KIC 6964043, where both the EDVs and third-body 
clipses were detected continuously o v er a 3-yr-long time-scale, we
ere able to obtain even higher accuracies, some hundredths of a
egree, for these parameters.) 
MNRAS 515, 3773–3795 (2022) 
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Figure 10. Variations of the same orbital elements as in Fig. 7 abo v e, but for KIC 5653126. Note, that the right-hand panels here and also in the similar plots of 
the other two systems below, represent an interval of 1300 yr in contrast to the 250 yr shown in the right panels of Fig. 7 for KIC 6964043. See text for details. 
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At this point, we comment on the presence or absence of third-body
clipses. In contrast to the triply eclipsing triple KIC 69640433, in the
ase of this, and the other two systems, we will discuss, in the absence
f third-body eclipses, the light curves do not carry any information
n the radii and ef fecti ve temperatures of the tertiary components,
ecause their only direct effects on the light curves are the dilution of
he regular eclipses by their extra flux contamination. Thus, the third
tar’s radius and temperature are largely dependent on the PARSEC
sochrones. The latter, ho we ver, are constrained by the third star’s

ass and mass ratios, which can be inferred quite accurately from the
hotodynamical analysis. This is especially true of the effects of the
hird-body perturbations that drive apsidal motion, leading to ETVs,
nd orbital plane precession (whose consequences were discussed in
he preceding paragraph). Thus, the fact that the dynamically inferred
hird star masses led to fully consistent MDN solutions, in our view,
gain verifies the use of PARSEC isochrones as proxies either for
he masses (in the absence of RV data in the case of regular EBs)
r radii and other fundamental stellar parameters (in the absence of
hird-body eclipses). 

Turning now to the abo v e-mentioned perturbations, in Fig. 10 we
isplay the variations of some orbital elements o v er 30 and ≈1300 yr-
ong intervals. In contrast to KIC 6964043, besides the characteristic

edium ( P out ) time-scale perturbations (upper left-hand panel), now
ome longer time-scale periodic variations can be identified both in
NRAS 515, 3773–3795 (2022) 
he inner eccentricity and the mutual inclination. The amplitudes of
hese clearly exceed those of the medium period effects, though the
elati ve v ariations in both orbital elements remain at the few per cents
evel. As one can see, e in and i mut vary in an anticorrelated manner, and
he characteristic period of these cycles is about half of the dynamical
psidal motion period. These findings are in good agreement with
he theories of the quadrupole-order long-period perturbations in the
ow mutual inclination regime (see e.g. Mazeh & Shaham 1979 ;
 ̈oderhjelm 1982 ; Borkovits et al. 2007 ). Moreover, another even

onger period variation in the eccentricity can also be noticed, which
e attribute to the octupole-order perturbations (e.g. Naoz et al.
013 ). These v ariations, ho we ver, again remain small, and our longer,
 million yr numerical integration displays the same picture. 
The variations of the observationally more relevant orbital ele-
ents, again, are shown in the middle (apsidal motion) and bottom

orbital precession) panels. The behaviour of the different arguments
f periastron are similar to those of KIC 6964043, but the periods are
omewhat longer, in accordance with the longer characteristic time-
cale of P 

2 
out /P in . The calculated (theoretical) observable apsidal

otion periods are P apse, in = 309 ± 4 yr and P apse, out = 1204 ± 4 yr
or the inner and outer orbits, respectively. Besides the longer time-
cales, another minor difference in the behaviour of the rotations
f the lines of the apsides relative to the previous system is that
he dynamical apsidal motion no longer remains strictly linear, but
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Figure 11. Schematic evolution of the triple star system KIC 5653126. 
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Figure 12. Evolution of the system eccentricities in KIC 5653126. 
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 low-amplitude cyclic variation (with a period similar to that of
he eccentricity variation period) is also superposed on the linear 
rend. For such a low mutual inclination, however, the amplitude of
his extra cyclic term, from an observational point of view, remains 
egligible. 
In the bottom panels, the variations of the observable inclination 

ngles, and the domains within which eclipses are possible are 
lotted. The precession period is calculated to be P node = 225 ± 3 yr.
uring one cycle, the inner binary exhibits eclipses only in two, 

eparated, ≈40 yr-long intervals. The current eclipsing session will 
erminate at the very end of 2031. What is more interesting is that
here are short intervals when third-body eclipses are also possible. 
he last such interval of outer eclipses occurred circa the 1970s. 

n order to check whether third-body eclipses had actually occurred 
uring that period, we back-integrated our best solution (i.e. the set of
nput parameters which yielded the lowest net χ2 value) to 1950, and 
ound two third-body events during 1976 January 12–14 and 1978 
eptember 11–15. The same integration has revealed that the next 

hird-body eclipse is expected only in the year 2143. As one can see in 
he lower-right panel of Fig. 10 , these third-body eclipses may occur
hen the inner binary is the farthest from its EB state. At the current

ime, only one such triple star system is known with certainly, and
t currently shows third-body eclipses without inner binary eclipses. 
his is KIC 2835289, a 0.86-d-period ellipsoidal variable, orbited 
y a third star with a period of P out = 755 d, from which two
hird-body eclipses were observed with Kepler (Conroy et al. 2014 ; 
onroy K., Pr ̌sa & Stassun 2015 ), and a further one with TESS .
oreo v er, Borko vits et al. ( 2020a ) found that TIC 167692429, which

urrently is an EB with remarkable EDVs, has also produced third-
ody eclipses in the recent past, before the beginning of its recent
clipsing session. And, the last of those events was actually identified 
ith great likelihood in the archi v al SuperWASP observ ations of that

riple. 
As with KIC 6964043, we address the long-term future evolution 

f KIC 5653126 by making use of the TRES code. The long-term
uture of KIC 5653126 is different that of the previous system as in
he case of KIC 5653126 the stars are massive enough to evolve off
he MS in a Hubble time (see Fig. 11 ). As the primary of the inner
inary, which is the most massive star in this triple ascends the first
iant branch and expands rapidly, the system changes due to three 
easons; (1) tidal torques amplify leading to the near circularization 
f the inner binary (Fig. 12 ). The inclination freezes out at about
0 degrees, after increasing steadily from the current inclination of 
bout 12 degrees. (2) the primary star loses 0.004 M � of envelope
aterial due to its stellar winds. As a result, there is a slight increase

n the outer semimajor axis from 675.8 to 676.42 R �. There is also a
idening effect from the wind mass loss on the inner orbit, ho we ver,

he dominant effect is a slight shrinkage of the semimajor axis 
rom 69.77 to 69.46 R � due to stellar tides. (3) Lastly, and most
mportantly, at 1910 Myr, the primary star fills its Roche lobe. 

Gi ven the e volutionary state of the donor star and its deep
onv ectiv e env elope, the ensuing mass transfer phase proceeds in
n unstable way, quickly leading to a CE phase (for a re vie w, see
v anov a et al. 2013 ). During this phase, the secondary star orbits
round the core of the primary star inside its envelope. Friction
auses the secondary’s orbit to decay leading to the merger of the
econdary with the core of the star, or a tight binary if the envelope
an be ejected. Adopting the classical energy-based CE-prescription 
i.e. the α-model; Paczynski 1976 ; Webbink 1984 ; Livio & Soker
988 ; de Kool 1990 ), the CE-phase leads to a merger of the two stars
n the inner binary. This holds for both the classical values of the CE-
fficiency ( α ≈ 1), as well as the observationally derived reduced 
fficiencies ( α ≈ 0.25; Zorotovic et al. 2010 ; Toonen & Nelemans
013 ; Camacho et al. 2014 ; Zorotovic et al. 2022 ). The resulting
erger product is a giant-like object with a compact helium-rich 

ore of 0.32 M � and a massive hydrogen-rich envelope of 2.75 M �,
ssuming a conserv ati ve merger. 

As this object evolves further, it will initiate core helium burning
ollowed by helium-shell burning as it ascends the asymptotic giant 
ranch (AGB). During this phase, when the merger remnant is still
rbited by the initial tertiary star, it fills its Roche lobe again. This
econd CE-phase does not lead to a merger, as the pre-CE orbit is
uch wider than for the first CE-phase. After the second CE-phase,

he system consists of a 0.65 M � white dwarf (i.e. the old core of the
GB-star) and a 1.29 M � main-sequence companion. The orbit of 

he post-CE system depends critically on the CE-efficiency i.e. the 
fficiency with which the orbital energy is converted to unbind the
nvelope. In both cases of inefficient ( α = 1) and efficient ( α = 0.25)
E-evolution, the system experience an ultimate mass transfer event, 
ith the white dwarf as the accretor star, and the donor star either
n the main-sequence or giant branch, respectively. In both cases, 
he system ends its life as a single white dwarf of mass 0.8–0.9 M �.
ven though the systems started out its life as a triple star system,
e expect it will end its life as a single star. 

.3 KIC 5731312 

ow we turn to the two dynamically more interesting, high mutual
nclination systems. KIC 5731312 is the least massive triple in our
ample. The inner binary is formed by a K and an M-type dwarf
 m Aa = 0 . 77 ± 0 . 01 M �; R Aa = 0 . 73 ± 0 . 01 R �; T eff, Aa = 5080 ±
0 K and m Ab = 0 . 51 ± 0 . 02 M �; R Ab = 0 . 51 ± 0 . 03 R �; T eff, Ab =
690 ± 30 K, respectively), while the distant, third component is 
 very low-mass, cool, late M star ( m B = 0 . 15 ± 0 . 01 M �; R B =
 . 18 ± 0 . 01 R �; T eff, B = 2910 ± 30 K). Thus, the mass ratios are far
rom unity ( q in = 0.665 ± 0.040; q out = 0.120 ± 0.004) and, in such
MNRAS 515, 3773–3795 (2022) 
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Figure 13. Variations of the same orbital elements as in Fig. 7 abo v e, but for KIC 5731312. See text for details. 
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 way, they differ substantially from the mass ratios of the flat triples
nv estigated abo v e. This fact, together with the inclined tertiary orbit,
ertainly imply a different formation scenario. The system is found
o be quite old ( τ = 5.9 ± 0.6 Gyr). Its photodynamically obtained
istance ( d = 353 ± 7 pc) is in excellent agreement with the Gaia
DR3 distance. 
As mentioned in Section 2 , this triple is by far the least tight

ne in our sample ( P out / P in ≈ 122). Moreo v er, the outer mass ratio is
lso very low. As a consequence, one can observe remarkable, readily
etectable ETVs in this system largely due to the high inner and outer
ccentricities ( e in = 0.4587 ± 0.0005 and e out = 0.575 ± 0.008). In
n opposite, i.e. nearly circular, case, the presence of the distant
ertiary probably would have remained unnoticed even via an ETV
nalysis based on the highly accurate timing data that were obtained
rom Kepler observations. While the semimajor axes of the two
rbits are found to be a in = 18 . 2 ± 0 . 1 R � and a out = 448 ± 2 R �,
espectively, at the times of apastron passage of the inner orbit,
nd periastron passage of the outer orbit, the orbital separations
re r apo 

in ≈ 26 . 5 R � and r peri 
out ≈ 190 . 6 R �. Hence, the ratio of the

qui v alent periods becomes P 

peri 
out /P 

out 
in ≈ 19 . 2, temporarily resulting

n a very tight triple system. 
The mutual inclination of the two orbits is found to be i mut =

9 . ◦4 ± 0 . ◦3, i.e. the former findings of Borkovits et al. ( 2015 , 2016 ),
hich were based only on an analytic analysis of the ETV curves, is
icely confirmed. This mutual inclination value is very close to the
NRAS 515, 3773–3795 (2022) 
amous mutual inclination limit ( i ZKL 
mut = 39 . ◦23, and its retrograde

ounterpart) of the original, quadrupole, asymptotic ZKL theory,
hich separates the low- and high mutual inclination regimes of the
hase space (see the short summary in the Introduction). Ho we ver,
s discussed next, the configuration of the present system is far from
ppropriate to be fit in the framework of the original ZKL theory.
ue to the large outer eccentricity and small inner mass ratio, the
ctupole-order perturbations may become significant, and hence the
volution of the orbital elements should be modelled within the
ramework of the eccentric ZKL formalism (see e.g. Naoz 2016 ). 

First we introduce again the short-term characteristics of these
erturbations in some of the orbital elements, as well as their
irect observational consequences. In order to do this, similar to the
revious two triples, we display decades and centuries long variations
f a few orbital elements obtained from a 1-Myr-long numerical
ntegration in the various panels of Fig. 13 . Now the eccentricity
ycles of the inner binary, and the corresponding variations of the
utual inclination with a period of P ZKL ≈ 690 yr and full amplitudes

f � e in ≈ 0.28 and � i mut ≈ 10 ◦ are clearly visible in the upper panels.
he characteristics of these variations do not change significantly
uring the entire 1-million-yr integration, ho we ver, a slo w sinusoidal
ariation in the amplitudes of ≈ 10 per cent on an ≈ 10000 yr time-
cale is also apparent, probably due to the octupole terms. 

As one can see in the middle-left panel, the inner EB exhibits
etrograde apsidal motion in the observational frame o v er the current
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Figure 14. Evolution of the system eccentricities in KIC 5731312. 
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everal decades. This results because a negative contribution arises 
rom the nodal regression, which temporarily overpowers the effect 
f the prograde apsidal advance in the dynamical frame of reference. 
o we ver, as the middle-right panel shows, this is only part of a

onger-term oscillatory (i.e. libration) cycle. The dynamical apsidal 
otion of both the inner and outer orbits remain continuously 

rograde, ho we ver, their non-linear nature, i.e. the presence of a
ignificant librating motion in addition to the usual circular apsidal 
otion is readily visible in the middle-right panel. Their period 

s about 1300–1400 yr, i.e. twice of that of the eccentricity cycles
which, again, is in perfect agreement with the theory of the secular
erturbations). Note, ho we ver, that these v alues do not agree with the
heoretical apsidal motion periods tabulated in Table 3 . The reason 
s that these latter periods were calculated from the instantaneous 
psidal motion rates (also listed in the tables) simply by linear 
nterpolation and, hence, do not give accurate results for highly non- 
inear apsidal motions. 

The variations in the visible inclination angles are shown in the 
ottom panels of Fig. 13 . The nodal precession cycle of this triple
as a period of P node ≈ 1400 yr. During such a cycle, the inner
air of stars exhibits eclipses only for two short, 80–100 yr-long 
ntervals. The current eclipsing session began around the 1950s, and 
he EB was seen edge-on at the beginning of the 1990s. During the
rime Kepler mission, both kinds of eclipses were observable. Then, 
o we ver, the eclipse closer to apastron would no longer have been
bservable since ∼2016.5, which is in accord with the 2019 and 2021
ESS measurements. The remaining solo eclipses will also disappear 

n about 2029.0, and the eclipses will return only in the XXIX-th
entury . Finally , as one can see, between circa 2300 and 2600, there
ight be a chance for third-body eclipses to appear. In order to check

his possibility, we numerically generated the system’s light curve 
or a section of this interval, and found two very shallow (with depth
f ∼ 0 . 3 per cent ) third-body eclipses at the epoch 2453.63. 
The long-term future of KIC 5731312 is reminiscent of that of

IC 6964043 (see Fig. 9 ). On long time-scales, here of the order of
ore than a few Gyr, we find an extra modulation in the eccentricity

f the outer orbit due to the octupole term (Fig. 14 ). The eccentricity
rst decreases from the original value of ≈0.57–0.55, after which 

t starts increasing. When the outer eccentricity reaches a value of
0.81 at 3.96 Gyr, the system crosses the stability limit, in analogy

f KIC 6964043. Given the stellar masses of KIC 5731312, the stars
re still on the MS when this happens, and will remain so within a
ubble time. The evolution during the dynamically unstable phase 

s therefore a pure dynamical (gravitational) problem. After many 
rossing times (10 4 crossing time is about 0.75 kyr), the system most
ikely dissolves into a bound binary and a single star ejecting the
ow-mass tertiary star from the system. 
.4 KIC 8023317 

his triple has the most extreme inner and outer mass ratios in our
ample ( q in = 0.303 ± 0.013; q out = 0.079 ± 0.003). The main
tellar component is one of the EB stars, and is a slightly evolved G-
ype star ( m Aa = 1 . 30 ± 0 . 07 M �; R Aa = 1 . 96 ± 0 . 05 R �; T eff, Aa =
870 ± 70 K). Its binary companion is a low-mass M-type red dwarf
 m Ab = 0 . 39 ± 0 . 01 M �; R Ab = 0 . 39 ± 0 . 01 R �; T eff, Ab = 3165 ±
5 K). The tertiary is another even lower-mass M star with m B =
 . 13 ± 0 . 01 M �, R B = 0 . 17 ± 0 . 01 R �, and T eff, B = 2575 ± 35 K.
he latter star has the lowest mass among all dozen in our full
ample. The age of the triple is found to be τ = 4.3 ± 0.5 Gyr. The
hotodynamically obtained distance is d = 814 ± 20 pc, which is
arger than the Gaia EDR3 inferred distance by about 3 σ . 

The mutual inclination is found to be i mut = 55 . ◦7 ± 0 . ◦8, which
s even higher by ∼6 ◦ than the former result of Borkovits et al.
 2015 , 2016 ). Thus, according to our knowledge, this system has the
econd-highest mutual inclination after Algol amongst all triple star 
ystems with accurately known mutual inclinations. 

The ZKL cycles in the inner eccentricity and the mutual inclination
re, again, clearly visible (see upper panels of Fig. 15 ) and look quite
imilar to those same features of the previous system, KIC 5731312.
ne quantitative difference, however, is that the ZKL cycle period is

horter, being P ZKL ≈ 360 yr, in accordance with the shorter P 

2 
out /P in 

ime-scale. The ranges of the variations of both parameters are very
lose to that of KIC 5731312, but the phase is almost opposite. While
IC 5731312 currently is close to its maximum eccentricity and, 
ence, minimum mutual inclination phase, KIC 8023317, is close to 
ts smallest inner eccentricity, and largest mutual inclination. 

There is, ho we ver, an important qualitati ve dif ference in the
ehaviour of the apsidal lines of the inner orbits between the present
nd the previous system. While in the case of KIC 5731312, the
ynamical apsidal line circulates, in the case of KIC 8023317, it
ibrates around ω 

dyn 
in = 90 ◦, with a half-amplitude of ≈27 ◦. The

eriod of this libration is the same as that of the inner eccentricity
ycles. Though prior numerical (e.g. Ford et al. 2000 ) and theoretical
orks (Naoz 2016 ) have shown that the periods of apsidal librations

nd circulations may alter each other, in the present situation, the
ibration remained unchanged throughout our 1-Myr-long numerical 
nte gration. Re garding the observable apsidal motion of the inner
air, it is again clearly retrograde, as can be seen nicely in the middle
anels of Fig. 15 . 
Finally, we consider the variations of the inclination angles in the

ottom panels of Fig. 15 . The precession period is about P node ≈
50 yr. The current eclipsing session of the inner pair started around
000.0, and central eclipses will occur around 2023.7. The eclipses 
ill then completely disappear around 2052.7, and will return only 
ear the beginning of 2088. Moreover, similar to the other three
riples studied in this work, third-body eclipses are also possible 
uring given sections of a precession cycle. In contrast to the previous
ystems, ho we ver, in the case of KIC 8023317, the outer inclination
rosses both the lower and upper borders of the possible third-body
clipse regions (and hence, the outer orbit may also be seen edge-on
wo times during a precession cycle). The next session of possible
hird-body eclipses will begin around 2354 and last until 2404. 

The long-term evolution of KIC 8023317 is similar to that of KIC
653126 (see Fig. 11 ). The primary star is massive enough to evolve
ff the main-sequence at 4.7 Gyr and fill its Roche lobe as it ascends
he first giant branch at 5.3 Gyr. At this point the primary star has
ost a small amount of mass due to its stellar wind, i.e. 0.004 M �,
uch that the outer semimajor axis has increased by 0.2 per cent.
he inner orbit did not widen, in fact the inner semimajor axis was
MNRAS 515, 3773–3795 (2022) 
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Figure 15. Variations of the same orbital elements as in Fig. 7 abo v e, but for KIC 8023317. See text for details. 
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educed from the original 32.6 to 24.5 R � due to tidal friction in
ombination with ZKL cycles (Kisele v a, Eggleton & Mikkola 1998 ).
urthermore, the inner orbit has circularized by the time of the onset
f the mass transfer phase and the inclination freezes out at about
1 degrees. With the extreme mass ratio of the inner binary, the
ass transfer leads to a CE phase and a subsequent merger of the

wo stars in the inner binary. The merger remnant is a giant-like
bject with a helium core of 0.24 M � and a relatively thick envelope
f at most 1.44 M �. In analogue with KIC 5653126, the merger
emnant will fill its Roche lobe as an A GB star , initiating a second
E-phase. A compact binary is formed with a 0.52 M � white dwarf
omponent and a 0.13 M � main-sequence companion. In the case of
n efficient CE-phase, the post-CE semimajor axis is about 8 R �. In
he inefficient case it is ∼1 R �, which is compact enough such that

agnetic braking and gra vitational wa ve emission can reduce the
rbit to form a cataclysmic variable in a Hubble time. 

.5 Implications of the results for different multiple star 
ormation processes 

s indicated abo v e, there appears to be an anticorrelation between
he mutual inclination and tertiary mass. Our two highly misaligned
riples, KIC 5731312 with i mut = 39 ◦ and KIC 8023317 with
 mut = 56 ◦, both contain low-mass M5/6V tertiaries with m B 

 0.13 - 0.15 M �. Meanwhile, our two relatively aligned triples
NRAS 515, 3773–3795 (2022) 
ave more comparable component masses. To determine if this
rend is statistically significant, we expand our sample to include
ll of our previously analysed triples with reliably measured mutual
nclinations and outer mass ratios q out = m B /( m Aa + m Ab ). From
he Borkovits et al. ( 2016 ) sample of 62 compact Kepler triples with

easured mutual inclinations, we update the four systems presented
n this study with the current, more accurate photodynamical results.

e also update KIC 7955301 with i mut = 6.2 ◦ and q out = 0.71
ccording to our upcoming photodynamical analysis (Gaulme et al.,
n preparation). We exclude KIC 3345675 and KIC 7593110, which
ave large mutual inclination uncertainties that exceed δi mut > 10 ◦.
e also ignore the only retrograde triple, KIC 7670617 with i mut 

 147 ◦, which likely formed differently than the remaining 59 KIC
rograde triples spanning 0 ◦ < i mut < 56 ◦. We also add the 12
ecently disco v ered TESS triples, most of which are nearly coplanar
riply eclipsing systems (Mitnyan et al. 2020 ; Borkovits et al. 2020a ,
 , 2022 ; Rappaport et al. 2022 ). None the less, TIC 042565581
s slightly misaligned with i mut = 5.5 ◦ and q out = 0.65 while
IC 167692429, (the only one currently non-eclipsing TESS triple)

s moderately misaligned with i mut = 27 ◦ and q out = 0.34. 
A Spearman rank correlation test demonstrates that the mutual

nclinations and outer mass ratios of our selected 71 compact
riples are anticorrelated with a coefficient of ρS = −0.40 and
tatistical significance of p S = 0.0006 (3.5 σ ). In Fig. 16 , we plot the
istributions of q out for three subsamples: (1) the 29 nearly coplanar
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Figure 16. The distributions of outer mass ratios for the 29 nearly coplanar 
triply eclipsing systems with i mut < 4 ◦ (thick red), the 20 moderately 
misaligned triples with 4 ◦ ≤ i mut < 25 ◦ (blue), and the 22 highly misaligned 
triples with 25 ◦ ≤ i mut < 56 ◦ (thin green). More coplanar triples tend to have 
more massive outer tertiaries, suggesting that compact triples accreted from 

surrounding protostellar discs that simultaneously aligned the orbits while 
leading to preferential mass accretion on to the outer tertiaries. 
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Figure 17. Outer mass ratios versus mutual inclinations for the 40 compact 
triples with 4 ◦ ≤ i mut < 56 ◦ and q out ≤ 1.0. We highlight the 4 KIC 

triples presented in this study (red boxes), the two misaligned TIC triples 
(blue diamonds), and the Gaulme et al. preliminary result for KIC 7955301 
(green triangle). The outer mass ratios systematically decrease with mutual 
inclination at the 4.5 σ level. A more massive tertiary likely accreted from a 
massive circumtriple protostellar disc that aligned both the inner and outer 
orbits with the disc. 
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riply eclipsing systems with i mut < 4 ◦ that are subject to different
election effects than the non-triply eclipsing systems; (2) the 20 
omewhat misaligned triples with 4 ◦ ≤ i mut < 25 ◦; and (3) the 22
ighly misaligned triples with 25 ◦ ≤ i mut < 56 ◦. The nearly coplanar
riples are concentrated across q out = 0.33 - 1.00, but there are a few
ystems below q out < 0.33 and abo v e q out > 1.00. Similarly, all but
ne of the 20 somewhat misaligned triples span q out = 0.33–1.00. The
ingle outlier with q out = 3.0 and i mut = 8 ◦ is KIC 5897826, which
s barely a triply eclipsing system (Carter et al. 2011 ). Meanwhile,

ore than half of the highly misaligned triples have small-mass ratios
 out < 0.33. The single outlier with i mut = 54 ◦ and q out = 1.8 is
IC 4055092, which has one of the widest tertiaries with a out = 11 au

nd therefore likely formed differently from the more compact triples 
n our sample. 13 The Anderson–Darling test demonstrates that the 
omewhat misaligned and highly misaligned triples have different 
 out distributions at the p AD = 8 × 10 −6 (4.3 σ ) significance level.
oreo v er, if we limit our sample to the 40 triples with 4 ◦ ≤ i mut <

6 ◦ and q out ≤ 1.0, then a Spearman rank test yields an even stronger
egree of anticorrelation with ρS = −0.66 and p S = 4 × 10 −6 (4.5 σ ).
he anticorrelation between the mutual inclinations and outer mass 

atios for this subset of 40 compact triples is clearly visible in Fig. 17 .
Compact triples with a out � 10 au likely formed either through two

uccessive episodes of disc fragmentation or disc-mediated capture 
f the outer tertiary (Tobin et al. 2016 ; Bate 2018 ; Tokovinin &
oe 2020 ; Offner et al. 2022 ). In both scenarios, the tertiary tends

o be initially less-massive than the inner binary, but the triple 
ubsequently accretes from the surrounding protostellar disc. For 
n isolated protobinary that accretes from a circumbinary disc, the 
ow-mass secondary sweeps out a larger orbit and thus accretes most
f the infalling material, ef fecti vely dri ving the binary mass ratio
 = M 2 / M 1 towards larger values (Bate & Bonnell 1997 ; Farris
t al. 2014 ; Young & Clarke 2015 ). Close binaries exhibit a large
xcess of twins with q > 0.95 (Tokovinin 2000 ; Moe & Di Stefano
3 Note, ho we ver, that the Borkovits et al. ( 2016 ) ETV solution for 
IC 4055092 should be considered only with considerable caution, as it 
ives an outer period of P out ≈ 31.6 yr, which is ∼8 times longer than the 
uration of the analysed Kepler data set. 

f  

e  

i
o

 

a

017 ; El-Badry et al. 2019 ; Tokovinin & Moe 2020 ), consistent with
he predictions of the hydrodynamical simulations of circumbinary 
isc accretion. Similarly, a low-mass tertiary in a compact triple 
ill accrete most of the mass from the circumtriple disc, thereby

ncreasing the outer mass ratio q out (Tokovinin & Moe 2020 ). 
For a protobinary with small-to-moderate eccentricity, circumbi- 

ary disc accretion also tends to align the binary orbit to the plane
f the disc (Papaloizou & Terquem 1995 ; Lubow & Ogilvie 2000 ;
odato & Facchini 2013 ; Foucart & Lai 2014 ; Martin, Zhu &
rmitage 2020 ). Close pre-MS binaries undergo tidal circularization 

Meibom & Mathieu 2005 ; Moe & Kratter 2018 ; Zanazzi & Wu
021 ). Indeed, pre-MS binaries with P < 30 d have small-to-
oderate eccentricities and nearly coplanar circumbinary discs as 

xpected Czekala et al. ( 2019 ). A significant majority of the inner
inaries in our sample of compact triples also have small-to-moderate 
ccentricities and short periods, and so we expect the inner binary
nd circumbinary disc to have aligned prior to the formation or disc-
apture of the tertiary. A notable exception includes KIC 5731312 
nvestigated in this study, which has an inner binary with a relatively
arge eccentricity e in = 0.46 given its short period of P in = 7.95 d.
one the less, KIC 5731312 also has a highly inclined tertiary
ith i mut = 39.4 ◦, precisely matching the critical von Zeipel-
ozai-Lidov angle (see Section 5.3 ), and suggesting this particular 

riple dynamically evolved via ZKL cycles coupled to tidal friction 
Kisele v a et al. 1998 ; F abryck y & Tremaine 2007 ; Naoz & F abryck y
014 ). For the rest of our systems, once the tertiary forms in the outer
isc via disc fragmentation (born nearly coplanar) or is captured by
he disc, subsequent inclination evolution of the tertiary depends on 
he mass of the disc (Martin et al. 2016 ). F or massiv e discs, the
ertiary accretes much of the mass and angular momentum from the
isc, thereby dissipating into a coplanar configuration. Meanwhile, 
or low-mass discs with negligible accretion on to the tertiary, Martin
t al. ( 2016 ) demonstrated that the tertiary can remain at large mutual
nclinations or even be pumped to large inclinations via secular 
scillations. 
The combination of the tertiary accreting most of the mass and

ngular momentum from the surrounding disc explains the observed 
MNRAS 515, 3773–3795 (2022) 
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nticorrelation between q out and i mut . Accretion from a massive
isc will substantially increase q out while dissipating the triple
owards coplanarity. Moreo v er, compact triples that formed via two
pisodes of disc fragmentation should be especially coplanar, perhaps
 xplaining the e xcess of triply eclipsing systems with i mut < 4 ◦

elative to moderately misaligned triples, albeit an observational
election bias could also play a role. Meanwhile, a tertiary that is
aptured by a low-mass disc late in the formation of the system
ill accrete only marginal additional mass and its inclination with

espect to the inner binary will change only slightly. Hence the
bserved population of low-mass tertiaries tend to have large mutual
nclinations. 

 C O N C L U S I O N S  

n this paper, we have carried out complex photodynamical analyses
f four compact, tight, hierarchical triple stellar systems. These
ystems were observed quasi-continuously with high photometric
recision by the Kepler spacecraft during its 4-yr-long prime mission,
nd then were more recently revisited with the TESS space telescope.
ll four triples consist of currently eclipsing, eccentric inner binaries
hich, due to strong third-body interactions and the non-alignment of

he inner and outer orbits, produce rapid and large amplitude eclipse
iming and depth variations. These serve as ideal targets for precise,
n-depth dynamical analyses. Moreo v er, one of the four targets,
IC 6964043, also exhibits third-body eclipses, thereby allowing

urther refinements of the system parameters. 
On the other hand, unfortunately, due the faintness of the systems,

o RV measurements are available for any of them. Thus, we used
n analysis of the composite system SED in combination with
strophysical-model dependent PARSEC isochrones as proxies for
he determination of the individual stellar masses and, indirectly,
adii. In such a manner, we were able to obtain fundamental stellar
arameters with accuracies of about 2 − 8 per cent . This relatively
ower accuracy in these physical stellar parameters, however, does not
ffect our main purpose of mapping the full 3D configurations of the
riples and their dynamics with unprecedentedly high precision. This
esults from the fact that the geometry and dynamics of the systems
re mainly determined by such relative dimensionless quantities as
he mass ratios and the orbital positions of the bodies relative to each
ther. Thus, we were able to determine the orbital elements, both
n the observational and the dynamical frames of references, for all
ystems and subsystems with precisions of better than 1 per cent .
ere, we mainly highlight the precise determinations not only of the
utual inclination angles, but also of the current positions of the

ynamical lines of apsides, and dynamical nodes. These are direct
mportant key parameters in the equations of secular perturbation
heory and, hence, in addition to the mutual inclination of the
rbits and the ratios of the masses and separations (periods), they
ubstantially influence the future dynamical evolution of the systems.
hus, knowing these parameters, we were able to model realistically

he future dynamical, and corresponding astrophysical, evolution of
he four triple systems. 

Two of the four triples, KICs 6964043 and 5653126, were found
o be practically flat. In these systems, our short-term numerical inte-
rations have shown only minor orbital variations in the forthcoming
 million yr, despite the fact that KIC 6964043 is an extremely tight
riple system. On the other hand, integrating the secular dynamical
volution of these systems o v er longer time-scales, we find that
IC 6964043 is expected to become dynamically unstable and most

ikely dissolve within the next 1 Gyr. In contrast to this scenario,
IC 5653126 will pass through two common envelope phases and
NRAS 515, 3773–3795 (2022) 
lso stellar merger(s) before it will end its life most likely as a single
hite dwarf. 
The other two systems, KICs 5731312 and 8023317, were demon-

trated to belong to the high mutual inclination regime, at least in the
ense of the original ZKL theory. To the best of our knowledge,
IC 8023317 has the second highest accurately known mutual

nclination angle among the known hierarchical triple stellar systems.
The highest mutual inclination system is Algol, where the outer
rbit is nearly perpendicular to the inner one; Lestrade et al. 1993 ;
sizmadia et al. 2009 ; Zavala et al. 2010 .) According to our short-

erm numerical integrations, both inclined KIC triple systems exhibit
haracteristic, quasi-sinusoidal variations in their inner eccentricities
nd mutual inclinations ( e -cycles of the ZKL-theorem) on some
undred-year-long time-scales, with amplitudes of 10–30 per cent
f the entire physically meaningful range of these parameters.
oreo v er, while the dynamical lines of apsides of the inner pair

n KIC 5731312 circulates (though this circulation has superposed
n it some librations), KIC 8023317 exhibits clear libration, at least
uring the forthcoming 1 million yr. On the other hand, the observable
psidal motion in both of these highly mutually inclined systems
s retrograde, which make these EBs more exotic. Similar to the
revious, almost flat systems, the final fates of these triples are driven
gain by the masses of their components. Our secular dynamical
volution studies predict that the low-mass triple KIC 5731312 will
lso become unstable on a Gyr time-scale, and most probably, the
ess-massive tertiary will be ejected from the system. Finally, the
volution of the more massive triple KIC 8023317 is expected to
esemble that of KIC 5653126 with the difference in this case being
hat the most probable final remnant may be a cataclysimic variable
nstead of a single white dwarf. 

Due to the non-alignment of the inner and outer orbits, all four
argets exhibit rapid orbital precession and hence, EDVs. As a
onsequence, none of the four inner binaries remain eclipsing during
heir complete precession cycle. In this regard, the nearly flat system,
IC 6964043, is the least affected, as its inner pair will display

clipses o v er the vast majority of its precession c ycle. In the case
f the other three systems, they will exhibit regular, inner eclipses
nly during short portions of their ∼200–1400 yr-long precession
ycles. Naturally, this implies that there may be numerous similar
ight compact systems that are currently in non-eclipsing phases, but
hich can be disco v ered as EBs in the near or far future. 
What is more interesting is that our photodynamical results predict

hat all four systems may well exhibit third-body eclipses during
ome shorter or longer phases of their complete precession cycles.
n this regard, KIC 6964043 is exceptional in the sense that it
ontinuously displays third-body eclipses. We further note that this
ystem is similar to the vast majority of the presently known triply
clipsing triple systems, which were found to be practically flat
nd, hence, the y continuously e xhibit re gular inner as well as third-
ody eclipses. One might therefore think that finding third-body
clipses in EBs is just an observational selection effect, since EBs
re naturally more intensively observed and followed than non-
clipsing stars. By this reasoning, there would be a much smaller
hance to disco v er serendipitously third-body eclipses in the case
f a target that exhibits neither regular eclipses nor some other kind
f characteristic light variations which would make it worthy of
requent observations. It turns out that finding third-body eclipses in
Bs is indeed a selection effect, but not simply because EBs tend to
e better studied. In Rappaport et al. ( 2022 ), we discussed the fact
hat substantially more triply eclipsing triples were found in a visual
urv e y of ∼10 6 preselected EBs than in ∼10 7 random stars, all taken
rom the TESS full frame images. The selection effects involved
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nclude the facts that: (i) the more compact triple systems that we
re studying (i.e. with P out � 1000 d) are expected to be nearly flat
see Section 5.5 ); (ii) the shorter the outer period in a triple system
i.e. the more compact), the wider the outer inclination domain 
here third-body eclipses may occur; and (iii) once an EB has been

ound, it is already somewhat preferentially aligned so as to increase 
he eclipse pobability of an outer triple star. Therefore, in such a
anner, the enhancement of the third-body eclipsers amongst the 
Bs (forming triply eclipsing triples) may be an indirect consequence 
f the formation mechanism(s) of most compact triples, i.e. one that 
roduces practically flat systems. 
Our results show that there might be a fair number of episodically

ppearing third-body eclipser systems amongst inclined compact 
riple systems. 14 The cases of KIC 2835289 and TIC 167692429 
ere already mentioned abo v e (Section 5.2 ). We note, furthermore,

hat we have also found a few more solo third-body eclipse-like events 
n the TESS observations of other currently non-eclipsing targets, and 
ne such event was especially noteworthy for being detected in the 
ight curve of a former EB, V699 Cygni. 15 Further investigations of
hese events are in progress. 

Finally we discuss briefly the possible connection of our findings 
ith the different formation scenarios of multiple systems. What 

s quite evident at first sight is that the mass ratios are markedly
ifferent for the flat and the inclined systems, which may imply 
ifferent formation scenarios. 
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espectively. Let’s use an observational frame of reference in which 
he origin is the centre of mass of the inner binary, ‘X-Y’ is the
angential plane of the sky, and ‘Z’ axis is directed away from the
bserver. Then the Cartesian coordinates of the first two Jacobians 
an be written as 

 = ρ[ cos u cos � − sin u sin � cos i] , (A4) 

 = ρ[ cos u sin � + sin u cos � cos i] , (A5) 

z = ρ sin u sin i, (A6) 

here u denotes the longitude of second/third body (to which the 
rst/second Jacobian points) along the given orbit, measured from 

he ascending node. (In the eccentric case u = v + ω, where v stands
or the true anomaly.) Then, the sky-projected distances can readily 
e obtained as 

 

xy 

AaAb = ρ1 

√ 

1 − sin 2 i 1 sin 2 u 1 , (A7) 

d 
xy 

AbB = ρ2 

[
1 − sin 2 i 2 sin 2 u 2 

− 2 
1 

1 − q 1 
( λ − sin i 1 sin u 1 sin i 2 sin u 2 ) 

+ 

(
1 

1 + q 1 

ρ2 

ρ1 

)2 (
1 − sin 2 i 1 sin 2 u 1 

) ]1 / 2 

, (A8) 

here λ denotes the direction cosine between the two Jacobian 
 ectors. Note, the e xpression referring to distance d xy 

AaB is not shown,
o we ver, one can obtain it very easily by replacing −1/(1 + q 1 ) with
 1 /(1 + q 1 ).) It is clear that eclipses may occur when the sky-projected
istances of any of the two bodies become less than the sum of their
adii. F or re gular two-body eclipses, equation ( A7 ) leads readily to
he usual condition of R 1 + R 2 ≥ a | cos i | , which is, ho we ver, strictly
alid only for circular orbits. It also directly follows that at times
f mid-eclipse, u 1 = ±π /2. In eccentric, not exactly edge-on cases, 
o we ver, the smallest distance may occur somewhat earlier or later
han the conjunction occurs. The departure is, ho we ver, in almost all
ases, small, and therefore, negligible (Gimenez & Garcia-Pelayo 
983 ). Thus, when we calculated and utilized the condition given 
y equation ( 2 ) for the inner eclipses, we were working with the
onjunction points (i.e. u 1 = ±π /2). 

The case of third-body eclipses is much more complex, and 
o robust, exact condition(s) can be given. Thus, we adopted the 
ollowing assumptions. Again, one can expect third-body eclipses 

9 In order to save space in this appendix, we hereafter use indices 1, 2 , instead
f in, out to distinguish parameters referring to the inner and outer orbits, 
espectively. 
Table B1. Binary Mid Eclipse Times for KIC 6964043. 

BJD Cycle std. dev. BJD Cycle std. dev. 
−2 400 000 no. ( d ) −2 400 000 no. ( d ) 

55190.173588 0.0 0.000688 55495.729755 28.5 0.000505 5
55195.460530 0.5 0.000538 55501.102486 29.0 0.000536 5
55200.886326 1.0 0.000801 55506.447625 29.5 0.000968 5
55206.172452 1.5 0.000961 55511.820059 30.0 0.000861 5
55211.601150 2.0 0.000762 55517.160827 30.5 0.000711 5
... ... ... ... ... ... 

Integer and half-integer cycle numbers refer to primary and secondary eclipses, re

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 
round the conjunctions of the outer orbit. Hence, we arbitrarily set
 2 = ±π /2. At these times, the projection of the second Jacobian
ector on to the plane of the sky becomes 


 xy 

2 = ρ2 cos i 2 ( ∓ sin �2 ; ± cos �2 ; 0) . (A9) 

hen, we look for that value of u 1 , at which the sky-projected vector
f the first Jacobian ( 
 ρ

xy 

1 ) is parallel to the former 
 ρ
xy 

2 , which may
llow us to find the minimum sky-projected distance between the two
odies. The two vectors become parallel when their cross-product 
ields zero. From this condition, and assuming that cos i 2 
= 0, one
an easily calculate that 

sin 2 u 1 = 

cos 2 ��

1 − sin 2 i 1 sin 2 ��
. (A10) 

hus, one can readily find that the length of the sky-projected vector

 xy 

1 becomes 

xy 

1 = ρ1 

√ 

1 − sin 2 i 1 sin 2 u 1 = ρ1 

√ 

cos 2 i 1 
1 − sin 2 i 1 sin 2 ��

. (A11) 

hen, as this vector is parallel to the sky-projected vector of the
econd Jacobian, one can write directly that 

 

xy 

AbB = ρ2 | cos i 2 | ± 1 

1 + q 1 
ρ1 | cos i 1 | 

√ 

1 

1 − sin 2 i 1 sin 2 ��

= ρ2 | cos i 2 | ± 1 

1 + q 1 
ρ1 

√ 

cos 2 i 1 
cos 2 i 1 + sin 2 i 1 cos 2 ��

= ρ2 | cos i 2 | ± 1 

1 + q 1 
ρ1 

√ 

1 

1 + tan 2 i 1 cos 2 ��
. (A12) 

rom this last form of the expression, one can easily obtain equa-
ion ( 3 ), where we also made a further simplification, replacing ρ1 

ith a 1 on the right-hand side of the equation. 

PPENDI X  B:  TA BLES  O F  DETERMI NED  

IMES  O F  MI NI MA  F O R  A L L  T H E  F O U R  

YSTEMS  

n this appendix, we tabulate the individual mid-minima times of 
he primary and secondary eclipses, including Kepler , TESS , and
round-based observed ones, for the inner EBs of the four triples
onsidered in this study (Tables B1 -B4). 

The complete Appendix B is available as supplementary material 
o the journal, and also in the arXiv version; here, we display only
he first few lines of Table B1 . 
MNRAS 515, 3773–3795 (2022) 

BJD Cycle std. dev. BJD Cycle std. dev. 
−2 400 000 no. ( d ) −2 400 000 no. ( d ) 

5796.037501 56.5 0.000497 56112.482348 86.0 0.000672 
5801.369553 57.0 0.000446 56117.968120 86.5 0.001017 
5806.764662 57.5 0.000393 56133.913187 88.0 0.000587 
5812.101279 58.0 0.000409 56139.407798 88.5 0.000847 
5822.865967 59.0 0.001426 56144.627374 89.0 0.000677 

... ... ... ... ... ... 

spectively. 
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