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ABSTRACT: The supersymmetric Rényi entropy across a spherical entangling surface in a
d-dimensional SCFT with flavor defects is equivalent to a supersymmetric partition func-
tion on H% ! x S, which can be computed exactly using localization. We consider the
holographically dual BPS solutions in (d + 1)-dimensional matter coupled supergravity
(d = 3,5), which are charged hyperbolically sliced AdS black holes. We compute the
renormalized on-shell action and the holographic supersymmetric Rényi entropy and show
a perfect match with the field theory side. Our setup allows a direct map between the
chemical potentials for the global symmetries of the field theories and those of the gravity
solutions. We also discuss a simple case where angular momentum is added.
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1 Introduction

The entanglement entropy of the vacuum is an example of a universal observable in quan-
tum field theory, independent of the existence of a particular set of fields, which has many
interesting and useful properties. Most prominent among these are its monotonicity prop-
erties as a function of the size of the entangling region [1], and the existence of a simple
geometric interpretation in the context of holography [2]. We refer the reader to the re-
view [3] for more information.

The Rényi entropy is a one parameter refinement of the entanglement entropy. Besides
containing additional information, the Rényi entropy is notable for having a straightforward
Euclidean path integral interpretation known as the replica trick [4]. Supersymmetric Rényi
entropy (SRE) is a twisted version, in the sense of (—1)", of Rényi entropy which can be
defined for supersymmetric theories in a variety of spacetime dimensions and with varying
amounts of supersymmetry [5-8]. Unlike Rényi entropy, SRE can be calculated exactly at
arbitrary coupling using the method of supersymmetric localization. It nevertheless shares
many of the interesting properties of the untwisted version, including the ability to recover
the entanglement entropy as a limit.

In a d-dimensional superconformal field theory (SCFT), the SRE for a d—2-dimensional
spherical entangling surface can be computed using the partition function on a d-sphere,
branched n times over a maximal d — 2-sphere, where the metric has a conical singularity.
In holographically dual solutions, gravity becomes dynamical and the issue arises of how
to treat such a singularity. By conformally mapping the branched sphere to H¢ ! x S!,
where H denotes hyperbolic space, the singularity is pushed to infinity. The Rényi entropy
is mapped to the thermal entropy in this space, with the new Euclidean time having
periodicity 8 = 2wn. The SRE is likewise mapped to a twisted thermal partition function.
The details of the singularity are encoded in the boundary conditions on this space. The
gravity duals are hyperbolically sliced solutions, so-called “topological” black holes, whose
boundary is indeed of the form H¢ ! x S'.

The computation of the SRE in d-dimensional models (d = 2,3,4,5,6) with a holo-
graphic dual was performed, respectively, in [6, 8-13]. The matching with the gravity
computation of the SRE was achieved with supergravity hyperbolic black holes supported
by a single gauge field, which corresponds to the graviphoton. Here, we take this one step
further by considering supergravity backgrounds with more general couplings, in particu-
lar vector multiplets. The corresponding dual field theory computation therefore includes
fugacities for the global symmetries of the theory in the thermal picture. Equivalently,
co-dimension two flavor vortex defects are included in the d sphere picture. In gravity,
we work with four and six-dimensional supergravity solutions, achieving a match with the
field theory SRE in d = 3,5 by evaluating the supergravity renormalized on-shell action.
We choose to work with d odd because the finite part of the free energy in the field theory
is believed to be universal in odd dimensions. For comparison, in the even d case the
coefficient of the Weyl anomaly is always universal, while the subleading piece may only
be universal in the presence of a sufficient amount of supersymmetry [14]. By working
in even-dimensional supergravity, we also avoid subtleties in holographic renormalization



schemes related to the Casimir energy, see e.g. [15-17]. Let us, however, mention that the
SRE of supergravity solutions in d+1 = 5,7, coupled to matter were compared to the field
theory result, respectively, in [7, 18].

The aim of this paper is twofold. On one hand, we wish to investigate how the SRE
is computed holographically in the case where matter couplings are incorporated — in the
present case, this consists in considering hyperbolic black hole solutions supported by vector
multiplets. On the other hand, our setup allows us to directly map the fugacities appearing
in the field theory computation to the black hole chemical potentials. The mapping that
we obtain is then rather manifest.!

The paper is organized as follows. We will first provide results for the supersymmetric
Rényi entropy with flavor fugacities for specific models: the ABJM model in d = 3, and a
N =1, USp(2N) gauge theory with Ny fundamental and one anti-symmetric hypermulti-
plets in d = 5. These models have well known gravity dual descriptions. We then focus on
the gravity duals to SRE in four and six dimensions, which are hyperbolic black holes. We
spell out the solutions, which are new in the d = 6 case, and compute their renormalized
on-shell action. We show that this matches with the SRE computation. In appendix A,
we explicitly construct the Killing spinors for the hyperbolic black holes. Appendix B
shows the computation of the renormalized on-shell action via holographic renormalization
techniques and appendix C shows that the black hole charges computed from supergravity
match those computed in the SCFT. In appendix D, we present a simple example of a
rotating hyperbolic black hole which generalizes the static case in section 3.1, and provide
the value of its renormalized on-shell action.

2 Field theory

In this section we calculate the free energy of SCFTs on H% ! x S! that are holographically
dual to our hyperbolic BPS black holes. We first introduce the supersymmetric Rényi en-
tropy (SRE) and its deformation by BPS vortex defects. We then describe the relationship
of these defects to black hole chemical potentials. Using supersymmetric localization, we
construct an appropriate matrix model which captures the exact answer for the free energy.
Finally, we use large N techniques to explicitly evaluate the matrix model for field theories
dual to the black hole solutions.

2.1 Supersymmetric Rényi entropy

We briefly review the definition of Rényi entropy and its supersymmetric counterpart
(SRE). We then show how co-dimension two defect operators alter the localization result

!For instance, in the case of rotating electric black holes, an elegant prescription to map the black hole
chemical potentials to the field theory ones was recently put forward in [19]. This procedure requires taking
an extremal limit of a family of supersymmetric, complexified solutions, and the definition of the black
hole chemical potentials via appropriate subtraction of the extremal BPS values. In our framework, upon
Wick-rotating the BPS black hole solution we are left with a regular geometry with topology R? x H¢™!,
where a formal finite temperature can be defined. This allows us to directly map the chemical potentials
in gravity into those on the field theory side, with no need for such a subtraction.



for SRE. Finally, we relate such defects to chemical potentials in the partition function on
hyperbolic space.

2.1.1 Definition of Rényi entropy

Following the notation in [3], we define entanglement entropy for a vacuum state ¥ by
first making a choice of a subregion A of a spatial slice. The complement will be denoted
by B = A. We make the assumption that the Hilbert space of the theory can be likewise
locally split as®

H=Has@HB. (2.1)

We then form the reduced density matrix corresponding to A
pA = trp |¥) (¥] . (2.2)

The entanglement entropy associated to A can be defined as the von Neumann entropy

of pa,
S(A)=—Trpalogpa. (2.3)

The Rényi entropy is a one parameter refinement of the entanglement entropy defined by

1
Sp (A) = . logtrpy, néeN. (2.4)
It satisfies the relation
lim1 Sp(A)=S5(A), (2.5)
n—

where the limit is understood to be taken using an appropriate continuation to non-integer
n. We will restrict our attention to the case where A is the d — 1 ball and the entangling
surface is 0A = S92,

The Rényi entropy of a quantum field theory is, in general, divergent. However, for d
odd the finite part of the Rényi entropy of a CFT is believed to be a universal observable
(see [3] and references within).

The Rényi entropy can alternatively be computed using the replica trick [4]. One
considers the path integral on an n-fold cover of the original spacetime branched around
the entangling surface 0A. Denoting the partition function on this space by Z,, we will
define the n-th Rényi entropy for a positive integer n by

Snzlinlog((ZZSn>. (2.6)

This definition is incomplete because the branching means that the spacetime correspond-

ing to Z,, is not smooth but has conical singularities. One could complete the definition by
specifying appropriate boundary conditions for all fields at dA. We will instead concentrate
on the definition of SRE, reviewed in section 2.1, which uses a particular prescription for
smoothing out the singularities [5].

2For a critical discussion of the validity of this assumption, see references in footnote 3 of [3]. The
subtleties associated with this splitting will not affect our results.



The line element on a branched d sphere is defined as the round sphere metric with a
different coordinate range

ds? = €2 (d6* + sin?(0)dr? + cos?(0)dsZ.») ,

(2.7)
0e€l0,7/2), T€][0,2mn).

This metric has a conical singularity along the co-dimension two maximal d — 2 sphere
at 0 = 0.

For n a positive integer, the branched sphere is related by a Weyl transformation to
the branched version of R? used to define the n-th Rényi entropy [20]. In order to avoid
working with a singular space, we can conformally map this space by cot(#) = sinh(x) to
H4! x S! with line element

ds%d,lxgl =dr? +dy* + sinh(X)stgd,Q , (2.8)
X € [0,00], T €]0,27mn). '
The Rényi entropy maps to the thermal entropy in this space with inverse temperature
f = 2mn. The singularity at # = 0 is mapped to x — oo [20].

2.1.2 Definition of supersymmetric Rényi entropy

The supersymmetric Rényi entropy (SRE) is a twisted version, in the sense of (—1)f, of
Rényi entropy [5-8]. In order to preserve supersymmetry in SRE, one must give nonzero
values to additional fields, aside form the metric, in the background supergravity multiplet
to which the SCFT is coupled [21-24]. Specifically, one needs to turn on a background

() which is flat in the bulk of the space and has a delta function

R-symmetry gauge field, A
like field strength supported on the singularity [5]. For example, in a three-dimensional
N = 2 field theory we have [5]3

-1
2n

After the additional Weyl transformation to H%! x S!, the SRE is related to a twisted,
F

AR — "

dr. (2.9)

in the sense of (—1)", version of the thermal partition function which we can call the
hyperbolic indez, in analogy with the superconformal index [25, 26]. A representation of
this quantity as a trace over the Hilbert space Hya-1 of states on H?~! was given in [27].

Including flavor charges, we can write?

Zflusy _ Terdel ef2frn(H7iZI aIQ?aV°r+i%QR) ’ (2‘10)

where H is the Hamiltonian, Qg is the R-symmetry charge, Q?avor are flavor charges, and
the o are flavor chemical potentials. The SRE is then defined as®

Z7slusy

SUsy\n
(Z7)
3The sign of A chosen here, which is correlated with the choice of Killing spinor preserved by SRE,

1
SRE _
Sy = 1_nlog

(2.11)

corresponds to our gravity conventions and is opposite to the one chosen in [5].

4As an index, Z5" does not change under renormalization group flow, and thus can be computed either
in the UV or the IR SCFT. The parameter n is a chemical potential for a combination of charges commuting
with the supercharge, similar to those found in [25, 26].

5The absolute value, which is absent from the usual definition of Rényi entropy, is used here to avoid
some subtleties associated with possible non-universal terms. See [5] for a discussion of the d = 3 case.



2.1.3 Localization and deformation of SRE

The partition function defining the SRE can be computed exactly using the method of
supersymmetric localization [28, 29]. In the case of SRE in three dimensions, the matrix
model one gets from localization coincides with the one used to compute the partition
function on the squashed sphere with the squashing parameter related to n in a simple
way [5, 30].5 This relationship continues to hold for higher dimensions and we consequently
make no distinction between the free energy in the two matrix models.

The partition function defining the SRE can be refined by supersymmetric deforma-
tions while remaining amenable to localization [5, 31].7 Deformations include masses for
matter multiplets and Fayet-Iliopoulos (FI) terms for abelian vector multiplets. These de-
formations break conformal invariance. Additionally, the form of the coupling of the theory
to the background supergravity fields, including A%, depends on a choice of R-symmetry
current. If the R-symmetry is abelian, one may choose an arbitrary linear combination of
R-symmetry and abelian flavor symmetry currents. In an SCFT, a particular combina-
tion, the result of dynamical mixing, is dictated by the superconformal algebra where the
R-symmetry transformations appear [32, 33].

Supersymmetric operators can also be added to the SRE. These include Wilson loops
and co-dimension two vortex defects [31, 34, 35]. The latter are inserted by demanding that
the fields in the path integral have prescribed singularities on the defect worldvolume [36].
If the defect is in a flavor symmetry this is equivalent to introducing background flavor
symmetry gauge fields which are flat outside the defect. In fact, the deformation leading
from the usual sphere partition function to the SRE is itself such a defect, embedded
in the background supergravity multiplet. Due to this, addition of flavor defects to the
SRE, oriented along the same sub-manifold, is essentially the same as the R-symmetry
mixing effect described above. However, the strength of the defect is now unrelated to
the superconformal algebra and represents a deformation of the SRE. In the hyperbolic
picture, such a defect is mapped to the holonomy of a flavor symmetry connection along
the time direction, i.e. a flavor fugacity. The chemical potentials « for such a fugacity are
linearly related to the Aﬂa"or flavor gauge fields introduced below, with a proportionality
constant which depends on the normalization of the charges.

2.1.4 The SRE matrix model deformed by defects

The matrix model for the round sphere deformed by co-dimension two defects, in dimen-
sions d = 3,4, 5 was derived in [37]. It was shown that a background U(1) flavor symme-
try connection Af®°r with holonomy exp (ZWiAEavor) induces, after localizing to a matrix

model, a mass deformation term
Mdefect = _iAgavor . (212)

The fact that the mass is imaginary is part of the relationship to R-symmetry mixing.
The large N limit of the same matrix models in the presence of R-symmetry mixing or

SThis is true at the level of the matrix model, not just the final result.
"We describe the situation in three dimensions. The situation in five dimensions is analogous.



of mass terms has previously been derived in [38—40]. The mixing parameters are usually
called A, while masses are denoted by m. Besides being purely imaginary, the mass term
induced by the defect also has an origin which is naturally Aflaver — 0. This is true also
for the real “physical masses” m. On the other hand, in a theory which has a non-abelian
R-symmetry group, the A’s have an origin which is determined by the canonical R-charge,
or the canonical dimensions, of matter multiplets. In three dimensions this is A = 1/2,
while in five dimensions it is A = 3/2.

Taking all this into account, and using the relationship between n and the squashing
parameter b derived in [37], the defect deformed three-dimensional matrix models are given
by those of [38] with the substitution®

1 QnAﬁavor 1
Athelre = 5 + niﬂil ) bthere = % . (213)
For five-dimensional A/ = 1 theories appearing in [40], we can simply take
Mthere = _iAEavor’ (-‘_}there = (17 17 1/”) ' (214)

We will adopt a democratic convention for the deformation parameters A, whereby
the physical parameters are augmented by one additional parameter and a constraint is

imposed. Interpreting A as the result of a flavor defect, we will add a corresponding Aftaver,
The constraint in terms of Af#¥°r is simply
> Aflevenl — g, (2.15)
I

2.2 Squashed S? free energy

In this section, we review the squashed S partition function and its large N limit, as
analyzed in [38, 39]. For the purpose of this paper, we consider the ABJM model [41],
which is holographically dual to an AdSy x S7/Z;, background of M-theory. ABJM is a
three-dimensional N' = 6 supersymmetric Chern-Simons-matter theory with gauge group
U(N)k x U(N)_g (the subscripts represent the CS levels) with two pairs of bi-fundamental
chiral fields A; and B;, i = 1,2, in the representation (N,N) and (N,N) of the gauge
group, respectively. The chiral fields interact through the quartic superpotential

W ="Tr (AlBlAQBQ - AlBQAQBl) . (216)

In the N' = 2 formulation, the ABJM model has a U(2) x U(2) action which acts
separately on the chiral fields A;2 and Bis. There is a U(l)3 subgroup of the Cartan
of this group which preserves the superpotential, a particular linear combination of which
is gauged. In addition, there are two topological U(1); symmetries. The current for one
of these topological symmetries is set to zero by the equations of motion. Due to the
appearance of Chern-Simons terms, the action of the other U(1); is mixed with the gauge

8The setup is symmetric with respect to inversion of b. In order to conform to the notation in [38], we
set b =1/y/n instead of b = y/n as in [37].



group action. We will work in a gauge in which the fugacity conjugate to the remaining
topological symmetry, which could be explicitly added using an FI parameter, is fixed to 1.
The remaining global symmetry group, which we will call the flavor group, is given by the
U(1)? compatible with the superpotential acting on the chiral fields. The model admits
therefore a three-parameter space of flavor symmetry, or A type, deformations.’

We introduce the R-charges Ay, I =1,...,4, one for each of the four fields {4;, B;},

satisfying
4
Y oA =2, (2.17)
I=1

The partition function can be written as

N by -
SR iE e B 219

1=

where

ik .
Fgg =2log Nl = 5 1 (A? - A?)
=

ol (2] s (5]
() o
0

+ log

-3 {log [2 sinh

1<j

N 2 .

S Ys (?(1—%)— It
ij—lafl

—ZZSQ (ZQ 1 Ay) + b)
i,j=1 b=3

Here, Q = b+ 1/b and S2(A[b) is the double sine function.

Large N free energy. Consider the following ansatz for the large N saddle point eigen-

value distribution,
A= N2 v, N = NV 4w (2.20)

In the large N limit, we define the continuous functions t; = t(j/N) and v; = v(j/N),
0j = 9(j/N); and we introduce the density of eigenvalues

p(t) = %%, s.t./dtp(t) —1. (2.21)

At large N the sums over N become Riemann integrals, for example,

N
Y N / dtp(t). (2.22)
j=1

9We would like to thank Alberto Zaffaroni for explaining this point.




The large N free energy is then given by [38, 39]

Fg [p(t),0v(t), Ar|b
PO S0 b [ttt ([ awnto-1) (223
b3 & sut) .\ w2
—mal(z—A;f)/dtp(t)? (2 o +ma> — S ATA-AD)|,

where we defined du(t) = v(t) — 9(t), AT = Ay + Ay, AT = Ay 4+ Az, and we added the
Lagrange multiplier « for the normalization of p(¢). Setting to zero the variation of (2.23)
with respect to p(t) and dv(t) we obtain the following saddle point configuration. We have
a central region where

16b’7 + 4Qk‘t(A1A2 — A3A4)

t) = ,
p(t) 4720293 (A1 + As)(Ag + A3) (A1 + Ag)(Ag + Ay) %y . _ 2
— <t < .
Su(t) — 2mb%ht Y oo DalpAc — ATH2QY(A1Ag — AzAy) QkAy QkA;
Y N 8by + QQk’t(AlAQ — A3A4) ’
(2.24)
When dv = —wbQA5 on the left the solution reads
2by + QktAs 2by 2by
£ = - <t<— . (225
p( ) szQQS(Al — AQ)(AQ + A3)(A2 + A4) kAo kA ( )
while when dv = 7bQA4 on the right the solution is given by
2by — QktAy 2by 2by
t)=— , <t< . 2.26
P( ) WQbQQS(Al + A4)(A2 + A4)(A4 — Ag) kA3 kA4 ( )
The normalization of p(t) fixes the value of 7 as
Q2
= —VEAIAJA3A,. 2.27
v /2 18282304 ( )
Plugging the above solution back into (2.23) we obtain the squashed S? free energy!®
IN3/2 N3/2$)2 2
FS? (A]|Q) = 3 Y= T 3 Q \V 2]€A1A2A3A4 = %Fgg,(A[), (2.28)

where Fgs is the free energy of ABJM on the round S3, i.e. b = 1, see [42, section 5]. This
is precisely [38, (3.38)].

2.3 Squashed S° free energy

In this section we review the large N limit of the squashed S° free energy of the USp(2N)
gauge theory with Ny hypermultiplets in the fundamental representation and one hyper-
multiplet in the antisymmetric representation of USp(2/N), as analyzed in [40]. The gauge
theories of interest live on the intersection of N D4-branes and N; D8-branes and orien-
tifold planes in type I’ string theory and are holographically dual to a warped AdSg x S*
background of massive type IIA supergravity [43] (see also [44-47]).

%The first equality arises from a virial theorem for the free energy (2.23).



The perturbative partition function can be written as'!

pert o [ d\i| —Fs (M)
ZS5 = | I 5 e So , (2.29)
o T

X [i=1

where

Fgs = Nlog2 + log N! — N log S5(0(&) + (N — 1) log S5 (ima + “’got

5) (2.30)
N N N
SN Y log S5 (i [FN £ A [@) — Y log S5 (£2i|@)

i=1 i>j i=1

1 473

2
WiwWaws gy

N
+ Zlog S3 (i [:E)\z + )\J] +img + w;()t
i>j

with S3(A|W) being the triple sine function. Here, m, and my are the masses for the hyper-

N
&) + Ny Y log Sy (i +imy + <5
=1

multiplets in the antisymmetric and fundamental representations of USp(2N), respectively.
We also introduced the notation

Wiot = W1 + wa + ws , S3(£z|0) = S3(2|@)S3(—2|@) . (2.31)

Large N free energy. We may restrict to A\; > 0 due to the Weyl reflections of the
USp(2N) group. Consider the following ansatz for the large N saddle point eigenvalue
distribution,

\j = N°tj, (2.32)

where « € (0, 1) will be determined later. As in the previous section, at large N, we define
the continuous function ¢; = t(j/N) and we introduce the density of eigenvalues p(t),
see (2.21). In the large N limit, \; = O(N/?) (see (2.32) with o = 1/2). Therefore, at
large N, the contributions with nontrivial instanton numbers are exponentially suppressed.
In the continuum limit, the free energy (2.30) is given by [40]'2

1+3a T _ T T
P lomald) = 2 TEZE [ - ([ aote) 1)

WiWaWws 3
(2.33)
_ T (Wtot ma) / dtp(t)/ dt/p(t/) [t+t,+|t—t,‘] ,
Wi1WaWws 8 0 0

where we added the Lagrange multiplier x4 for the normalization of p(t). In order to have
a consistent saddle point « acquires the value 1/2, and thus Fss x N 5/2, Setting to zero
the variation of (2.33) with respect to p(¢) we find the following saddle point configuration

2[t] 1 2 2)1/2
t) = , ty=—— (W2, +4m ,
p( ) t* \/i\/m ( tot a) (2 34)
M— . ™ N5/2 (wz +4m2)3/2 .
3\/50.)10.)20.)3 8 — Nf tot “ .

1We will neglect instanton contributions as they are exponentially suppressed in the large N limit.

2Notice, that the free energy at large N does not depend on the masses of the Ny fundamental hyper-
multiplets. As it was shown in [40, (3.22)] their contribution to the large N free energy is of order O(N3/?)
and, thus, subleading.



Plugging this back into (2.33) we obtain the squashed S® free energy of the USp(2N) theory,
that reads (cf. [40, (3.38)])!3

™2 N5/2 9 9\ 3/2
T U5 (wioe +4mg)™ " (2.35)

. 2
Fig (mal&8) = 21 =

Introducing the redundant but democratic parameterization
2i 2i
Ar=1+4-Lm,, Ag=1--"m,, (2.36)
Wtot Wtot
(2.35) can be rewritten as
V2m o Wi, N5/2
15 wiwaows /8 — Nf

Fys (Ai|@) = — (AA)Y2 A+ Ay =2. (2.37)

Finally, setting Aj 2 =1 and wy 23 = 1, we find the round S° free energy [48]

_9\/571' N5/2
5 8—Nf.

Fgs = (2.38)

3 Four-dimensional solutions from the stu model

We treat here the four-dimensional gravitational backgrounds used to compute the holo-
graphic supersymmetric Rényi entropy. This section is organized as follows: before delving
into the more intricate matter coupled solutions, we start by reviewing the simple case of
the minimal supergravity BPS hyperbolic Reissner-Nordstrom and its SRE computation
as done in [11, 12]. After this, in 3.2 we first recall the basic features of four-dimensional
abelian Fayet-Iliopoulos (FI) gauged supergravity and present the hyperbolic matter cou-
pled black hole solutions which first appeared in [49], leaving the details of the supergravity
formalism and the BPS equations to appendix A. In 3.3, we compute the renormalized on-
shell action and compare the result with the field theory computation in subsection 3.4,
making contact with the minimal case as well. The complete procedure of holographic
renormalization is spelled out in appendix B.

3.1 Warm up: BPS hyperbolic Reissner-Nordstrom

The computation of the SRE for hyperbolic solutions of N/ = 2 minimal gauged super-
gravity was treated in [11, 12]. The gravity configurations are solutions to the equations
of motion of the bosonic action

1
S = /d4x\/§ <R = P " = 6> : (3.1)

lags
and read
2 oM Q? dr?
ds? = — ZT 12 @ de? + " + 72(d#? + sinh?(0)d¢?),
lias rooor (l{2 —1—w+%2)
AdS r r

(3.2)

13The first equality arises from a virial theorem for the free energy (2.33).
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with gauge field A; = %dt + cdt. cis a gauge term to be fixed later, in such a way that
the gauge field is zero at the horizon r, where g vanishes, g (ry) = 0. In order for
the solution to preserve 1/2 of the supersymmetries, the relation @ = iM should hold. In
other words, the charges of the solution should be purely imaginary. As we elaborate later
on, this is not a problem because our aim is to study an analytically continued solution
in Euclidean signature, obtained by ¢ — —ir, where the metric nevertheless remains real.
With a slight abuse of terminology, consistent with the literature, we will continue referring
to these solutions as “topological” or hyperbolic black holes. We set for simplicity Iaqs = 1.

First of all, imposing the BPS relation M = —iQ and the fact that gu(ry) = 0 we

have that
Q=iry(1xry). (3.3)

The Wick rotated solution is characterized by a temperature 7', found as the inverse pe-
riodicity of the 7 coordinate, once we impose that the metric caps off smoothly at r.

Indeed, for r — r4 the metric, upon changing coordinates to R = 22(::?1), approaches
ds? = dR? + R2d7?(2ry — 1) + r2(d6? + sinh?(0)d¢?) . (3.4)
Therefore, the periodicity of the 7 coordinate should be § = AT = 27,2;_1‘ The tempera-
ture'? is the inverse of this period:
2’["+ —1
T=—— 3.5
o (3.5)
In order for the gauge field not to be singular at the horizon
_ 9 _
A(ry) = —dt+cdt =0, (3.6)
T+
we set ¢ = —%. We define the chemical potential ¢ as the asymptotic value of the gauge

field, therefore ¢ = lim,_,o, A; = c.
To find the SRE, one identifies T with Ty /n, where Tj is the temperature of the neutral
black hole and n is the replica parameter. In this way,

1
T=—. 3.7
2mn (37)
Combining (3.5) and (3.7), we can extract the value of v as a function of the replica
parameter n:

nFl
r+ = on .

We choose the lower branch since, for n = 1, r4 should go to unity. Similar reasoning makes

(3.8)

us choose the lower sign in (3.3). The expression for the free energy found in [11, 12] reads

[ = Yol(H)5 (—ri’; 1iQ — 2) , (3.9)

7G4 T4

1 Once again this we denote this as “temperature of the black hole” but indeed we stress that its meaning
comes from the Euclidean solution.
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which, upon using (3.3), (3.8) becomes

I— Vol(H?*)B (n+1)* 7 (n+1)2
- 871Gy n2  8G4, n

(3.10)

This matches the branched sphere partition function on the field theory side [11, 12], upon
setting Ay = 1/2, I = 1,...,4, in (2.28) and using the standard AdS,/CFTj3 relation
L — 2V2N3/2 4 the regularized volume Vol(H?) = —27 [11].

Gy 3
Finally, we notice that the chemical potential takes the form
Q ) .n—1
¢ . 1( ’I”+) 1 om ( )

matching the value of the R-symmetry background field (2.9). We record this expression
as it will be useful later on in the computation of the SRE in the matter coupled case.

3.2 Hyperbolic black hole solutions of the stu model

The AdS4 black holes with hyperbolic horizon we are after are solutions to abelian FI
gauged supergravity in four spacetime dimensions. U(1) FI gauged supergravity arises as
a truncation to the Cartan subalgebra, U(1)*, of A' = 8 gauged supergravity. The model
thus obtained, called the stu model, corresponds to the prepotential

F(X) = —2iVX0XTX2X3 (3.12)

in the standard notation of N' = 2 supergravity. We will deal with a purely electric
solution that has a hyperbolic horizon, supported by purely real scalars. In the BPS
limit, the solution correspond to a 1/2 BPS black hole, preserving 4 out of the original
8 supercharges.

Spherical black holes of this model were constructed in [50, 51], and later elaborated
upon in [52]. The hyperbolic solution, along with its uplift to eleven dimensions, first
appeared in [49]. Tt is a static black hole characterized by the following metric

U(r) dr?

ds? = — ; de? + ) + h%(r)(d#? + sinh?(0)d¢?) (3.13)
with
1 I 2 2 2 2
Ur) = —f(r), r)=-1-—54+4¢>*H,  Kh2(r) = VHr?, 3.14
(r) ﬁﬁﬁ f(r) - +dg (r) (3.14)
and b
H = H HyH3Hy HI:1+7I, I=1,...,4. (3.15)

We set g = 1 from now on, and notice that we have rescaled time to match the asymp-
totic geometry (2.8). The non-vanishing components of the vector fields supporting the
configurations are

1 1\ ar
Al=Z(1—-—=— ) Edt+clat 3.16
2( H,>bf Lt (3.16)
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where we have included four constant parameters ¢! (to be determined later) which are
required so that the gauge fields are non-singular at the horizon.
The equations of motion are satisfied if the parameters satisfy the following relation:

b[ = ,U,Sin2(C[) s qr = uSin(C[) COS(CI) . (317)

Uppercase indices I,J run from 1 to 4, while lowercase ones 4,5 run from 1 to 3. The

magnetic charges are set to zero, hence this is a purely electric configuration. The scalar

fields z' are real and parameterized by the holomorphic sections X?, 2/ = X?/X%. They

assume the form [50]

1 H H» 2 H H; 3 H H,
H3Hy’ HyHy’ HyH3

The uplift of the solution to eleven-dimensional supergravity was performed in [49], where

z

(3.18)

the solution was interpreted as the decoupling limit of spinning M2-branes. The BPS
branch, which provides the solutions of interest here, is obtained by setting © = 0 and
by taking

qr = iby . (3.19)

This configuration solves the BPS equations, as shown in appendix A.1. Notice that the
electric charge assumes a purely imaginary value, as it did in the minimal case studied
in [11, 12]. This is not a problem, as our aim is to study an analytically continued solution
preserving supersymmetry. For this purpose, it is legitimate to take some parameters to
be genuinely complex, since the Killing spinor equation, being analytic in the supergrav-
ity fields, will still admit a solution in the complexified background. Nevertheless, the
Euclideanized metric in this case will remain purely real. It would be desirable to find a
suitable solution directly in Euclidean supergravity coupled to matter multiplets, however
in the following we will content ourselves with (a Wick-rotated version of) the Lorentzian
solutions at hand.

The hyperbolic Reissner-Nordstrom solution discussed in the previous subsection is
recovered from our setup upon taking the scalars to be constant

Hi=Hy,=Hs=H,=H, =1, i=1,2,3, (3.20)

taking all the gauge fields equal, and redefining the stu fields A! (see [49, (3.15)]) as
AT = A/2. By doing so, the number of independent electric charges reduces to one, that
of the graviphoton A.

3.3 Holographic supersymmetric Rényi entropy

From the stu black hole at our disposal, we can compute the temperature (see footnote 14)

i
A4 dr ’

T+

(3.21)

which turns out to be
B (T‘i(bg +bs+ 27“+) —b (b2b3(2b4 + T+) +bobyry +bsbyry — Ti) + by (Ti — bgb47“+))
27T7“+\/b1 +r+\/b2+r+\/b3+r+\/b4+r+

(3.22)
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Here, r; is the location of the horizon, obtained by requiring U(r;) = 0. We leave
the quantity r4 implicit for the moment: trying to solve for r, from the vanishing of
the warp factor yields a quartic equation whose explicit expression is quite cumbersome
to manipulate.

Consider the uncharged black hole ¢; = g2 = g3 = g4 = 0. In this case, the requirement
U(ry) =0 gives 472 — 1 =0, hence 74 takes the simple form

Denoting by Ty the temperature of the uncharged black hole, we have
1

Ty = —
0 27‘(’

(3.24)

which will be useful later when defining the supersymmetric Rényi entropy.
In order for the gauge field to be non-singular at the horizon, we require A’(r,) = 0.
Given the expression (3.16), this leads to

. 1 >
d=-t(1—o—— ), 1=1,....4. 3.25
2( Hi(ry) (3.25)

The chemical potentials ¢; are defined as the asymptotic values of the gauge fields. They
assume the form (we do not distinguish here between upper and lower indices on the
chemical potentials)

=c =—= , I=1,....4. 3.26
¢I ¢ 2 b[ + T4+ ( )

By inserting (3.26) into (3.22), we can express the temperature as a function of the

chemical potentials in the following way:

—i(¢1 + P2+ 3 + ¢pa) + 1 .
(VT = 2i1v/T — 2igo/T — 2igay/T — 2ig)

where we have once again left r; implicit. We also point out that the quantities ¢; are

(3.27)

T —
s

imaginary, therefore T' is real, as it should be. At this point, we can define

1
T="=_"_. 3.28
n 2mn ( )
Solving this equation for r4 we obtain
1 V1 =2ig1/1 = 2iga/1 — 2i3+/1 — 21y
Ty = _— . :
T o L —i(¢1 + ¢2 + ¢3 + ¢4)

Additionally, we know that the quantity 7, must satisfy the relation U(ry) = 0. Inserting
the definitions (3.26) into U(r;) = 0 yields the condition

(3.29)

L+ n?(g1+ b2+ ¢+ ¢a +1)> =0, (3.30)
which is solved by
i(l£+n
b1t br by oy = 2 (3.31)
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We choose the lower sign since for n = 1 we should have zero chemical potential. As we
will see in a moment, the choice of the upper branch translates in the dual field theory to a
constraint on the value of the R-symmetry background field. To recapitulate, at this point
we have obtained the expression (3.29) for r in terms of the chemical potentials and the
Rényi parameter n, supplemented by the constraint (3.31).

The renormalized on-shell action I is computed by adapting the procedure of [53] to
the case of hyperbolic horizons. The computation, reported in appendix B, is tedious and
not particularly illuminating. In the end, the thermodynamical potential reads

_ BVol(H?) / p

1= (—5 + u) , (3.32)

where Vol(H?) is the (regularized) volume of H2, and 3 = 1/T is the period of the Euclidean
time direction. For the BPS case p = 0, we have

S BVol(H?) ;. 2mVol(H?) <i\/1 —2ip1/1 — 2iga/T — 2igg/T — 2i¢>4) (333)

8rcGy  8mcGy 2(i+ ¢1 + ¢2 + @3 + ¢4)

This expression is useful when comparing with the field theory result Z,, (2.28). The free
energy of the black hole is given by

I=—log Z(¢1,T). (3.34)

The state variables are computed according to

8[) ¢1<81> <8[> 1(5[)
E=(=) - = (=) . Spp=0—| -1, Or=—(=—] . (3.35
<35¢ﬁ8¢15 b =P\25), 1=5\a0 ), @
The renormalized on-shell action, (3.33), is computed in the grand canonical ensemble. In
this ensemble, the Gibbs potential W is given by (see appendix B)

W:é:E—TSBH—cbIQI—i-A<¢1+¢2+¢3+¢4—i(1;n)> : (3.36)

where () are the electric charges of the black hole, and we inserted the Lagrange multiplier

A which enforces the constraint (3.31) among the chemical potentials.

3.4 Holographic matching

In this section, we perform the holographic matching. The asymptotic value of the four-
dimensional bulk gauge fields is related to the dual field theory flavor symmetry connection,
defined in section 2.1.4, as

Al e = 00) = ¢rdt = (ATorl(§3) 4 AT ar, (3.37)
where we have used t = —ir. To preserve supersymmetry, the background R-symmetry

gauge field must have the form (2.9). The background R-symmetry gauge field is identified
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with the chemical potential related to the R-symmetry gauge field in supergravity, which

is the diagonal combination'®
A (1 5 00) = 2 (61 4 o + b3 + da) dt = it = L "q (3.38)
bulk =1 \" 2 3 4 T = Tan T, .

that appears in the supercovariant derivative of the spinor parameter in the susy varia-
tions (A.1). Notice that Al()]jl)k = %A(R). As a simple consistency check, (3.38) is precisely
the relation (3.31) obtained previously.

We are now ready to make contact with the field theory. The bulk fields correspond to
the holonomies, shifted by the amount (1 —n)/(4n) due to the R-symmetry connection. In
other words, we use the mapping (2.13) between the holonomies Aflavor.l and the parameters
Ajp, supplemented by the shift due to the R-symmetry:

1\ /n+1 1—-n (I+n)Ar 1
A Aﬁavor[ A( ) A;r — = — — — . .
bl = | 2 o )t on 2 (3.39)

Thus, we have

((A+n)A; 1
=i|——"—— I=1,....4. A4
¢I 1 < m 9/ ) ) (3 O)
Taking the sum of the 1.h.s. and the r.h.s. we obtain the constraint
n—l n+1
A Ar=2 41
n Z I = ZI: I ) (3.41)

which reproduces the usual constraint on the parameters Aj;. We use the standard relation

Ras _ 2V2

o 3 N3/ 2 (3.42)

where we have taken into account (3 ;4 = 1/4 from (3.14). Inserting (3.40) into (3.33), with
c = 2, the expression of the free energy becomes

3/2 2 4
I = _ﬂﬂé\f / (n "17;1> \/A1A2A3A4 = —log ZS% s ZA] = 2, (3.43)
I=1

exactly matching the field theory computation (2.28) upon identifying b = 1/+/n, see (2.13).
Note that we have defined the regularized volume as Vol(H?) = —27 as in [11]. One easily
sees that at the conformal point, A; = 1/2, which corresponds to the minimal supergravity
case, the on-shell action reduces as expected to the one found in [11, 12].

We are now going to compute the supersymmetric Rényi entropy. First, notice that
the partition function on the field theory side, see (2.28), satisfies

(n+1)?

i log Zgs . (3.44)

log Zgz =

5Note that the factor of 1/2 between (3.38) and (2.9) is due to the fact that the gauge fields in the stu
model are defined with a factor of 1/2 with respect to the graviphoton in minimal supergravity [49].
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The supersymmetric Rényi entropy is defined as (2.11)

nlog Zgs —log Zg3

SRE
= 4
Therefore, we have
3 1
S, — ”42 Si, S =log Zss, (3.46)

as expected.

4 Six-dimensional hyperbolic solutions

We introduce here the six-dimensional hyperbolic solutions necessary for the holographic
computation of the supersymmetric Rényi entropy. We first give some details regarding
six-dimensional Romans F'(4) gauged supergravity coupled to one vector multiplet. We
then present the hyperbolic black hole solutions coupled to matter, which have not previ-
ously appeared in the literature. In 4.3, we compute the holographic Rényi entropy, using
the result of appendix B, and show the matching with the field theory computation in
section 2.3.

4.1 Romans F(4) gauged supergravity coupled to matter

In what follows, we will consider the six-dimensional F(4) gauged supergravity coupled to
one vector multiplet. Relevant references for this theory are [54, 55]. While the massive
type ITA supergravity origin of this theory as a truncation of the supersymmetric warped
AdSg x S?* solution has not been established, there is evidence for it based on previous
holographic matchings, see for instance [56, 57]. Taking the pragmatic approach of these
latter papers, we work out supersymmetric solutions and proceed with the comparison
of our result with its field theory counterpart. The five-dimensional SCFT dual to the
warped AdSg x S* background is the one described in section 2.3. Solutions relevant for
the supersymmetric Rényi entropy computation in the minimal theory (no vector multi-
plets) [58] were studied in [6, 13]. The non-minimal case is characterized by the presence
of an additional flavor symmetry.

The bosonic fields of the six-dimensional Romans supergravity theory [58] consist of
the metric g,,,, a scalar field X, a two-form potential B,,,, a one-form potential A, and an
SU(2) gauge field A7 with j = 1,2,3. In addition, there are fermionic fields comprising a
pair of gravitini 1/12?, A =1,2 and one spin 1/2 fermion y4. The vector multiplets consist
of one gauge field A, four scalar fields ¢, with o = 0,1,2,3, and one gaugino A4. The
scalar fields parameterize the coset space SSOO(?;S). For additional details on the model, we
refer the reader to [56, 57].

In finding the solution, we may take the Romans supergravity solution as example.

In this solution, only one of the components of the SU(2) gauge field, which we take to
be A3 [13], is nonzero. This gauge field is purely electric, meaning that the only nonzero
component of the field strength is Fj;. This allows us to set the two-form potential B,
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to zero, as there is no source for it.!% In our setup with an additional vector multiplet, we
will still require the B field to vanish. Moreover, as in [57], we require the scalar fields in
the vector multiplet ¢, to be neutral under A3. This restricts the nonzero components to
¢o and ¢3. We are further able to find a solution with only ¢3 turned on, namely ¢¢ = 0.
Thus, we are left with the bosonic content: the metric, two gauge fields, the dilaton X,
and the scalar field ¢g.

4.2 Six-dimensional supersymmetric hyperbolic black holes

For the non-minimal case, we adapt the solutions of [60, section 3.2] to the H* horizon
topology. The solution is a static black hole characterized by the following metric

dr?

ds? = —U(r)dt® + 0

+ h('l")ds]%l4 s (4'1)

with ds]%I4 the area element of four-dimensional hyperbolic space

ds?s = dx? + sinh(x)? (dt92 + sin?(#)de)? 4 sin®(6) sin2(X)d¢>2) , (4.2)
e 9 /() )
AN _Jr _qy1/4,2
U('r)—2H3/47 V(r)_H1/4 h(r)=H""r", (4.3)
with!? ) )
f(r):—l—r%+§r27-t H=HHy, H=1+7%. (4.4)
Here, I = 1,2. The vector fields supporting the configuration read
Al="(1-— )= -t I=1,2 4.
t 2 < H]) b[ c ) ) 9 ( 5)
with parameters
br = psin®(&7), qr = psin(&r) cos(&r), (4.6)

and the scalars, in the notation of [60] are given by
Xy =HPEY® . Xy = HYSHE (4.7)

The configuration with spherical slicing first appeared in [60], and the solution presented
here is its generalization to hyperbolic slicing. However, the origin of the original config-
uration as a solution of a supergravity theory was unclear. It is easy to verify that the
configuration is a solution to the equations of motion of F(4) gauged supergravity coupled
to one vector multiplet, which are reported in [62]. One first truncates the theory to the
U(1) x U(1) sector, as was done in [63], obtaining the Lagrangian [62, (3.2)]. One can then
see that the field ; can be consistently set to zero. Moreover, since all the field strengths

YThis is in contrast to the six-dimensional solutions of [57, 59] of the form AdS: x X4 x Xg4,, which
realizes the partial topological twist on ¥4, X 3g4,. In that case, there is magnetic flux on ¥4, and 3, .
This creates a source for the H,, field, which needs to be canceled by a nonzero value of B, in order to
have a solution with H = 0.

17As in [13], we have conveniently rescaled the time direction by a factor of 3/v/2 with respect to [61].
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are electric, there is no source term for the field B,,,, hence the latter can be set to zero as

well. The remaining fields in our solutions can be mapped to those in [57, 62] via!®
Fy =dA; = F3 — Fjp, Fy =dAy; = F3 + Fjp
(4.8)
X1 = 60_¢3 y X2 = €U+¢3 .

With this mapping, and once we impose the truncations described above, one can show
that the equations of motion are solved. The gauging parameters g, m are set to g = 3m
and m = 1/(3+/2), justifying the factor 2/9 in the warp factor f(r) in (4.3).

The BPS branch is obtained, as usual, by setting 4 = 0 and gy = ib;. The solution
is 1/2 BPS, and its Killing spinor is explicitly constructed in A.2. These solutions, once
a Wick rotation to Euclidean spacetime is performed and setting b; = by, reduce to those
considered in [6, 13].

4.3 Supersymmetric Rényi entropy

As in the previous case, we start the procedure by computing the period of the Euclidean
time circle, namely the temperature of the hyperbolically sliced black hole. Given the
expression for the warp factor (4.3), we have

(4b1b2 + blTi + bQTi — QTi)

Gﬁwri\/bl + ’I“i\/bz + ri

Once we impose that the gauge field vanishes at the black hole horizon, we introduce the

T=- (4.9)

chemical potentials ¢r, I = 1,2, as the asymptotic value of the gauge fields (4.5). We obtain

3 qr 3 ib[
= _— = I1=1,2, 4.10
o1 2b[+7"_3~_ 2b[+7"3_ ( )

where in the second equality we have used the BPS relation ¢y = ib;. The temperature
can then be rewritten as

1 1-iitey)
V21 /3 = 2ig1v/3 = 2y

By equating T'= Tp/n = 1/(2mn), we obtain an expression for 4 in terms of the chemical

(4.11)

potentials and the Rényi parameter n:

V3 —2i¢1V/3 — 2igo

T+ = . ) (412)
V2n(1 —i(¢1 + ¢2))
taking into account once more that these quantities are related via
i(l1+n
¢1+ g2 = (n) - (4.13)

As explained in the previous section, we choose the lower sign so that the configuration
reduces to a neutral black hole for n = 1.

8The field we call ¢3 and Fj; coincides respectively with ¢2 and Fg of [62].
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The renormalized on-shell action can be computed easily (see appendix B) by imposing
supersymmetry. Using ¢ = v/2/3, we obtain

T2

4
I BVol(H*) (—r3 u) _ 3n

This is consistent with the result of [13], which is valid in the absence of vector multi-

Vol(H*)r% . (4.14)

plets. (4.14) combined with the previous expression, (4.12) for r yields

_ <\/3 —2ig1V/3 — 21@)3
V2Gs \V2n(1 —i(¢1 + ¢2))/)

supplemented by the constraint (4.13) between the chemical potentials. We have also used
the normalized volume Vol(H*) = 472 /3 [13].

(4.15)

4.4 Holographic matching

We recall the expression that relates the asymptotic value of the bulk gauge field to the
corresponding dual quantities:

AL (r = 00) = grdt = (AL(S3) + A Ydr . (4.16)

Recall that, on the field theory side, the R-symmetry background gauge field has the
expression (2.9). The corresponding chemical potential in the supergravity notation reads

(R) ¢1+¢2., 1-mn  1-n
A = H 52t = i —dt = ——dr. (4.17)

We are ready now to make contact with the field theory chemical potentials. Indeed, the
bulk fields correspond to (2.14), which are related to Ay via (2.36), shifted by the amount
(1 —n)/(2n) due to the R-symmetry connection, resulting in

2n+1 1-n 3 /(1+2n)A;
Al = (A7 =1 =—|——"—7-1]. 4.1
(Ar )< 2 >+ 2n 2( 3n ) (4.18)
Therefore, we have
,3 A](Q’I”L-‘rl)
=i —=—-1 I1=1,2. 4.1
¢I 12 ( n ) ) ( 9)

Notice that taking the sum over the index I and using (4.13) we get the relation Aj+Ay = 2.
Taking into account (4.19), noting that I3, = 9/2, and using the relation [48]

lhas _ 27V2 N°72

_ , 4.20
GG A/ 8 — Nf 5% ( )
the gravitational on-shell action in (4.15) yields exactly
2rN°/2 (2n+1)3
po V2INTE @nA DT s A A=, (4.21)

15,/8— Ny  n?
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This perfectly agrees with the prediction from the field theory (2.37), once we set & =
(1,1,1/n). In the absence of flavor symmetry (or masses), we obtain the result of the
minimal case. Indeed, imposing A; = Ay = 1 we retrieve the result of [6, 13|, which reads

I V21 (2n + 1)3N°/2
-~ 15m2,/8— N;

One can easily work out the value of SPRE as

= —log Zs;s . (4.22)

GSRE _ nlog Zss —log Zgs B 1902 +7n+1
SRE _ =

] 72 Si, S =log Zss . (4.23)

5 Concluding remarks

Following the work on magnetically charged AdS4 black holes in [64], intense efforts have
been put into the holographic computation of entropy for BPS black holes with compact
horizons, using localization (see [65, 66] and references within). Some of the computations
involve a rather subtle treatment of the matrix integrals which compute the relevant SCFT
partition function. For instance, progress has been made on the longstanding problem of
computing the entropy of rotating BPS black holes in AdSs from the superconformal index
of N' =4 SYM using such a treatment [67]. Our computation is somewhat similar, the
black holes in question having no magnetic flux, but does not involve the same subtleties.
This may be due to the observation, made in [19], that the Killing spinors relevant to the
computation in the bulk, and hence in the SCFT, should be anti-periodic in the Euclidean
time direction. While this can be arranged for partition functions like the one used to
compute the superconformal index [68], it arises naturally in the context of the SRE,
i.e. the hyperbolic index, when viewed as a Weyl transformation of the branched sphere.
This fact still awaits a satisfactory physical explanation.

Regarding possible future directions, it would be interesting to incorporate magnetic
charges in the black hole background, and compare the resulting free energy with the
corresponding field theory computation generalized by magnetic fluxes. Moreover, one
could compute the subleading N corrections to the Supersymmetric Rényi and compare
with the supergravity computation, along the lines of [69]. Finally, it would be interesting
to investigate in our setup the expansion of the SRE around n = 1. In [5, 22, 70] it
was found that the first correction to the entanglement entropy is proportional to the
coefficient of the stress tensor vacuum two-point function, and it would be interesting to
find the interpretation of this statement in the supergravity picture. We hope to come

back to these points in the future.
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A Explicit construction of the Killing spinor

A.1 Four dimensions

To show the resolution of the Killing spinor equations (KSE) of four-dimensional abelian FI
gauged supergravity in presence of vector multiplets we follow essentially the conventions
of [51], where the Killing spinor for configurations with spherical spatial section was worked
out (see also [50]). The modification to configurations with hyperbolic horizon is an easy
task that we perform in what follows.

The supersymmetry transformation of the gravitini and gaugini in terms of complex
spinors read .
i
4
SN =i0,2""e +1G " e + g7 f} ene .

The supercovariant derivative of the gravitino appearing in the supersymmetry variations

_ g
O = Ve + T 7 e = SEaL e

(A.1)

is given by

Ve = (0, — Zwub’yab)a + Z(Kiauz — K30,2")e + 1g§AA25, (A.2)
and we have defined

T, =2A2ImNysL'F7, G, =—¢” [ ImNasF,, -, (A.3)

where L! are the upper part of the covariantly holomorphic section V

A A
V: (]@A>E€’C/QQ:€’C/2 (J}ij\), (A4)

K is the Kahler potential, and fiA are defined as

Yoy (o .1s
<h27i>:vzv_<a,+zalzc>v. (A.5)

Further definitions can be found for instance in [71]. Finally [vy4,7] denotes the anti-
symmetrized product with unit weight, i.e. [yq, V] = %('ya'yb — VYa). We set the Fayet-
Tliopoulos parameters €4 = 1 for A = 0,...3. For the four-dimensional solution described
in section 3.2 (see (3.13) and (3.16)), we choose the following vierbeins

0 _ —1/4 1_ H(T)1/4
€ H(T) f(T) ) €r f(’l“) ) (Aﬁ)
el = r?—[(r)l/4, eé = r’l—[(r)l/4 sinh(#) ,
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and the non-vanishing components of the spin connection are then
N —U'(r), wa? = h(r), w¢ = h'(r) sinh(0), w?f’ = cosh(0) . (A.7)

Assuming a Killing spinor that fulfills the following relation

e = (aiyp + b )e, (A.8)
with ) 5
= b=-T g2 (A.9)
f(r) f(r)

the supersymmetry equations (A.1) simplify considerably, and one obtains the following
explicit solution for the Killing spinor

1
- 2./gr

where € is an arbitrary spinor in four dimensions. Notice that in the limit of constant

e2n H 1 /Bem 30120~ 57250 ( f(r)—i—iniv/ f(r) + i) (I —"0)eo, (A.10)

scalars, namely b; = by = b3 = by = @ we recover the Killing spinor of [72].

A.2 Six dimensions

In this section we explicitly construct the Killing spinor from the BPS equations of six-
dimensional F(4) Romans gauged supergravity coupled to one vector multiplet. We mostly
follow the conventions of [57], briefly recapping only the quantities relevant in our case,
and referring to that paper for the details we omitted here for brevity. The supersymmetry
variations of the fermions are

1 ~
OYau = VueA QQUACAW6 +16¢  Maparm = Tianyn (0 = 6557)e? + Sacyte®
+ 336 T Hyapyr (VY — 300y p)5A7

S\, = infuafle“sc —iPL ey e’ + e "T vPea + MI{‘BEB

Sxa = %v”ayosA + %e_a[ﬁw]yw? — T(AB)VA]'VV)\sB + 35 L2 Hp iy e + Nape®
(A.11)

where the capital Greek indices are raised and lowered with the SO(4, ny) invariant metric
and the indices A, B, ... with the antisymmetric tensor e 45. The objects appearing in the

susy equations are defined as
T[AB]V)\ = EABLOEF T(AB) A= JABL F TIV)\ - L[ZF (A12)

and the matrices Nap, Sap, M 1{1 p» along with a convenient parameterization of the scalar
coset L™ are defined in [57], to which we refer for all missing definitions. In our case they
boil down to

1
Napg = Z(g cosh(¢ps)e? — 3me_3”)eAB ,

Sap = i(g cosh(¢s)e + me*BU)eAB ) (A.13)

Mg = —2gsinh(¢3)e’ o’ 5.
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As in [13], also in our case the only component of the SU(2) gauge field is the one in
the ¢ = 3 direction. With reference to (4.3) we choose the following vielbeins

H'/E L 3 f(r)'? 2 1/8 3 1/8
€, = W s € = ﬁ H3/8 y eX = 7'7‘[ / y €p = TH / Sll’lh(X) s (A14)
efp = rH'/3 sinh(x) sin(0) , eg — rH/8 sinh(x)sin(8) sin(x ),
The non-vanishing components of the spin connection read
w0 — U'(r)y/V(r) w2 = _ W(r)y/V(r)
‘ 20U X 2/h(r)
inh(x)h'
LG A VAL U wf? = —cosh(x).
2y/h(r)
04 sinh(x)A/(r)/V (r)sin@ 24 )
= , = —cosh(x)sin(6), A.15
Wy, 5 T(r) Wy, (x)sin(6) ( )
w?f — cos(0), wgﬁ _ sinh(x)h'(r)+/V (r)sin(8) sin(1)) 7
2y/h(r)
wf = —cosh(x)sin(0) sin(1)), w?f = —cos(0) sin(y),

wé‘f’ = —cos(v).

We are going to consider first the variation of the dilatino y 4. Given our truncation,

we can see that imposing the relation

(647 + iz(r)y 0% eCF + y(r)v'6a%) ep =0, (A.16)
with
3ir?
z(r) = — )
V/2b1 (b + 73) + 2bo13 + 276 — Ord
(A.17)
V2vby + r3v/by + 13
y(r) =

/201 (by +19) + 13 (2by + 2% — Or)

where z(r)? + y(r)? = 1, the gravitino equation reduces to
1

0pays = (&t ~ 3 (1 —i(p1 + ¢2)) mAB) EB = <8t — % mAB> €B,

Yar = (0r + fi(r)maPy® + f2(r)54") €,

1
dhay = <8x - 27012771.43) €B,
g = (B — L sinh 5_Leosh
dao= (80— 5 sinh(00sma” - 5 cosh(x)7s ) <5 (A.18)
1 . . B 1 . 1
Yay = |0y — 5 sinh(x) sin(0)yo1ama” — B cosh(x) sin(0)y24 — 5 costyss | es,
1. . . 1. :
dthagy = (8¢ ~3 sin(#) sinh(x) s1n(1/1)7015mAB + 3 sin (@) cosh(x) sin(¥)7y25
1 . 1
—5 cos(0) sin())~y35 — 3 COS(¢)’Y45>€B-
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Here, we defined the functions fi(r) and fao(r) as
9 (bl (2b2 + 7”3) + bg?”s)

hilr) = 167 (by + 7’3) (b + r3) ’ A19
f ( ) (7‘3(b1 + bg) + 4b1b2 — 27‘6) ( ’ )
r)= .
? 2v/2rv/by + r3v/bg + 13./2r3(by + by) + 2b1bg + 276 — 9rd
and we defined ma? = UﬁCeCB . The t,x, 0,1, ¢ equation can be solved immediately by
the following [73]:
ea(rt,x, 0,1, ¢) = eﬁm“‘Be%%umAB637236%7346%745814(7") 7 (A.20)

and the radial component of (A.18), together with the relation (A.16) can be solved by
standard methods of [72], resulting in

ea(r) = (u(r) + v(r)y")(0ap — T aB)eo5 - (A.21)
Here €9 g is a doublet of constant spinors, Cup = VOUiCeCB and
1 —|— x(r \/2b1 by + 13) 4+ 13 (2bg + 2r3 — 9r) + 3ir? w(r)
un = NeNOE=N e o
i ? (A.22)
o(r) = — 1—a( \/\/2b1 (ba + 13) + 13 (2bg + 2r3 — 9r) — 3ir? e
y( V2vb1 + 13y + 13 ’
with
" / / 9 1 3 1 3
r)= [ fi(r)dr' = 16 —glog(b1+7“ )—glog(bg%—r )+ 2log(r) ) , (A.23)
hence
r9/8

ew(r) = .
(b1 + r3>3/16 (bs + r3)3/16
The total Killing spinor is then given by combining (A.20) with the radial dependent part
n (A.21). Notice that the second bracket of (A.21) projects out half of the supersymme-
tries, which signals the fact that the solution indeed is 1/2 BPS. It is easy to check that
this expression also solves the gaugino equation 5)& =0in (A.11).

(A.24)

B On-shell action via holographic renormalization

In this section we compute the renormalized on-shell action in the grand-canonical ensem-
ble for the solutions we described in the main sections. In [53] the on-shell action for the
corresponding N' = 2 four-dimensional gauged supergravity and Romans F'(4) spherical
solutions was computed. Generalizing the computation to hyperbolic horizons of differ-
ent topology requires a minimal modification of their procedure, which we explain in this
appendix, following their notation closely. Other relevant references for holographic renor-
malization in this context are for instance [17, 74, 75] and we will make use of them when
deriving the counterterms. Notice that here d denotes the dimension of the boundary.
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For both setups the action can be cast in the following form (see [60, (5.1)]):
1 1 ; o1 ;
- dd+1 — — =Gy kT _ N FIF/U/,J_V 1
167er+1/M T/ g(R 2Gj8uz8 z M E (z")

! / dzv/—he, (B.1)
oM

871G 41

S =

where M is a (d + 1)-dimensional spacetime with metric g,,,, boundary OM with induced
metric hy,,. In this case © is the trace of the extrinsic curvature ©,, of the boundary
Ou = —%(Vuﬁl, + V,&,), where &+ is the outward-pointing normal to OM.

We can massage the bulk term of the action (B.1) by making use of the trace of the
Einstein’s equation, to obtain

2

1 1 ,
Lok = ————— | d%ey/=g|——— M FL T T y(oh)] . B.2
R /M oV |~ M P+ o VE) L B2)
This latter expression can be rewritten as [53]
1
Toulk = — d™ e/ =gR,?. B.3
i = g || 4 av=gh, (B.3)
We use an ansatz for the metric of the form
H—(d—2)/(d—1)f(7«) H1/(d=1)
2 2 2 1/(d—1),.2 7.2
ds® = — o dt —i—wdr + H/ @Dy dspa-1, (B.4)
with
H =2 2
/() s e (O R II[ I (B.5)

which encompasses both the four-dimensional configurations of section 3.2 and those of
section 4.2 for a suitable choice of ¢ and g. A direct computation of the term in (B.3),
once we define B(r) = Q(TI—U log H(r), gives

1d

V=9Rs? = —— (B0 () + 1172 () + 1)) (B.6)

This term differs from the spherical case treated in [53] by the sign of the last addendum.
The bulk term therefore yields
Vol(H¢1)3

/(. d—1 . d—2 ' L d-2
167TCGd+1 (B (Tlnf)'/"inf f('l"mf) + Tinf (f(?"mf) —+ ]_) Ty ) , (B?)

Thux =

where we used that f(ry) = 0. As for the Gibbons-Hawking term, the normal outward
pointing is given by n” = /f(r)H Y 2d=1) = | /f(r)e~B). The extrinsic curvature reads

e B0 2f(r) (rB'(r) + d = 1) + rf'(r))

0=- , (B.8)
2r\/ f(r)
which yields a Gibbons-Hawking term of the form
VOI(Hd_l)/B d—2 1 1 !
Iguy=——"——"-7 B d—1)+ = : B.9
i = gt [£0) (B0 + d = 1)+ 50 (B.9)

T=Tinf
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Here we used

Veh = —r N F(va (B.10)
where vy = sinh(#) and vy = sinh3(x) sin?(6) sin(z)). This leads to
Vol(H™1)5 L a1 d—2
Touic + Igu = “8rclan —(d —2)r{ ring S (ring) — 9 inf (ring) + Tmf -t

(B.11)
We will now spell out the relevant counterterms for the different cases, specializing to the
different d +1 =D =4 and D = 6 cases, dealing first with the former.

Four dimensions. The holographic renormalization procedure in D = 4 follows
from [75], where the counterterms for N' = 2 U(1)-gauged supergravity coupled to three
vector multiplets were derived. In particular our solution is purely electric hence the coun-
terterms boil down to

Ict

SWG4/d33;F< (z‘)+21§723+...>, (B.12)

where the ellipsis denotes the terms which are subleading once the cutoff is send to infinity.
R is the Ricci scalar of the boundary, and W is a function of the scalar fields called
superpotential. We have the following expression for the Ricci scalar of the boundary Ra:

2 —2B(r
Ry =——5e () (B.13)

and the superpotential that drives the flow is given by [53]

~ 3

=93y X! (B.14)
=0

which coincides with that used in [75-77] and amounts to imposing Neumann boundary

[\ \

conditions on the scalar fields, a procedure that is compatible with supersymmetry [78].
Adding this to the action (B.11) we finally find

_ __ BVol(H?) p
I =hwx+Iga + Iy = m <T’+ + 5) > (B.15)

which indeed reduces to I = —2 ;‘: i(G )r+ in the BPS limit.

Six dimensions. In D = 6 we have the following counterterms [53]:

1 5
I, = 3 ab _ 2 p2 B.1
P = S7Ca /d TV — ( (z )—|— 69 7?,5 + — 184 <R5,abR5 16R5)>’ (B.16)

where R5 and Rsq, are respectively the Ricci scalar and the Ricci tensor of the five-

dimensional boundary metric.!” Notice that the terms of higher power in the curvature

19A full treatment of the supersymmetric boundary counterterms for matter coupled D = 6 supergravity
to our knowledge is still unknown (see [17] for a treatment for D = 5). Nevertheless the scalar and vector
falloff is very rapid at infinity, so that there is no contribution from the matter fields for our configurations.
See also the discussion later in the text.
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this time contribute to the free energy one the cutoff is removed. We give here the form
for the Ricci scalar:

Ry = — 126728 (B.17)

r2

In our case one could for instance choose as counterterm the superpotential VW appearing in
the susy variations, Sap = Wep, which shows the same falloff behaviour and reduces to
that of [53] for X! = X?2. For the six-dimensional configurations taken into consideration,
however, the asymptotic falloff of the scalars is very rapid. The expansion of the superpo-
tential W contains terms which are at least quadratic in the fields (see for instance [79])
therefore it turns out that the scalars do not contribute to the boundary counterterm,?’
and indeed a term W = 4g suffices to renormalize the on-shell action. Putting together

expressions (B.11) and (B.16), we get

I = Lyax + Igu + It = —

Vol (H*) ( 3 M)’ (B.18)

87TCG6 "+ + 5

BVol(H*)
8mcGg

which indeed reduces to I = — ri in the BPS limit.

Thermodynamics relation and conserved charges in d dimensions. In this section

we prove the formula

W:é:ETSBHqsIQz, (B.19)

again generalizing the computation of [53] to the hyperbolic case, following closely their
notation. We start from (B.2) and we rewrite it with the help of the R;; component of the
Einstein’s equations, assuming that all matter fields are independent of time, as it is the
case for the solutions considered in this paper. We obtain

1 1
Rl = 5 Mi JEL R M F}, F#7 — (B.20)

A(d— 1) d—

hence (B.2) becomes

1

Touk = —————
bulk 87Gant

1
/dde\/—g <R§ — 2MUF§FJ’”> . (B.21)

We have verified that for the metric of the form (B.4) the following holds

R = C\/ljgi (v=ney) . (B.22)

Moreover, we have the Maxwell’s equation 0,.(y/—gMy;F”"*) = 0. We define the following
conserved charges qy as

q = TV;?MI JE (B.23)

20The scalar behaviour at infinity is z° ~ const + (’)(7"73)7 while v/—h ~ 7°. Indeed, also for the known
cases [13, 53] the counterterm contribution is just a constant independent of the scalars falloff, W = 4g.
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Plugging these expressions into (B.21) we arrive at the following formula for Iyyy:

1 e d (1 V=h
Ibulk = — /ddl'/ dr— (A{QI + @i)
o dr \ 2 ¢

BmGap (B.24)
BVOlESY) (1 VR [ |
N 871G g1 2t a vg_1€ ° -

To regularize the action we need to add the Gibbons-Hawking term, therefore, the full
regularized action reads

V—h

Vgq—1C

BVol(H1)
87 Ga+1

§ YR

Ireg = pW =
Tint  Vd—1C

(©-6)) o4

L
<2¢ qr +

”) . (B.25)

The first term gives directly the product of the chemical potentials, defined as

o = Al(rin) — AL(ry), (B.26)
%m. We see that the
second term is related to the ADM mass of the system, while the third one is related to

and the electric charges, once we define the charges as Q7 =

the product of the temperature 7' and the Bekenstein-Hawking entropy Spy. Let us focus
on the latter. Given the definitions

1 df A Vol(HI ) L
T= T SBH = = 2m\/ H(ry)r , B.27
471'0\/% dr - BH 4G g1 87G i1 ( m ¥ ) ( )

we obtain

Vol(HY1) v/~h

TSpy = —
i 8cmGgr1 V41

o

: (B.28)

T+
which holds for a metric of the form (B.4).
The energy is extracted from the renormalized boundary stress energy tensor 7% =

2 41
vV —h 6hab

in this way:

1
= / VouTPKy, (B.29)
81Gay1 Jx

where K, is the Killing vector field associated with an isometry of the boundary induced

metric (in this case, time translations). ¥ is the spacelike section of the boundary, o, is
the induced metric on ¥, and u® = v/—h#(1,0,0) is the unit normal vector to ¥. We will
first compute the regulated energy E,eg, discussing the counterterms later. The regularized
energy reads

 Vol(H!) v—h

Ereg = -0;+0). B.30
reg 871'Gd+1 Udflc( t + ) ( )

Plugging all these relations into (B.25) we get
Wreg = Ereg - TSBH - ¢IQI . (B.?)l)

This is the relation valid for the regularized quantities. The renormalized ones are obtained
by adding the counterterms spelled out in the previous subsections. The counterterms
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contribute only to the renormalization of the mass, giving Fre,. Hence, the thermodynamics
relation (B.19) holds, as expected.

For the records, we report here the explicit values of the energy E,., = E (black hole
mass), entropy Sgp and charges Q! for the solutions considered in the main text. For the
four-dimensional solutions in section 3.2 we have

Vol(H?) 1

E = — —(b1+bay+b3+b
167G </,L 2(1+ o+ b3 + 4)>7
1

SpH = Z\/Hl(r+)H2(r+)H3(r+)H4(r+)7’37 (B.32)
.. Vol(H?)
=1ib I=1,....4.
QI 101 167TG4 ) ) )

For the six-dimensional solutions of section 4.2 we find

3Vol(H*) ( 3 )
FE=—- ——(b1+b ,
1
SBH = 1V Hy(ry)Ho(ry) s, (B.33)
.3 Vol(H*)
=i—b I1=12.
Q[ 1\/§ I 167TG4 ) )

C Computation of the charges

We now demonstrate that the black hole charges computed from supergravity match those
computed in the SCFT. We do so only for the ABJM model.

The trace representation in (2.10) contains three independent flavor charges which
correspond to some choice of basis for chemical potentials, represented by flavor gauge
fields, satisfying the constraint (2.15). In order to compare with the bulk charges, it is
useful to implement the constraint using a Lagrange multiplier charge A

Zsusy _ ﬁHd716*2“”(H*iZI ol Qr+i"LQr—iAY o) (C.1)
o . .
From this expression, we can calculate the following
On (—log Z3™) = 27H — 1) o'Qr +iQr —iA) o', (C.2)
I I
and 1
Ot (~log Z3%) = —i(Q; + A). (C3)

In order to compare with the bulk, we first recast (C.1) in terms of the bulk quantities
1,3, and ¢':

27— - B—27 2m—f8
I — —log |:Ter1€_B<E_ZI ¢IQI+1 1B ZI QI+1 B QR_AZ[ ¢I+17B A) . (04)
As a check on this expression, the constraint charge indeed now imposes
4
27 — 1-—
Sl =i Pl (C.5)
I=1 B "

that is (3.31).
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In terms of bulk variables, we can now calculate

- ;aqﬂ[ ,=Qr A, (C.6)
which, from the definition (3.35), implies,
Qr=0Qr+A (C.7)
We also find that
%I(d)]:E+;¢’QI—1A—;§IZQI+1QR, (C3)

yielding
E =031

1 1
— ="Ml +i|-Qr+5 > Qr|+iA, (C.9)
ol B4 8 44
which is compatible with (3.35) only if we set

1 1
QR:A+4ZI:QI:4ZI:QI- (C.lO)

We expect the subleading terms of the bulk gauge fields to capture the vacuum expec-
tation value of the charges, i.e.

Qr = Nby, (C.11)

where A is a normalization constant. We cannot extract all the Q;, because we do not
know (g from the field theory. However, we do expect the following equations for one less

1 . 1
Q1—4;QJ=w<b,—4zJ:bJ>. (C.12)

see (3.35). One may now check, using the expressions (3.26)

variable

Recall that Q; = — 10,/ 1 ,
BY g
and (3.33) for by and I as a function of the ¢!, that this indeed holds, with

. Vol(H?)

=-1— 1
N =i e (C.13)

after imposing (3.31). Therefore setting ¢ = 2 the value of the charges coincide with the
supergravity ones (B.32).

D Rotating charged hyperbolic solutions

In this last section we take into consideration supersymmetric rotating black holes with
hyperbolic event horizon that generalize the solutions of section 3.1.2! We compute their

'Hyperbolic rotating black holes with nontrivial scalar fields exist as well [80], along with analogous
magnetic configurations realizing the topological twist [81, 82] but we do not consider them here and we
focus instead on the simple minimal gauged supergravity (“universal” truncation) solution.
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on-shell action and we show that it assumes a simple form, once the BPS constraints

are enforced. We will make contact with the limiting procedure of [19], which allows to
approach an extremal BPS limit in the complexified solution.

The Kerr-Newman hyperbolic solution with purely electric charge reads:

A, 2 Ag sinh?
ds® = — = 2(dt+asinh2(«9)d¢)2+£—dr2+2—d92+ i 2(9) (adt—(r2+a%)d¢)?, (D.1)
=°p r 0 =7p
with
2, (" 2
A, = (r* +a°) l—g—l —2mr 4+ Q°,
2 2 (D.2)
p* =12+ a®cosh?(h), A9:1+l—2cosh2(9), E:1+l—2,
and the gauge field
Qr :
A= _572@5 + asinh?(0)de) . (D.3)
The on-shell action satisfies the thermodynamics relation (we set G4 = 1)
I =B(M —TSpy — Qe — QUJ), (D.4)
where
2
M:LQQ’ SBH:4W%’ J:%a
(1+%) (1—1—‘;—2) (1+%)
D.5
o Ors o_ @ ooy P
6_7’_2’_4_(127 8_(1+%)7 _l2(a2+,r,—2~_))
and (2 2)
dn(ri +a
8= - +3Ti G (D.6)
T+ (—14‘174‘172—?)
One can see that the boundary of spacetime takes the form
e 12d9? 12
ds? = —— + — sinh?(6)d¢?, (D.7)
= AV =
that can be cast in
A
ds? = =7 (~dr? + 1*(d6? + sinh?(0)d$?)) , (D.8)
via the change of coordinates [83]
t = at
T==, cosh(0) = cosh(0)4/ —, O=0¢—- =. (D.9)
= Ay 122
The metric (D.8) describes a space which is conformal to (part of) R x H?
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The BPS condition, which can be read off from [84] is given by

4 a? 2 2 a? 2 4
m* -+ 2 1—l—2 m°Q* + 14—1—2 Q*=0, (D.10)

which has no solution for real @), as expected from the previous sections. However, it has
solutions for imaginary @ and a, which, as stated before, makes sense if we have in mind to
work with a Euclidean solution (obtained by Wick rotating ¢ — —ir), for which the gauge
field and metric will then be real.

We define a — ij and Q. — ig. with j and ¢, real, and we set [ = 1 for simplicity. We
use the BPS condition (D.10) written in function of the latter parameters, to read off the
value of the mass

m=(+ g, (D.11)

where we chose the positive branch for regularity. We plug this relation into A, in (D.2) to
express the charge ¢. as a function of the outer radius r, using the fact that A, (ry) = 0:

gGe=—(xtr)(ry £1). (D.12)

Given these relations, the on-shell action (D.4) assumes the simple form

+ 5)?
[— e ®]) . (D.13)
=D +1+2ry)
In terms of the chemical potentials and 3, the on-shell action reads
(e +1)?
I =+i———. D.14
20+ (D-14)
Notice that the chemical potentials () and ¢, satisfy the relation
2 — i — 1 = £27T, (D.15)

where T' = 1//3. At this point one can then introduce the replica parameter by imposing
T = 1/(2mwn), and write the on-shell action in terms of two out of the three parameters
in (D.15), achieving a generalization of the SRE. A field theory computation, starting for
instance from the results in [85], is still unknown. Notice that (D.15) is the generalization
of eq. (3.31) to the presence of chemical potential for angular momentum. Defining the
shifted potentials, whose meaning will be clear in a moment,

QOEB(Qbe—d)*), WEB(Q_Q*)7 (D]-G)
where Q, = —i, ¢, = —i, we are able to write (D.13) as
2
P
I =i—. D.1
12w (D.17)

The variables ¢ and w satisfy 2o —w = F2i, like in [86]. This redefinition is similar in spirit
to that performed in [19, 77], where Q. and ¢, are the values of the chemical potentials
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computed on the extremal BPS solution. In our case indeed these values give T' = 0,
however the corresponding horizon radius 7, is imaginary, r. = +iy/j. While it is hard to
make sense of this as a proper “extremal BPS” limit, the similarity that arises with [19, 77]
is suggestive (7, in these latter papers is real and corresponds to a well-defined extremal
BPS black hole). As a final remark, the form of the on-shell action (D.17) is compatible
with the more general form

4
[ = (YRR NP~ o, (D.18)
2w — 2

expected from the study of [86] carried out for black holes with a spherical horizon. In-
deed, (D.18) reduces to (D.17) if we set all ¢ equal, as is the case for minimal gauged su-
pergravity.
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