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We consider a minimal residual discretization of a simultaneous space-time variational formulation of parabolic
evolution equations. Under the usual ‘LBB’ stability condition on pairs of trial- and test spaces we show quasi-
optimality of the numerical approximations without assuming symmetry of the spatial part of the differential
operator. Under a stronger LBB condition we show error estimates in an energy-norm that are independent of
this spatial differential operator.

1. Introduction

This paper is about the numerical solution of parabolic evolu-
tion equations in a simultaneous space-time variational formulation.
Compared to classical time-stepping schemes, simultaneous space-time
methods are much better suited for a massively parallel implemen-
tation (e.g. [32,41]), allow for local refinements in space and time
(e.g. [38,26,36,42]), and produce numerical approximations from the
employed trial spaces that are quasi-best.

The standard bilinear form that results from a space-time variational
formulation is non-coercive, which makes it difficult to construct pairs
of discrete trial and test spaces that inherit the stability of the con-
tinuous formulation. For this reason, in [2] R. Andreev proposed to
use minimal residual discretizations. They have an equivalent inter-
pretation as Galerkin discretizations of an extended self-adjoint, but
indefinite, mixed system having as secondary variable the Riesz lift of
the residual of the primal variable w.r.t. the PDE.

For pairs of trial spaces that satisfy a Ladyzhenskaja-BabuSka—Brezzi
(LBB) condition, it was shown that w.r.t. the norm on the natural solu-
tion space, being an intersection of Bochner spaces, the Galerkin solu-
tions are quasi-best approximations from the selected trial spaces. This
LBB condition was verified in [2] for ‘full’ and ‘sparse’ tensor products
of various finite element spaces in space and time. The sparse tensor
product setting was then generalized in [36, Proposition 5.1] to allow
for local refinements in space and time whilst retaining (uniform) LBB
stability.

A different minimal residual formulation of first order system type
was introduced in [22], see also [27]. Here the various residuals are all
measured in L,-norms, meaning that they do not have to be introduced
as separate variables, and the resulting bilinear form is coercive.

Closer in spirit to [2] are the space-time methods presented in [35,
30,6], in which error bounds are presented w.r.t. mesh-dependent
norms. In [12,40] space-time variational methods are presented that
lead to coercive bilinear forms based on fractional Sobolev norms of or-
der 1. A first order space-time DPG formulation of the heat equation is
presented in [16].

A restriction imposed in [2], as well as in the other mentioned ref-
erences apart from [6,27], is that the spatial part of the PDO is not
only coercive but also symmetric. In [37] we could remove the sym-
metry condition for the analysis of a related Brézis—Ekeland—Nayroles
(BEN) ([4,31]) formulation of the parabolic PDE. In the current work,
we prove that also for the minimal residual (MR) method the symmetry
condition can be dropped. So for both MR and BEN we show that un-
der the aforementioned LBB condition the Galerkin approximations are
quasi-optimal, where the bound on the error in the numerical approxi-
mation for BEN improves upon the one from [37].

The error bounds for both MR and BEN degrade for increasing
asymmetry. This is not an artefact of the theory but is confirmed by
numerical experiments. Under a stronger LBB condition on the pair of
trial spaces, however, we will prove that the MR and BEN approx-
imations are quasi-best w.r.t. a continuous, i.e., ‘mesh-independent’,
energy-norm, uniformly in the spatial PDO.
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We present numerical tests for the evolution problem governed by
the simple PDE 9, — €02+, +eld on (0, 1)? with initial and boundary con-
ditions, where e is either 0 or 1. For the case that homogeneous Dirichlet
boundary conditions are prescribed at the outflow boundary x = 1, the
results for very small ¢ illustrate that quasi-optimal approximations do
no necessarily mean accurate approximations. Indeed the error in the
computed solution is large because of the unresolved boundary layer.
The minimization of the error in the energy-norm of least squares type
causes a global spread of the error along the streamlines. We tackled
this problem by imposing these boundary conditions only weakly.

1.1. Organization

In Sect. 2 we recall the well-posed space-time variational formu-
lation of the parabolic problem and study its conditioning. Under the
usual LBB condition, in Sect. 3 we show quasi-optimality of the MR
method without assuming symmetry of the spatial differential operator.
A similar result is shown for BEN in Sect. 4. Known results concern-
ing the verification of this LBB condition are summarized in Sect. 5,
together with results about optimal preconditioning.

In Sect. 6 we equip the solution space with an energy-norm, and,
under a stronger LBB condition, show error estimates for MR and BEN
that are independent of the spatial differential operator. We present an
a posteriori error estimator that, under an even stronger LBB condition,
is efficient and, modulo a date-oscillation term, is reliable.

In Sect. 7 we apply the general theory to the example of the
convection-diffusion problem. We give pairs of trial- and test spaces that
satisfy the 2nd and 3rd mentioned LBB conditions. Finally, in Sect. 8 we
present numerical results for the MR method in the simple case of hav-
ing a one-dimensional spatial domain. To solve the problems caused by
an unresolved boundary layer, we modify the method by imposing a
boundary condition weakly.

1.2. Notations

In this work, by C < D we will mean that C can be bounded by a
multiple of D, independently of parameters that C and D may depend
on. Obviously, C > D is defined as D SC, and C= D as C $ D and
CzD.

For normed linear spaces E and F, by L(E,F) we will denote
the normed linear space of bounded linear mappings E — F, and by
Lis(E, F) its subset of boundedly invertible linear mappings E — F. We
write E & F to denote that E is continuously embedded into F. For
simplicity only, we exclusively consider linear spaces over the scalar
field R.

2. Well-posed variational formulation

Let V, H be separable Hilbert spaces of functions on some “spatial
domain” such that V < H with dense embedding. Identifying H with
its dual, we obtain the Gelfand triple V & H ~ H' - V'. We use (-,-) to
denote both the scalar product on H x H as well as its unique extension
to the duality pairing on V/ x V or V x V', and denote the norm on H
by II- I

For a.e.

tel :=(0,T),

let a(t;-,-) denote a bilinear form on V x V such that for any n,{ €V,
t — a(t;n,¢) is measurable on I, and such that for some ¢ € R, for a.e.
tel,

lat;n, Ol S nllyliClly, (1. €V)  (boundedness), (2.1)

a(t;n.n) + oln.n) 2 lInll3, (neV)  (Gdrding inequality).  (2.2)
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With A(7) € Lis(V, V') being defined by (A®)n)(¢) := a(t;n,{), given
a forcing function g and an initial value u,, we are interested in solving
the parabolic initial value problem to finding u such that

In a simultaneous space-time variational formulation, the parabolic
PDE reads as finding u from a suitable space of functions X of time and
space such that

SO+ A =) e,

u0) =, (2.3)

(Bw)(v) 1=/(‘ij—'f(1), v(t))+a(t;bU(t),U(t))dt=/(g(t),v(t»dt:: g(v)
1 1

for all v from another suitable space of functions Y of time and space.
One possibility to enforce the initial condition is by testing it against
additional test functions. A proof of the following result can be found
in [34], cf. [29, Ch. 3, Thm. 4.1], [43, Ch. IV, §26], [15, Ch.XVIII, §3],
and [19, Thm. 6.6] for similar statements.

Theorem 2.1. With X := L,(I; V)N H'(I; V"), Y := Ly(I; V), under con-
ditions (2.1) and (2.2) it holds that

(B,yp) € Lis(X,Y’ x H),
where for t € I, y,: uw u(t,-) denotes the trace map. That is, assuming

geY' and uy € H, finding u € X such that

(B.7o) = (g, up) 249

is a well-posed simultaneous space-time variational formulation of (2.3).
With i(7) :=u(t)e™?", (2.3) is equivalent to %(1) + (A@t) + old)ii(t) =

g(Ne™® (t € I), i@(0) = ug. Since ((A(t) + old)n)(®) 2 |Inll%, w.l.o.g. we will

always assume that, besides (2.1), (2.2) is valid for ¢ =0, i.e., fora.e. 1 €

I!

a:n,m 2 lnlly, (neV) (coercivity). (2.5)

We define A, A, € Lis(Y,Y"), A,€ L(Y,Y'), and C,9, € L(X,Y’) by

1 !
=la-a),

1 !
—§(A+A),

(Aw)(v) :=/a(t;w(t), v(t)dt, A;: A,

I
0,:=B—A, C:=B-A =0,+A,

and equip Y with ‘energy’-scalar product (-, )y :=(A,-)(-), and norm

V(A0)(v)

being, thanks to (2.1) and (2.5), equivalent to the standard norm on
Y. Equipping Y’ with the resulting dual norm, A, € Lis(Y,Y’) is an
isometric isomorphism, and so for f € Y’ we have

llolly ==

FAT ) =AAT AT H=1AT FIE = 1F113,.

For some constant # > 1, we equip X with norm

-lx := \/II N3+ 00, - 115, + Ny - 12+ B = Dlirg - 12,

being, thanks to X - C(; H), equivalent to the standard norm on X.
In addition, we define the energy-norm on X by

WUy := /B~ 11y, +Bllv - 1%,

which, thanks to Theorem 2.1, is indeed a norm on X.

Proposition 2.2. With « :=|A,ll s yr), for 0# w € X it holds that

1 2
(1+%(a+\/a2+4)) <m< g(oc+\/o:2+4),

+
<—=x
llewliy 2

so that, in particular, both norms are equal when A, =0.
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Proof. Using that for w,v € X,

(0, +9] +y6yo)w)(v)=/( 0, v(0)) + (w(@), “‘; (1))dr + (w(0), v(0))
1

= / %(W(t), v(®)dt + (w(0), v(0)) = (ryrrw)(v),
1

we find that
B AT B+ Briyy = (C'+ ADATN(C + A + Br)y,

=C'AT'C+ A, +C' +C+pr)y,
1 (2.6)
=C'A]'C+ A +9) +0,+ Pryro

=C'A]'C+ A +vjrr + (B = Dygro.

Forwe X,

(C' A7 Cw)(w) = (Cw)(A]' Cw) = 1|0, + ADwl}, < I9,wlly: + allwlly)?,

and so, for any 5 # 0, Young’s inequality shows that

I1Bwl, + Blivgeol?

= ((C'A]'C+ Ay + 177 + (B = Drgro)(w)) (w)

<+ )00l + (A +n172)a> + Dlwl + llyrwl® + (B = Dllrowll

Solving (1+#7%) =(14+472)a?+1 gives 1+ =1+ % (a+ Va2 +4), show-
ing one of the bounds of the statement.
From

0, + AQwlly, 2 l9,wllyr —allwlly) 2 (1 =n)llowlly, + 1 =0~ lwlly

again by Young’s inequality, by solving #? from 1 —#> = (1 -y 2)a? + 1
the other bound follows. []

Remark 2.3.Because || - ||y is defined in terms of the symmet-
ric part A, of the spatial differential operator A, a = || A,y .y
is a measure for the relaave asymmetry of the operator A. Indeed

1AM ey yry = ||A T A Ay ||£(L2(I;H),L2(I;H)) = p(A,° A AS'A, Ay 2)°

p(ATTA AT Aa)z , where we used that A! =—A,.
A result on the conditioning of (B,y,) € Lis(X,Y’ X H) similar to
Proposition 2.2 but w.r.t. different norms on X and Y can be found in

[21, Lemmas 71.1 & 71.2].
3. Minimal residual (MR) method

Let (X?,Y%);c, a family of closed, non-zero subspaces of X and Y,
respectively. For 6 € A, let ES and EJ denote the trivial embeddings
X% —» X and Y% - Y, which we sometimes write for clarity, but that we
mainly introduce because of their duals. We assume that

Xcy? (sen), (3.1)
!
|ES 0, ES wl|, s
VZI — inf inf %XY& (3.2)
O€A (weX? : 3,155 w#0) |0, ES wllys

Furthermore, for efficiency reasons we assume to have available a
Kf, = Kf,' € Lis(Y®',Y?) (a ‘preconditioner’), such that for some con-
stants 0 <r, < Rj < oo,

(K2~ v)(v) 5
— €l Ry (GEAvEYD), (3.3)
(E3' A,E3 v)(0)
b5
or, equivalently, S& e[R.r;'16eA. fe Y®").

SAES AESY L)
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Noticing that ||f||f,6,

Il 2= \/OXKE)

defines an equivalent norm on Y*', and our Minimal Residual approxi-
mation u® € X? of the solution u € X of (2.4) is defined as

= f((Ef,’ASE;)‘lf), the expression

5 = argmin || ES (BES w — g>||25 + Bl ESw
weXx?®

—“0”2, B4

for some constant g > 1. Later we will see that, thanks to (3.2) and (3.3),

(BES w)(Eyvy) + plroEfw, Uz>

inf sup (3.5)

OIS o ey VEDTop@) + Bl 12

(even uniformly in 6 € A)! which implies that (3.4) has a unique so-
lution. The numerical approximation (3.4) was proposed in [2],% and
further investigated in [37]. In both these references the analysis of the
MR method was restricted to the case that A, =0. The introduction of
the parameter g > 1 allows to appropriately weight both terms in the
least squares minimization.

The solution «® of the MR problem is the solution of the resulting
Euler-Lagrange equations, which read as

B'ES K3 ES

5/ 6 1ré 6! 5 5/
(EBEKEBE+E v Ky Ey

!
SKSED BrinE = E3 g+ ES Bryug,

(3.6)

as also the second component of the solution (u?,u®) € Y® x X?¢ of

JE-|

being a useful representation when no efficient preconditioner is avail-
able and one has to resort to (Kf,)‘l = E{‘,'ASE;;,.

With the “projected” or “approximate” (because generally Y # Y)
trial-to-test operator T%= (T?, Tz‘s) € L(X,Y?% x H) defined by

!
E‘Sg

(K2)™!
ES Briug |’

E}'BE?
5! gl god
ES'B'ES

(3.7)
—E3 prlroES

(K" T w)(y) + (T w,05) = (Bw)(EGvy) + Brou, vy) =8
(0, 0,) € Y® X H), ’

and the “projected” or “approximate” optimal test space Z° :=ranT?| ys,
a third equivalent formulation of (3.4) (see e.g. [13], [8, Prop. 2.2],
[14]) is finding u® € X? that solves the Petrov-Galerkin system

(BESUYES v)) + B{roESu®, vy) = g(ESv)) + Blug, v3) (v}, 0,) € ZP).
(3.9)

Note that (3.9) avoids the ‘normal equations’ (3.6). It will allow us to

derive a quantitatively sharp estimate for the error in «®. From (3.3)

% > 0, so that, thanks to

X% being closed, Z? is a closed subspace of Y% x H. We orthogonally
decompose Y% x H into Z% and (Z%)*, where here we equip Y?¢ with
inner product ((Kg)‘1~)(~). From (3.8) one infers that for w € X% and
(vy,0,) € (Z%)*, it holds that (Bw)(v,) + B{you, v,) =0, and so

and (3.5), one infers that sup.,cys

(BESw)(ESvy) + B{roES w,vy)

sup

CLoper®i L J(K o)) + Bllo, 12
(BESw)(Eyvy) + B{ro Eqw, v)

(3.10)

sup

Crepez’ (Ko@) + Bl 12

1 This follows by combining (3.13), (3.15), and (3.16).

2 In [2], the norm ||y, ES w W for some H 2

Z°% Drany,|ys which generalization seems not very helpful.

— uyl| reads as supy.czs
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Theorem 3.1. Under conditions (3.1), (3.2), and (3.3), the solution u’® €
X% of (3.6) exists uniquely, and satisfies

max(Ry. 1)(1+l (a 2+a\/m))

min(ra.1) ((y a2+ 1=\ (0P +a2+12 =4 )2)

inf [lu—wl|y.
weXxs

5
llu—ullx <

Before we give its proof, we make a few comments on this error
bound. First, it shows that for yZ’ =ry=Ry=1and a=0, «° is the
best approximation to u from X°. Secondly, for « =0 (and g = 1), the
bound equals the one found in [37, Thm. 3.7 & Rem. 3.8]. Thirdly,
using Mathematica® [44] we find that3

(1+%(a2+a\/m)) /1+ ( 2taVal+4 )
o222 iR rar 412407 ) N

for a >0, yZ’ € (0, 1], clarifying the behavior of the bound in terms of «

SJENER]

and yi‘ .

Proof. Let u be the solution of (2.4), i.e., g = Bu and u; = yyu. The
mapping P° € £(X,X) from u to the solution u® € X? of (3.4) or,
equivalently, (3.6) or (3.9), is a projector onto X° that, by our as-
sumption X? ¢ {0, X}, is unequal to 0 or Id. Consequently || P?||;(x x) =
I1d = P?|| ¢ (x x, ([28,45]), and

llu =l = l(d = PPyull = inf i(1d = P*)u = w)llx
e (3.11)

) .
<UPlleex.x) wlél)t;& [l = wll x-

I1PPwllx
llwll x
Péuw. Using (3.3), (3.10), (3.9), and Proposition 2.2 we estimate

To bound [|P?||(x x) = SUPowex , given w € X, let ES u®

((BESu)Egv) + p(ro B, v,))’

sup
IES 0112 + Blloy 12

(01,02)EYSXH

((BESwh)(ESvy) + Blrg P, 0,))

(01,02)EYOXH (KD~ o)) + Blloy |12
((BEw))(EJ0) + Pl Eu?,v,))’

(KD o))+ Blloy 12
((Bw)(E2 v)) + Blyow, v,))’
(K3 o))+ Blloy |12

((Buw)wp) + Blrow, v))’
oy 12+ Bllos I

(143 (@ +aVa2+4) )l

1
— min(rp,1)

1
- min(ry,1)

(v1,09)€Z

(3.12)

 min(ra,1)

su;
(vy.02)€Z8

< méx(RA,l)
— min(ry

D (v1,02)EYXH

2
e jluo) <

On the other hand,

_ max(Rp,1)

max(RA,l)

min(ry,1)

((BESwh)(EJv) + Blro E . 0,))°

sup
(01,0)EYSXH NES v 112 + Bllws |12

Y _ ’ 2
— ((AJES(ES AES)VES  BES ul)(ESv) + B{roESw?, ;)

(01,0)EYSXH IES 01115, + Bllvs|I?
((ES(ES' A;ESYVES' BES wf, ES vy )y + Blro ESuf,vy))’

IEZ 0,112 + Blloy |

sup
(v1,0)EYOXH

_ g s’ S\—1 16" 5 .8112 & 602
= |Ey(Ey A EY) ™ Ey BESu’lly + Bl E5 w’|l

3 Reduce [{Sqrt[3]/2 <= Sqgrt[(1 + 1/2*(a”2 + a*Sqrt[a”2

+41))/(1/2%(g”2 + a®2 + 1 - Sgrt[(g”™2 + a2 + 1)"2 -
4g™21))] / ((1 + 1/2%(a”2 + axSqgrtl[a”2 + 4]))/g) <= 1},
{a, g}] returnsa >= 0 && 0 < g <= 1.

110
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s/ _ ! ’ _ s/
= (A ES(ES AES) " ES BES w)(ES(ES AJES)™ ES' BES w®)
+ P(ES
’ 5 ’
= ((ES B'ES(ES AJES)” IE‘s BE} +ﬂEX Yo E

2 rESw’)w?)
B )wa)(wa).

Using (3.1), we write Ef( = E;S,F‘s with F? denoting the trivial em-
bedding X% — Y?. Using B=C + A, and C+C’' + Y4¥o = vyvr, similar to
(2.6) we infer that

(3.13)

5! pt g6 o’ 5\—1 6! pré LW 5
ES B'Ey(Ey AEy)™ Ey BES + ES PrornEy
_ g (8! ptpé 8! S\=1 6! ppé 6! p 1, 16\ b
= P (Y B E(EY A B EY BE) + B Brin ES ) F

_pé! (! ot b ! 6 \—1 6/ ~pé s/ 3
=F (EY CEJ(E} AE}) Ey CEy + Ey AJEy

(3.19)
+ B} (e + (B = Drr) B ) F?
= E3 C'ES(EY AES) T EY CES + E3 A ES,
+E3 by + (B = Drlro) ES.
We conclude that for any 5 € (0,11,
(B B'ES(EY A ESY " ES BES, + ES o E)w’ ) (w)
= 1B} CERw I, + N Ewl I + llyr EXw’ I + (8 = Dllyo E5w’|I”
> (1ES 0, E4w llyor — all ESu® |y + 1ESw® |13 + llyr ES 0|12
+(B = DllrgESu|?
> (1= EY 0, EQul |12, + (1 = 2)a® + 1) I EGu? I}, + lyy B |
+(B = DllrgEGu|?

(1—n YN0, ES w12, + (1= n72a + ) EG w12 + llyp ES w2
+ (B - DllrgES |

> min (1= )20 (1 =720 + 1) )1 B’ I,

(3.15)
where we applied Young’s inequality. Solving (1 — 112)(72')2 =(1-
n~2a? + 1) for 5 yields
A=00?= (027 +@ + 1=/ @D2 + a2 + 12 - 4622 ) >0.

(3.16)

= SUPoLpex ””w”‘x the proof is com-

O

Recalling (3.11) and || P?||;(x x) =
pleted by combining (3.12), (3.13), and (3.15).

4. Brézis-Ekeland-Nayroles (BEN) formulation

2
The minimizer u € X of , that is equal to
Y'xH

7] [

the unique solution of (2.4), is the unique solution of

(B'A7' B+ Byjyo)u= B A7 g+ Brjuy. (4.1)
As we have seen in (2.6), this system is equivalent to
(C'AT'C+ A+ vhrr + (B = Dyjrou= (d + C" AT g + Briug. (4.2)

showing that u is the second component of the pair (A,u) € Y X X that
solves

JRPRN | | R
C (A, + e+ B =) |u] T [+ Briun)]

Notice that 1 =u.

The formulation (4.2) of the parabolic equation can alternatively be
derived from the application of the Brézis—Ekeland—Nayroles variational
principle ([4,31], cf. also [1, §3.2.4]), which generalizes beyond the
linear, Hilbert space setting.

(4.3)
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Given 6 € A, we consider the Galerkin discretization of (4.3), i.e.,

E3AES EY'CES, [/15]
(E3'CESY —E3 (A, +vhyr + (B = DrjroES | |
) 4.9
—E5 (g + Briug)
or, equivalently
! ! — ! -
ES (C'EY(Ey AJEY)'EY C+ A +yprr +(B— Dygro) EX @ “@s)

’ / s _ ’
=E5 (C'ES(EY AES)EY g+ g+ Brjug).

Remark 4.1. Assuming X° C Y% ((3.1)) and K = (E}"A,ES)™, it holds
that @® = u%, i.e., the solutions of BEN and MR are equal. Indeed, (3.14)
shows that in this case the operator at the left-hand side of (4.5) equals
the operator in (3.6), and from Ef(,ASEg(E;i/ASEi)‘IEf,, = Ef(' when
X?% C Y% one deduces that also the right-hand sides agree.

In contrast to MR, with BEN, however, it is not possible to replace
(E)‘s,’ASEf,)‘1 by a general preconditioner as in (3.7)-(3.6) and still ob-
tain a quasi-best approximation to (A,u) from Y? x X%. This can be
understood by noticing that replacing A;' in (4.2) by another opera-
tor changes the solution, whereas this is not the case in (4.1). So for the
iterative solution of BEN one has to operate on the saddle point system
(4.4) instead of on a symmetric positive definite system as with MR, see
(3.6).

On the other hand, with BEN it is not needed that X% C Y9, as we
will see below.

The applicability of BEN for the case that A, # 0 was already demon-
strated in [37]. The following result gives a quantitatively better error
bound.

Theorem 4.2. Under the sole condition (3.2), the solution #® € X? of (4.5)
exists uniquely, and satisfies

(1+%(a2+a\/a2+4)) inf |lu—w|| y+V1+e? inf |lu—vlly
weX?® veYd

llu— |l <
Holrraray /P2 e12-a67)2)

Proof. With g = Bu and u, = yyu, using B=C + A, and y/yy = ryprr —
(C’ + ©), the right-hand side of (4.5) reads as

/ ! _ /
ES (C'EQ(ES AEQ)ES (C+ A)+ Ay +yprr +(B— Do — C')u
ES(C'ES(ES A;ED) T ES C + Ay + vhrr + (B = Do
! _ /
+C[ES(ES AES) ES A, —1d])u.
. ! _ ! .
So with G(8) := C'EJ(ES A ES) ™ ES C+ A +v)vr+(B— 1y} ro, it holds
that
U Ef(ﬁ‘s
/ _ ! ! s _ /
= ES(ES GO)ES) ™ ES, (G(8) + C' [ES(E) AES)™ ES A, —1d])u,
where we already used that Ef('G(zS)EfY is invertible, which will
be verified below. Since E;(E;'G(&)Ef()‘l E§’G(5) € L£(X,X) and
Ef,(E;’;’ASEf,)‘lEg’AS € L(Y,Y) are projectors onto X° and Y?, respec-

tively, the latter being orthogonal, for any v € Y® and w € X? it holds
that

u—i® =(1d— ES(ES G@)ES) ™ ES G(8))u— ESw)
+ ES(ES GG)ES) " E}C'[1d - ES(ES AED) " ES A~ ESv)

and so, also using Y? & {0,Y},
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- / — .
llu—allx < I(ES GGIES) 1||£(X5"X5){||G(5)||£(x,x') inf _[lu—wlily
w

+1ClLexyry inf, llu=vlly }-
veY?
For w € X, we have

(GwW)(w) = ||E$’Cw||§5, +lwll} + lrpwl? + 8 = Dlyowl?
<lcwlly, + lwly + llyrwl® + B = Dllyowll®
=((C'A]'C+ A, +7hrr + (B = Dyjrow)(w)
= || Bwll3, + Bllvowll®

<(1+3(+aver+a) )iwi
by Proposition 2.2. Since (G(5)-)(-) is symmetric semi-positive-definite,
we conclude that [|G(8)||zx xn <1+ %(oﬂ +aVa? +4).
For w € X%, one deduces
(G(8)ES w)(ES w)

! o
= I} CELwl?,, + I Efwl}, + llyr EGwll + (8 = Dl Efwl?

1 01\2 2 9, o 8 2
2 (022 + @+ 1=\ D2 4+ 12 4002 I Bl

by following the lines starting at the second line of (3.15), in particular
showing that E‘;{/G((S)Ef( is invertible.

Finally, for w € X, ||Cw|ly» < |10,wllys + a|lw|ly £ V1+ a2 ||w] x. The
theorem follows by combining the above estimates. []

5. Inf-sup condition (3.2), i.e., yZ’ > 0, and condition (3.3)

By the boundedness and coercivity assumptions (2.1) and (2.5), it
holds that || - ly = I| - Il .,z Since with

) [, (0w, vyde
inf

1 sup s
{weX®: w0} ozpeys 10w L,y IVl Ly

rP =y (X%, Y0 = (5.1
consequently it holds that yZ’ ~ infgzen 7°, we will summarize some
known results about settings for which infzc, ¥® > 0 has been demon-
strated.

In the final subsection of this section we will briefly comment on
the construction of preconditioners at the Y-side, i.e. condition (3.3),
and the X-side. The preconditioner Kﬁ has its application for the re-
duction of the saddle-point system (3.7) (reading (K;i)‘1 as Ef(,ASE;’;)
to the elliptic system (3.6), and as an ingredient for building a precon-
ditioner for the saddle-point system (4.4), whereas Kf( can be applied
for preconditioning (3.6), and as the other ingredient to construct a pre-
conditioner for (4.4).

Since inf-sup or Ladyzhenskaya—-Babuska—Brezzi (LBB) conditions of
type y® > 0 will be encountered often, in an abstract framework in the
following Proposition 5.1 we establish their relation to existence of a
Fortin operator, denoted by Q. Since the work of Fortin ([23]), it is well-
known that existence of such an operator implies the LBB condition. We
show that also the converse is true, and present a quantitatively optimal
statement. Moreover, in contrast to the common presentation (although
not in [23]), in view of applications the operator F in Proposition 5.1

is not required to be injective. The estimates from [20, Lemma 26.9],
I Fall g

llall o
0, are in that case similar to those from Proposition 5.1, and can easily

be derived from this result.

which apply under the ‘continuous’ inf-sup condition inf(_,c 4

Proposition 5.1. For Hilbert spaces o/ and B, let F € L(H,B'). Let
A C o and B C B be closed subspaces with FA # {0} and B # {0}. Let
Eyo: A— o and Eg: B — A denote the trivial embeddings, which we
sometimes write for clarity, but that we mainly introduce for their duals. If
there exists a
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Q € L(%B,RB) with ranQ C B and (FA)((d - 0)RB) =0, (5.2)
. | EL, F Eggallgy _ )
then ® :=inf|,co: paz0) ma—”y} > IIQIIE({%%. Conversely, if >0,

and ran E%F Ey is closed, then a Q as in (5.2) exists, which moreover
is a projector, with ||Qll;(%.5) = 1/®. The condition of the closedness of
ran E%FEQ[ can be replaced by dim 2l < oo, or by the closedness of ran F.

Proof. This proof resembles that of [18, Thm. 3.11], but yields quanti-
tatively optimal bounds.
If a Q as in (5.2) exists, then for a € 2 it holds that

Fa Fa Fa)(®
IFallg = sup TOPD gy TDCD iy, sup LU
ozpez Bz  ozpes |Blla ozbes bl

or 62101,

Now let ® > 0. By the open mapping, the closedness of ran F is equiv-
alent to || Flalllg = lllallly/xer r ([a] € &/ ker F). Thanks to @ > 0, the
latter implies

I1Ey F Eylalllg = Ilallly/xer r  ([a] € 2/ Ker F), 5.3)

which in turn is equivalent to the closedness of ran Ej, F Ey. Obviously,
the latter holds also true when dim 2 < co.

With the Riesz map R: B — %', we define Q: % — B: f— b with
the latter being the first component* of (b, [a]) € B x 2/ ker F that solves

! !

[S?’pﬁ? E%gEm] [[i]] = [E, (;, ﬁ] :

A 3B A
We will see that this system is uniquely solvable.

We equip 2/ker F with norm ||E£3FE9I - |- Thanks to (5.3), with
this norm and corresponding scalar product, 2[/ker F is a Hilbert space,
which implies the surjectivity of the corresponding Riesz map.

One verifies that both EjREg: 8 — B’ and the Schur com-
plement § := E} F' Eg(EyREg)™ Efy FEy : /ker F — (2 /ker F)' are
Riesz maps. Using S[a] = E%F’ﬁ, we infer that

16l g = | Eqs F Egqlalllgr = lalllog/ker F = 1 Eqq F’ Bll ot jxer Fy -

From

N Eq F' | cesa, o jker yy = 1 F Exell g ot er Fo3r)
| Fallg 116l

= lacour (Fa)(b)

=1/6,
{a€¥ : Faz0) 0#bEB

we conclude that [|Ql| (g 5) = 1/®, which completes the proof. []
5.1. ‘Full’ tensor product case

Concerning the verification of inf;c, y° > 0, we start with the easy
case of X¢ and Y? being ‘full’ tensor products of approximation spaces in
time and space (as opposed to sparse tensor products, see below). With
Y, :=L,(I) and X, := H'(I), for Z € {X,Y} let (Z?)sc and (Z2)sc 5 be
families of closed subspaces of Z, and V, respectively, and let Z% :=
75 ® Z?. Assuming that

w' vdt
e = inf ,/’— >1, (5.4)
{(wex? : w’#O}o;&vey’ﬁ Ilw ||L2(I)||U||L2(I)

w,v
= inf o) 21, (5.5
0#weXg gzpeys Wy llolly

a tensor product argument shows that

P=ryizl

* One may verify that b= argmin g (e s_g)o} IIBll5-
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Obviously, (5.4) is true when %X f C YI‘S , which however is not a
necessary condition. For example, when X f is the space of continuous
piecewise linears w.r.t. some partition of I, and Y} is the space of con-
tinuous piecewise linears w.r.t. a once dyadically refined partition, an
easy computation ([2, Prop. 6.1]) shows that yf >4/3/4.

Considering, for a domain Q ¢ R? and I' c 9Q, H = L,(Q) and
V= H&F(Q) :={ve H'(Q): vl =0}, H'(Q)-stability of the L,(Q)-
orthogonal projector onto Lagrange finite element spaces X2 = ¥? is
an extensively studied subject. In view of Proposition 5.1, taking F to
be the Riesz map H — H' viewed as a mapping V — V’, this stabil-
ity implies (5.5). For finite element spaces w.r.t. shape regular quasi-
uniform partitions into, say, d-simplices, where I is the union of faces
of T € T, this stability follows easily from direct and inverse estimates.
It is known that this stability holds also true for (shape regular) locally
refined partitions when they are sufficiently mildly graded. In [24], it
is shown that in two space dimensions the meshes generated by newest
vertex bisection satisfy this requirement, see also [17] for extensions.

5.2. Sparse tensor product case

As shown in [2, Prop. 4.2], these results for full tensor products
extend to sparse tensor products. When (Z?%);c, and (Z2);c, are nested

sequences of closed subspaces Zf" c Zf‘ c-CZ, Z,f" c Zf‘ c-CcV
. Sy Ony

that satisfy (5.4)-(5.5), then for Z% := Y (0<nm<ny Zi " ® Zy™ it holds

that

6, : Ong : Oy
y°r > min y min y,* 2 1.
0<n,;<n 0<ny<n

5.3. Time-slab partition case

Another extension of the full tensor product case is given by the
following. Let (X%,Y?%);c; be a family of pairs of closed subspaces of X
and Y for which

[ (0w, v)de

va .= inf winf sup > 0.
€A (weX? : 0,w#0) grpers W Ly IOl Ly v

Then if, for § € A, X° and Y? are such that for some finite partition
I° =([°_,12]); of I, with G2(r) :=1°_ + %(r? —1° ) and arbitrary 5, € A

it holds that

5,0G? € X7},

XPClueX: ul(,a ;
i-1”

Y22 {ve L,I;V): U|(,{5_lvr§5)oG? ey,

then y® > y;z > 0 as one easily verifies by writing f,(‘;—‘:,v)dt =
> /t”il (%,U)dt. An example of this ‘time-slab partition’ setting will be
given in Sect. 7. Thinking of the X as being finite element spaces, no-
tice that the condition X® c X will require that possible ‘hanging nodes’
on the interface between different time slabs do not carry degrees of
freedom.

5.4. Generalized sparse tensor product case

Finally, we informally describe a ‘generalized’ sparse tensor product
setting that allows for local refinements driven by an a posteriori error
estimator. For Z € { X,Y}, let the nested sequences of closed subspaces
z0c 7z c..cz, ZP c Z] c - CV be equipped with hierarchical
bases, meaning that the basis for Zf " (analogously Zf") is inductively

defined as the basis for Zf i1 plus a basis for a complement space of

Zf ~lin Zf ’. The level of the functions in the latter basis is defined as i.

Let us consider the usual case that the diameter of the support of
a hierarchical basis function with level i is =27, and let us assign to
each basis function ¢ on level i > 0 one (or a few) parents with level

i — 1 whose supports intersect the support of ¢. We now let (Z%)sc,
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be the collection of all spaces that are spanned by sets of product hi-
erarchical basis functions, which sets are downward closed (or lower) in
the sense that if a product of basis functions is in the set, then so are
all their parents in both directions. Note that the sparse tensor product
SPACES X0 4n <n) Zf "® Zf”" are included in this collection, but that
it contains many more spaces.

Under conditions on the hierarchical bases for Zf 0 c Zf 'ccz
for Z € {X,Y}, that should be of wavelet-type, in [36] it is shown that
to any X% one can assign a Y° with dimY? < dim X?, such that y% > 1
holds.

5.5. Preconditioners

Moving to condition (3.3), obviously we would like to construct Kf,
such that it is not only a uniform preconditioner, i.e., it satisfies (3.3),
but also that its application can be performed in ((dimY?) operations.
In the full-tensor product case, after selecting bases for Yf and Y2, the
construction of Kf, boils down to tensorizing approximate inverses of
the ‘mass matrix’ in time, which does not pose any problems, and the
‘stiffness matrix’ in space. For ¥ = H!(Q) (or a subspace of aforemen-
tioned type), it is well-known that by taking a multi-grid preconditioner
as the approximate inverse of the stiffness matrix the resulting K ;2 sat-
isfies our needs. A straightforward generalization of this construction of
Kf, applies to spaces Y? that correspond to the time-slab partitioning
approach.

Finally, for the efficient iterative solution of (3.6) or (4.4), one needs
akK§= K;S(' e Lis(X?®', X?) whose norm and norm of its inverse are uni-
formly bounded, and whose application can be performed in O(dim X?)
operations. For the full/sparse and generalized sparse tensor product
setting such preconditioners have been constructed in [3] and [36], re-
spectively.

6. Robustness

The quasi-optimality results presented in Theorems 3.1 and 4.2 for
MR and BEN degenerate when a = [|A,|lzy y) = co. Aiming at results
that are robust for « — o0, we now study convergence w.r.t. the energy-
norm ||| - Iy on X. On its own this change of norms turns out not to
be helpful. By replacing || - ||y by ||| - [l y in Theorems 3.1 and 4.2, and
adapting their proofs in an obvious way yields for MR the same upper

0
bound for — M=l as we found for — (for u ¢ X%),
o Mu—wllx oo -0l

whereas instead of Theorem 4.2 we arrive at the only slightly more
favorable bound

llu—u® || x

=6
Ml —&°Mll x

2+a’+aVa2+4

9

< inf
G P+

P +al +12—4( 2 wEX?, ve

yo M= w0l + llu =y,

which is, however, still far from being robust.
In order to obtain robust bounds, instead of the condition yZ’ >0
((3.2)) we now impose

5! 5
||Ey CEXw||Y5/

. 0, (6.1)
ICES wlly:

S i=inf inf
SEA (0xweX? : CEf( w#0}

which, when considering a family of operators A, we would like to hold

uniformly for @ — co.

Theorem 6.1. Under conditions (3.1), (6.1), and (3.3), the solution u’ €
X? of (3.6) satisfies

_ .8 max(Ra,1)  C\-1 _ .
lllw —u®llx <4/ A D) (ry) wlg)f(h e —wlll x; (6.2)
and under condition (6.1), the solution #® € X? of (4.5) satisfies
e =2 llx < ¢H72{ inf |lu—wlly + inf [lu—olly}. (6.3)
weXx?s vey?s
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Proof. The first estimate follows from ignoring the last inequality in
(3.12), and by replacing the first inequality in (3.15) by

, i

IEY CEZw? I3, + IER @Iy + llyr Exw’|I? + (8 = Dllyg E3 w’ |

> P (ICER WP I, + 1 EGw’ I + v Exw’ I + (8 = Dllro Eg w17 )
s/ — !

=P ((ES B' AT BES, + ES By)ro E5 )w® ) w®) = (r$)* llw’ lI3-

By following the proof of Theorem 4.2, recalling that now X is
equipped with [ - [y, from [[Cllzxyr) < 1, IG@zxxr) < 1, and
||(E§/G(6)E§()‘] I poxs xo) < (r$)7?, one infers the estimate for BEN. []

We conclude that for a family of (asymmetric) operators A robust-
ness w.r.t. || - [y is obtained when (y{)™! is uniformly bounded for
a = |4,z y) = o0. A family for which this will be realized is pre-
sented in Sect. 7.

6.1. A posteriori error estimation

In particular because for @ = ||A,|lzy y/) = co meaningful a priori
error bounds for inf ¢ ys [|[u—w]|| x will be hard to derive, it is important
to have (robust) a posteriori error bounds.

Let Q% € £(Y.Y) be such that ranQ’ c Y? and (d - 03")BX% =0.
Then, with ¢/_(g) :=||dd — Q‘;’)gnyr, for w e X? and u the solution of

0sc

(2.4) it holds that
rAIIEil(g—BW)IIii + Bllug — rowll* < lllu— wll} <

(193 ey 1 VRAIE] (8 = Bu)ll s + €5 (8))” + Bllug = rouell”.
which follows from |lg — Bwllys < llg — Bwlly: < 103 (g = Bw)lly: +
e . (g).

We infer that if supscp ||Q‘;|| c(v.yy < o, then the a posteriori error
estimator

!
3w g.ug. p) 1= \/ 1ES g ~ B2, + Bllug ~ rorwll? ©6.4)
Y
is an efficient and, modulo the data oscillation term egsc(g), reliable es-
max(Rp,1)
min(ra,1)
bounded uniformly in @ — oo, then this estimator is even robust.

timator of the error ||u — wll|y. If supsca ||Q‘;||£(yvy) and are

Remark 6.2. In view of Proposition 5.1, the aforementioned assump-
. 5 !

tions ran Q% c Y%, (Id — Q% )BX® =0, and supsea [10%ll¢(v.y) < oo are
equivalent to

&' )
IES BES wlly s

B . . .
vp i=inf inf
IBESwlly:

O€A (0£weX : BESw#0)

In applications the conditions yi’ >0, yg >0, and y f > 0 are increasingly
more difficult to fulfill.

To have a meaningful reliability result, in addition we would like
to find above Q‘; such that, for sufficiently smooth g, the term egsc(g)
is asymptotically, i.e. for the ‘mesh-size’ tending to zero, of equal or
higher order than the approximation error inf ¢ ys [lu — wlllx. We will
realize this in the setting that will be discussed in Sect. 7.2.

7. Spatial differential operators with dominating asymmetric part

For some domain Q c R, and I' € 9Q, let

H:=1,Q),V = Hj(Q) :={ve H'(Q): vlr=0},

a(t;n,§) :=/£Vn~V§+(b~V;1+ei1)ZjdX, £>0, 7.1)

Q
be L (I; L (div;Q)), e L (I XQ), essinf(e — % div, b) >0,
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and |I'| > 0 when the latter essinf is zero, so that (2.1) and (2.5) are
valid. In this setting, the operators A,, A, = A,(¢), and so A = A(¢) =
A (e) + A,, are given by

(A w)(v) = / / (b- Vyw+ L wdivy byudxdr,

(Ag(e)w)(v) =//£wa -Viv+(e— %clivx b)wuvdxdr.

Thinking of b and e fixed, and variable ¢ > 0, one infers that a = a(e) —»
oo when € | 0 (cf. Remark 2.3).

In the next subsection we will construct (X%);c, C X and (Y%)scn C
Y that (essentially) satisfy inf . yf(a) > 0 as families of finite element
spaces w.r.t. subdivisions of I x Q into time-slabs with prismatic ele-
ments in each slab w.r.t. generally different partitions of Q. Notice that
although C =0, + 4, is independent of &, yy €(e) depends on € because it
is defined in terms of the e-dependent energy-norm || - ||y = 1/(A,(e))(-).

As a consequence of yc(é) being uniformly positive, for Kj $ =

max(Rp,1)
SUPE>0 Tingra 1)

orem 6.1 gives e-robust quasi-optimality results for MR and BEN
w.r.t. the ¢- (and g-) dependent norm ||| - || x-

< 00, The-

(Ef, A ES)™" uniformly in ¢ and §, ie.,

7.1. Realization of inf, y§ () > 0

Given a conforming partition 7 of a polytopal Q into (essentially
disjoint) closed d-simplices, we define S;"q as the space of all (discon-
tinuous) piecewise polynomials of degree g w.r.t. 7, and, for ¢ > 1, set

sy =5 H]

7 3@,

where we assume that I" is the union of facesof T € 7.

Let (T%)sea, (7. 555)565 be families of such partitions of Q that are
uniformly shape regular (which for d = 1 should be read as to satisfy a
uniform K-mesh property), and where 7¢ is a refinement of 7% of some
fixed maximal depth in the sense that |T| 2 |T’| for TS 2T cT' €7°,
so that dim 7, ; < dim7?. On the other hand, fixing a ¢ > 1, we require
that the refinement from 7°¢ to 7T, é? is sufficiently deep that it permits
the construction of a projector P; for which

ran P5 C Soq v ran(Id — P{f) Lo (Sﬂ 0 +S7 lq l), (7.2)
||Pq M)||L2(T) Slwlg,r Te 7%, w e Ly(Q)). (7.3)

As shown in [18, Lemma 5.1 and Rem. 5.2], regardless of the re-
finement rule (e.g. red-refinement or newest vertex bisection) that is
(recursively) applied to create (7 ;)56 & from (7%)s., there is a refine-
ment of some fixed depth that suffices to satisfy (7.3) as well as

5 0.q
ran P C {we STjig 0 ran(ld — P’ )J.LZ(Q) S”

SN )

: wlu-,-erdT =0},
Condition (7.4) is stronger than (7.2), and will be relevant in Sect. 7.2
on robust a posteriori error estimation.

For d € {1,2,3} and q € {1,2,3}, and both newest vertex bisection
and red-refinement it was verified that it is sufficient that the aformen-

tioned depth creates in the space SO"’O an additional number of degrees
T
of freedom interior to any T € 7 that is greater or equal to ("+d)

Remark 7.1. To satisfy condition (7.2)-(7.3) generally a smaller num-
ber of degrees of freedom interior to any T € 7 suffices. For d =2 =g,
in [18, Appendix A] it was shown that in order to satisfy (7.2)-(7.3) it
is sufficient to create 7.° from 7° by one red-refinement, which creates
only three of such degrees of freedom, whereas to satisfy (7.3)-(7.4) six
additional interior degrees of freedom are needed.

We show robustness of MR and BEN in a time-slab partition setting.
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Theorem 7.2. Let H, V, and a(-;-,-) be as in (7.1), with constant b and
constant e > 0, and let (T°)scz and (T&)scx be as specified above. Then if,
for 5 € A, X% and Y? are such that for some finite partition I° = ([tf_l,tf]),-
of 1, and arbitrary §; € A,

X° C{weCU; Hy((Q): w] s (7.5)

5
_of)

LR 0.q
eP @S] ).

Y22 (& Ly Hyp () vls s € Pyt .1 ® 52*;{ R

P
then inf .y ’" C(g) > 0. Consequently the bounds (6.2) and (6.3) show quasi-
optimality of MR and BEN w.r.t. the (e- and f-dependent) norm || -
uniformly ine >0 and f > 1.

x>

Proof. As follows from Proposition 5.1 the statement inf . yf(e) >01is
equivalent to existence of Q‘sc € L(Y,Y) with

6 s
ran QC cY?,

SUP ||Q5C||c(y,)') < oo,

£>0, 6

(7.6)
/ / (0, +b-V)X%)(1d — Q2)Ydxdr =0,
I Q

where we recall that, thanks to constant b, Y = L,({ ;H(;F(Q)) is
equipped with norm

[ eIVl g+ elvl g
1

V(A (eo)v) = \J

= VellVyolly rxad + Velloll Lz, @)-

It holds that
5 . 0 1g-1
0+b - V)X C{veL,(IxQ): ol 5 €EP NGNS )®(s 4 +smq )}
(7.7)
Let (Q%)5ca denote a family of projectors such that
SUP max (”Qi”ﬁ(LﬂQ),LﬂQ))» no? ||£(H[;r(g)ﬂér(g))) < oo, (7.8)
ranQ’ C STE o ran(d =0 Ly o (S #5707 (7.9)

and let Q% be the Lz(tf_l,tf)-orthogonal projector onto Pq(tf_l,tf).
Then, the operator Qz, defined by

S S.i b;
(QCU)l(If_IJf)XQ =0 ® 0y )U|(,;$_I,,:$)XQ,

satisfies (7.6). Indeed its uniform boundedness w.r.t. the energy-norm
on Y follows by the boundedness of Q) w.r.t. both the L,(Q)- and

H'(Q)-norms. By writing Id— Q%' ®Qi" =(1d-0%*)®1d+0% @ (1d— Qi[),
and using (7.7) one verifies the third condition in (7.6).

We seek Q2 of the form 0 = 0% + 0% + 090¢ where
ran 02, ran 0’ ¢ so" p rand =00 Ly o) (S)T +S 4. (7.10)

Then from Id - Q% = (Id - 0%)(1d — 0%), we infer that (7.9) s satisfied.
We take Qi = P; from (7.2)-(7.3). It satisfies the properties re-
quired in (7.10). With A5 being the piecewise constant function defined
by Azl =diamT (T € 7°), thanks to the uniform K-mesh property of
T € (T%4es, (7.3) implies that 1y 1ps h5||£(L2(Q) L@y S as well as

||P e, @0,y S 1

We take Q;Z as a modified Scott-Zhang quasi-interpolator onto Sg’go
2

([25, Appendix]). The modification consists in setting the degrees of
freedom on I to zero. When applied to a function from H, l_(Q) it equals
the original Scott-Zhang interpolator ([39]), but thanks to the modifi-
cation it is uniformly bounded w.r.t. L,(Q), and so [|Q2] z( Ly(@),L,(@) 18
uniformly bounded.
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Writing Q2 = 02 + Pj (1d-Q3), from A (1d- Q%) € LIH] (Q), Ly (Q)),
3! P;‘ hs € L(Ly(Q), Ly(Q)), and 0% € [:(H(; (@), H]

or®) all being uni-
_ 0, .
formly bounded, and || - [ 51(q) S ”hal N, on Srg,o’ we infer the

|

uniform boundedness of ||Q¢ .
1O e o1} 2

Next under the condition that essinf(e — %divx b) > 0, we consider
the case of variable b and e. The scaling argument that was applied
directly below Theorem 2.1 shows that it is no real restriction to as-
sume that essinf(e — % divg b) > 0. Although we will not be able to show
inf yg(e) > 0, this inf-sup condition will be valid modulo a perturba-
tion which can be dealt with using Young’s inequality similarly as in
the proofs of Theorems 3.1 and 4.2. It will result in &- (and f-) robust
quasi-optimality results for MR and BEN similar as for constant b and
constant e > 0.

Theorem 7.3. Consider the situation of Theorem 7.2, but now without the
assumption of b and e being constants. Assume b € W.(I x Q)?, essinf(e —
% divy b) > 0, and, only for the case that b is time-dependent,

I,

-] < max diam(T). (7.11)
TeT

Then for MR and BEN it holds

de(RA 1)

S inf = wlly.

13
lllee = u®Mllx S

_5 . .
lu—a°llx < inf flu—wlly+ inf [lu—vlly,
weXx? veY?

uniformly in e >0 and g > 1.

Proof. As in the proof of Theorem 6.1, we follow the proofs of Theo-
rems 3.1 (MR) and 4.2 (BEN). We only need to adapt the derivation of
a lower bound for the expression in the second line of (3.15).

With ¢ = essinf(e — } div, b), it holds that

1
VEI - llyr <11 llyxe) < RIS

Let b; be the piecewise constant vector field defined by taking the av-

erage of b over each prismatic element (tffl,tf) x T for T € T%. We

use w - bs - V,w to approximate A,. We have ||b —b;]|, (@ Oy S
@AM i—17

~

diam(D)Iblly1 (5 5yery by (7.11). An application of the inverse in-
M -1

equality on the family of spaces (52"6
L >0, for w e X? it holds that

)rea shows that for some constant

1 .
I =bs) - Vyw + Jwdivy bll L, 1xq) < Lllwll L, 1xa)-

Because (7.7) is also valid for piecewise constant b, and

VA& ©0)©) = Vel Vil Lyaxan + VEILI L.,0)-

only dependent on |le — %divxb” Lo (ix /&, the proof of Theorem 7.2
shows that for some constant y > 0, for w € X? it holds that

o X
IEY (0, +bs - VO Eywllys 27110, +bs - VOEJwllyr.

By combining these estimates, we find that for w € X? it holds that

!
NES CESwllysr 271100, +bs - VOES wllyr — 7

>7||CE5W||Y/—(}’+1)\[||E Wl 1x0)

||E W||L2(1><§2)

27 ICEjwllys = (r + DEIEwlly.

and so
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||E$’CE€w||§§, + | ESwlly, + llyr EZwll* + (B = Dy ES wll®

> (YICEjwlly = + DENESwlly)” + I EGwll} + llyr Egw]?
+(B = DllrgE5wll®

> (=P ICE wl?, + {1 =10 + 1P L + 1B wl

+llrr ESwl* + (8 = Dllyo ES wll.

Minimizing over 5 shows that, with a? :=(y + 1)2 the last expression

52 ’
is greater than or equal to

L+ a2+ 1= Vo + a2+ 12 =42 Bl

which completes the proof. []

The undesirable condition (7.11) for time-dependent b might be pes-
simistic in practice, which however we have not tested so far.

7.2. Robust a posteriori error estimation

A robust error estimator will be realized in the following limited
setting.

Consider the spaces and bilinear form « as in (7.1), where b is
constant, e = 0, and the polytope Q c R? is convex. For families of
quasi-uniform partitions (I°);c, of I, and (7%);c, and (T2)ses of Q@
as before, where T, ; is a sufficiently deep refinement of 7° that permits
the construction of a projector Pf that satisfies (7.3)—(7.4), and for some

hs >0, diamT = h; =diamJ (T € 7°, J € I?), let X° := 57/ ® 57, and

78,0
Y% = S;Sl'l ® S:; o For completeness, S;ﬁl’l denotes the space of piece-
o

wise linears w.r.t. I, and S?’; the space of continuous piecewise linears
w.r.t. I%.

In this setting, in [18, Thm. 5.6] projectors Q‘; € L(Y,Y) have been
constructed with ranQ% c Y? and (Id - Q‘;')BX 4 = (. Moreover, these
Q‘sB are uniformly bounded in Y = L,(I ;H(i Q) equipped with the
standard Bochner norm, with H, ! () being eﬁuipped with ||V || Ly@)-
Since for the current bilinear form a, the energy-norm || - ||y is equal to

Vell i ycr.m oy it holds that
SUPseA, e0 ||QB||£(Y,Y) < o0, and so
inf y2(e) > 0.
nfri®
Let (KO 'w)w) = [ Jo|Vyvl?dxdt (6 € A, v € Y%), then
—1g6y-1 — g/ 5 i : ips S o 16
(e7'Ky)™' = Ey AJED, i.e., using preconditioner Ky =7 Ky it holds

max(Ryp,1)
min(ry,1)
What remains is to show that data-oscillation is asymptotically

of higher or equal order as the approximation error in || - ||y =

. 1 P
VIB- I, +Bllzo - - Noting that || -llyr = 7=l I, 1.1 @y it is natu-

ral to select

that sup,. < o0.

ﬁ:e_l.

Then /e[| - lIly equals

2 .12 — .12
\/u(a VIt NN el P (=0l I

and so even for a general smooth u, /e times the approximation
error cannot be expected to be smaller than =~ h;. Since for g €
L,(I; H'(Q)) n H*(I; H~'(Q)) it holds that +/¢]|(1d - Qi,')glly/ =|(d -
QsB,)g”Lz(I;Hér(Q)’) pS h(% ([18, Thm. 5.6]), we conclude that £(w; g, uy, )
from (6.4) is an efficient and, modulo above satisfactory data-oscillation
term, reliable a posteriori estimator of the error in w in ||| - ||| x-norm.
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Option (i) Option (ii)
—_—=1
— =101
1071 4 E
1072 4 E
1073 4 E
TIN TN
10t 102 103 104 10° 10t 102 103 104 10°

Fig. 1. Relative estimated error progression for the smooth problem as function of dim X? for different diffusion rates . Left: test space Y? as in Option (i); right: Y?

as in (ii).

8. Numerical test

We tested the minimal residual (MR) method applied to the
parabolic initial value problem with the singularly perturbed ‘spatial
component’ as given in (7.1). We considered the simplest case where
I=Q=(0,1),b=1, and e is either 0 or 1, and X% = S?;l ® S% ,» Where
I° =T is a uniform partition of the unit interval with mesh size hs.
Taking always (K3)™' = Ei’ASEf(, we took either

@ vé= Sl‘;'l ® S%’O(Q X% U a,X%) which for any fixed £ > 0 gives

yZ’ > 0 (Sect. 5.1), so that the MR approximations are quasi-optimal
approximations from the trial space w.r.t. || - ||y (Theorem 3.1), or
() Y% := SI_;’I ® Sg’; o where 7?2 is a uniform partition with mesh-

5 0

size hs/3 which even gives inf,_, yg(s) > 0 (Theorem 7.2), so that
the MR approximations are quasi-optimal approximations from the
trial space w.r.t. the energy-norm ||| - ||y also uniformly in € >0
(Theorem 6.1).

Remark 4.1 shows that in these cases the BEN and MR methods give the
same solution.

As discussed in Sect. 7.2, for the case that e =0 it is natural to
take the weight § = &~!. Unlike with e=0, for e=1 and 0 # v €Y the
energy-norm \/m does not tend to zero for € | 0 but converges to
loll £, (7%~ In view of this there is no reason to let f tend to infinity for
£ 10, and we took f=1.

For Y? as in (ii), in Sect. 7.2 it was shown that for (e, §) = (0,7 1)
it holds that inf,,y2(¢) > 0, and more specifically that the a posteriori
error estimator 8’3(w;g,u0,ﬂ) from (6.4) is an efficient and, modulo a
data-oscillation term that is at least of equal order, reliable estimator of
the error |[|u — w||| x. Therefore to assess our numerical results, we used
Y? as in Option (ii) for error estimation, even when solving with Y as
in (i).

For (e, f) = (1,1), we numerically observed that for our model prob-
lems the a posteriori error estimator 85(w;g,u0,ﬂ) computed with Y?
as in (ii) is efficient and reliable as, knowing that the estimator equals
llu — wllly for Yo =Y, we saw that further overrefinement of the test
space Y° never increased the estimated error by more than a percent.
So again, regardless of whether we took Y? as in Option (i) or (ii), we
used Y? as in (ii) to compute £%(w; g, uy, f).

In experiments below, we choose ¢ = 1,107!,1073,107%; to compare
different values of ¢, we show the estimated error divided by an accu-

rate approximation for 4/ ||g||$, + Bllugll?, which is equal to the ||| - ||| x-

norm of the exact solution.
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8.1. Smooth problem

We take (homogeneous) Dirichlet boundary conditions at left- and
right boundary, i.e. I'= 9Q, select (e, f) = (0,"), and prescribe the ex-
act solution u(t, x) := (> + 1) sin(zx) with derived data u, and g. For this
problem, the best possible error in || - ||| y-norm, divided by |[|u]l| y, de-
cays proportionally to (dim X%)~1/2,

Fig. 1 shows this relative estimated error as a function of dim X?.
In accordance with Theorem 3.1, for this parabolic problem with non-
symmetric spatial part, both Option (i) and Option (ii) give solutions
that converge at the expected rate. For Option (i), however, this con-
vergence is not uniform in ¢, but in accordance with Theorem 6.1, for
Option (ii) it is.

8.2. Internal layer problem

We choose u, :=0 and g(t,x) := 1, select (e,f) = (0, e~ 1), and
prescribe a homogeneous Dirichlet boundary condition only at the left
boundary x =0, i.e. T := {0}, and so have a Neumann boundary con-
dition at the ‘outflow’ boundary x = 1. Due to the jump in the forcing
data, in the limit € | 0, the solution ¢ - 1,.,, is discontinuous along the
diagonal x =1.

The left of Fig. 2 shows the relative estimated error progression of
Option (ii) as a function of dim X?; as Option (i) again suffers from
degradation for small ¢ (with results very similar to the left of Fig. 1),
we omit a graph of its error progression. Its right shows the discrete so-
lution at hy = L and £ = 1075. The solution resembles the pure transport
solution quite well, with the exception of a small artefact near x =7=0.

8.3. Boundary layer problem

We choose uy(x) :=sin(rx) and g =0, select (e, ) = (1,1), and set
homogeneous Dirichlet boundary conditions on 9%, i.e. I'= {0, 1}. Due
to the condition on the outflow boundary, the problem is ill-posed in
the limit £ = 0, hence for ¢ small, the solution has a boundary layer at
x=1.

Fig. 3 shows that the method fails to make progress until the bound-
ary layer is resolved at h; < e. Fig. 4 shows two discrete solutions
at hy = é computed for Option (ii). We see that for £ = 1073, the
boundary layer is resolved and the solution resembles the pure transport
solution quite well, with the exception of a small artefact near x=7=1.
For £ = 107° though, the boundary layer cannot be resolved with the
current (uniform) mesh, and the solution is completely wrong. For
£ ] 0, the energy-norm of the error in an approximation w approaches

2
V@ +b- V9wl

that hit the outflow boundary, the method ‘chooses’ to smear the un-
avoidably large error as a consequence of the layer along the whole

+ lug —Y0W||2L, @ As a result, for streamlines
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104

10! 10? 103

10°

Fig. 2. Solving the internal layer problem with Option (ii). Left: relative estimated error progression as function of dim X? for different diffusion rates ¢. Right: solution

at hy; = 513 and £ =107°.

Option (i)
102 4
101 .
100 4
10—1 .
1072 4
12

Option (ii)
i — =1
— =101
— £=1073
3 — £=10"°

12 S

10! 102 103 10* 10°

/

10t 102 103 104 10°

Fig. 3. Relative estimated error progression for the boundary layer problem as function of dim X° for different diffusion rates . Left: test space Y*? as in Option (i);

right: Y? as in (ii).

£=1073

Fig. 4. Solutions of the boundary layer problem with Option (ii) at h; =

streamline resulting in a globally bad approximation. This is a well-
known phenomenon when using a least squares method to approximate
a solution that has a sharp layer or a shock.

8.4. Imposing outflow boundary conditions weakly

One common work-around to the problem caused by the boundary
layer is to refine the mesh strongly towards this layer. An alternative
is to impose at the outflow boundary the Dirichlet boundary condition
only weakly, see e.g. the references [9,8,10,11] where this approach
has been applied with least squares methods for stationary convection

£=10"°

L
5127

Left: diffusion e = 1073; right: £ = 107°.

dominated convection-diffusion methods. This approach is also known
from other contexts, as in [5,7,33]. Without having a rigorous analysis
we tried this weak imposition of the Dirichlet boundary condition by
computing, with Y? as in Option (ii),

. : 4 2 2 2
W’ :=argmin||Ey (BESw = g)II2 ,, + Al Ex w0 = ugl® + ellwC. DI .
weX?

Here, X% denotes the space X° after removing the Dirichlet boundary
condition at x = 1. Fig. 5 shows the resulting error progression, which

is robust in ¢, as well as the minimal residual solution at A; = Slﬁ and
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10—1 4

1072 -

mb

10! 102 103 104 10°

Fig. 5. Solving the boundary layer problem with Option (ii), and imposing the outflow boundary condition weakly. Left: relative estimated error progression as
function of dim X? for different diffusion rates e. Right: solution at ; = 5}—2 and e = 107°.

€ = 107%; it resembles the pure transport solution quite well, and does
not suffer from the artifact present at the right of Fig. 4.
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