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BORDER RANK NONADDITIVITY FOR HIGHER ORDER
TENSORS*

M. CHRISTANDL', F. GESMUNDO%, M. MICHALEK®, AND J. ZUIDDAMY

Abstract. Whereas matrix rank is additive under direct sum, in 1981 Schonhage showed that
one of its generalizations to the tensor setting, tensor border rank, can be strictly subadditive for
tensors of order three. Whether border rank is additive for higher order tensors has remained open.
In this work, we settle this problem by providing analogues of Schénhage’s construction for tensors of
order four and higher. Schénhage’s work was motivated by the study of the computational complexity
of matrix multiplication; we discuss implications of our results for the asymptotic rank of higher order
generalizations of the matrix multiplication tensor.
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1. Introduction. Let Vi,...,V; be finite dimensional complex vector spaces,
and let T € V1 ® --- ® Vi be a tensor. The tensor rank of T is defined as

R(T') = min {7’ T = Zgzlvgi) ®:-® v,(:) for some v§i) € VJ} .

Tensor rank generalizes matrix rank: indeed, if k = 2, the tensor rank of T € V; @ V5
coincides with the rank of the corresponding linear map 7' : Vi* — V5.
The tensor border rank (or simply border rank) of T is defined as

R(T) = min {7“ :T = lim T with R(T2) =7 for & # 0} :

where the limit is taken in the Euclidean topology of V} ® - - - ® Vj.. One immediately
has R(T") < R(T); for k > 3, there are examples where the inequality is strict.

The study of geometric properties of tensor rank and border rank has a long
history dating back to more than a century ago [31]. In the last decades, tensor rank
was studied in the case of tensors of order three in connection with the computational
complexity of matrix multiplication [24, 26] and, more recently, in the higher order
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setting, in connection with the circuit complexity of certain families of polynomials
[20]. In quantum information theory, tensor rank is used as a measure of entanglement
in a quantum system [35, 11]. The notion of border rank is more geometric as it
corresponds to membership into secant varieties of Segre varieties, objects that have
been studied in algebraic geometry since the early twentieth century [33]. It is known
that asymptotic behaviors of tensor rank and tensor border rank of a given tensor
are equivalent. In particular, upper bounds on border rank can be converted into
upper bounds on rank which hold asymptotically [2]. We refer to [16, 3] for more
information on the geometry of tensor spaces and their applications.

A natural question regarding tensor rank and border rank concerns their additiv-
ity properties under direct sum. Given T € V1 ® - - ® Vy and S € W1 ® - - - @ Wy,
let T & S denote their direct sum, which is a tensor in (V1 @ W1) ®@ -+ @ (Vi & Wy).
Subadditivity of tensor rank

R(T & S) < R(T) + R(S)

and border rank
R(T'® S) < R(T) + R(9)

follow directly from the definitions. It is natural to ask whether equality holds.

For k£ = 3, examples where the inequality for border rank is strict were given
by Schonhage in [21]: this construction is reviewed in section 2.4; briefly, for every
m,n > 1, Schonhage provided two tensors,

T € Cm+l @ CnHl @ CmHD™MHD)  with R(T) = (m + 1)(n + 1),
SeCmyCvm g Ct with R(S) = mn,

where R(T® S) = (m+1)(n+ 1)+ 1. In particular, whenever either m > 2 or n > 2,
one obtains an example of strict subadditivity.

The additivity problem for tensor rank of third order tensors was the subject of
Strassen’s additivity conjecture [25]. This conjecture stated that tensor rank additiv-
ity under direct sum always holds. A great deal of work was devoted to this problem
(see, e.g., [12, 15, 6, 32]) until 2017 when Shitov gave a counterexample [22].

A tensor of order three can be regarded as a tensor of higher order by tensoring
it with a tensor product of single vectors. For instance, a tensor T' € Vi ® Vo ® V3
can be identified with a tensor of order four 7/ = T ® ¢y € V1 @ --+ ® V4, where
Vi = (ep) is a one-dimensional space. Naively, one would expect that Schénhage’s
and Shitov’s examples generalize to higher order settings via this identification. This
is not the case, and intuitively the reason is that if 7" =T ® eg and S’ = S ® eg, then
T®S #(TdS)R eo.

The problem of nonadditivity for rank and border rank of higher order tensors is
therefore open to our knowledge.

In this work, we settle the question for the case of border rank by providing
examples of strict subadditivity for tensors of order four and higher. Our constructions
are largely inspired by Schonhage’s.

Schénhage constructed his examples in order to provide new upper bounds on the
asymptotic rank of the matrix multiplication tensor and thereby upper bounds on the
exponent of matrix multiplication. We review this construction in section 2.4. The
two key elements are the strictly subadditive upper bound R(T @ S) < R(T) + R(S5)
and the fact that the Kronecker product TS is a matrix multiplication tensor. Using
these two facts, Schonhage determined an upper bound on the direct sum of copies
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of the matrix multiplication tensor, exploiting the binomial expansion of (T' @ §)®N
and the upper bound on its border rank. Strict subadditivity of tensors can therefore
deliver nontrivial exponent bounds. At the time, this strategy gave the best bounds for
the exponent of matrix multiplication and provided a sandbox example of Strassen’s
laser method, which is the technique used to obtain all subsequent upper bounds on
the exponent [28, 10, 23, 34, 18, 1].

In our setting, the tensors T'X.S will be higher order generalizations of the matrix
multiplication tensor. Some of these tensors were considered in [9, 8], and our work
provides a new approach to the study of their exponents. The bounds presented
here do not improve the best known upper bounds on the exponent of these tensors.
However, the new technique provides nontrivial upper bounds, and the strategies
presented in this paper provide new and different types of tensor decompositions that
are in many ways simpler or more direct when compared to the ones providing better
bounds.

The results of this work hold over arbitrary fields as long as the characteristic is
“large enough.” We will not enter into details, and we will work over the complex
numbers for simplicity. We refer to [5, section 15.4] for the formal definition of border
rank and the details to extend the results over arbitrary fields.

The article is structured as follows. In section 2, we provide mathematical pre-
liminaries to our study as well as a review of Schonhage’s construction. The new
examples of strict subadditivity of border rank are presented in section 3. The conse-
quences on the asymptotic rank of generalizations of the matrix multiplication tensor
are presented in section 4.

2. Preliminaries. In this section we discuss basic notions that will be used
throughout the paper.

2.1. Flattening maps of tensors and their image. Every tensor naturally
defines a collection of linear maps, called flattening maps. We will discuss here a
characterization of tensor rank and border rank in terms of the image of a flattening
map.

Let T € V1 ® -+ ® Vi be a tensor of order k. The tensor T naturally induces a
linear map

T:Vj* Ve eV, V,u1®---0V,

for every j = 1,...,k. We call these linear maps the flattening maps of T. We say
that T is concise if all its flattening maps are injective. Each of the flattening maps
uniquely determines T'. In fact, the image of any of them, say, T'(V}}) C Vi®---@Vj_1,
already uniquely determines 7" up to the natural action of the general linear group
GL(Vg).

The following is a characterization of tensor rank and border rank via the geom-
etry of the subspace T'(V}*). We refer to [4, Theorem 2.5] and [13, Lemma 2.4] for the
proof and additional information.

PROPOSITION 2.1. Let T € V1 ® --- @ Vi, be a tensor. Let E = T(V}) C V1 ®
- ® Vi—1 be the image of the last flattening map. Then

R(T) =min{r: EC{(Zy,...,Z.), lin. indep. Z; e V1 ® --- @ V_1, R(Z;) = 1},
R(T) =min{r: E C hH(l)(Zl(é), oy Ze(e)),
e—

lin. indep. Z;i(e) e V1 ®@--- ® Viy_1, R(Z;(e)) = 1},

where the limit is taken in the Grassmannian of r-planes in Vi ® --- Q@ Vi_1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Ezample 2.2. Consider the tensor T'=egQeg®e; +eg®e; Qeg+e1 Reg®eg €
C? ® C? ® C2. Tt is known that R(T) = 3 and R(T) = 2. Since T is symmetric, the
three flattening maps are equal. We have T(C?") = (e;®eg+eo®er, eo®ey) € C2@C2.
The rank upper bound is immediate since T((CQ*) C {eg®eq,e1 ®eq, e ®ep) showing
R(T) < 3. If R(T) < 2, then T(C?") is spanned by two rank-one elements of C? ® C?,
but T(C?") only contains one rank-one element, up to scaling. This shows that R(T') =
3. The border rank lower bound follows from the flattening lower bound: the border
rank of T is at least the rank of any of the flattening maps T : C2 — C? ® C2, each of
which equals 2. As for the border rank upper bound, let E. = (€52, (eg+ce1)®?), and
let By = lim._,g E.. Note that Fy = T((Cz*). Indeed eqg®eq € E. for every ¢; therefore
eo®eq € Ey as well. Moreover, %[(604—561)@2—66@2] = ep®e1t+e1Reg+ee1®ey € B, for
every €, so its limit as ¢ — 0 is an element of Fy. This shows that eg®e;+e1Req € Ep.
Hence we have the inclusion £y C T ((C2*), and equality follows by dimension reasons.

2.2. Degeneration, unit tensor and Kronecker product. We now discuss
a relation on tensors called degeneration and its connection to border rank and the
asymptotic version of tensor rank.

The product group G = GL(V7) x - - - x GL(V},) naturally acts on the tensor space
Vi®- - ® V. Given two tensors 7,5 € V1 ® -- - ® Vi, we say that S is a degeneration
of T, and write S QT if

SeqG-T,

that is, S belongs to the closure (equivalently in the Zariski or Euclidean topology) of
the G-orbit of T. By re-embedding vector spaces in a larger common space, we may
always assume that our tensors belong to the same space V; ® - - - ® V. We will often
tacitly identify tensors that are in the same G-orbit.

The notion of an identity matrix extends to k-tensors as follows. For r € N, let
V; = C7, and define the k-tensor

u(r) =Y ele-we evio oW,
=1

where egj) ...,eY) s a fixed basis of V;. The tensor u(r) is sometimes called the
rank-r unit tensor.

The fundamental relation between degeneration, unit tensors, and border rank is
that, for every k-tensor T, we have
(2.1) R(T) < rif and only if T < ug(r).

The Kronecker product of two k-tensors T € Vi ®--- @V, and S e W1 ® - - Q Wy,
is the tensor TR S € (V1 @ W) ® - - ® (Vi ® W) obtained from T® S € Vi ® -+ ®
Vi @ W1 ® --- ® Wy, by grouping together the spaces V; and W; for each j. Tensor
rank and border rank are submultiplicative under the Kronecker product, that is, we
have R(T' X S) < R(T)R(S) and R(T' X S) < R(T)R(S). Both inequalities may be
strict.

In the context of the study of the arithmetic complexity of matrix multiplication,
Strassen introduced an asymptotic notion of tensors rank [29], called asymptotic rank,
and developed the theory of asymptotic spectra of tensors to gain a deep understand-
ing of its properties [27, 30] (see also [7]). The asymptotic rank of T € V1 @ --- @ V},
is defined as
R(T) = lim (R(T®EN))/N,

-~ N—oco

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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It will often be convenient to take the logarithm of the asymptotic rank,
w(T) = log(R(T)),

which is called the ezponent of T. We write log := log,, the logarithm in base 2.
The limit in the definition of asymptotic rank exists by Fekete’s lemma (see, e.g.,
[19, page 189]), via submultiplicativity of tensor rank. The notion of asymptotic rank
does not depend on whether one uses tensor rank R(T") or border rank R(T') in the
definition [2, 28]. Because of the submultiplicative property of tensor rank and border
rank, we have that R(T) < R(T) < R(T).

The importance of asymptotic rank in the study of the arithmetic complexity of
matrix multiplication comes from the following connection (we refer to [3] for more in-
formation). For my, mg, m3 € N the matriz multiplication tensor MaMu(my, ma, ms)
is defined as

(2.2) .
mi 2 3
MaMu(ml, ma, m3) = Z Z Z €iq i ®6i2’1‘3 ®ei3,i1 e Ccmm2 ®Cm2m3 ®(Cm3m1'

i1=112=1143=1

This tensor defines the bilinear map C™1™2 x C™2™s — C™a™1 which multiplies a
matrix of size mq X meo with one of size mq X ms. It is a fundamental result that the
tensor rank of MaMu(m;y, ma, m3) characterizes the arithmetic complexity (i.e., the
minimal number of scalar additions and multiplications in any arithmetic algorithm)
of matrix multiplication. In particular, for every € > 0 the arithmetic complexity of
n X n matrix multiplication is O(n“*¢), where w = w(MaMu(2,2,2)). It is a major
open problem whether w equals 2 or is strictly larger than 2 [5].

The notion of the exponent of a tensor naturally extends to a relation on tensors
called relative exponent or rate of asymptotic conversion [8, Definition 1.7]. Follow-
ing that terminology, the exponent of a k-tensor T equals the asymptotic rate of
conversion from the unit tensor ug(2) to 7'.

2.3. Graph tensors. Graph tensors are a natural generalization of matrix mul-
tiplication tensors. They are defined as a Kronecker product of unit tensors of lower
order according to the structure of a hypergraph [9].

Let G be a hypergraph with vertex set V(G) = {1,...,k} and edge set E(G),
that is, F(G) is a set of subsets of V(G). For every hyperedge I € E(G), let n; € N
be integer weight.

For every hyperedge I = {i1,...,ip}, define the k-tensor

nr . .,
st =[5 0 -040) o | @ 7| € (@) o (@)
j=1 ¢l i€l i1
where egi), . .,egf,) is a fixed basis of C" for every i € I, and eéi/) is a fixed basis

element of C! for 7/ ¢ I.
The graph tensor associated to the hypergraph G with weights n = (ny : I €
E(G)) is defined as
T(G,n) = Ncp@) uu(n),

where X denotes the Kronecker product. Thus T(G,n) is a k-tensor in V1 @ - -- @ Vj,
whose jth factor has a local structure V; = (@5, C*") @ (Q;4,; C'). In particular,
dimV; = [],5,; dimn;.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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In the language of tensor networks, T(G) is the generic tensor in the tensor
network variety associated to the graph GG, as long as the local dimensions are at least
as large as dim V}; see, e.g., [14, Chapter 12|, [17].

An important feature of graph tensors is their self-reproducing property: if G is
a hypergraph with weights n = (n; : I € E(G)) and T = T(G,n) is the associated
graph tensor, then TN = T(G,n®Y), where n®" is the tuple of weights obtained
from n by raising every entry to the Nth power.

Ezample 2.3. Let G = K3 be the triangle graph, that is, G has vertex set V(G) =
{1,2,3} and edge set E(G) = {{1,2},{2,3}, {3, 1}} which we write shortly as F(G) =
{12,23,31}. Consider weights on G given by n = (n1a,nas,n31). The graph tensor
associated to G is the tensor T(G,n) € V1 ® Vo ® V3 with V; = C™1 @ C™2, V, =
C™mz2 @ C™3, and V3 = C"23 @ C"31 given by

T(G7 Il) = E :61'311'12 ® €i1ping ® €izziszy)

where the sum ranges over the indices i1, 423, 731 with i10 = 1,..., n1 and similarly for
i23,%31. Thus T'(G,n) equals the matrix multiplication tensor MaMu(n12, nag, n31) in
(2.2). In general, we may represent any graph tensor 7'(G, n) by the defining weighted
graph with vertices labeled by the appropriate vector spaces V;. In this case,

V3

T(Ga Il) = n3i 123

Vv, N2 Ve

We will often drop the notation V; from the picture.
More generally, the graph tensor associated to the cycle graph Cy of length £ is
the iterated matrix multiplication tensor of order k.

Ezample 2.4 (unit tensors). For any k let G be the graph with vertex set V(G) =
{1,...,k} and edge set E(G) = {{1,...,k}}. That is, G has a single hyperedge
containing all vertices. Consider the weight n = r € N for this hyperedge. Then the
associated graph tensor T'(G, n) equals the unit tensor uy(r) defined in subsection 2.2.
For the case k = 3, the graphical representation for this graph tensor is

Vs

Va
Vi
Back to the general setting, since border rank is submultiplicative under the
Kronecker product, we have a trivial upper bound for the asymptotic rank of graph

tensors given by the product of the rank of the factors from which they arise. In
particular, we have the asymptotic rank upper bound

(2.3) R(T(G,n)) < R(T(G,n)) < [[ ns-
IEE(G)
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Consequently, the exponent of T (G, n) is bounded from above by the logarithm of the
right-hand side of (2.3), that is, w(T(G,n)) < 3¢ p(q) log(nr).

2.4. Schoénhage’s construction and the exponent of matrix multiplica-
tion. We review Schonhage’s construction of strict subadditivity of border rank of
3-tensors under the direct sum. The higher order examples in section 3 are largely
inspired by this construction.

Fix n1,no > 1, and consider the two tensors associated to the following graphs:

Vs W3

= ng + 1 T, = 2

Vs (] W
Vi nm+1 Wi

It is immediate that R(T1) = (n1 + 1)(ng + 1) and R(T%) = ning, so that one
obtains the trivial upper bound on the direct sum: R(77 & T») < (n1 + 1)(na + 1) +
ning. Schénhage proved R(T) @ To) = (ng + 1)(ne + 1) + 1 [21] (see also [3]). In
particular, whenever ny; > 2 or ny > 2, this construction provides an example of strict
subadditivity of border rank.

Note that 77 X T is the matrix multiplication tensor with edge weights n =
(n1 + 1,n2 + 1,n1n9). Using the strict subadditivity result Schénhage provided an
upper bound on the exponent of matrix multiplication. We provide two key results
which are useful to reproduce Schénhage’s upper bound on the exponent of matrix
multiplication as well as the upper bounds on the exponent of certain graph tensors
in section 4. We refer to [3] and [36, section 2] for additional information.

LEMMA 2.5. Let S,T,U be tensors such that SXT < SXU. Then for every
N € N we have
SHRTHN 9 SRUSN.

In particular, if ug(s) XT < ug(r) for some integers r, s, then for all N € N we have

).

Proof. The proof is by induction. The base case SXKT < SX U is true by
assumption. The induction step is

wp(s) TN <y (s) Ry (2]

ST = SRTRTH¥ D 9 sRURTH D 9 KUK URCD = sRU™”,

where we first use the assumption in the inequality SX T < S X U and then we use
the inductive hypothsis in the inequality S X 7%"—1 g § & yXn—1),
If ug(s) XT < ug(r), then ug(s) X T < ug(s) K ug([r/s]). Applying the first
part of the lemma with S = ug(s) and U = u([r/s]) provides the desired result. 0O
PROPOSITION 2.6. LetT) €e Vi ®--- @V and T € W1 ®--- @ Wy be two tensors.
Suppose R(T) & Tz) < r. Let N > 0 be an integer, and let p € (0,1) such that pN is
an integer. Then

RNp BN (1-p) r N
R(Ty N )< <2h(p)+0(1)) ’

where h(p) is the binary entropy function h(p) = —plog(p) — (1 — p)log(1 — p).
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Proof. Consider the binomial expansion of (T} @ Ty)®N:

N
(e T)™ = P uk((]\]\/;)) X (TR g 7RO,
M=0
It is immediate that the right-hand side above degenerates to each direct summand:
in particular (7} @ T)®N > (pjyv) R (T2 1 ng(l_p)N).
Moreover, since R(Th @ T3) < r, from (2.1), we obtain T3 ® To < ug(r), and
therefore (T} @ T5)®N < ug(r)N. Thus,

R((1—
"k(rN) > ug ((p]}fv)> X (leN KT (a p)N))_
Using Lemma 2.5, we have

e (7 (X)) 2w (X)) ® @Y RPN e g g o),

Recall that (pjx,) = 2NM@P)+o(D) wwhere h(p) is the binary entropy function. This gives

®pN  B((1—p)N) r N
R W, ) < <2h<p>+o<1>)

and concludes the proof. 0

Because of the self-reproducing property of graph tensors, it is convenient to allow
the weights of the graph to have fractional exponents. We will use this convention
in order to give asymptotic statements with the understanding that the statement
holds for the Kronecker powers for which the dimensions have integer values. More
precisely, given a tensor T and values g € (0,1) and p > 0, the statement E(T‘zq) <p

is to be read as R(T®N9) < pN*te() for all N for which ¢N is an integer. From this
point of view, after taking an Nth root in Proposition 2.6, we obtain the asymptotic
bound

X X(1— r

After taking the logarithm, we have a bound on the exponent
(2.4) w (TFP X TF“‘P)) < log(r) — h(p).

Schénhage’s construction provides tensors Ty, Ty with R(T1®7T) = (n1+1)(ne+1)+1
and TP R T, P = MaMu((n; +1)?, (na 4 1)?, (nyn2)* ). Applying Proposition 2.6,
one obtains

w (MaMu((n1 +1)?, (n2 + 1P, (min2)' 7)) < log((n1 +1)(n2 +1) +1) — h(p).

For ny = ny = 3, we obtain w(MaMu(4?, 47 917P)) < log(17) — h(p). Cyclically
permuting the factors and using the self-reproducing property of the matrix multi-
plication tensor, one obtains an upper bound on the exponent of a square matrix
multiplication and, by passing to the asymptotic rank,

< 3(og(17) — h(p))
~ 4p + (1 —p)log(9)

The right-hand side attains its minimum at p =~ 0.61, giving Schénhage’s upper bound
on the exponent w(MaMu(2,2,2)) < 2.55.

w(MaMu(2, 2,2))
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3. Strict subadditivity of border rank. In this section we provide four fam-
ilies of examples of strict subadditivity of border rank for higher order tensors. The
subadditivity results are recorded in Theorem 3.1, Theorem 3.2, Theorem 3.3, and
Theorem 3.5.

All constructions are characterized by a structure similar to Schonhage’s. We
consider two graph tensors:

- The tensor T} is a spider, that is, a graph tensor where the underlying graph
has all edges incident to a single vertex. In this case, the graph tensor is, up
to change of coordinates, the only concise tensor in its space.

- The tensor T is either a matrix, that is, a graph tensor with a single edge,
or uz(r), that is, a graph tensor with a single hyperedge of order three.

Constructions 1, 2, and 3 add a matrix to the spider. Construction 1 provides a con-
struction for tensors of order 4 where the direct sum attains minimal border rank. For
large edge dimensions, the border rank upper bound is roughly 2/3 times the trivial
additive upper bound. Construction 2 provides an improvement of Construction 1 for
certain smaller edge dimensions. Construction 3 concerns tensors of all orders and
gives an optimal savings of a factor of 2 for large edge dimensions. Construction 4
adds a unit tensor to the legs of a three-legged spider.

Construction 1: Adding a matrix. This first construction concerns tensors
of order four. Fix ni,ng,n3 > 2 with ny (or ny or ng) odd. Consider the following
two tensors:

Va W
%) —+ 1 N
h - Vi i T2 - W4. Wi
ng + 1 ny+1
@
V3 Ws

where N = %(nl —1)(ng — 1)(n3 — 1). In this case, we have the following result.

THEOREM 3.1. For every ni,ns,ns with ny odd, we have

R(T1) = (n1 + 1)(n2 + 1)(n3 + 1),
R(Tz) = N,

and
R(T1 1) = (ny +1)(ne +1)(ng +1) + 1.

Proof. For p = 1,2,3, write V,, = C"*! and let V; = CmFD2+)(ns+1) - Tet
{v] 5 =0,...,np} be a basis of V,, and {v}, ;, ;. i, =0,...,m,} be a basis of Vj.
Wehave T e V1 ® -+ - ® V.

Similarly, for p = 1,2, let W, = CV, and for p = 3,4 let W, = C'. Write
my = %(nl —1), mg =ng — 1, and mg = n3 — 1. For p = 1,2 let {w?hjz,j3 S ip =
1,...,mp,} be a basis of W), and let W), = (w?) for p = 3,4; note that indeed these
are "12_1 (ng —1)(ng — 1) = N vectors. We have T, e W1 ® - - @ Wy.

Regard T1 @ Ts as a tensor in (V; @W1) ® -+ @ (V4 @ Wy).

The values of R(T7) and R(T3) are immediate. The lower bound R(Ty & Ty) >
(n1 4+ 1)(n2 + 1)(ns + 1) + 1 follows by conciseness.
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For the upper bound, we determine a set of (ny 4+ 1)(ng +1)(ns + 1) + 1 rank-one
elements Z. C (V1 @ W1) ® (Vo @ Wa) @ (V5 @ Ws) such that (Ty & Ts)(V, @ W) C
lim(Z.). By Proposition 2.1, this provides the desired upper bound.

Note

(o) (VioW,)=VIa Ve Vzo (u(N)),

where

a(N)i= D0 W O W) gy @0 = w(N) @ w’ € Wi @ Wo ® Wi,

Jp=1,..., mp
p=1,2,3

We will denote the elements of Z. using indices {—1,(0,0,0),...,(n1,n2,n3)};
note that these are (n; + 1)(ng + 1)(n3 + 1) + 1 elements. We drop the dependency
on ¢ from the notation.

For p=1,2,3 and j, =1,...,m,, define

Zj1 dags = (v + gwjll 22, Ja) ® (U + ij21 J2, Js) ® (1}5’3 + €w3)'

Write Zy = >, . i Zj j..js for the tensor obtained as sum of the mimoms =
m=L(ny — 1)(ng — 1) rank-one tensors defined above. The component of degree 3
(with respect to €) in Z; is exactly u(N).

For j1 = 1,...,mq (so that m; +j1 =m1 +1,...,n1 — 1), jo = 1,...,ma, and
j3 =1,...,mg3, define

1 1 2 2 3
Zmatigeds = Umtjy T W), gy 5y) © (), — €Wy, 5, 5,) © V.

Let Z1109 be the sum of the tensors just defined.

For k1 =1,...,my and for ks = 1,...,my define the two sets of tensors

_ 1 E 1 2 3 3
anuk270 - (Unl +e€ wjl,k‘g,jg) ®vk‘2 ® (UO —Ew )’
- p=13
Jp=1,...,mp

_ 1 2 E 1 3 3
Zk11n270 - Ukl & (vng +e€ U)kl,jz,jg) ® (UO —Ew )’
- p=23
Jp=1,...,myp

consisting, respectively, of ny — 1 and ™=1 rank-one tensors. Write Zo; and Zg; for
the sum of the first and second sets of tensors just defined.

Now, the component of degree 2 in Z; is opposite to the component of degree 2 in
Z110+Zho1 +Zo11- Let S =7Zq +Z110+ Z1o1 + Zo11- We deduce that the component
of degree 2 in S is 0.

Therefore S can be written as S = Sy + €97 + 3u(NV) and

_ 3
S1= § : U ® v ® wh o + § : 11,13 ® Uiy
i1:1 ..... ni ’Ll 1,...,
i2=1,...,n2 ig=1 ,ng

+ Z wi i, ® VL @V

for some vectors w;, ;. € Wi, w “ is € Wa, and wll i € Ws.
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Define
1 1 2 3
20,i5,i5 = (Vg — 5%2,1'3) ® v, @ Vi,

1 2 2 3
Ziy 0,i5 = Vi, ® (vg — ew;, 4,) @V,

1 2 3 3
Ziyig,0 = Vi, @, @ (vh — W) 4,)-

Let Zg 0,0 be the sum of these three families of tensors. Then S+ Zg ¢ = R+&3u(N)
for some tensor R not depending on e: in particular, if ® C [0,n4] x [0,n2] X [0, n3]
is the subset of indices (i1,%2,43) for which a tensor Z;, ;, ;, has been defined, then
R = Z(m,iz,ig)erb Zi17i2,i3|e:0~

Let Q C [0,n1] x [0,n2] X [0,n3] be the set of all the triples (i1,42,43) for which
a tensor Z;, i, i, has not yet been defined; in other words 2 is the complement of ®.
For (il,ig, ig) € Q, let Zil,iz,ig = ’Uzvl1 ® ’U?z ® ’U?j

Finally, define Z_; = (3_g'vf) @ (3_g%v7,) @ (3-6°v},). Note

Zi- > o9, o0

(i1,i2,i3) €[0,n1] x [0,n2] X [0, 73]

equals the sum over the indices of ® and of €.

Let 2. ={Z_1,20,00:---»Zn1,nams }: then Z; has (ny + 1)(ng +1)(ng +1) + 1
elements. Let E. = (Z.) C (V1 &@W;) @ (Vo & Wa) ® (V3 ® W3) and Ey = lim._, E.,
where the limit is taken in the corresponding Grassmannian.

We show that (Th @ T2)(V, @ W) C Ey (and in fact equality holds).

For every (i1, 12,13), we have Z;, i, is|le=0 = v}l ®U1-22 ®v§’3. This shows V1 @Va®@Vs C
E,.

Moreover e3u(N) = D s iniis Ziryinsis — Z—1; therefore u(N) € E. for every e;
hence u(N) € Ep.

This shows (T} @ Ts) (V) @ W) C Ey and concludes the proof. ad

Construction 2: Adding a matrix, II. Construction 1 does not apply in the
case where the weights of the edges are 2. Construction 2 addresses this setting in a
particular case. Fix a > 2. Consider the two tensors

Vs Wa
9 a
T1 = ‘/21 Vl TQ = W4. Wl
a—+2 2
( J
V3 W3

The result and its proof are similar to Theorem 3.1.

THEOREM 3.2. Let a > 2. Then

R(T1) = 4(a +2),
R(T3) = a,

and
E(Tl D TQ) = 4((1 + 2) + 1.
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Proof. Let Vi = Vo =C2, V3 = C2 and V; = CHot2) so that T} € V1@ --@ V4.
For p = 1,2, let {v},v5} be a basis of V,, and let {vj :j =—1,...,a} be a basis of
Vs.

Similarly, let W7 = Wy = C*, W3 =W, = (Cl, so that Th € W7 ® - -+ ® Wy. For
p=1,2let {wf:¢=1,...,a} be a basis of W), and let {w?} be a basis of Wj.

Regard Th ® T as a tensor in (V1 @ W) @ --- @ (V4 & Wy).

The values of R(T7) and R(T3) are immediate. The lower bound R(Ty & Ty) >
4(a + 2) + 1 follows by conciseness.

For the upper bound, we determine a set of 4(a + 2) + 1 rank-one elements Z. C
(V1 eWy) @ (Vo W) ® (V3@ Ws) such that T(V;* @ W)) C lim(Z.). By Proposition
2.1, this provides the desired upper bound.

Note

TV W) =Vi®Ve®Vs+ (u(a)),

where, as in the proof of Theorem 3.1, u(a) = Y_{ wj ® w? ® w* = uz(a) ® w’.

We will denote elements of Z. using indices {—1,(1,1,—1),...,(2,2,a)}. We drop
the dependency from ¢ in the notation.

Define the following tensors:

Zi1i= (v +ew)) @ (v} + ew?) @ (v3 + ew?) fori=1,...,a,
Z12i = (v1 +ewj) ® (v — ew;) ® v} fori=1,...,a,
Zoa,i = (v3 —ew) @ v} @ v} fori=1,...,a,
Zaai = (v3 — ew]) ® v3 ® v} fori=1,...,aq,

Ziga=v @ (©f + FXTw) @ (v - Fud),

Ziao = (0] + EX 0wl @ v} @ (v — Lw),

Zig-1 =01 ®(v3 — EY 1w} @v®,

Zz1,0 = (v3 — EY {wj) ® v} @ vg,

1.2 .3 1.2 .3
Z21,-1 = vy @V} @V, Z12,0 = v Q@ vy @,

1 2 3 1 2 3
Zao1=1v3 @03 @V, Z2,2,0 = V3 @ vy ® vp.

Finally, let Z_; = (vf +v3) ® (v +v3) ® (32", 0P).

A direct calculation shows that » . . ) crq1,-1),. 220} Ziisis = Z-1 +
e3u(a), similarly to the proof of Theorem 3.1.

Let Z,. = {Zfl, 21’1’71, ey ZQ’Q’a} - (Vi &) Wl) X (V2 ® Wg) ® (V3 ® Wg): then
Z. contains 4a + 1 elements. Let E. = (Z.) and Ey = lim._,¢ E., where the limit is
taken in the corresponding Grassmannian.

We show that (71 @ T2)(V @ W) C Ey (and in fact equality holds).

For every (i1,iz,i3) € {(1,1,—1),...,(2,2,a)}, we have Z;, ;, i|e=0 = v}, ® v, @
’U?S. This shows V; ® Vo ® V3 C Ej.

Moreover 3u(a) = D s iin.is Zinyinsis — Z—1; therefore u(N) € E. for every ¢; hence
ll(N) € Ey.
This shows (T} & T2)(V, & W)) C Ey and concludes the proof. O

Construction 3: Adding a matrix, ITI. This third construction deals with
tensors of any order. Furthermore, for large dimensions, it provides an upper bound
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which improves on the trivial additive upper bound by a factor of 2, as in Schonhage’s
construction, unlike Constructions 1 and 2 which provide a saving of a factor of 3/2
and 5/4, respectively.

Fix d > 2 and ny,...,ng. Let N < nq---ng. Consider the following two tensors:
(3.1)
Vs Wa
[
%) N
Ws Wy
T = oV, 1o = ° o %%}
°
°
®eo0
Wa

For the sake of notation, we state and prove the following result in the special
case n:=nj = --- = ng. A similar upper bound holds in general.

THEOREM 3.3. Letn, N,d € N be integers with N < n?. Let Ty, T be as in (3.1).
Then
(Tl) = ndv
(TQ) = Na

| |

and
R(TL®T:) <n 420t +n2(n+ 1) 3 +1=n%4+0n*1).

Proof. We prove the result for N = n?. The general result follows by semiconti-
nuity of border rank.
Forp=1,...,d, let V, = C" and {vfp :ip = 1,...,n} be a basis of V,,. Let

Va1 = C™" with basis {v;Hl tip, = 1,...,n}. Let Wy = Wy = CV with basis

1yeenstd

{w}l)wjd tjp = 1,...,n} of Wi and similarly for Wy. For p = 3,...,d + 1, let
W, = C!, and let w? be a spanning vector of W,,.

Regard Th @ T as a tensor in (Vi @ W1) ® -+ @ (Vyp1 & Way1).

The values of R(71) and R(7%) are immediate.

We present a border rank decomposition of 77 @ T5 providing the desired upper
bound.

For iy,...,i4, define

Gir.ooia(€) =(0i, + Ml ) ® (v, + 7N} )®

(cvf +w?) @ @ (ev, + wh) @ (ol .+ wth).

Define Q(¢) = 37, . di.....is(€), and note that R(Q(e)) < n?. Expand Q(e) in
g, writing Q(e) = Qo +€Q1 + -+ +e2172Qaq_o + h.o.t., where h.o.t. denotes the sum
of higher order (in ) terms.

CrLAaM 1. We have difg =T ®T5.

Proof of Claim 1. In each ¢;,.. ;,(€), terms of degree 2d — 2 in ¢ arise in two
possible ways:
- the tensor product of all the w terms, having degree d — 1 on the first and
second factor and degree 0 on other factors;
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- the tensor product of all the v terms, having degree 0 on first and second
factor degree 1 on factors from 3 to d (total is degree d — 2) and degree d on

factor d + 1.
All other combinations have degree different from 2d — 2, and this proves the
claim. 0

We will provide the upper bound
R(0PQ) < 20t 4 2 (n+1)47% 4 1.

CLAM 2. Let P(e) = Y072 6'Q;. Then R(P(e)) = 1.
Proof of Claim 2. Observe P(e) =Y pi, .. i,(€), where

Piroia(€) =05, ® V7, @ (e0), +w?) @ -+ @ (evf, + w?) @ wth.
Therefore

P(e) = (X;,v) ® (Z4,v5) ® (25, (v, +w®) @ -+ @ (2, (ev, +w)) @ w™,

so that R(P(g)) = 1. 0
Fork=d—-1,...,2d — 3, write Qk—Qk 7, where Q. € VieW)®---®
(Va@ W) @ Wayq and Q) € (V1 M) (Vid Wd) ® Vgy1. Note that Qj_, =0

because the component of the last factor of ¢;, .. ;, on Vgiq is sdv H

Cram 3. Let P'(e) = Y2 % 5 Q).. Then R(P'(g)) < 2n-1.
Proof of Claim 3. Observe

ctd”

Plle)= > v @E 'y wh ;) el +u®)e-- (el + w') @ w!

11,83 ,-+y%d
Y (T wl ) @) © (0, +uf) @ @ (e, +ut) @ wt
12,83,y 0d

This gives the upper bounds n¢~! for each one of the two summations above. Adding
the two contributions together, we obtain the desired upper bound. 0

CrLAmM 4. For every k =0,...,d =3, R(Q/,;) < (d;?’)nk”.
Proof of Claim 4. Every term of Qd+k arises in ¢j,,..i, as the projection on
VieV,®Us® - - ® Uz ® Vygr1, where exactly k among Us,...,Uy are equal to

the corresponding V; and the other d — 3 — k are equal to the corresponding W;. In
particular, we have

Qive= Y >, ueueQ ®®wj®(2(z/y¢J>”ll ----- )

|J|C{38,...,d} 11,12 JjEJ j'eJ
|J|=k (ij=1,...,n:5€J)

From this expression, we deduce R(QQ’_HC) < (dgg)nk”. 0
Setting P"(e) = id k@Y, Claim 4 provides R(P"(¢)) < Z ( Nnrt? =
n?(n+1)773.

We conclude that

R(Y0'7€'Qi) =R(P(e) + P'(e) + P"(¢))
<R(P(g)) + R(P'(g)) + R(P"(g)) < 1+ 204" 4 n?(n 4+ 1)473
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This concludes the proof, because Ty & Ty = lim._,0 3= [Q(e) — (P(e) + P'(e) +
P”())], giving the upper bound on the border rank
R(Ty & Tz) <R(Q()) + R(P(e) + P'(e) + P(e))
<nd+ 14204t 402 (n+1)473 O

Construction 4: Adding a higher order tensor. The last construction deals
with tensors of order 4. Fix integers ny,ng,n3. For integers a,b let [a,b] = {a,a +
1,...,b}. Consider the two tensors

Va W-

ng + 1
o= v T, =
n3+1 n1+1

A M

Vs W4

where M = M (ny,n2,n3) is the maximum possible integer such that the follow-
ing combinatorial independence condition holds. There exist four disjoint subsets
J, K1, K5, K3 of [nq] x [ng] X [ng], all of order M such that there are three bijections
s; + J = K; fixing the ith component, in the sense that if s;(j1, j2,73) = (k1, ko, k3),
then ]z = ]ﬂl

LEMMA 3.4. Let ny,ng,ng be even. Then M(ny,ng,n3) = inlngng.

Proof. Let m; = in Define

J' =

[ma] x [ma] x [ms],
K1 = [mq] x [ma +1,n9] X [mg + 1,n3] s1(j1, 2, J3) = (j1,ma + j2, m3 + js),
K3 = [m1 +1,m] x [ma] x [m3 + 1,n3]  s2(j1,Je, j3) = (ma + j1, 2, ma + Jja),
Ky = [my +1,m1] X [mg + 1,n2] x [m3]  s3(j1, ja2, J3) = (ma + ji,ma + Jj2, j3),
J" =1m1 + 1,n1] x [ma + 1,n2] x [ms + 1,n3),
K{ =[mi+1,n1] X [mg] x [ms] s1(j1,72,J3) = (j1, —ma2 + j2, —ms + j3),
Ky = [mq] x [ma 4 1,n2] x [m3]  s2(j1,J2,3) = (—ma + j1, j2, —m3 + ja),
K3 = [ma] x [ma] x [mz +1,n3]  s3(j1,J2,53) = (—ma + j1, —ma + j2, j3)- o

The position of J', K1, K}, K} is represented in Figure 1 as three subsets of the set
[n1] x [n2] % [n3]. Let J =J UJ" and K; = K[ U K/. It is immediate to verify that
this satisfies the required conditions. Moreover #.J = #J' +#J" =2. % .2 . s —

2 2 2
2 . ningng — ninonsg
8 4 '

The proof of the following result is similar to the one of Theorem 3.1.

THEOREM 3.5. Fizx ni,na,n3, and let M = M (ny,ng,n3). Then

R(T1) = (n1 + 1)(n2 + 1)(ns + 1),
R(Tz) = M,

and
E(Tl %) TQ) = (T’Ll + 1)(712 + 1)(713 + 1) + 1.
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F1G. 1. Schematic representation of J' (green) and Ki, K}, K} (gray) in the proof of Lemma
3.4. J' K{,KY,KY are represented by the three complementary cubes.

Proof. For p = 1,2,3, let V, = C™*! and V; = CmtDm2tD)(ms+) oo that
T eVi®---®Vy Let {v? :7=0,...,n,} be a basis of V,, and let {v;*l’jm3 tgp =
0,...,n,} be a basis of V. We have T1 € V1 @ --- @ Vi.

Similarly, for p =1,2,3, let W, = CM and Wy = C!. Let {w} : £=1,...,M} be
a basis of W), and let w* be a spanning vector of W,. We have Th ¢ W, ® - -- @ Wj.

Regard Th ® T as a tensor in (Vi @ W) @ --- @ (V4 & Wy).

The values of R(T7) and R(T3) are immediate. The lower bound R(T7 & Ty) >
(n1 4+ 1)(n2 + 1)(ns + 1) + 1 follows by conciseness.

For the upper bound, we determine a set of (ny +1)(ng +1)(n3 + 1) + 1 rank-one
elements Z, C (V1 @ W1) ® (Vo & Wa) @ (V3 & W3) such that T(V; @ W)) = lim(Z.).
By Proposition 2.1, this provides the desired upper bound.

Note

T(Vie W)=V @V Vs& (us(M)),

where uz(M) = iwwl} @w? @w; € Wy ® Wa @ Ws.

We denote the elements of Z. using indices {—1,(0,0,0),...,(n1,n2,n3)}. We
drop the dependency from ¢ in the notation.

Let J, K1, K2, K3 be the subsets determining M = M(nq,n9,n3), and let s, :
J — K, be the three fixed bijections.

Define bijections j : J — [1, M] and k, : K, — [1, M] for p = 1,2,3 commuting
with the fixed s;’s, namely, j =k, o sp.

If (jl,jg,jg) € J, define

1 1
Z]ujzyjs = (Ujl + EW5(51,52.53)

2 2 3 3
) @ (U5, + Wiy o i) ® (V5 + €W, o i)
The component of degree 3 (with respect to €) in 3
us (M)
If (kl, kg, k‘3) e Ky, define

J1.jans)Ed Zj1 ja.js 1 exactly

_ .1 2 2 3 3
Dk g ks = Uiy @ (U, + EWig, (k) ks ks)) © (Vg — EWe, (ky ko k) )-

If (kl, ko, kg) e Ko, define

1 1 2 3 3
Dy g ks = (U, — EWie, (k, ki k) © Vhy © (Vicy + EWie, (k1 ko k) )-

If (](71, kQ,kg) € Kg, define

— 1 1 2 2 3
Zk11k27k3 - (vkl + 6wk3(k1,k2,k3)) ® (Ukz - gwk:;(k‘l,k‘z,ks)) ® ng'
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The component of degree 2 of }° ;. 1. 1 ye ki, LKy Zhikaks 1S OPPOsite to the
component of degree 2 of 37, . . ;Zj j, ;- Indeed, the term of the form v, ®
2 3 : : 1 2 3
EW§()) daia) © EWi(i1,jarjs) 18 opposite to v, & EWN, (ke kg kig) & (_Ewkl(krl,kz,kg)) for
(k1, ko, k3) = s1(J1, J2, J3), etc. As a consequence, setting

S = Z Ly kasks + Z Zjs ga.ds>

(k1,k2,k3)EK1UKUK3 (J1,92,33)€J

we deduce that the component of degree 2 of S is 0.
Write S = Sy +&S51 + e3uz (M) and

_ 1 2 3 1 2 3 1 2 3
S1 = § :vh Qv;, QWi 4, + § :vi1 @ Wi, iy @ Vi + § :wimis ® v, ® Vg,

11,12 11,13 12,13

where wl . € Wi, w2 . € Wa,w3 . € Ws.

12,13 1,13 11,12
FOI‘?:lzl,...7Tl177;2 € 1,...,712, ig:l,...,ng,deﬁne

1

1 2 3
ZO,i2,i3 = (UO —E&Ww ) ® Vg ® Vigs

12,13
1 2 2 3
Ziy 0,i5 = vy, ® (vg — ew;, 4,) @ Vi,
1 2 3 3
Ziy ig,0 = Vi, @, @ (vh — Wy, 4,)-

By construction, S+ 37, Z0is,i5 + Doy 45 Zin,0iis T Doiy iy Linyin,0 18 0 in degrees 1
and 2 and us(M) in degree 3.
Define

Q= [0,711] X [0,7’7/2] X [0,713]\(JUK1UK2UK3UL),

where L is the set of triples with exactly one zero. The triples in €2 are the ones for
which a rank-one tensor Z;, ;, i, has yet to be defined.
For every (i1,42,13) € Q, define Z;, ;, i, = vill ®vi22 ®vf’3. It is immediate to verify

3
E Zil;i27i3 =Z 1+e¢ U3(M),
ip=0,...,np
p=1,2,3

where Z_1 = (357" gv) @ (012 gv) @ (1 gvd).
Therefore
> Zirinis — Zo1 = ug(M).

ip=0,...,np
p=1,2,3

Let Z. ={Z_1,20,00:- -+ Znynams } C V1 ®&W1) @ (V2 ®W2) @ (V3& W3): then
Z. has (n1 +1)(n2+1)(n3 +1)+1 elements. Let E. = (Z.), and let Ey = lim._,¢ F.,
where the limit is taken in the corresponding Grassmannian.

We show that (71 @ T2)(V @ W) C Ey (and in fact equality holds).

For every (i1, i2,43) we have Z;, i5 is]e=0 = Uill ®vi22 ®v§3. This shows V1 @Vo®@Vs C
E.

Moreover, e3uz(M) = >
every €. Hence us(M) € Ey.

This shows (Th @ T2)(Vy @ W) C Ey and concludes the proof. d

— Z_1 € E_; therefore usg(M) € E. for

11,19,13 Zzl 52,3
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4. Consequences on the exponent of certain graph tensors. In this sec-
tion, we use Construction 2, Construction 3, and Construction 4 to obtain upper
bounds on the exponent of the graph tensors obtained as Kronecker products of the
tensors 17 and 75 (or possibly their Kronecker powers) involved in the construction.
Following Schénhage’s technique, we use the border rank upper bound on the direct
sum (Theorem 3.2, Theorem 3.3, and Theorem 3.5) and Proposition 2.6 to determine
an upper bound on the asymptotic rank, and in turn on the exponent, of certain
tensors.

We benchmark our results comparing them with the trivial upper bound of (2.3).

4.1. Extended matrix multiplication. We use the result of Theorem 3.2 to
obtain an upper bound on the exponent of the tensor

n
no 3
EMaMu(ni,ns, n3;ng) =
N4 ni
for some instances of nq,...,n4s. We call this tensor extended matriz multiplication

tensor because it can be realized as Kronecker product of the matrix multiplication
tensor and a dangling matrix; graphically:

n
%) 3

EMaMu(nq,ng, ng;ng) = Y

ny Ny
[ J
The upper bound from (2.3) provides
w(EMaMu(ny,ng, ng;ng)) < log(ninangng) = > log(n;).

The extended matrix multiplication tensor can be realized as a Kronecker product
of the tensor T7 and T5 of Construction 1 and Construction 2; indeed

n,
No 3

EMaMu(n,ng, ng;ng) = X

Ny ny

Fix n1 = ne = 2, and write T1(n4), Ta(ns) for the two tensors above: in particular
EMaMu(2,2,n3;n4) = T1(ng) X To(n3).

We are going to use the result of Theorem 3.2 to obtain an upper bound on the
exponent w(EMaMu(2, 2, n3;ny4)).
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THEOREM 4.1. Let a > 0 and let p € (0,1). Then

w (EMaMu(Q, 2, a%;a + 2)) < — [log(4(a+2) + 1) — h(p)].

1
p
Proof. By Theorem 3.2, for every a > 2, we have R(T1 (a+2)®T3(a)) = 4(a+2)+1.
For every p € (0,1), we have

Ti(a+ 2)%" R Ty(a + 2)20~P) = EMaMu(2?, 27, a(*=7); (a + 2)P).
Therefore Proposition 2.6 provides the upper bound
w(EMaMu(2”, 27, a('=P); (a + 2)P)) < log(4(a +2) 4+ 1) — h(p).

Considering the Kronecker power with exponent 1/p on the left-hand side, we obtain
the desired upper bound. 0

Now, for every ng,ns > 2, define

log(ng — 2)
a = a(ng,ng) =ng — 2 p:=p(nz, ng) = Tog(n3) + log(ns —2)

so that ng = a7 and ng = a + 2. Let wgen(ng, ng) = % [log(4(a + 2) + 1) — h(p)] be
the upper bound of Theorem 4.1, and let wy,iv = 2 + log(ng) + log(n4) be the trivial
upper bound from (2.3). We compare the two bounds in Figure 2 for ng = 2,...,100
and ng = 4,...,100. In particular, we observe that for ngy > ngs, the upper bound
from Theorem 4.1 obtained via the nonadditivity construction is stronger than the
trivial one.

We point out that one can obtain an upper bound on the exponent of the ex-
tended matrix multiplication tensor from upper bounds on the exponent of matrix

multiplication. Indeed,
w(EMaMu(n,ng, ng;ng)) < log(ng) + w(MaMu(ny, na, n3)).

Applying the best known upper bounds on w(MaMu(ny, na, ng)), one obtains stronger
bounds on w(EMaMu(n,ng, ng;nyg)) than the one of Theorem 4.1. However, the
method followed in this section is much simpler than the methods used to obtain up-
per bounds on w(MaMu(n,nq,ns)), and yet it delivers nontrivial bounds in a wide
range, as one can observe in Figure 2.

4.2. Multiextended matrix multiplication. We use the result of Theorem
3.3 to obtain an upper bound on the exponent of the tensor

multiEMaMu(d;n, N) =

where the central vertex has degree d.
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100 i 0.4

— 0.2
—0
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-10
-30

2 20 40 60 80 100
n3

F1G. 2. Density graph of wiriv — wsen as a function of n3 and na. The blue region corresponds
to negative values (i.e., wiriv < Wgep); the orange region corresponds to positive values (i.e., weriy >
wgeh). Darker shades correspond to more extreme values.

The tensor multiEMaMu(d;n, N) can be realized as Kronecker product of the
tensors T7 and T5 of Construction 3; indeed

(4.1)
®
n N
multiEMaMu(d;n,N) = - ® ° °
°

®ee¢
Write T1(n), To(N) for the two tensors above: in particular
multiEMaMu(d;n, N) = T1(n) K To(N).

We are going to use the result of Theorem 3.3 to obtain an upper bound on the
exponent w(multiEMaMu(d; n, N)).

THEOREM 4.2. Letn >0,d >3, pe (0,1). Then

1-p

w(multiEMaMu(d; n,n? 7)) < =[log(n? + 2n%~" + n%(n + 1)%73 + 1) — h(p)].

D=

Proof. By Theorem 3.3, for every d > 3 and every n, we have the upper bound
Tl(n) S TQ(nd) S nd -+ 277,d71 + n2(n + 1)d73 + 1.
For every p € (0,1),

Ty (n)® )/ Ty (n®)PP) = multiEMaMu(d; n?, 7).
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Therefore Proposition 2.6 provides the upper bound
multiEMaMu(d; n?, n?~?)) < log [n® + 20" + n?(n+ 1)*3 + 1] — h(p).

Considering the Kronecker power with exponent 1/p on the left-hand side, we obtain
the desired upper bound. O

The trivial upper bound from (2.3) has the form

w(multiEMaMu(d; n,nd%)) < dlog(n)(1 + #)'

In the case p = 1/2, for fixed d and n large, the bound in Theorem 4.2 is approximately
2dlog(n) — 2, providing a saving of 2 as compared to the trivial upper bound. Note
that this is far away from the lower bound obtained from the flattening lower bound
on the asymptotic rank, which is (2d — 1) log(n).

Let wsen(d,n,p) = %(log(nd +2n97 1 + n%(n +1)3 + 1) — h(p)) be the upper
bound from Theorem 4.2, and let wyiy(d, n,p) = dlog(n)(1+ %) be the trivial upper
bound from (2.3).

For d = 4, we compare the two upper bounds in Figure 3 for n =4,...,100 and
pE (%, 1). The new upper bound is nontrivial unless p is close to 1 as n grows. In

particular, we obtain a nontrivial bound for every value of p < 1/2.

For p = #‘id, we have nd¥ = n. In Figure 4, we compare the two upper bounds
for this value of p, for n =4,...,100 and d = 3,...,15. For fixed d, we observe that
the new upper bound is nontrivial for n sufficiently large.

Note also that for fixed d and large n, the upper bound is approximately (d +
1) log(n) —log(1+1/d) = (d+1)log(n) —1/(d-1n(2)), which is strictly lower than the
trivial upper bound (d + 1) log(n). However, it is not better than the bound obtained
when using the best bounds on the exponent of matrix multiplication, which gives
d—2+wlog(n), where w is the matrix multiplication exponent. If w = 2, this matches

the trivial flattening lower bound dlog(n).

1 = 18
0.9 !
= 12

0.8
— 06
0.7 1
—0
06 1 I 04
0.5 4 -0.8
4 20 40 60 80 100

n

Fic. 3. Density graph of wiriv — wgep, for d = 4 as a function of n and p. The blue region
corresponds to negative values (i.e., wiriv < Wgep); the orange region corresponds to positive values
(i-e., Wiriv > wsen). Darker shades correspond to more extreme values.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/26/21 to 146.50.153.102. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

524 CHRISTANDL, GESMUNDO, MICHALEK, ZUIDDAM

15 | 0.5
— 0.25
—0
10
— -0.6
d
-1.2
5 18
3 -2.4
4 20 40 60 80 100
n
F1c. 4. Density graph of wiriv — wsen for p = d;j-l as a function of n and d. The blue region

corresponds to negative values (i.e., wiriv < Wgep); the orange region corresponds to positive values
(i.e., wiriv > wsen). Darker shades correspond to more extreme values.

4.3. Dome tensor. We use the result of Theorem 3.5 to obtain an upper bound
on the exponent of the tensor

T2

Dome(ny,ng,ng; M) =
ny

M
3
Following [9], we call this tensor dome tensor. The upper bound from (2.3) provides
w(Dome(ny,ng,ng; M)) < log(ni) + log(nsa) + log(ns) + log(M).

The dome tensor Dome(n;+1,na+1,n5+1; M) can be realized as Kronecker product
of the tensors T and T of Construction 4; indeed

ng +1

Dome(n1+1,n2+1,n3+1;M) = X
ny+1

n3+1

Fix n; = ny =ng = n; let T1(n + 1) and T5(M) be the two tensors above, and write
Dome(n + 1; M) := Dome(n + 1,n + 1,n + 1; M); moreover, restrict to the case
where n is even so that Lemma 3.4 holds. We have

Dome(n+ 1, M) =Ti(n+ 1) X To(M).
For M = %n?’, we are going to use the result of Theorem 3.5 to obtain an upper bound
on the exponent w(Dome(n + 1, M)).
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-35

2 10 20 30 40 50
n

Fic. 5. Density graph of wiriv — wsen, as a function of n and p. The blue region corresponds to
negative values (i.e., wyriv < Wgen); the orange region corresponds to positive values (i.e., wiriy >
wgen). Darker shades correspond to more extreme values.

THEOREM 4.3. Let n > 2 be even, and let p € (0,1). Let M = in3. Then
w(Dome((n + 1)?; MI 7)) <log((n +1)* + 1) — h(p).

Proof. By Theorem 3.5, we have the upper bound R(Ti(n+ 1) @ To(M)) = (n +
1%+ 1.
For every p € (0,1), we have

Ti(n+ )% @ To(M)®OP) = Dome((n + 1)P, M'~P).

Therefore, Proposition 2.6 provides the desired upper bound. ]
The trivial upper bound from (2.3) has the form

w(Dome((n + 1)?; M1 ~P))) < 3plog(n + 1) + (1 — p) log(M)

(4.2) = 3plog(n + 1) + 3(1 — p) log(n) — 2(1 — p),

where we use M = %n?’.

Let wsen(n,p) = log((n +1)* + 1) — h(p) and wyiv(n,p) = 3plog(n + 1) + 3(1 —
p) log(n) —2(1—p) be the upper bound from Theorem 4.3 and the trivial upper bound
from (2.3), respectively. We compare the two upper bounds in Figure 5 for n =
2,...,50 and p € (0,1). In particular, we observe that for n sufficiently large and p >
1/2, the upper bound of Theorem 4.3 obtained via the nonadditivity construction is
stronger than the trivial one. In [9, section 4.1], strong upper bounds on the exponent
of some instances of w(Dome(n, n,n; N)) are provided, but this result relies on more
advanced methods. On the other hand, the method presented here is extremely simple,
and it already provides nontrivial bounds on the exponent, as shown in Figure 5.
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