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and their three-sphere partition function. We then utilize this to account for the entropy of
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1 Introduction

String theory offers a unique vantage point into the physics of black holes. One the one
hand it gives rise to supergravity theories in ten and eleven dimensions as its low energy
limits and these theories admit a plethora of classical black hole (or more generally black
brane) backgrounds. These black holes are sourced by the massive strings and branes, the
microscopic degrees of freedom in the theory. On the other hand one can understand the
low energy physics of these branes in terms of the quantum field theory living on their
worldvolume. This dichotomy has been the source of many advances in our understand-
ing of black holes, as well as being ultimately responsible for the concrete realization of
the holographic principle in string theory. A famous example of this success story is the
microscopic counting of the entropy for a class of asymptotically flat black holes in string



theory [1] (see also [2] for earlier important work). However, this perspective on black
holes has not been put to good use in the context of asymptotically AdS black holes. This
state of affairs changed recently with the results in [3]. The authors of [3] employed a
certain supersymmetric index, Zgi,y,, defined in [4] to account for the entropy of a large
class of supersymmetric asymptotically AdSy black holes arising from M2-branes wrapped
on Riemann surfaces. These results were later extended to dyonic black holes in [5]. See
also [6-11] for further recent developments.

Our goal in this work is to build upon this recent success in a number of ways. First, we
show that there is a universal expression for the topologically twisted index in the large N
limit for a large class of N' = 2 three-dimensional SCFTs.! Namely, we find that the index
is related to the three-sphere free energy, Fgs, of the three-dimensional theory through the
simple relation

lOgZS1><E£l = (g — 1) Fs3 . (11)

The universality of this relation stems from a universal partial topological twist that is used
in the definition of the twisted index. In general the index depends on a set of background
fluxes for the global symmetries of the N’ = 2 SCFT as well as a set of complex fugacities. A
given choice of Riemann surface and background fluxes represents a particular topological
twist of the three-dimensional theory on ¥,. It was argued in |3| that for a given such choice
of twist one obtains the degeneracy of vacua after extremizing the index as a function of
the complex fugacities, and this extremal value appears in (1.1). The universal topological
twist, for which the relation in (1.1) is valid, is singled out by choosing the background
fluxes on X4 such that the only non-zero flux is in the direction of the exact superconformal
R-symmetry of the three-dimensional N'= 2 SCFT.

Such a simple universal relation in QFT should have an equally simple bulk realization
for three-dimensional A = 2 SCFTs with a holographic dual. Indeed, we show that there is
a simple black hole solution with a hyperbolic horizon in minimal four-dimensional gauged
supergravity which provides the holographic realization of the relation (1.1). In fact, the
entropy of this black hole, originally found in [12]| and later studied further in [13], in the
large N limit is simply given by the twisted index and thus we arrive at a microscopic
understanding of the entropy for this simple universal black hole. An important point
in our story is the fact that this simple black hole solution can be embedded in eleven-
dimensional and massive type IIA supergravity in infinitely many ways. This provides
further evidence that the relation (1.1) holds (at least in the planar limit) for a large class
of three-dimensional N’ = 2 SCFTs.

In the course of our analysis, we also clarify the relation proposed in [3] between the
topologically twisted index and the entropy of the black hole. According to the holographic
dictionary the logarithm of the partition function of the CFT in the large N limit should
correspond to the on-shell action of the dual gravitational background. We show that, for
the universal black hole, the on-shell action indeed coincides with (minus) the entropy. This
computation is subtle and it should be done by considering a non-extremal deformation of
the black hole and carefully taking the extremal limit.

!The conditions on the A = 2 theory are discussed in detail in section 2.



The string and M-theory embedding of the universal black hole can be interpreted
as arising from D2- or M2-branes wrapped on ¥j. As pointed out in [14]| these wrapped
branes constructions implement the partial topological twist for the QFT which describes
the low-energy dynamics of the branes. For a large number of branes one has to work in
the supergravity limit in which one typically finds a black hole solution with a near hori-
zon AdSs x g geometry. This holographic construction was first employed for D3- and
M5-branes in [15] and later generalized to M2-branes in [16].2 This prompts us to seek
generalization of the simple black hole solutions in M-theory. Due to the complicated na-
ture of the BPS supergravity equations in eleven-dimensional supergravity we focus only on
finding explicit solutions for the AdSs near horizon region of the black hole. Employing this
approach we find a large class of analytic explicit AdSsy solutions of the eleven-dimensional
supersymmetry equations with non-trivial internal fluxes. The full black hole solution for
which these backgrounds are a near-horizon limit should correspond to turning on back-
ground magnetic fluxes for the global non-R symmetry in the dual CFT. The entropy of the
black hole should then be captured by the twisted topological index with the given back-
ground global symmetry fluxes. While we do not establish fully this holographic picture
we provide some evidence for its consistency. We should point out that the explicit AdSs
solutions which we find fall into the general classification of such backgrounds in M-theory
discussed in [18, 19]. Other examples of AdS, vacua in eleven-dimensional supergravity of
the class discussed here can be found in [20-23].

We begin our story in the next section with a discussion of a universal partial topological
twist that can be applied to three-dimensional A/ = 2 SCFTs and we argue how for a large
class of these twisted theories one can calculate the topologically twisted index of [4] in the
planar limit. We then proceed in section 3 with a holographic description of the RG flow in-
duced by the topological twist, which is realized by a black hole in four-dimensional minimal
gauged supergravity. In addition, we show how to embed this black hole in various ways in
M-theory and massive type ITA string theory. In section 4 we present a large class of AdSs
vacua of eleven-dimensional supergravity which can be viewed as near horizon geometries of
black holes constructed out of wrapped M2-branes. We conclude with some comments and
a discussion on interesting avenues for future research in section 5. In the three appendices
we collect various technical details used in the main text. In appendix A we provide some
details on the calculation of the topologically twisted index for three-dimensional N = 2
SCFTs with massive IIA holographic duals. Appendices B and C contain details on the
construction of our massive IIA and eleven-dimensional supergravity solutions.

Note added. While we were preparing this manuscript the papers [24, 25| appeared.
In them the authors find a supersymmetric AdS, black hole solution, with a near horizon
AdS; x ¥y geometry, in the four-dimensional maximal ISO(7) gauged supergravity. We
believe that upon an uplift to massive IIA supergravity this black hole is the same as the
universal black hole discussed in section 3.3 below. Soon after this paper appeared on the
arXiv other supersymmetric AdSy black hole solutions in massive type IIA supergravity were
studied in [26, 27| and their microstates were counted using the topologically twisted index.

2For a review on branes wrapped on calibrated cycles and further references see [17].



2 A universal twist of 3d N = 2 SCFTs

We consider N' = 2 superconformal field theories compactified on a Riemann surface X
of genus g with a topological twist. This is implemented by turning on a non-trivial
background for the R-symmetry of the theory. More precisely, there is a magnetic flux
on Y4 for the background gauge field Ar coupled to the R-symmetry current such that
fzg dAr = 27(1 — g). This condition ensures that the R-symmetry background field pre-
cisely cancels the spin connection on ¥4 and the resulting theory preserves two real super-
charges. In general, since the R-symmetry can mix with global symmetries, the choice of Ar
is not unique and there is a family of different twists parametrized by the freedom to turn
on magnetic fluxes along the Cartan subgroup of the continuous global flavor symmetry
group.? On the other hand, in a superconformal field theory there is an exact R-symmetry
that is singled out by the superconformal algebra and can be fixed uniquely by perform-
ing F-maximization [28, 29]. Following the terminology in [30, 31|, we refer to a partial
topological twist of the three-dimensional theory on ¥, along the exact superconformal
R-symmetry as a universal twist.

The degeneracy of ground states of the compactified theory after this partial topological
twist can be extracted from the topologically twisted index Z, which is defined as the twisted
supersymmetric partition function on $4 x S* [4, 8, 9]. Let us briefly summarize some of
the salient features of the topologically twisted index.

The index depends on a set of integer magnetic fluxes n = % fzg Ff2v for the Car-
tan generators of the flavor symmetry group, parameterizing the inequivalent twists. A
convenient parameterization for the fluxes is the following. We can assign a magnetic flux
ny to each chiral field ®; in the theory with the constraint that, for each term W, in the
superpotential,

> onr=201-g). (2.1)
IeW,
Since the superpotential has R-charge 2, this condition ensures that ng dARr = 2m(1 —g)
and supersymmetry is preserved. The Dirac quantization condition further restricts the
flux parameters n; to be integer.

The index also depends on a set of complex fugacities y for the flavor symmetries.
We can again assign a complex number y; to each chiral field ®; in the theory with the
constraint that, for each term W, in the superpotential,

I vi=1. (2.2)

1eW,

It will be important also to consider the complexified chemical potentials Aj;, defined
by yr = €7, Notice that the chemical potentials are periodic, A; ~ Aj + 2m.

3By a flavor symmetry here we mean any global symmetry of the N/ = 2 SCFT which is not the
superconformal U(1) R-symmetry. Later on we will make a distinction between different types of non-R
symmetries.

4In this paper we restrict to three-dimensional A/ = 2 SCFTs which admit a Lagrangian description,
however we suspect that the universal twist relation (2.9) below is valid more generally.



Therefore (2.2) becomes
Y AreonZ. (2.3)
1eW,
Using this periodicity we can always choose 0 < Re Ay < 27. With this at hand, (2.3) im-
plies that > ey, Ay # 0 unless all Ay = 0. This will be important in the discussion below.
The topologically twisted index can be evaluated by localization and reduced to a
matrix model [4]. The large N limit of the matrix model has been analyzed in [3] for the
ABJM theory [32] and generalized to other classes of quiver gauge theories with M-theory
or massive type ITA duals in [6, 7|. The results of this analysis is surprisingly simple. One
finds a consistent large N solution of the matrix model only when

Z A[ = 27T, (2'4)

IeW,

for each term W, in the superpotential. Under this condition, the logarithm of the topo-
logically twisted index is given by®

log Z(8r,m1) = (1 )i (ivmmz[(l“_’ = ;ZID 25)

where the function V was called Bethe potential in [4] and is the Yang-Yang function of

an associated integrable system [9, 33].% Quite remarkably, in the large N limit, the Bethe
potential V is related to the free energy on S of the three-dimensional N' = 2 theory [6]
through the simple identity

_ %V(AI) = Fgs <A’> . (2.6)

7r
This relation might look puzzling at first sight and deserves some comments. Recall that
the free energy Fgs is a function of a set of trial R-charges that parameterize a family
of supersymmetric Lagrangians on S3 [28, 34]. The importance of this functional is that
its extremization gives the exact R-charges of the theory [28]. In (2.6), V is a function of
chemical potentials for the flavor symmetries while Fgs3 is a function of R-charges. However,
although the A; parameterize flavor symmetries in the three-dimensional theory on ¥4 xS L
the relation (2.4) ensures that A7/m can be consistently identified with a set of R-charges
for the theory on S°.

There is a subtlety that arises when computing the topologically twisted index or the
three-sphere free energy. In three-dimensional N' = 2 SCFTs there are finite counterterms
which affect the imaginary part of the complex function Fgs. These are given by Chern-
Simons terms with purely imaginary coefficients for the background gauge fields that couple
to conserved currents, see |29, 35| for a detailed discussion. Moreover, the imaginary part
of log Z is only defined modulo 27 and is effectively O(1) in the large N limit. The upshot

®The formula appears in [6] only for 3y = S®. The generalization to arbitrary g is straightforward and
discussed in details for ABJM in [8]: the general rule is simply log Zy = (1 — g) log Zg—o(n7/(1 — g)).

SWhat we call V(A7) here is the extremal value with respect to the eigenvalues u; of the Bethe functional
V[Ar,us], defined in [3, 6, 7].



of this discussion is that the physically unambiguous quantity in the large N limit are the
real parts of the topologically twisted index and the free energy on S3.

There is an additional important point in the story. To obtain the degeneracy of vacua
of the compactified theory for a given choice of the flux parameters, ny, one has to extremize
the function Z(Ar,ny) with respect to the fugacities Ay [3|. This prescription is analogous
to the extremization principles that exist in four [36], three [28], and two-dimensional [37, 38|
SCFTs with an Abelian R-symmetry.

After this short introduction to the topologically twisted index we are ready to discuss
the universal twist. This is obtained by choosing fluxes ny proportional to the exact UV
R-charges A; and these, as we already mentioned, can be found by extremizing Fgs [28].
From the identification (2.6) it is clear that the Bethe potential V is also extremized at the
values A;. Given the normalizations (2.1) and (2.4), we find that the universal twist is
determined by B

o _Ar (2.7)
1—9g T

It is easy to see that, for this choice of fluxes, log Z in (2.5) is also extremized at A; = Ay:

alogZ‘
aA[ AI

=0, (2.8)

since 9V(Ay) = 0.7 The value at the extremum reads

log Z(Ap,ny) = (g — 1) Fgs (Aﬂl> ; (2.9)

where we made use of (2.6) and (2.7).

Equation (2.9) amounts to a universal relation between the value of the index of the
universal twist of a 3d A" = 2 SCFT and the free energy on S? of the same superconformal
theory in the planar limit. For theories with a weakly coupled holographic dual this identity
should translate into a universal relation between the entropy of some universal black hole
solution and the AdS4 supersymmetric free energy. As we discuss in detail in section 3 this
expectation indeed bears out for the case of hyperbolic Riemann surfaces, i.e. for g > 1.

It is worth pointing out that the universal relation in (2.9) is the three-dimensional
analog of the universal relation among central charges established in [30] for twisted com-
pactifications of four-dimensional ' = 1 SCFTs on R? x 29.8 A notable difference is that
for four-dimensional SCFTs the universal relation can be established at finite N. It would
be most interesting to study subleading, i.e. non-planar, corrections to the universal relation
in (2.9).7

"We note in passing that if one imposes 1"%9 = % before extremizing Figs then the second term in (2.5)
vanishes. Thus, after using (2.6) we find that the extremization of Fgs is the same as the extremization of
the topologically twisted index.

8Similar relations can be established for SCFTs with a continuous R-symmetry in various dimensions
and with different amount of supersymmetry [31].

9Tt is interesting to note that similar relations between Fgs and partition functions on S* x ¥y with line
operator insertions were discussed in [39].



2.1 M-theory and massive type ITA models

The derivation of (2.9) is based on the large N identities (2.5) and (2.6), which in turn can
be established for a large class of Yang-Mills-Chern-Simons theories with fundamental and
bi-fundamental chiral fields with M-theory or massive type ITA duals. We now discuss the
class of theories for which these identities are valid.

Consider first superconformal theories dual to M-theory on AdS4x SE7, where SE7 is a
Sasaki-Einstein manifold. Many quivers describing such theories have been proposed in the
literature. Most of them are obtained by dimensionally reducing a “parent” four-dimensional
quiver gauge theory with bi-fundamentals and adjoints with an AdSsx SEg dual, and then
adding Chern-Simons terms and flavoring with fundamentals. In such theories, the sum of
all Chern-Simons levels is zero, ), k, = 0. Holography predicts that the S 3 free energy and
the twisted index of such theories scales as N3/2 for N > k,. The large N behavior of the
S3 free energy has been computed in [40] and successfully compared with the holographic
predictions only for a particular class of quivers. In particular, for the method in [40]
to work, the bi-fundamental fields must transform in a real representation of the gauge
group and the total number of fundamentals must be equal to the total number of anti-
fundamentals. It turns out that, under the same conditions, the topologically twisted index
scales like N3/2 and the identities (2.5) and (2.6) are valid [6]. This particular class of quivers
include all the vector-like examples in [41-43] and many of the flavored theories in [44, 45].
In particular, the latter includes the dual of AdSy x lel’l/Zk and AdS4 x NOL0 /7, The
conditions are also satisfied for the N' = 3 necklace and D- and F- type quivers [46-50],
as well as the quiver for the non-toric manifold V5?2 discussed in [51]. The evaluation
of the index in the large N limit for most of these examples is given in [7], where the
identities (2.5) and (2.6) are also verified by explicit computation. For the “chiral” theories
discussed in [41-43|, on the other hand, it is not known how to properly take the large
N limit in the matrix model to obtain the correct scaling predicted by holography. This
applies both for the topologically twisted index and for the S partition function. This
class of quivers includes interesting models, like the quiver for M %! proposed in [43] and
further studied in [52].

Consider now superconformal theories dual to warped AdSy x Yy flux vacua of massive
type ITA. A well-known example is the N' = 2 U(N) gauge theory with three adjoint
multiplets and a Chern-Simons coupling k described in [53]. It corresponds to an internal
manifold Y with the topology of S This has been generalised in [54] to the case where
Y is an S? fibration over a general Kihler-Einstein manifold KE4. The dual field theory is
obtained by considering the four-dimensional theory dual to AdSsx SEs, where SEj5 is the
five-dimensional Sasaki-Einstein with local base KEy4, reducing it to three dimensions and
adding a Chern-Simons term with level k for all gauge groups.!’ The large N limit at fixed
k of the S% free energy has been computed in [53] and [54] and shown to scale as N°/3,
as predicted by holography. The large N limit of the topologically twisted index has been

"The original example in [53] has KE4 = CPs, SE5 = S°, and the superconformal theory is obtained by
reducing N’ = 4 SYM to three-dimensions and adding a Chern-Simons coupling with level k. The solution
in [54] is obtained by replacing CPy with more general KE4 manifolds.



computed in [6]. The identities (2.5) and (2.6) also hold for massive type ITA. The explicit
derivation was not reported in [6] and is given in appendix A. Notice that for massive type
ITA quivers there is no need to restrict to vector-like models.

The discussion above shows that there is a large number of three-dimensional supercon-
formal theories with M-theory or massive type IIA duals for which relation (2.9) formally
holds. However, it is important to notice that not all of them really admit a universal twist
since we need to restrict ourselves to N/ = 2 SCFTs with rational R-charges. Indeed, since
n; and g are integers, the relation in (2.7) implies that the exact R-charge of the fields
must be rational. This slightly restricts the class of theories where we can perform the
universal twist. However, we can still find infinitely many models for which the R-charges
are rational and the universal twist exists. Since N' = 3 theories necessarily have rational
R-charges this applies to the ' = 3 necklace quivers [46, 47| as well as the D- and E—type
quivers [48-50], and the N' = 3 quiver for N0 [44, 55, 56]. In addition, one can check
that the A = 2 quivers for Q11! [45] and V??2 [51] in M-theory have rational R-charges.
The same holds for the theory in [53] and some of its generalizations in massive type ITA.!!

3 A simple 4d black hole

Here we provide the holographic description of the universal twisted compactification of
3d N = 2 SCFTs discussed in the previous section. As we shall show, this corresponds to
the supersymmetric magnetically charged AdSs black hole of [12, 13|, thus providing the
appropriate field theory interpretation of this solution. We also review the known uplift of
this solution to M-theory and provide a new uplift to massive ITA supergravity.

The appropriate supergravity is 4d minimal N = 2 gauged supergravity [58], with eight
supercharges and bosonic content the graviton and an SO(2) gauge field, dual to the stress
energy tensor and R-symmetry current, respectively. The bosonic action reads!'?

r——1 /d‘*x\/?g (R+6 - 1F2> : (3.1)

a 167TG§3) 4

with Ggé) the 4d Newton constant. We have chosen the cosmological constant such that the
AdS4 vacuum of the theory has Raqs, = —12 and Lags, = 1. The magnetically charged
black hole solution of [12, 13] preserves two supercharges and is given by!'3

1\2 1\ 2
ds?l = — <p — > dt? + <p — > dp2 + ,02 ds]%p )
2p 2p (3.2)

"The R-charges for M-theory vacua can be computed using volume minimization [57] and for massive
type ITA by a-maximization [36]. The result is generically irrational. However, we can easily find special
classes of SE7 or SEs where the result is rational.

2Here we follow the conventions in [3] and truncate the A" = 8 supergravity to the minimal one by setting
L, =1 (¢i; = 0), A, = A, and set the coupling constant g = 1/4/2 which in turn amounts to setting the
radius of the AdSs vacuum to one.

13 A generalization to include rotation while maintaining supersymmetry was also found in these references.



where ds%12 = % (dx% + dx%) is the local constant-curvature metric on a Riemann surface
Yy of genus g > 1, normalized such that Rg2 = —2. Using the Gauss-Bonnet theorem
the volume of the Riemann surface is then vol(¥y) = 4m(g — 1). Dirac quantization of the
flux requires i fzg F € Z, which holds for any genus g. We note the solution has a fixed
magnetic charge, set by supersymmetry. The entropy of this extremal black hole is given
in terms of the horizon area by the standard Bekenstein-Hawking formula

Spi = Arfg _ _(142”. (3.3)

4Gy 2G

As will soon become clear the large N limit of the topologically twisted index reproduces
exactly this entropy. However, there is a slight subtlety in this story. According to the
standard holographic dictionary the logarithm of the partition function of the CFT (in the
appropriate large N limit) should correspond to a properly regularized on-shell action of
the dual gravitational background, rather than the black hole entropy. In the next section
we clarify this relation, showing that the black hole entropy in (3.3) is indeed closely related
to the on-shell action and thus to the topologically twisted index.

3.1 On-shell action

We are interested in calculating the value of the Euclideanized action (3.1), evaluated
on-shell for the solution (3.2). This action is divergent unless properly regularized by
counterterms, following the standard holographic renormalization prescription, which we
carry out explicitly next. As we show, this is intimately related to the entropy of the black
hole. The regularized action we consider is given by:!°

Igya = IEinst+MaX + Ict+bdry )

1 1
Iginst o Max = ———— | d'z (R+6—F2)
Bt = GO [ tava 1 (3.4)
1 ; 1
Ict+bdry = Sﬂ-G%) /d .Tﬁ <2 + 2R('7) K> )

where 7 is the induced metric on the boundary, defined by the radial cutoff p = r, and K is
the trace of the extrinsic curvature of this boundary metric. Taking r — oo leads to a diver-
gence in Iginst+Max, Which is cancelled by Ictypary, Wwhere we have collected the appropriate
counterterms as well as boundary terms necessary for a well-defined variational principle.
An important additional subtlety arises, however, in the explicit evaluation of Iy for the
extremal solution (3.2). Indeed, it is easy to see that this integral is naively not well defined,
as the integrand of Iy for this solution vanishes, while the integration over Euclidean time
fooo dt leads to infinity as a consequence of the solution being extremal and thus 7' = 0. To
obtain the correct finite result we thus consider a non-extremal deformation of the solution,
compute Igyq for the non-extremal solution and take the extremal limit at the end.

1 A5 discussed in [13], there is no supersymmetric static black hole solution with g = 0, 1.
153ee for example section 4.4 of [59] as a reference for the counterterms. With respect to their normal-
izations we have F'*here = phere /g,



There are two non-extremal deformations. One amounts to allowing for a generic
magnetic charge () under the graviphoton, and a second to adding a mass 7. This non-
extremal generalization was discussed in [12, 13] and the solution reads

1
d52 = —V(p) dt2 + m dp2 + p2 ds]?_ﬂz 5
p
dx1 A dxo (35>
o o ALy
Ty
where )
2n . Q
V(p):—1—£+ﬁ+p2- (3.6)

The extremal solution is recovered for @ — 1/2 and n — 0. The horizon radius pg is ob-
tained by solving the quartic equation V(pg) = 0. The temperature T' of the black hole can
be obtained by requiring the Euclidean metric to be free of conical singularities, which gives

[V'(po)| 1 |, n @Q
T — — 4+ L=, 3.7
4m 2700 |0 po I (37)

In the extremal limit pg — 1/v/2 and T — 0. Evaluating the on-shell action (3.4) for
general values of @ and 7 we find!'6

(g—-1) 8 2 4
Tena = —77— (R — pog +1p0) , 3.8
Eucl QG%) po( 0 0) ( )

where = 1/T is the Euclidean time periodicity. Taking the extremal limit of this expres-
sion gives the finite answer

o =T 40 ((@-1/2%) + 0 (5'2). (3.9
N

Comparing this to the entropy (3.3) of the extremal black hole, we thus have
Iextr = _SBH . (310)

On the other hand, the holographic dictionary relates the gravitational on-shell action to
the partition function of the dual CFT as I = —log Z, leading to the satisfying expression

Spu =log Z. (3.11)

We have thus shown that the black hole entropy can be identified with the topologically
twisted index of the dual CFT to leading order in N. This relation was argued to hold more
generally for a class of black holes in non-minimal gauged supergravity in [3]; it would be
interesting to establish this explicitly by generalizing the computation above to this larger

1Based on general thermodynamics arguments one would expect the non-supersymmetric on-shell action
to obey the relation I = (M — ST — ®Q), where M, @, and ®, are the mass, charge and chemical potential
of the black hole. See [60] for a recent discussion on this relation for asymptotically AdS4 black holes.
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class of black holes. It would also be of interest to study these relations to subleading
orders in N.
Finally, let us recall that the renormalized on-shell action for Euclidean AdSy4 with an

S3 boundary is given by [61]'7
s

Fgs = —— | (3.12)
2G
which using (3.3) leads to the relation
SBH = (g - 1) FS3 . (3.13)

With the identification (3.11) one recognizes this result as the holographic analog of the uni-
versal field theory relation (2.9). Thus, the result (3.13) provides strong evidence that the
AdS, black hole (3.2) describes the RG flow from 3d A/ = 2 SCFTs with a universal topo-
logical twist on X4 to superconformal quantum mechanical theories with two supercharges.

We emphasize that although the black hole solution (3.2) is derived as a supersym-
metric solution of minimal gauged supergravity, it is also a solution to non-minimal gauged
supergravity, with the additional vector and hyper multiplet bosonic fields set to zero.'®
The fact that “freezing” the vector multiplets to zero is consistent corresponds to the prop-
erty of universality of the topological twist (2.7). In other words, as the vector multiplet
scalars in the gauged supergravity are not sourced along the flow from AdS, to AdS, real-
ized by the black hole (3.2), there is no mixing between R-symmetry and flavor symmetry
along the flow and the R-symmetry in the IR coincides with the one in the UV. This is
consistent with the field theory discussion of section 2.

3.2 Uplift to M-theory

Here we review the uplift of the universal solution in (3.2) to eleven-dimensional supergrav-
ity, which was carried out in [62]. The metric and four-form read'?

1
ds?, = L? (4 ds? + ds%) ,
1 \2
ds% = <dw + 0+ 1 A> + ds%{E , (3.14)

1
Gy=1L1° (2\/014—4*4F/\J>,

where ds7|a—o is a seven-dimensional Sasaki-Einstein with RiSjE7 = 692-S]E7, dskgg 1s a six-

dimensional Kéhler-Einstein space with RZKjE = 895]3 and Kéhler form J, with do = 2J,
F = dA = volyp, ds? is given in (3.2), and *4 is with respect to this four-dimensional metric.
This solution of eleven-dimensional supergravity can be interpreted as the backreaction of N
M2-branes wrapping a supersymmetric cycle in a Calabi-Yau five-fold. This point of view
was discussed in [16], following the ideas in [15], for the case where the Sasaki-Einstein
manifold is S7 and thus the six-dimensional Kihler-Einstein space is CP3.

'"With slight abuse of notation we define the CFT free energy as F = —log Z = I.
18This can be checked, for instance, by setting n, = 5 75 =0, L, =1 in the BPS equations (A.27) in [3].
9Compared to equation (2.3) in [62] we have introduced an overall scale L.
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In order for this local supergravity solution to extend to a well defined M-theory back-
ground, some of its parameters should be properly quantized. The quantization condition

1
N=—— G 3.15
(2l11)0 /y7 e (319

where N is an integer determining the number of M2-branes and ¢11 is the Planck length in

on (G4 reads

eleven dimensions. This translates into the quantization of the AdSy length scale in terms

of the Planck length,?°
32N \Y°
L=mx/ — . 3.16
T <3V01(Y7)> (3.16)

The four-dimensional Newton constant is given by

1 L7 vol(Y-
ok G(IE) 2 167GUY = (2m)8¢), . (3.17)
N N

3.2.1 Entropy
Using (3.16) and (3.17) we compute the properly normalized horizon area, obtaining the
black hole entropy:

_ 270 3/2

This is consistent with (3.13) and the well-known expression for the holographic free energy

on S3 [47, 63]
276
Fgs = | o N%/2, 1
3 27vol(Y7) (3.19)

It is instructive to unpack this equation for a couple of examples of well-known three-
dimensional SCFTs. For the special case of the ABJM theory, i.e., Y7 = S7/Zy, the free
energy on S3 is given by Fgs = 7T?‘514,‘1/2N3/2 [63] and thus

™2
SABM — (g —1) Tkl/2N3/2. (3.20)

This result is correctly reproduced by the topologically twisted index for the ABJM theory.
This follows from the general discussion in section 2, which is model independent. It is
nonetheless instructive to see explicitly how this works. The topologically twisted index for
ABJM is given by |3, 5]
4
2
log ZABJM = —\gk‘l/QNEI/Q\/ A1A2A3A4 % s (321)
I
I=1

where Ay, ny are, respectively, the chemical potentials and fluxes associated to the four
chiral bi-fundamental fields of ABJM, subject to the constraints Z}Lzl A; = 27 and

20Upon a reduction to 10d type IIA supergravity the 11d Planck length is related to the string length

and coupling constant via the equation ¢11 = lsg;/g’.
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S nr=2(1—g).2' The exact R-symmetry corresponds to A; = 7/2 and the univer-
sal twist to n; = (1 — g)/2. We see that g must be odd. We obtain log ZABM = GABIM
as expected.

As another example, we can consider the Sasaki-Einstein manifold Y7 = QU%!/7Z,
whose dual SCFT was discussed in [45]. The free energy on S® is given by Fgs =
3%1&/21\[3/2 [40]. Then, from (3.13) we have

47
3v3
The dual field theory is a flavored version of ABJM and the exact R-charge of the fields

A; is 2/3 and that of B; is 1/3 [40]. Quantization of fluxes then requires g — 1 to be an
integer multiple of 3. The topologically twisted index was computed in |7] and it is easy to

SO = (g — 1) ——KY/2N3/2 (3.22)

check that log Zo" = 51%1{’171, again in agreement with the general result in section 2.22
Combining the results in [40] and [7] one can check many other examples, all in agreement
with the general result (2.9).

As discussed in section 2, the universal twist is not only possible for theories with an
M-theory dual, but also for field theories with massive IIA duals with an N®/3 scaling of
the free energy. We discuss this next.

3.3 Uplift to massive ITA

Here we discuss new black hole solutions in massive IIA supergravity, obtained by uplifts of
the 4d solution (3.2). This can be done by using the formulae of [64-66], where the uplift
of the SU(3)-invariant sector of 4d N/ = 8 supergravity with ISO(7) gauging is given. The
bosonic content of the 4d SU(3)-invariant sector is the graviton ey, 6 scalars ¢, x, ¢, a, , 5 ,
2 electric vectors A%, A and their magnetic duals Ag, A1, 3 two-forms B°, By, By and 2
three-forms C?, C'. One should keep in mind that these are not all independent as, e.g.,
the field strengths of C°, C! can be dualized into functions of the scalar fields, see [66] for
more details.

Since we are interested in solutions that asymptote to the N' = 2 supersymmetric AdSy
vacuum of the theory described in [53], and we expect the scalars to be set to constant values,
we set them to the values of the AdS, vacuum solution, provided in (B.3). The electric
potential A! is identified (up to a normalization, which we fix by using the massive ITA
equations of motion) with the gauge field A of the minimal four-dimensional theory in (3.1).
With this at hand we can use the uplift formulae of [64-66|, reproduced in (B.1), to obtain
explicit expressions for the bosonic fields of the ten-dimensional massive IIA supergravity,
i.e., the metric, the dilaton, <Z>, as well as the two-, three-, and four-form fluxes: 13'2, I:I3,

21See formula (28) in [5], where the notations are: uy = Ay and p;r = —ns and the case k = 1 is considered.
For k > 1 there could be ambiguities related to other saddle points, but we still expect (3.21) to hold.

*2The free energy on S is given by formula (6.15) in [40] and the twisted index for g = 0 by formula (5.47)
in [7]. The generalization to general genus g > 0 is obtained by log Zy = (1 — g) log Zz—o(ni/(1 —g)) [8]. As
discussed in [40], the exact R-charge of the fields A; is A4, /m = 2/3 and that of the fields B; is A4, /7 =1/3,
while A,,=0. The fluxes for the universal twist are then na, = 2(1 — g)/3, np, = (1 — g)/3 and t+ t = 0.
From formula (5.47) in [7] we find log 7" = (g — 1)34—"@161/2N3/2.
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and Fy, respectively. The metric and dilaton read

ds?y = L*(cos(2a) + 3)/%(cos(2a) + 5)/8 (ds? + ds?)
Gsin*(a)

3 651n2 a) 9sin?(a)
dsg = =do? dston + ————(d A1)?
%= 340+ ey +3 % T os@ay 15 W oA (3.23)
¢b = 91/4g5/6,,-5/6 (cos(2a) 4 5)%/
cos(2a) +3

where ds? is the black hole metric (3.2), dsmﬂ is the standard Einstein metric on CP?
(see (B.2)), Al =L %1 is the connection on the Riemann surface, and

L% = 371975/8,=25/12,,1/12 (3.24)

We note that (3.23) can be obtained from the AdSs vacuum solution of [53] by the simple
replacement dsidS4 — ds? and dyp — dip + gA'. The massive ITA form fields, however,
are not so easily obtained and require more work. The basic point is that in order to
determine these one must find a further truncation of the remaining SU(3)-invariant fields
consistent with the duality transformations of [66] and the equations of motion, which
due to the connection on the Riemann surface is non-trivial. We discuss this in detail in
appendix B.1. Here we simply present the final answer:

s (m 2/3 4sin?(a) cos(a) _ 3sin(a)(cos(2a) —3)
B (3) (e /

g (2a)+3) (cos(2a) +5) g(cos(20)+5)2 nAdo

3cos(ar) .4 1 1
cos(20) 15 H ) — 5 V3cos(a) x4 Hp |,

g L (M) ssin’(@) danJ+2/3sin(a)danxy HE
T m g g(cos(2a)+3)? “ g VOSIA)AAAFA ) |

.1 (m 3 [ vol, sint(a)(3cos(2a)+7)
fi= () <¢§g+ gleosza)+3)2

(3.25)

3sin3(a) cos(a)(cos(2a)+9) 3 . 1
- d - daNH
4(cos(20) 1 3) (cos(2a) 15) nA a/\J+4s1n(a)cos(a)n/\ aNH iy
3sin?(a)cos?(a) 4 3v/3sin(20) L V/3sin?(a) 1
© cos(20)+3 H(2)/\J+4(cos(2a)+5)n/\da/\*4H(2)_cos(2a)+3*4H(2)/\J ’

where J = %da is the Kahler form on CP%, H (12) = dA", voly is the volume form of dsy,
and *4 is the hodge dual with respect to dsy. We have explicitly checked that (3.23)
and (3.25) indeed satisfy the equations of motion of massive ITA supergravity.?> At large
p the solution is locally asymptotic to the N/ = 2 AdSy solution of [53] and thus (3.23)
and (3.25) describe the twisted compactification of the corresponding three-dimensional
field theory dual, consisting of a U(/N) Chern-Simons theory at level k& with three adjoints

superfields ;.

2 These equations can be found in equation (A.5) of [64].
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Based on our field theory analysis we actually expect (3.23) and (3.25) to be part of
a more general class of solutions, where the CP? is replaced by a general Kihler-Einstein
base. As an example, we have explicitly checked that replacing

1
G (d0F + sin® 01 d¢? + df3 + sin® 0> d¢3) ,

. (3.26)
o 3 (cos 1 dpy + cos b2 dgo)

2 2 _
dSCPQ — dS]PﬂX]Pyl =

in (3.23) (along with suitable replacements of J and 7 in (3.25)) is also a solution of the
equations of motion.

More generally, replacing CP? by a generic Kihler-Einstein base B leads to a large
family of new massive ITA black holes, which are asymptotic to the AdS,4 solutions described
in [54]. As discussed there, the 3d field theory duals are obtained from a 4d parent field
theory with an AdSs x Y5 dual, with B corresponding to the Kéhler-Eistein base of the
Sasaki-Einstein Y5, i.e.,

dsis =n° +ds. (3.27)

Thus, the black hole solutions reported here describe the compactifications of these 3d
SCFTs on a Riemann surface, twisted by the exact superconformal R-symmetry.

To ensure that the local supergravity solution given in (3.23) and (3.25) extends to a
well defined string theory background, it should be properly quantized.?* The four-form
quantization condition in massive ITA reads?

1 17 N A A 1 N R ~
N=—-——— 2 F Bioy ANdA —m By A Bioy N B 3.28
(270,)p /M6 (62 ¥4 8 + B ® T gMmPe N bw (2)) ;o (328
where N is an integer determining the number of D2-branes, and the potentials B(Q),A(S)
can be found in [65]. We can evaluate this for the solution in (3.23) and (3.25) for a general
base B. Using the explicit expression for the background fluxes presented in appendix B.1

we find

1 sin® () (132 cos(2a) + 7 cos(4a) + 213)
N = d d
(2mls) /Me 4g5(cos(2a) + 3)3 anJnJAdy
1 16
= ——=—vol(Y¥s), (3.29)

where we integrated over 0 < a < m and used the identity %J A J A dyp = dvol(Ys).
Using (3.24) this translates into a quantization condition on the asymptotic AdS, and the
near-horizon AdSs, radii:

(3.30)

| /M N\
o AL T 555/4837/24 < )) ’

Laas, = =L
AdS2 vol(Ys

where we have used that asymptotically ds? — dsid&, while close to the horizon ds? —
i(dsids,z + 2d3229) and defined n = 2w¢sm. Note that the quantization condition on Lags,

**In the case of dsi = dsiag, this was carried out in [54] for a general base B. The quantization for the
black hole solution here is very similar and we provide it here for completeness.
#5See for example equation (4.11) in [65].
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coincides with the one obtained in [54]|. This is expected since our solution is asymptotic to
the solutions discussed there. Similarly, the four-dimensional Newton constant is given by?°

1 6%2L8 g, vol(Y5)
G%) B 5¢876

(3.31)

3.3.1 Entropy

Putting all this together, we can compute the properly normalized horizon area and obtain
the following general formula for the black hole entropy:

21/3 31/6 3

20 C pl3NO/3, 3.32
5vol(Y5)2/3 " (3.32)

Spr = (g — 1)
Let us specialize this to the two simple cases considered above, namely CP? and P! x P!,
with corresponding Y3’s equal to S° and Y10, respectively. We recall that for a U(N)“
gauge theory, where each factor has the same Chern-Simons level k, the parameter n is
related to the Chern-Simons levels by n = Gk [67].
For Y5 = S° we have vol(Ys) = 73 and n = k and (3.32) reads

Soh = (g — 1) w2!/331/65- 1 N5/31/3 (3.33)

The dual three-dimensional field theory is a U(NN) Chern-Simons theory with three adjoints
superfields ®; and superpotential W = ®1[®y, @3] [40|. The index is explicitly computed in
appendix A; it is given by (A.15) and (A.16), where Aj + Ay + Ag = 27 and ny +ng +ng =
2(1 — g). The exact R-symmetry corresponds to A; = 27/3 and the universal twist to
n; = 2(1 — g)/3. Quantization of fluxes requires g — 1 to be an integer multiple of 3. We
then see that the index is given by

log Z = (g — 1) w 2Y/33Y/65 I NS/BE3(1 — i/V/3), (3.34)
while the free energy on S2 is given by equation (A.9),
Fgs = m21/33Y/05= I NO/3E1/3(1 — i /1/3) . (3.35)

As expected this leads to log Z = (g — 1)Fgs, in agreement with our general argument in
section 2. We also note that both log Z and Fgs are complex but as discussed above
equation (2.7) we should focus on the real part. We then arrive at the following, by
now familiar, relation between the black hole entropy and the SCFT partition functions;
Spu = Relog Z = (g — 1)ReF53

Similarly, for Y° = Y19 one has vol(Ys) = 1g§3, n = 2k and (3.32) reads

SYLY (g — 1) 7 313/620 1 NB/3R1/3 (3.36)

26For a solution of the form ds?, = ¢**L? (ds4 + dse) the effective four-dimensional Newton constant
is given by l/G(4) (1/G(10) L6fd6acf6 8 with 167TG(10) (27)7¢8, following the conventions used
in [53]. Note in particular that in [53] they set g = 1.
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The three-dimensional field theory dual is a U(NN) x U(N) gauge theory with four bifun-
damentals ®; with the same quiver and superpotential as the 4d A/ = 1 Klebanov-Witten
theory [68]. In this case the exact R-symmetry corresponds to Ay = 7/2 and the univer-
sal twist to ny = (1 — g)/2, which requires g to be odd. The topologically twisted index,
computed explicitly in appendix A, correctly reproduces the entropy in (3.36).

3.3.2 Checking supersymmetry

As a final consistency check of the supergravity discussion of these new massive IIA black
hole solutions here we show explicitly that the solution in (3.23) and (3.25) preserves two su-
percharges. The supersymmetry variations of the fermionic fields are given in [69] and read?”

1 52 1 37
51@:Due—3—2me4¢TMe—@64¢Fl,p(F#”p—145M”I"D)F116

- 20
ei(bFup/\T <1"Ml/,0>\’7' N 36MVF9>\T> €,

1 _134 1
—ﬂbEI v A v 2\ T
e ? VP/\( up 95u e 256

%6 3.37
X L (0,0)THe——"_meibeq 5 if, pmT 337
= - E———=ME€ € (& €
22 82 162 M M
1 17 A 1 15 A
—s¢ uvp 19 HYPA
+ e 2%H,,,I'""PT'1e— e1?EF,, I €.
24./2 Hp T SN, A

Plugging in the background (3.23) and (3.25) and setting these variations to zero we obtain
a set of differential equations for €, with the following solution (see appendix B.2 for details):

3
e = |gul"/*e2" TV R(01,02)n, (3.38)

where gy the time-time component of the 10d metric in (3.23). The quantity R(61, 62) is
an a-dependent “rotation operator,” defined as

R(01,62) = Rag(01)R1234(02) ;
Rag(61) = (cos (01/2) — sin (01/2)T#) | (3.39)
Rizza(f2) = (cos (62/2) — sin (62/2) ') |

where the functions 0 2 = 61 2(«) are given in (B.29), and 7 is a constant ten-dimensional
spinor obeying the projection conditions

IIin =Tlen =Tlgn =Tyn = 0. (3.40)

Here we have defined the projectors

Using (3.39) one may alternatively express (3.40) as projection conditions on e:

H1€ == H2€ == ﬁge == ﬁ4€ == 0, (341)

*"The conventions of this reference are related to ours by ¢ <> —3¢, Frnpg <> 5 Frnpgs Gpar <> Hpgr,
Bpq < Bpq.
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where we defined the “rotated projectors,”
ﬁg = 73(91,92) 13 Rfl(el,eg) s ﬁ4 = R(@l,gg) 114 73’1(91,02) . (3.42)

Similar rotated projectors have appeared in [70, 71|, albeit in a somewhat different class of
supergravity solutions with internal fluxes. Note that the I3 projector can be understood
as a dielectric deformation of the standard D2-brane projector due to the internal fluxes.
The four projection conditions in (3.40) determine that the black hole solution of interest
preserves 2 out of the 32 supercharges of the massive IIA supergravity.?® Note this is half
the number of supercharges of the AdSy solution of [53], since the Ils projector is absent in
that case.

4 AdS, horizons in 11d

The discussion thus far has been restricted to the so-called universal twist of 3d N = 2
SCF'Ts and its holographic dual description in terms of a magnetically charged black hole in
AdS4. As emphasized, the universal twist is characterized by the fact that the background
magnetic flux in the CFT is only along the direction of the 3d superconformal R-symmetry.
Most 3d N' = 2 SCFTs with holographic duals, however, admit continuous flavor symmetries
and it is natural to study the behavior of these theories in the presence of magnetic fluxes
for these global symmetries, as well as their holographic duals. In this section we begin
exploring this question for a class of 3d N' = 2 SCFTs arising from M2-branes placed at the
tip of a C'Yy conical singularity in M-theory. It is well-known that upon backreaction of the
branes this setup leads to a supersymmetric Freund-Rubin vacuum of M-theory of the form
AdSy x X7 where X7 is a Sasaki-Einstein manifold which is the base of the CY; cone. We
have already mentioned a few of these spaces above, for example M1 QUL and V52,
Many other examples of such Sasaki-Einstein manifolds with explicit metrics are known in
the literature (see for example |72] and references thereof). In addition to the omnipresent
Reeb vector, which exists on all such spaces and is dual to the superconformal R-symmetry,
these examples of Sasaki-Einstein manifolds typically have additional isometries, which are
dual to mesonic flavor symmetries in the dual CFT. In addition, if the seven-dimensional
manifold has non-trivial two-cycles (and thus by Poincaré duality five-cycles) the dual CFT
has continuous baryonic symmetries. After placing the 3d SCFT on S! x ¥ we can turn
on background magnetic fluxes for these mesonic and baryonic flavor symmetries while
still preserving supersymmetry.?? The holographic dual description of this setup should be
given by a magnetically charged supersymmetric black hole which preserves (at least) two
supercharges and is asymptotic to the original AdS, x X7 background. The near horizon
limit of this black hole should be given by a warped product of the form AdSs x,, Mg where

28 As usual here we discuss only the Poincaré type supercharges. For a supersymmetric background with
an AdS factor in the metric the number of supercharges is doubled due to the presence of superconformal
supercharges.

29From the point of view of the M2-brane picture this corresponds to wrapping the M2-branes on g
which then by the general result in [14] automatically implements the topological twist and fibers the C'Yy
over the Riemann surface.
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the manifold My is a fibration of the Sasaki-Einstein space X7 over 3. Our goal in this
section is to construct explicit examples of such warped AdSy supersymmetric vacua of
eleven-dimensional supergravity.

A few comments on our strategy to attack this technically challenging problem are in
order. A classification of warped AdSs solutions of 11d supergravity was given in [18, 19].
The result of these papers is that the manifold Mg should be given as a U(1) bundle over
an eight-dimensional Kéhler manifold. The metric on this eight-dimensional space should
obey a certain fourth-order non-linear PDE.3? Finding explicit expressions for such metrics
is a challenging problem to tackle (see however |20, 74, 75| for some examples) so we employ
a different strategy, which closely follows the one in [30] where many explicit AdSs vacua of
type IIB supergravity with (0, 2) supersymmetry were constructed. To be more concrete we
propose an Ansatz for the metric and four-form flux, G4 of the 11d theory and impose the
vanishing of the gravitino supersymmetry variation as well as the equations of motion and
the Bianchi identity for G4. We show that all solutions within our Ansatz are determined
by a single function satisfying a nonlinear ODE. This nonlinear equation admits quartic
polynomial solutions which lead to a rich class of supergravity solutions. This class contains
the near horizon AdSs region of the universal solution (3.14) as a special case.

After this brief introduction let us proceed with the construction of our solutions.
The eleven-dimensional space is of the form AdSy x,, Mg where My is a nine-dimensional
manifold given by a seven-dimensional space M7 fibered over a Riemann surface Xg:

M7‘—)M9

0
EH

We will take ¥y to be compact (i.e. with no punctures) and have a constant-curvature
metric,?! given by

ds%g — 2h(z1,22) (dm% + dm%) 7 <4.1)
with ,
—log 1+x§+x2 g=
h(x1,22) = { $log2m g=1. (4.2)
—log 2 g>1

The Ansatz for M7 will be modelled on a large class of seven-dimensional Sasaki-Einstein
manifolds found and studied in |72, 77|, denoted by YP4(B3), where B, in our case, is a four-
dimensional Kahler-Einstein manifold that can be either CP' x CP! or CPP?, upon which the
full manifold is constructed. Mz is then spanned by the four coordinates on B and (y, 5, ),
the latter two being angles. In particular, v is the angle associated to the Reeb vector of
M. Thus, we employ an eleven-dimensional metric Ansatz which has explicit AdSg, X4

30Tt is curious to note that such Kihler manifolds have appeared recently in a seemingly unrelated context
in [73].

31In principle, this assumption could be relaxed but the analysis is more involved. In addition the results
of [76] suggest that all the interesting physics in the IR is captured by the constant-curvature metric.
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and B factors as well as two U(1) isometry directions, § and 1, which are fibered over 3
and B. With these assumptions we arrive at the following general metric Ansatz:

dsty = fi dshas, + f3 dsS, + 3 dy® + 2 (DB)* + f3 dsg + f7 (D¥)?,  (4.3)
where f, = f,(y) are functions of the coordinate y only, and
DB =dp+ cA+bAg, Dy = dy + aAp + ¢A — fs(y) DS, (4.4)

with A = Aj(x1,x2) dx1 + Ag(x1,x2) dzo a connection on the Riemann surface and Ap a
connection on B, satisfying,

dA = voly, , dAg = Jg, (4.5)

with Jp the Kéhler form on B. The most general Ansatz for the 4-form compatible with
the symmetries of the problem reads

Gy = fivolaas, A(f3g1vols, + f3 fagady NDB+ fa frgsDBADY+ f3 frgady NDy+ f2 g5 J3)
'|‘]022V012g A\ (f3f4i1dy/\Dﬂ+fgi2JB—|—f4f7i4D,B/\D¢+f3f7i5dyAD¢) (4.6)
+[2 I8N (f3falidy ADB+ f2laJp+ fafzlsDBA DY+ fs frlady ADY) ,

where g, = gn(y),in = in(y), and l,, = [,,(y) are functions of the coordinate y only.

Before we describe the solutions, let us discuss the interpretation of various terms in
the Ansatz. Since the Reeb vector 9y corresponds to the U(1)g R-symmetry of the 3d
N = 2 field theory dual, the ¢A term in D1 thus corresponds to the part of the topological
twist along the three-dimensional superconformal R-symmetry. The isometry dg, on the
other hand, is dual to a flavor symmetry and thus the cA term in DS corresponds to flavor
flux in the dual field theory (which should be set to zero in the special case of the universal
twist). The parameters a, b specify the structure of the fibration over B. From the black
hole perspective, since the reduction along D and Dj leads to a graviphoton and a vector
field, respectively, the coefficients ¢, ¢ are related to the magnetic charges of the black hole
under these two gauge fields. Other charges may arise in four dimensions from the reduction
of the 4-form, i.e., Betti multiplets. These arise from the terms proportional to elements of
H?(My;) and voly, and correspond to a background for a baryonic symmetry in the dual
picture; we discuss a class of examples of this in section 4.3. It is worth pointing out that
the map between the parameters in our supergravity Ansatz and quantities in the dual
CFT could in general be complicated by a possible mixing between the three-dimensional
superconformal R-symmetry and flavor and baryonic symmetries as one flows to the IR.
Thus, one should take the field theory interpretation of the supergravity parameters with
a healthy dose of skepticism.

Plugging the Ansatz (4.3) and (4.6) into the BPS equations and the equations of motion
and Bianchi identity for the four-form: dG4 = d*11 G4+ %G4 AN G4 = 0, one obtains a set of
differential equations, analyzed in detail in appendix C. As discussed there it is convenient
to introduce a new basis of functions Fj(y), related to the original functions f;(y) by (C.37).
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Here we give the final result of our analysis, which gives a metric

F2F4 1/3 FF2 1/3 F1F2F4 1/3
ds§1:< 2 3) dsQAdS2+< : 2) ds%g+K—( :75) dy’?

F? F? F
Fo\Y3 ) PRy 3 ,
KFs | —— D ——3) 4q 4.7
K5 (o) 0+ (T2) e (4.7
F2FANY3 F 2
2 2°3 ~ 6
+4w1( I > (d@b—i—aAg—FcA— NG Dﬁ)
and 4-form
2F [y —2kF3 F2+cF} BF} ([ F
G4 =volpgs, A 1 2 K )dyAD
4= volags, [ o, volg, + | 2w o \BEe + yADp
cKF2+2bK FyFs) Fy— Fy F2F) OF F3—A4qFy F2+bF,
—2w1( 3 223) L7200 gy A Dy ST TS EONS 1 (y8)
F; 2F
VYA
+ [VOIZU/\(—2dyADﬁ+J6)+JB/\(dy/\Dﬁ—JB)] ,

2
E3
where w; and Zy are integration constants, the functions Fb, F3 are linear in y and Fy, Fg

are given in terms of Fy, F3 and the function Fj by:

/!

F,
Fy = — =2 + kF} + 4qF,F3,

2K
Fy=cKy+ 5y, (49)
F3:be+S37 .
o — F! — 4wy Fo F ’

4(,01

with {Ss, S3,ws, K} integration constants®? and g is related to the Ricci curvature of B by:

_ Bs

5 (4.10)

q

The entire class of solutions is thus characterized by the single function F5 which, as shown
in appendix C, satisfies the second-order nonlinear ODE given in (C.55) coming from the
Bianchi identity for G4, which for b # 0 reads

1
KF,F2

4T3 (3bcKy + bSs + 2¢53)

[_F512 1 2Fy (Fé’ — 2K (4qF2F3 + ’iFSQ))] - VKF?

(4.11)
16
+ quyz (b Ky + cKqy + 3683 + 3¢S2) + po +p1y = 0,

with pg, p1 two more integration constants. Finally, there are some constraints on a, b, ¢, ¢:

cwg—i—éwlzg, bws +aw; =gq. (4.12)

32Tn appendix C.3 we show that actually ws can be always set to zero without loss of generality. Further-
more, w1 and K can be set to convenient non-zero values.
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Thus, the most general solution within our Ansatz is characterized by solutions to the non-
linear second-order ODE (4.11).3% Although we have not found the most general solution,
one can show that the most general polynomial solution is at most quartic, i.e.,

4
Fs(y) =Y any". (4.13)
n=0

Plugging this into (4.11) leads to a set of algebraic equations for the coefficients a, and the
other integration constants specifying the solution, given in (C.57). Solutions to this set of
algebraic constraints leads to a rich family of local AdSs solutions. As we discuss next, it
contains the universal solution as a special case, as well as interesting generalizations of it
by the addition of mesonic and baryonic flavor fluxes.

4.1 TUniversal twist

The universal solution is characterized by the absence of flavor fluxes. To this end we will
set ¢ = Zyp = 0. We will also assume b # 0, leaving the case b = 0 to the next section,
as this case admits a more general solution. One can show that there are no solutions for
k = 0, but the values kK = +1 are allowed by the constraints. We will now discuss the
solution for kK = —1 and discuss the case kK = 1 in section 4.2. Plugging in the polynomial
Ansatz (4.13) for F5 into the Bianchi constraint (4.11) fixes {po, p1, a1, @2, a3, a4}, leaving
oo undetermined. There are in fact two solutions to the Bianchi constraint, but only one
obeys the metric positivity constraint £} > 0. The parameters a, ¢ are fixed by (4.12) to be
q K

a=— c=—".
w]_’ 2&)1

The dependence of the solution on the parameters wi,we, K and S3 can be removed by
rescaling and shifting y, 3 and 1. It is convenient to define So = L3/32 and to perform
a rescaling ' = 26,9 = (w1/2)¢ so that now DB’ = df’ + 2cA + 2bAg, and define the
polynomial

Qo(r) = 32> + 22+ 1.

The metric (4.7) can then be written as

1/1 1 3 (1 — eyray)?
d 2 _ L2 i 2 -d 2 e 2
11 4 (4 Saase o0, )t P00l — eyray)
2 2
- 1—cyn
L Laven Zy Qo —evray) g 91 gy dsd (4.14)
48 (1 = cyray) 4

2

r 4 1 q ’

+ +245—-A+LyD
<dw 548~ 1Y B)]

where, inspired by the notation in [72], we defined ay»r.c to be a constant related to ag and
cyra = —b. This metric has exactly the form of the near horizon limit of the universal
metric in (3.14). The seven-dimensional manifold parametrized by z, B, ¢/, 8" at a fixed

33For b = 0 the ODE follows from the general equation (C.55).
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point on the Riemann surface, coincides with the seven-manifold described in [72].3* The
corresponding 4-form reads

L 3
Gy = <4> volads, A (3vols, + gdz A DB+ 2q (1 — cyr.a)Jp) . (4.15)

Deformations of this solution with ¢ # 0, which we do not analyze in full detail here, should
thus describe the twisted compactification of the corresponding SCFTs with flavor flux.

4.2 AdS; x S§% x TS

As mentioned in section 4.1, there is another solution within our Ansatz with b £ 0, kK = 1
and ¢ = 0, which reads
ds? = L2 <d52AdS 2, 3T ACH T b s A 4 rqdsh + (A + A)?
2T T 403 3 a? B ’
(4.16)
where x is related to y by a shift and rescaling, 8’ = 8/b, ¥/ = 2(w1¢ — ¢f’), and C'is a
constant. The flux for this solution is given by

G4 = L3 VOlAd52 A (dl’ A d,@l + l‘qJB) . (4.17)

For B = CP? and C = 0, the solution becomes the well-known AdSy x S x T background
of 11d supergravity. To see this note that the S? combines with (dy’ 4+ A)? into an S, and
(Df')? combines with d:;ém,2 into an S°. Then, with the coordinate transformation = = p?,
we recognize a six-dimensional metric which is simply RS, written as a cone over S°. We
can then periodically identify the coordinates on this RS to obtain 7.3 For C' # 0, instead,
the internal manifold is singular and we thus discard the solution.

4.3 Baryonic fluxes

As mentioned above, in the special case b = 0 there is a more general solution to the
constraints imposed by Bianchi, even while keeping ¢ = 0 (i.e., no mesonic fluxes). Note
that setting b = 0 and using the results in [72] amounts to limiting the discussion to the
Sasaki-Einstein manifolds Q11! and M5! and orbifolds thereof. As discussed in detail
below, these solutions are characterized by the presence of 4-form flux through non-trivial
cycles in My. This, in four dimensions, means that the corresponding black hole is charged
under the Betti multiplets and thus the dual field theory is twisted by baryonic flux, in
addition to R-symmetry flux. These charges may be of electric or magnetic type, depending
on whether the flux is through AdSs; or ;. Here we analyze the general case in which they
are both present, leaving to the following paragraphs a more detailed presentation of the

purely electric and purely magnetic solutions.?¢

34In their notation we have A = 8, A = 2q.

35For B = P' x P! and C = 0 one obtains a cone over the conifold Y*°. The resulting six-dimensional
manifold cannot be made compact and regular.

36Black holes charged under Betti multiplets have been numerically found in [78] in four-dimensional
supergravity in the particular case of the homogeneous manifolds Q! and M"?! using the consistent
truncation in [79].
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A general result that follows when we set b = ¢ = 0, is that the functions f; and fy are
constant.?” Let us denote these by

h=1L, fo=Vul, (4.18)
with w, L > 0. Using (4.9) and the definitions (C.37) gives the constraint on ao:
F' = 2K ((k —u) S5 +4¢S2S3) = 20 (4.19)
On the other hand, the parameters o and «y are not constrained, but we will assume that
agag < 0. Then, the part of the metric involving y and £, namely

@dlﬁ + KF;

K -
F5 ’U,L4S§

s,

can be recast, via rescaling and shifts of the coordinates y and (, into the metric of a
two-sphere with a certain radius L+/v:

1
vIL? (Qdy2 +(1- y2)dﬁ2> .
I-y
This choice of coordinates is equivalent to setting
K= UL3, a9 = —5253?, ap = —Qg, o] = 0. (4.20)

Combining (4.20) with (4.19), we can determine S3 in terms of the other parameters:

4qSQK
= 4.21
53 So+ K (k—u) (421)

It is convenient to write Zg = wS%, with w a real parameter. Then, the general solution reads

4quv

ds?, = L? (dsidSQ +udsy +vdsg + dst 4 (dip + 2q Ag + kA + ydﬂ)2> ,

—u+v(u— K)

(4.22)

Gy = L3 volags, A <(u - K) VOlEg +(w—=1)dyNdB+ QQM JB)

—u+v(u—K)
+uwL? [volg, A (=2dy A DB+ Jg) + Jg A (dy A DB — Jg)] .
The three parameters u, v, w are not independent, but are constrained by the Bianchi iden-
tity to satisfy:
4¢? (=36%0% + 2ku(v — 1)v + v (v — 1) (v + 3)) + 3w’ (kv — uv + u)?

(kv — uv + u)*

=0.  (4.23)

We thus obtain a two-parameter family of deformations of the near-horizon geometry of
the universal black hole associated to either the Q11! or M1 3d SCFT, according to the
choice of B. The black hole entropy reads:

U VO]Eg L?

4GS

37This follows from the constraint (C.55)7 which implies that F5 is at most a polynomial of degree
two, (4.9) and the definitions (C.37).

SBH = (4.24)
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4.3.1 Electric baryonic charges

In this section, we consider a purely electric baryonic flux and therefore set w = 0, to
eliminate any magnetic baryonic fluxes that could arise from the terms proportional to
voly, in the third line of (4.22). Setting w = 0 in the constraint (4.23) we find that the

resulting metric is acceptable only for Kk = —1 and the solution reads:
4
ds?, = L2 <dsid32+uds§g+vds§2+mj:) ds§+(d¢+2qAB—A+yd5)2> :
v—u+uv
. (4.25)
U—v+uv
G4 = L3 volpgs, A <(u+1) volg, +(v—1)dyAdS+2¢ ———— JB> .
v —u+uv
The corresponding entropy, given by (4.24), reads
ur L2
Spu=(g-1) —7 - (4.26)
Gy

We note that in the special case u© = v = 2 the solution reduces to the universal twist of
MUELor QUYL The latter was first derived in [22] (see equation (3.25) there). To better
understand the physical interpretation of the deformation consider the reduction of this
eleven-dimensional background to four dimensions. The terms in the 4-form proportional
to H?(Mz7) give rise to four-dimensional Betti vector multiplets. Since Gy in (4.25) is
proportional to volags,, the black hole is electrically charged under this vector field, as
measured by the flux of x;; G4 through non-trivial 7-cycles.

Let us take for example Q'1'1. This space is a fibration of 1 over the product of three
two-spheres, which we denote by S;,Ss,S3. The generators of H2(Q11!) are then given by

hi = vols, — vols, , hy = vols, — vols, , (4.27)
since3®
vols, + vols, + vols, = d(Dv)
is trivial. Define now the 7-cycles C', Co, C3 as the submanifolds obtained by fixing a point
in AdSy and 81, 8o, S3, respectively. Cohomology suggests that the non-trivial 7-cycles on
which we should integrate %11 G4 are

H,=C; —Cy, Hy=Cy—Cjy.
Denoting the sphere spanned by (y, 5) by Si, it is easy to see that only the Betti multiplet

associated to H; has a non-vanishing flux,? due to the presence of Jz = vols, +vols, in Gy:
v—1)—v)(u(v —3) +v)
(u(v —1) +v)? ’

]:1 = /H *11 G4 = —64 7T3 (g — 1) A¢, L6 uv(u( (428)
1

.7:25/ *11G4:O,
H>

3%Here by D1 we mean dip + Axrg-
39Gince b2(Q"!) = 2 one should expect a more general solution with two electric baryonic fluxes. The

fact that we only see one flux here can be understood as follows. Recall that in our Ansatz (4.3), (4.6) we
have assumed the base B is a Kéhler-Einstein manifold. This implies that vols, and vols, cannot appear
in an arbitrary combination, but instead are always added so as to give Jg. If one relaxes the Einstein
condition on B, the resulting equations are almost identical to the ones presented here and their solutions
allow for both baryonic fluxes to be present at once. In contrast, since ba (M 1’1’1) = 1 our Ansatz captures
the most general baryonic solution in that case.
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where Ay, is the period of 9. Since Betti multiplets are dual to baryonic symmetries in the
field theory, for general values of the parameter v > 0 (or w > 0), the solution describes
the twisted compactification with baryonic fluxes. In the special case u = v = 2 one has
F1 = 0 and there is no baryonic flux. Indeed, the 4-form can be written as

G4 = L?volags, A (4vols, +d(Dv)),

and only a trivial cocycle of M7 appears.

The solution described here is reminiscent of the AdS3 solutions of type IIB supergravity
presented in section 2.2 of [30]| (see also [80] for a five-dimensional perspective on this
solution), describing the twisted compactification of the Klebanov-Witten theory (and its
Z,, orbifolds) with magnetic baryonic flux.

4.3.2 Magnetic baryonic charges

Magnetic baryonic charges can be obtained by a non-zero w. For concreteness, we present
the case B = CP! x CP! (the CP? case is analogous) and we analyze the solution with
a purely magnetic baryonic flux and thus impose that (4.28) vanishes. Combining this
constraint with (4.23) determines u and v in terms of w. In contrast to the purely electric
case, there are solutions for all k = {0, £1}.
For kK = —1 we find
2
ds?, = L? (alsids2 + (3w2 + 2) als%g + 2121—? dS%vz + (3w2 + 2) ds? + Dq/)2> ,

(4.29)

Gy=1° volads, A <(3w2 + 3) voly, + 1 dy \NDp + (3w2 + 1) JB>

3w? +
+ L? (3w? + 2) w [volg, A (—2dy A dB + Jg) + Jg A (dy AdB — Jg)] .

The universal solution is recovered for w = 0. For any other value the baryonic charges are
given by the integral of G4 through the non-trivial 4-cycles of Mg, whose form is suggested
by (4.27) and schematically reads

ﬁlEZgX‘Sl—ZgXSQ, gQEZgXS2—ZgX53.

The result for the fluxes is

f1=/ Gy=—48|g—1|7*L* (3u® +2) w, (4.30)
Hy
ﬁg = /~ G4 =0.
H
The entropy reads
L2
Sp= Bw?+2)(g—1) . (4.31)
aWw
N
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For k =1 and |w| > 1, we find

242
dst, = L? <d82AdS2 + 5271—1 dste + (w? +2) ds%s + (w? + 2) dsg + D1/12> ,
G4 = L?volags, A _3 volgz + doy Adgy + (w? +1) Jg (4.32)
w? —1 w? —1
w? + 2 3
+w L’ [volgz A (=2dy NdB + Jg) + Jg A (dy NdB — JB)] .

w2 —1

The resulting magnetic flux along Hj is

2
- + 2
Fi = —4872 L3 w = 4.33
1 71— w U}2 1 ) ( )
and the entropy is given by

2 2

w*+2 L
SBH = we—1 @ . (4.34)

N

For the special value w = /2 we obtain a solution analogous to the one presented in [22]

(see equation (3.16) there), where the other Betti multiplet was turned on. As discussed in

footnote 39, the absence of the second Betti multiplet is a consequence of our Ansatz.
Finally, for £ = 0 the solution can be expressed in terms of u alone and reads®

ds?, = L2 (dsQAdSQ +udss +3ds2, + 3ds + (di + Ag + yd6)2> ,
G4 = L3 volags, A (uvolpe +2dy A dS + 2J5) (4.35)
+ulL? [volpa A (=2dy A DB+ Jg) + Jg A (dy A DB — Jg)] .

By fixing u one recovers a solution analogous to the one found in [22] (see equation (2.17)
there). The entropy and baryonic flux are given by

L? .
Spi =, Fi =48t (4.36)

4.4 Field theory interpretation

It would be very interesting to reproduce the entropy of the black hole horizons we found
above through a field theory computation. The dual three-dimensional SCFTs for some
specific YP4(B) have been studied in [43, 45, 52]. The dual of M1 /7, = Y2k:3k(CP?)
is a chiral theory and, as we already mentioned, the large N limit of the three-sphere
partition function as well as the topologically twisted index are not very well understood.
The quiver for Q111 /Z;, = Y*#(CP' x CP') on the other hand is vector-like [45] and thus
we have calculational control over the large N limit of the localization calculations. Any
comparison of the black hole entropy for the near-horizon geometries discussed above with
the field theory would require a proper understanding of the cycles of the internal manifold
and of the quantization of fluxes. The solution with no mesonic flavor and only baryonic

49The constraint (4.23) has two acceptable solutions leading to the two signs in the last line of (4.35).
This choice of sign amounts to the sign of the magnetic baryonic charge.
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magnetic flux presented in section 4.3.2 should be the simplest case study. However, for
reasons that are still elusive, the fugacity and flux parameters associated with baryonic
symmetries seem to disappear in the large N limit of the twisted index, as is evident from
the results in [6, 7]. The same phenomenon has been noticed for the S® free energy in [40].
These are all very interesting open problems that we leave for future work.

5 Discussion

In this paper we provided overwhelming evidence for the existence of a universal RG flow
across dimensions between partially topologically twisted three-dimensional N' = 2 SCFTs
on St x Yy and one-dimensional quantum mechanical theories with two supercharges. This
flow results in a universal relation between the topologically twisted index and the three-
sphere partition function of the A/ = 2 SCFT, given by (1.1). If the three-dimensional
SCFT admits a weakly-coupled supergravity dual description this universal RG flow has a
simple holographic description in terms of a supersymmetric black hole solution of minimal
four-dimensional gauged supergravity. This solution can then be embedded into string or
M-theory in infinitely many distinct ways, which distinguish the different features of the
N =2 SCFTs.

There are a number of interesting open questions that stem from our results. The
most obvious one is to understand in detail the plethora of AdSs solutions in M-theory
presented in section 4. The natural guess is that many of these solutions correspond to
twisted compactifications of three-dimensional A" = 2 SCFTs with background flavor and
baryonic fluxes. The three-dimensional theories should arise from M2-branes probing a C'Yy
singularity in M-theory. The topological twist should then be realized by wrapping these
branes on Y, and the AdSs vacua we find should describe the low-energy behavior of this
system upon backreaction. Clearly, these expectations await an explicit confirmation which
hinges on a more detailed understanding of the global properties of the AdS, backgrounds
in section 4. A particularly puzzling feature is that in supergravity the background flux for
baryonic U(1) symmetries affects the details of the AdSy vacuum and thus the black hole
entropy. On the other hand, it seems that such baryonic magnetic fluxes do not change the
large N limit of the topologically twisted index. It would be most interesting to resolve
this apparent puzzle.

Another interesting avenue for generalizing our results is to incorporate electric charges
into the supersymmetric black hole solutions we studied. While one can show that there is
no dyonic generalization of the universal twist, it is clear that the more general supergravity

4l The entropy of these dyonic

solutions in section 4 should admit dyonic counterparts.
black hole near-horizon geometries can then be accounted for by a generalization of the
topologically twisted index which incorporates both electric and magnetic flavor fluxes.
This was pursued successfully in [5| for supersymetric dyonic black holes asymptotic to
AdS; x ST which are dual to the ABJM theory on S* x 2y deformed by magnetic fluxes on

Yy and Wilson lines along S L

“1These dyonic solutions should be additional new examples of the type of dyonic black holes studied in
the four-dimensional gauged supergravity literature. See for example [81-84] and reference thereof.
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We have limited the discussion in this work to the large N limit of the topologically
twisted index which, for theories with a holographic dual, is captured by the supergravity
approximation of string or M-theory. It is of great interest to go beyond this limit, both in
the field theory as well as in the gravitational analysis. On the field theory side it is natural
to ask whether some remnant of the universal twist relation in (1.1) survives beyond the
large N approximation. There might be reasons to be cautiously optimistic, given that
similar universal relations were derived in [30, 31] for the conformal anomaly coefficients of
even-dimensional SCFTs related by RG flows across dimensions. On the gravity side the
problem is equally challenging. One has to find subleading (in N) corrections to the entropy
of the universal black hole presented in section 3. Perhaps the methods employed in [85]
can be useful in finding these corrections.*? It is worth noting that a similar question was
addressed successfully in [88] for the subleading corrections to the S? partition function for
three-dimensional A/ = 2 theories with an AdS, dual in M-theory. Resolving this question
for the class of asymptotically AdSy black holes studied here is bound to teach us important
lessons about holography and the quantum structure of black holes.
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A The large N index for massive ITA theories

The large N limit of the topologically twisted index for three-dimensional N = 2 SCFTs
with massive type ITA holographic duals has been derived in [6]. Here we present some
more details on this construction.*> The Bethe potential V(Aj) is obtained by extremizing
an auxiliary functional V[Ar, p(t), v(t)] with respect to the density p(¢) and the distribution
of eigenvalues u(t) = NV/3(it + v(t)) of the matrix model. The functional V[Aj, p(t), v(t)]

420ther related work on corrections to black hole entropy beyond the leading order includes [86, 87].
43Some of these results arise from discussions with S. M. Hosseini and N. Mekareeya.
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for a generic Yang-Mills-Chern-Simons theory with bi-fundamentals in the limit N > k, is
constructed as follows. There is a contribution

—ikaN5/3/dtp(t)tv(t) + k;N5/3/dtp(t) (2 —v(t)?), (A1)
for each Chern-Simons coupling k, and a contribution

igy (Ap) N°/3 / dt % , (A.2)

where g4 (u) = %3 — guz + %2u, for any bi-fundamental field with chemical potential Aj.
These formulae are derived under the assumption that 0 < A; < 27. Since the Bethe

equations involve multivalued functions, one must treat this with care. Setting all k, = k,
we find

2
VIALp(0) o(0)) = iN° [ at <p<t>c’;’“<—2tv<t> (7~ o(t) + ;mw%) ,
(A.3)
where G is the number of gauge groups. It is easy to extremize this functional with respect
to p(t) when

> Ar=om, (A4)

Ica

for each term W, in the superpotential. The distribution of eigenvalues and the Bethe
potential read

0 = 3 — AGkt?
P VB 9r(Ar)

2/3
y(t) = —\;37 p= (3@2%@1)) :
T
(A5)
.313/6

, 2/3

We can compare the result with the free energy on S® derived in [40, 54]. Although the set
of rules for constructing V and Fgs seem different, the final result is the same. Indeed we

find again relation (2.6)

_ %V(AI) = Fgs <A1> . (A.6)

s

In order to check this relation, it is important to remember that, although A; are param-
eterizing global symmetries, due to (A.4), the quantities Aj/m behave for all calculational
purposes as R-symmetry parameters. To this end it is convenient to introduce trial central
charges for the parent 4d quiver using the standard formulae [89]

3

1
a(Ag/m) = %Tng - TR, o(Arfm) = 55 (9T RO~ 5TkR) (AT
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where we take a trace over all fermions and we assign R-charge A;/m to the I-th chiral
multiplet and R-charge 1 to the gauginos. In the large N limit, for theories with an AdS
dual, we have ¢ = a, and therefore

TrR:<G+Z<—1>>N2:0. (A.8)

Using this it follows that, in the large N limit,

Tois- T3 [(2) (2]
:i[Z(AﬁI—QZG

1

3 1673
TrR3 = .
v o7z UB1/7)

Comparing this result with (3.30) in [54] we finally find

2i Ar 25/331/67 i )
——VA)=Fgs| — | =—[1—— A IB(NGE)'/3. A.
v(an = Fo (1) = 00T (1o ) atay P ven (A9
The index at large N is obtained by combining (6.9) and (6.10) in [6] and reads**
G p(t)?
logZ = —N3 (T2 g § 1 (A7) / A\ N .
og < 3 ( )+ ny—1+9)g (Ar) dtl—w() (A.10)

We want now to prove that

log Z = i(1 — g) ( (A7) +Z[<ln_lg— F)m;(AAII)D. (A.11)

Proof. First notice that we can consider all the Aj in (A.11) as independent variables and
impose the constraints ) ;., A7 = 27 only after differentiation. This is due to the form of
the differential operator in (A.11) and the topological twist constraint ) ;.. nr = 2(1 —g),
as it is easy to check by an explicit computation. To prove (A.11), we promote the explicit
factors of 7w appearing in gy to a formal variable w. Notice that the “on-shell” Bethe
potential V, at large N, is a homogeneous function of g4 and therefore of A; and 7, i.e.

VAL AT) = X2 V(A 7). (A.12)
Hence,
1 B OV(Ar) | _ 0V(Ar,m) 5/3 _1 5\ p(t)?
- 2V(Ar) ;AI aA; o =iN dtz QAI T—i@

N5/3/dt2[ (A== (il—lﬂ %
:7;N5/3/dt [—ZQQ(AIHWZG
1

“The introduction of g is straightforward — see section 6 of [8].

p(t)?
Lome (A
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where we used (A.8) and the fact that 0V /0p(t) = 0V /0v(t) = 0 on shell. Similarly,
8V OV (A1) _ 53 / / p(t)?

Multiplying (A.13) by (1—g) and using (A.14) and (A.10) we see that indeed (A.11) holds.
O

It is always possible to choose a parametrization for the Az, subject to the constraint
n (A.4), such that the trial central charge a is a homogeneous function of degree three. In
this case, (A.11) simplifies to

: V(A _ . 1/3 da(Ag/m)*/?

where we defined ¢ = M( —i/4/3). For example, for the Chern-Simons theory

in [40], with three adjoints ®; and superpotential W = ®[®, ®3], with > ; A; = 27 we find

27TN?2

o A1 A A (A.16)

a(Ar/7) =

Similarly, for a U(N) x U(N) theory with equal Chern-Simons couplings k£ based on
the conifold quiver with superpotential W = Ay By AsBy — A1B2A2B1 and the constraint
ZAILZI A1 =27 we find

27N?2
3273

a(Ar/7) = > AAAk. (A.17)

I<J<K

The previous derivation is based on the assumption (A.4). In principle, it is possible
that there exist other extrema of V in regions where ) ;. A = 2mn with n # 1, and they
might contribute to the index. For example, for the quiver in [53], since 0 < Ay < 27 we
can have A1+ As+Asg = 0,27, 4w, 67. It is easy to see that the cases 0 and 67 give singular
solutions for p(t) and 47 is related to 2 by the redefinition A; = 27 —A;. We have checked
in many models that, for the case of the universal twist, where the fluxes are proportional
to the exact R-charges, the other solutions are singular or related to ) ;., Ay = 27 by some
discrete symmetry. However, we have no general proof of this fact. In general, one must
alway check whether there are other saddle points for different values of the sum )., Ar.
For those other saddle points, the index theorem (A.11) does not hold and one needs to
perform an explicit computation to check whether they contribute or not.
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B Uplift of universal solution to massive ITA
In this appendix, we provide the details of the uplift of the universal solution (3.2) to
massive ITA supergravity using the formulae of [64-66]. The metric and dilaton read

2¢—¢

L 1/ -9
ds3y =e” s XiAf AS <d84 + g 2e¥7 20 X "Lda?

+ g %sin?(a) (Al_ldsépg + X71A2_1772) ) ,
e? — ei(6¢+4¢)X—1/2A1—1A§/4 7 (B.1)
X =41,
A1 = e?sin’(a) + cos?(a) (62‘px2 +1) 2%
Ay = e?sin’(a) + cos?(a)e??~ %,
~2
where we write ds, for the 4d metric, as it will turn out to be related by a rescaling to

ds? from section 3 and ranges of the angles used is 0 < ¢ < 27, 0 < a < 7. Furthermore,
n=di+ o+ gA' and the standard Einstein metric on CP? is given by

sin? p

dS(QC]P’Q = dMQ +

(07 + 03 + cos® po3)
01 = cos azday + sin ag sin agdas ,
o2 = sin azdop — sin o cos azdas , (B.2)
o3 = dag + cos ajdas
sin?
2

where J is the Kihler form on CP?, normalized such that fuﬂ JNJ =2volpop2 = 2.
Since we are interested in solutions that are asymptotic to the AdS4 vacuum of the

g

1
o3, Jzida,

theory with A/ = 2 supersymmetry we set the scalars to (see equation (7) in [53] or table 3
in [66]):

_1m% __\/gm% s _¢_1 m%
= (G) = (G) s =5 (G) ey

We discuss the scalar a below. For the solution of interest, the 4d metric and connection read

m!/? ds? 1 1dn

B.1 Determining the fluxes

ds, = (B.4)
e S 39wy ’

Here we show how to obtain the uplifted fluxes (3.25). The massive IIA field strengths
Fy, Hs, Fy are given in terms of their potentials by (see, e.g., equation (A.4) in [64])

F(z) = dA(l) + mB(Q) ,
Hz) = dBy), (B.5)

. . . . 1 .
F(4) = dA(d) + A(l) A dB(Q) + imB(g) A B(Q) .
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The uplifted potentials A(l), B@), A(g) are given in terms of SU(3)-invariant fields in equa-
tion (2.6) of [65]. Plugging these into (B.5), together with the values for the scalar
fields (B.3), gives

. w23
i sin(a) DaAda 3sin(«) (3) (2 sm2(a)+cos2(a)) nAda

h=— + —HY, cos(a)
g (25i1’12(04)+30052(06))2 @)
2/3
H}, sin®(a)cos(a ﬂ) Jsin? () cos(a) (m)
(2) g B g (B 6)
2 (2sin®(a)+3cos?()) g (sin®(a)+2cos?(a)) (2sin®(a)+3cos?()) ’
in( )(m)”d AHL, 2sin®( )(m)2/3d AT ;
_ sin(a) (2 o sin®(a) (2 o ; danH
= v, o+ OO0 _ o o) (B7)
2m gm (sin?(a)+2cos?(a)) 9
" 2/3
‘ asin(a)cos(a)da/\H%) sin” () cos(a) (%) Dandand
e g g2m (sin® (@) +2cos?(av))
2/3 1/3
sin(o) cos(a) (%) 77/\da/\H(2) sin®(a) cos(a) (%) n/\da/\H(12)
- +
2gm 4g? (2sin’®(a) +3cos?(a))
1/3
3sin® () cos(a) (%) (4sin®(a)+5cos?(a)) nAdang
- 2¢3 (sin®(a) +2cos?(a)) (2sin®(a) +3 cos?(av))
.3 m 2/3 r7 ~
sin”(a) cos(ar) (;) nAdaNH 2o sin(a) cos(a)nAdaAH gy (B.8)

292 (2sin®(a)+3cos?(a)) - 392

. m)2/3 . m\ /3
N sin(a) cos(a)daA H sy N sin®(a) cos?(a) (;) H(z)/\J sin*(a) (;) H(lz)/\J
g gm (sin® (@) +2cos?(av)) 2¢2 (sin®(a) +2cos?(a))
. m\ 3 : -
sint (o) (3) "I (25002 (0) 5008@) i)
2¢3 (sin®(a) +2 cos? (a))2 39

+

m

. 2/3
sin®(a) cos*(0) () AHE)  sin (@) Hg
29 (2sin®(a) +3cos?(a)) 39

—|—H(04) cos?(a) —I—H(14) sin®(a),

where we replaced exterior derivatives of the invariant potentials A%, A, Ay, A;, B°, By,
By, CY, C" by their field strengths, defined as,

H{y =dA°+mB°, Hip=dA', (B.9)

Higy0=dAg+9B°, Ho) = dA1—2¢Bs, (B.10)

H?:%) =dB", H3yp=dBs, (B.11)
1 1

H{yy=dC+H{y AB"~-mBNB", Hiyy=dC' =~ HiyABy,  (B.12)

H 3y =dB1—gA’ AB +mAgAB°+2g(C' —C°)

+% (AO/\d[lo—FAO/\dAO—;Al/\dfll —%Al /\dA1> .
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The gauge potential A, and corresponding field strength H(12), are identified with the
graviphoton A, and field strength F', of section 3 up to a normalization, provided in (B.4).
To fully determine the uplifted fluxes (B.6)—(B.8) we must determine the remaining SU(3)-
invariant forms H(()Q),ﬁ(g)o,fI(Q)l,H(Og),H(3)1,H(3)2,H?4),H(14) in terms of the data of the
minimal supergravity. A naive guess would be to set these to zero to obtain the minimal
theory, but this is inconsistent with the duality relations of [66]. To determine the consistent

result we note that setting
Da = da+ gA®° —mAy =0 (B.14)
is consistent with the equations of motion of the Lagrangian (3.7) in [66]. Taking an exterior
derivative of this equation implies g dA? = m dAg and from the definitions (B.9) and (B.10),
we find
gH{y = mH )0 - (B.15)

Then, using (B.14) and (B.15) in the duality relations (3.17), (3.18), (3.19) in [66], we obtain
3 L rg\Y3 1 7 3 (m\'? 1 1
0 0 1 voly [m 1/3
Hg = Hy = Higpo =0, Hy = Hyy = NAw : (B.16)

We see from here that it would have been inconsistent to set the fields H&), ﬁ(Q)O, fNI(Q)l,

—~

H ?4), H (14) to zero since they are related to voly and H (12) by the duality relations. Finally,
plugging (B.15) and (B.16) into the massive IIA field strengths (B.6) and (B.7) and (B.8)
we obtain the result presented in (3.25). To minimize the possibility of mistakes introduced
during this unwieldy uplifting procedure we have checked explicitly that the uplifted mas-
sive ITA black hole background is a solution of the ten-dimensional equations of motion.
We now proceed to show that it preserves two supercharges.

B.2 Proving supersymmetry

Here we give the details establishing supersymmetry of the black hole solution (3.23), (3.25)
in massive ITA supergravity. It is useful to define the following basis of vielbeins

1 1\
elze’\L<p—>dt, 6226’\L<p—) dp,
2p 2p

d
8 = g 221 , et=eL ) ;
Z2 Z2
e’ =w sin(a)Al_l/zd,u,
6 . -1/2 Sin,u
e’ = w sin(a)A 5 Ol (B.17)
e’ =w sin(oz)A;l/2 81121“02 ,
e =w sin(a)AIl/zism u;os,uas,

e? = wes (P29 x—1/2, ,

eV =w sin(a)X_1/2A;1/2n,

— 35 —



where

e® = (cos(2ar) + 3)Y2(cos(20) +5)Y/8, L% = é2_5/8g_25/12ml/12 ,
91/231/441/6 (B.18)
— — A
wo = f/ﬁ s w=e L(.UO .
m

In our conventions I'y; = —['12345678910,

The general supersymmetry variations of massive ITA are written in (3.37). Using
the basis (B.17) and plugging in the massive ITA forms (3.25) we obtain a series of dif-
ferential equations for e. Assuming that the spinor is independent of the coordinates
t,x1,x2, 1, 1, a0, a3 leads to a series of algebraic equations along these directions. It is
useful to take linear combinations of (3.37), such as

1 2 _ \/§F2 2 2
Iy — [?01p = Ny 22 (1+20°+2p(1—2p%)0p) €, (B.19)

where Ny ' = 2M1/16 ¢/cos(2a) + 3 ¥/cos(2a) + 5 2 %5+ The above equation is solved by

taking the spinor be proportional to ,/p — ﬁ. We continue with

304)3 — [o0y = —f/];ZP?’ <;’r34 + a¢> €, (B.20)
which is solved by the -dependence
€ oce s (B.21)
Using this we find
I8¢5 — T¥6ys o< (T978(3 — cos(2u)) + 27 cos(2u) + 6T3# sin?(u)) €. (B.22)

This is solved by imposing € to be in the kernel of the following two projectors

I = - (1-T%7%) | T, = (1+T%67) . (B.23)

N

Using these projectors to replace I'** and I'>® by I'6” we can write

A 5 B B 24/3I1267 I'?(22sin(2a) + sin(4a) — 96 cot(a))
2V/2 "0y = NO( bt cos(2a) +5 V2(16 cos(2ar) + cos(4a) + 31) (B.24)
N 411210 6in () B V36710 (cos(2ar) + 3) esc(a) . .
(cos(2ar) + 3)4/cos(2cr) + 5 24/cos(2a) + 5

This equation can be interpreted as imposing a further projection condition (one can check
that the combination on the right hand side of (B.24) indeed squares to itself as a projector
should). Now we can use the results so far to replace the I'**, I'°® T gamma matrices.
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Doing so, we see that all variations vanish, except for 61123 4,9. The following combination
is useful

<F2 (cos(2a)+5) +2\/§F167> (F15¢1 +F35w3) =Ny (4\/§F6710 sin(a)y/cos(2a) 45 .
25
+120197 4 92V/31% (cos(2a) +5) —6(cos(2a)+3)>e. (:29)

The two equations (B.24) and (B.25) can be solved by imposing € to be in the kernel of the
following two projectors:

A~ 2 1

fi. = 1 1 2 s 2/3 cos (a)FQ B V2 sin(2a) )
cos(2a) + 3 cos(2a) + 3 cos(2a) + 3

(B.26)

V6 cos(a) o 2sin(w)

M=, (1- | ——m— =T+ ———L T2 | 19710 | |
2 Vecos(2a) + 5 v/cos(2a) + 5

The reason for the notation with the “hat” in these two projectors will be made clear
below. Together with (B.23), we have now imposed four projectors, leaving 32 x 274 = 2
supercharges. We note the projectors (B.26) can be rewritten, inspired by the discussion
in |70, 71|, in a more insightful way as

(1 + cos(62)T'** + sin(6s) (cos(61)I? + sin(6,)T?))

T2
= R(61,0) 3R (61,62) (B.27)
1 :
=5 (1- (cos (6,)T? — 51n(c91)F9) F6710)
= R(61,02)I,R1(01,65),
where II3, II, are the standard projectors
1
My =5 (1+107)
1 (B.28)
H4 = _ (1 + F67910) ’

2
and R (01, 602) is a rotation operator defined by

R(01,02) = Rag(01)R1234(62) ,
Rag(01) = (cos (01/2) — sin (61/2) %) ,
Ri234(02) = (cos (02/2) — sin (62/2) T123)

with the “angles” 61 = 61(«), 02 = 02(«) defined as the following functions of «

2 2
cos(61/2) = \/\/cos @) \/écos  sin(0,/2) = \/\/6005 cos(2a)+5

V/cos(2a)+5 24/cos(2a)+5 ’
(B.29)
_ cos(a) _ 1 [cos(2a)+5
cos(62/2) = m , sin(f2/2) = ~ 5\ cos(2a) 43" (B.30)
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The spinor can thus be written as
€ =R(b1,02)€, (B.31)

where € is a spinor in the kernel of the unrotated projectors 11y, 1Is, 115, II,. The only equa-
tion remaining at this point is 39 = 0, which can be solved by taking € to be proportional
to the function e*/? defined in (B.18).

We thus find that our massive type ITA black hole solution is indeed supersymmetric,
with the following explicit Killing spinor

1
e=1/p— %ek/%%wwn(el, 02)n , (B.32)

where 7 is a constant spinor in the kernel of the four projectors Iy, Iy, II5,II, and hence

there are a total of 2 supercharges preserved. Note that the factor ,/p — %pe)‘/ 2 is precisely

proportional to |gg|'/*

in (B.1).

, Where gy is the time-time component of the ten-dimensional metric

C Details on the construction of the 11D solutions

In this appendix we give the details of the derivation of the family of solutions of eleven
dimensional supergravity described in section 4. Before starting, it is convenient to choose

an elfbein:
eozﬁdt, elzﬁdz,
z
e? = f2€hda71 , el = fgehdl’g,
et = fydy, e’ = f1DB, (C.1)
e’ = fsE", e = fsE°, & =fE, &= fE*,
e = f1Dip,

12,34

where (t,z) are the Poincaré coordinates for AdSy and E* is a vierbein on the Ké&hler

manifold B such that
Js=FE'NE*+ E*NE*. (C.2)

We can thus rewrite the 4-form as
G4:eo/\el/\ (9162/\63+g264/\65+gg€5/\610+g464/\€10+g5 (66/\€7+€8/\69))
+e2ned A (i164/\e5+i2(66/\e7+68/\69)+i4e5/\610+i5e4/\610)
+ (66/\e7+68/\€9) A (l164/\e5+l2 (66/\e7+68/\69) +l3e5/\610+l4e4/\ew).
C.1 BPS equations

Imposing the vanishing of the gravitino variations in eleven-dimensional supergravity gives
the following Killing spinor equation:

G
_ Tas6 (1 aprs _ gsapis) . —
0 = Ve + —8 (1099 —855T0% ) & = 0. (C.3)
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Motivated by the symmetry of the problem and the underlying M2-brane interpretation we

impose the following projection conditions on e:

e =T%e =T%e =T% =111% = jc.

Equation (C.3) leads to the system of differential equations:*
!
fi 49 0,
2f1f3
fo ga lefa 0
fafs 6 2 f2 ’
fs g0 Jab _ 0
fsfs 6 2f2 ’
1 9_,
2 frfs ’
—*+91 +92+295 =0,
h
1fr(e—fse) —21+92+295 _
4 13 12 ’
Lfafs _91-20+2g5 _
4 f3fy 12 ’
1fr(a—fsb) g1+92—95 _0
1 f2 12 ’
some constraints on the i, and [,, coefficients,
11 =—2ip, ly1=1, lp=—iy, i5=104=0,
and a set of PDEs for e:
8t€:0,
1
zaze—i-ie:O,
1 94
I3 ys—l—E&?:O,
i fi g1 cfa f4b>
Oge+ fsOype— = <——|— 5+ e=0,
pe+ a0y 2f4 fafa 6 2fF  f2

<8z1 —CA165—6A18¢i28$2h> = O,

(8:@ — A5 — A2y F %azl h) e=0

(V— A (ady+b03)) e =0,
4, L (fi(C—fsc) frla—fsb) frfg 91+92+2g5> -
Bws 4 < 72 +2 72 f3f4+ 3 e=0,

(C.4)

(C.13)

(C.14)
(C.15)

(C.16)
(C.17)
(C.18)

(C.19)
(C.20)

(C.21)

45Here it is convenient to anticipate one of results from the Bianchi identity for G4, namely g3, 4,13 = 0.
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where V% denotes the covariant derivative on B and ¢ = 1,2,3,4 spans its four real
coordinates.

Let us now solve for the dependence of € on the various coordinates. From (C.14) we
deduce that it is constant in time. We also assume that 0., = 0,6 = 0 and that € does not
depend on the coordinates of B, checking a posteriori the consistency of such assumption.

The coefficients f; and f7 are related by (C.5) and (C.8), which can be combined to
obtain

fi_f
o fr (©.22)
and thus
fr="2wif1, (C.23)

with w; an integration constant.

Then, adding (C.10), (C.11) and (C.12) and using (C.9) and (C.22), (C.21) leads to
8¢5 = iW1€ . (0.24)

Then, from equations (C.18) and (C.19) we find
1
b%d%a+5wg)dA::—5(8ih+%ﬁJﬁdx1Ade

Using the constant curvature metric (4.2), the combination on the r.h.s. of this equation is
constant and proportional to , the normalized curvature of the Riemann surface X,

1 forg=20
k=40 forg=1.
—1 forg>1
Thus, we find the dependence of € on S is given by
dge = iws, (C.25)

with wsy a constant satisfying

cwy + cwi = g . (C.QG)

One can think of this algebraic constraint as the supergravity implementation of the topo-
logical twist condition in the dual 3d N/ = 2 SCFT.
Equations (C.16) and (C.5) allow us to determine also the dependence on y:

R
2f1 dy

Oye £, (C.27)

while (C.15) the one on z:

1
£ X 7
Combining this result with (C.24), (C.25) and (C.27) we see that

EzgmmeJ%%7 (C.28)

with €9 a constant spinor.
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Let us now turn to condition (C.20). Referring to (C.1) and (C.2) for the indices of the
coordinates on B, for both CP! x CP' and CP?, equipped with the standard Fubini-Study
metric, we have that

wp = wi = wE =uwi, (C.29)

where wp is the spin connection in B. Therefore equation (C.20):

1 .
wagkl“(ﬁf’)(k%)s = iAp (awy + bws) € (C.30)
can be rewritten by (C.29) as

1
5 ( 1132 + w?f) = Ap (aw; + bws) ,

since other combinations, such as
(BT 4 WBTT) & = (Wl + w3 T = 0,
vanish identically. On the other hand, the fact that B is Einstein, implies that its Ricci

2-form is proportional to its Kahler form by a constant 2q:

1, . | .
5 (dwé W Awd j) Tl =2qJ5. (C.31)

We notice now that when one computes the only non-vanishing contributions to (C.31) from
the Riemann 2-form, namely the components (1,2) and (3,4), the quadratic part vanishes
because of (C.29). For instance one finds

w3 AW +wh  Awi =0.

Therefore, taking the differential in (C.30), we can replace the first member with the second
of (C.31) and, by (4.5), arrive at the following constraint:

bws + awy =q. (C.32)

From equations (C.9), (C.10), (C.11), (C.12) and (C.5), we can express the functions g; in
terms of the metric funtions:

_ fie=fso) 1
g1 = f22 + fl )
. ffg 1
f3f4 , i (C.33)
g4 =—3 /i
fifs’
_ frla—fsb) 1
B f2 * i’
and find the constraint
fr(@—fse) [ Jfrla—fsb) fofs 1
7 T E TRR A (C:34)
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which then can be solved by using (C.23) to eliminate f7. This results in the relation,

—f3f5 + 2w1 (6= fo) f1fs + dwi (a— fsb) 3113 — 29 FOf3fa fi _

[ETTE 0. (@3

We note that f3 is in fact redundant, as it can be set to an arbitrary function by redefinitions
of the coordinate y. A convenient choice is such that

fiw) fs(w) faly) = K, (C.36)

with K an arbitrary constant; we consider this as an equation determining f;. Taking
also (C.23) into account, we are left with f12355 as five independent functions. It is
convenient to trade these for F 2356, defined by:

PRidii

e Fs=fsfif3fs-  (C37)
3

F=f3fy, R=hf, FB=hf F=
In terms of this new basis, equations (C.6) and (C.7) simplify to
F)=cK, F,=bK, (C.38)

and thus
Fo=cKy+ 5y, F3=bKy+S5s, (C.39)

with S5 and S3 integration constants.

Furthermore, the complicated equation (C.35) becomes
F g2
Fy = 2w, *} + CF3 + 2aFoF3 | . (040)

Finally, Fs can be found through (C.17), which, after using (C.5), (C.25), (C.24) and (C.36),
reads

F/ - 4{,4}2F2F2
Feg=-5 _"—"=°3 C41
b= (C.a1)

Thus, at this point the solution is completely controlled by the single function F5, which is
determined by the Bianchi identity for G4, as we discuss next.

C.2 4-form equations

The equation of motion for the 4-form,

dx*11 G4 =0,
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implies the following relations:

guiafLfrfsfa+ (info f2f3) +biafs fafr fLf2 =0, (CA42)
(infr f21213) —ciafs fafr fRf2+2binfs fofs frf2tgainfifrfsf3f2 =0, (C.43)
iofrfL 13 f2 (a—bfs)—iafrfi fa (E—cfs)+(grin—gsiz) f1f3f5 =0, (C.44)
infyfrf2 13 +iafsfafr ST £5 (a—bfs) = (92i2—gsiz) fi fafafs =0, (C.45)

2isf3fafs frfi (a—bfs)+iafs fr L f2 f3 —iafs fafrfifs (E—cfs)
— (g2ia—2g5ia+g1ia) fi f3 fafafi =0, (C.46)
(21312 F2) —car fafuf2 12 fr—2bgs fa faf3 f2 fr=0,  (C.AT)
e fasfafi fr— (fsge 3 fa fr) +2ags fsfaf2 3 fr— (gaf3 fafd) =63 fsfafdi3 =0. (C.48)

It turns out that after imposing the BPS equations studied above, all these equations
are satisfied automatically. The first two are actually equivalent to the conditions (C.51)
and (C.52) implied by the Bianchi identity that we examine later, after inserting (C.5)
and (C.23). Equations (C.44), (C.45), (C.46) are identically satisfied when we plug (C.33)
and (C.13) in. The same happens to (C.47) and (C.48) using (C.36) and (C.38).

On the other hand, the Bianchi identity,

dGy =0,

provides a wealth of information: it implies, as mentioned before, that g3 = iy = I3 =0
and the four additional equations

—bfE fsfaga—f1fsfrga(a—bfs)+ (i f2gs) =0,  (C.49)

(f12f2291)/—0 (fif3fa92) — fLfsfrga (E—cfs) =0,  (C.50)

—bf3 f3fair—cf2 fzfali+ (f22f52i2)/—f22f3f7i5 (a—bfs)— f2fsfrla(é—cfs)=0, (C.51)
~bf2fsfali+ (fala) = f2 fs frla(a—bfs) =0.  (C.52)

While (C.50) is satisfied automatically, the value of iy, the last unknown coefficient ap-
pearing in G4 we are left with, is determined by (C.51) and (C.52). Using (C.38) and
defining

)

I="2 ,
1
we arrive at
3bKZ + F5I' =0, (C.53)
which is solved by
Ty
IT=— C.54
23 (C.54)

for some constant Zj.
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Thus, the only remaining equation is (C.49), which is a fourth-order nonlinear ODE
for F5. Remarkably, this equation can be integrated twice into the second-order ODE:*6

1

m [_F5/2 + 2F5 (Fél — 2K (4qF2F3 + KF32))] —A+P3=0, (055)

where A(y) and P3(y) satisfy the simple differential equations:
Py = 32Kq (kF3 +qF) .

Using (C.39) and for b # 0 one may write (C.55) as (4.11).
Although we have not found the most general solution to (C.55), one can show that
the most general polynomial solution is at most quartic, i.e.,

4
F5(y) =Y any", (C.56)
n=0

where ay, are real constants. Plugging this into (C.55) leads to a set of algebraic equations
for the coefficients «;,, and the other parameters specifying the solution:

603 —304b K> (bk+4cq) +4b*cKCq(bk+cq) =0,

+2K? (2bK3q (b2/4282 +5bckS3+4bcqSa+ 262q53) —3a4(bkS3+2bqSe+ 26(]5’3))
+3as (3o —bK? (b +4cq)) =0,

12
7o (3044 —bK3 (b/i+4cq)) +9a§ —2403 K (bkS3+2bqSa+2¢qSs

44855 (402K3q253 —3ay(KSs3 +4q52)) +b2 K3 (3cp1 +169S2(5kS3+434S2))
+16bcK3qS3(7TkS3+8¢S2) =0,

Aoy (day —bK? (br+4cq)) +4as (a3 —2K % (bkS3+2bgS2+2¢¢53))
—4043/£KS§ —1603KqS355 +bQCK4p0 +62K3p1 So +2ch3p1 S3

112 64
+Tme3q5§52 +320K3¢*S355 +16ck K 3¢5+ ?CK3q2S§ Sy=0,

- %ang (bK3(b/£+4cq) —6ay) — %a1b2 (4K2(b/<553 +2bqS2+2cqS3) —3a3)
+b%S3(K S3(cp1+16¢Sa(kS3+¢Sa)) —4aa(kS3+4¢52))

+b2K2pg Sy 4203 K S5 (cKpo+p1S2) — 122 K12 =0,

dopb® (as — K S3(kS3+4S2)) + S (0* Kpo S5 —4bSsT3 —8eS5T5) —aib® =0,
K (—401b®S5(kS3+4¢Ss) +2b* Kp S3.S2 +b° S5 (K po+p1S2) — 16bcSs T8 — 8¢ S3Z3)

—4agb? (2K (brS5+2bgS2+2¢qS3) —3as) =0.
(C.57)

46The same technical simplification happens in the analysis of supersymmetric AdSs solution of type IIB
supergravity in [30].
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All the solutions discussed in this paper correspond to different solutions to this set of
algebraic constraints.

We note that assuming b # 0 the sixth equation above becomes

CKIg(bSQ — 053)
S3b

=0

after solving the others. When instead b = 0, one of the equations is not independent of
the others. In both cases, the system leaves (at least) one free parameter.
C.3 Singularity analysis

The metric (4.7) could in principle have conical singularities when y = ¢ such that F5(3)=0.
In this section, we analyze what happens in these points and show that they are regular.
Let us consider the following linear combination of the angles 8 and :

B _ oy _ [ W1 w2 . .
<¢)_W<7//>’ W_<w3 w4>’ W invertible .

Under this transformation the metric retains its structure, i.e., upon some redefinitions of
the functions F;,, we can rewrite it in the same form, with new parameters given by

ORI

In particular, the part that involves y and 3, near ¢, becomes

(vy—9)° (Fé)g det? W

~ ~ ~ 2
<’U)4F2F32 — F6w2>

K 3\/ F1F22F?jl d 2

25 | dy? + Dp?
(y—9) Fl

2 _
dSy/B =

Assuming y > § and performing the change of variables r2 2(y —y) and choosing

wy = 4wy, wy = —4w; and wi, w3 so that det W = 1 and using (C.41) we obtain

3/ 2
K% (dr2 + T2D,82) .

5

2
dsyﬁ -

We thus see that there are no conical singularities, provided 8 € [0,27].%" Moreover,
from (C.58), we see that, using (C.32), we can set ws to zero by an appropriate W.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

47 Again, this is very similar to the regularity analysis of the solutions in [30].
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