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Abstract

Motivated by the relation between (twisted) K3 surfaces and special cubic fourfolds,
we construct moduli spaces of polarized twisted K3 surfaces of any fixed degree and
order. We do this by mimicking the construction of the moduli space of untwisted
polarized K3 surfaces as a quotient of a bounded symmetric domain.

Mathematics Subject Classification 14J10 - 14J28 - 14F22 - 14J35

Introduction

A twisted K3 surface is a pair (S, o) consisting of a K3 surface S and a Brauer class «
on S. Using the isomorphism Br(S§) = H>(S, O)tors, twisted K3 surfaces can be seen
as a degree two version of polarized K3 surfaces. We may also view them from the
perspective of Hitchin’s generalized K3 surfaces [11], using « to change the volume
form on S. This gives us a generalized Calabi—Yau structure, to which we associate a
Hodge structure H(S, o, Z) of K3 type on the full cohomology of S [17]. In this way,
we can view (S, «) as a geometric realization of a point in the extended period domain
for K3 surfaces.

This paper is concerned with polarized twisted K3 surfaces, that is, K3 surfaces
together with a Brauer class and a primitive ample class in H2(S, Z). Our first goal is
to construct a moduli space of these objects, fixing the degree of the polarization and
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1454 E. Brakkee

the order of the Brauer class. This can be done up to the following concession: when
p(S) > 1, one parametrizes lifts of Brauer classes to H>(S, Q), which gives a strictly
bigger group than Br(S).

Theorem 1 (Def. 2.1, Prop. 2.4) There exists a scheme My[r] which is a coarse moduli
space for triples (S, L, a) where S is a K3 surface, L € H>(S, Z) is a polarization of
degree (L)? = d and « is an element of Hom(H2(S, ZL)pe, Z/r 7). This group has a
surjection to Br(S)[r], which is an isomorphism if and only if p(S) = 1.

We prove this by mimicking the construction of the moduli space of (untwisted)
polarized K3 surfaces via the period domain. In particular, My [r] is a quasi-projective
variety with at most finite quotient singularities, whose number of connected compo-
nents can be bounded in terms of d and r (Proposition 2.5).

In the second part of the paper, we will concentrate on a Hodge-theoretic relation
between twisted K3 surfaces and special cubic fourfolds. For untwisted K3 surfaces,
this relation was first studied by Hassett [10]. He also constructed, for d satisfying a
numerical condition (), rational maps

My --+ 6y

from the moduli space of polarized K3 surfaces of degree d to the moduli space
of special cubic fourfolds of discriminant d, sending a K3 surface to the cubic it is
associated to.

Associated twisted K3 surfaces were studied by Huybrechts in [16], extending
results of [1]. The numerical condition on the discriminant given by Huybrechts can
be formulated as follows:

(x+") d' = dr? for some integers d and r, where d satisfies ().

We give a full generalization of Hassett’s results to the setting of twisted K3 surfaces.

Theorem 2 (Cor. 4.2) A cubic fourfold X is in G for some d’ satisfying (x%") if and
only if for every decomposition d' = dr? with d satisfying (xx), X has an associated
polarized twisted K3 surface of degree d and order r.

We also give the analogous construction of Hassett’s rational maps to . Just like
for untwisted K3 surfaces, these maps are either birational or of degree two. We end
with a discussion of the covering involution in the degree two case, relating this paper
to [6].

0.1 Notation

For basics on lattices, see e.g. [15, Chapter 14].

— U is the rank two lattice with intersection matrix ((1) (1))

— Eg is the unique positive definite even unimodular lattice of rank eight.

- A:=E3(—1)®2@U®3 isthe lattice isomorphic to the second cohomology H? (S,7Z)
of a K3 surface S.
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Moduli spaces of twisted K3 surfaces... 1455

H(S, Z) is the full cohomology of S with the Mukai pairing, viewed as an ungraded
ring.

A:=A @ U is the lattice isomorphic to ﬁ(S, 7).

Ay C A is the orthogonal complement of a primitive element £; € A of square
d, which is unique up to O(A).

Ay =LA /Ay = A @ L/rZ = Hom(Ag, Z/rZ).

6(Ad):= Ker(O(A4) — O(Disc Ay)). This group acts naturally on A;”.

For an isomorphism ¢ : L — L’ of lattices, ¢, is the induced map L' ® Z/rZ —
(L") QZ/rZ.

For a lattice L of signature (n4,n_) with ny > 2, (L) is the period domain
xeP(L®C)| (x)>=0, (x,%) > 0}.

G[r] is the r-torsion subgroup of an abelian group G.

Cohomology with coefficients in G, means étale cohomology. Otherwise we
always use the analytic topology.

My is the moduli functor for polarized K3 surfaces of degree d,and @ : .#; — My
is the associated coarse moduli space.

Remark 0.1 By amoduli functor .#, we will mean a functor on the category of schemes
of finite type over Spec C. A coarse moduli space for .# is a scheme M with a
morphism &: .#Z — M such that £(C) is a bijection, and we have factorization over
M of morphisms .# — T for T any C-scheme of finite type.

1 Twisted K3 surfaces

1.1 Definitions

For references, see [14,13]. Recall that the Brauer group Br(X) of a scheme X is the
group of sheaves of Azumaya algebras modulo Morita equivalence, with multiplication
given by the tensor product. If X is quasi-compact and separated and has an ample
line bundle, then Br(X) is isomorphic to the cohomological Brauer group

Br(X):= HZ(X, Gm)tors»

which equals H>(X, G,,) when X is regular and integral. If X is a complex K3 surface,
one can moreover show that

Br(X) = HX(X, 0% )ors = (Q/Z)? PN,

A twisted K3 surface is a pair (S, «) where S is a K3 surface and o € Br(S). Two
twisted K3 surfaces (S, o) and (8’, ') are isomorphic if there exists an isomorphism

f:

S — S’ such that f*a’ = a.

@ Springer



1456 E. Brakkee

The exponential sequence on S induces the following exact sequence:

0 —— NS(S) —— HX(S, Z) —— HA(S, O5) ——— HX(S, 6%) —— 0
N 12
HY(S.€) —=— HO2($) @ H"'(5) @ H>0(S)

It follows that any Brauer class o € HZ(S , ﬁ;‘)wrs is of the form exp(BO’z) for some
B € H2(S, Q), unique up to H2(S, Z) and NS(S)®Q. Thus, denoting by 7'(S) the tran-
scendental lattice of S, intersecting with B gives a linear map f, = (B, —): T(S) —
Q/Z which only depends on «. One can show that « — f, yields an isomorphism
Br(S) = Hom(T'(S), Q/7Z).

Given alift B € H>(S, Q) of o, we define a weight two Hodge structure of K3 type
ﬁ(S, B, Z) on the full cohomology of S by

H>%(S, B):=Clexp(B)o] C H(S, C),

where o is a nowhere degenerate holomorphic 2-form on S and exp(B)o:=0 + B A
o. This Hodge structure does not depend on our choice of B (up to non-canonical
isomorphism [17, Section 2]), so we can define

H(S, o, Z):=H(S, B, 7Z)

for any B € H?(X, Q) with exp(B%?) = «. When « is trivial, this gives back the
usual Hodge structure on H*(S, Z). ~ ~
The Picard group of (S, «) is defined as H"1(S, «) N H(S, a, Z), so

Pic(S, o) = {8 | (8, exp(B)o) = 0} C H(S, a, Z)

for B € H2(S, Q) lifting «. If « is trivial, then Pic(S, o) = H(S, Z) @ Pic(S)®
H*(S, Z). The transcendental lattice T (S, «) is defined as the orthogonal complement
of Pic(S, ) in ﬁ(S ,o, 7). If a is trivial, then T (S, «) is the transcendental lattice 7 ()
of S. One can show that T (S, «) is isometric, as an abstract lattice, to

Ker(fy: T(S) > Q/Z)={x € T(S) | (B,x) €Z}.

Definition 1.1 A polarized twisted K3 surface is a triple (S, L, a), where S is a K3
surface, L € H2(S, Z) is a primitive ample class and o € Br(S). Two twisted polarized
K3 surfaces (S, L, @) and (S’, L', ') are isomorphic if there exists an isomorphism
f: S — S suchthat f*L' = L and f*o’ = .

We define two invariants of (S, L, «): its degree d = (L)? and its order r = ord(x)
(also known as its period).

@ Springer



Moduli spaces of twisted K3 surfaces... 1457

1.2 A non-existence result for moduli spaces

Ideally, one would like to find a (coarse) moduli space N[ ] for the following functor:
Nalrl: (Sch/C)° — (Sets), T — {(f: S—>T,L,a)}/ =.

Here, (f : S - T,L € HO(T, le*((}m)) € My(T) is a smooth proper family of
polarized K3 surfaces of degree d and « € H(T, R? £,G,,) such that for any closed
point x € T, base change gives a Brauer class o, € H2(Sx, Glrl.

It is, however, not difficult to show that N;[r] does not exist as a locally Noetherian
scheme. Namely, suppose #;[r] — Ny[r] exists. Consider the natural transformation
& Nylr] — 4, which at a scheme T is definedby (S — T, L,a) — (S — T, L).
By the properties of a coarse moduli space, there exists a unique morphism
m: Ny[r] -— My which makes the following diagram commute:

Aaglr] —— Nylr]

|
El | A
N

For a closed point y € Ny[r] corresponding to a tuple (S, L, «), the image m(y)
should be the point x of My corresponding to (S, L). So the fibre of 7 over x is

(NalrDx ={(S, L, @) | @ € Br(S)[r]}/ Aut(S, L).

Ford > 2,let U C My be the open subset where Aut(S, L) is trivial. Over U, we
have (Ng[r])x = Br($)[r] = (Z/rZ)**~"®. In particular, 7|N,(rjxy, v is ramified
exactly over the locus where p(S) > 1. Now this set is dense in U, thus not Zariski
closed, giving a contradiction.

Ford = 2,let U C M be the open subset where Aut(S, L) = Z/2Z. Then over U,
we have 2217205 < |(Na[r]),| < 22277 So n Ing My U is ramified (at least) over
the locus where p(S) > 2, again a dense set in U, which leads to a contradiction.

When requiring that o has order r (on each connected component of 7'), non-
existence is proven similarly. One obtains a morphism 7 to My such that over an open
subset U C My, the cardinality of the fibre of & over (S, L) € U is the number
of elements of order r in (Z/rZ)*>=*® (or half this number when d = 2). Again,
7| z-1(y) is ramified exactly over the locus where p(S) > 1 (at least over the locus
where p(S) > 2 when d = 2), a contradiction.

2 Moduli spaces of polarized twisted K3 surfaces

We will construct a slightly different moduli space My [r] mapping to My, whose fibre
over (S, L) € My parametrizes triples (S, L, o) with o € Hom(H2(S, LYpr, L] 7).

@ Springer



1458 E. Brakkee

There is a surjective homomorphism from this group to Br(S)[r], which is an isomor-
phism if and only if p(S) = 1.

2.1 Definition of the moduli functor

The Kummer sequence 0 — w, — Gy, Q; Gy, — 0 induces a short exact sequence
0— Pic(S)QZ/rZ — H2(S, ur) — Br(S)[r] — 0.
IfL e H2(S , Z)) is a polarization, we have injections
Z)rZ - L < Pic S @ Z/rZ — H*(S, Z/rZ).

Hence, we get a surjective map

H2(S,Z/r7) ) (Z)rZ - L)y — H*(S, Z/rZ)/(Pic S ® Z/rZ) = Br(S)[r]
I I
H(S, Z)}, ® Z/r. T(S)' ®Z/rZ

which is an isomorphism if and only if p(S) = 1.
We define a relative version of H2(S, Z);)r QLT = Hom(H3(S, L)pe, Z[rZ) as
follows. For a smooth proper family (f: S — T, L) of polarized K3 surfaces, set

RZ f.7:=Ker (R £,2 5 R £,2)

where c{ (L) is the image of L under HO(T, le*Gm) — HO(T, sz*Z). Let Z[r]
be the following local system:

Frl:=Hompp(Ro, f+Z, L/rL)

where 57 0om A, means morphisms of sheaves of abelian groups.

Definition 2.1 The moduli functor .#,[r] is defined as
Mylr]: (Sch/C)’ — (Sets), T— {(f: S — T,L,a)}/=

where (f : S — T, L € HY(T, R' £,G,,)) is a smooth proper family of polarized K3
surfaces of degree d and « € HO(T', .#[r]). We define

M) (Sch/C)? — (Sets)

to be the subfunctor sending a scheme 7 to the set of those tuples ( f, L, «) for which
« has order r on each connected component of 7.

We will construct coarse moduli spaces for .#;[r] and .#' e
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2.2 Construction of the moduli space

We recall the construction of My as a subvariety of a quotient of a bounded symmetric
domain (see e.g. [15]). The primitive cohomology H2(S, Z)pr of a degree-d polarized
K3 surface only depends, as a lattice, on d, and is isomorphic to Ay4. The moduli
functor . ;™" of marked polarized K3 surfaces of degree d is given by

MPT)={(f: S— T.L e H(T, R £.Gp). ¢: R fu . = Ag)}/ =,

where (f: S — T, L) € .#;(T). It has an analytic fine moduli space M7, which
can be constructed as an open submanifold of the period domain Z(A,) of A4. In
particular, there exists a universal family

(f: Smar N M;{nar Lmar gDmar) .

We denote the morphism .Z;"" — M7 by @™, The moduli space My is obtained
from M7 by taking the quotient under the action of O(Ag).

maro“

Note that @™ induces an isomorphism ¢ : Z[r] = Hom(Ay4, Z/rZ) = A

Thus, .%[r] is the sheaf of sections of the trivial finite cover

mdr[r] SpeC %Omse[s(/lz!r, ﬁMgmr)
_ Mmar XAZJ,r’

where 7 0mgeis means morphisms of sheaves of sets. The space Mj[r] is a coarse
moduli space for the functor

AP r]: (Sch/C) — (Sets), T— {(f: S—T,L, ¢, )}/ =
where (f: S — T,L,¢) € Z*(T)anda € HO(T, Z[r]). Namely, let
P[]z AP ] — M)
be the morphism defined over a connected scheme T by
(§—>T,Lg,a) > (™(S —> T, L,¢), ¢r()),
so we have a commutative diagram

_ mar om Mmar
d d

T T

jlmar[r] (pmdr[ J Mmar[r]

@ Springer



1460 E. Brakkee

Then @7*[r] is a bijection over Spec C. Moreover, suppose we have a map G from
A [r]toaC-scheme X. Forany a € Ad ,»thereisamap Gy : .# — X defined
over a connected scheme 7' by (S — T,L,¢) — G(S — T,L,¢, ¢, '(a)). The
G induce maps gq: M“lar — X, which combine to a morphism g: MJ*[r] — X
satisfying g o @™ [r] =
The action of 6(Ad) on Mg‘ar lifts to M7 [r] via

§(S.Lop.a) = (S.Lgow. o g0 @).

Under MJ™[r] — Z(Ag) x A} a4, this is the restriction of the natural action of
O(Ad) on Z(Ag) x Av . This action is properly discontinuous: it is on Z(Ay) (see
[15, Remark 6.1.10]), so also on the product with the finite group Ay . It follows that
the quotient

Mylrl:=Mg*[r]/0(Aq)
exists as a complex space. Similarly, let M;*"" C M7 [r] be the union of those
components M7 [r] x {v} for elements v € A a., of order r. Then the quotient

M := M /0(Ay)

exists as a complex space.
We claim that My[r] and M/, are quasi-projective varieties. Consider the following
commutative diagram:

mar _ mar v T v
MI[r] = MO AY  —"— A}

L,

Mylr] ———— A%, /0(Ag).

Giving the sets on the right side the discrete topology, all these maps are continuous.
So under 77, each connected component of My[r] is mapped to a point. Vice versa,
given [w] € Ad ,» the inverse image of O(Ay) - [w] € AZM/O(Ad) under 7 is

M, := (MJ* x O(Ag) - [w]) /O(Ag) = (MF* x{[w]})/ Stab [w]

where Stab [w] C (~)(Ad) is the stabilizer of [w] under the acion of (~)(A,1) on A:i,r
Now Stab [w] contains the reflection ss for an element § € A, of square —2 orthogonal
to w and Z&, which interchanges the two connected components of Mg‘ar .Hence, M, is
connected; even irreducible. This shows that the connected components of My[r] are
in one-to-one correspondence with AZI’, / O(Ayg). Each component M,, parametrizes
triples (S, L, o) that admit a marking ¢ with ¢, (@¢) = [w]. The components belonging
to M, are those My, for which [w] has order r.
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Remark 2.2 Recall (see e.g. [15, Section 6.4.2]) that for ¢ large enough, there exists
a fine moduli space M}f“ of polarized K3 surfaces (S, L) of degree d with a A/¢A-
level structure, i.e. an isometry H2(S, Lype @ L = Agq @ Z/UZ. The space Mlje"
is a smooth quasi-projective variety which is a finite cover of My. We could have
constructed My[r] as a quotient of MldeV X AZ,J instead, choosing ¢ to be a large enough
multiple of r.

Corollary 2.3 Every connected component of My[r] (and therefore of M!)) is an irre-
ducible, quasi-projective variety with at most finite quotient singularities.

Proof The finite index subgroup Stab [w] C O(Ag) being arithmetic, the quotient
P(Aq)/ Stab [w] is a quasi-projective variety with finite quotient singularities, by
[2] and [24, Lemma IV.7.2]. We will show that M, = (M%7 x{[w]})/ Stab [w] is a
Zariski open subset of it, using the same argument as for the algebraicity of the moduli
space of untwisted polarized K3 surfaces (see e.g. [15, Section 6.4.1]).

Let ¢ be alarge enough multiple of 7 such that there exists a fine moduli space Mbev of
polarized K3 surfaces with a A /€ A-level structure, see Remark 2.2. For the universal
family 77 : ' — Mlde", there exists a marking Rgrrr*Z QLT = Ag @ Z/CZ. This

induces a holomorphic map Mlie" — 9D(Ag)/ T, where

Iy, ={g € O(Ay) | g = id mod £} C Stab [w].

The image of this map is MJ'*" /I';. Dividing out further by Stab [w] yields a holo-
morphic map

MV M/ Stab [w] € Z(Ag)/ Stab [w].

By a theorem of Borel [4] (and also [24, Lemma IV.7.2]), this map is algebraic, and
therefore the image M7*" / Stab [w] is constructible. As it is also analytically open in
PD(Ag)/ Stab [w], it is Zariski open [9, Corollary XII.2.3]. O

One constructs a morphism ¥ : .#;[r] — Mgy[r] in the following way. Consider
apoint (f: S — T,L,«a) in #y[r](T). Proceeding as for untwisted polarized K3
surfaces, we pass to the (infinite) étale covering

~ n
T::Isom(Rgrf*Z,ﬂ) — T,

which has a natural 6(Ad)—action, satistying T/CN)(A,;) = T. Write f: S — T forthe
pullback family. The local system Rf,r f«Z is trivial: there exists a canonical isomor-
phism ¢ : RgrﬂZ = Ay.Now @m‘"[r](i n*L, o, n*a) is an element ofM;lnaI[r](T),
i.e.aholomorphicmap T — MJ#[r]. This map is O(A4)-equivariant, hence descends
toamap T — My[r]. This map is algebraic by [4], thus defines a point in My [r](T).

Welet (S — T, L, «) be this point.

Proposition 2.4 The space My[r] is a coarse moduli space for the functor #y[r].
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1462 E. Brakkee

Proof By definition, there is a commutative diagram

@ mar (
] =L e

Fl l"

Myr] T Mylr]

where the map F forgets the marking and ¢ is the quotient map. We need to show that
Y (C): Ay[r](C) — My[r](C) is abijection. For x € My[r](C),lety € MP*[r](C)
such that ¢(y) = x. Set ¥(C)~!(x):=F (@™ [r](C)~'(y)); note that this does not
depend on the choice of y. One checks that @ (C)~! defines a set-theoretic inverse to
¥ (O).

For the universal property of ¥, let s: .#;[r] — T be a morphism to a finite type
C-scheme T. Then s o F is a map from .#;"*[r] to T} since .Z;*[r] — MJ*[r]
is a coarse moduli space, this induces a unique holomorphic map ¢: M7*[r] — T
such that 1 o @™ [r] = s o F. It follows from the uniqueness that 7 is equivariant, thus
factors over a holomorphic map My[r] — T. We will show that this map is algebraic.

Like before, let £ be a large enough multiple of 7 such that there exists a fine moduli
space Mbev of K3 surfaces with a A /€ A-level structure. The map M7 [r] — T factors
as

MJr] — MY x A%, — Mglr] —> T

(see Remark 2.2). The map Milev x Ay, — T is algebraic and equivariant under the

algebraic action of 6(Ad). The induced algebraic morphism (ML,ev X A:i’r) / 6(Ad) —
T is the given map My[r] — T. O

The proof that M, is a coarse moduli space for .2 is analogous.
Proposition 2.5 The space M) has at most r - gcd(r, d) many connected components.

This follows directly from the following lemma. Denote A = Eg(—l)€B2 DU b U,
@Us. Let {e;, fi} be the standard basis for the i-th copy of U. Fix £4:=e3 + %f3 and

U =e3 — %fs, so A = Es(—-D)® U @ U, ® <5e;). For integers n, k, we let

wpki=L(er +nfi + ey e Lay,.

Lemma 2.6 Every element of order r in A:” is equivalent under the action 0f6(Ad)
to [wy k] for some n, k € Z. Moreover, if n = n’ modr and k = k' mod ged(r, d),
then [wy k] and [w,y y'] are equivalent.

Proof Elements in AZI . of order r are of the form m[%x] where gcd(m, r) = 1 and
x € A} is primitive, so x = sy + f—iﬁzi for some primitive y € Eg(—1)®2 @ U, & U,
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and integers s, t with gcd(s, ) = 1. Write d = dp - ged(d, t) and t = 1y - ged(d, 1).
Then dox = dosy + tol); € Agq is primitive and

(dox, Aq) = god ((dosy, Es(—D)®2 @ Uy @ Ua), (108, ZE)))

= ged(dps, dtp)

= dj.
By Eichler’s criterion [8, Proposition 3.3], dox is equivalent under 6(Ad) to do(e; +
nf1) + tol), for some n. So %x is equivalent to %(el +nfl + éﬁ:j) = Wy .

Now “*x = muwy, , is equivalent modulo A, to %(mel + (mn+r)fi + ”‘7’5&). As
ged(r, m) = 1, the element y = mej + (mn +r) f1 + sz% € A7, is primitive, so by
the above, }y is equivalent under 6(Ad) to some w, ;. It follows that m[%x] € A:Lr
is equivalent to [w,; y].

Next, note that if ¢/ = ¢t mod d, then wy, is equivalent to w, , for some n’ (by
Eichler’s criterion). In particular, writing gcd(r, d) = pr + qd, the class

[wngedir.ay+e] = [3(er +nfi + (pr+qd + D31 = [3(er +nfi + (gd + 1) 3]
in AY, . is equivalent to [%(el +n' f1 + 6115:1)] = [wy ] for some n’. This shows that
every [wy x] is equivalent to some [w, p]withO < n’ <rand0 <k’ < ged(r,d). O
3 Period maps

We show how to construct period maps on the connected components of M’;, which
will be an important ingredient in relating twisted K3 surfaces to cubic fourfolds in
Sect. 4.

3.1 Construction
We have seen that the connected components of M/, are of the form
My = Mg x{[w]})/ Stab [w]

for [w] € AZ” of order r. We will construct a period map from M7 x {[w]} to the
period domain Z(T,,) of the lattice

Ty:=Ker((w, —): Ag — Q/Z).

_Let (S, L, g, [w]) € M x{[w]}. The corresponding twisted Hodge structure
H(S, [w], Z) on S is given as follows. Let

w' = gg'(w) € 1 HX(S, ), C H (S, Q).
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Then H2° LS , [w]) is C[o +w’ Ao ], where o is a non-degenerate holomorphic 2-form
on§.Let A = A ® Uy be the extended K3 lattice. We can extend ¢ to an isomorphism
@: H(S,Z) — Abysending 1 € H(S,Z) toes € Uz and 1 € H*(S, Z) to f4 € Uy.
Then

glo+w' no) =) + (w, 9(0)) fa.

Recall that for an even lattice N and B € N, the B-field shift exp(B) € O(N & U)
is defined by

2
2>z~ (BOf, er>e+B—8f fis f

for z € N, where {e, f} is the standard basis of the hyperbolic plane U. For B € N,
we define exp(B) € O((N @ U)g) by linear extension. The discussion above shows
that g(o + w’ A o) = exp(w)p(o) (note: U = U(—1) = (e, — f)). We thus obtain a
map

Dy MY x{[w]} — @((exp(w)Ad) N /T)

sending (S, L, ¢, [w]) to [$(H>(S, [w])].

The above depends on the choice of a representative w € - Av of [w] € A} . We
can get rid of this choice in the following way. First, the lattlce Ty is a ﬁmte 1ndex
sublattice of A4, so we have 2(Ty,) = Z(Ay4). Second, note that the map exp(w)
gives an isomorphism T, = (exp(w)Ag) N A. We see that 2, factors over the usual
period map & for Mj*': the diagram

M s ([w]) = MM — s (A )

,@l lz

2((exp(w) Ag) N A) —— 2(Tw)

commutes. Denote by &, the composition from M7 x {[w]} to Z(T),). It follows
from the above diagram that &7, is holomorphic and injective.

Just like M,,, the quotient Z(T,,)/ Stab [w] is a quasi-projective variety by [2].
There is a commutative diagram

Mdmar X {[w]}CL -@(Tw)

|

M, 2" s 9(T,)/ Stab [w]

where 2, is algebraic by the same argument as in Corollary 2.3 (note that when ¢
is a multiple of r2d, the group Iy = {g € O(Ay) | g = id mod £} is contained in
Stab [w]).
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Recall (see e.g. [15, Remark 6.4.5]) that Z(T,)\im &£y, = Z(Ag)\im Z is a
union of hyperplanes U(SeA(Ad) 81, where A(Ay) is the set of (—2)-classes in Ag. It
follows that Z(T,,) parametrizes periods of twisted quasi-polarized K3 surfaces, i.e.
twisted K3 surfaces with a line bundle that is nef and big (however, the corresponding
moduli stack is not separated). Hence, the quotient Z(T,,)/ Stab [w] can be viewed as
a moduli space of quasi-polarized twisted K3 surfaces.

3.2 The discriminant group of T,

We collect some results about the lattice T, in preparation of Sect. 4. Let w € %A:j
such that [w] € A} , has order r. We will describe the group Disc T, and the quadratic

form on it. Note that if g € 6(Ad), then g induces an isomorphism Ty, = Ty (). So
by Lemma 2.6, we can assume that

w=wai = Ler +nfi+ L))
for some 7, k. Then T,, = Eg(—1)®2 & U, & T, where
To={y U ®ZL | (y,w) € Z} = (e1 —nfi,rfi,kfi +£).

Since Eg(—1)®2@®U, is unimodular, Disc T}, is isomorphic to Disc Ty. The intersection
matrix of Ty is (compare [23, Lemma 2.12])

—2n r k
M = r 0O O
k 0 —d

As the map Ty — T} is given by the matrix M’ = M, we have
DiscTo =7Z/g17Z X 7] g27 x 7] g37Z

where the invariant factors g; can be computed using the i x i-minors of M [5,
Satz 2.9.6]:

g1 =gcd@n,r,k,d), g2 = gcd(rz, kr,rd,2nd —k*)/g1, g3 =dr*/gig>.

We will be interested in the following two cases:
Proposition 3.1 Let w = w, i € }AZI

(i) The group Disc Ty, is cyclic if and only if ged(r, 2nd — k?) = 1.
(ii) We have

Disc T,y = 7,/(r2d/3)Z x 7,37

if and only if gcd(r, 2nd — k*) = 3, and if 3|d then 9 | nd.
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In order to determine the quadratic form on Disc T,,, we write down explicit gen-
erators. Consider the following elements of Disc Ty:

LAl =[2G )]
[€,/d] = [Lkfi +€) — L]
[w] = [Ler = nfi) + 24K fi) + £ (ki + €))).

The order of [x] is the smallest natural number a such that ax € T, thatis, (ax, w) €
Z. For the elements above, this gives

ord[w] = r’d

ord[fi] =r, Ord[gd/d gcd(r2d,2nd—k?) "

gcd(k rd)’

The class of x € T, in Disc Ty, is

[x] = (x, rf)lw] — (x, kfi + €L /d] + (x, er — nfOlf1].
This shows that Disc T, is generated by [ f1], [E /d] and [w].
Lemma 3.2 [fged(d, k, r) = s, then there is an integer p such that gcd(d, k+pr) = s.
Proof Letd = dyged(r, d), so ged(r, sdy) = s. Write xsdy + yr = s. Then
ged (d, k + (1 = Y)yr) = ged (sdo, k + (1 — ) (s — xsdp))

= s ged (do, 1 — xdo + xdo%)
=s.
O
First assume Disc Ty, is cyclic, so ged(r, 2nd — k%) = 1. In particular, we have
gcd(r,d, k) = 1. By Lemma 3.2 there exists a p such that ged(d, k + pr) = 1. Since

Tw, i = Tw, s, ,.» Wecanreplace k by k + pr. Then we have gcd(r’d, 2nd — k*) = 1;
hence, [w] generates Disc Ty,. So the quadratic form g7,, on Disc Ty, is determined by

qr, (w)) = [(w)*] = == (2nd — k*) mod 2Z.
Next, assume Disc T, = Z/(r?d /3)Z x 7Z./37.1f 3|d, then ged(r, 2nd — k?) = 3,

and 9 { nd implies 9 { 2nd — k. It follows that ged(r?, 2nd — k%) = 3, so [w]
generates Z/(dr?/3)Z. As a generator of the factor Z/37Z, we take the element

w=5[fi1 — £1¢,/d] = Lkfi + €],

which satisfies g7, (u) = -3 4 m0d 27. If u were a multlple m[w] of [w], we
would have gr, (1) = m?2nd k- 2"‘1 K2 mod 2; multiplying by 5 glves — (%)2§ =
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2 .. . z
mod 2’3d. This implies that m = rmg for some mo; hence — (%Z) =

2
m2 2nd3 k

3m%# mod 2d. This is not possible as 3 does not divide the left hand side.

If 3 1 d, we may have 9|2nd — k?, but this implies 9 { . Using that Ty, , = Ty, ., .
we may replace 1 by  +r and obtain 9 { 2nd — k. This gives ged(r?, 2nd —k?) = 3,
so [w] generates Z/(dr?/3)Z. As a generator of the factor Z/3Z, we take

W= w] — 24K 1) = L([d(ey — nfi) + k(kfi + €)DD)

We have g1, (') = —%(an — k*) mod 27. Like before, if u’ were a multiple m[w]

of [w], we would find —d2 (5)* 2242 = 2202 1y g 224 i follows that m =

mor /3 for some m(, and hence 2”‘13—*"2 (m(z) +d?) = 0mod 6d. But this is not possible,

since the left hand side is not divisible by 3.

Corollary 3.3 Let w = w, ¢ € }Aji.

(i) If Disc T, is cyclic, there exists a generator t such that
qr, (1) = 55 (2nd — k*) mod 21L.

(ii) If Disc Ty = 7Z/(r?d/3)7 x 7./37 and 3 1 d, there exist generators (1,0) and
(0, 1) such that

qr, (1,0) = - (2nd — k*) mod 27
and
qr, (0, 1) = —4(2nd — k*) mod 2Z.

(iii) If Disc Ty, = 7Z/(r?d/3)7 x 7./37 and 3|d, there exist generators (1,0) and
(0, 1) such that

qr, (1,0) = - (2nd — k*) mod 27
and

qr, (0, 1) = —4 mod 2.

4 Twisted K3 surfaces and cubic fourfolds

A smooth cubic fourfold X is special if the lattice H22 (X) nH* (X, Z) has rank at least
two. Hassett [10] showed that special cubic fourfolds form a countably infinite union
of irreducible divisors % in the moduli space of cubic fourfolds. Here 6; # @ if and
only if d > 6 and d = 0, 2 mod 6. Hassett proved that X is in %, with d satisfying

(xx) d is even and not divisible by 4, 9, or any odd primep = 2 mod 3
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if and only if there exists a polarized K3 surface (S, L) of degree d whose primitive
cohomology H(S, Z)pr can be embedded Hodge-isometrically into H*(X, Z)pr, up
to a sign and a Tate twist.

In this section, we will generalize this result to twisted K3 surfaces.

4.1 Associated twisted K3 surfaces

We denote by H*(X, Z)(1) the middle cohomology of a cubic fourfold X with the
intersection product changed by a sign and the weight of the Hodge structure shifted
by two. There is a lattice isometry

HY(X,Z)(1) = Es(~1)®? @ UP? @ 7(—1)®. (1)

The isometry can be chosen such that the square of the hyperplane class on X is
mapped to h:=(1, 1, 1) € Z(—1)®3. We denote the orthogonal complement to / by
I', so I' is isomorphic to H*(X, Z)pe(1).

The cubic X lies in the divisor % if and only if there exists a primitive sublattice

K c H>*>(X) nH*(X, Z)(1)

of rank two and discriminant d containing the square of the hyperplane class. The
orthogonal complement K L ¢ H*(X, Z)(1) has an induced Hodge structure which
determines X when X € % is very general. As abstract lattices, K and K only
depend on d.

Under the isometry (1), the lattice K corresponds to a primitive sublattice of
Eg(—1)®?@U®?@®Z(—1)®3 of rank two and discriminant d containing /. Such a sub-
lattice is unique up to the action of the stable orthogonal group 6(F ) = Ker(O(I") —
O(Disc I')). We fix one such sublattice for each discriminant d and denote it by K.
Its orthogonal complement K j‘ is contained in I".

Hassett proved that d satisfies () if and only if there is an isometry K+ = Ay.
In generalizing this to the situation of twisted K3 surfaces, we replace A4 by Ty, and
(xx) by the condition (x*”) introduced in [16]:

(x%") d' = dr? for some integers d and r, where d satisfies (sx).

Theorem 4.1 The number d' satisfies (x+") if and only if for every decomposition
d’ = dr? with d satisfying (sxx), there exists an element [w] € A:i,r of order r such

that Kj7 is isomorphic to Ker((w, —): Ag — Q/Z).

For a cubic fourfold X € %, the inclusion K j C H4(X , Z)(1) gives an induced
Hodge structure of K3 type on K j7 and thus on T, = Ker (w, —), yielding a point x
in the period domain Z(Ty,). In [25], it was shown that for a smooth cubic fourfold
X, there are no classes in H*(X, Z)pe N HZ22(X) of square 2. It follows that the class
of x in Z(T,)/ Stab [w] lies in the image of the period map &7,,. As a consequence,
we obtain
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Corollary 4.2 A cubic fourfold X is in Gy for some d’ satisfying (xx') if and only if
for every decomposition d’ = dr?* with d satisfying (xx), there exists a polarized K3
surface (S, L) of degree d and an element a € Hom (H2(S, ZL)pr, Q/Z) of order r
such that K ; L is Hodge isometric to Ker a.

We say that the twisted K3 surface in Corollary 4.2 is associated to X.

Remark 4.3 This notion of associated twisted K3 surfaces almost coincides with the
one given by Huybrechts [16]. He relates the full cohomology H(S o, Z) to the Hodge
structure H(;zix, 7)) of K3 type associated to the K3 category o7y C DP(X), which
was introduced in [1].

To be precise, Huybrechts shows that a cubic X is in € for some d’ sat-
isfying (xx’) if and only if there is a twisted K3 surface (S,«) such that
ﬁ(;zfx, Z) is Hodge isometric to ﬁ(S ,a, 7). One can show that a Hodge isometry
Kj7 >~ Ker(a: H2(S, Z)pr — Q/Z) always extends to ﬁ(szfx, 7) = ﬁ(S, o, 7), see
Proposition 5.6.

Vice versa, assume IN{(,@%X, 7) = ﬁ(S o, 7). When S has Picard number one, it
follows that KL c H* (X, Z)(1) is Hodge isometric to Ker(oe H2(S Z)pe — Q/7)
(these are the transcendental parts of H(Jz{x, 7)) and H(S o, Z)). When p(S) > 1,
there exists a Hodge isometry K = Ker(a') for a possibly different K3 surface S’
and &’ € Hom(H>(S', Z)pr, Q/Z) that satisfies H(S, , Z) = H(S', o/, 7).

The above is completely analogous to the untwisted situation. Note that Corol-
lary 4.2 implies a strengthening of Huybrechts’ result, replacing “there is a twisted
K3 surface” by “for any decomposition d’ = dr? with d satisfying (x%), there is a
twisted K3 surface of degree d and order r”.

Finally, we should mention that these Hodge-theoretical notions (both twisted and
untwisted) have a categorical counterpart due to [1,16,3]: There exists a Hodge isome-
try ﬁ(;zfx, 7) = ﬁ(S , &, Z) if and only if the category o7 is equivalent to the bounded
derived category D°(S, &) of a-twisted sheaves on S.

4.2 Proof of Theorem 4.1

We have seen that the discriminant group of T, can always be generated by three ele-
ments. As Ty, has signature (2, 19), it follows that T, is determined by its discriminant
group and the quadratic form on it [22, Corollary 1.13.3]. To prove Theorem 4.1, it
thus suffices to determine when

(Disc Ty, q7,,) = (Disc Kj‘rz, quer).

Write d’ = dr?. We will use the following result by Hassett (using our sign conven-
tion):

Proposition 4.4 [10, Proposition 3.2.5] Whend' = 0 mod 6, then D1sc(K ;) IS isomor-

phictoZ] ‘é 7, x 7.)37Z, which is cyclic unless 9 divides d'. One can choose generators
(1, 0) and (0, 1) such that the quadratic form q 1 satisfies g1 (1,0) = 3/d'mod 27
d’ d
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and qg1(0, 1) = =2/3mod 27.. When d' = 2mod 6, then Disc(Kj) is Z.]d'7. One
d/
can choose a generator u such that qg 1 (u) = (1 —2d")/3d" mod 21.
d/
We prove Theorem 4.1 by comparing the quadratic forms on Disc K j and Disc Ty,.
We distinguish the cases when the groups are cyclic and non-cyclic. We will use the

following statements, which follow from quadratic reciprocity [10, proof of Proposi-
tion 5.1.4].

Lemma4.5 When d = 2mod 6, then d satisfies (xx) if and only if —3 is a square
modulo 2d. When d = Omod 6, write d = 6t. Then d satisfies (xx) if and only if —3
is a square modulo 4t and 4t is a square modulo 3.

4.2.1 Cyclic case

Assuming that Disc K j7 is cyclic, we will show that d’ = dr? with d satisfying (xx')
if and only if there exists a [w] € AZ“ of order r such that K j = Ty. The proof
consists of Propositions 4.6 and 4.7.

Proposition 4.6 Assume that Disc Kj is cyclic. If there is a [w] € A;l,r of order r
such that Kj7 = Ty (so in particular, d' = dr2), then d satisfies ().

Proof First assume that 3 does not divide d. By Proposition 4.4 and Corollary 3.3, we
have K j7 = Ty, if and only if there is an x such that

22 (2 —2nd) = 2220 mod 2.

Multiplying by 3dr? gives
3x2(k* = 2nd) = 2dr? — 1 mod 6dr*
which is equivalent to
3x2(k* = 2nd) = —1 mod 2dr>. )

It follows that —3 is a square modulo 2d, so by Lemma 4.5, d satisfies (sx).
Next we assume 3|d. By Proposition 4.4 and Corollary 3.3, we have K j7 = Tw,x
if and only if there is an x such that

%(k2 —2nd) = % - C%modl

Writing d = 6¢ and multiplying by dr? gives
x2(k* = 12nt) = 4tr> — 3mod 12tr>. (3)

In particular, —3 is a square modulo 4¢, and we have 4tr? = x%k? mod 3. Since 3 does
not divide r, this implies that 4¢ is a square modulo 3. It follows from Lemma 4.5 that
d satisfies (). O
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Write r = 2°qrg where g consists of all prime factors of » which are 1 modulo 3,
and ro consists of all odd prime factors of r which are 2 modulo 3. In particular, dg?>
still satisfies (), and we have gcd(rg, dqz) = 1.

Proposition 4.7 There exists an n such that for w = w € %AZI we have K j7 =

Ty

ng?,ro

Proof We first assume 3 1 d. By (2) we have to show that for some x and some n,
fn(x)::3x2(r§ — 2ndq2) +1=0modm 4

where m = 2dr2.

Since dg? satisfies (s), the number —3 is a square modulo 2dg?>. As 3rg is invert-
ible in Z/2dq*Z, we get —3 = (3rox)>mod 2dg?® for some x € Z. This gives
3x2r§ +1=0mod quz, which shows that (4) has a solution modulo m = quz,
for any n. In particular, it has solutions modulo dg?/2 and modulo 4.

It follows that ( f, /2)(x) = 0 has a solution modulo 2. Also, ( f,,/2)'(x) = 3x (rg—
2ndg?) is always odd. By Hensel’s lemma, ( f,,/2)(x) = 0 has a solution modulo 2!
for any [ > 1. It follows that (4) has a solution modulo 2! for any [ > 2.

By the Chinese remainder theorem, there exists a solution x for (4) modulo
m = 2d(2°q)*. We can assume ged (x, ro) = 1: otherwise, write arg+b-2d (2°q)* = 1
and replace x by x + b - 2d(25q)2(1 —x)=14arg(x —1).

Now we have gcd(rg, 6x2dq2) = 1, sothereexista and b such thatarg +b- 6x2dq2
= 1. In particular, rg divides 3x2 - —2bdc12 + 1. We see that for n = b, there is a solu-
tion to (4) modulo m = rg. By the Chinese remainder theorem, there exists a solution
modulo 2dr2.

Next, assume 3|d. Write d = 6¢. By (3) we have to show that for some x and n,

gn(0):=x2(rd — 12n1¢g*) — 4tr*> +3 = Omod m 5)

where m = 12tr2.

Since dq2 satisfies (xx), first, 4tq2 is a square modulo 3, so also 4tr? = 4t(2sqr0)2
is a square modulo 3. Second, —3 is a square modulo 47¢2. Since 3 does not divide
4tq?, it follows that 4¢r> — 3 is a square modulo 12¢¢°.

Now rq is invertible in Z/12t¢>Z, which implies that 4tr> — 3 = (xro)> mod 12t¢>
for some x. So x2r§ —41r? 43 is divisible by 12¢¢?, which shows that (5) has a solution
modulo m = 122, for any n. In particular, there exist solutions modulo 3¢ and
modulo 4.

Like before, it follows from Hensel’s lemma that (5) has a solution modulo 2! for
any [ > 2.

By the Chinese remainder theorem, there exists a solution x for (5) modulo
12¢(2°q)?. Like before, if ged(x, ro) # 1, take a and b such thatarg+b-121(2°¢)? = 1
and replace x by x +b - 12t(2°¢)% - (1 — x) = 1 +arg(x — 1).

Now we have gcd(rg, 4tx*q?) = 1, so we can write 3ar§ +bx? - 12tx*q* = 3 for
some a and b. So for n = b, we find that r02 divides x2 - — 12m‘q2 + 3, hence (5) has a
soluztion modulo m = rg. By the Chinese remainder theorem, it has a solution modulo
2dr-. O
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4.2.2 Non-cyclic case

We now assume Disc(Kj) = Z/37 x Z/%Z, and we again show that d’ = dr?
with d satisfying (') if and only if there exists a [w] € A, of order r such that

Kj = Ty,. The proof consists of Propositions 4.8, 4.9 and 4.10.

Proposition 4.8 Assume that Disc Kj7 =Z/(d'/3)L x /3. If there is a [w] € A ,
of order r such that Kj = T, (so in particular, d' = dr?), then d satisfies (sx).

Proof Consider the factor Z/(d’/3)Z = 7./(dr?*/3)7Z. By Proposition 4.4 and Corol-
2 2nd—k>

lary 3.3, there exists an x such that x= =25 7

is congruent to # modulo 2. Multiplying
both expressions with —dr? gives

x2(k? = 2nd) = —3mod 2dr?. (6)

We see that —3 is a square modulo 2d, which implies that d satisfies (). O

Write r = 2°qrg, where g consists of all prime factors of  which are congruent to
1 modulo 3, and rq consists of all other odd prime factors of r. In particular, dg? still
satisfies (+x) and ged(ry, dg?) is 1 or 3. Note that 3 divides ro.

Proposition 4.9 Suppose that 3 does not divide d. There exists an integer n such that
1 1~
forw = ws, 0, € S Ay, we have K3; = T,

Proof By (6), we need n and x such that
2,2 2 _
x“(rg —6ndq”) +3 =0modm @)

where m = 2dr?.

Since dq2 satisfies (%), —3 is a square modulo 2dq2, and as rg is divisible in
7.)2dq*7, we have —3 = (rox)> mod 2dq* for some x. This shows that (7) has a
solution modulo 2dq? for any n. In particular, there exist solutions modulo dg? /2 and
modulo 4.

Using Hensel’s lemma again, one shows that there exist solutions modulo 2¢ for
any £ > 2, and by the Chinese remainder theorem, there exists a solution x modulo
m = 2d(2sq)2. We may assume that gcd(x, rg) = 1 by writing arg +b~2d(2sq)2 =1
and replacing x by x + b - 2d(2°¢)*(1 — x) = 1 + arg(x — 1).

Now ged(r3 /3, 2x2dg?) = 1; take a and b such that ard /3 +b-2x?dg* = 1. Then
rg divides —6bx2a’q2 + 3, so for n = b, there exists a solution to (7) modulo rg. By
the Chinese remainder theorem, there is a solution modulo m = 2dr?2.

We still need to check that for the generator u of Z/37Z C Disc T, there exists
y € Z such that y>(u)> = y? - %(rg — 6ng*d) is congruent to —2/3 modulo 2.
Multiplying both expressions by 3/2 gives

2 2
—6bng“d
AR g3,
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Now note that d /2 = 1 mod 3, so taking y such that 3 does not divide y, we have

2 2 2 2
—2nq-d —6ng-d
. % D0 3nq =0 3nq mod 3.

Yy
The element on the right hand side is
3(ro/3)* — 2bg*d = —bmod 3

where b was defined by the equation arg /3 + b -2x%dg? = 1. Reducing this modulo
3, we indeed find b = 1 mod 3. |

We are left with the case 3|d.

Proposition 4.10 Suppose 3 dividesd. There is ann such that for w = w2 3, € %AZ,
we have Kj; = Ty
Proof By (6), we need n and x such that
x2((Bro)* — 2ndq2) +3 = 0mod 2dr>.
Write d = 6¢, then this is equivalent to
x*(3rg —4ntg®) + 1 =0mod m 8)

where m = 4tr2.

As dg? satisfies (+%), Lemma 4.5 tells us that —3 is a square modulo 4¢¢>. Since
gcd(3ro, 4tq2) =1, it follows that —3 = (3rgx)2 mod 4tq2 for some x. So we have
3x2r§ + 1 = Omod 4tg?, which shows that (8) has a solution modulo m = 4t¢>.

By Hensel’s lemma once more, (8) also has a solution modulo 2¢ for all £ > 2,
and by the Chinese remainder theorem it then has a solution x modulo 47(2°¢)?. Like
before, we may assume ged(x, rg) = 1 by writing arg+b-2d(2°¢)?> = 1 and replacing
xbyx+b- 2d(2sq)2(l —x)=1+4+arp(x —1).

Now note that gcd(rg, 4tx2q2) = 1 and take a, b such that arg +b- 4t)c2q2 =1.
Then r§ divides —b - 4tx2q2 + 1, showing that for n = b, (8) has a solution modulo
m = ry. By the Chinese remainder theorem, there exists a solution modulo 4tr2,

Finally, we need to check that for the generator u’ of Z /37 C Disc Ty, there exists
a y such that y>(u’)> = —y?d/9 is congruent to —2/3 modulo 2. Multiplying by
—3/2, we get

v2d/6 = 1 mod 3
which is true whenever 3 does not divide y. O

@ Springer



1474 E. Brakkee

5 Rational maps to Gy

~

For untwisted K3 surfaces, an isomorphism Ay = K dL can be used to construct a
rational map My --» %;. We will generalize these maps to the situation of twisted K3
surfaces.

Throughout this section, we will assume d’ satisfies (x*’) and fix a decomposition
d’ = dr? withd satisfying («x). Moreover, we fix [w] € A;” as in Theorem 4.1 and

choose an isomorphism Kj7 =T, = Ker (w, —).

5.1 Construction

Note that the group O(K jﬁ) can be viewed as a subgroup of o(r): any element
f e 6([( j7) can be extended to an orthogonal transformation fof the unimodular
lattice Eg(—1)®2 @ U®2 @ Z(—1)®3 such that f|g  1s the identity. Then restrict to
I" to get an element of 6(F ).

On the level of the period domain, we have a commutative diagram

D(T) ———— DK ) ()

| | |

D(T) /O(Ty) — DKL) /OK ) —— G 2(I) /O

where ?d/ is the image of _@(Kj) under 2(I") — 9(F)/6(F). Embedding the
moduli space % of smooth cubic fourfolds into (11) /O(I") via the period map, one
shows that € is the closure of € C € in 2(I")/O(I).

Lemma 5.1 The group 6(Tw) is a subgroup of Stab [w] C 6(Ad).

Proof Let g € O(Ty). By assumption, g* sends any x € T, to x + y for some
y € Ty, C Ag.Inparticular, thisholds forx € A; C T, which shows that g* preserves
Ag. Moreover, g induces the identity on Disc A4, so g"| 4, is an element of (~)(Ad).

Now w € %AQ lies in T, so we also have g"(w) = w+y forsome y € T, C A.
This implies that when acting on AZM, the map g"| 4, stabilizes [w]. O

The period map &7,,: MJ* x{[w]} — Z(T,) induces an embedding of
My, =(MG* x{[w]})/O(T,)
into 2(Ty,)/ 6(Tw). This map is algebraic, thich is shown similarly as for the embed-
ding My, — Z(T,,)/ Stab [w]. The space M,, parametrizes tuples (S, L, «, f) where
(S, L,®)isin My, and f is an isomorphism from Disc(Ker «) to Disc Ty,. The com-
position

1’\V/Iw - Q(Tw)/6(Tw) g ?d/
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induces a rational map M,, --» €y, which is regular on an open subset that maps
surjectively (by Corollary 4.2) to %,. Hassett showed that Z(K 57) /6(1( j) — Cu
generically has degree one when d’ = 2mod 6, and degree two when d’ = 0mod 6.
Hence, 1\7[w --» %, is birational in the first case and has degree two in the second
case; see also Sect. 5.3.

The map y: M, --» %, is in general not unique: it depends on the choice of
an isomorphism 7,, = Kj. To be precise, let ¢: O(Ty) — Aut(Z(Ty)) send an
isometry of Ty, to the induced action on the period domain. Then y is unique up to
L(O(Tw))/t(ﬁ(Tw)). We can compute this group as in [12, Lemma 3.1]: there is a short
exact sequence

0 — O(Ty) — O(T,) — O(Disc T,) — 0.
Using ((O(Ty)) = O(Ty) and ((O(Ty)) = O(Ty)/ =+ id, we find that

L(O(Ty))/O(Ty) = ODisc Tyy)/ + id .

Corollary 5.2 The map My, —-» € is unique up to elements of O(Disc Ty,)/ + id.

When Disc T, = Z/d'Z., this group is isomorphic to (Z/ZZ)@’(W -1 where t(d’ /2)
is the number of prime factors of d’/2.

We have seen that there is a difference to the untwisted situation: the rational map
to 6, can only be defined after taking a finite covering 7 : M, — M,,. We give an
upper bound for the degree of this covering.

Corollary 5.3 The degree of the quotient map 7 : M,, — M,, is at most
I =|0O(Disc Ty)/ £id|.
IfDisc T, is cyclic, then I = 2td'/2)-1,

Proof The degree 0f~rr is the index of L((N)(Tw)) = (~)(Tw) in ¢(Stab [w]). This is at
most the index I of O(T,) in t(O(Ty)). O

5.2 Example

We consider the case d = r = 2, so d’ = 8. The cubic fourfolds in %3 are those
containing a plane. For a generic such cubic X, it was shown already in [19] that X
has an associated twisted K3 surface (5, ) in the categorical sense (see Remark 4.3).
In this special case, there is a geometric construction for (S, ), which was used before
by Voisin in her proof of the Torelli theorem for cubic fourfolds [25]. As explained in
Remark 4.3, (S, «) is also Hodge-theoretically associated to X.

By Lemma 2.6, the moduli space M% has at most four connected components,
corresponding to the vectors w, x = %(61 +nf] + %E’z) with n, k € {0, 1}. Now by
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Eichler’s criterion, e; is equivalent to e + f1 + 6’2 under 6(/\2), and this is equivalent
to ey + f1 modulo 2A%. Thus, the components My, , and My, , are the same.

The discriminant group of K 8L is cyclic, and one can choose a generator u such that
e (n) = —% mod 27. By Proposition 3.1, the discriminant group of Ty, . is cyclic
if and only if £ = 1. By Corollary 3.3, T,
x2(4£1—1) —

is isomorphic to K§- if and only if there

n, 1
exists an x € Z such that —% mod 2. For n = 0, we have

K@n—1 _
=

ool

which is never equivalent to —% modulo 2. For n = 1, we have

x2@n=1) _ 3%
2 ]

which is equivalent to —% modulo 2 when x = 3.

We see that for w = wj 1, there exists a rational map 1\~/Iw --» %y as above.
Since d’/2 = 4 has only one prime factor, Corollary 5.2 tells us that there is a unique
choice for the rational map I\N/Iwhl --» ©3. Moreover, it follows from Corollary 5.3
that 7 : Muu_l — My, , is an isomorphism. Hence, we obtain a rational map

Mwlyl -2 %8

which gives an inverse to the geometric construction of associated twisted K3 surfaces
over the locus where p(S) = 1.

Remark 5.4 The three types of Brauer classes occurring in this example have been
studied before by Van Geemen [7] (see also [20, Section 2]). He relates the twisted
K3 surfaces in the components My, , and My, , to certain double covers of P? x P?
and to complete intersections of three quartics in P, respectively.

Remark 5.5 In general, the component M, C M/, for which a rational map M, --»
%, exists is not unique, because the class [w] € A:z,r satisfying Ty, = K j is not
unique modulo 6(Ad). We work out an example.

Letd = 14 and r = 7, so Disc Kj; is cyclic. Since r divides d, [20, Theorem 9]
tells us that for [w] € A}, of order r, there is only one isomorphism class of lattices
T,, with cyclic discriminant group. By Theorem 4.1, these T;, are isomorphic to K jﬁ.

Consider wo,; = J(ej + €},/14) and wi3 = 1(ey + fi + 3¢;,/14). By
Proposition 3.1, Disc Ty,,, and Disc Ty, ; are both cyclic. By the above, we have
Tuos = Tuns = Ky 0. We show that [wo, 1] # [w13]in 47, /O(Aq).

Namely, suppose [w 3] lies in the orbit O(A14) - [wo,1] C AV1477. Then there exists
z € A}, suchthat f7(wo,1) = w3 +z forsome f € (~)(A14),that is, f(14-Two,1) =
14-7(w 3+2). Write z = z9+ 131, for some zg € Eg(—)®* @ U, @ U, and 1 € Z,
so

14-T(wi3+2) = 14(e1 + f1) + 14 - Tzo + 3+ T1)L,.
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The square of the right hand side should be equal to (14 - 7wg,1)> = —14. This gives
—14 =214+ 14%(e1 + f1.,20) + (14 - D> (z0)* — 149+ 6 - 71 + (71)%)
which simplifies to
8 =214+ 14%(e1 + f1, 20) + 14 - 7%(20)> — (6 - 71 + (71)?).

Reducing modulo 7, one sees that this is not possible.

5.3 Pairs of associated twisted K3 surfaces

In [6], we studied the covering involution of Hassett’s rational map My --+ % in the
case this has degree two. We showed that if (S, L) € My is mapped to (S*, L") under
this involution, then ST is isomorphic to a moduli space of stable sheaves on S with
Mukai vector (3, L, d/6). In this section, we discuss the analogous twisted situation.

We denote the bounded derived category of «-twisted coherent sheaves on S by
DP(S, «). When « € Hom(H?(S, Z)pr, Z[rZ), then by a-twisted sheaves we mean
o-twisted sheaves, where @ is the image of « in Hom(7'(S), Z/rZ) = Br(S)[r].
Similarly, H(S, «, Z) means H(S, @, Z).

Assume that 3 divides d’ = dr?. Hassett showed (see also [6]) that the map
.@(Kj)/a(l(j) — Gy isa composition v o f, where v is the normalization of Cu
and f is generically of degree two, induced by an element in O(K j) of order two.
The corresponding element g € O(7Ty,) induces a covering involution

T (K5 /OKE) — D(KE)/O(K7)

that preserves M,,. We claim that g extends to an orthogonal transformation of A. This
follows from [22, Corollary 1.5.2] and the following statement. We embed T, C Ag4
primitively into A using the map exp(w), as in Sect. 3.1.

Proposition 5.6 Let Sw:zTuJ; C A. The map O(Sy) — O(Disc Sy) is surjective.

Proof The lattice S, has rank three. When Disc T,, = Disc S, is cyclic, the statement
follows from [22, Theorem 1.14.2]. When Disc T, is Z/(d’/3)Z x Z/3Z, it follows
from Corollary VIIL.7.3 in [21]. O

This implies that when T maps (S, L, «, f) € M,, to (S, L', o, ), then there is
a Hodge isometry

H(S, o, 2) = (S, o, Z).

This map might not preserve the orientation of the four positive directions. How-
ever, by [16, Lemma 2.3], there exists an orientation reversing Hodge isometry in
O(H(S, «, Z)). By composing with it, we see that there exists a Hodge isometry
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g: ﬁ(S, o, Z) — }~I(S/, o', 7)) which is orientation preserving. By [18], g is induced
by a Fourier—Mukai equivalence

@z DP(S,a) — DO(S', )

for some & € Db(S X 5’ ¢ a’), Lhat is, the associated cohomological Fourier—
Mukai transform <1§g :H(S,a,Z) — H(S', &', Z) equals g. Now S’ is a moduli space
of stable complexes of a-twisted sheaves on S with Mukai vector

v=(@H  wkx)) = @270,0,1),

where x is any closed point in S’. It is a coarse moduli space: the universal family on
S x 8 exists as an o~ X o'-twisted sheaf, which is an untwisted sheaf if and only if
o’ is trivial.

In fact, one can show that S’ is isomorphic to a moduli space of stable a-twisted
sheaves on S. Namely, by [26] (see also [18]), there exists a (coarse) moduli space
M (v) of stable «-twisted sheaves on S with Mukai vector v. By precomposing @ ¢ with
autoequivalences of DP(S, «), we may assume M (v) is non-empty [18, Section 2].
Hence, as (v)2 = 0, the space M (v) is a K3 surface.

For some B-field B € H2?(M(v),Q), there exists a universal family &, on
S x M (v) which is an «~! X B-twisted sheaf. It induces an equivalence of categories
Dg - DY(S, o) — DP(M (v), B) whose associated cohomological Fourier—Mukai
transform qﬁg sends v to (0,0, 1) € ﬁ(M(v), B, Z). The composition

o o (@ HS o, Z) > H(M(v), B. 2)

is a Hodge isometry that sends (0, 0, 1) to (0, 0, 1) and is orientation preserving, since
both @4 and @ are (for @, see [17]). It follows from [18, Section 2] that S’ is
isomorphic to M (v).
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