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Abstract

We show the existence of a broad class of affine Markov processes on the cone of positive self-adjoint
Hilbert—Schmidt operators. Such processes are well-suited as infinite-dimensional stochastic covariance
models. The class of processes we consider is an infinite-dimensional analogue of the affine processes
on the cone of positive semi-definite and symmetric matrices studied in Cuchiero et al. (2011).

As in the finite-dimensional case, the processes we construct allow for a drift depending affine linearly
on the state, as well as jumps governed by a jump measure that depends affine linearly on the state. The
fact that the cone of positive self-adjoint Hilbert—-Schmidt operators has empty interior calls for a new
approach to proving existence: instead of using standard localization techniques, we employ the theory
on generalized Feller semigroups introduced in Dorsek and Teichmann (2010) and further developed
in Cuchiero and Teichmann (2020). Our approach requires a second moment condition on the jump
measures involved, consequently, we obtain explicit formulas for the first and second moments of the
affine process.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this article we show the existence of time-homogeneous affine Markov processes on
the cone of positive self-adjoint Hilbert—Schmidt operators. The affine class is known for its
tractability and flexibility.
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It is tractable because the Fourier-Laplace transform of such processes depends in an
exponentially affine way on the initial state vector of the process. More specifically, denote
by (H, (-, -)) the Hilbert space of self-adjoint Hilbert-Schmidt operators on a Hilbert space
(H,{,-)y) and by Ht C H the cone of positive self-adjoint Hilbert-Schmidt operators.
A H*-valued time-homogeneous Markov process (X;),;>o is affine, if there exist functions
¢: Rt x Ht — RY, ¥ :RT x HT — H™* such that

E [e*(xuu)p(o — x] — e*¢(t~,u)*(x~,1/f(l,u)>’ t>0, (1.1

for all u € H*. The functions ¢ and ¥ are typically solutions of ordinary differential equations
given in terms of the parameters of the model.

The affine class is flexible because the parameters of the model satisfy certain assumptions
that allow for desired features such as constant and bounded linear drifts and constant and
affine state-dependent jumps of infinite-variation.

Our motivation for studying affine processes in the state space H ™ lies in the fact that such
processes are well-qualified as models for infinite dimensional covariance processes, i.e., they
can be used for the modeling of stochastic volatility in, for example, bond and commodity
markets. See e.g. [17,6,2,3] for the modeling of forward price dynamics in bond and commodity
markets as a process with values in a Hilbert space. In particular, in [4] a stochastic volatility
model is constructed that involves a covariance process driven by Lévy noise and taking values
in the positive Hilbert—Schmidt operators. Our model extends the covariance model in [4] from
Lévy driven processes to processes allowing for state-dependent jumps (see also [7, Section
4.1]). More specifically, the affine processes we consider in this paper are of pure-jump type
where the jumps can be state-dependent and of infinite variation.

Let us state our main result in an abbreviated form, see also Theorem 2.8 and its proof:

Theorem 1.1. Let (b, B,m, i) be a tuple consisting of a vector b € H, a bounded linear
operator B € L(H), a measure m on the Borel-o-algebra B(H*\{0}) and a H-valued measure
w on B(H™T\ {0}), satisfying the admissibility assumptions posed in Definition 2.3. Then there
exists an affine process (X;)o in H¥, such that the functions ¢ and v in Eq. (1.1) are the
unique solution to the so called generalized Riccati equations associated to (b, B, m, |):

0
3,8 w) = (bt w)) —/ (e &V — 1 4 (X (&), Y (t, w))m(de), (1.2a)

HT\{0}
9 _ p* _ —Epw) w(d§)
o Yt u) =B (Y (1, u)) /H +\{0}(6 L+ (x(®), v(t, w)) £

with initial values ¢(0, u) = 0 and ¥ (0, u) = u for u € H*.

(1.2b)

More specifically, the processes we consider have a constant drift vector b, a linear drift
term B, a constant jump measure m, and a state-dependent jump measure . In addition to
Theorem 1.1, and as a by-product of our method of proof, we establish explicit formulas for
the first and second moments of the affine processes, see Proposition 4.17.

Note that Eq. (1.2b) is a non-linear differential equation on the cone of positive self-
adjoint Hilbert—Schmidt operators which, in general, cannot be solved explicitly. Numerical
methods for approximating solutions to infinite-dimensional Riccati equations are considered
in e.g. [15,34]. A numerical approximation method tailored for this specific equation will be
analyzed in forthcoming work [23].

There is a vast number of articles dealing with affine processes in several state spaces in finite
dimensions, we mention, for example, [8,14,26,25,36,21,9]. In [14,9], the authors considered
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affine processes respectively on the canonical state space Ri xR™,d, m € N, and on the cone of
positive semi-definite symmetric matrices. Both articles give sufficient and necessary admissible
parameter conditions and characterize the class of stochastically continuous affine processes by
means of their Markovian generator. The literature on affine processes in infinite-dimensional
state spaces is more sparse. Existence of affine diffusion processes on Hilbert spaces was
investigated in [35]. In [20], the author investigated affine processes in general locally convex
vector spaces and in [10], existence of affine Markovian lifts of finite-dimensional Volterra
processes was shown. The Markovian lift process takes values in a certain cone in a space of
measures and shares many features of the affine processes which we consider.

The biggest challenge we face is that like many infinite-dimensional cones, the cone of
positive self-adjoint Hilbert—Schmidt operators has empty interior. One consequence is that one
cannot employ classical localization arguments to establish existence of the desired processes;
we take a different approach outlined below. Another consequence is that it is difficult to
incorporate a diffusion term. Indeed, it remains an open question whether and under what
conditions infinite-dimensional affine processes on positive Hilbert—Schmidt operators allow
for a diffusion term.

Our new approach involves approximating the transition semigroup associated with our
Markov process by simpler transition semigroups corresponding to affine finite-activity jump
processes. We then exploit the generalized Feller theory introduced in [13] and the approxi-
mation results [10, Proposition 3.3 and Theorem 3.2] as well as a version of the Kolmogorov
extension theorem proven in [10, Theorem 2.11] to show that the limiting semigroup gives rise
to a generalized Feller process. Note that the idea of showing the existence of affine processes
with jumps of infinite variation through an approximation with simpler affine processes was
already used on e.g. convex sets in finite dimensions, where it is known that affine processes
are (classical) Feller processes (see [14,9]). However, our approach is somewhat different,
and a considerable amount of effort goes into verifying that the approximating generalized
Feller semigroups satisfy all necessary conditions to ensure convergence. In particular, a subtle
analysis of the regularity of ¢ and v is conducted and we derive a uniform growth bound for
the approximating semigroups.

1.1. Layout of the article

In Section 2 we provide the definition of admissible parameter sets and we state our main
result (Theorem 2.8) on the existence of affine pure-jump processes on the cone of positive self-
adjoint Hilbert—Schmidt operators. Moreover, we specify the exact form of the weak generator
of these Markov affine processes on the linear span of the Fourier basis elements in terms
of the introduced admissible parameter set. A brief outline of the proof of Theorem 2.8 is
presented in Section 2 and the full proof is left to Section 4. In Section 3 we show the existence
and uniqueness of the solution to the generalized Riccati equations (1.2) and we study the
regularity of this solution with respect to its initial value. We briefly discuss the issue of solving
the Riccati equations numerically in Section 3.2. We recall the generalized Feller setting in
Section 4.1. Then in Sections 4.2 and 4.3 we make use of the results in Section 3 and some
intricate approximation techniques for generalized Feller semigroups to complete the proof of
Theorem 2.8. In Appendices A—C, we, respectively, add a comparison theorem that we need
in our derivations, collect some ‘standard’ results on integration with respect to vector-valued
measures, and provide a regularity result of the solution to our considered generalized Riccati
equations.
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1.2. Notation

Weset N={1,2,...} and Ny = {0, 1, .. .}. For a vector space X and U C X we denote the
linear span of U by lin(U). For (X, 7) a topological space and S € X we let B(S) denote the
Borel-o-algebra generated by the relative topology on S. Let (H, (-, -)5) be a Hilbert space.
Then we denote by C(S, H) the space of H-valued functions on § that are continuous with
respect to the relative topology and we denote by C,(S, H) the space of bounded H-valued
continuous functions on S. This is a Banach space when endowed with the supremum norm
Il - llccs)- Notice that when H = R, we typically omit H in the notation: C(S) := C(S, R).
Let £(X) denote the space of bounded linear operators from a Banach space X to X. This
is a Banach space when equipped with the operator norm || - || z(x). If G is a linear operator
on a Banach space X, we denote its domain by dom(G) and denote by | the identity in £(X).
We denote unbounded operators by a calligraphic font and bounded ones by the standard font,
e.g., G versus G. Let L?(H x H, H) denote the space of continuous bilinear forms from
H x H to H. The adjoint of an operator A: H — H is denoted by A*. An operator A € L(H)
is positive if (Ax,x)y > 0 for all x € H. We let L,(H) denote the space of Hilbert—Schmidt
operators from H to H, this is a Hilbert space when endowed with the inner product

(A, B) £y = Z(Aen,Ben

where (e,),ey 1S an orthonormal basis for H and (-, -) z,(x) is independent of the choice of the
orthonormal basis (see, e.g., [37, Section VI.6]). A nonempty subset K of a vector space is
called a wedge if K + K C K and ¢« K C K for all @ > 0, if moreover K N (—K) = {0} then
we call K a cone. A cone K in a vector space X induces a partial ordering: we write x <g y
ify—xeK (@adx >k yifx—yeK). If KC H is a wedge, we define the dual of K by

={xeH:(x,y)g >0forall ye K}, (1.3)

and we say that K is self-dual if K = K*. Note that if K is self-dual then 0 <g x <g y
implies [Ix]1, < (x, y)u < lIxllgllyllu, ie.,

0<kxx=ky=lxlz =lyla (1.4)

(in other words, K is monotonic).

We say that a cone K is regular if for all y, xq, x,, ... € K satisfying x; <g x, <g --- <g y
there exists an x € H such that lim,_, ||x, — x||z = 0. A cone K is said to have generating
dual if B* = K* — K*. It is true that K has generating dual if and only if K is normal,
ie. 0 <x x <g y for y € K, implies ||x|| < Ally|| where A > 0, see e.g. [22]. In finite
dimensions, self-dual normal cones have non-empty interior. However, in infinite dimensions,
the property H = K — K does in general not imply that K has non-empty interior, see [27].
Let (S, S) be a measurable space and U € H. A mapping u:S — U is called a U-valued
measure (on S) if it is weakly countably additive, i.e., if for every pairwise disjoint sequence
U, U,... e S satisfying U,nU,, = U it holds that

Wy =) (WUx, y)u
keN
for all x, y € H. We know from the work of Pettis [33] that if u: F — H is weakly o-additive,
then it is also strongly o-additive. For a H-valued measure 1 and 4 € H we define the signed
measure (u, h): F — R by (u, h)(A) = (u(A), h)y, A € F. Throughout this work we are
required to integrate with respect to vector-valued measures, for a better readability we added
a section on this matter to Appendix B.
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1.3. Setting

Throughout this article we let (H, (-, -)y) be a separable infinite-dimensional real Hilbert
space. For notational brevity we reserve (-, -) to denote the inner product on £,(H), and || - ||
for the norm induced by (-, -). In addition, we define H to be the space of all self-adjoint
Hilbert-Schmidt operators on H and H™ to be the cone of all positive operators in H:

H:={AeLlr(H):A=A*}, and H" :={A € H:(Ah,h)y > O for all h € H}.

Note that H is a closed subspace of L£,(H), and that H* is a self-dual cone in H (indeed,
(H*)* € HT by the spectral theorem for compact operators, and the reverse inclusion is trivial).
Consequently, H is monotonic. Moreover, H™ is regular (see, €.g., [24, Theorem 1]), we have
H =H"—H*' and H* has empty interior.

We define the truncation function x : H — H by x(§) = &1y¢<1; and fix it throughout
this work.

2. Affine processes on H* and statement of main result

In this section we give a detailed definition of affine processes on the state space H™
and introduce the notion of admissible parameter sets. We compare our admissible parameter
conditions with the matrix valued case, this is done in Remark 2.4. Given an admissible
parameter set we deduce first properties of the right-hand side functions of the differential
equations in (1.2). At the end of this section we state our main result of this article in
Theorem 2.8, which guarantees the existence of affine Markov processes on H™ associated
with a given admissible parameter set and specifies the form of their weak generator on the
Fourier-basis elements. However, we postpone the proof to Section 4.3 and only give a brief
outline at the end of this section.

We consider a time-homogeneous Markov process X with state space H* and transition
semigroup (P;),>o acting on functions f € C,(H™),

sz(X)Z/ fE)pi(x,d§), x e,
HE

where p;(x,-), t > 0, x € H™, is the transition kernel of X. Moreover for x € H ™, we denote
the law of X given Xy = x by P,.

Definition 2.1. The Markov process (X, (P, ).cy+) is called affine if its Laplace transform has
exponential-affine dependence on the initial state, i.e., if

P, et — / e8] b (x. dE) = e~ Pta—r bt | @1
HT

forall t > 0, and u, x € H™, for some functions ¢: Ry x HT — R, and ¢ : R, x HT — HT.

We follow the approach in [9] and consider the Laplace transform instead of the character-
istic function which is justified by the non-negativity of X.

Note, that we do not require stochastic continuity of the affine process here, as in this
work we are not aiming to provide a characterization of affine processes. As discussed in the
introduction, our existence result requires an analysis of the corresponding generalized Riccati
equations. In particular, a direct consequence of our approach (see Theorem 2.8) is that the
processes we consider are regular in the sense of [9, Def. 2.2]. We recall this concept for the
reader’s convenience:
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Definition 2.2. We call the affine process regular, whenever the functions

d9(t, u) Y (t, M)l

=0+ and L, =0+
ot ’

ot
exist and are continuous at u = 0.

As we will see, the established class of affine processes satisfies an even stronger regularity
condition, see Section 3.3. In finite dimensions stochastically continuous affine processes are
always regular (see [26]), however, there exist finite-dimensional affine processes that are not
stochastically continuous. Arguably, such processes are of minor interest in applications. In
infinite dimensions the regularity condition is somewhat more restrictive, as it implies e.g. that
the operator B in Definition 2.3 must be bounded. We refer to [23, Section 3] for a construction
of an infinite-dimensional affine process involving unbounded B.

In order to identify pure-jump affine processes, we introduce an admissible parameter set
in the following definition. We think of b as the constant drift vector, B the linear term in
the drift, m the constant jump measure, and u the state-dependent jump measure.

Recall that Appendix B summarizes theory on integration with respect to a Hilbert space
valued measure.

Definition 2.3. An admissible parameter set (b, B, m, ) consists of
(i) a measure m: B(H™ \ {0}) — [0, co] such that

@ Sy 0 IE17 m(d8) < 00 and
(b) f’H*\{O (x(&), h)|m(d&) < oo for all h € H and there exists an element I, € H
such that (7,,, h) f?—ﬁ\ (x(&), h)y m(d§) for every h € H;

(i1) a vector b € H such that
(b, v) — / (x(&),v)mdE) >0 forallveH'; 2.2)
HT\{0}

(iii) a H'-valued measure u: B(H* \ {0}) — HT such that

(1(dé), x)
/mm“@)’”) e~

for all u,x € H* satisfying (u, x) =0;
(iv) an operator B € L(H) with adjoint B* satisfying

((d), x)
B (), x) - , > 0,
(B0, %) /mw}()‘(g) e

for all x, u € H™ satisfying (u, x) = 0.

Remark 2.4 (Comparison to the Finite-Dimensional Case). Definition 2.3 is analogous to
the definition of an admissible parameter set for Ri-valued processes see [14, Def. 2.6])
and the case of positive semi-definite and symmetric matrices, see [9, Def. 2.3]. However,
as mentioned in the introduction, we do not consider any diffusion terms in this work. A more
subtle difference is that we require second moment conditions on the measures m(d¢) and
’ﬁgﬁ), whereas no moment conditions are needed in the finite-dimensional setting. These second
moment conditions are a consequence of our generalized Feller approach, for which we take
the weight function p = || - ||> + 1. See Remark 4.18 for a detailed discussion regarding the
necessity of these moment conditions to our approach.
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In what follows we will frequently use the following observation:
VE, ueH:
—min((§, u), Dljgp=1y < e & =14 (x (&), u) (2.3)
< 1E W PLygi<n < SIEIP Ul Ly <.

Given admissible parameters (b, B, m, u), we define F: Ht — R and R: H™ — H,
respectively, by

F(u) = (b,u) — / (e7® — 1+ (x(&), u))m(df), (2.42)

HA\(0)
- dé)
R(u) = B*(u) — € 14 Lup) 8
(u) (u) ./w\{()}(e (x (&), u)) HE

(2.4b)

Note that the admissibility conditions (see Definition 2.3), Corollary B.4, and (2.3) ensure
that F and R are well-defined. We also have that F and R are continuous and grow at most
quadratically:

Lemma 2.5. Let (b, B, m, ) be an admissible parameter set conform Definition 2.3 and let
F and R be given by (2.4). Then F and R are continuous on H™.

Proof. This follows immediately from (2.3) and Theorem B.5. [

Lemma 2.6. Let (b, B, m, ) be an admissible parameter set conform Definition 2.3 and let
F and R be given by (2.4). Then for all u € H* we have

[F(u)| < <||b|| +/ ||$||2m(d5)> (L+ ful®, (2.5)
HT\{0}
and

IR@)I < (I1B*llzo) + Nw(HT \AODI) (1 + [[u]?) . (2.6)

Proof. This follows immediately from the admissibility conditions, (2.3), (B.7), and (B.4). [

Inspired by the finite-dimensional theory, we consider a system of ordinary differential
equations associated with the admissible parameter set (b, B, m, i) as introduced in the
Egs. (1.2). The equations are commonly known as the associated generalized Riccati equations
which is due to the typically quadratic growth of F and R. By using the formulas for ' and
R in (2.4) Egs. (1.2) can be rephrased as:

Btuy=FWt.u), t>0  ¢0,u)=0,

Wtu)= R W), =0  YO,u) =u. @7

Definition 2.7. Let u € H*. We say that (¢(-, u), ¥ (-, u)): [0, 00) — RxH is a solution to (2.7)
if (¢(-, u), ¥ (-, u)) is continuously differentiable, takes values in Rt x H™T, and satisfies (2.7).

For a transition semigroup (P;);>o defined on bounded measurable functions on H* we
recall the notion of a weak generator (A,dom(A)) of (P,);>0 (see [32, Definition 9.36])
i.e. f € Co(H™) belongs to dom(A), whenever A f(x) := lim,_ o, M exists for every
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xeH, Af € Cp(HT) and

Prf(x)=f(X)+/ P Af(x)ds, xeHT.
0

The following theorem is our main result, it asserts the existence of affine pure-jump processes
on the cone of positive self-adjoint Hilbert—Schmidt operators admitting for state-dependent
jumps of infinite variation and it specifies the form of the weak generator on a space of
functions containing the Fourier basis elements. For the proof see Section 4.3, which relies
on Sections 3 and 4.

Theorem 2.8. Let (b, B, m, (1) be an admissible parameter set (cf. Definition 2.3). Then there
exist constants M, w € [1,00) and a time-homogeneous H*-valued Markov process X with
transition semigroup (P;);>o such that

B[ X, [*Xo = x] < Me” (||x||* + 1) (2.8)
and
P, (e_<"”>) (x) = e—¢(leu)—(x,lﬁ(t,u)>’

forallt > 0 and u,x € H*, where (¢(-, u), ¥ (-, u)) is the unique solution to the associated
generalized Riccati equations in (2.7). Moreover let (A, dom(A)) be the weak generator of
(P)iz0, then lin{e=C* : u € H™} < dom(A) and for every f € lin{e="" : u e H*} we
have:

Af@&) = (b+B), f'(x)) +/H+ (fOxr+8) = fO) — (x(©), f'(x)) v(x,dE), (2.9)

\(0}

where v(x, d&) .= m(d§) + Wﬁﬁfi")'

Outline of the proof. The proof is based on the approximation procedure that we conduct in
detail in Section 4.2, where we work in the realm of generalized Feller semigroups, see the
preliminaries given in Section 4.1. Here we limit ourselves to give a brief outline of the proof
that shall give a rough guidance for the upcoming sections and condensing the main ideas
therein. The detailed proof is then given in Section 4.3. Inspired by [10], we approximate the
Kolmogorov type operator A in (2.9) by operators (A®)cn corresponding to processes of
pure-jump type with finite activity, i.e. for every k € N we replace the constant jump measure
m(d§) in formula (2.9) by 1(¢>1/1ym(d§) and the linear jump measures p(d§) by 1>k u(d§).
The approximation operators A®) generate strongly continuous semigroups (P,(k)),zo on a
space of functions, being weakly continuous with sub-quadratic growth, see Proposition 4.13.
Having established the existence of affine processes of pure-jump type associated with the
strongly continuous semigroups (P,(k)),zo, we next apply a Trotter—Kato type result from [10]
to obtain the limiting semigroup (P;);>o, see Proposition 4.16. To this end we first need to
establish growth bounds on (P,(k)),zo, that are uniform in k, see Proposition 4.15. This requires
understanding the associated generalized Riccati equations (1.2). We provide global existence
and uniqueness results in Section 3. The crucial importance of the associated ODE:s is that they
substitute for the Kolmogorov equations, hence semigroup theoretic arguments involving the
Kolmogorov type operators or the abstract Cauchy problem can be reduced to ODE theoretic
arguments.

Lastly, we apply a version of Kolmogorov’s extension theorem (see Theorem 4.5) to
the limiting semigroup (P;);>0, which then yields the existence of an underlying Markovian
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process. This process associated via the semigroup to the operator (A, dom(A)) is the desired
affine process identified by the admissible parameter set (b, B, m, [).

The second equation for ¥ (-, u) in the generalized Riccati equations (2.7) is a non-linear
differential equation on the cone of positive self-adjoint Hilbert—Schmidt operators. This type of
infinite-dimensional differential equations has been of interest in the literature as they also show
up e.g. in optimal control problems and stochastic filtering theory [11,19,29]. Hence several
articles deal with the problem of numerical tractability of this type of equations. See, e.g. [34]
where Galerkin approximation and convergence theory was developed for operator-valued
Riccati differential equations formulated in the space of Hilbert—Schmidt operators and [15]
where the author studied a backward Euler approximation scheme and convergence results for
this type of equations. In a subsequent article [23], we investigate the Galerkin approximation
further and draw a connection to matrix-valued affine processes. As the tractability of affine
processes hinges on the ability to numerically approximate the Riccati equations (1.2), we have
included a short discussion of the results in [23] in Section 3.2.

An example of a stochastic volatility model where the covariance process is an affine
Markov process on H* is the infinite-dimensional lift of the BNS model constructed in [4]
to model forward rates in commodity markets. In [7, Section 4] we constructed several other
examples to model stochastic volatility in this context of forward rates in commodity markets
and we showed that our model class allow multiple modeling options for the instantaneous
covariance process, including state-dependent jump intensity. Moreover, in [18] we studied
infinite-dimensional stochastic volatility models with a stationary affine covariance process on
HT.

3. Analysis of the generalized Riccati equations

In this section we investigate the generalized Riccati equations given by (2.7). In Section 3.1
we introduce Lipschitz continuous approximations of the mappings R and F in (2.4) and use
these approximations to show existence and uniqueness of a solution to (2.7). In Section 3.3 we
establish regularity properties of R and F and use this to show that the solution map depends
in a differentiable way on its initial value.

3.1. Solving the generalized Riccati equations (2.7)

The goal of this subsection is to prove the existence of a unique solution to the generalized
Riccati equations given an admissible parameter set (b, B, m, ;). A common approach in the
finite-dimensional case, e.g. in the case of the cone of positive semi-definite and symmetric
matrices, is to use a localization argument exploiting the fact that the function R is analytic
on the interior of the cone. Note, however, that in general R fails to be Lipschitz continuous
on the boundary of the cone. The cone of positive self-adjoint Hilbert—Schmidt operators has
an empty interior, a property that is shared by many cones in infinite dimensions. This has the
consequence that localization arguments for solving Eqs. (2.7) on the interior of R* x H* are
not valid anymore. Instead, for every k € N we introduce approximations F® of F in Eq. (3.2)
and R® of R in Eq. (3.3), which involve only finite-activity jump-measures, see (3.1). These
approximations are Lipschitz continuous on H*, and in Proposition 3.7 we show that the
solution to the generalized Riccati equations associated with (b, B, m®, u®) converges to the
(unique) solution to Eq. (2.7).
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We begin by introducing the approximating functions for ' and R: for k € N we set

m®dE) = 1yej=1m(d€) and p®(dE) = Lyey=1/0n(dE), 3.1

and we introduce the functions F®:H*+ — R and R®:H*+ — H defined respectively as
follows

FO@) = (b,u) — / (e — 1+ (x(&). u))mP(@s), (3.2)
HT\{0}
(k)
R<k>(u)=B*(u)—/ (e” & —1+<x(g),u>)“ (d‘f). (3.3)
HH\(0) €11

We denote the generalized Riccati equations associated to (b, B, m®, u®) by:

(k)
{%0, W= FOQGO@ ), 120, ¢®0,u0)=0, o

WE ¢ uy = ROGO@, ), >0, YO0, u)=u.

The notion of quasi-monotonicity will be needed to guarantee that the solution to (3.4) stays
in Rt x H*.

Definition 3.1. Let (V, ||-||v) be a Hilbert space and let K C V be a self-dual cone. In addition,
let D C Vandlet f: D — V, then f is called quasi-monotone with respect to K if for all
v1, Uy € D satisfying v; <k v, and for all u € K satisfying (v, — vy, u) = 0 we have

(f(v2) = f(v1),u) = 0.

Intuitively, quasi-monotone functions are pointing ‘inwards’ at the boundary points, which
ensures that solutions stay in a cone (see Theorem A.l). For details on quasi-monotone
functions on Banach spaces and their connection to differential equations see [12, Section 5.3].

The following lemma states that the admissibility of parameters implies that R®, k e N, is
quasi-monotone with respect to H*. The proof is analogous to the proof of [9, Lemma 5.1],
we present an abridged version.

Lemma 3.2. Let B and u satisfy the admissibility conditions (iii) and (iv) in Definition 2.3.
Then for all k € N the function R® given by (3.3) is quasi-monotone with respect to H*.

Proof. The admissibility condition (iv) in Definition 2.3 (which makes sense thanks to
condition (iii) in Definition 2.3) and the monotonicity of the exponential function imply the
quasi-monotonicity of R®. [

By removing the small jumps and since m and p have finite first moment, we obtain
Lipschitz continuous mappings on H™:
Lemma 3.3. Let B and u satisfy the admissibility conditions (iii) and (iv) in Definition 2.3.
Let k € N and R® given by (3.3). Then for all u,v € H* we have

IR®w) — RO < (IBllcao + 2k H\{OD) lu — v (3.5)

Proof. Observe that for all u, v, £ € H™ we have

=€) — e~ < gl flu — v].
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Thus, (B.4) and (B.7) imply that

(6, u—v)

IRO@w) — RO < ||B*(u — U)” + 1€ 11%

ju(dg) '

/H*\{Om{idIEIId}

/ (et ef<g,v))li(d§)
HHA\(OIN(IE]> 1) I&1°

< (1Bl ce + 2kl sHT\AODI) e = vll. O
Note that R is typically not Lipschitz continuous on the whole H*:

(&,v)
/ sds
(&,u)
for all £, u, v € H*. This implies that R is in general Lipschitz continuous only on bounded
sets in Ht.

+

Remark 3.4. Note that

e — eV (g, u —v)| < < IEIPlll v oD lu — vl (3.6)

By Lemmas 3.2 and 3.3 we have that R® is Lipschitz continuous on H* and quasi-
monotone with respect to H*. Hence classical infinite dimensional ODE theory guarantees
the existence of a global solution to Egs. (3.4):

Proposition 3.5. Let (b, B, m, ) be an admissible parameter set conform Definition 2.3 and
let R®, k € N, be given by Eq. (3.3). Then for every k € N and u € H* there exists a solution
(¢(k)(~, u), w(k)(-, u)) to (3.4). Moreover,

YO, u) <gyr v, v), Yu,veHT satisfying u <y+ v, (3.7)
forall t > 0 and
Iy ®, u) — @, )| < exp ((IBllzao + 2k HT\{ODN) £) lu — v]| (3.8)

forallt >0 and u,v e H'.

Proof. Let k € N. By Lemma 3.3 the function R® is Lipschitz continuous on H™,
by (3.5) with v = 0 the function R® satisfies the linear growth condition [|R®(u)| <
(IBll 220 + 2kl (1T \ {ODI]) llu]l and by Lemma 3.2 R® is quasi-monotone with respect
to HT, thus by [30, VL.3. Theorem 3.1 and Proposition 3.2] there exists a unique global
solution ¥ ® (-, u): [0, 00) — H* to the second equation of (3.4). Now, setting ¢*(¢, u) =
f(; FO@® (s, u))ds, for all + > 0, we obtain by continuity of F® and ¥ ®(., u) a solution
@D, u), y®(-, u)) to (3.4) satisfying the inequality (3.7). Finally, observe that Lemma 3.3
implies that

%nw(“(r, w) — O, v)|?

=2(y"0, 0 = O, v), ROGO @, w) = RO D, v)

< 2(IIBlleao + 2kl wHT \AODN) ¥ P, w) — O, v,
This and Gronwall’s lemma implies the second inequality (3.8). [

The next proposition guarantees the existence of a unique solution to the original generalized
Riccati equations (2.7) on [0, co). First, we prove the following lemma:
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Lemma 3.6. Let B and  satisfy the admissibility conditions (iii) and (iv) in Definition 2.3,
let R® and R be respectively given by Egs. (3.3) and (2.7). Then for every M > 0 we have
lim  sup  [RO@w) — Rw) = 0.

k=00 eqi+iul<m

Proof. It follows immediately from (B.7) and (2.3) that

IR® @) — Rl < lln((§ € HF 21151 < g Hlllu]®. 3.9)
The assertion follows from the above and the continuity of u, see (B.2). U
Proposition 3.7. Let (b, B, m, ) be an admissible parameter set conform Definition 2.3. Then
for every u € H' there exists a unique solution (¢(-, u), ¥(-, u)) to (2.7). Moreover,

Yt u) <y+ YO u) VkeN, t>0andu e Ht,
and Y (t, u) = lim;_, o w(k)(t, u) for all t > 0 and u € H*, as well as

Y(t,u) <g+ Y, v), Yt>0andu,veH" withu <y+ v, (3.10)
and

Iy, wll < exp ((1Bllcao + 20w\ (ODI) 1) lull, V=0, uecH" (3.11)

Finally, for all M, T > 0 there exists a K(M, T) > 0 such that for all u,v € H* satisfying
lle]l, lvll € M and all t € [0, T it holds that

I, u) =¥, vl < KM, T)llu —v]. (3.12)
Proof. First of all note that uniqueness of a solution follows from the fact that R is Lipschitz

continuous on bounded sets, see Remark 3.4. Observe that by (B.5), (2.3), and (3.3) we have,
forallu € H" and k € N,

R~ R V) = (8 1t (6, ) 20D
HEO{ g <lgl<4) I
>4+ 0. (3.13)

Now fix u € H™'. By Proposition 3.5 we know that there exists a unique global solution
¥ ®(, u) to Eq. (3.4) for every k € N. This combined with (3.13) implies that for all k € N
and t > 0 we have

31#;’?” (t, u) — RV ®D(, 1)) = 8?:]{) (t, u) — ROWP @, u))

(k)
at
It follows from Lemma 3.3 and Theorem A.l with K = H*, F = R&D £ = &0 y)
and g = Y ®(-, u) that

Y@ w) <y v O, u), t>0. (3.14)

<n+ (t, u) — RV ® @, u)).

As moreover ¥ ®(t, u) >4+ 0 for all + > 0 and k € N, the regularity of the cone H* implies
that for all # > 0 there exists a ¥ (¢, u) € H™ such that

Yt u) = klim v O, u). (3.15)
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Note that by (3.14), the monotonicity of H*, and the continuity of ¥V(-, u) we have, for all
T >0,

sup Y@ w) < sup YD, w)] < oo. (3.16)
keN,se[0,T] 5€[0,T]
It follows from this, (3.15), the dominated convergence theorem, and Lemmas 3.6 and 2.6 that
for all + > O we have

Yt u) = lim VO, u)

t
=u+ lim [ ROWP(s, u))ds
k—o00 0

t

=u+ klim (RO P (s, u)) — Ry (s, u))) ds
—00 Jo
+ lim / Ry P (s, u))ds
—o0 Jo

=u+ / R (s, u))ds.
0

The equation above combined with Lemma 2.6 implies that the map (-, u) is continu-
ous, whence Lemma 2.5 and the fundamental theorem of calculus imply that ¥ (-, u) €
C([0, 00), H) and

%(l, u) = R(Y(t,u)), t=>0; ¥(0, u) = u. (3.17)

Moreover, the continuity of F and of (-, u) ensures that by setting

¢(t,u)=/ F(y(s,u))ds, t>0, (3.18)
0

we obtain that (¢(-, u), ¥ (-, u)) is a solution to (2.7).

Next, note that (3.10) follows from (3.7) and (3.15). Moreover, (3.11) follows from (3.8)
with k = 1, (3.14), (3.15), and the fact that ¥((z, 0) = 0. Finally, (3.12) follows from the
Lipschitz continuity of R on bounded sets (see Remark 3.4), (3.11), and the same reasoning
as we used to obtain (3.8). [

3.2. Numerical approximation of the generalized Riccati equations (2.7)

The appeal of affine processes lies in their tractability, more specifically, in the fact that
the characteristic function is given in terms of the solution to a Riccati equation (see (1.1) and
(1.2)/(2.7)). This is particularly relevant when numerical approximations of the SDE describing
the associated process X converge slowly and/or are difficult to implement (e.g. because the
SDE contains a square-root term or state-dependent jumps). However, the tractability of affine
processes relies on the assumption that the Riccati equation can be (approximatively) solved,
which is not immediately clear, especially in the infinite-dimensional setting.

In a forthcoming article [23], we reduce the infinite-dimensional generalized Riccati equa-
tions (2.7) to finite-dimensional (essentially matrix valued) equations using Galerkin-type
approximations, and provide error bounds for these approximations. As solvers are available
for the finite-dimensional setting, this paves the way for explicit numerical examples.

More specifically, let u € H*, d € N, and let P;: H — H, be an appropriately chosen
projection onto a finite-dimensional subspace H, (in particular, such that Py(H )|y, ~ S9,
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the cone of symmetric and positive semi-definite matrices, and where H; is a d-dimensional
subspace of H). Denoting the associated d x d-dimensional Galerkin approximation of (-, u)
(the solution to (1.2b)) by ¥4(-, P4(u)), [23] provides an upper bound for the error

sup [[Ya(t, Pa(u)) — ¢ (2, u)||
1€[0.7]
in terms of [|(I — Py)u(H+ \ {OD]. [I(1 — Py)e™® u||, and the Lipschitz constant of the function
R|p,mn#, where B,(M) is the ball with origin u and radius M = sup,co 7 [V, w)|, see

also Remark 3.4. Moreover, in [23] we show that the Galerkin approximation ¥ (-, Py(u)) is
essentially the solution to a matrix-valued generalized Riccati equation as in [9].

3.3. Regularity with respect to the initial value of the solution

Having established the existence of a unique solution to (2.7), we now turn to the regularity
of the solution with respect to the initial value. To this end we first must introduce a fitting
concept of differentiability:

Definition 3.8. Let X and Y be Banach spaces and D C X a convex subset. We say that a
function f: D € X — Y has a one-sided derivative at x € D in the direction v € X, whenever
x 4+ Av € D for all A sufficiently small and the limit

. fx ) - f)

m )

i
A—0+ A

exists in Y. We denote this limit by d; f(x)(v). We define the second one-sided derivative in
x € D in direction (v, w) € X x X as

lim dy f(x + Aw)(v) —dy f(x)(v)

A0+ A ’

whenever x + Aw € D and dy f(x + Aw)(v) exists for all A sufficiently small and moreover
the limit exists in Y. We denote the second one-sided derivative of f at x in directions (v, w)

by & f(x)(v, ).

Lemma 3.9. Let (b, B, m, i) be an admissible parameter set conform Definition 2.3 and let
F and R be given by (2.4). For u € H* define dR(u) € L(H) by

dR(u)v = B*(v) +/ (&, v)e & — (x(6), v) “(di), : (3.19)
HH\(0) €
and dF (u) € L(H, R) by
dF(u)v = (b, v) +f (£, v)e”EW — (x(&), v)m(dE), veH. (3.20)
HH\{0}
Moreover define d’R) € LOH x H, H) by
R (v, w) = —/ (€, v)(E, w)e_@‘”)u(di), v, w e H. (3.21)
H+\{0) [t
and &*F(u) € LP(H x H,R) by
d>Fu)(v, w) = —/ (€, v)(E, wye Y mdE), v, weH. (3.22)
HH\{0}
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Then the operator dR(u) is quasi-monotone for all u € H*, and for all uy,u; € H* and
v, w € H we have

[dR o)) < I1B*[lzpllvll + [HT \ O] A + lluolDIvll (3.23)
[dR(uo)(v) — dRu )@ < | w(HT\AOD| lluo — urllllv]l, (3.24)
4> R(uo)(w, w)l| < [|wH\ O] vllllwl, (3.25)

and u +— dzR(u)(v, w) is continuous. Moreover, F and R are two-times one-sided differ-
entiable in u in the direction (v, w) for all u,v,w € H¥, and for all u,v,w € H* we
have:

d; R(w)(v) = dR(u)v, (3.26)
d2 Ru)(v, w) = d*R(u)(v, w), (3.27)
d; F(u)(v) = dF (u)v, (3.28)
&% F(u)(v, w) = dF (u)(v, w). (3.29)

Proof. The quasi-monotonicity of dR follows directly from the admissibility assumption. As

[(€, v)e™ ) — (x (@), v)| < IENVIAgep=1y + IE Nl Lyep<))

for all u,& € H* and all v € H, we obtain (3.23). Estimate (3.24) is obtained similarly,
estimate (3.25) is immediate from the definition, and the continuity of u + d*R(u)(v, w)
follows from the dominated convergence theorem (Theorem B.5).

We next confirm the asserted differentiability of the map u — R(u). Let u, v € H* then

R(u + Av) — R(u)

dy Rau)(v) = lim

A
o ) e~ Gutrv) _ o—(§.u) wn(dg)
= B*(v) —A1_1>r[r)1+ o . + (x (&), v) HE
- ) e*(é,t¢+)»v> _ ef(é,u) M(dé)
=B (v)—/qﬁ\{o] AI_I)I(I)1+ 7 + (x (&), v)W (3.30)
d

— B*(v) + f (€, v)e™ € — (x(8), v) A

HA\(0) €1

where the interchange of the integral and the limit in Eq. (3.30) is justified, since A > e~ “+*v:8)
is a convex mapping, hence its differential quotient is non-decreasing in A and non-negative and
thus we can apply the monotone convergence theorem to obtain that the one-sided derivative
of R exists in u in the direction v and (3.26) holds. An analogous derivation for F leads
to Eq. (3.28).

The proof that the second one-sided directional derivative of both F and R exist and
that (3.27)—(3.29) hold is again analogous. Note in particular that for the existence of the second

derivatives we use that the measures m(d§) and ﬁ have finite second moments. [

Proposition 3.11 states that the solution (¢(-, u), ¥ (-, u)) to (2.7) is such that the mappings
u — Y(t,u) and u — ¢(t, u) are twice one-sided differentiable in O in all directions. The
techniques to prove this are well-known, however, as we are dealing with a non-standard
concept of differentiability we provide the details of the proof in Appendix C.
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Remark 3.10. In fact, one can prove that u — ¥ (¢, u) and u — ¢(t, u) are twice one-sided
differentiable in u for every u € H™, in every direction (v, w) € H't x H*. We do not need
this, but we do need the existence of the first derivative in u € H* for u sufficiently small in
order to obtain the second derivative. See also Appendix C.

Proposition 3.11. Let (b, B, m, ) be an admissible parameter set conform Definition 2.3,
for every u € HT let (¢p(-,u), ¥(-,u)) be the solution to (2.7), and let dR, dF, d*R,
and d*F be defined by (3.19)-(3.22). Then the maps u +— Y(t,u) and u +— ¢(t,u)
are twice one-sided differentiable in 0 in all directions (v,w) € HT x HT. Moreover
dyyr(z, 0)(v), dilﬂ(t, 0)(v, w) € HT for all v,w € H and the mappings t — d_ ¢(z, 0)(v)
and t — dp (¢, 0)(v) solves the following pair of differential equations:

0
3,4+ 0)() = dF0)(ds ¥ (1,0)(v)), ¢>0; di¢(0,0)(v) =0, (3.31)

a
3,4V (@ 0) = dR(0)(d4 (7, 0)(v)), 1=0; dyy(0,0)(v) = v, (3.32)

Moreover, the mappings t +—> dil/f(l, 0)(v, w) and t +— diqb(t, 0)(v, w) solve the following
pair of differential equations:

d
2746, 0, w) = EFO)d ¥ (2, 0)(v), dy Y (1, 0)(w))
+dFO)(dy(r,0)(v, w)), t>0; dig0,0)(v,w)=0,
(3.33)
d
5diw<r, 0)(v, w) = d*R(O)(d; ¥ (2, 0)(v), dy ¥ (2, 0)(w))
+ dR(O)(diw(t, 0O)(v, w)), >0 dixp(o, 0)(v, w) =0. (3.34)

Proof. See Appendix C. [

For u = 0 we derive explicit formulas for the solutions to the pairs of differential equations
in (3.32) and (3.34) of Proposition 3.11, as those will be needed for proving Lemma 4.14 in
the approximating case and for Proposition 4.17. First, note that

d
d, RO0)(v) = B*(v) + / (&, v)!9)

HEO(EN21) N>
Recall the definition of dR(0) from (3.19). The solution of Eq. (3.32) is then given by

d (2, 0)(v) = IR0y, (3.35)

By inserting formula (3.35) into Eq. (3.34) (note that ¢’®©®y e 2{*) and solving this
inhomogeneous linear equation we obtain

t
2y, 0)(v, w) = / el =IRO G2 R(0)(e* IRy, e 4RO\ ds. (3.36)
0

4. Existence of affine pure-jump processes in H*

In this section we use the well-posedness and regularity results of the generalized Riccati
equations (2.7) from Section 3 to show the existence of an affine process in H* associated
to a given admissible parameter set (b, B, m, u) conform Definition 2.3. Due to the lack of
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local compactness of the underlying state space, standard Feller theory cannot be employed
in our context and we use the theory of generalized Feller processes as introduced in [13].
The existence proof is based on the approximation procedure roughly sketched at the end
of Section 2. In this section we rigorously build up this approximation procedure in the
generalized Feller setting. Essentially, we approximate the transition semigroup (P;);>o, that
can be associated to an affine process in H* with infinite-activity jump behavior, by simpler
transition semigroups corresponding to affine finite-activity jump processes. The considered
semigroups are strongly continuous semigroups on a certain Banach space of real functions
being weakly-continuous on compact sets and having at most quadratic growth in the tails. We
briefly introduce the generalized Feller setting, that is we define generalized Feller semigroups
and processes in Section 4.1 and consequently in Section 4.2 we apply approximation results
from the theory of strongly continuous semigroups adapted to the generalized Feller setting
by [10].

4.1. Preliminaries: generalized Feller semigroups

We recall the concept of generalized Feller semigroups introduced in [13] and further
developed in [10].
Throughout this section let (¥, ) be a complete regular Hausdorff space.

Definition 4.1. A function p: Y — (0, 00) such that for every R > 0 the set Kz =
{x € Y: p(x) < R}iscompact is called an admissible weight function. The pair (Y, p) is called
weighted space.

Let p:Y — (0, 00) be an admissible weight function. For f:Y — R we define | f|, €
[0, oo] by

17115 = sup 1Z5. @1

Note that || - ||, defines a norm on the vector space B,(Y) = {f: Y - R:fll, < oo} which
renders (B,(Y), ||-1l,,) a Banach space. Recall that C,(Y) denotes the space of bounded R-valued
T-continuous functions on Y. As any admissible weight function satisfies inf,cy p(x) > 0, we
have that C,,(Y) € B,(Y).

Definition 4.2. We define B,(Y) to be the closure of C,(Y) in B,(Y).
The following useful characterization of B,(Y) is proven in [13, Theorem 2.7]:
Theorem 4.3. Let (Y, p) be a weighted space. Then f € B,(Y) if and only if flx, € C(Kg)

for all R > 0 and
lim sup Y&l —p, 4.2)

R—00 vey\kp P

We can now present the definition of a generalized Feller semigroup, as introduced in [13,
Section 3].

Definition 4.4. A family of bounded linear operators (P;);>o in L(B,(Y)) is called a generalized
Feller semigroup (on B,(Y)), if
(i) Py = I, the identity on B,(Y),
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(i1) Piys = PP for all ¢, s > 0,

(iii) lim, o4 P f(x) = f(x) forall f € B,(Y)and x €Y,

(iv) there exist constants C € R and ¢ > 0 such that | Pell cs,ry < C forall £ € [0, €],

(V) (Pr)r=0 is a positive semigroup, i.e., P,f > 0 for all + > 0 and for all f € B,(Y)
satisfying f > 0.

By [13, Theorem 3.2] any generalized Feller semigroup is strongly continuous. Moreover,
generalized Feller semigroups allow for a Kolmogorov extension theorem, see [10, Theorem
2.11] for a proof:

Theorem 4.5. Let (P;);>0 be a generalized Feller semigroup on B,(Y) satisfying P,1 =1 for
all t = 0. Then there exist a filtered measurable space (2, (F;);>0) with a right-continuous
filtration and a family of functions X,: 2 — Y, t > 0, such that X, is JF; measurable for all
t > 0 and for any initial value x € Y there exists a probability measure P, such that

Ep [f(X)] = P f(x) (4.3)

for every t > 0 and every f € B,(Y). Moreover, for all x € Y the process (X;);>0 is a
time-homogeneous P.-Markov process, i.e., forallx € Y, 0 <s < t, f € B,(Y) we have

Ep, [f(X0) | Fsl = P—s f(X5), (4.4)
almost surely with respect to P,.

Let (P;);>0 be a generalized Feller semigroup satisfying P;1 = 1 for all ¢+ > 0. The process
(X1)r>0, the existence of which is guaranteed by Theorem 4.5, is called a generalized Feller
process with initial value x with respect to the measure P,.

From now on we write E, for expectations with respect to the probability measure P,.

Remark 4.6. Let (P;);>o be a generalized Feller semigroup and let x € Y, then by a Riesz
representation-type result (see [10, Theorem 2.4 and Remark 2.8]) P,p(x) € R can be defined
by the integral of p with respect to the measure representing the linear functional f — P, f(x),
f € B,(Y). Moreover, as there exist M > 1, w € R such that |P, f(x)| < M exp(wt)p(X)|l fl,
for all f € B,(Y), we obtain

P,p < Mexp(wt)p 4.5)

for + > 0. If moreover (P,),>o is associated to a Markov process (X,);>o such that Eq. (4.3)
holds, we obtain:

E[o(X)] = Prp(x) = M exp(wi)p.

This can be seen by Eq. (4.5) and a monotone convergence argument by choosing for every
n € N the approximations p, = Z;’:l (,e)>An e B,(Y), where (e;)ien is an ONB of #, then
pn — p in pointwise as n — oo and p, < p,4 for all n € N.

4.2. Approximation of semigroups associated to affine processes in Ht

We equip the Hilbert space H with its weak topology o(H,H') (which, by the Riesz
representation theorem, is the weak-*-topology). Note that as H™ is self-dual, it is closed
in (H, o (H,H")). For brevity of notation we let H} denote the complete regular Hausdorff
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space (HT, o0(H, H')y+), where o(H, H')y+ denotes the relative topology o (H, H') on H*.
In addition, we define p: HT — R by

p(x)=1+|x|*, xeH', (4.6)

and observe that p is an admissible weight function on H} by the Banach—Alaoglu theorem,
ie, (H},p) is a weighted space. Note that for every R > 0, the pre-image
{x e HT: p(x) < R} is compact in H* equipped with the norm topology, if and only if
is finite-dimensional. As we assume throughout the article that # is infinite-dimensional, we
see that p is not an admissible weight function in the norm topology.

The linear span of the set of Fourier basis elements {e_<"”) tue€ 7{+} is denoted by

D:=lin({e”"" : ueH}). 4.7

The relevance of this set lies in the following lemma.
Lemma 4.7. The set D is dense in B,(H}).

Proof. It suffices to prove that for every ¢ > 0 and every f € Cp(H) there exists an f, € D
such that || f — f:|l, < &. To this end, observe that for every ¢ > 0 and every f € Cy(H)

there exists an R > 0 such that sup,cy+ = % < 5, and apply Stone-Weierstrass to
CHIN{xeHT: x| <R}). O

Corollary 4.8. The space B,(H}) is separable.

Proof. Let U be a countable dense set in (X', || - ||) (recall from Section 1.3 that H* is

separable). Then by Lemma 4.7 the set {Y}_, g;e"""/ : n €N, ¢; € Q, u; € U} is dense
in B,(HY). O

Throughout the remainder of this section leE b, B,m, u) be~an admissible parameter set,
see Definition 2.3. First, we define for k € N, B® e £(H) and b® € H* by

(k)
B®(x) = B(x) _/ gw, xeHt,
HEN0<|E||<1} &1l

b= | EmPds),
HEN{0<IE]<1)

where m® and p® are as defined in (3.1). Note that the fact that B € £(#) and that u is
an HT-valued measure, as well as (B.7) and (3.1) ensure that B® ¢ L(H) is well-defined.
Moreover, (i) in Definition 2.3 and (2.2) ensure that b® e M+ is well-defined. For x € H*
and k € N we consider the following deterministic equation in differential form:

{dxixJ" = (B9 + BOG)ar, 120,

4.8
xf)"”‘) (4.8)

= X.

Standard infinite-dimensional ODE theory ensures that for all x € H* and k € N the unique
classical solution to (4.8) is given by

t
5 &) _B® ~
0

The following lemma provides some properties of XX, x € H*, k € N.
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Lemma 4.9. Let (b, B, m, 1) be an admissible parameter set cf. Definition 2.3. For x € H*
and k € N let x**® be given by (4.9). Then

0 <pr XD < X0 (4.10)
forallkeN, x e H', and t > 0.
Proof. It follows immediately from Deﬁniti~0n 2.3 (iv) that H > x +— p® + E(k)(x) e H
is quasi-monotone with respect to H*. As b® e Ht, Theorem A.l with K = H*t, F() =

b + BO(), £ =0, and g(-) = x** ensures that x™"* € #* forall t > 0, x € HT, k € N.
Moreover, for all k € N and x € H* we have

B9 + BO() — (B4 + BV 200 0.
This implies that for every x € H', k € N, and # > 0 we have

(x,k+1) ~ ~ (x,k) ~ ~
+ 1 )
X (b(k+1) + B* 1)(X§x,k+ ))) — XYT — (b(k) + B(k)(ng’k)))

0x;
at
ax TAD) | k1) (.0
<u+ —5; (b + BYTU(x, )).

Again applying Theorem A.1 with K = Ht, F() = b% + BO(), f) = x™*D and

g() =x" 1t >0, implies that xX** ™ <,+ x"F forall 1 > 0. O
Fork e N, t >0 and f € B,(H}) define PR £ 94+ 5 R by
(Pt(det,k)f)(x) — f(xgx,k))’ xeHt. 4.11)

Lemma 4.10. Let (b, B, m, (1) be an admissible parameter set conform Definition 2.3. Let
keN >0, feCyHE) and let P f:HY — R be defined by (4.11). In addition, let

M = max{1 4 2||BV| 28, 16V11%, 2}, (4.12)

o = 2BVl - (4.13)
Then PP f ¢ Co(H),

1P fll, < Me £, (4.14)
and

IPCR £l 5 < VM e fll g (4.15)

) . . -
Proof. For every ¢ > 0 the operator ¢’ BO s strong-to-strong continuous, hence it is also weak-
to-weak continuous, and thus Pt(det’k) f € Cp(H). Next note that Lemma 4.9 implies that

. . 2150 -2
PR D2 2 EG0 BO ) 160 1P+

HxZ = HEE = [T (4.16)
SMCM

for all x € HT. Using the above estimate and (4.11) we obtain

(det,k) (x,k) (x.k) 2
(det k) PP ) £ 1Y)
1P fllp = sup == = sup ——z < [Ifll, sup ———>
T+l et THIA oA
<Me” | fll,.
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Similarly,

b2

x50 1+x
ph = sup L < sup Yo—— < VM e”? . O
l t f”ﬁ x€7f+ m = ||f||ﬁx€£+ m = ”f”ﬁ
Recall that if (A, dom(A)) is the generator of a strongly continuous semigroup S = (S;);>0 on
a Banach space X, then a subspace D C dom(A) is a core for A if D is dense in dom(A) for
the graph norm || - |ldgoma) = || - llx + |A - ||x (see [16, Chapter II, Def. 1.6]). By [16, Chapter
II, Prop. 1.7] any subspace D C dom(A) that is dense in X and invariant under S is a core.

Lemma 4.11. Let (b, B, m, |t) be an admissible parameter set conform Definition 2.3. For all
keN, t>0, feB,(Ht) let P f:HY — R be defined by (4.11). Then (PY*"?),¢ is a
generalized Feller semigroup on both B,(H}) and Bﬁ(Hvt) for all k € N. Moreover D is a
core for the generator QK(Q of (Pt(de"k)),zo on B,(HY) and for all f € D we have

GO ) = (P + BO), f'(x), xeH . (4.17)

Proof. Let k € N. It follows from Lemma 4.10 that (P,(det’k)),zo is a family of bounded linear
operators on both B,(H}) and B ﬁ(H$ ). Moreover, properties (i), (ii), and (v) in Definition 4.4
are trivially satisfied. Property (iv) follows from Lemma 4.10. Finally, property (iii) follows
from Theorem 4.3 and the fact that lim, o+ X" — x|| = 0.

It is easily verified that D is a subspace of BP(H";) that is invariant for (P,(det’k)),zo. We
know from Lemma 4.7 that D is dense in Bp(’;’-l\t), thus by [16, Chapter II, Prop. 1.7] it
remains to prove that D C dom(gég) and that (4.17) holds. To this end, let # € H™ and
consider f(-) = e~ ™" € D. For f of this latter form, we define f'(x) = —e™“ )y, for
u,x € H* and f”(x) to be the bounded linear map on H™ defined for u,x € H' by
F7(x)() == ey (u, v), v € HT. Now, observe that for B(x) := B (x) + b®, we have

(det,k) -
(P ff)(X)_f(X) . (f/(x), B(x))
Yo wn X —x
= /0 f (S(Xr —x)+ x), 7 — B(x) )ds (418)

+/1/1<f” (us(XEX’k) - x) +x> (s(xgx’k) _x)>’g(x)>duds’
0 JO

where we used Lemma C.1 twice, which is applicable as the one-sided derivatives of f,
considered as a function on H™T, exist. Observe that

‘%(xgx’k)—x)—(l;’(k)XJ-l;(k))‘

lim su =
t—>0+x€7f+ PL) (4.19)
= (k) ~ _s)Bk) :
< lim sup 189Nl ™ a4 1501 fg 15— Ticands _
T 50+ opyt NANE
Moreover we have
: wh_ , e B 11230 143 195 Y 56 as
lim sup 22— < lim sup i<+ =0. (4.20)
=0+ g+ Vp(x) >0+ cq+ Vo)
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Since sup, .+ |p(x)|_%||f/(x)|| < oo and sup,cy+ | f")lley < oo, it follows from
Egs. (4.18), (4.19), and (4.20) that

lim

(PE0) £y ) () / 2 (k) = (k)
e x), B (x b
Jim - (f'(x) (x) +b™)

— 0. 4.21)
P

This, the linearity of G and the fact that D is invariant for P{*"* (and thus P*""f €

B,(H;) whenever f € D) implies that D C dom(G')) and that (4.17) holds. [J

We now introduce the family of measures v®): H+ x B(H* \ {0}) — [0, o) for every
x € HT given by
(uM(d§), x)
€102
and define the operator gj(fsz: dom(gj(féjp) C B,(H}) — B,(H}) by

VO (x, dg) = m©(dg) + (4.22)

dom(G®

jump

- {f € B,(H!): <x — / (fE+x)— )P, dg)) € Bp(va)} (4.23)
HH\(0}

and for f € dom(gj(fr)np):

G /)= [
e /0= |

Note that for all k € N the measure V¥ (x, d¢) is finite, i.e. v®(x, H \ {0}) < oo for all
x € HT, but it is an affine function in x and hence unbounded in the first component. For
that reason gj‘l’j;p f may not be in B,(H) for all f € B,(H;;). However, the following lemma

ensures that Cp(H{) C dom(gj(fr)np):

(fE+x)— feNVP(x,dE), xeHT. (4.24)
0}

Lemma 4.12. Let (b, B, m, ;1) be an admissible parameter set conform Definition 2.3. Let
k €N, and let G be as defined in (4.23) and (4.24). Then C,(H) € dom(Giy, ).
Proof. Let f € C,(H) and let g;: HT — R be defined by
®) () x
gr(x) = [l + )9 (4.25)
) H

We will prove that g € B,(H) using Theorem 4.3. All other terms in the definition of gj(f;p f
can be dealt with in a similar (simpler) way.

To see that g, is continuous on K := {p < R} for all R > 0 it suffices to show that g
is sequentially continuous on Ky for every R > 0 as the weak topology restricted to K is
metrizable. Fix R > 0 and let (x,),cy be a sequence in K converging (weakly) to an x € Kg.
By the dominated convergence theorem (Theorem B.5) and the fact that sup, oy [|x, ]| < vR
we obtain

lim |g/(x,) — g/(x)| < lim (F(tn +8) — flx +ENE2EO |
n—00 n—>00 || 37+ (0) &

=0.

n— 00

: (u®,x, —x)(d8)
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Finally, observe that limg oo SUP, e+ p(x)=R lp(x)|"gs(x)] = 0 as f is bounded and

fHJr\{O] “(Hk;‘(f) € M (recall (B.7)). By Theorem 4.3 this ensures that g; € B,(H), which

completes the proof of the lemma. [

In the next proposition we achieve an important intermediate stage, that allows us to
conclude the existence of generalized Feller processes in H* admitting for bounded drifts and
finite-activity jump behavior, as well as satisfying the exponential affine formula (1.1):

Proposition 4.13. Let (b, B, m, &) be an admissible parameter set conform Definition 2.3. Let
k € N, and let (9®(-, u), w®(., u)) be the unique solution to (3.4) (cf. Proposition 3.5). Let
D C B,(H{) be given by (4.7) and gf{;{ and gjﬁ’j}n be as defined in (4.17), respectively (4.24).
Consider the operator g;’;{ + gj(j;p: dom(g((j];{) N dom(gj(f;lp) C By(HE) — By(H). Then
D C dom(ggg) N dom(gj(f;lp). Moreover, there exists a generalized Feller semigroup (P,(k))rzo

with generator (G®, dom(G®)) such that

(i) D < dom(GW),

(ii) GO f = (Gl + Gl ) f for all f €D,
(iii) PP1 =1 forallt >0, and
(iv) for all u, x € H*, t > 0 we have

(PPemt) () = e ety (4.26)

Proof of Proposition 4.13. Roughly speaking, we can ensure the existence of a generalized
Feller semigroup P,(k) satisfying (ii) in Proposition 4.13 by verifying that all conditions
of [10, Proposition 3.3] are satisfied. However, the assertions of [10, Proposition 3.3] do not
immediately give us (i), (iii), and (iv). In order to obtain these statements we need to dig into
the proof of [10, Proposition 3.3], which makes this proof somewhat technical and tricky. To
enhance the readability, we split the proof in to several parts.

Step 1: Verifying the assumptions of [10, Proposition 3.3]. We consider, in the notation of
that Proposition, (X, p) = (’H,‘J;,,o), A = gfj’;{, w as in (4.13), M; = M where M is as
in (4.12), p(x, E) = v®O(x, E — x N HT) (recall the definition of v® from (4.22); here
E—x={yeH:y+x € E}),and B = gj(fr{]p. By Lemma 4.11, gf{;{ is the generator of
a generalized Feller semigroup (P,(det’k)),zo of transport type on both B,(H}) and B /;(H).
In particular, by [13, Theorem 3.2], (P,(det’k)),zo defines a strongly continuous semigroup on
both B,(H}) and B ﬁ(Hvt ), i.e., it automatically holds that the domain of gg’;i is dense and that
(P,(det’k)),zo allows for exponential bounds (see Lemma 4.10 for explicit bounds). Lemma 4.12
implies that gjﬁm f is weakly continuous on compact sets {p < R} for all R > 0 and all
f € Co(HY).

Moreover, one easily verifies that there exists a constant K (possibly depending on k) such
that for all x € H* we have

/ p<y+x)v<"><x,dy>s/ (14 2[Ix[1* + 2y 1D v®x, dy) < Klp(x)?,
HT\(0} HH\{0}

(4.27)

f Vo +0)v®(x, dy) < / A+ lxl + Iy v®x, dy) < Ko(x),  (4.28)
HH\{0} HH\{0}
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and
/ v, dy) < Ky/p(x). (4.29)
HH\{0}

Next, observe that by Lemma 4.9 and the fact that (0, B, 0, u) is also an admissible parameter
set, we have ¢'#"'& € H+ whenever & € H*. Thus

k (k) k
PEp6 o) = 14 xR = 14 e + x50

" (4.30)
= PO p0) +2(e PV x0) + 1Y g = PO (o)

for all x, & € H*. This together with estimates similar to (4.16) yields (note that || etBY & <
I e'B” &, and recall ® from (4.13))

ot Pt(det,k)

SUp,~ et Pl(det,k)p(%- +x)— sup,. e ,o(x)

_ det,k
Sup,>o € o Pz( ¢ )p(x)

ot Pt(det,k)

sup,.e” P,(det’k),o(é +X) —sup;5g € o(x)

_ det,k
Sup,>o € ot Pz( ¢ )p(x)

4.31)
—w 0] Bk x,
supio e~ (e B £12 + 21 eI I e 4 2pe 01l + VID)
< <
- 1+ [l - EHE
- (M +2]€1*)(1 + |Ix]) < 2M+4g]?
- 1+ x| = l4llx]l

for all x, & € H*. It follows that for all x € H' we have
SUp,- et (Pt(dehk)p) (E+x)— SUp,~o oot (Pt(det,k)p) (x)
/ v®(x, dg)
HH

sup,.o e~ (Pt(det’k)/o) (x) (4.32)

| ~
J o CHEEE) 000 = <00
HT\{0}

This ensures that all conditions of [10, Proposition 3.3] are satisfied.

< sup
yeHt

Step 2: Presenting the assertions of [10, Proposition 3.3]. As in the proof of [10, Proposi-
tion 3.3], we introduce the operator GX" e L(B,(H)) which satisfies

jump
@4 F)0) = /H 0= FO s i d

forall x e HY, f € Bp(?’-[f; ). Note that D € dom(gj(f;lp) by Lemma 4.12. For future reference

(see Proposition 4.19) we also introduce p;: Ht — R, gi(x) = Sup; e"‘”Pt(det’k),o(x). It
follows from [10, Remark 2.9] that £y is an admissible weight function and that ||-||,, < [|-[l;, <
M ||-ll,,- Moreover, it follows from the proof of [10, Proposition 3.3] (with A = Qgg and
B, = gjﬂ’jg;) that G\ + g;fg; is the generator of a generalized Feller semigroup (P*");=¢

on B,(H{) for all n € N, such that
(k,n) O+
(@) ||, ”L(Bﬁk(}[j;)) < et ")j forallt >0,n eN,
) 125" | £, a0ty < M@ forall 1 > 0, n € N,
(© limy o (Gl — G ) fll, = O for all f€D.
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It moreover follows from the proof of [10, Proposition 3.3] that there exists a generalized Feller
semigroup (P¥),=o on B,(H) with generator G* satisfying

lim sup (P& — P®)fll, =0, forall f e B,(HY), t >0. (4.33)

=00 5¢[0,1]

Step 3: Proof of (i) and (ii). Fix f € D. Let ujp(1) = PEYF >0 and n € Nk, let uy (1) =
PO f. 120, and let ui(r) = PGS + Gi) f - Observe that uj, , (1) = P (G + Gl £
By (a), (b), and (4.33) we have, for all 7 > 0, that
lim sup (luga(t) — ur(®llp + lug, (1) — ve(@®l,) = 0. (4.34)
=00 te[0,T]
This implies that u; is differentiable and u}(t) = vi(¢), which implies that f € dom(G*) and
GO f = 1 (0) = (Git + Ghamp) S
Step 4: Proof of (iii). In order to verify that P,(k)l =1 for all > 0, observe that X1 = 0

jump
(k,n)
(whence e’giumpl = 1 for all + > 0), whence the Trotter product formula (see, e.g., [16,
Chapter 111, Corollary 5.8]) implies that P*™1 = 1 for all ¢ > 0. It follows that P¥'1 = 1 for
all + > 0.

Step 5: Proof of (iv). Recall the definition of R® and F® from (3.2) and (3.3). Recall from
Lemmas 4.11 and 4.12 that e=0* € D C dom(ggg) N dom(G® ) for all u € H*, and that

jump
W (e ) (x) = (Gl + Giamp)e ()
= (=Y + BV, u) +/

HT\{0}
= (=F®) — (x, RP@)))e " (4.35)

(e~ — 1)y ®(x, dg))e_<"’”)

for all u, x € H™. On the other hand, Proposition 3.5 implies that

ie—¢><’<><z,u>—<x,vf(k)<z,u>>
at
= (=FO@DE, u)) — (x, RO O, u))))e—(b(k)(t.u)—(x,l//(k>(t,u))
for ?ll u,x € H*. Therefore for all u € H* it holds that the function [0, 00) > ¢ —
e ¢Vtw-(vw) ¢ D c dom(G®) is a classical solution to the following abstract Cauchy

problem:
2y = G9u)
ot '
v(0) = e,
By the uniqueness of the classical solution we conclude (4.26). [

From Proposition 4.13 on the existence of the generalized Feller semigroup (P,(k)) with
P,(k)l = 1, together with the version of Kolmogorov’s extension Theorem 4.5, we conclude
that there exists a generalized Feller process associated to (P,(k)),zo, denoted by (Xﬁk) )i>0, such
that |E, [f(X,(k))] = P,(k)f(x) for every f € B,(H{). Item (a) and Eq. (4.33) in the proof of
Proposition 4.13 result in exponential bounds on ||P,(k)|| LOByHE)) that depend on k € N. In
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order to proceed, we need to establish bounds that are uniform in k. We begin with a lemma
that builds on top of the results in Proposition 3.11:

Lemma 4.14. Let (b, B, m, |u) be an admissible parameter set conform Definition 2.3. More-
over for every k € N, let (¢®(, u), y©(, u)) be the solution of (3.4), the existence of
which is established in Proposition 3.5, and the mappings d,¢(-,0), d (-, 0), di¢>(k)(-, 0)
and diw(k)(-, 0) be as in Proposition 3.11 for the admissible parameter set (b, B, m® | 0y,
Moreover, let (X ,(k)),zo be the generalized Feller process associated to (P,(k)),zo. Then for every
v,w € H and t > 0 the following formulas hold true:

E [, 0)] = dig(e, 000) + (x, dp . O, (436)
and
E [P, 0)(x0, w) | =~ 90, 000, w) = (v, &y Pt 0w, w)
+ (de (1, ) + (x, dy Y (z, 0)(v)))
X (dpp(r, 0)(w) + x, dy (2, 0)(w))). 437)

Proof. Let k € N arbitrary, but fixed. Recall from Remark 4.6 that for all ¢+ > 0:
E, [||X,‘">||2] <00, VxeH . (4.38)
We first show that the formulas (4.36) and (4.37) hold for v, w € H* and subsequently extend

these to v, w € H. Letu € H™, x € H™ and ¢ > 0, then we set

3O, u, x) = e -y O
and by the affine property of (X ,(k))tzo from Eq. (4.26) we have
E, [e*“‘?%] — o®(, u, x). (4.39)

By Proposition 3.11 the right-hand side of Eq. (4.39) is one-sided differentiable in u € H™ in
the direction v for every v € H™. In particular, by applying the chain-rule at u = 0 we have:

dy 89,0, )(v) = (—d0©, (W) — (x, dpy®(, 0)(v))) DXz, 0, x)

= —ds¢ 1, 0) — (x, dey© (1, 0)(v)), (4.40)
where d ¢®(t,0) = d ¢(t,0) and d ¥y ®(,0) = dyy(z,0) for all t > 0 and k € N, see
X ® gy o
Lemma 3.9. Moreover, note that for 6 € RT thekt random variable e~*+ 0%} ig integrable and
. ) - .
for IP,-almost all € {2 the mapping 6 > e~(Xi"@.00) ig differentiable. Due to Eq. (4.38) the
term
d
sup |_e—<x§"),9u>| — sup |—(x®, v>e—<x§"),9u>|
oer0,17 dO 000,11

is integrable. Hence, all the requirements for switching the derivative with respect to 6 and the
expectation with respect to P, are fulfilled, thus the left-hand side of Eq. (4.39) together with
Eq. (4.40) yields:

E [(XP,0)] = dig@, 00) + (x, d 9, 0)(w)). (4.41)

Again due to Eq. (4.38) we obtain by differentiating both sides of Eq. (4.39) at u = 0 twice in
the direction v and w the formula in (4.37). Note that for every v € H there exist v, v~ € H*
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such that v = vt — v~, by linearity of the formula (4.36) in v, we have:
E, [(xﬁ’”, v)] —E, [(X,(k), v+)] _E, [(Xﬁk’, u—)]
=dyp(t, 0)(v") — dy(r, 0)(v7)
+ (x, d (2, 0)(v™) — dy ¥ (z, 0)(v 7))
=d+o(t, 0)(v) + {(x, d1 ¥ (7, 0)(v)).
By introducing the linear functional

(vv@w):H®H — R defined by (x ® x, v ® w)) := (x, v){x, w), (4.42)

we can write £, [(X,(k), v)(ka), w)] =E, [((Xﬁk) ® Xik), VR w))] for every v, w € H* and
we have
E[(xP @ X", v o w) | = —(dl6¥, 0+ dly e, 07, v w)
(d+o(1,0) ® d4o(1, 0), v @ w))
{(d1+9(r,0) @ dyyr (2, 0)*(x), v ® w)
{(d ¥ (7, 0)(x) ® d19(, 0), v ® w))
+ (dp ¥ (1, 0)"(x) @ dyyr (2, 0)*(x), v ® w)), (4.43)
where we conveniently identified functionals on H with elements of H. Written in this form

the right-hand side in formula (4.37) reveals its linearity in v ® w and for v ® w € L,(H), we
have

_l’_
_l’_
+

vQuw=v"uwm —vtQu —v QuwT+v @uw"™

and thus expanding both sides by linearity in Eq. (4.37), shows the validity of the formula for
allv,weH. O

Note that by inserting the formulas from (3.35)—(3.36) and (3.19)—(3.22) into the correspond-
ing terms in (4.36) and (4.37), the latter become explicit up to the parameters (b, B, m, n). To
save some space, we give those explicit formulas only for the limit case in Proposition 4.17.

Using the formulas from Lemma 4.14, we establish uniform growth bounds for the
semigroups (P,(k)),zo in the next proposition. Let us note here that in general we do not obtain
an uniform growth bound w € R* with M = 1:

Proposition 4.15. Let (b, B, m, i) be an admissible parameter set conform Definition 2.3 and
for every k € N let (P,(k)),zo be the generalized Feller semigroup on B,(H}) associated with
(b, B,m®, ), the existence of which is guaranteed by Proposition 4.13. Then there exist a
constant w € R™ and M > 1, both independent of k € N, such that

1PN oo, gy < M ™ forallk €Nt > 0. (4.44)
Proof. Recall from Remark 4.6, that in order to show the existence of a M > 1 and w € R*

such that Eq. (4.44) holds, it suffices to show the existence of a € > 0 and C > 0, independent
of k € N, such that

E, [p(X§k>)] < Cp(x), Vrel0,elandxeH . (4.45)
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Let £ € N be arbitrary, but fixed and denote by (e,),cn an ONB of H, then by Parseval’s
identity and monotone convergence we have:

E o] =B [1+1XPP] =1+ gEx [, e?].

for every t > 0 and x € H*. By Eq. (4.37), in particular using the notation in Eq. (4.43), we
have for all n € N:

E [(XP, e)?] = (=2 6V, 0) = 01, 00 (x), e @ ea)
+ (At )+ didr (1,07 (0) 7 e ® ). (4.46)

We show separately for the first and second terms on the right-hand side of Eq. (4.46) that,
when summing over all n € N, we find a € > 0 and C > 0 such that Eq. (4.45) holds. Since

[ee]

D (did(t, 0)+ dypr (1, 0 (x), e4)” = lld4 (2, 0) + d iy, 0)* ()1,

n=1
we deduce for the second term on the right hand side of (4.46):

[e.¢]

3 (e (. 0) + di (2, 07 ()P ey @ ea) < COXL + 1),

n=1
for
C(1) = (Id gz, 0)|| + d4 v (2, 0)*I|c<m)2~

The terms ||d;¢(z, 0)|| and [|[d4v (2, 0)* || z(7) are bounded for all # > 0. Therefore, we deduce
the existence of € > 0 and C > 0, independent of k£ € N, such that

[e¢]

> (A, 0) + (1, 0 () ey @ en) < C(1+ [1x ], (4.47)

n=1

for all ¢ € [0, €] and x € H*. We continue with the first term on the right hand side of (4.46).
Recall formulas (3.20), (3.22), (3.33), (3.35) and (3.36), from which we obtain:

(2P, 0)"(x), e, ® en))

(es 4RO (1—5)dR(0) “_(dé) 4.48
f/qm £ en) e 00 e -

and
(2991, 0), ey ® er) = / / (RO E oy m®(d)
HH\({0}
+ (A2 P (s, 0% (D), e, ® e,)) )ds
4 / / (2 ®(s, 01 (8), en ® e0)) m(dE)ds
HEN{|Ig]I=1}

(4.49)
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Hence the two terms on the right hand side of Eq. (4.46) can be estimated by

s k
Z /1 /‘ (est(O)*s’ en)2<x, e(t—S)dR(0)>L(d2€)ds
n=1 70 THNO) 11l

t
=< (/ e * O Z 0 1€ RO £ [l (H T\ (ODIds) el
0

and
o0

D (&P, 0), e, ® )

n=I1

< 216 + [\ {OD)] +/

HT\{0
t s
dR(0)* 2 s—1)dR(0
x / / e * O 70 €8P £ gy drds
0 0

where we used that for all k € N:

[ OHT\AODI < HT\{OD] < o0

} €17 + 1 — x(&)llm(dE))

and

/ IEI* + 1€ — x(&)IlmP(dE) 5/ IENI* + 11§ — x(&)llm(dE) < oo.
HH\{0} HH\{0}

Therefore there exist € > 0 and C > 0 such that

[e¢]

D (=W, 0) — Ey P, 0 (x). en @ €)

n=1

< C( + [Ix|1*),

for all ¢+ € [0,€¢] and x € H*. Taking the sum of the latter constant C and the constant C
found in Eq. (4.47) yields (4.45). O

In the next step we show that the family (P;),>0, defined by P, := limy_, oo P,(k) fort > 0,
gives rise to a generalized Feller semigroup and deduce the existence of a generalized Feller
process (X;);>o with generator G as in formula (2.9).

Proposition 4.16. Let (b, B, m, i) be an admissible parameter set conform Definition 2.3. Then
there exists a generalized Feller semigroup (P,);>o on Bp(”;'-[;) such that
(Pte—hu)) (x) = e~ W=y m) (4.50)

forallt >0 and x,u € H*, where (¢(-, u), ¥ (-, u)) is the unique solution to the generalized
Riccati equation (2.7). The semigroup (P;);>q gives rise to a generalized Feller process (X,);>0
in (HE, |- 1>+ 1) such that

E.[f(X)]=P f(x), t>0, xeH",
and the generator G of (P;);>¢ is of the form in Eq. (2.9) on D.

Proof. Hereto we check that the conditions of Theorem 3.2 in [10] hold. From Proposition 4.15,
we know that the sequence of semigroups (Pr(k))tzo,keN with generators (G ien satisfy the
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following growth bound
”Pr(k)”aspmjg)) < Me"™, VneN andr >0, 4.51)

where w € R.

Recall the definition of D from Eq. (4.7) and recall from Lemma 4.7 that D is a dense
subspace of Bp(?—[:v’). Thus (i) in Theorem 3.2 in [10] is satisfied.

Note that the operator G, n € N, applied to the function e ?Wen—(vDV6w)  with
(@P(, u), y®(-, u)) being a solution to (3.4), gives (see also Eq. (4.35))

(g(n)e—q&(")(s,w—<~,w<k><x,u>>) (x)

—op®) (e
= 0 Gm o= Pew) )

= (=F" @Y, u) = RV Os w), x)) e o0t v B,
for x,u € H*, s > 0 From the latter and Eq. (4.26), we infer
1
flxl? +1
e OG0~y O )

[lxl1> 41

|G PR~ (x) — G PRI~ ()

[6° + lxlla ] | (4.52)

where
= [RGB, w) = ROG O (s, w)|
and
bmk) — |F(")(1p(k)(s, u)) — F(k)(w(k)(s, u))|
From Egs. (2.3) and (3.16) we have, forall 0 <s < T < oo:

e v ® (s u
‘(e EOTE =1 = (4 (®), W(k)(sa”») (Ligr1/m — 1{||s||>1/k})‘

I © s, I 1E 1P ey <1y

sup YD, w)PIENILep<1y = g(&).
s€[0,T]

IA

A

Observe that for h € H*, we have f')—ﬁ\{O} g&) % < 00. Hence Lemma B.3 implies that

g()/III* € LY(H T, w) and from Theorem B.5, we deduce that sup, o 71 a{X converges to 0 as
n, k — 0o. By the admissibility condition (i) in Definition 2.3, we infer fHJr\{O} g&)ym(dé) <
oo and applying the dominated convergence theorem we also deduce that sup, 7 b§f’,;k)
converge to 0 as n,k — oo. Observing that ¢® (s, u) € R* and ¥®(s,u) € H* for all
s > 0, we can bound e~#" G0~ v w0 by 1 for all x € HT and get from Eq. (4.52), that

for all s > O:
Hg(ﬂ)Ps(k)e*(um _ g(k) Ps(k)e*<~,14> ”p

o I+
sup ———

(n,k) (n,k)
< a +b
ven+ IxlI2+1 (s i)

< | sup a%P + sup bEP | Culle™ 1,
s€[0,7T] s€[0,7T] '
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where C,, = sup, 4+ (llx ||—|—1)/(||x||2+1). Thus condition (ii) in Theorem 3.2 in [10] is satisfied
with || - |lp = || - oo and we deduce the existence of a generalized Feller semigroup (P;);>0
with the same growth bound as the semigroup (P,(k)),zo and such that P; f = limy_, P,(k) f,
for all f € Bp(’H";), uniformly on compacts in time. Since P;1 = 1, for all # > 0, we deduce
from Theorem 4.5 that there exists a generalized Feller process (X;);>o such that P, f(x) =
E,[f(X;)] for all t+ > 0 and x € H™. The exponential affine formula (4.50) follows from
formula (4.26) and the fact that limy_,oc @©(r, u) = ¢(t, u) and limg_ oo ¥ ®©(t, 1) = ¥ (t, u)
for all t > 0 and u € H™'. From this we further derive the particular form of the generator G
on the space D by noting that ¢ > P;e~“*)(x) uniquely solves the abstract Cauchy problem
associated to (G, dom(G)) and hence by mimicking the proof of the approximation case in
Proposition 4.13, we conclude formula (2.9). O

Analogous to the approximating processes (X;k)),zo, for k € N in Lemma 4.14, we now
deduce explicit formulas for the expressions E, [(X;, v)] as well as for E, [(X,, v)z], where
xeH T, t>0andveHT.

Proposition 4.17. Let (b, B, m, i) be an admissible parameter set conform Definition 2.3.
Recall the definition of dR(0), dzR(O), dF(0), and sz(O) from (3.19)—(3.22). Then for all
v,w € H' the following formulas hold true:

t
E. [(X;, v)] = / (b, e FOy) + / (€, " Ov) m(dE)ds + (x, " Pv)  (4.53)
0 HEN{IEN>1)

and

Ey [(Xi, v)(Xy, w)]

= / t > F0)(e' 4ROy, 2R O)y)) ds
0
— /0 t /0 ' dF(0) (¥ RO R(0)(e" R Vv, e Ow)) du ds
_ /l (x, e(t—s)dR(())d2R(O)(est(())v’ eSdR(O)w)) ds
0
+ < /0 t dF (0)(e***Pv)ds + (x, e’dR<°>v))

t
x ( / dF 0)(e* **Pw)ds + (x, e’dR(O)w)). (4.54)
0
Moreover, for ve HT, (-, v) € dom(G) and

G, v)(x) = (b+ B(x),v) + / (&, v) v(x, d§), xeH". (4.55)

HEN{IE)>1)

Proof. Formulas (4.53) and (4.54) can be obtained analogous to the computation of the
formulas (4.36) and (4.37) derived for the approximating case, combined with the explicit
formulas (3.35)—(3.36). As in the proof of Lemma 4.14 we use Proposition 3.11 and the finite
second moments of the process (X,),>o to interchange the operations of the expectation and
the one-sided derivatives. To obtain more explicit formulas, we consider the analogous of the
formulas (4.36) and (4.37) and recall that d;¢(z, 0)(v), did)(t, 0)(v, v) can be expressed in
terms of dF(0), d*F(0), d+ (¢, 0)(v), and d3 (7, 0)(v, w), see (3.31) and (3.33). Then, we
recall the expressions (3.35) and (3.36) for d (¢, 0)(v), and dil//(t, 0)(v, w).
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To prove (4.55), observe that using the analogue of (4.36), we get

1
7| Pl 0)) = {x, v) = (b + B(x), v) —/ (§.v) V(x,dé))
HENLEN>1)

1

< Jaowow -0 [ o)

! HEO(EN>1)
1 1(dé§)
+ —lxll|dy (2, 0)(w) — v — B —/ 3 .
Atfaveoe —v-po- [ e

The latter together with formulas (3.31) and (3.32), yield
P 0)(6) = (e, 0) = b+ BOO, 0) = frpingepon (6 ) v(x, d6)

lim sup

i, sup T+ x|
<[arow - .o - <awm&ﬂ
HEN{||E]>1}
(d§)
+ ldr©O)w) — B*(v) — / £, v) B
H O)w) @ 7-L+m{ugu>1} ||€||2 H

and recalling the formulas for dR(0) and dF'(0) respectively in (3.19) and (3.20), we conclude
that (-, v) € dom(G), for v € H™ and that (4.55) holds. [

Remark 4.18. As observed in Remark 2.4, the second moment conditions are a consequence
of our generalized Feller approach with weight function p = || - ||> 4+ 1. More specifically, the
uniform bounds established in Proposition 4.15 rely on the existence of second moments as
established in Lemma 4.14. A natural question to ask is whether one could perform the analysis
with a different (weaker) weight function. However, in the proof of Lemma 4.11 we consider
the square root of the weight function ,/p, more specifically, we need that Jp(x) > cllx]l,
x € H™*, for some constant ¢ € (0, 00).

Naturally, the second moments of m and p are also used to derive the explicit formulas
for the first and second moments of the affine process in Proposition 4.17. Finally, we note

that the existence of a first moment of ’ﬁé‘f; is already used in Lemma 3.3 to ensure that the

approximating mappings R* are Lipschitz continuous.

In general we do not obtain a version of the process X in Proposition 4.16 with cadlag
paths. By Theorem 2.13 in [10] a cadlag version exists when the associated semigroup (P;);>0
is quasi-contractive on B,(H), i.e., if one can take M = 1 in Proposition 4.15. We do not
know whether this holds in general. However, we can show that X admits a cadlag version in
the finite activity setting:

Proposition 4.19. Assume the setting of Proposition 4.16 and assume moreover that m(H™* \
{0} < oo and that Ht \ {0} > &€ — ||E|7? is u-integrable. Then there exists a version of X
with cadlag paths.

Proof. By [10, Theorem 2.13] it in fact suffices to prove that the generalized Feller semigroup
(Pi)i=o associated to X is quasi-contractive on Bj(H{), where p: HT — [0,00) is an
admissible weight function such that its associated norm ||-|| ; is equivalent to |- || ,. Note that in
the finite activity setting we can apply Proposition 4.13 with k = oo (with the understanding
that m© = m and pu® = p) to directly obtain (P;);>o (i.e., no approximation over k
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is necessary). In particular @, < 00, where @ is defined by taking k = oo in (4.32). It
then follows from statement (a) on “Step 2: Presenting the assertions of [10, Proposition 3.3]”
that (P;),;>0 is quasi-contractive on Bj_ (H;) where po is an admissible weight function with
associated norm equivalent to || - [|,. [

In the next section we give the proof of Theorem 2.8. The proof is based on collecting
the results from this section and transferring from a generalized Feller setting to the classical
setting that we used for presenting the results in Section 2.

4.3. Proof of Theorem 2.8

Let (b, B, m, 1) be an admissible parameter set. Then by Proposition 4.16 there exists a
generalized Feller semigroup (P,);>o and the associated generalized Feller process (X;);>o in
H* such that

E[f(X)] = P f(x) fort =0,

and the Markov property (4.4) holds. The existence of constants M, @ € [1, co) such that (2.8)
is satisfied follows from Remark 4.6. The space H is a separable Hilbert space and hence
the Borel-o-algebras B(H1) and B(H]}) coincide. This means that the transition kernels
(pi(x,dy))>0 defining the semigroup (P;);>o stay unaffected under the change of topology
and hence the process (X;),>o is also a Markov process in H* with the strong topology.

The asserted exponential-affine formula in (2.1) is precisely formula (4.50) from Proposi-
tion 4.16. By this and Proposition 3.7 we have for all x € H™:

Pre= U0 (x) — e~ (x) e b= (e Ytw) _ o—(xu)
lim = lim
t—0+ t t—0+ t

= (=Fu) — (x, Rw)))e™ ™", (4.56)

In particular, we see that A(D) C C,(H™) and since (P,);> is a strongly continuous semigroup
on B,(H) we have (P,e’("“)) x)=e )+ for (PsAe’<"”>) (x)ds. Consequently, we have
shown that D € dom(A) and from formula (4.56) we see that formula (2.9) holds true on D.

5. Conclusions and outlook

With Theorem 2.8 we have proven the existence of affine Markov processes in the cone
of positive self-adjoint Hilbert—Schmidt operators by a novel approach inspired by [10]. In
particular, our approach relies on the theory of generalized Feller processes, taking the weight
function p = || - ||* + 1. This approach requires the existence of first and second moments of
the jump measures m and . A beneficial by-product is that we obtain explicit formulas for the
first and second moments of the affine Markov process, see Proposition 4.17. See Remark 4.18
for a discussion regarding the necessity of the second-moment condition.

Below, we discuss and motivate three further directions of research.

On relaxing the condition on existence of moments.

A possible direction of further research is to investigate whether one can adapt the proof in
such a way to allow for the weight function p = |- ||+ 1. In this case a first moment conditions
on m and p should suffice. On a more abstract level, the question arises whether it is possible
to establish existence without any moment conditions, as can be done in the finite dimensional
setting where the cone of interest does not have empty interior. Another tantalizing question
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is to what degree an infinite dimensional affine process on the cone of positive self-adjoint
Hilbert—Schmidt operators allows for diffusion. It is clear from [5] that certain constructions
are possible.

On the construction of stochastic volatility models.

Our main motivation for considering affine processes on the space of positive self-adjoint
Hilbert—Schmidt operators is that such processes qualify as infinite dimensional stochastic
covariance processes. Hence we consider in [7] stochastic volatility models in Hilbert spaces,
where the introduced class of affine pure-jump processes will be used for modeling the
operator-valued instantaneous variance process. Specifically, we will consider a process (¥;);>0
in a Hilbert space (H, (-, -)) given by

dy, = AY, dt + 0,0 dw,, >0, 5.1

where A: dom(A) € H — H is a possibly unbounded operator with dense domain dom(A),
(W;)i=0 is a cylindrical Brownian motion in H, Q € H™, and (0;);>0 is an operator valued
stochastic process given by the square-root of an affine pure-jump process, the existence of
which is guaranteed by our main result Theorem 2.8.

On considering a different state space for the covariance process.

Note that we take o in (5.1) to be the square root of an affine process in order to obtain
that Y is again affine. However, this means that the ‘natural’ state space for o is not the cone
of positive self-adjoint Hilbert—Schmidt operators, but the cone of positive self-adjoint trace
class operators. Unfortunately, this is no longer a cone in a Hilbert space. As self-duality of the
cone was used at various instances in the proof of Theorem 2.8, it is not clear how much can
be salvaged if we consider trace class operators. This would be a further interesting direction
of research.

Appendix A. A comparison theorem

A more general version of the following comparison theorem can be found, e.g., as [12,
Theorem 5.4].

Theorem A.l. Let (H, (-,-)) be a Hilbert space, K C H a cone, let T > 0, and let
F:[0,TIxH — H. Assume that F(t, -) is quasi-monotone with respect to K for all t € [0, T],
and that there exists a constant L € [0, o0) such that

£ x) = Ft, y)la < Lllx = yllg, t€l[0,T],x,ye€H. (A.D)

Let f,g € CX([0, T1, H) satisfy f(0) <x g(0) and f'(t)— F(t, f(1)) <k g'(t) — F(z, (1)) for
all t € [0, T]. Then f(t) <k g(t) € K forallt € [0,T].

Appendix B. Integration with respect to a vector-valued measure

We summarize some results on vector-valued measures and integration. The theory goes
back to the work of Bartle, Dunford, and Schwartz (see, e.g., [1]) and Lewis [28]. A good
overview can be found in [31, Chapter 2]. As we work in the Hilbert-space setting (in particular,
as Hilbert spaces are reflexive), the theory simplifies considerably.

Throughout this section let (S, F) be a measurable space, let (H, (-, -)y) be a real Hilbert
space, and let : F — H be an H-valued measure.
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Definition B.1. We say that f: S — R is u-integrable if the following two conditions are
satisfied:

(i) f is (u, h)-integrable for all # € H (i.e., f:S — R is measurable and fs | fld|{u, h)| <
oo for all h € H), and
(ii) for all A € F there exists an hy € H such that for all h € H we have (ha, h)y =

Ja Fd(, h).
In this case we denote hu by [ 4 J du. In addition, we define

LS, w):={f:S — R: f is p-integrable} (B.1)

Example B.2. If f is a F-simple function, then f € L£!(S, w).

The following characterization is useful (see also [28, p. 163]):
Lemma B.3. We have that f € L(S, w) if and only if f is {u, h)-integrable for all h € H.

Proof. Let (f,).en be a sequence of simple functions such that f, — f w-a.s. and |f,| < |f]|
for all n € N. Let A € F. Note that the mapping T: H — R, T(h) = fA fd{u, h) is linear
and that

YWFHm/MWﬁbhmfﬂwwm
n—0o0 A n—o0 A

for all h € H by the dominated convergence theorem. It follows from this and the uniform
boundedness principle that sup,, .y | [ 4 Jodully < oo, whence T € H*. The Riesz represen-
tation theorem thus ensures that there exists an iy € H such that (hs, h)y = T(h) for all
heH. O

Corollary B4. If f € £L'(S, n) and g: S — R is measurable and satisfies |g| < f j-a.s., then

g € LN(S, ). In particular, L(S, u) contains all bounded measurable R-valued functions on
S.

By [28, Corollary 1.4] we have, for any (E,),cy in F converging to E € F, that
lim pu(Ey) = w(E). (B.2)
Moreover, the dominated convergence theorem remains valid for H-valued measures:
Theorem B.5 (Theorem 2.1.7 in [31]). Let g € L'(S, ), let f:S — R be u-measurable and

let (fu)nen be a sequence of p-measurable functions on S satisfying | f,(s)| < g(s) for all
seS, neN and lim,_  f,(s) = f(s) forall s € S. Then f, f, € L'(S, ), neN, and

lmH/ﬁw—/fw
n—oo S S

Finally, let K C H be a self-dual cone and assume that : F — K is a K-valued measure. In
this case we have 0 <g w(E) <k u(F) for all E, F € F satisfying £ C F, and thus also (by
monotonicity of K)

I(E)l < I(F)lla- (B.4)
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Moreover, as K is self-dual, (u, k) is a positive measure for all 4 € K, whence (again by
self-duality) we have

fGLl(S,M),f20=>/fdM€K- (B.5)
s
In particular, if f € LY(S, ) is positive, and E € F, then
[ 7 dn =i esssup rc (B.6)
E seE

This combined with the monotonicity of K implies that for every every f e L!(S, u) and
every E € F we have (by considering f* and f~ separately) that

/Efdu

Appendix C. Proof of Proposition 3.11

<esssup | f()IIu(E)a- B.7)
H seE

To prove Proposition 3.11, we need the following consequence of the fundamental theorem
of calculus:

Lemma C.1. Let X, Y be Banach spaces, let F: D C X — Y, let x, y € D and assume that the
one-sided derivative of F in z exists in the direction y —x for all z € {x +s(y —x):s € [0, 1]}
and that the mapping

[0,1]>3s > d Fx+s(y —x)(y—x) €Y (C.1)
is continuous. Then F(y) — F(x) = fol dy F(x +s(y —x))(y — x)ds.

Proof. The continuity of [0,1] > s +— diF(x + s(y — x))(y — x) € Y and the
fundamental theorem of calculus imply that the right derivative of the mapping [0, 1] >
t — (F(x +t(y —x))— Fx)— fot dyF(x +s(y —x)(y — x) ds) € Y equals zero. As any
function with right derivative equal to zero is constant, this leads to the desired assertion. [J

Proof of Proposition 3.11. Note that in order to prove that the second directional derivative
in 0 of a mapping exists, we need that its first directional derivative exists in u € H* for all
u € H* sufficiently small. Hence, we begin by proving that the first derivative of u > ¥ (¢, u)
exists in u in the direction v for all u, v € HT and all ¢ € [0, 00). To this end we fix u, v € HT.

Recall the definition of the operators dR(u) € L(H) and d*R(u) € LP(H x H,H)
from (3.19) and (3.21). Define the operator Cy(t) € L(H), 0,1t € [0, 00), by

1
CoHw = / dR (Y (t,u) +s(P(t, u +60v) — Y(t, u))) wds (C2)
0

(note that the integral is well-defined as the integrand is continuous in s by (3.24) and bounded
by (3.11) and (3.23)). Lemma C.1, (3.26), the fact that (1 — s)¥(r, u) + s (¢, u + 0v) € H*
for all s € [0, 1], t € [0, 00), and the fact that ¥ (¢, u + 6v) >4+ ¥ (¢, u) for all ¢ € [0, c0)
by (3.10) imply that

Co)W (1, u+0v) —Y(t,u)) = R(Y(t,u+060v)) — R(Y(t,u)), 0,1 ¢€]0,00).

This and (2.7) imply

a
E(W(t, u+0v)—yt,u) =Co(t)(W(t,u+0v)—y(t,u)), 6,tel0,00).
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It follows that
t
Y(t,u+0v)—Y(t,u) =0exp (/ Co(s) ds) v, 6,t¢€l0,00)
0

(note that fot Cy(s)ds is well-defined in L£(H) as the L(H)-valued integrand is continuous in s
by (3.24) and bounded due to (3.23)). This implies that for all 8 € (0, oo) we have

' Yt u+ 9? mAUL) S (f CO(S)dS) v
0

(exp ( / l Ce(S)dS) —exp ( / ’ Co(s)ds>> .
0 0

Using the identity [le? — e®| 2 < A — Bllcape!MecoViBlean A, B € L(H), we obtain
from (C.2), (C.3), (3.11), (3.12), and (3.24) that the one-sided derivative d (¢, u)(v) exists.
Moreover, the fact that Co(t)v = dR( (¢, u))v implies that # — d (¢, u)(v) is the solution
to the following ODE

(C.3)

a
Edﬂlf(t, w)(v) = dR(Y (1, w)(dr ¥, w)(®)), 1+ >0;  dyy (0, u)(v) = v. (C4)

This together with the quasi-monotonicity of dR(y (¢, u)) (see Lemma 3.9) and Theorem A.1
implies that d, ¥ (¢, u)(v) € H*. Regarding the derivative of ¢, note that estimates analogous
to (3.23) and (3.24) hold for dF, which, in combination with the fact that d ¥ (¢, u)(v) €
H*, (2.7), (3.28), and Lemma C.1 implies that

¢(t, u+0v) — ¢(t, u)

o

t 1 _
=/ f dF(t/f(s,u)Jrr(l/f(s,u+9v)—1/f(s,u)))dr‘”(s’”+9;) LACHDPR
0 JO

for all & € (0,00),t € [0, o0). This in combination with (3.12) and (3.10) implies that the
dominated convergence theorem can be applied to obtain that d ¢(z, u) exists for all ¢+ and
satisfies

a
Edwﬁ(h w(v) = dF Y, w)(dp ¥ (1, (), =05 dip(0, u)(v) =0. (C.5)

This proves in particular that u +— (¢(¢, u), ¥ (¢, u)) is differentiable in O in the direction
v € H* for all v € Ht and that the corresponding derivatives solve the ODEs (3.31) and
(3.32).

We now turn to the second derivative in 0. To this end, fix v, w € HT and observe that
Lemma C.1, the boundedness and continuity of d’R (see Lemma 3.9), (3.27) and the fact that
Y(t, 0v), d v (t, Ov) € HT for all § € [0, 0o) imply that

9 1
3 (d+y (@, Ov)(w) — d ¥ (7, 0)(w)) = / d*R(s (1, G0))(dy (2, Bv)(w), Y (£, 6v)) ds

0
+ dR(0) (d4+yr (7, Ov)(w) — d ¥ (2, 0)(w))
for all 0 € [0, 00), t € [0, 00). As d+ ¥ (0, Ov)(w) — d (0, 0)(w) = O this implies
d ¢ (2, Ov)(w) — d ¥ (2, O)(w)
0

t 1
= / el RO / d*R(sy/(r, 0v)) <d+1//(r,0v)(w), er”) ds dr (C.6)
0 0
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for all 6 € (0, 00),t € [0, 00). Note that (3.12), (3.24), and (C.4) imply that limy_, o+ d+ ¥ (2,
Ov)(w) = dy(z,0)(w). Moreover, we have already established that limg_ 4 M =
d (¢, 0)(v). Combining these observations with (3.11), (3.25), and (C.6) implies that d2 v
(¢, 0)(v, w) exists and that d> 1w (t, 0)(v, w) satisfies (3.33). We leave it to the reader to now
verify that also d? 1o, u)(v, w) exists and that d2 10, u)(v, w) satisfies (3.34). 0O
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