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STABILITY OF GALERKIN DISCRETIZATIONS OF A MIXED
SPACE-TIME VARIATIONAL FORMULATION OF PARABOLIC
EVOLUTION EQUATIONS

ROB STEVENSON AND JAN WESTERDIEP

ABSTRACT. We analyze Galerkin discretizations of a new well-posed mixed space-
time variational formulation of parabolic PDEs. For suitable pairs of finite element
trial spaces, the resulting Galerkin operators are shown to be uniformly stable. The
method is compared to two related space-time discretization methods introduced
in [IMA ]. Numer. Anal., 33(1) (2013), pp. 242-260] by R. Andreev and in [Comput.
Methods Appl. Math., 15(4) (2015), pp. 551-566] by O. Steinbach.

1. INTRODUCTION

In recent years one witnesses a rapidly growing interest in simultaneous space-
time methods for solving parabolic evolution equations originally introduced in
[BJ89, BJ90), see e.g.
[FK19]]. Compared to classical time marching methods, space-
time methods are much better suited for a massively parallel implementation, and
have the potential to drive adaptivity simultaneously in space and time.

Apart from the first order system least squares formulation recently introduced
in [FK19], the known well-posed simultaneous space-time variational formula-
tions of parabolic equations in terms of partial differential operators only, so not
involving non-local operators, are not coercive. As a consequence, it is non-trivial
to find families of pairs of discrete trial- and test-spaces for which the resulting
Petrov-Galerkin discretizations are uniformly stable. The latter is a sufficient and,
as we will see, necessary condition for the Petrov-Galerkin approximations to be
quasi-optimal, i.e., to yield an up to a constant factor best approximation to the so-
lution from the trial space. This concept has to be contrasted to rate optimality
that, for quasi-uniform temporal and spatial partitions, has been shown for any
reasonable numerical scheme under the assumption of sufficient regularity of the
solution.

If one allows different spatial meshes at different times, then for the classi-
cal time marching schemes quasi-optimality of the numerical approximations is
known not to be guaranteed as demonstrated in Sect. 4].

In view of the difficulty in constructing stable pairs of trial- and test-spaces,
in Andreev considered minimal residual Petrov-Galerkin discretizations.
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They have an equivalent interpretation as Galerkin discretizations of an extended
self-adjoint mixed system, with the Riesz lift of the residual of the primal variable
being the secondary variable. This is the point of view we will take.

A different path was followed by Steinbach in [Ste15]. Assuming a homogenous
initial condition, for equal test and trial finite element spaces w.r.t. fully general
finite element meshes, there stability was shown w.r.t. a weaker mesh-dependent
norm on the trial space. As we will see, however, this has the consequence that
for some solutions of the parabolic problem these Galerkin approximations are far
from being quasi-optimal w.r.t. the natural mesh-independent norm on the trial
space.

In the current work, we modify Andreev’s approach by considering an equiva-
lent but simpler mixed system that we construct from a space-time variational for-
mulation that follows from applying the Brézis-Ekeland-Nayroles principle
Nay76]. With the same trial space for the primal variable, we show stability of
the Galerkin discretization of this mixed system whilst utilizing a smaller trial
space for the secondary variable. In addition, the stiffness matrix resulting from
this mixed system is more sparse. In our numerical experiments the errors in the
Galerkin solutions are nevertheless very comparable.

1.1. Organization. In Sect.2lwe derive the two self-adjoint mixed system formu-
lations of the parabolic problem that are central in this work. In Sect.[3we give
sufficient conditions for stability of Galerkin discretizations for both systems. We
provide an a priori error bound for the Galerkin discretization of the newly intro-
duced system, and improved a priori error bounds for the methods from
and [Ste15]. In SectH] we show that the crucial condition for stability (being the
only condition for the newly introduced mixed system) is satisfied for prismatic
space-time finite elements whenever the generally non-uniform partition in time
is independent of the spatial location, and the generally non-uniform spatial mesh
in each time slab is such that the corresponding Lj-orthogonal projection is uni-
formly H'-stable. In Sect.[]lwe present some first simple numerical experiments
for a one-dimensional spatial domain and uniform meshes. Conclusions are pre-
sented in Sect.

1.2. Notations. In this work, by C < D we will mean that C can be bounded by
a multiple of D, independently of parameters which C and D may depend on.
Obviously, C 2 Disdefinedas D < C,and C~ DasC < Dand C 2 D.

For normed linear spaces E and F, by L(E, F) we will denote the normed linear
space of bounded linear mappings E — F, and by Lis(E, F) its subset of bound-
edly invertible linear mappings E — F. We write E — F to denote that E is
continuously embedded into F. For simplicity only, we exclusively consider linear
spaces over the scalar field R.

For linear spaces E and F, sequences ® = (¢;)jc; C E, ¥ = (¢;)ic; C F,
f € F*, and a linear A: E — F*, we define the column vector f(¥) := [f(¢;)]icr
and matrix (A®)(Y) := [(A¢;)(¢i)]icrjej- If E = F is an inner product space,
then with R: E — E’ denoting the Riesz map, we set (¥,®) := (R®)(¥) =
[(Re)) (¥i)licrjer = (Wi, ¢j)icrjes
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2. SPACE-TIME FORMULATIONS OF THE PARABOLIC EVOLUTION PROBLEM

Let V, H be separable Hilbert spaces of functions on some “spatial domain”
such that V < H with dense and compact embedding. Identifying H with its
dual, we obtain the Gelfand triple V< H ~ H' < V.

We use the notation (-, -) to denote both the scalar product on H x H, and its
unique extension by continuity to the duality pairing on V' x V. Correspondingly,
the norm on H will be denoted by || |.

For a.e.

tel:=(0,T),

leta(t; -, -) denote a bilinear form on V x V such that forany #,{ € V, t — a(t;1,7)
is measurable on I, and such that fora.e. t € I,

2.1 a7, D1 S Inliviigllv - (7,8 € V) (boundedness),

22) a(t;n,) Z |Inll5 (1 €V)  (coercivity).

With A(t) € Lis(V, V') being defined by (A(t)n)(l) = a(t;5,{), we are inter-
ested in solving the parabolic initial value problem to finding u such that

03 { #O+ 400 —50) (e,

M(O) = Uup.
Remark 2.1. With ii(t) := u(t)e~®, @3) is equivalent to 42 (t) + (A(t) + oId)ii(t) =
g(t)e @ (t € I),4(0) = up. So if initially a(t;7,7) is not coercive but only satisfies
a Garding inequality a(t;1,17) + o(n,1) 2 |nl|> (7 € V), then one can consider a
transformed problem such that 2.2) is valid.

In a simultaneous space-time variational formulation, the parabolic PDE reads
as finding u from a suitable space of functions of time and space such that

@4 (B)(0):= [ (4(1),000)+alto(n), o)t = [(5(t),0() = g(0)

for all v from another suitable space of functions of time and space. One possibility
to enforce the initial condition is by testing it against additional test functions. A
proof of the following result can be found in [SS09], cf. Ch.XVIII, §3] and
Ch. 1V, §26] for slightly different statements.

Theorem 2.2. With X := Ly(L, V)N HY(I; V'), Y := Ly(I; V), under conditions 1)
and [2.2) it holds that

(2.5) [’fo} € Lis(X,Y' x H),

where for t € I, y¢: u — u(t,-) denotes the trace map. That is, assuming ¢ € Y' and
uy € H, finding u € X such that

(2.6) (Bu)(v1) + (u(0,-),v2) = g(v1) + (uo,v2) ((v1,v2) €Y x H),
is a well-posed variational formulation of 2.3).

One ingredient of the proof of this theorem is the continuity of the embedding
X < C(I, H), in particular implying that for any t € I, 7+ € £(X, H).
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Defining A, A; € Lis(Y,Y’) (here @2) is used), A, € L(Y,Y’), and C,9; €
L(X,Y') by
(Au)(v) := /a(t;u(t),v(t))dt, Asi=L(A+4A), A=3%(A-A),
J1
C:=B—A;, 9;:=B—A,

an equivalent well-posed variational formulation of the parabolic PDE is obtained
by applying the so-called Brézis-Ekeland-Nayroles variational principle [BE76

Nay76], cf. also [And12| §3.2.4]. It reads as
(2.7) (C'ATIC + As + vhyr)u = (Id + C' A7) g + vhuo,
where the operator at the lefthand side is in Lis(X, X), is self-adjoint and coercive.

As 0 . /
0 1d € Lis(Y x H,Y' x H),

an equivalent formulation of (2.5) as a self-adjoint saddle point equation reads as
finding (u,0,u) € Y x H x X (where y and ¢ will be zero) such that

As 0 B [u g
(2.8) 0 Id «9of |o| = |uof|,
B v, 0] |u 0

or

We provide a direct proof of these facts. Since {

(2.9) (B'A; B+ 5v0)u = B'AS g + vguo.

Thanks to (Z5), this Schur complement B’A; !B + 7 is in Lis(X, X'), is self-
adjoint and coercive.

We show that (2.9) and 2.7) are equal. Recalling the definitions of C and oy,
note that the right-hand sides of both equations are the same, and that

B'A7IB+9hvo = CA7ICH+ As +C+C' + vhyo = C'A7IC + As + 3 + 9} + 7570

thanks to A, = —A,. The proof of our claim is completed by noting that for
w,v € X,

(0 +9; +7070)w) (v) = /I<@(t), o(1)) + (w(t), & (1)) dt + (w(0),v(0))

dt
— /1 £(w(t),0(t)) dt+ (w(0),0(0)) = (vry7w)(0).

As (2.9) was obtained as the Schur complement equation of (2.8), in its form
(2.7) it is naturally obtained as the Schur complement of the problem of finding
(A, u) € Y x X such that

As C Al g

210 [C’ —(As+'r’ﬂT)] [H] N {—<g+véuo)]'
Knowing that its Schur complement is in Lis(X, X’), As € Lis(Y,Y’), and C €
L(X,Y’), we infer that the self-adjoint operator at the left hand side of 2.10) is in
Lis(Y x X, Y x X').

Substituting C = B — As; and Bu = g, we find that the secondary variable
satisfies

A =u.
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Remark 2.3. When reading vyt as d¢ + 9} + (vo, the system (2.10) has remark-
able similarities to a certain preconditioned version presented in [NS19] of a dis-
cretized parabolic PDE using the implicit Euler method in time. Ideas concerning
optimal preconditioning developed in that paper, as well as those in [And16], can
be expected to be applicable to Galerkin discretizations of (Z.10).

Remark 2.4. In equations (Z.8) and (2.9), the operator A can be replaced by a gen-
eral self-adjoint A; € Lis(Y,Y’). With C := B — A;, the equivalent equation (2.7)
then reads as

(C'A7IC +2As — As + 95y )u = (1d+ C'A7 Y g + vhuo,
and 2.10) as

& ea- i) b = )
' —(As— A+ )] |u] [~ (g +vu0) |

with solution A = u.

In the next section, we study Galerkin discretizations of equations (2.8) and
(2.10), which then are no longer equivalent.

Since the secondary variables y and ¢ in (Z.8) are zero, the subspaces for their
approximation do not have to satisfy any approximation properties. Since the
secondary variable A in (2.10) is non-zero, the subspace of Y for its approximation
has to satisfy approximation properties, and the error in its best approximation
enters the upper bound for the error in the primal variable u.

On the other hand, (uniform) stability will be easier to realize with equation
(2.10) and will also be proven to hold true for A, # 0; the system matrix will be
more sparse; and the number of unknowns will be smaller.

In order to facilitate the derivation of some quantitative results, we will equip
the spaces Y and X with the ‘energy-norms’ defined by

oIy = (A) (o), Nulk = lull§ + 9eul T + u(T)II?,

which are equivalent to the standard norms on these spaces. Correspondingly,
orthogonality in Y will be interpreted w.r.t. the ‘energy scalar product’ (As-)(-).

3. STABLE DISCRETIZATIONS OF THE PARABOLIC PROBLEM

3.1. Uniformly stable (Petrov-) Galerkin discretizations and quasi-optimal ap-
proximations. This subsection is devoted to proving the following theorem.

Theorem 3.1. Let W and Z be Hilbert spaces, and F € Lis(Z, W'). Let (W?, Z%)sea be
a family of closed subspaces of W x Z such that for each 6 € A it holds that E{S,V/F ES €
L‘is(Z‘S, W‘s/), where E‘)I;\,: Wo — W, E‘SZ: 7% — 7 denote the trivial embeddings.
Then the collection (z°)scp of Petrov-Galerkin approximations to z € Z, determined by
EgvlFEéz& = E%/Fz, is quasi-optimal, i.e. ||z —2°|z < infy sz 12 — 2°||z, uni-
formlyinz € Zand § € A, if and only if

|(F2)(w)|

inf inf sup ————F— >0 (uniform stability).
0B 0#£2EZ8 () Lypewd 1zl zl[w]lw
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Proof. The mapping P° := z — 2% = E%(E%/FE%)_lEg\,,FZ is a projector. For
{0} € Z° C Z, it holds that P° ¢ {0,1d}, and consequently, |/Id — P§I|L(Z,Z) =
IP°|| £(z,7) (see ). We obtain that

sup HZ_Z§||Z = sup sup M
3.1 z€Z\Z9 infi5625 Iz — ch||Z 2€2Z\Z0 270 |z — Z‘SHZ
' I(1 - P21z
= sup == = ||P’|| z(z,2)-
o2zez  |IZllz

It remains to show uniform boundedness of || P?|| £(z,z) if and only if uniform sta-
bility is valid.
The definition of P? shows that

1Pl £(z,2)

IE e ) < , ;
W2 = |l ES (B2, FES) VS Il cowr 2

< |[Fllzzwr-

Further, we have that

/ _ / / _ / / _
IEZ (ESy FEZ) ™ Efy Il cowr,z) = 1y FEZ) ™ Edy w20y = I (ESy FEZ) ™Ml e o)

where the last equality follows from ||E€v/|| £ < 1 and, for the other di-

W', weé')
rection, from the fact that for given f° € W9 the function f € W’ defined by

Flus = f* and fl ey := O satisties [[fllws = [ ]l e and £ = E3'f.
The proof is completed by

1y , Fz)(w)|
3.2 ES)FES)-1I-1 | — inf su 1(Fz)(@)| O
(32) ICEw FEZ) ™ 2 yer o) O#Zezao#wfwg Izl zl[w]|w

Remark 3.2. In particular above analysis provides a short self-contained proof of
the quantitative results

sup 5 HZ;OHZ_A
HF71||71 - 2€Z\Z inf.s 6 I2—2°Il2 < ||F|| ,
L(wz) = [(F)(w)[ = T Lz W)

info_sze 76 SUPQ Lwews Tz, Talw
that were established earlier in [TV16)] §2.1, in particular (2.12)].

3.2. Uniformly stable Galerkin discretizations of Z10). Let Y x X° be a closed
subspace of Y x X, and let Ef, 1Y% = Yand E§( : X% — X denote the trivial embed-

dings. Since Ei/AsEi c Eis(Y‘s, Y? /) (as well as being an isometry), the Galerkin
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operator resulting from (2.10) can be factorized as
[ ESAES ES'CES, ] B
(E§'CEY) —E§'(As+vhyr)EY|
Id 0
L(EY/CES)'(EY AEY) ™! )
(B AGES 0 )
0 —EY(As+hym)Eg — (B} CEY)'(Ey AsE}) 'EY'CES

1d (B AE))EY CES|
0 1d

(3.3)

We conclude that this Galerkin operator is invertible if and only if the Schur com-
plement

/ / / /
(3.4) E (As +777m) Ex + (Ey CEX)'(Ey AsEY) ' Ey CEx
is invertible, which holds true for any X° # {0}.
Theorem 3.3. Let (Y°, X°)scp be a family of closed subspaces of Y x X such that

(3.5) YA = inf inf sup M > 0[]
2 X 040} g pyrys 01Ty Tolly

Let p = pa be the root in [0,1) of

Yale? =)+ | AallZy yn (o = 1) +p =0,

and let
B 1A ) (VB A )
A (1-pa)7a '
so that Cp = 3v/3 7% when | Aall v,y = 0, and hm”‘“ﬂ“[j(y,y’)""o Cp = oo. Then

with A = u and (A%, u®) denoting the solutions of @10) and its Galerkin discretization,
respectively, it holds that

3.6 A=AN|2 +|u—u®|% <C inf A=A + |ju —9)%.
68 VA=A u—wilf < Cy o in 1A=+ - a0

Proof. In view of the second inequality presented in Remark we start with
bounding the norm of the continuous operator. Using Young’s inequality, for
(A, u) € Y x X we have

[AsA + 0pu[3 + [|9jA — (As + Yryr)ul%
< 31 AsA% +3l10uull3s + 3194 + 311 (As + vpyr)ul%
< 3+ IMI3) + 33IReull3 + lull3 + u(T) ) = 3(IAIE + lJulk)-

Here and in the following, infy, - s. 3,20y SUPg £oc v should be read as 1 in the case

that {u € X°: 9;u #0} = @.

(9su)(v)
losullyrTolly
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Together with |\Aau||2, + 1AL < 1 Aall gy (AR + (1), it shows that

H [ As""YT'YT ] H LYXX,Y'xX)

= H {85 —(As '?'t’YIT'YT):| HL(Yxx,yfxx/) + H [z‘(l); f(ﬂ H,C(YXX,Y’XX’)
<V3+ [ Aall (v, yn)-

To bound, in view of (3.2), the norm of the inverse of the Galerkin operator, we
use the block-LDU factorization (83). With r := (1+ [|A,|% foru € X it

holds that

YY’)

ICully < l19eullys + 1 Aall 2oy lully < V7 [fullx-
Together with the fact that E ‘SY/AS E € Lis(Y?, Y‘S/) is anisometry and again Young’s
inequality, it shows that for (A, u) € Y x X?,
’ _ / _
1A — (B AsEy) ES CEXullf + [lullk < (1 +)lIAIT + (1 +r~Drllulk + ulk
< @+ AR+ llullk),

-1
1d (ES AsES)1ES CES H - >
J3+ A :
H {O Id L(YIx X5, YoxX0) — 3+ “”C(Y,Y/)

Obviously, the £(Y? "5 x%,y0 x XxO ,)—norm of the inverse of the first factor at the
right-hand side of (3.3) satisfies the same bound.
Moving to the second factor, we consider the Schur complement operator. From

(E‘SY/ASE{/A)(A) = [|A||2 for A € Y?, we have for f € Y, f((E‘SY/ASE‘SY)*lf) =
I(ES' ASES) " £113 = (1113, and so for u € X

or

5/ s/ S\ / s/
(B CEL) (B} AsEy) B}/ CES ) (u) = |IEY CEXul2, .

Using that for u € X°,

/ (9pu)(v)\ 2
By Bl = (sup )" > Al
0£veY? Y

and ,
1ES AdESullr < [1AallZ v,y 1l
Young's inequality shows that
/ _
IES CESull3, = (1 —pa)valldeully + (1= px ) [ Aall 2y vy 13

where we assumed that pp > 0i.e. A; # 0. It follows that

!/

((As+orrr)u) (u) + | EY CESull3,
> (14 (1= pa [ AallZ(y yr) llF + (T + (1 = pa) V3 l19eul3

B7) = (1-pa)7lulk

where we used that 1+ (1 — )||A,Z||2 vy = (
One easily verifies (3.7) also in the case that AH =0ie. pp=0.

1 — pa)v3 by definition of p,.
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Since Ei/AsEi € Lis(Y?°, Y‘S') is an isometry, and 0 < (1 —pa)73 <73 < 1, we
conclude that the E(Y‘V x X%, Y% x X?)-norm of the inverse of the second factor
is bounded by (1 — pa) 1,2

In view of the second inequality presented in Remark [3.2/in combination with
(3.2), the proof is completed by collecting the bounds that were derived. O

3.3. Galerkin discretizations of (2.8). Although it is likely possible to generalize

results to the case of A, # 0, as in Ste15] in this section we operate under
the condition that

(3.8) A = A,

Following , for a given closed subspace Y° C Y we define the ‘mesh-
dependent’ norm on X by

o) (0)?
Bl e o=l + sup Q2.
oroeys oIy

Note that || |xy = || || x-

The following result generalizes the ‘inf-sup identity’, known for YS =Y, see
e.g. , to mesh-dependent norms.

Lemma 3.4. Assuming B8), then foru € Y NX,

Bu)(v)2
s = sup EREE 02
’ ozoeys VMY
If additionally you € H°, then
wp (B0 + (u(0),02)2

(3.9) ||l u
0+#£(v1,02) €Y X HY H01||§/+ HZ)2H2

2 —
HX,ya‘ -

Proof. Lety € Y? be defined by (Asy)(v) = (9:u)(v) (v € Y°). Then (Asy)(y) =
2
SUP(_Lpeys (ai‘?”(f) . Furthermore, for v € Y?, (Bu)(v) = (As(y +u))(v) and so,
Y
thanks to u € Y?,

2
p (B
oroeys  II0lly

= (As(y +u)(y +u) = (Asy) (y) + 2(Asy) (1) + (Asu) ()

= (Asy) (y) + 2(0m) (u) + (Asu) (u) = [[ull yo — [|lu(0)]*

where we used that 2 [} (9;u(t), u(t)) dt = ||u(T) > — [|u(0)]>.
The second statement follows from

((As(y +u))(01) + (u(0),v2))?

sup = (As(y +u))(y +u) + [[u(0)|
0#(01,00) €Y X H? Hle%/"_ ||02H2 ’
thanks to u(0) € H°. O

The next theorem gives sufficient conditions for existence and uniqueness of
solutions of the Galerkin discretization of 2.8), and provides a suboptimal error
estimate.
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Theorem 3.5. Assuming B.8), for closed subspaces Y° x H® x X° C Y x H x X with
X° C Y and ranyo|ys C H?, the Galerkin discretization of (Z8) has a unique solution
(1°, 0%, u®) € YO x H® x X°, and with u denoting the solution of (2.6),

5 . -5
uU—1u s <2 inf ||u—a .
=l s <2 inf flu—a]lx

Proof. Thanks to the assumptions X% C Y% and ran Yolxs < H?, the inf-sup iden-
tity (3.9) quarantees the unique solvability of the Galerkin system.
For any u € X°, there exist unique y,, € Y°, h, € H° such that

(Asyu) (01) + (hu, v2) = (Bu)(v1) + (01, 02)  ((v1,02) € Y° x H°).

We decompose Y° x H° into Z° := clos{(yu, hy): u € X° A and its orthogonal
complement W?. Using that for any u € X° and (vy,v2) € W?, (Bu)(vq) +
(u(0),v3) = 0, one infers that for any u € X°, the inf-sup identity (3.9) remains
valid when the supremum is restricted to 0 # (vq,v;) € 79, Furthermore, since for
any (vq,v;) € Z° there exists a z € X° with (Bz)(v1) + (z(0),v2) # 0, we infer that
u’ is the unique solution of the Petrov-Galerkin discretization of finding u’ € X°
such that

(3.10) (Bu®)(v1) + (u°(0),02) = g(v1) + (o, v2)  ((v1,02) € Z°).

By applying both these observations consecutively, we infer that for any #° € X°,

((B(u® — %)) (1) + (u’(0) — #°(0),02))

| — @2 5= su
X0 ez 012+ [[oal 2
(3.11) #(v1,02)
L (BO ) (0) @@ e
0#(vq,02)€Z9 Hle%/"_ ||02H2 B

where we again applied (3.9) now for Y° = Y. A triangle-inequality completes the
proof. O

Theorem 3.5 can be used to demonstrate optimal rates for the error in #° in the
|| Il ys-norm, and hence also in the Y-norm. Yet, for doing so one needs to control
the error of best approximation in the generally strictly stronger || || x-norm, which
requires regularity conditions on the solution u that exceeds those that are needed
to guarantee optimal rates of the best approximation in the || ||y ys-norm. In other
words, this theorem does not show that 1 is a quasi-best approximation to u from
X’ in the || || ys-norm, or in any other norm.

Remark 3.6. Theorem provides a generalization, with an improved constant,
of Steinbach’s result [Ste15, Theorem 3.2]. There the case was considered that the
initial value ug = 0, ranyg|ys = {0}, H® = {0}, and Y’ = X’. In that case the
Galerkin discretization of (Z8) means solving u’ € X° from (Bu’)(v) = g(v) (v €
X?%) (indeed, Z° in the proof of Theorem[B.5lis X% x {0}). So with this approach the
forming of ‘normal equations’ as in (2.9) is avoided.

In case of an inhomogeneous initial value 1y € H, one may approximate the
solution as i + w®, where 1 € X is such that 4ol = ug, and w’ € X° solves

2In the (discontinuous) Petrov-Galerkin community, Y? x H® and Z° are known under the names
test search space (or search test space), and projected optimal test space (or approximate optimal test
space), respectively.
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(Bw®)(v) = g(v) — (Ba1)(v) (v € X°). Although such a # € X always exists, its
practical construction becomes inconvenient for uy ¢ V. For ug € V, i can be
taken as its constant extension in time.

To investigate in the setting of the relation between the || ||y xs-and || || x-

norms, we consider X° of the form X¢ ® XJ, where X{ is the space of continuous
piecewise linears, zero at f = 0, w.r.t. a uniform partition of I with mesh-size
hs = % for some N; € IN, and X9 C V with NsepaXd # {0}. Given z° € X°,
Lemma [3.4shows that

0
(3.12) sup (Bz) ()] _ 1= lxxs
ozvexs 1Zlxlolly — [12°l1x

For some arbitrary, fixed 0 # z, € ﬁ(geAXi, we take 20 = z‘f Rz € X,
where z0 € X! is defined by %zf = (=1)""Yon [(i — 1)hs, ihs). Since z{(0) = 0,
N - dz0 - 9,20
also 2{(T) = 0. We have [|z{llu, 1) = hs, |G Iy = 1 supg ey U5 =

d J o N
I o llzxllve = L 112°lly = 112 [l lzxllv = hs, and

dz0
P} ) —t,?}
wp @@ o G (e00)
ozvexs Pl ozvext NPl o zpexe I9llv
dz¢
(Gt ) 1,0
< sup 2D,

O#Z}EX;; ||UHL2(I)

Let us equip the space of piecewise constants w.r.t. the aforementioned uni-
form partition with the L,(I)-normalized basis {x¢} of characteristic functions
of the subintervals, and X{ with the set of nodal basis functions {¢} normal-

_1
ized such that their maximal value is h; >. Then with G := [(x}, ¢:)1,(p]ij =
1 1
: ,and ¥ := /Ii; [(—1)""1]1 <i<on,, from the uniform Ly (I)-stability
1 1 o
1

of {¢?} one infers that

dzf o
—t v
sup 7< dt >L2(I) ~ sup 7((?3&,3/) = |Gx|| = 1, /hs.
ozvex: 10l ozg Il 2

By substituting these estimates in the right-hand side of (3.12), we find that its
value is = /h, so that infy s xs SUP_, e x0 J(M)ﬂ < Vhs. As follows from the

2 xllvlly
first inequality in Remark 3.2} this means that there exist solutions u € X of the

parabolic problem for which the errors in X-norm in these Galerkin approxima-

tions from X° are a factor > h;% larger than these errors in the best approximations
from X°.

Numerical evidence provided by [Ste15, Table 6] indicate that in general these
Galerkin approximations are not quasi-optimal in the Y-norm either.
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Returning to the general setting of Theorem[B.5 in the following theorem it will
be shown that under an additional assumption quasi-optimal error estimates are
valid.

Theorem 3.7. Assuming (3.8), let (Y°, H%, X°)sca be a family of closed subspaces of
Y x H x X such that in addition to X° C Y° and ranyo|ys C H°, also B.5) is valid.
Then for the Galerkin solutions (u°,?,u’) € Y° x H® x X% of @B) it holds that

) -1 . _5
u—1u < inf ||u—1a .
Ju=ullx < 23" inf lu—a|x

Proof. As we have seen in the proof of Theorem thanks to the assumptions
X% C Y% and rang|ys € H?, the component u’ € X° of the Galerkin solution of
(2.8) is the Petrov-Galerkin solution of (Z.6) with test space Z° C Y° x H°.
Equation (31T) shows that the projector P: u — u’ satisfies || P x ys < [Ju]|x.
The proof is completed by || [|x < 'ygl [ llxys on X? by assumption (3.5), in com-
bination with 31). O

In [And13], Andreev studied minimal residual Petrov-Galerkin discretizations

of {'fo] U= [’Y’guo} . They can equivalently be interpreted as Galerkin discretiza-
0

tions of 2.8) (cf. [CDW12], [BS14, Prop. 2.2]). In view of this, Theorem 3.7 repro-
duces, though here with a clear-cut constant, the results from [And13, Thms. 3.1 &
41].

Remark 3.8. As was pointed out earlier in [And13], for practical computations it
can be attractive to modify the Galerkin discretization of (ZB) by replacing ES’ A;ES
by some A2 = A% € Lis(Y?,Y%") whose inverse can be determined cheaply (a pre-
conditioner) H, such that for some constants 0 < cpr < Cpr < 00,

€A, Cy] (e uecY’).

Indeed, in that case one can solve the then explicitly available Schur complement
equation with precondition CG, instead of applying the preconditioned MINRES

NIy
(A3)~'Ey'B
To
orem 35 and by taking W to be its orthogonal complement in Y° x H° with Y°

iteration. By redefining Z° := closys ., s ran [ ] ‘Xa in the proof of The-

3For Galerkin discretizations of (10D, such a replacement of E{ AsE$ by an equivalent operator
will result in an inconsistent discretization.
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now being equipped with inner product (A2-)(-), instead of (B.IT) we now esti-
mate for any i° € X°,

H” _uoHZ s = sup ((B(ué_u ))(01)—|—<u5(0)—ﬂ5(0),02>)2
X o onm)exs o115 + llv2]?
((B(u® — 1)) (v1) + (u°(0) — @°(0),v2))?

< —— su

= D o, P (A2o1) (1) + [[0z]2

1 sup ((B(u® —a))(v1) 4 (u°(0) — #°(0), v2))*
IR L (4 m) 20 (Adv1)(v1)2 + ||v2|I?

_ 1 sup ((B(u—u°))(v1) + (u(0) —°(0), 02))*
min(cjy.1) 0£(v1,v0)€20 (onl)( )2 + HUZHZ

- méx(C;w—,l) sup ((B(u—u°))(v1) + (u(0) — °(0), v) )

= min(ied) ey onyezs [o1][3 + [0z

< TG Ju — .

Consequently, a generalization of the statement of Theorem [3.5 reads as

max(C3,1)

2

e = lcye < (14 sy

) inf Jlu—alx,
eX?

and that of Theorem[3.7as

&X(CM inf [lu— | x.

Ju—u[lx < Ta min(c%,1) 1eXo

Remark 3.9. As we have seen in the previous section, under the condition that (3.5)
is valid, Galerkin discretizations of (2.10) yield quasi-optimal approximations. As-
suming A = A’, in the current section we have seen that the same holds true for
Galerkin discretizations of (Z.8) when in addition X° C Y and ranyg|ys € H°.
For the latter discretization, however, a still suboptimal error bound is valid with-
out assuming (B.5). This raises the question whether this is also true for Galerkin
discretizations of (2.10).

As we have seen earlier, the Galerkin operator resulting from of (2.10) is in-
vertible whenever X° # {0}. Moreover, when equipping X’ with the ‘mesh-
dependent’ norm || || ys, by adapting the proof of Theorem 3.3 one can show that

the Galerkin operator is in Lis(Y? x X?,Y? "% X0 /) with both the operator and its
inverse having a uniformly bounded norm. Despite this result, we could not es-
tablish, however, a suboptimal error estimate similar to Theorem [3.5

Finally in this section we comment on the implementation of the Galerkin dis-
cretization of (2.8). This system reads as

BAE o EBE [ e
(3.13) 0 ESEY BN voEY| (0] = | B uo) -
ES'B'ES  ES vHES, 0 u 0
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By eliminating ¢, it is equivalent to

5! A S S'pEs s s’
Eg B'EY  —Ex 70Eg (Ey Ey)  Efy 10E —EX Toto
The operator E¢, (ES,'ES,) "'E¢, is the H-orthogonal projector onto H°. So under
the assumption that
ran yo|ys C H°
which was made in Theorem [B7] it can be omitted, or equivalently, it can be pre-

tended that H® = H, without changing the solution (y,u°). The implementation
of the resulting system

5! ) s'prs )
Ey AsEy  EyBEY {yé]
E$ B'ES  —E& vhvoE%| L1

!
E)'g

(3.15) - .
—E‘;sg/’h’)uo

is easier, and it runs more efficiently than (3.13).

Remark 3.10. The system (3.15) can be viewed as a Galerkin discretisation of

5 i) 1] = [
3.16 = ,
(316) {B’ —'ré'ro] [u —7040
but for the analysis of the discretization error in (u?,u°) it is still useful to view

(BI5) before elimination of 0%, as a Galerkin discretization of (Z:8) which yielded
the sharp bound on this error presented in Theorem[3.7]

4. REALIZATION OF THE UNIFORM INF-SUP STABILITY (B.3)

In Theorem it was shown that Galerkin discretizations of 2.I0) are quasi-
optimal when (3.5) is valid, and in Theorem [3.7]the same was shown for Galerkin
discretizations of (Z8) when in addition X° C Y and ranyq|ys € H® (and A = As)
are valid.

In this section we realize the condition (3.5) for finite element spaces w.r.t. par-
titions of the space-time domain into prismatic elements. In §41] generally non-
uniform partitions are considered for which the partition in time is independent
of the spatial location, and the spatial mesh in each time slab is such that the cor-
responding H-orthogonal projection is uniformly V-stable. In §4£2] we revisit the
special case, already studied in [And13], of trial spaces that are tensor products of
temporal and spatial trial spaces.

4.1. Non-uniform approximation in space local in time, non-uniform approxi-
mation in time global in space.

Theorem 4.1. Let O be a collection of closed subspaces Xy of V such that the H-orthogonal
projector Qx, onto Xy is in L(V, V), with pp := infx_co ||Qxx||2(1v v) > 0. For any

NeNO=ty<t;<---<tn=T,q0,---,qn-1 €N, X%, ..., XN-1 € O, let
X = {u € C(LV): ulg,,,) € Py ® Xy}
Y2 i={o € Ly(L;V): 0l,s,,,) € Ppo1 © X4}
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Then with A being the collection of all 6 = 5(N, (t;);, ()i, (XL);), it holds that

4.1) inf  inf  sup —om@ .
5€A {uexb: 30} g_ryeys [0ty [[olly

i.e. @) is valid.
Proof. In Lemma 6.2] it was shown that info_.,ex, SUpg 2,ex,

1,0) _
lullyllolly —
H QXx HZ(lvlv)'

With P, denoting the Legendre polynomial of degree n, extended with zero
outside (—1,1), for any ue X‘5 d:u can be written as the L, (I; H)-orthogonal ex-

pansion (£, x) — Z Ly dim, (%)um(x) for some u; , € XL. Fixing ¢ €

(0, up), for each (z,n) there isav;, € Xt with |v;,|lv = ||uin|lv and (u; , v; ) >

(1o —¢) v. Taking o := (t,x) LNl D000 By (2 etidyo, (),
we conclude that

—1gi— et
(Bu)(0) > (o —¢) Zzu (BB |2 1B, = (ko — ) [ullvlolly,
which implies the result. O

Remark 4.2. In view of Theorem B.7) note that both X° C Y? and (3.5) are valid by
taking Y := {0 € Ly(L; V): 0|(,4,,,) € Py, @ X} }.

Considering the condition on the collection O of spatial trial spaces Xy, let us
consider the typical situation that H = L,(Q)), V = Héﬁ(Q) ={ue H(Q): u=
0on vy} where O C R is a bounded polytopal domain, and 7 is a measurable,
closed, possibly empty subset of d(). We consider X, C V to be finite element
spaces of some degree w.r.t. a family of uniformly shape regular, and, say, con-
forming partitions 7 of () into, say, d-simplices, where -y is the union of some
(d —1)-faces of S € T. When the partitions in this family are quasi-uniform, then
using e.g. the Scott-Zhang quasi-interpolator ([SZ90]), it is easy to demonstrate the
so-called (uniform) simultaneous approximation property

infoex, {ollv + (5upg e, Jof)llu — olli}

sup sup HM”
Xx€O0#ucV 1%

Writing for u € V and any v € Xy, Qu = v+ Q(u — v), one easily infers that
SUPx.co ||Qx||c(v,v) < 0.

The uniform boundedness of ||Qx|[.(v,v) is, however, by no means restricted
to families of finite element spaces w.r.t. quasi-uniform partitions, and it has been
demonstrated for families of locally refined partitions, for d = 2 including those
that are generated by the newest vertex bisection algorithm. We refer to [Car02

GHS16].

4.2. Non-uniform approximation in space global in time, non-uniform approx-
imation in time global in space. If in Theorem [} the spatial trial spaces X’ are
independent of the temporal interval (t;,t; 1), then X° is a tensor product of trial
spaces in space and time. In that case, one shows inf-sup stability for general tem-
poral trial spaces, e.g. spline spaces with more global smoothness than continuity.
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Theorem 4.3. Let O be as in Theorem L] Given closed subspaces Xy C Hl(I), %Xt -
Y; C Ly(I) and Xy € O, let X° := X; @ Xy, YO := Y; ® Xy. Then with A being the
collection of all § = 6(X¢, Y, Xy ), @) is valid.

The proof of this result follows from the fact that thanks to the Kronecker prod-
uct structure of oy € L(X,Y’), for such trial spaces we have

inf sup 0@
{uex?: a0} g peys 00l [[o]ly
du
vdt
(4.2) = inf sup —- Ldt X inf 7@[ v)
{ueXe: W20y 0vev: 1G5 |y 101l Ly (1) 07&”@(*0#06& [ullv-llollv
inf  sup (,0)

N 0FueXy 0Lye Xy m

(To see this, one may use that for Hilbert spaces U and V, T € £(U, V'), and Riesz
mappings Ry: U — U', Ry: V — V', it holds that info ey Supy ey T, (I) (v)

Tulloly —
min o (R T'Ry,'T), with R;'T'R,'T € £(U, U) being self-adjoint and non-negative.
In the above setting, it is a Kronecker product of corresponding operators acting
in the ‘time” and ‘space’ direction, respectively.)

Remark 4.4 (Sparse tensor products). Instead of considering the ‘full” tensor prod-
uct trial spaces from Theorem 3] more efficient approximations can be found by

the application of ‘sparse’ tensor products. Let X](CO) - X,(cl) C --- be a sequence
of spaces from 0,x% ¢ X(” C Hl( ) and Y ¢ Y(l) C LZ(I) such
that Y > £ X" Then for x(©) := y{_ X @ x{™0 y( zﬁ B o x
inf-sup stab1hty holds true umformly in Z w1th 1nf—sup constant Ho-

Although this result follows as a special case from the analysis given in
for convenience we include the argument. Defining Wt(k) = Yt(k) N (Yt(kfl))“z(’)
fork > 0, and W(O) (O) , from the nestings of (Y, (l))- and (X (1))- one infers that
y() = gf_ W( ) ® X( ) is an (Lp(I) ® H)-orthogonal decomposition. Given

k= 8 p
ye YW, lety = Zk o Yk be the corresponding expansion. Fixing ¢ € (0, j1)), there

exist 7 € W @ X\ with (yi, 7)1y nen = (o — o) lyellvll7lly and 7]y =

yilly, and so (Yk_o Y Theo Tk) 1y (1yon = (o — €)1l Tk—o Yl v |l Ei—o Fllv- Thanks
to 9; X C Y, the proof is completed.

Remark 4.5. In view of [@.2), it is obvious that Theorem [£.3] remains valid when
J; Groat
HL2 HUHLz
uniformly in the pairs (X;, Y;) that are apphed As shown in [-] the same
holds true in the sparse tensor product case. For X; being the space of continuous
piecewise linears w.r.t. some partition 7 of I, and Y; being the space of continuous
piecewise linears w.r.t. the once dyadically refined partition, an easy computation
shows that the inf-sup constant is not less than 1/3/4.

Since in our experiments with the method from [And13], with this alternative
choice of Y; the numerical results are slightly better than when taking Y; to be

the condition tht C Y; is relaxed to mf{uGX du ) SUP(Loey, T2 E
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the space of discontinuous piecewise linears w.r.t. 7, we will report on results
obtained with this alternative choice for Y;.

5. NUMERICAL EXPERIMENTS

For the simplest possible case of the heat equation in one space dimension dis-
cretized using as ‘primal’ trial space X° the space of continuous piecewise bilinears
w.r.t. a uniform partition into squares, we compare the accuracy of approximations
provided by the newly proposed method (i.e. the Galerkin discretization of (Z.10)
with trial space here denoted by Y?,,, x X?) with those obtained with the method
from (i-e. the Galerkin discretization of (2.8)). We implement the latter
method in the form (3.15), i.e. after eliminating c®. The remaining trial space is de-
noted here by Y§ ;. % X’. Sowe take T = 1,i.e. I = (0,1), and with Q := (0, 1),
H:=1,(Q), V= H{(Q),a(t;n,{) := [n'¢ dx. With - = ;L € N, we set

X :={v e H'(I): ol (i) € P} ®@ {0 € Hy(Q): 0 i1y € P},
Voew :={0 € La(1): 0l (i, ix1ym) € 0} ©{v € Hy
andr Z:{U c Hl(I) v|(ih[/2,(i+1)h[/2) c P]} &® {U c H(l)
Note that dim Y2, ~ dim X° and dim Y{_,_~ 2dim X°. The total number of non-
zeros in the whole system matrix of the new method is asymptotically a factor 2
smaller than this number for Andreev’s method.

Prescribing both a smooth exact solution u(t,x) = e~ sin 7rx and a singular
one u(t,x) = e |t — x| sin x, Figure [lshows the errors ¢’ := u — u’ in X-norm
as a function of dim X?. The norms of the errors in the Galerkin solutions found by

(Q): v, (i+1)my) € P1}s
() 0 (i, (i+1)1y) € P}

2t

—— New method —— New method
---- Andreev's method ---- Andreev's method
1071 4
1071 4
10—2 4
1073 4

10! 10? 10° 104 10° 10°

FIGURE 1. ||e’||x vs. dim X° for both numerical methods. Left:
u(t,x) = e~ sin 7rx. Right: u(t, x) = e[t — x| sin 7rx.

the two methods are nearly indistinguishable from one another. Furthermore, the
observed convergence rates 1/2 and 1/4, respectively, are the best possible ones
that in view of the polynomial degrees of X° and Y° (new method) or that of X’
(Andreev’s method) and the regularity of the solutions can be expected with the
application of uniform meshes. (For any e > 0, e =2t — x| sin 7x € H3 HIxQ)\
H3(I x Q).

For both solutions and both numerical methods, the errors ¢’ (T, -) measured in
L,(Q) converge with the better rate 1, i.e., these errors are asymptotically propor-
tional to h2 = h?, see left picture in Figure 2l To illustrate that the two methods
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yield different Galerkin solutions, we show ¢°(0, -), measured in L;(Q)-norm in
the right of Figure2l

102 4 —— New method 10-t 43 —— New method
---- Andreev's method ---- Andreev's method

1073 4 1072 4
1074 4 1073 4
10-5 107% 4
1076 § 1074

- Il 107
1077 4

10t 102 103 104 10° 108 10! 102 103 104 10° 108

FIGURE 2. Singular solution u(t,x) = e |t — x|sin7tx. Left:
1€°(T, )| 1,(r) vs- dim X°. Right: [ (0, -) |1, V. dim X°.

The new method actually yields two approximations for u, viz. u® and A?. This
secondary approximation is not in X, butitisin Y = L,(I; V). For both solutions,
the errors in A’ measured in Y-norm are slightly larger than in those in u’, see left
picture in Figure[3

Finally, we replaced the symmetric spatial diffusion operator by a nonsymmet-
ric convection-diffusion operator a(t;1,() := [ 1" + By'{dx. Letting B := 100
and again taking the singular solution u(t, x) = e~2|t — x| sin 7rx, the errors ¢’ in
X-norm of both Galerkin solutions vs. dim X? are given in Figure[d We once again
see that the two methods show very comparable convergence behaviour.

X —— New method, ||e®||y N\ —— New method
.|~ Andreev's method, ||€°||y ---- Andreev's method
. 0 ]
-\ —— New method, ||u—A°]|y 10
1071 4 N
1071 4
1073 102 5 R B
" T " " , T " " " T , "
10t 102 103 104 10° 108 10t 102 10° 104 10° 108

FIGURE 3. Singular solution u(t,x) = e |t — x|sin7tx. Left:
€|y and [|u — A°||y vs. dim X? for the symmetric problem. Right:
[|¢°||x vs. dim X? for the nonsymmetric problem.

6. CONCLUSION

Three related (Petrov-) Galerkin discretizations of space-time variational for-
mulations were analyzed. The Galerkin scheme introduced by Steinbach in [Stel5]
has the lowest computational cost, and applies on general space-time meshes, but
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depending on the exact solution, the numerical solutions can be far from quasi-
optimal in the natural mesh-independent norm. The minimal residual Petrov-
Galerkin discretization introduced by Andreev in yields for suitable trial
and test pairs quasi-optimal approximations from the trial space. For suitable pairs
of trial spaces, Galerkin discretizations of a newly introduced mixed space-time
variational formulation also yield quasi-optimal approximations, but for the same
accuracy at a lower computational cost than with the method from [And13].
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