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A CELLULAR TOPOLOGICAL FIELD THEORY

ALBERTO S. CATTANEO, PAVEL MNEV, AND NICOLAI RESHETIKHIN

ABSTRACT. We present a construction of cellular BF theory (in both abelian
and non-abelian variants) on cobordisms equipped with cellular decomposi-
tions. Partition functions of this theory are invariant under subdivisions, sat-
isfy a version of the quantum master equation, and satisfy Atiyah-Segal-type
gluing formula with respect to composition of cobordisms.
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1. INTRODUCTION

In this paper we present a combinatorial model of a topological field theory on
cobordisms endowed with a cellular decomposition and a local system E, where the
fields are modelled on cellular cochains. The model is compatible with composition
(concatentation) of cobordisms. In the limit of a dense cellular decomposition (with
mesh going to zero), our combinatorial model converges, in an appropriate sense (for
details, see Section , to the topological BF theory in the Batalin—Vilkovisky
(BV) formalism. Cellular cochains in this context arise as a combinatorial replace-
ment of differential forms — the fields of the continuum model.

Quantization of this model is given by well-defined finite-dimensional integrals
(which replace in this context the functional integral of quantum field theory). The
model is formulated in the Batalin—Vilkovisky formalism (or rather its extension,
“BV-BFV formalism” [4, [5], for manifolds with boundary, which is compatible with
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gluing /cutting) E| The construction of quantization depends on a choice of retraction
of cellular cochains onto cohomology (in particular, a choice of chain homotopy);
this retraction represents the data of gauge-fixing in this context. The space of
choices is contractible.

The result of quantization is a cocycle (the partition function) in a certain cochain
complex, constructed as a tensor product of a complex associated to the boundary
(the space of states) and a complex associated to the “bulk” — the cobordism itself
(half-densities on the space of “residual fields” modelled on cellular cohomology).
The partition function satisfies a gluing rule (a variant of Atiyah-Segal gluing axiom
of quantum field theory) with respect to concatenation of cobordisms and, when
considered modulo coboundaries, is independent of the cellular decomposition of
the cobordism. The cocycle property of the partition function is a variant of the
Batalin-Vilkovisky quantum master equation modified for the presence of boundary.
Changing the choices involved in quantization changes the partition function by a
coboundary.

The model presented in this paper is, on one side, an explicit example of the
BV-BFV framework for quantization of gauge theories in a way compatible with
cutting-pasting of the spacetime manifolds, developed by the authors in [4 5] (a
short survey of the BV-BFV programme can be found in [6]). On the other side,
it is a development of the work [27] 28] and provides a replacement for the path
integral in a topological field theory by a coherent (w.r.t. aggregations) system
of cellular models, in such a way that each of them can be used to calculate the
partition function as a finite-dimensional integral (exactly, i.e., without having to
pass to a limit of dense reﬁnement)ﬂ

We present both the abelian and the non-abelian versions of the model. In the
abelian version, when defined on a closed manifold endowed with an acyclic local
system, the partition function is the Reidemeister torsion. For a non-acyclic local
system, one gets the Reidemeister torsion (which is, in this case, not a number, but
an element of the determinant line of cellular cohomology, defined modulo sign), up
to a factor depending on Betti numbers and containing a mod 16 complex phase.

In the non-abelian case, the model depends on the choice of a unimodular Lie
algebra g of coefficients. The action of the model is constructed in terms of lo-
cal unimodular L., algebras defined on g-valued cochains on closures of individual
cellsE| On 0-cells these local unimodular L., algebras coincide with g; on higher-
dimensional cells they are constructed by induction in skeleta. Each step of this

e will give a short, working-knowledge introduction to the BV and the BV-BFV formalisms
in this paper, but the reader is referred to the literature, especially [5], for more details.

2 Besides casting the model into the BV-BFV setting, with cobordisms and Segal-like gluing,
some of the important advancements over [27}, 28] are the following: general regular CW complexes
are allowed (as opposed to simplicial and cubic complexes); the new construction of the cellular
action which is intrinsically finite-dimensional and in particular does not use regularized infinite-
dimensional super-traces; a systematic, intrinsically finite-dimensional, treatment of the behavior
w.r.t. moves of CW complexes — elementary collapses and cellular aggregations; understanding
the constant part of the partition function (leading to the contribution of the Reidemeister torsion
and the mod 16 phase); incorporating the twist by a nontrivial local system.

3 In our presentation of this result (Theorem , the local unimodular Lo, algebras are
packaged into generating functions — the local building blocks Se for the cellular action. To be
precise, the sum of building blocks S, over all cells e’ belonging to the closure of the given cell
e is the generating function for the operations (structure constants) of the local unimodular L
algebra assigned to e, in the sense of Section and ‘
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induction is an inductive construction in its own right where one starts with the
algebra for the boundary of the cell de and extends it by a piece corresponding to
the component of the cellular differential mapping de to e and then continues to add
higher operations to correct for the error in the coherence relations of the algebra.
This is an inductive construction by obstruction theory which has a solution which
is explicit once certain choice of local chain homotopies is made. Moreover, the
space of choices involved is contractible and two different cellular actions are “ho-
motopic” in the appropriate sense (i.e., related by a canonical BV transformation).
Operations of the local unimodular L., algebras for cells are expressed in terms of
nested commutators, traces in g and certain interesting structure constants which
can be made rational (with a good choice of local chain homotopies). For example,
for 1-cells these constants are expressed in terms of Bernoulli numbers.

The non-abelian partition function for a closed manifold with cellular decompo-
sition is expressed in terms of the Reidemeister torsion, the mod 16 phase, and a
sum of Feynman diagrams. The latter encode the data of the induced unimodular
L algebra structure on the cohomology of the manifold. The classical L., part
of this algebra contains the Massey brackets (also known as Massey-Lie brackets).
on cohomology and is, in case of a simply connected manifold, a complete invari-
ant of the rational homotopy type of the manifold. Also, this L., algebra yields
a deformation-theoretic description of the formal neighborhood of the (possibly,
singular) point corresponding to the local system E on the moduli space of local
systems (in non-abelian case E is interpreted as a choice of background flat bundle
around which the theory is perturbatively quantized). The quantum part of the
partition function (corresponding to the “unimodular” or “quantum” operations of
the algebraic structure on cohomology) is related to the behavior of the Reidemeis-
ter torsion in the neighborhood of E on the moduli space of local systems. In the
case of a cobordism, we have a version of this structure relative to the boundary
and compatible with concatenation of cobordisms. The space of states associated
to a boundary component in the non-abelian case is the same as in the abelian case
as a graded vector space but with a more complicated differential. The cohomology
of this differential is the Chevalley-Eilenberg cohomology of the L., algebra struc-
ture on the cohomology of the boundary and thus is an invariant of the rational
homotopy type of the boundary.

The non-abelian actions assigned to CW complexes, when considered modulo
canonical BV transformations, are compatible with local moves of CW complexes
— cellular aggregations (inverses of subdivisions) and Whitehead’s elementary col-
lapses (which, together with their inverses, elementary expansions, generate the
simple-homotopy equivalence of CW complexes). Both moves — an aggregation and
a collapse are represented by a fiber BV integral (a.k.a. BV pushforward) along
the corresponding fibration of fields on a bigger complex over fields on a smaller
complex. Expansions and collapses are the more fundamental moves (aggregations
can be decomposed as expansions and collapses) but generally do not preserve the
property of CW complexes to correspond to manifolds. In fact, we consider two
versions of the non-abelian theory:

I The “canonical” version — Section[8l Here the fields are a cochain and a chain
of the same CW complex X which is not required to be a manifold. The cellular
actions are compatible with elementary collapses (Lemma and the parti-
tion function, defined via BV pushforward to cohomology, is a simple-homotopy
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invariant (Proposition [8.20). Here one has a version of Mayer-Vietoris gluing
formula for cellular actions (see (vi) of Theorem , which is not of Segal
type, since one of the fields has “wrong” (covariant) functoriality.

IT The version on cobordisms (of a fixed dimension) — Section @ with Segal-type
gluing formula w.r.t. concatenation of cobordisms. Here the fields are a pair
of cochains of X and the dual complex XV, and X is required to be a cellular
decomposition of a cobordism. In this picture one does not have elementary
expansions and collapses on the nose, but one has cellular aggregations, and one
can prove the compatibility of the theory w.r.t. aggregations by temporarily
passing to the canonical version and presenting the aggregation via expansions

and collapses (Proposition [8.22] of Theorem .

One can regard the passage from more dense to more sparse cellular decompositions
via BV pushforwards as a version of Wilson’s renormalization group flow, passing
from a higher energy effective theory to a lower energy effective theory.

It is important to note two (related) features that set the cellular model apart
from continuum field theories in the BV-BFV formalism and could be regarded as
artifacts of discretization:

e The polarization of the space of phase spaces (a.k.a. spaces of boundary
fields) assigned to the boundaries is built into the theory on a cobordism
already at the classical level, via the convention for the Poincaré dual of
the cellular decomposition (and thus is built into the definition of the space
of classical fields )E| This is different from the usual situation [5] where
one chooses the polarization at a later stage, as a datum necessary for
quantization.

e The BV 2-form on the space of fields is degenerate in presence of the bound-
ary, i.e., it is a (—1-shifted) pre-symplectic structure, rather than a sym-
plectic one. However, once restricted to the subspace of fields satisfying an
admissible boundary condition (as determined by polarization of bound-
ary phase spaces), the BV 2-form becomes non-degenerate. This property
hinges on the link between the convention for the Poincaré dual complex
and the polarization stressed above. As a consequence, BV integrals make
sense fiberwise, in the family over the space By parameterizing the admis-
sible boundary conditions.

Throughout the paper we use the language of perturbative integrals (i.e., of sta-
tionary phase asymptotic formula for oscillating integrals) and we use the “Planck
constant” & as the conventional bookkeeping formal parameter controlling the fre-
quency of oscillations. However, one can always choose /i to be a finite real number
instead: by the virtue of the model at hand, we do not encounter series in A of zero
convergence radius, as would be usual for stationary phase asymptotics (in fact, in
BF theory one does not encounter Feynman diagrams with more than one loop, so
the typical power series in i we see in the paper truncate at the order O(h')).

1.1. Main results.

4In this paper we use the convention that the polarization is linked to the designation of
boundaries as in/out. Thus we link out-boundaries to “A-polarization” and in-boundaries with
“B-polarization”. This convention is entirely optional. On the other hand, the link between polar-
ization and the notion of the dual CW complex (Section is essential for the construction.
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1.1.1. Abelian cellular BF theory on cobordisms (Sections @—@

L.

II.

Classical abelian BF theory on a cobordism endowed with cellu-
lar decomposition. For M an n-dimensional cobordism between closed
(n — 1)-manifolds M;,, Mout, endowed with a cellular decomposition X and a
coefficient local system (flat bundle) E of rank m with holonomies of determi-
nant +1 (E plays the role of an external parameter — the twist of the model),
we construct (Section @ the case of M closed is considered as a warm-up in
Section a field theory in BV-BFV formalism with the following data.

e The space of fields assigned to the cobordism (M, X) is F = C*(X, E)[1]®
C*(XV,E*)[n—2]. Here XV is the dual cellular decomposition to X (see
Section [2| for details on the cellular dual for a cellular decomposition of a
cobordism).

e The BV actionis S = (B,dgA)+(B, A),, where (A, B) € F is the cellular
field.

e The BV 2-form on fields is induced from chain level Poincaré duality.

e The cohomological vector field @ is the sum of lifts of cellular coboundary
operators on CW complexes X and XV, twisted by the local system, to
vector fields on the space of fields.

e The boundary of (M, X) gets assigned the space of boundary fields (or
the “phase space”) Fy = C*(Xp, E)[1] ® C*(Xy, E*)[n — 2] (naturally
split into in-boundary-fields and out-boundary fields) which carries:

— A degree zero symplectic structure (induced from chain level Poincaré
duality on the boundary), with a preferred primitive 1-form agy =
(B,0A), . — (6B, A),, (ie., it distinguishes between in- and out-
boundaries).
— A natural projection of bulk fields onto boundary fields (pullback
by the geometric inclusion of the boundary) = : F — Fy.
— The cohomological vector field Q5 on Fy which is constructed anal-
ogously to the bulk — as a lift of the cellular coboundary operator
(on the boundary of the cobordism). This vector field has a degree
1 Hamiltonian Sy = (B,dA),.
We prove that this set of data satisfies the structural relations of a classical
BV-BFV theory [4] — Proposition[6.1] Concatenation of cobordisms here maps
to fiber product of the corresponding BV-BFV packages — Section [6.3
Quantization on a closed manifold. In Section[5.2] we construct the finite-
dimensional “functional” integral quantization of the abelian cellular theory
on a closed n-manifold. The partition function Z of the theory is defined as a
BV pushforward (fiber BV integral) of the exponential of the cellular action
from F to residual fields modelled on cohomology, F** = H*(M, E)[1] ®
H*(M,E*)[n - 2].

Gauge-fixing data for the BV pushforward — the splitting of fields into resid-
ual fields plus the complement and a choice of a Lagrangian subspace in the
complement — is inferred from a choice of “induction data” or “retraction”
(see Section [4)) of cellular cochains onto cohomology (i.e. a choice of cellular
representatives of cohomology classes, a choice of a projection onto cohomol-
ogy and a chain homotopy between the identity and projection to cohomology
— the latter plays the role of the propagator in the theory, c¢f. Remark .
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We compute the partition function (Proposition |5.7))’[ to be
Z=¢e1" . 7(M,E) cC®DetH*(M,E)/{+1}

where:
e 7(M, E) is the Reidemeister torsion,
° 5}?' is a complex coefficient depeneding on the Betti numbers of M

(twisted by the local system E): & — HZ:O(g’g)dim H*(M,E) ith
¢h = (2nh) i HERCD T (o )i tak(-D"

In particular, Z depends only on the topology of M and not on the cellular de-
composition X. Note that Z contains, via the factor f{f., a mod 16 complex
phase.

The mechanism that leads to the factor £° (discussed in detail in Section
is that, in order to have a partition function independent of X, we
need to scale the reference half-density on the space of fields (playing the role
of the “functional integral measure” in the context of cellular theory) in a
particular way — it differs from the standard cellular half-density by a product
over cells e of X of local factors (£8™€)™ depending only on dimensions of
cells. This a baby version of renormalization in the cellular theory and it leads
to a partition function containing the factor «f# °

III. Quantization on a cobordism. In Section [7] we construct the quantum
BV-BFV theory on a cobordism M endowed with cellular decomposition X by
quantizing the classical cellular theory via BV pushforward to residual fields,
in a family over By = C*(Xou, E)[1] ® C*(X,), E*)[n — 2] = Bows ® Bin —
the base of a Lagrangian fibration p : F5 — By of the boundary phase space
determining the quantization of the boundary.

The resulting quantum theory is the following assignment:

e To the out-boundary, the theory assigns the space Hgﬁt) of half-densities

on Boyt which is a cochain complex with the differential (the “quantum

BFV operator”, arising as the geometric quantization of the Hamiltonian

for the boundary cohomological vector field) §0ut = —ih <d BAout, %@)'

Likewise to the in-boundary, the theory assigns the space Hi(B) of half-
densities on B;, with the differential §in = —ih <dEBin, %>

e To the bulk (the cobordism itself), the theory assigns:
— The space of residual fields built out of cohomology relative to
in/out boundary, ' = H*(M, Moy; E)[1)® H* (M, Mi,; E*)[n —
2].
— The partition function

7 - (uga)% g}l‘;{' _7.(]\47 Mot E) . e%(<Brc51Aout>out+<Bin-,Arcs>;n7<BinaKAout>in)

(see Proposition [7.4)). The partiton function is an element of the
space of states for the boundary tensored with half-densities of
residual fields. Here the coefficient &} ' € Cis as in closed case,

5Partition functions are defined up to sign for the purposes of this paper, so that we don’t
need to keep track of orientations on the spaces of fields and gauge-fixing Lagrangians.

6Superscripts pertain to the polarization p : Fy — By (field A fixed on the out-boundary and
field B fixed on the in-boundary) used to quantize the in/out-boundary.
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but defined using Betti numbers for cohomology relative to the out-
boundary; (u%a)% is an appropriately normalized half-density on
Bg; K is a the chain homotopy part of the retraction of cochains
of X relative to the out-boundary to the cohomology relative to
the out-boundary (which, as in the closed case, plays the role of
gauge-fixing data).
This data satisfies the following properties.
(i) Modified quantum master equation ((ii) of Proposition [7.4): the
partition function satisfies the quantum master equation modified by a
boundary term:

(;33 — ihAreS> Z=0

(i) Dependence on gauge-fixing choices ( of Proposition|7.4)): change
of the gauge-fixing data (the retraction of relative cochains onto coho-
mology) induces a change of partition function of the form

Z 7+ (;% —ihAres> ()

(iii) Gluing property (Proposition: partition function on a concatenta-
tion of two cobordisms can be calculated from the partition function on
the two constituent cobordisms by first pairing the states in the gluing
interface, and then evaluating the BV pushforward to the residual fields
for the glued cobordism.

(iv) “Topological property”: the partition function function considered

modulo (%:9\3 - ihAreS)—exact terms is independent of changes of the

cellular decomposition X of the cobordism M, assuming that the cellular
decomposition of the boundary is kept fixed.
Here the first three properties are the axioms of a quantum BV-BFV theory
[BL 6], and the last one is a manifestation of the quantum field theory being
topological.

The “topological property” can be improved by passing to the cohomology
of the space of states (Section : this cohomology (the “reduced space of
states”) is independent of Xy and the corresponding reduced partition func-
tion satisfies the BV-BFV axioms above and is completely independent of the
cellular decomposition X (i.e., one does not have to fix the decomposition of
the boundary).

1.1.2. “Canonical” non-abelian BF theory on CW complezes (Section @)

I. Non-abelian cellular action: existence/uniqueness result. Theorem
For X a finite regular CW complex and g a unimodular Lie algebra, we
prove, in a constructive way, that there exists a BV action Sx on the space of
fields modelled on cellular cochains and chains Fx = C*(X) @ g[1] ® Co(X) ®
g*[—2], satisfying the following properties:

e S satisfies the Batalin-Vilkovisky quantum master equation %{S x,Sx}—
ihASx = 0 or, equivalently, Aew“% = 0. Here {,} and A are the odd-
Poisson bracket and the BV Laplacian on functions on Fx induced from
canonical pairing of cochains with chains.
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e The action Sx has the form Sy = ZeCX S,; i.e., Sx is given as the sum

over all cells e of X of certain local building blocks S. depending only

on the fields restricted to the closure € of the cell e. The local building
blocks satisfy the following ansatz:

= 1 . :
Sc = Z Z Z ) mc&ﬂoyehm’en <B@, JaCOblFo (A€17 e 7A6n)>g —

n=1 TI'y e1,....,enCe

> 1
—ih 5T Jacobir, (Ae,, ..., A
? Z Z Z . |Aut(F1)| I'i,e1,...,en aco 1F1( 1 n)

n=2 I'y e1,....en

Here A¢, B are the cochain and chain field (valued in g and g*, respec-
tively), evaluated on the cell e. In the sum above, I'g runs over binary
rooted trees with n leaves, which we decorate with the n-tuple of faces
(of arbitrary codimension) eq,...,e, C €; likewise I'; runs over oriented
connected graphs with one cycle with n incoming leaves and all inter-
nal vertices having incoming/outgoing valency (2,1). Jacobir(---) is, for
I' = Ty a binary rooted tree, a nested commutator of elements of g, as
prescribed by the tree combinatorics. For I' = I'y a 1-loop graph, it is
the trace of an endomorphism of g given as a nested commutator with
one of the slots kept as the input of the endomorphism and other slots
populated by fields A.,. Cf . . = are some structure constants (i.e. the
theorem is that they can be constructed in such a way that the quantum
master equation holds for Sx).
e We have two “initial conditions” {7

— Sx is given as the “abelian (canonical) action” (Bx,dAx) plus

higher order corrections in fields.

— For e a 0-cell, the building block encodes the data of the Lie algebra

structure on the space of coefficients g: S, = <Be, %[Ae, Ae]>.

This existence theorem is supplemented by a uniqueness up to homotopy
statement (i.e. up to canonical transformations of solutions of the quantum
master equationﬁ in this case, the generator of the canonical transformation
turns out to satisfy the same ansatz as Sx above) — Lemma

The local building blocks S, can be chosen universally, uniformly for all CW
complexes X, so that they depend only on the combinatorics of the closure of
the cell e and not on the rest of the combinatorial data of X (Remark .

Structure constants Cf . occurring in the local building blocks can
be chosen to be rational by making a good choice in the construction of the
Theorem [R.6l

II. Compatibility with local moves of CW complexes. Cellular actions,
when considered up to canonical BV transformations, are compatible with

"The role of these two conditions is to exclude trivial solutions to quantum master equation,
e.g. Sx = 0, and also to have uniqueness up to homotopy for solutions satisfying the stated
properties.

8 One says that two solutions of the quantum master equation Sp and S are related by a
canonical BV transformation (or “homotopy”) if they can be connected by a family of solutions
St such that %St = {St, Rt} — ihRy with R; a degree —1 “generator.” This definition implies

i

that %e ROt = A (e%St Rt> and hence A-closed exponentials eRS1 and e% 50 differ by a A-exact

term.
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Whitehead elementary collapses of CW compexes and with cellular aggrega-
tions. More precisely, if X,Y are CW complexes and X is an elementary
collapse of Y, the BV pushforward of Sy from cellular fields on Y to cellular
fields on X is a canonical transformation of Sx (Lemma[8.19). Likewise, if X
is a cellular aggregation of Y (i.e., Y is a subdivision of X), the same holds
(Proposition [8.22)).

As a corollary of compatibility of cellular actions with elementary collapses,
the partition function, defined as the BV pushforward to cohomology (more
precisely, to F*** = H*(X) ® g[1] ® He(X) ® g*[—2]), which is a A-cocycle as a
consequence of Theorem is invariant under simple-homotopy equivalence
of CW complexes if considered modulo A-coboundaries (Proposition [3.20)).

1.1.3. Non-abelian cellular BF theory in BV-BF'V setting (Section @ We combine
the results of Sections[6][7] and Section[§]to construct cellular non-abelian BF' theory
on n-cobordisms in BV-BFV formalism.

I.

II.

1.2.

Classical non-abelian theory on a cobordism (BV-BFV setting). We
fix a unimodular Lie algebra g corresponding to a Lie group G. For M an
n-cobordism with a cellular decomposition X and a G-local system FE, we
construct the space of fields F, space of boundary fields Fy, the BV 2-form
on F, the symplectic form on Fjy together with the primitive ay exactly as
in the abelian case. The action S, cohomological vector field Q and their
boundary counterparts Sy, Qg are constructed in terms of the local building
blocks S. (or, equivalently, local unimodular L., algebras) assigned by the
construction of Theoremto cells e of X, see , , . Moreover,
in this setting the pullback map of bulk fields to the boundary is deformed
to a nontrivial L., morphism . This set of data satisfies the axioms of a
classical BV-BFV theory (Proposition [0.1)).

Quantization. The quantization (Section is constructed along the same
lines as in the abelian case — as a geometric (canonical) quantization on the
boundary and a finite-dimensional BV pushforward in the bulk. The resulting
spaces of states assigned to the in/out-boundaries are same as in the abelian
case as graded vector spaces but carry nontrivial differentials (169),
deforming the differentials arising in the abelian case. Residual fields on a
cobordism are same as in the abelian case, while the partition function is
more involved — we develop the corresponding Feynman diagram expansion
in Proposition As in the abelian theory, this set of data satisfies the
properties (i)—(iv) of Section (modified quantum master equation, exact
dependence on gauge-fixing choices, Segal’s gluing property, independence on
cellular decomposition) — Theorem

Open questions/What is not in this paper.

(1) Construction of more general cellular AKSZ theories: our construction of
cellular non-abelian BF action in Theorem [8.6] develops the theory from
its value on 0-cells, by iterative extension to higher-dimensional cells. It
would be very interesting to repeat the construction starting from the tar-
get data of a more general AKSZ theory assigned to a 0-cell. It would
be particularly interesting to construct cellular versions of Chern-Simons
theory and BF + B? theory in dimension 3. Chern-Simons theory has the
added complication that one has to incorporate in the construction of the
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BV 2-form the Poincaré duality on a single cellular decomposition, without
using the dual one.

(2) Comparison of the cellular non-abelian BF' theory constructed here with
non-perturbative answers in terms of the representation theory data of the
structure group G: comparison with zero area limit of Yang-Mills theory in
dimension 2 and comparison with Ponzano-Regge state sum model (defined
in terms of 65 symbols) in dimension 3. Cellular BF + B3 theory should
be compared with Turaev-Viro state sum model (based on ¢6; symbols for
the quantum group corresponding to G).

(3) In this paper we use, for the construction of quantization, special polariza-
tions of phase spaces assigned to the boundary components of an n-manifold
— the “A-polarization” and “B-polarization”. It would be interesting to
consider more general polarizations and construct the corresponding ver-
sion of Hitchin’s connection (mimicking the situation in Chern-Simons the-
ory), controlling the dependence of the quantum theory on an infinitesimal
change of the polarization.

(4) Q-exact renormalization flow along the poset of CW complexes, arising from
the fact that the “standard” cellular action is sent by a BV pushforward
along a cellular aggregation to an action on the aggregated complex which
differs from the standard one by a canonical transformation (see [26] for
an example of an explicit computation). Keeping track of these canonical
transformations should lead to the picture of a “Q-exact” Wilsonian RG
flow along cellular aggregations (and to the related notion of the combina-
torial (Q-exact stress-energy tensor). This picture is expected to be related
to Igusa-Klein’s higher Reidemeister torsion.

(5) Observables supported on CW subcomplexes, possibly meeting the bound-
ary.

(6) Gluing and cutting with corners of codimension > 2, or the version for the
(fully) extended cobordism category, in the sense of Baez-Dolan-Lurie.

(7) Partition functions in this paper are constructed up to sign, so as not to
deal with orientations of spaces of fields and gauge-fixing Lagrangians. It
would be interesting to construct a sign-refined version of the theory.

1.3. Plan of the paper. In Sections 2] [3] we recall and set up the conventions and
notations for chain-level Poincaré duality for cellular decompositions of manifolds
with boundary (Section [2)) and local systems in this setting (Section . This sets
the stage for the construction of the space of fields of the cellular model.

In Section |4 we recall the homological perturbation theory which later plays the
crucial role for defining the gauge-fixing for the quantization.

In Section [5| we construct the abelian cellular theory on a closed manifold en-
dowed with a cellular decomposition. We first set up the classical theory (Section
and then construct the quantization (5.2).

In Section [6] we construct the extension of the abelian cellular theory to cobor-
disms, in the BV-BFV setting, on the classical level.

The quantization of the abelian model on cobordisms is constructed in Section
[7l In particular, we prove the gluing property of the partition functions in Section
(.ol

In Section |8 we construct the “canonical version” (i.e. with covariant B-field) of
the non-abelian BF' theory on arbitrary regular CW complexes in BV formalism
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and establish the invariance of the theory (up to canonical transformations) under
cellular aggregations and elementary collapses of CW complexes.

In Section [J] we construct the non-abelian cellular BF' theory on cobordisms
in BV-BFV setting and its quantization. We prove that the quantization satisfies
the axioms of a quantum BV-BFV theory and is independent (modulo canonical
transformations) of the cellular decomposition of the cobordism.

Acknowledgements. We thank Nikolai Mnev for inspiring discussions, crucial to
this work. We are grateful to the anonymous referee for insightful comments and
questions that helped improve the paper. P. M. thanks the University of Zurich and
the Max Planck Institute of Mathematics in Bonn, where he was affiliated during
different stages of this work, for providing the excellent research environment.

2. REMINDER: POINCARE DUALITY FOR CELLULAR DECOMPOSITIONS OF
MANIFOLDS

2.1. Case of a closed manifold. Let M be a compact oriente(ﬂ piecewise—lineaﬂ
(PL) n-dimensional manifold without boundary, endowed with a cellular decompo-
sition X (with cells being finite unions of simplices of a triangulation compatible
with the PL structure), which we assume to be a regular CW complexg One
can construct the dual cellular decomposition of XV, uniquely defined up to PL
homeomorphism, such that:

e There is a bijection s between k-cells of X and (n — k)-cells of XV. (One
calls »(e) the dual cell for e.)

e For a cell e of X, »(e) C star(e) C MB

e ¢ intersects x(e) transversally and at a unique point.

Choosing (arbitrarily) orientations of cells of X, we can infer the choice of orien-
tations of cells of XV in such a way that the intersection pairing is e - 3(e) = +1.
More generally, for e; running over k-cells of X, we have e; - s¢(e;) = +0;;.

On the level of cellular chains, we have a non-degenerate intersection pairing

(1) 0 CR(XGZ)@Chr k(XY Z) - Z

which induces a chain isomorphism between cellular chains and cochains

~

(2) Ce(X;2),0 = C"*(XY;Z),d

9This assumption is made for convenience and can be dropped, see Remark below.

10 Throughout this paper we will be working in the piecewise-linear category. One can replace
PL manifolds with smooth manifolds everywhere, but then instead of gluing of manifolds along a
common boundary, one should talk about cutting a manifold along a submanifold of codimension 1
or work with manifolds with collars in order to achieve the correct gluing of smooth structures.
For details on oriented intersection of chains in piecewise-linear setting, we refer the reader to [23].

HRecall that a CW complex is said to be regular if the characteristic maps from standard
open balls to open cells x : int(Bk) = e C X extend to homeomorphisms of closed balls to
corresponding closed cells ¥ : B¥ =5 & C X. Another term for a regular CW complex is “ball
complex.”

12The standard terminology is that for a cell e of any CW complex X, the star of e is the
subcomplex of X consisting of all cells of X containing e. The link of e is the union of cells of
star(e) which do not intersect e.
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which in turn induces the Poincaré duality between homology and cohomology
Ho(X;Z) = H" *(XY;7Z)
—— —_———
=H,(M;Z) =H"—*(M;Z)

Remark 2.1. One construction of the dual cellular decomposition XV is via the
barycentric subdivision B(X) of X — a simplicial complex, constructed combinato-
rially as the nerve of the partially ordered set of cells of X (with ordering given by
adjacency). The combinatorial simplex o = (eg < ... < ey) has dimension k and
can be geometrically realized as a simplex inside ey with vertices éq, ... ¢, where
é is some a priori fized point in an open cell e — the barycenter of e. Next, one
constructs X" out of B(X) as follows. For v a vertex (0-cell) of X, we set 3(v) to
be the star of v in (X). For e a k-cell of X, we set

(3) x(e) = ﬂ starg(xy(v) Nstarx(e)

vee

where the first intersection runs over vertices of e.

Remark 2.2. Orientability of X is not required to define the complex XV . How-
ever, global orientation is necessary to define the intersection pairing between cells
of X and cells of XV in such a way that (@ becomes a chain map. In a more general
setup, we can allow X to be possibly non-orientable. Denote by Or the orientation
Zs-local system on X (see Section@ below for a reminder on cellular local systems);
the role of orientation is played by a choice of a primitive element o € H,(X,Or;Z).
Then becomes - : Cx(X;7Z) @ Cp—i(XV,0r;Z) — Z. (We twist one of the two
factors by the Or, it is unimportant which factor is twisted.) This pairing de-
pends on the class o. Likewise (@ becomes Co(X;Z),0 — C"*(XV,0r;Z),d.
This setup can be straightforwardly adapted to the setting of cellular complexes with
boundary — we always have to twist one side in Poincaré-Lefschetz duality by the
orientation local system. However, for simplicity, in this paper we will always be
assuming that Or is trivial and X is oriented.

Remark 2.3. We could require X to be a triangulation and XV the dual cellular
complex. We are not imposing this requirement, because later the fields A, B of
our theory will be cochains on X and XV and it seems unnecessary to break the
symmetry between A and B (present in the abelian theory) by forcing A to live on
a triangulation.

2.2. Case of a manifold with boundary. Let M be a compact oriented n-
manifold with boundary OM. Assume that we have a cellular decomposition X of
M, which restricts on the boundary to a cellular decomposition Xy of OM.
We can construcﬂ a new cellular decomposition X+ of M such that the fol-
lowing holds.
e For every k-cell e of X we have an (n — k)-cell »(e) C starx(e) C M —OM
of XV+.
e For every k-cell e of X, apart from the (n — k)-cell s(e), XV+ contains an
(n —k — 1)-cell s5(e) C OM of the dual boundary complex (Xp)V.

13We can again use the construction of Remark Cells x(e) are then defined exactly as in
and cells xp(e) for boundary cells e C X are constructed as sy(e) = x(e) N IM.
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e Cells of the form (e), »5(e) (for boundary cells e) exhaust the CW complex
XV+.
e For e a cell of X — Xy, e and »(e) intersect transversally and at a single

point. For e a boundary cell of X, e meets the closed cell »(e) at a single
point.

FIGURE 1. A cellular decomposition X of a closed 2-disk M
(drawn in solid lines), and the corresponding dual decomposition
XY+ of a slightly larger disk My (drawn in dashed lines).

Again, orientations of X V+ can be inferred from some chosen orientations of cells
of X in such a way that the intersection is:

ei - #(¢j) = +0i;
In case of e; being a boundary cell, we have to regularize the intersection, which
we can do by regarding X+ as a cellular decomposition of M, — an extension of
M by attaching a collar 9M x [0, €] at the boundary M. Then all intersections of
cells of X in M C M, and cells of XV+ in M, are transversal. Note that with this
regularization, for e; any cell and e; a boundary cell of X, we have

€; - %3(6j) = 0

Intersection pairing defined as above induces a non-degenerate pairing between
absolute and relative chains:
(4) N Ck(X;Z)(X)Cn_k(XV*',Xg;Z)—)Z
which in turn gives rise to a chain isomorphism between absolute chains and relative
cochains

O'(XaZ)va :—> Cni.(XVJrvX{\)/;Z%d

On the level of homology/cohomology, one obtains the usual Poincaré-Lefschetz

duality
Ho(X;Z) = H" *(XV+,Xy;7)
———

~He(M;Z) =H"*(M,0M;Z)

Note that unlike the case of closed manifolds, where the operation X s XV is
an involution on cellular decompositions, for manifolds with boundary XV+ always
has more cells than X and X ~ XV+ cannot be an involution.
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We define XV- as a CW subcomplex of X V+ obtained by removing the cells s(e)
and 3¢y (e) for every boundary cell e of X. Topologically, XV- is XV+ with a collar
near the boundary removed, i.e. the underlying topological space is M_ C M C
M, where M — M_ ~ M x [—¢,0]. The counterpart of (4] is the non-degenerate

intersection pairing

(5) 0 Ck(X, X3 2) @ Cr k(XY 3Z) = Z

S &

FIGURE 2. A cellular decomposition X of a closed 2-disk M
(drawn in solid lines) and the dual decomposition XV~ of a smaller
disk M_ (drawn in dotted lines).

Definition 2.4. We will say that a cellular decomposition X of a manifold M with
boundary is of product type near the boundary if, for any k-cell esg of Xg, there
exists a unique (k4 1)-cell e of X — Xg such that eg C 86@

) ©

FIGURE 3. Two examples of non-product type behavior of a cel-
lular decomposition (in this case, of a 2-disk) near the boundary.
Note the extra vertex on the boundary in the example on the left.

There is the obvious geometric inclusion of the boundary ¢y : Xy < XV+.
There is also a cellular map ¢~ : X3 < XV~ which sends s(e) to dx(e) N OM_

M1 other words, we are asking for the intersection of X with a thin tubular neighborhood
of the boundary to look like the product CW-complex Xy X [0, 1] intersected with Xy X [0, €).
Morally, even though there is no metric in our case, one should think of this property as an analog
of the property of a Riemannian metric on a smooth manifold with boundary to be of product
form near the boundary.
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for any cell e of Xy. Under the assumption that X is of product type near the
boundary, as defined above, ¢_ is in fact an inclusion. In particular, in this case
the boundary of the dual complex XV- N dM_ is isomorphic, as a CW complex,
to Xg.

As opposed to X V+, complex XV~ has less cells then X, and, in the case of prod-
uct type near the boundary, the “double duals” (XV+)V-, (XV-)V+ are isomorphic
to X as CW complexes.

Note also that XV+ is always of product type near the boundary.

2.2.1. Clutting a closed manifold into two pieces. Let M be a closed manifold cut
along a codimension 1 submanifold ¥ into two parts — manifolds with boundary

My, Myy, with OM; = OM;; = X. Let X be a cellular decomposition of M such
that Xy, = ¥ N X is a subcomplex of X. Denote X;, X;; the induced cellular
decompositions of My, Myr. Then one has the obvious (pushout) relation:

X = XrUxy Xp1
For the dual decompositions, one has
\V \% V_
XY= X" Uxy X;pp
assuming that X;; is of product type near Xy, and
\V V_ \%
XY =X, Uxy X;f

if X7 is of product type near Xy. It can happen, of course, that X is well-behaved
on both sides of X5, and then both formulae above hold.

2.3. Case of a cobordism. A more symmetric version of the construction of
Section[2.2]is as follows. Let M be a compact oriented manifold with boundary split
into two disjoint parts OM = M, L MOUE (i.e. we color the boundary components
of M in two colors — “in” and “out”). We call this set of data a cobordism and
denote it by M, % Moy Let X be a cellular decomposition of M inducing
decompositions Xi,, Xout of the in- and out-boundary, respectively. When talking
about a cobordism with a cellular decomposition, we always make the following
assumption.

Assumption 2.5. X is of product type near Myys.-

We make no assumption on the behavior of X near M;j,. Then we define the
dual CW complex as

XY= XV — (509(Xout) U s¢(Xout))

We think of X on the Lh.s. as including the information about which boundary
component is “in” and which is “out”. The underlying manifold M of XVis M
with a collar at M;, adjoined and a collar at M,,; removed; we also regard M as
having the in/out coloring of boundary opposite to that of M E

15By convention, we endow Moyt with the orientation induced from the orientation of M,
whereas Mj, is endowed with orientation opposite to the one induced from M. Thus, as an oriented
manifold the boundary splits as OM = M;j, U Moyt where the overline stands for orientation
reversal.

160Observe that XV is automatically of product type near the in-boundary of M, i.e. near the
out-boundary of M.
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Note that if M = My, then XV = XV+. If OIM = My, then XV = XV-. For
the numbers of cells (= ranks of chain groups), we have

rk Ck(XV) =rk Ck(X) + rk Ck(Xm) —rk Ck(Xout)

Also note that (XV)¥ = X, thus in this formalism taking dual is again an involution.
One has a non-degenerate intersection pairing

(6) 0 Cr(X, Xout; Z) @ Crp 1 (XY, X005 Z) = Z

mn?’

which gives the chain isomorphism

~

CO(XaXout;Z)va — Cn_.(XV,Xy'Z),d

m?

and the Poincaré-Lefschetz duality between homology and cohomology
Ho(X, Xou; Z) — H" * (XY, X\ Z)

m’

:H-(M7Mout§Z) :Hni.(]\/[yMirﬁZ)
3. REMINDER: CELLULAR LOCAL SYSTEMS
Let X be a CW complex and G a Lie group.

Definition 3.1. We define a G-local system on X as a pair (€, p) consisting of a
functor € from the partially ordered set of cells of X (by incidence) to the category
G = x with single object and with Hom(x,*) = G, and a linear representation
p: G—= Auwt(V) with V' a finite-dimensional vector space.

One can twist cellular chains of X by & as follows. As vector spaces, we set
Cr(X,€) =V RCr(X;Z). Assume all cells of X are oriented (in an arbitrary way).
If for a k-cell e we have de = 3~ ¢; e; with ¢; coefficients of the boundary map (in
case of a regular complex, €¢; € {£1,0}), then we set

de(v@e) = ¢j pEle>¢)))(v) @e

J
where v € V is an arbitrary vector. Functoriality of £ implies that 92 = 0.
Consider the dual local system £* on X, which is the same as £ as a functor, but
accompanied with the dual vector representation, p* = (p~1)T : G — V*. Then the
twisted cochains on X, C*(X, £), are constructed as the dual complex to Co (X, £¥),
ie. CF(X,E) = (Cr(X,E%))*, with differential dg given by the transpose of Jg-.

Definition 3.2. We call two local systems £ and &' on X equivalent, if there exists
a natural transformation between them, i.e. for every cell e C X there is a group
element g(e) € G, so that for any pair of cells ¢/ C e we have

Ele>e)=gle)E(e>e)gle)!
A local system &£ induces a holonomy functor from the fundamental groupoid of
X to G = *, by associating to a path
XxX=(vp<er>vy<ex> - <eny>UN)
from vy to vy, a group element
holg(x) = E(eny > vn) ™t - Eleny >vn_1)---E(er >v1) - E(er >vy) €G

Picking a base point zy — a vertex of X, and restricting the construction to closed
paths from z( to zg along 1-cells of X, we get a representation of the fundamental
group m1 (X, zo) in G.
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Let M be a manifold (possibly, with boundary) endowed with a principal G-
bundle P — M with a flat connection Vp. Let E = P x gV be the associated vector
bundle with the corresponding flat connection Vg. If X is a cellular decomposition
of M, one can construct a local system Fx on X by marking a point (barycenter)
é in each cell e and setting

(7) Ex(e>¢€') =holy, (e —e) € Hom(Py, P:) ~ G

— the parallel transport of the connection Vp along any path e . from the
barycenter ¢’ to é, staying inside the cell eﬂ To identify the hom-space between
fibers of P over ¢’ and ¢ with the group, we assume that P is trivialized over
barycenters of all cells.

The twisted cochain complex (C*(X, Ex), dg, ) is quasi-isomorphic to (Q*(M, E), dv )
— the de Rham complex of M twisted by the flat bundle E.

In case of a manifold without boundary, the intersection pairing together
with the canonical pairing V ® V* — R induce a non-degenerate pairing

8) (): OW(X,Ex)® Con(XV,E%) = R

Similarly, in presence of a boundary, one has versions of cellular Poincaré-Lefschetz
pairing (4l5lf6) with coefficients in Ex, E%..

The local system E% . that we need in can be constructed from a flat principal
bundle by applying construction to XV and using the dual representation p*.
Alternatively, Exv can be constructed directly on the combinatorial level, from
FEx, by the construction below.

3.1. Local system on the dual cellular decomposition: a combinatorial
description. The local system Exv on the dual cellular decomposition XV of a
closed manifold M can be described combinatorially in terms of Ex as follows:

(9) Exv ((e') > x(e)) = Ex(e >¢€/)™* eG

for e, e’ any pair of incident cells of X. The dual local system E%. on XV, which
appears in the intersection pairing is same as Fxv, but accompanied by the
dual representation p* : G — V™.

Note that the combinatorial definition @D agrees with the construction of Exv
by calculating holonomies of the original flat G-bundle P on M between barycenters
of cells of XV, as in . For this to be true it is important that the barycenters
are chosen in such a way that é = e N »(e) = 5(e).

In the case of a manifold M with boundary, the local system on X+ is con-
structed by @ supplemented by definitions

(10)
Exvy (s0(€) > sp(e)) = Ex(e > €)™, Exvy (s(e)) > xp(e)) = Ex(e > ¢) 71,
Exvy (s(e) > 2a(e)) = 1
for e, e’ cells of Xy. The third equation above can be regarded as a special case of
the second, with ¢/ = e.

Assuming that X is of product type near the boundary, the local system on X V-
is obtained by restricting Eyvy to the CW subcomplex XV- C XV+.

7Note that functoriality in this construction corresponds to flatness of Vp.
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Associated to the inclusion (— : X3 < XV~ is the pull-back map for cochains
o CHXY Exvo) = CF(XY, Exy)
defined as
(11) v & x(e)* { S(EX(e > &) H(v) ® #y(€)* gtﬁei:v;jiacent to OM

extended by linearity to all cochains. Here e is a k-cell of X — Xy; for e adjacent
to the boundary, € = de N OM is a single (k — 1)-cell, since X is assumed to be
of product type near the boundary; v € V is an arbitrary coefficient; for e a k-cell
of X, e* € C¥(X,Z) denotes the corresponding basis integral cochain. Defined as
above, ¢* is a chain map. Parallel transport by the local system appears in to
account for the collar M — M_ (i.e. because we have to move from the local system
trivialized at barycenters s¢(e) € OM_ to trivialization at barycenters s¢5(€) € OM).

In case of the dual XV+, the pull-back to the boundary ¢% : CH(XV+ Exvy) —
C*(Xy, Exy) is simpler:

. Vi s v (e¥)* ife¥ = x(ep) for eg C Xp

(12) i v®(el)” = { 0 otherwise
Absence of the transport by local system here, as opposed to , corresponds to
the fact that we implicitly gave the local system a trivial extension to the collar

M, — M in (T0).

Remark 3.3. Let M = M;Us, M;; be a closed manifold cut into two, as in Section
with cellular decompositions X = X1 Uxy Xrr, and assume that X is of
product type near Xx. Let also Ex be a local system on X. We can restrict Ex to
X1, X5, X11. Then alongside the obvious fiber product diagram for cochains on X :

Ck(X,Ex) _— Ck(X[,EXI)

l l

Ck(Xffv EXII) B Ck(sz EXE)
we have the fiber product diagram for cochains on XV :

CH(XV,Exv) — C’“(XIV*,EXIL)

| i |
CHXpf Eyve) ——  CMXY, Bxy)

For M a general cobordism with a cellular decomposition X and a local system
Ex, the corresponding local system on XV is given by combining the two construc-
tions above, for Eyv, (used near M;,) and Eyv_ (used near M,,); we should
assume that X is of product type near Moys.

4. REMINDER: HOMOLOGICAL PERTURBATION THEORY

Definition 4.1. Let C*,d and C’*,d" be two cochain complexes of vector spaces
(e.g. over R). We define the induction data from C® to C'® as a triple of linear
maps (i,p, K) with

i:C'"*—C", p:C*— C'*, K:C*—>c* !
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satisfying
(13)
pi=ider, di=1id, pd=dp, dK+Kd=idc—ip, Ki=0, pK=0, K>

Induction data exist iff i : C’ — C is a subcomplex such that i, is the identity
in cohomology (i.e. C' is a deformation retract of C).
We will use the notation

2, K

(14) C.,d(iw )Cl.,d/

for induction data. We will also sometimes call the whole collection of data - a pair
of complexes and the induction data between them - a retraction.

Lemma 4.2 (Homological perturbation lemma [14]). If (i, p, K) are induction data
from C*,d to C'*,d" and § : C* — C**1 is such that (d+5)? = 0, then the complex

C'"*d +p(6—6K5+6KSKS—---)i
is a deformation retract of C*®,d + §, with induction data given by
(1—Kéi+KIKdi—---, p—pdK+poKoK—---, K-K/K+KIKIK—--)
assuming all the series above converge.

For the proof, see e.g. [12].
Given induction data (i, p, K), we have a splitting of C into the image of C’ and
an acyclic complement C” = ker p:

Y1) e
Cc* =i(C"*)aC
ker p

The second term can be in turn represented as a sum of images of d and K. Putting
these splittings together, we have a (formal) Hodge decomposition

(15) C* =i(C") @ (kerpNd(C*™1)) @ K(C*TY)

C'e

An important special case is when C’®* = H*(C') — the cohomology of C®. Then,
in addition to the axioms above, for the induction data from C*® to H*(C) we
require the following to hold.

Assumption 4.3. The projection p restricted to closed cochains kerd C C'® agrees
with the canonical projection associating to a closed cochain its cohomology class.

In this case the Hodge decomposition (15]) becomes
C. = Z(H.> D Ce.xact D C;(fexact
——
im(K)

with the differential now being an isomorphism d : O ... — Cotl and vanish-
ing on the first two terms of the decomposition.
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4.1. Composition of induction data. Two retractions

(101,P017K01) (1127P12,K12

Cloys d(o) Cly,day,  Chy,day Clyy,d(2)
can be composed as follows:
° (i02,P02,K02) e
Clopdoy 7 Oy dey)
with composed induction data
(16) (f02 = d01712, Po2 = P12po1, Koz = Ko1 +io1 K12po1)

4.2. Induction data for the dual complex and for the algebra of poly-
nomial functions. For C*°,d a cochain complex, we can construct its dual — the
complex of dual vector spaces C** = Hom(C" %, R) endowed with the transpose
differential (d*) = (—=1)"*"Y(dp_p_1)7 : C*F — C**+1[[

If (i, p, K) are induction data from C,d to C’,d’, then we have the dual induction

data ¢+ R o given by
(17) @ =p", pr=i" (K )= (D (Knopr)")
Given a finite set of retractions
(18) o ) e
for 1 < 5 < r, one can construct the induction data for the tensor product
X, Cj QA )® C} where

= ®ija p® = ®pj7 K% = Z(le1)® : '®(ij_1pj_1)®Kj®idj+1®' - -®id,
J J J

The construction of K® above corresponds to the composition of a sequence of

retractions

QR Ci~ClaQCi~ClaCya@QC)~ -~ QRC)
j=1 j=2 j=3 j=1

where on each step we use the data tensored with the identity on the other
factors. One can choose instead to perform the retractions C; ~» C;» in a different
order, given by a permutation o of {1,2,...,r}, which yields another formula for
K*®, depending on the permutation . Symmetrization over permutations o leads
us to the next construction — retraction between symmetric algebras. In the set-
ting of the present work, we are more interested in the symmetric algebra of dual
complexes.

The symmetric algebra of the dual complex Sym C* is naturally a differential
graded commutative algebra and can be seen as the algebra of polynomial functions
on C. Induction data from Sym C* to Sym C’* can be constructed as follows:

1
(19) iSym :p*7 PSym :i*a KSym :/ ((1_t)+tlp+dtK)*
0

18Having in mind Poincaré duality, we are incorporating the degree shift by n in the definition
of the dual (which is superfluous in purely algebraic setting). In our setup, the canonical pairing
{(,):C**® C"* — R has degree —n.
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Here asterisks stand for pullbacks. The expression for Kgyn, can be understood in
terms of the diagram

T][0,1] % C A=(1—t)+t ip+dt K

-
c

where T[1]]0, 1] is the odd tangent bundle of the interval, with even coordinate ¢
and odd tangent coordinate dt. Map A has total degree 0. Now Kgym can be
defined as a transgression

Kgym = (m2)«A*: SymC* — Sym C*

Same formulae can be used for more general classes of functions than polynomials
(e.g. smooth functions) on C, C".

C

ip, K
4.3. Deformations of induction data. Given a retraction C*,d (G2 c',d,

one can analyze the possible infinitesimal deformations of the induction data (¢, p, K),
as solutions of the system (I3). It turns out (see e.g. [28,[3]) that a general infin-

itesimal deformation (i,p, K) — (i + di,p + dp, K + §K) is a sum of the following

deformations.

(I) Deformation of K, not changing i and p:

(20) d0i=0p=0, O0K=dA—Ad
with generator A : CZ8, .. — Cp*~2 ., extended by zero to the first and third

terms of the Hodge decomposition .
(IT) Deformation of %, not changing p, and changing K in the “minimal” way:

(21) di=dl+1d, ép=0, 0K=-1Ip

with T : C"* — C}27 L ..
(ITI) Deformation of p, not changing i, and changing K in the “minimal” way:
(22) 53i=0, dp=dP+Pd, 6K=—-iP

with P : C”® . — C'*71 extended by zero as in .

exac

(IV) Deformation, induced by an (infinitesimal) automorphism of C’, d:
(23) di=1ix, Oop=-—xp, OK=0
with y : C'* — C'* a chain map.

In other words, if J is the space of all induction data C' ~ C’, then the tangent
space to J at a point (4, p, K) splits as a direct sum of four subspaces described by

(20{23):
~ 1 T~ 11T IV o~
Tiw)3 =T, © Lip. 1) T O Tip 1) T © L p 1) I
Note that in case of retraction to cohomology, C* ~~ H*(C), deformations
are prohibited by Assumption [£.3]

Lemma 4.4.

(a) The space of induction data C*® ~~ H*(C) satisfying Assumption is con-
tractible.

(b) The space T of induction data C* ~» C'® for a general deformation retract C’
(without making Assumption , is homotopic to Aut(C’®,d’).
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Proof. For (a)), note that induction data C* ~» H*®(C) (and the corresponding
Hodge decompositions) are in one-to-one correspondence with pairs of a right split-
ting of the short exact sequence Cg, . — C3 — H*(C) and a left splitting of the

exac closed

short exact sequence Cg iq — C° 4 CotLl.. Thus, it is contractible as a product
of contractible spaces (of one-sided inverses of linear inclusions and projections).

For , note that once chain maps 7, p satisfying poi = id are fixed, the space of
choices of K is contractible, by applying @ to ker p ~» 0. Thus, J contracts onto the
space of choices of pairs (i,p). Fixing some (ig,pp), one can obtain any other (i, p)
by applying to (ig, po) transformations , (note that these formulae describe
not just infinitesimal but also finite transformations; the space of generators I, P
is a product of Hom spaces of linear spaces and is therefore contractible), and
composing with an automorphism of C’® as a complex (which is the finite version

of (23))). This proves (b). O

Point @ is particularly important for us when discussing quantization, as it will
imply that the space of choices of gauge-fixing is contractible.

5. CELLULAR ABELIAN BF THEORY ON A CLOSED MANIFOLD

5.1. Classical theory in BV formalism. In this section we introduce the BV
theory for the case at hand. This means an odd (degree —1) graded symplectic
space together with an even (degree 0) function S that Poisson commutes with
itself. Such a function is usually called the BV action and the condition {S, S} =0
is called the classical master equation. In addition, we define the second order
differential operator A, called the BV Laplacian, that generates the Poisson bracket
as the defect of the Leibniz identity and we show that the BV action also satisfies
the quantum master equation %{S, S} —ihAS = 0, where h is a parameter. The
“Planck constant” A can be interpreted as the distance from the classical theory
(or the strength of quantization). If & is a nonzero real number, instead of a
formal parameter, the quantum master equation may also be equivalently written
as Ae® = 0.

Let M be a closed oriented piecewise-linear n-manifold and X a cellular decom-
position of M.

Let also E be a rank m vector bundle over M endowed with a fiberwise density ug
and with a flat connection Vg, such that the parallel transport by V g preserves the
density. One can view E as the associated vector bundle P x ¢R™ for some principal
flat G-bundle P with G = SLy(m,R) the group of m x m real matrices with
determinant 1 or —1@ By abuse of notations, let £ also stand for the corresponding
SLy(m)-local system on X (i.e. we will suppress the subscripts in Ex and E%. ).

The space of fields is a Z-graded vector space F*, with degree k component given
by

(24) Fb =YX, E)e C* (XY, EY)

It is concentrated in degrees k € {—1,...,n—1}U{2 —n,...,2} and is equipped
with a degree —1 constant symplectic structure (the BV 2-form)

(25) w: FreoFFoR
197 special case of this situation is a flat Euclidean vector bundle, i.e. with fiberwise scalar

product (,)g and a flat connection preserving it. In this case the structure group reduces to
O(m) C SL4(m).
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coming from the intersection pairing, see below.
Introduce the superfields — the shifted identity maps pre-composed with projec-
tions from F to the two terms in the r.h.s. of :

A: F—C'X,E)1] = C*X,E), B: F—C*XY,E)n-2]— C*XY,E"

One can also regard A and B as coordinate functions on F taking values in cochains
of X and XV, respectively, so that the pair (A, B) is a universal coordinate on F
(i.e. a complete coordinate system).

We write A = > —ye*Ac — sum over cells of X of “local” superfields A, :
F — Fg, taking values in the fiber of the local system over the barycenter é
of the corresponding cell; e* € C*(X,Z) stands for the standard basis integral
cochain associated to the cell e. Similarly, for the second superfield one has B =
Y evexv Bev(€Y)*, with local components Bov : F — EZ,. (Note that our con-
vention for ordering the cochain and the superfield component is different between
superfields A and B.) Internal degrees of field components are |A.| = 1 — dime,
|Bev| = n — 2 — dime"; in particular, the total degree (cellular cochain degree +
internal degree) for the superfield A is 1 and for B is (n — 2).

In terms of superfields, the symplectic form is defined as

(26) w=(0B,64) € Q*(F)_,

where ¢ is the de Rham differential on the space of field§*|and (,) : C"~*(XV, E*)®
C*(X,E) — R is the inverse of the intersection pairing (8| for chainsﬂ The sym-
plectic form w induces the degree +1 Poisson bracket {, } and the BV Laplacianlﬂ
A = <3%, 3%> on the appropriate space of functions on F which we denote by

Fun(F). For the purpose of this paper we choose Fun(F) = S/yn?f * — the algebra
of polynomial functions on F completed to formal power series

Remark 5.1. We can allow M to be non-orientable as in Remark[2.3: we twist
the B-superfield by the orientation local system Or (which superfield to twist is
an arbitrary choice). In this case the space of fields becomes F = C*(X, E)[1] ®
C*(XY, E*®O0r)[n—2] and the intersection pairing depends on a choice of primitive
top class o € H,(M,Or).

The BV action of the model is
(27) S =(B,dA) € Fun(F)

20 Tn the language of the variational bicomplex, § is the “vertical differential” mapping
QP(F) — QPFTL(F). It is formal and we stress its distiction from the “horizontal differential”
d — the cellular coboundary operator on cochains of X which does care about the adjacency of
cells in X.

21 We will use the sign convention where the graded binary operation (,) is understood as
taking a cochain on XV from the left side and a cochain on X from the right side. In other words,
the mnemonic rule is that, for the sake of Koszul signs, the comma separating the inputs in (b, a)
carries degree —n. This pairing is related to the one which operates from the left on two inputs
coming from the right by (b, a) = (=1)"49e8%(p a)’.

22 Recall that, generally, to define the BV Laplacian on functions (as opposed to half-densities)
on an odd-symplectic manifold M, one needs a volume element on M [31I]. In our case, the
space of fields is linear, and so possesses a canonical (constant) volume element determined up
to normalization. Since the BV Laplacian is not sensitive to rescaling the volume element by a
constant factor, we have a preferred BV Laplacian.

231n the context of classical abelian BF theory we could instead work with smooth functions
on F.
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where d is the coboundary operator in C*(X, E) twisted by the local system. It
satisfies the classical master equation

Indeed, the left hand side is {S,S} = 2(B,d?A) = 0. Moreover, one has AS =
Stroe(x,m;d = 0 (the supertrace of the coboundary operator vanishes since d

changes degree). This implies that the quantum master equation is also satisfied:
i 1
(28) Aei® =0 & {58} —ihAS =0

The Hamiltonian vector field corresponding to S is the degree +1 linear map
dx +dxv : F — F dualized to a map F* — F* and extended to Fun(F) as a
derivation:

Q= {S,0) = (@A, )+ (aB, )
’ "0A " OB

The Euler-Lagrange equationﬁ for read dA = 0, dB = 0. The space of

solutions

EL = CloseaX, E)1] ® Clpea(XY, EX)n =2 CF

closed

is coisotropic in F and its reduction
EL=H*(X,E)1]®o H* (XY, E*)[n—2] =H*(M,E)[1]® H*(M,E*)n— 2]

is independent of the cellular decomposition X. We will use it as the space of
residual fields for quantization (in the sense that the partition function will be
defined using the framework of effective BV actions, as a fiber BV integral over the
space of fields as fibered over residual fields, cf. [28, B 2, [F]).

5.2. Quantization. Our goal in this section is to construct the partition function
Z for cellular abelian BF' theory on a closed manifold M with cell decomposition
X, such that Z is invariant under subdivisions of X. The partition function will
be constructed as a half-density on the space of residual fields ££ via a finite-
dimensional fiber BV integral.

Recall that, for a finite dimensional graded vector space W*, one can define the
determinant line

e N (=D
Det W* := X) (/\dlmW W’f)

k
where for L a line (i.e. a 1-dimensional vector space), L~! denotes the dual line
L*. If furthermore W* is based, with w* = (w¥, ... ,wjl’i,k) a basis in W*, then one

has an associated element

(29) p= ( ® wlf/\-~-/\w§€\,k> ® <®(w§¢)*/\/\(w§,k)*> € Det W*
k even k odd
where (wk)* is the basis in (W*)~% = (W*)* dual to w*.

Tensoring the cellular basis in C*(X;Z) with the standard basis in R™ (or any
unimodular basis, i.e. one on which the standard density on R™ evaluates to 1), we
obtain a preferred basis in C*(X, E). Associated to it by the construction above is
an element po € Det C*(X, E) (well-defined modulo sign).

24The Euler-Lagrange equations describe the critical locus of S or, equivalently, the zero locus

of Q.
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Passing to densities (for more details see Appendix[A]and [29]), we have a canon-
ical isomorphism

%) ®2 ¥ 1
(30)  Det C*(X, E) /{£1} = Dens C*(X, E)[1] " Dens F % Denst F

where on the r.h.s. we have half-densities on F. The middle isomorphism comes
from the fact that, for W* a graded vector space,

(31) Det (W @ W*[~1]) = (Det W)®?

Denote by ulf/Q € Dens? F the image of uc under the isomorphism

One can combine the action S with le/z into a (coordinate-dependent) half-

density erS plf/g which, as a consequence of 1} satisfies the equation

Acan(e5pi?) =
where A,y is the canonical BV Laplacian on half-densities [19] 32]@

5.2.1. Gauge fizing, perturbative partition function. Choose representatives of coho-
mology classesi: H*(M, E) — C8..q(X,; E) and a right-splitting K : Co, (X, E) —

C* (X, E) of the short exact sequence

s (X, E) = C*(X,E) & C2EL (X, E)

exact

Thus we have a Hodge decomposition

(32) C*(X,E)=i(H*(M,FE)) ® C3 ot (X, E) ® im(K)

xact

Ce

closed

We extend the domain of K to the whole of C*(X, E) by defining it to be zero on
the first and third terms of .
Hodge decomposition together with the dual decompositiorﬂ

(33) C*(XV,E*) =1"(H*(M,E*)) & C2 et (XY, E*) & im(K")

exact

(X,E)

gives the symplectic splitting
F =1i(EL) ® Fhiuct

and produces the Lagrangian subspace £ = im(K)[1] ® im(K")[n — 2] C Fauct-
For half-densities on F, we have

Dens? F = Dens2EL @ DeHS%fﬁuCt
N————
=>~Dens L
We are using the general fact [22] that, for a Lagrangian subspace of an odd-
1
symplectic space L C V, one has a canonical isomorphism Dens2V — Dens L

arising from .

25The superscript in ,u}_-/Q stands for both the weight of the density and for the square root.

26The canonical BV Laplacian is related to the BV Laplacian A = A, on functions by
Acan(f,u,}_-/Q) = A(f) ,u;_-/Q, where f € Fun(F).

2THere the second term on the r.h.s. is nondegenerately paired to the third term on the
r.h.s. of by Poincaré duality and vice versa; the first terms are paired between themselves.
The map K) : CF(XV,E*) — C*=1(XV,E*) is defined as the dual (transpose) of K, _p41 :
C"~F+1(X,E) - C" F(X, E), up to the sign (—1)"~*.
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Remark 5.2. We are free to rescale the reference half-density u;_-/Q on fields by a
factor &,. The requirement of having the partition function invariant under subdi-
visions of X can be achieved, as we will see in Section[5.2.3, by introducing such a
factor &, € C, which is a certain ewtensiv@ product of powers of i, h and 27.

According to the BV quantization scheme, the gauge-fixed partition function on
X is defined as the fiber BV integral”|

(31) Z(X,E)= /ﬁe%s<i<Ares>+Aﬂumiv<Bres>+Bﬂuct> &l =

= / eh St Brued) ¢ /2 € CoDens? (EL) = C@Det H*(M, E) /{+1}
L

where Ayes, Bres are the superfields for ££ and Aguct, Briuet are the superfields for
Fiuct- By BV-Stokes’ theorem for fiber BV integrals, the value of the integral is
independent of the choice of i, K. A special feature of the model at hand is that
the value of the integral is a constant (coordinate-independent) half-density.

Remark 5.3. A Berezin measure m on a superspace V = (Veven,VOdd) 18 not
exactly the same as a density p on V. Indeed, for a parity-preserving automor-

even

phism of V., g = < g 0 go(zid ), with =¥ € GL(Vever), g°dd € GL(V°4d), the

Berezin integral behaves as

[omer= [ |detg ety gy
|4 \%4

—:(g~1)um

for f € Fun(V) an integrable function. On the other hand, a density on V trans-
forms as

T |detgeven| . |det90dd|_1 L
(see Appendiz . Thus, a Berezin measure changes its sign when acted on by an
automorphism which changes the orientation of V°9, whereas a density does not.
In this work we are calculating partition functions modulo signs, so we can identify
Berezin measures with densities.

Integral is a conditionally convergenﬂ Gaussian integral over a finite di-
mensional superspace; we will show in Section Proposition that its value
is
(35) Z(X,E) = ¢"7(X,E)
where 7(X, E) is the Reidemeister torsion (or, equivalently, “R-torsion”, see, e.g.
125, 34]) of the CW-complex X with local system E and the coefficient £° € C
depends only on Betti numbers. Note that the R-torsion for a non-acyclic local
system is indeed an element of Det H*(M, FE) /{+1}, not a number. By the com-
binatorial invariance property of the R-torsion, the partition function depends
only on the manifold M and the local system E, but not on a particular cellular
decomposition X.

28That is, a product over cells of X of certain universal elementary factors, depending only on
the dimension of the cell, see Lemma below.

29Gce [B] Section 2.2.2] for details on fiber BV integrals.

30Convergence is due to the fact that, by construction, the point (A, B) = 0 is an isolated
critical point of the action S restricted to L.
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In the special case of an acyclic local system, H*(M, E) = 0, the determinant
line Det H® = R is the trivial line and the partition function is an actual
number, defined modulo sign.

Result can be viewed as a combinatorial version, generalized to possibly non-
acyclic local systems, of the result of [30], where analytic torsion was interpreted
as a functional BV integral for abelian BF theory.

Remark 5.4. We note, anticipating the discussion of the mon-abelian case in
Section that the partition function is invariant under simple-homotopy
equivalence of cellular complezes (the equivalence relation generated by elementary
expansions and collapses, see Deﬁnition below for a reminder), since the Rei-
demeister torsion is a simple-homotopy invariant, see [25].

5.2.2. The propagator. Denote by p1,ps the cellular projections from the product
CW-complex X x XV (a cellular decomposition of M x M) to the first and second
factor, respectively. Let K € C"~}(X x XV, p; E @ p3E*) be the parametriz for the
operator K, i.e. the image of K under the isomorphism

n—1
End(C*(X, E))_1 ~ @ CH(X, E)@C" (XY, E*) ~ C" (X x XV,piE ® p3E)
k=0
> K 5 K

Here in the first isomorphism we use the Poincaré duality to identify C?~*~1(XV, E*)
with the dual of C**1(X, E). Then K is the propagator of the theory, i.e. (up to

a factor of ih) the normalized expectation value of the product of evaluations of

fluctuations of fields at two cells:

(36) ihK(e,e¥) =< Afuct(€) - Bauet(€”) >:=
1 i *
= E/ €HS(A’B)Aﬁuct<e) . Bﬂuct<ev) fh/,l/}_-/Q S Eé 29 Eé\/
L

Here e C X, eV C XV are two arbitrary cells; E¢, E%, are the fibers of E, E* over
the corresponding barycenters; Aqyct(€e) : Fuet — Fe and Bayct(e") : Fauet — Eiv
are the fluctuations of fields evaluated at the cells e,e¥. Propagator between
two cells vanishes unless the relation dim e+ dimeY = n —1 holds. Let furthermore
[ha] be a basis in cohomology H®(M, E), [hY] the corresponding dual basis in
H"*(M, E*), and let xo = i[ha], X, = 1¥[h] be the representatives of cohomology
in cochains. Then, due to the equations satisfied by K, we have the following
equations satisfied by the the parametrix:

(37) dxxxvK=) e @x(e)®1-) Xa®Xxl,
eCX «

S KN xale) =0, 30 XA ) =0, 3 Kle,sle) K e eY) = 0
e'CX e’CX e’CX
Here 1 € E: ® E;: o) is the element corresponding to the identity id € End(FE;);

»(e') is the cell dual to €/, as in Section [2| In the last three equations implicit in
the notations is the convolution tr : EL(.G,) ® F; — R.

5.2.3. Fizing the normalization of densities. Now we will focus on the factors 1,
h and 27 coming from the Gaussian integral and will fix the normalization

factors &, f{f. in 1 .
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The model Gaussian integrals over a pair of even or odd variables are:

(38) / dx dy "V = 2rh, DIDy e = *
RZ HRQ h
Note that the first integral is conditionally convergent. In the second integral TTR?
stands for the odd plane, with Grassmann coordinates 6, 7; we write “D” in D6,
Dn to emphasize that the Berezin integration measure is not a differential form.
More generally, for B an even non-degenerate bilinear form on superspace RVIY',
we have

(39)

N N’/ N
/zmzN/ II rlyen AYlyen H Yixidd Eygdd en BT — (2rh)N (;) Sdet(B)™*
R , .

=1 j'=1

Note that, if Beyven, Boaa denote the even-even and odd-odd blocks of the matrix of

. . _ Beven 0 _ detBeven
B, ie., if B= < 0 Bon ), then we have Sdet(B) = Jeipo.

Therefore, for the fiber BV integral in , without the factor & (which is yet
to be specified), we have the following.

Lemma 5.5.
(40) [ et = e, )
c

where the factor is

— Ldimgeven [ %dimﬁoddi dim im(K)°d4 [ dimim O™
(41) = (2rh)} - — (2h) !

Proof. Choose some bases for all terms in the r.h.s. of : a basis cy in co-
homology H®*(X, E), Cex in O3t a0d Cooex in im(K). We can assume that the
product of the corresponding coordinate densities agrees with the density uc €
Det C*(X, E)/{+£1} associated to the cellular basis in cochains:

(42) MH * Hex * Hcoex = HC

This can always be arranged, e.g., by rescaling one of the basis vectors in cey.

We have dual bases ¢y}, ¢, Coex O the terms of the dual Hodge decomposition
for C*(XV, E*). The corresponding densities u}; € Dens H*(XV, E*)[n — 2],
pe € Dens C2 (XY, E)[n — 2], ptdoex € Dens im(KY)[n — 2] are related to the ones
on the Lh.s. of by

Mﬁ = MH, MZoex = Mex; ,u.\e/x = Hcoex
The integral on the 1.h.s. of yields

(43) /e%<Bcoex,dAmx> D Acoex DBooex b = Ch - fii - Sdetcgoexac;jl (d)
Heoex Peoex

where the super-determinant appearing on the r.h.s.,
n—1
Sdet(d) = [] (et cnen ()"
k=0
coex (X’ E) —
C’fj 1(X , E') with respect to the chosen bases Ceoex, Cox- In the last two terms on

is the alternating product of determinants of matrices of isomorphisms d : C*
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the r.hus. of (43]) one recognizes one of the definitions of R-torsion. The coefficient
(r, arises as in ([39). O

Consider the Hilbert polynomial, packaging the information on dimensions of
cochain spaces into a generating function:

(44) Pos(t) =Yt - dim C*(X, E)
k=0
and the polynomial, counting dimensions of K-exact cochains by degree:

ot) = Zn: th . dim im(K)*
k=0

Hodge decomposition implies the relation Pee () = Pye(t) + (1 +1¢) - Q(¢),
or equivalently

_ Poe(t) = P (t)

(45) Q(t) I
where
(46) Pre(t) = i th . dim H*(M, E)

k=0
Note that Pae(—1) = Pge(—1) is the Euler characteristic x(C*(X, E)) = rk(E) -
X (M), and hence there is no singularity on the r.h.s. of .
Exponents in can be expressed in terms of values of Q at t = +1:

(47)

aimim(i)er = LD _ L 1) pye (1)) 4 L (Pl (1)~ P (1)
aimim(r)* = QU ZCED Lo 1) e (1))~ L (Pln (1)~ Pha (1))

where prime stands for the derivative in ¢ (emerging from evaluating Q(—1) by
applying L'Hopital’s rule to the r.h.s. of (4F))).

Lemma 5.6. One can split the coefficient in (@) as

Y
— >h
. e
with
(49) &= H(g’g)dimc’“(X’E)’ el = H(glg)dimH’“(M,E)
k=0 k=0

where we denoted
(50) ¢ = (2rh) i ta E DT (em B it k(DM
Proof. Indeed, together with implies that one can write ( = 5,{3’ ) /& with

€n = €7 = (2nh) " 1Por W+3Pee (-1) (e_%iﬁ) iPer (VF3Pee (1)

and ¢ * given by the same formula, replacing cochains by cohomology. Then
formulae follow immediately from the definitions (44l46)) of Pce(t), Pre(t). O
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Note that & is a product over cells of X of factors depending only on dimension
of the cell. We define the normalized density

pn=E&-pp € C®Det C*(X, E)/{£1}

which can be seen as a product of normalized elementary densities for individual
cells of X,

(51) pn =[] (gime)™ - pa,
[y ——

eCX
=:DpAe

with DA, € Dens E;[1 — dim ] the elementary density for the cell e, associated to
a unimodular basis in the fiber of E over the barycenter é of e.

On the other hand, {,’? * depends exclusively on Betti numbers of cohomology,
and as such is manifestly independent under subdivisions of X. In particular, for
an acyclic local system, Ef * = 1. Summarizing this discussion, the result can
be rewritten as follows.

Proposition 5.7. The perturbative partition function with normalization of
integration measure fived by is

(52)  Z(X,E) = / eRSAB (2 = " 1(X,E) € C®Dens? (L)
L

with f;{f. given by @, @ Here the normalized half-density on the space of fields

is (ui)V2 = \/(un)®2| = §h~,u;-/2. The partition function Z is independent of the
details of gauge-firing and is invariant under subdivisions of X.

Formula is indeed just the formula , where we have identified the factor
in front of the torsion by .

For the later use, alongside with the notation Dy A, introduced in , we also
introduce the notation

(53) DypBev := (¢ 4me )y EppR,,

— the normalized elementary density for the field B, associated to a cell eV C XV of
the dual CW-complex; DB.v € Dens E}, [n — 2 — dime"] is the elementary density
associated to a unimodular basis in the fiber of E* over the barycenter of V. With
these definitions, for the normalized half-density on bulk fields, appearing in ,
we have
(15)? = T] (PrA)?(DrBoe)) '
eCX
with s¢(e) C XV the dual cell for e, as in Section

Remark 5.8 (Phase of the partition function). By the discussion above, in the case
of a non-acyclic local system E, the partition function Z(X, E) attains a nontrivial
complex phase of the form e™s/% € U(1)/{£1}, with
(54) s= (~1+2k(~1)*) - dim H*(M,E) mod 8

k
(we do not take it mod 16, since we anyway only define the partition function modulo
sign). This looks surprising, since the model integrals @ contain simpler phases

(integer powers of € ). The complicated phase arises because we split the factor (p,
n (@), which contains only a simple phase, into a factor with cellular locality and
a factor depending only on cohomology (@
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Remark 5.9. For a closed manifold of dimension dim M = 3 mod 4, the phase
of the partition function is trivial, e™/® = +1, as follows from and from
Poincaré duality.

Remark 5.10 (Normalization ambiguities). One can change the definition (@ of
& by a factor exp(v P(—1) ) with v € C a parameter. Performing the rescaling
——

x(C*(X,E))
(55) fﬁ I eVPC‘(_l) . gh’ f}é{. — eVPHo (-=1) . é'g['

(or, equivalently, redefining €& ~ &F - e(_l)k”) does not change the quotient (@

For example, one can choose v = T, which has the effect of changing the phase of

the partition function of Remark from €™/8 to e™is' /4 with

’ 1- (_1)k k : k
s_%:< 5k 1)>.dlmH (M,E) mod 4
Another ambiguity in the phase of Remark[5.§ stems from the possibility to change
values of the model integrals (@) by some integral powers of e2™, which results in
the shift of s in by a multiple of 4-3", dim HF(M, E). Since we only consider
s mod 8, this shift can be viewed as a special case of the transformation , with
y:r-%’forsomerez.

6. CELLULAR ABELIAN BF THEORY ON MANIFOLDS WITH BOUNDARY:
CLASSICAL THEORY

6.1. Classical theory on a cobordism. Let M be a compact oriented piecewise-
linear n-manifold with boundary OM = M, 11 Myy;. Overline indicates that we take
M;, with the orientation opposite to that induced from M, whereas the orientation
of Moyt agrees with that of M. Let (E, ug, Vi) be a flat vector bundle over M of
rank m with a horizontal fiberwise density ug, and let X be a cellular decomposition
of M.

We define the space of fields to be the graded vector space

(56) F=C*X,Ex)1]@C*(XY,E%)[n—2]

where XV is defined as in Section Ex is the cellular SLy(m)-local system on
X induced by the vector bundle F, and E% is the dual local system on the dual
cellular decomposition (cf. Section . We will suppress the local system in the
notation for fields onwards: cochains on X are always taken with coefficients in
Ex, cochains on XV — with coefficients in E%.

The space of fields is equipped with a constant pre-symplectic structure of degree
-1,

w: FFRFF 5 R
which is degenerate if and only if M is non-empty. We construct w by combining
the non-degenerate pairing

(57) C" (XY, X)) ®C*(X, Xou) = R

(the inverse of intersection pairing @) with the zero maps

C"*(XV)® C*(Xow) DR, C"*(XY)®C*(X) SR
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to a pairing

(58) (Y: C"*(XV)Y®C*(X)—R
In terms of superfields
(59) A:F—=C*X), B:F—C*(XY)

the presymplectic form is
w=(6B,0A) € Q*(F)_,
The space of boundary fields is defined as
(60) Fo=C*(Xo)[l] & C*(X3)[n — 2]

(with coefficients in the pullback of the local system to the boundary); a (non-
degenerate) degree 0 symplectic form (the BFV 2-form) on Fp is given by

(61) wy = 50[3 = <5Boutu 5Aout>out - <5Bin7 §Ain>in S QQ(]:S)O>
(62) Qy = <Bout7 6Aout>out - <6Bin?Ain>iﬂ € Ql(]:a)o
where (, )in/out : C”fl’k(Xifl/out) ® C*(Xinjous) — R is the inverse intersection

pairing on the in/out boundary. Boundary superfields Ay = (Ain, Aout), Bs =
(Bin; Bout) in the formulae above are defined similarly to . The projection

(63) m:F = Fy

is defined as m# = * @ (.V)*, where ¢V is defined to be ¢4 for in-boundary and
t— for the out-boundary (cf. Section for definition of cellular inclusions ¢4 :
Xin/out — X), i.e. cochains of X are restricted to Xp, whereas cochains of X v are
first restricted to OM (i.e. M with a collar at M,y removed and a collar at M;,
added) and then parallel transported, using holonomy of E*, to OM, cf. in
Section 3.1l

We define the action as

(64) S = (B,dA) + {((.Y)*B,/*A)i, € Fun(F)o

Since w is degenerate in the presence of a boundary, one cannot invert it to
construct a Poisson bracket on F. Instead, following the logic of the BV-BFV
formalism [4], we introduce a degree +1 vector field @ as the map dx+dxv : F = F
dualized to a map F* — F* and extended by Leibnitz rule as a derivation on
Fun(F):

0 0

Q = (dA, 87> + (dB, 8iB> € X(Fh

(i.e. QA =dA, QB = dB, where @ acts on functions on F while d acts on cochains
where the superfields take values). This vector field is cohomological, i.e. Q* = 0,
and projects to a cohomological vector field on Fj,

0 0
Q= = {dAy, —— dBy, ——
m.Q = Qo = (dAp 8Aa>+< o 8Bg)> € X(Foh
The projected vector field on the boundary is Hamiltonian w.r.t. to the BFV 2-form
wy, with degree 1 Hamiltonian
(65) 58 = <Bout7 dAout>out - <Binu dAin>in S Fun(]:ah

— the BF'V action (i.e. the relation is: tg,ws = 055). On the other hand, @ itself,
instead of being the Hamiltonian vector field for S, satisfies the following.
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Proposition 6.1. The data of the cellular abelian BF theory satisfy the equation
(66) 0S5 = 1gw — Ty

This relation is a consequence of the following.

Lemma 6.2 (Cellular Stokes’ formula).
(67) (—1)"*9e82{db, a) + (b, da) = ((¢")*b, " ahour — ()b, " a)in
with a € C*(X), b € C"*=1(XV) any cochains.

Proof. For agy; € CF(Xout), denote agny € CF(X) the extension of agy; by zero on
cells of X — X Likewise denote by, an extension of a cochain on XY to XV by
zero on cells of XV — X,/. Define two degree 1 maps
(68)
¢: CFM(Xow) — CFYX, Xow) oV CHXY) — COFMI(XY,XY)
Aout — dd;l/t - daout b — dbin - dbin

Note that ¢, ¢V are chain maps:
db+dd =0, do" +¢'d=0

and induce on the level of cohomology the standard homomorphisms ¢, : H®*(Myyut) —

H* Y (M, Mow), (¢¥)s : H*(Miy) — H*TY(M, M,) — connecting homomorphisms

in the two long exact sequences of cohomology of pairs (M, Moy) and (M, Miy).
Next, we have

<b7 ¢(a0ut>> = <b|0ut7 CLout>out7 <¢V(bin)7 a> = _(_1>n+degb<bin’ a|in>in

— both right hand sides are sums of intersections in cells adjacent to the boundary
and result in boundary terms on the leftﬂ
To prove , we calculate

(—1)m et (g, q) = (—1)™ 9B (b — bli) + ¢V (blim) » @ — @lows) =

= (b= blin » d(a = alou))ins + (B, alin)in
= <ba da> - <b7 ¢(a|out)> + <b|in7 a|in>in
= <b7 da) - <b|outaa|out>out + <b‘in; a|in>in

We put the subscript “int” for the non-degenerate (inverse) intersection pairing
for which the respective coboundary maps dx and dxv are mutually adjoint
(up to a sign). O

31We are using the natural notations alin, alout for the components of the image of a cochain
a under restriction ¢* : C*(X) — C*(Xin) ® C*(Xout), and likewise b|iy, b|out are the components
of the image of b under (1V)* : C*(XV) — C*(X) ® C*(XYue)-

U
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Proof of Proposition[6.4 Indeed, let us calculate the differential of the action
using cellular Stokes’ theorem :
0S8 =
= <5B,dA> - <B,d5A> +<5B‘in,A|in>in7 <B|in76A|in>in
——
7<dBvéA>+<B‘OUt15A‘Out>0ut7<B‘in15A‘in>in
= <5Ba dA> + <dBv 5A> _<B|out7 6A|out>out + <6B|in7 Ain>in

LQw —T*ay

O

Remark 6.3. The boundary term in the action was introduced so that equation
@) is satisfied for the boundary primitive 1-form @) The latter is chosen so as
to agree with A-polarization for the out-boundary and B-polarization for the in-
boundary, which we are going to use in quantization of the model.

6.2. Euler-Lagrange spaces, reduction. The Euler-Lagrange subspaces in F,
Fa are defined as zero-loci of @, Qg respectively:

&L = (:losed (X)[l]@ c.losed (Xv)[’n,—ZL ELy = Cc.losed (Xa)[l]@ c.losed (Xg)[n_Q]

The respective EL moduli spaces (@Q-reduced zero-loci of @) are independent of the
cellular decomposition:

EL/Q =H*(M)[1]® H*(M)[n — 2]

ELy[Qo = ELy = H*(OM)[1] & H*(OM)[n — 2]
The boundary moduli space inherits a (non-degenerate, degree 0) symplectic struc-
ture wy, and the bulk moduli space inherits a degree +1 Poisson structure (cf. [4]),
with symplectic foliation given by fibers of 7, which are isomorphic to
N H*(M,0M) H*(M,0M)
(r*) 70} = -5 1] o1
He—1(0M) He—1(0M)
Here quotients are over the image of the connecting homomorphism in the long
exact sequence in cohomology of the pair (M,0M). Image of 7, is a Lagrangian
subspace of £L£5. The Hamilton-Jacobi action S|gz/q on the bulk moduli space is
identically zero.

We refer the reader to [4] for generalities on Euler-Lagrange moduli spaces in
the BV-BFV framework.

[n—2]

6.3. Classical “A-B” gluing. E| Let M be an n-dimensional cobordism from M,

to M3, cut by a codimension 1 submanifold Ms into cobordisms M; Mr, M, and

M . .
My = M;y (we use Roman numerals for n-manifolds and arabic numerals for

(n — 1)-manifolds).
Let X be a cellular decomposition of M for which Ms N X is a CW-subcomplex.
Thus we have cellular decompositions X1 2 3, X711 of Mj 23 and M7 jr, respectively.

324A_.B” means that we stay in the setting of cobordisms and only allow attaching out-
boundary (or “A-boundary”, for the polarization we are going to put on it in the quantization
procedure to follow) of one cobordism to in- (or “B”-) boundary of the next one.
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As usual, we assume that X; is of product type near My and Xj; is of product
type near M3. We also have Poincaré dual decompositions X, 93 of My 23 and
XY, X} of Mb M - displaced versions of My j; (cf. Section . On the level of
CW-complexes, we have both X = X; Uy, X;r and XV = X Uxy X7

The space of fields associated to (M, X) is expressed in terms of spaces of fields
for (M[, X]) and (M][, X]]) as

]::.7:1 X Fo ]:][

1,2 TII,2

— the fiber product w.r.t. the projections Fj i Fo « Frr — “out-part” of
projection for (M, X;) and “in-part” of projection for (M7, X1r), re-
spectively. Recalling that we also have projections to boundary fields associated to
(M3, X1.3), we have the following diagram.

F FrIr

|

I,
Fi —= F

ml

Ji
The presymplectic BV 2-form on F is recovered as the sum of pullbacks of
presymplectic forms on F; and Fjj.
For the action, we have

TII,3

F3

S = Sr+ Sir — (B2, A2)
where the third term, associated to the gluing interface (Ms, X2), compensates for
the boundary term in Sy;.
7. QUANTIZATION IN A/B-POLARIZATION

We choose the following Lagrangian fibration of the space of boundary fields:
Fo=C*(Xo)[1] ® C*(X5)[n — 2]

(69) pl

By = C*(Xouw)[1] ® C*(Xi3)n — 2]
Notation By comes from “base” of the fibration. Pre-composing with 7 : F — Fp,
we get the projection poxw : F — By. The presymplectic structure w restricts

to a symplectic (non-degenerate) structure on the fibers of p o in F. Thus, for
b= (Aout, Bin) € By, the fiber

(70) Fo=m"'p7Hb} ~ C*(X, Xow)[1] ® C* (XY, XV)[n — 2]

carries the degree —1 symplectic structure wy = w|z, = (§Bxv_xv,0Ax X, )int
and the BV Laplacian

0 0
Apuk = <3AXXM " BBx >int o Fun(Fy)r — Fun(Fy) ka1

satisfying
A%ulk =0
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As in the proof of Lemma [6.2] we are emphasizing the non-degenerate intersection
pairing, and the inverse one, with subscript “int”.

Geometric (canonical) quantization of the space of boundary fields Fy (with
symplectic structure wg and the trivial prequantum line bundle with global connec-
tion 1-form %aa) w.r.t. the real polarization given by the vertical tangent bundle
to the fibration , yields the space of states

(71) Ho = C @ Fun(By)
associated to the boundary.

Remark 7.1. The splitting of the space of boundary fields Fy into contributions
of in- and out-boundary induces a splitting of the space of states as

(72) Ho = P &  HA
N ~——

Func(C*(X)[n—2]) Func(C®(Xous)[1])

where the superscripts (A), (B) stand for the respective polarizations (“A fixed” on
the out-boundary and “B fized” on the in-boundary). Subscript C corresponds to
taking complex-valued functions.

Remark 7.2. For N a closed (n — 1)-manifold with a cellular decomposition Y,
one can introduce a pairing between the spaces of states corresponding to A- and

B-polarizations on Y, H;-A) ® ’Hg—,B) — C given by

(73)  (6(Ay),(By)) = /

P(Ay) (DFLAY e~ (By.AY) DhBY) Y(By)
B s 5B
Y Y

for a pair of states ¢ € Hg,A) = Func(Bg/A)), P € Hg—,B) = Func(Bng)), where
B = C*(Y)[1], B§,B) = C*(YV)[n — 2] are the bases of A- and B-polarizations
on the space Fy, respectively. Normalized densities Dy Ay, DBy are defined as
products over cells of Y or YV of respective normalized densities, cf. , ,
We use the bar to denote the orientation Teversam' in these notations, the spaces
appearing on the r.h.s. of are Hi(f) = Hg—f) and Hgﬁt) = Hgé)ut The pairing
will play a role when we discuss the behavior of partition functions under gluing
of cobordisms (Section Proposition @ (with N being the gluing interface
between two cobordisms and Y its cellular decomposition). Using the pairing
for N = My, Y = Xiy, the space of states associated to the boundary of a cobordism
(@ can be identified with the Hom-space

(74) Ho = Hom(H;" ()
Quantization of boundary BFV action yields
~ 0 0
So = —ih Qp, € End(Hs)1, where  Qp, = (dAous, =)+ (dBin, =5—) € X(Bao)1
aAout 8Bin

33 We also understand that the orientation reversing identity map Y — Y acts on states by
complex conjugation ¢p(Ay) — ¢(Ay), ¥(By) — % (By). In particular, we have a sesquilinear
pairing Hgf‘) ® ’Hg,B) — C (note that here Y has the same orientation in both factors), given by
the formula with 1) replaced by the complex conjugate ).

34 Recall that Xin is the CW complex Xj, endowed with the orientation induced from the
orientation of X.
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This odd, degree 4+1 operator on the space of states satisfies
52=0
Thus, (H, §a) is a cochain complex.

Lemma 7.3. The action satisfies the following version of the quantum master
equation modified by the boundary term:

(75) (;iga —1ih Abulk) G%S(A’B) =0
where the exponential of the action is regarded as an element of Fung (F) = Hp® Fun(F;).
(Here we are exploiting the fact that all fibers Fy, for different b are isomorphic.)
Proof. [?°| First calculate the Poisson bracket (corresponding to the fiber symplectic
structure wy, for some b € By) of the action with itself:
1 — —
i{svs}uw = <dB —dB ) dA — dA>int =
= <dB7 dA> = _<B7 d2A> +<B|out7 dA|0ut>out - <B|in7 dA‘in)in = 7‘—*56
—_———

0

Consider the splitting of superfields into By-components and “bulk” components
(corresponding to fibers of pow : F — By):

A= Alow + (A= Alow),  B=Blm+ (B—Blw)
—_—— ————
Abulk Bpuik

Substituting this splitting into the action, we have
S(A, B) = (B, (Alout) + dAbuik) + (Blin, Abulk|in)in

Next, calculate

QBaS = _<Bbu1k‘out7dA|out>out + <B|ina dAbulk|in>in = _77*58

Therefore, we have

(;Sa - ihAbu1k> enSAB) = % QRByS + 5{5, S}, —ihApucS | - en S =0
—— ——
—7*Sp Trv*Sa

O

Denote pup, = DBin - DAouwt € Dens By the density on By associated to the
cellular basis. The corresponding normalized density is

Ng’a = DpBin - DpAous = H DnBy, - H DnAeou

ey CXY

in

with Dy B.v, DA, defined as in Section

eout C Xout

35This Lemma follows from the general treatment in [5], Section 2.4.1. For reader’s conve-
nience, we give an adapted proof here.
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Denoting by N}laﬁk € Dens%]:b the half-density on F; associated to the cellular
basis, by u'/? = u}s/Q u,la/?k the half-density on F, and by ,u}z/Q = (U )2 ()2
the corresponding normalized half-density, we can rewrite as

(76) (38— magn) (e#02%) o
N——
1 Fun
E’H”“®Den<f " (Fp)

Here S| S, Afah are the half-density (“canonical”) versions of the quantum BFV
action and of the BV Laplacian, defined by

S5 (0 (u)?) = 8o () ()%, Ag (- (b)) = Ak () ()2
for ¢ € H and f € Fun(F,). We denote by

H5" = Densg 7 Fun (Ba)

the version of the space of states where states are regarded as half-densities on By;
the superscript Fun means that we allow half-densities to be depend on coordinates
(i.e. Fun stands for tensoring constant half-densities with functions), the subscript
C stands for tensoring the space of half-densities with complex numbers.

7.1. Bulk gauge fixing. Let us choose a realization of relative cohomology i :

H* (M, Moyt) = Closea(Xs Xout) and a section K of C* (X, Xout) — C;;;it(X Xout)-
We have the Hodge decomposition

(77) C* (X, Xout) = im(i) & CZ

exact

(X, Xout) ® im(K)

We extend K by zero on the first two terms on the r.h.s. toamap K : C*(X, Xout) —
C* (X, Xout)- Denote by p : C*(X, Xout) — H®(X, Xous) the projection to coho-
mology arising from the decomposition . Using Poincaré-Lefschetz duality for
cohomology and cochains, we construct the dual (transpose) maps

V= p* : H.(M7 Miﬂ) — Cglosed(X\/’Xi\r/l)7
p' =i": C*XY,Xy\) = H*(M, M),
K = (-1)" " (Kpx1)": CHXY, X)) = CFH(XY, XY)

Then we have the dual Hodge decomposition for cochains of the dual complex:

(78) C*(XY, X)) = im(iY) @ Coue (XY, X)) @ im(KY)
In other words, we chose some induction data C*(X, Xout) (pK) H* (M, Moyt)

and inferred the dual one C*(XV, X}Y) e K5

tion .
Hodge decompositions (77l78) together yield the symplectic splitting

]:b:( )]:res@]:ﬂuct

H* (M, M,,) using the construc-

where
(79) Fp = H*(M, Mou)[1] ® H* (M, Min)[n — 2]

is our choice for the space of bulk residual fields, and we have a Lagrangian subspace
L =im(K)[1] ® im(K")[n — 2] C Foucs-
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7.2. Perturbative partition function: integrating out bulk fields. Substi-
tuting in the action the decomposition of fields into coordinates on By, bulk
residual fields and fluctuations, we have

S(A, B) = S(Aou + Ares + Afuct » Bin + Bres + Biiuc) =
= (Bres; #(Aout)) = (6" (Bin); Ares) + (Baucts #(Aout)) —
— (0" (Bin), Atuct) + (Bauct; dAguct) =
= (Bres|out » Aout)out + (Bin, Aresiy)int
+ (Baiuet + KY¢" (Bin) , d(Agiuet + Kd(Aout))) — (9" (Bin) ; Kd(Aout))
We are suppressing the inclusions i,i¥ in bulk residual fields iA,es, 1" Bres in the

notation.
The fiber BV integral over bulk fields yields

(80) Z(Aou‘m Bin; AreSa Bres) =
——

S

_ / B%S(Xc;c+Ares+Af1ucc 7§;+Bres+3ﬂuct)ﬂfli/2 _
LCFaruct CFop
— e%(Bres‘OutwAOut>out+<Bin7Areslin>in_<¢v(Bin) , Ko(Aout)) .
. </ 6éS(Aﬂuu+K¢(Aout),Bﬂuct+Kv¢v(B;n))(Mgulk)1/2> (ug)lﬂ
L

Proposition 7.4. (i) Explicitly, the partition function 1s

(81) Z(Binonut;Ares;Bres) =

— e%(Bres‘outonut>out+<Bin7Areslin>in_<¢v(3in) ) K¢(Aouc)> 5:.(M7M0ut).T(M Mout) (Mg )1/2
) 2]

EDens%f,fCS
c Hcan®D %,Fun Fres
) ensc (F5°°)

where T(M, Moyw) € Det H® (M, Moy)/{x£1} is the R-torsion and normaliza-
tion factor is fé{ (M:Mow) [T—o(&h)™ HY (M, Mow) 4yt ¥ as in
(i) The partition function satisfies the quantum master equation

(82) (;ggw —ih Agg;) Z(Aout7 Bin; Aresu Bres) =0

OAres? OBres res

the corresponding BV Laplacian on half-densities.
(ii) Deformation of the induction data C*(X, Xous) (.pK)
a transformation of the partition function of the form

where Ayes = < J 9 > is the BV Laplacian on Fun(F;*) and ALY is

H* (M, Moyt) induces
Z s Z+ (;L?a —ih Agg;l) (o)

Proof. Part (i) is a straightforward computation of the Gaussian integral over fluc-
tuations in (80)



A CELLULAR TOPOLOGICAL FIELD THEORY 41

Part (i) is a consequence of and the BV Stokes’ theorem: one has
T Sean - 0 T Sean - n i 1/2

+/ ih AG (e%S(A’B)u;lz/Q) =0
LC Frluct

with AP, = <ﬁ, ﬁ> the BV Laplacian on coordinate-dependent half-
densities on the space of bulk fluctuations.

For part , it suffices to consider a general infinitesimal deformation of the
induction data, given as a sum of deformations of the three types , cf.
Section with A @ C2 oot (X, Xoue) — im(K)*~2, I+ H*(M, Myy) — im(K)*~1,
P C2 (X, Xou) — H* Y(M, Myy) the corresponding generators. Using the
explicit formula for the partition function , one can check directly that the
effect of such a deformation on Z is given by

Z =7+ <;§3a“ —ih Agg;) R
with
R= 7 (~(1Y (Bues) ouy » Aouhous + (Bins T(Ares) i )in = (6" (Bin) » A(Aour)))
Here A = AdK : C*(X, Xout) — C*2(X, Xout) is the extension of A from ex-

act to all cochains, by zero on the first and third terms of ; the map IV :
H*(M, M;,) — im(K)*~! is defined as (IY)r = (=1)" " *(P,_p11)*. O

Remark 7.5. Recall that, by Poincaré duality for torsions [24], one can relate the

relative and absolute torsions as (M, Myy) = 7(M, Min)(’l)n_l. In particular,
a more symmetric way to write the evaluation of the Gaussian integral over the

fluctuation part of fields in 18:
(7(M, Mouws) - 7(M, M) "V )7 €
n-1\®3
e (Det H*(M, Myy) © (Det H*(M, M)~V ) J{+1}
Remark 7.6. In the case H*(M, Moy) = 0 (and hence H*(M, M;,) = 0, too),
formula simplifies to
Z(Aout, Bin) = o~ # (@Y (Bin) , Ko (Aour)) 7(M, Mous) '(Mga)lm
—_——
ER/{+1}

The R-torsion in this formula is a nonzero real number defined modulo sign. In the
case My, = &, we also have a simplification:

Z(Aout; Ares, Bres) = e Bresloue-Aout Jout .gf'(MvMouUT(M’ M) - (M’éa)l/2
and similarly in case Moy, = 9.

Remark 7.7. The propagator can be introduced as the parametriz K € C"~1(X x
XVipiEx @ psE%y) for K, ezactly as in Section . Equations (36437) hold
without changes (with the correction that xa, X, are mow the representatives of
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relative cohomology H® (M, Mow), H"*(M, Mi,)). Now the propagator satisfies
additionally the boundary conditions

K(e,e”) =0 if e € Xou or e’ € X;»
7.3. Gluing. Consider the situation of Section [6.3] i.e. a glued cobordism
(83) My 25 My = My 225 M, 2 b
with a glued cellular decomposition

X=X = X, =L X, 2L X,

(and the dual one). Our goal of this Section is obtain an Atiyah-Segal-type gluing
formula, expressing the partition function for (M, X) in terms of partition functions
for (M[, X[) and (M[[, X[[).

The zeroth approximation to the expected formula is:

Z(Bl,Ag):/

Z1(By, As) |(DrAg)'/? - e #{B2A2) (Dth)l/Q} Z11(Ba, As)
B xBP)

where the integral is taken over the space of leaves (base) B;A) of A-polarization
on the interface (Ma, X5), parameterized by Ao, and over the space of leaves BY of
B-polarization on the interface, parameterized by Bs. In the formula above we are
ignoring (for the moment) the issue that spaces of residual fields on left and right
hand sides are generally different.

Consider the expressio

84 S( A, ,B)) + S(A;;, B (B3, A
(84) ( I 1) (Arr ) — (B3, 45)
s.t. AIIXQZA; s.t. BII|X2V:B§

The second term here contains a boundary term (B3, A2') and no other terms
dependent on Bj. Therefore, integrating out B;, we impose the constraint A5 =
ALl Integrating out both A3 and Bj, we obtain the action on the whole (glued)
cobordism, i.e.

(85) efSAB) =

_ Dy} DpBy ek (B3rA3) ok S ()01 (B). S (11 (4), B3 4257 ()
B, g(B)
2 2

Here p;, prr is the projection of fields on X to fields on X;, X7, respectively
by restriction); pt®; is the projection to cochains on X; or X;; (resp. the dual
11T

complexes) vanishing on Xs, e.g. piel(A4) = ps(A) — //1_|\X/2 € C*(X1, X2). Note that
normalization of the integration measure coming from conventions of Section [5.2.3
works correctly herem

36 We are putting asterisks on boundary conditions A%, B at X2 to distinguish them from
the components Aél, B2I of bulk fields — coordinates on fibers of F;; — BSB) and F; — B;A),
respectively. In other words, in (84) we are counting each cell of X2, Xy twice: once as a boundary
condition and once as a part of bulk fields.

Mndeed, for a k-cell e C Xp we have [DyBj  DpAr e # D ma(ey 4o
{ (2rh)T™E  if k odd

n—dim s3(e) ~dim e\rk E . .
(3 &) (%)rkE if k even

R
ghtlek



A CELLULAR TOPOLOGICAL FIELD THEORY 43

If we fix boundary conditions for fields in , B; on Xy and Az on X3, the
Lh.s. of becomes a function on Fp, 4, ~ }"{3170 X }"({,IAS (where subscripts
denote the boundary conditions, as in , and ~ is a symplectomorphism). Using
the gauge-fixing on X, X;;, we can evaluate the fiber BV integral of , yielding

. . . comp. res __ I res 11 res.
a function of composite residual fields FBl,As =/B0 X ]'_07,43 :

(86) Zeomp: res(Blv AS; Afes? A{els’ BrIesa BrIeIs) = / Zr (B17 AQ; A{em BrIes)'
B xBP)

. {(DHAQ)l/z e~ #(B2,A2) (DﬁBz)l/z} - Z11(Ba, Ag; AIL BII)

res’ res

The next step is to pass from the composite residual fields in the expression above
to standard bulk residual fields on X.

7.3.1. Gluing bulk residual fields. Consider the cochain complex

(87) C.(X7X3) :’C.(X],XQ)@C.(X[[,X;),)

Note that this is an isomorphism of (based) graded vector spaces but not of cochain
complexes: the differential on the L.h.s. has the block triangular form

d
(88) dee(x.x) < 0 (Z’IPI ’ >

where po : C* (X1, X3) = C*(X2) is the restriction to the interface; ¢r : C*(X2) —
C* T (X1, Xo) is as in . Similarly, for the dual cochain complex, we have
(89)
. \ V . Vv V ° V \ d}/ 0
C* (XY, X)) =C* (X[, X)) e C* (X1, Xy ), doe(xv.xy) = ( vivoov )
Srpz dip
with py : C*(XY, XY) = C*(XY) and ¢}, : C*(Xy) — C* LX), XY).
Returning to decomposition , we would like to view the total differential
as the diagonal part (the standard differential on the r.h.s. of ) plus a strictly
upper-triangular perturbation:

d 0 0
(90) doe(x,Xs) = ( OI drr ) + ( 0 ¢I()p2 )

By homological perturbation lemma (Lemma , using the direct sum induction
data
(91)

C* (X1, X2)®C* (X1, X3), drddpg (r@irr prOpyr Kr @k

H*(My, M2)&H® (Mir, M3)

we construct the induced differential

_ (0 pr(¢rp2)in

o) o= (0 miomin )
on the cohomology H®(Mj, Ms) @& H®* (M, Ms) of the first term in r.h.s. of ,
such that cohomology of ® is isomorphic to H*(M, M3). Higher terms in the series
for the induced differential vanish due to the special (upper-triangular) form of the
perturbation of the differential.

In purely cohomological terms, without resorting to cochains, ® is the com-
position of the natural map H®(Mj;, M3) — H*(Ms) (pullback by the inclusion
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My — My ) and the connecting homomorphism H*®(Ms) — H**1(M;, Ms) in the
long exact sequence of the pair (M, Ms).
Choose some induction data

(igros Pgros,Kgres)
>

(93) H*(My, M) & H* (M, Ms), H*(M, Ms3)

(“gres” stands for “gluing of residual fields”). This, together with the dual induction
data (in the sense of Section [1.2)),

\% \%

i ’res’K\/res
(94)  H*(My,My) © H* (M, My), @ =™l g )

gives a splitting of the composite residual fields into standard residual fields plus a
complement, and a Lagrangian in the complement:

Fcomp. z.m. __ /- Y Tes
(95) Bj,As - (Zgres @ Zgres) Bl,AgEB
fluc
]:glrest

S (im(@)[l] @ im(@v)[n - 2]) 52 (im(KgreS)[” S im(Kgres)[n - 2])

Lgres

Using this gauge-fixing data, we can construct the pushforward of to the
standard residual fields using the fiber BV integral.

Proposition 7.8. The partition function of the glued cobordism (My, X1) %

(M3, X3) can be expressed in terms of the partition functions for constituent cobor-

disms (My, X1) ML X1), (M3, X5), (M, X5) RUHESIIN (M3, X3) as an integral

over boundary conditions on the interface (Ma, X2) and the fiber BV integral for
gluing the bulk residual fields:

(96) Z(B13A3;Areszres) =
B /E C Filuct /B<A) «< BSB) Z1 (Bl’ Az iéreS(Ares) + Ag;lei‘tyl’ igfgs(BfeS) + ng’[) '
gres ar 2 2
: [(DhAz)l/z Lo~k (B242) (D, By)1/2] .

71 (Bz,As;igeS(Ares) 4 Afluct,IT VITp JrBﬂuct,ll)

gres ) “gres gres

The equality is modulo (%S'gan —ih Aca“) -coboundaries.

res

Superscripts I, I1 correspond to projections to the first and second terms of the
splittings in the Lh.s. of (93}94)) in the obvious way. Schematically, the formula
can be written as

Z = (pgres)*<ZI * ZII)
where Z; * Z;r stands for the convolution as in and (Pgres)« stands for the BV
pushforward®] from composite residual fields to the standard residual fields.

The statement (96| follows by construction from general properties of fiber BV
integrals and from (85)); we will give a proof by direct computation below, after
describing the gluing on the level of induction data.

38We use the term BV pushforward as a synonym for the fiber BV integral.
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Proposition 7.9. Induction data C*(X, X3) (a:PgFe) H*(M,Ms3) for the glued
cobordism can be constructed in terms of the induction data for constituent cobor-
disms and the data @ by the following formulae:

(97)

. (i —Kropoirs res I 7 I —P1¢IP2KH

g = ( 0 iII > ( zreb ) ( pgres pgres ’
K. — Kr KoKy \ ([ ir —Krormpeing K PI —P1¢1P2KH

CH 0 K[[ 0 i[] gres 0 PIr

(Subscript “g” here stands for “glued”.)

Proof. Indeed, we first deform the induction data in by the upper-triangular
perturbation of the differential in , using the homological perturbation lemma,
which yields a retraction C*(X, X3) 25" 5o (My, Mo) ® H* (M7, M3), D with

(98)

o (i —Kromain _( pr —prom2Kis K. — ( B —KiomKir
¢ 0 irr » Pe 0 Pir T 0 Kir

(Subscript “c” for stands for “composite residual fields”.) Then we compose it with

ig,pg,Kg
the retraction , using construction 7 which yields the retraction C* (X, X3) (i 28 )
H* (M, Ms3) given by . O

Proof of Proposition[7.8 Let us check by a direct computation that the Lh.s and
r.h.s. of coincide exactly (not modulo coboundaries) for a special choice of
gauge-fixing data in the integral on the glued cobordism, — the one associated
to the induction data . Indeed, substituting explicit expressions into ,
we have

Zcomp. res(B A3,AI AII BI BII

Tres? “resy res? res)_

_ / ot (Bl Az)at(By, AL,
B{Y xR

A(DpBy)Y? - h(My, My) - (DyAg)"? - |(DyAg)/? - e #(B2A42) . (DhB?)l/Q} '

1= (871 (B1) Krday1(A2))r)

,Az)s+(Ba, ALl

res

eh(<BrIeI< 2= (8511 (B2) Krrdss11(As))rr) |
(DypB2)'? - i (My1, M3) - (DpA3)'/? =

F(Br Al )1+ (BIL As)a+( (Bl =K 67, 1 (B1) |, (Al —Kiréso11(43))|,)z2) |

= e 3’

(DpB1)Y? - (My, My) - (M1, M3) - (DpAsz)/?
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Here we use the notation 75 (M, Moy ) = f;?.(M’MO"t)T(M’ Mout). Taking the Gauss-
ian fiber BV integral over Lgres C Fgres, We obtain

(99) Z(Bla As; Aves, Bres) =

exp % (<Bh (iéres(Ares)_KI¢2~>Ip2iéll~es(Ares))|1>1+< (igr’elsl(Bres)_KIVI(#;/HIIpzvig{els(Bres)) |37A3>3+

HKY o), (B1)|, Kirds—1r(As)ly)2—
*<(id*¢¥ﬁ11P;K}/)¢¥H1(31)7 (i1®irr)Kgres(P1@PII) (id7¢2~>1p2KII)¢3~>II(A3)>IU11)'
H®(M,M3)
- (DpBy)'/? - ¢ T(a(My, Ma) - 7h(My1, Ms)) -(Dp As) "/

He (Mg, M He (M1, M
3 (M; 2)'€h (Mi1,Ms)

Tr(M,M3)

Here T : Det (H®(My, M3) & H* (M, Ms)) =N DetH*® (M, M3) is the canonical iso-
morphism between the determinant line of a cochain complex and the determinant

line of cohomology, associated to the retraction || The factor é in front of

T(---) appears as in Lemma In the expression (99)) one recognizes the r.h.s. of
with the gauge-fixing associated to the induction data of Proposition ([l

Remark 7.10. Note that the formula for Ky in (@ s the gluing formula for
propagators (cf. the analogous formula obtained in a different language in [5]). In
the special case H®* (M, My) = H®*(Myr, M3) = 0 (or, more generally, © = 0, or
equivalently H®(M, M3z) ~ H®*(My, My) ® H®* (M, M3)), the formula simplifies to
K. of . In terms of parametrices, in the latter case one has

Ke(er,ef) =Kr(eref), Kelerr ef;) =Kir(err,efp), Kelerref) =0,
Ke(er,efr) = — Z Ki(er, »2(e2)) - Krr(ea, efy)
e2€X>

7.4. Passing to the reduced space of states. If a state ¢ € Hy = Func(By)
satisfies Sp1» = 0, then it can be projected to the reduced space of states — coho-
mology of the quantum BFV operator:

We Hy=H, (Ho) = Func(B))

where BY) = H®(Mou)[1] @ H*(Min)[n — 2] is the moduli space of the ()-manifold
(Bs, @B, ), i.e. the zero-locus of the cohomological vector field @ g, reduced modulo
the distribution induced by Qp, on the zero-locus (see [4]).

Remark 7.11. Returning to the setup of Remark let N be a closed (n — 1)-
manifold with a cellular decompositionY . Given two states ¢ € ’Hg,A), P € ’Hg—,B) that
are annihilated by respective quantum BF'V operators §}(,A) € End(Hg,A))l, §§,B) €
End(?—[g—,B))l, the pairing between them can be expressed in terms of classes of
states ¢, 1 in Sy -cohomology, [¢] € Hg/A)’r, [¢] € Hg—,B)’r:

100 @)= [ 16l (Dalay] e HEIAD DBy - [y

with [Ay], [By] the superfields for B;A)’r = H*(N)[1] and B;B)’r = H*(N)[n — 2],
respectively. Here the normalized densities on reduced spaces Bg,A)’r, B&B)’r are



A CELLULAR TOPOLOGICAL FIELD THEORY 47

defined as:
(101)
— n—1
dlmH N) n— dim H* (N) _qyn—1
DylAy] = H T(N),  DulBy] =[] (&) (V)Y
0 k=0
gr *(N) ~;?.(N)

with 7(N) € Det H*(N)/{£1} ~ Dens B(A)’ the R-torsion of N and factors £F as
n (@E FEquality (-/ is checked stnghtforwardly (cf. Footnote for states

of the “plane wave” form, ¢ = et By Av)y , P = eﬁ<BY’°‘Y>Y, with parameters By
a closed cochain on YV and oy a closed cochazn on'Y. Then (-) follows by
extension by bilinearity to all pairs of Sa closed states.

)1/2

In terms of half-densities, the reduction sends a Scan closed state ¥ - (pj; ) S

Hcan tO
1/2 r,can lvF n r
W] () € My = Denst ™ (B))
where we define the normalized density on B} as
_yn—1
Mgg = Dy Aou] - DalBin] = & Mg M) (Mye) - (M)

with normalization factors as in .

If the partition function were a S’a—cocycle, we could construct the reduced
partition function as the ga—cohomology class of Z. However, Z generally only
satisfies (%5“8 —1h Ares) Z = 0, but does not satisfy SaZ = 0. This problem is
easily overcome as follows.

Fix some induction data (Bp, dx,,, ® dxyv ) (G265, 5) B = H*(Bs). By the con-
struction of Section we can infer the induction data (iy = pg,pu = i, Kn =

-+) from the space of states (Hs, S@) to the reduced space H}. (For the moment
we are discussing the non-canonical picture, where states are functions on By or
Bj; we will switch to half-densities later.) Denote

7zm0 — jpyZ = Z — So(KnZ) — K SoZ )= 7 + (Zﬁa - mAms> ()
~ h
B2 Ao Z
where we used the quantum master equation and (--+) = ih Ky Z. By con-
struction, SpZ™m°d = 0. Also note that Z™°d differs from Z by a (%S‘a —ih Ares>—
exact term, i.e. by a BV canonical transformation, and we are ultimately only

interested in partition functions modulo BV canonical transformations.
In this sense, the reduced partition function is simply

7" =77 = pyZ € Hy® Func(Fi*)
i.e. the evaluation of on chosen representatives of cohomology of Moy, My,
as boundary fields Aoy, B

In terms of half-densities, the pushforward of (/,L%) 2 46 the reduced space of
states results in the appearance of square roots of torsions of the boundary in the

39 Note that, using Poincaré duality on N, the factor NH ) iy can be expressed as
pydim HP=1(N)  H*(N)[-1]
[T, (67) =& :
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canonical reduced partition function Z* = (py).Z. More precisely, we have the
following, as a corollary of Proposition [7.4]
Proposition 7.12. The canonical reduced partition function is
(102) Zr([Aout]7 [Bin]; Aresa Bres) =

— e%<Brcs‘O“tgiB[Aout]>out+<iB[Bin]7Arcslin>in7<¢v(iB[Bin]) s Ko(in[Aout])),

(=nn-t

: gh (Min % Mout) : T(M7 Mout) : T(Mout)% : 7_(‘Z\4i ) 2 S
r,can S % ,Fun
€ Hy"™"® DensZ™ — (F,*)
Here [Aout], [Bin] are the superfields for H®(Moy)[1], H®(Min)[n—2]. The normal-
ization factor is

én (Min M, Mout) - 55'(M,Mout) (55-(]\40“))% (éfg.(Min))% _

(glg)dim H* (M, Mou)+ 3 dim H* (Moue)+ 4 dim H™ ™% (M) cC

=

b
Il

0

The first term in the exponential in is the pairing of H*(M, M;,) with
H"*=1(Myy) via the natural map H*(M, M;,) — H*(M) — H¥(M,,) and
Poincaré pairing in cohomology of M.y, and similarly for the second term in the
exponential. Third term generally depends on the details of gauge-fixing.

Remark 7.13. In the case H*(M, My) = 0 (or equivalently, H®*(M, M;,) =
0), one has isomorphisms H®*(M) = H®(Myy), H*(M) = H*(M;,) (arising
from long exact sequences of pairs (M, Mout) and (M, Miy,), respectively). In this
case the pairing in the third term in the exponential in is the composition of
the isomorphism 0 : H*(Myy) — H*(M) — H®(M,,) with Poincaré pairing on
H*(My,), i.e. {[Bin],0Aout])in-

Example 7.14. For M with My, = &,
1

2t = o Breo[Aowl) | ¢H" (M Mowe) <£§°(Mm>) (M, Myw) - (M) /2

where 1* @ H*(M) — H®*(Moy) is the pullback by the inclusion v : Moy — M
in cohomology; {,) is the Poincaré pairing in boundary cohomology. An analogous
consideration applies in the case Moy = .

Example 7.15 (cylinder). Let M = N x [0,1], with in-boundary M;, = N x {0}
and out-boundary Myyy = N x {1}, endowed with arbitrary cellular decomposition.
Then there are no residual fields and, by Remark[7.13, we have
(103) 7z = en(BullAond) (DB )2 - (Dy]Agu]) M/

with {,) the Poincaré pairing on H*(N). Note that this partition function represents
the identity in Hom(’}—lg\’;‘)’r,%%)”), cf. .

Remark 7.16. By construction, the reduced partition function satisfies the quan-
tum master equation without boundary term:

(104) AR ZF = ()

res
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(which can be thought of as the equation where the boundary BFV operator is
killed by passing to the reduced space of states). Changing the details of gauge-fizing,
i.e. mapsi,p,K,ig,ps, K5, results in a transformation of the partition function of
the form

ZI"_>Z1‘ AC&H( )

res

These properties follow immediately from (i (I), (w 111) of Proposition .

Remark 7.17. Observe the similarity between integration over bulk fluctuations of
fields and pushforward to the reduced space of states on the boundary .
Both procedures involve similar sets of gauge-fixing/induction data, both deal with
half-densities and produce the R-torsion in bulk/boundary.

Equality (100) implies that the gluing formula holds also in the setting of
reduced boundary states.

Corollary 7.18 (of Proposition . For a glued cobordism , we have
(105) Zr([Bl]a [A3]§ Aves, Bres) =

= Z; A A 4 AfluetI v I piiuct, I
/Lgregcfﬂuct /B(A),préB),r I ([ ] [ 2]7 greb( res) eres 7’Lgres( reb) + flue )
[ala 2 e kBD L Dy 2]

 Zt1 (1B, A ifhes(Ares) + AT il (Bro) + Bt 1)

modulo ALY -coboundaries.

Note that Z" is an element of the space which is expressed in terms of coho-
mology of M and its boundary, and thus is manifestly independent on the cellular
decomposition X of M. More precisely, one has the following.

Proposition 7.19. The class of Z" in cohomology of A" is independent of the
cellular decomposition X .

Proof. First, observe that if we glue to (Mi,, Xin) (M. X) (Mout, Xout) at the in-

Min X[0,1],-- . .
boundary a cylinder (Mip,---) % (Min, Xin) (with arbitrary cellular
decomposition inducing Xj, on the out-boundary of the cylinder), this procedure
does not change the reduced partition function:

Zgylinder UM = Z}‘\/I
This follows directly from the gluing formula (105) and the explicit result for the
cylinder (103).
Now, let X be a cellular decomposition of a cobordism M;, ——Ai> Moyi. Consider
the “out-out” cylinder

C¥lout—out o LX) (g % {0}, Xin) U (Mig x {13, Y)

and attach its Mi, x {0}-boundary to the in-boundary of M. The result is a
cobordism M = Cylout—out Y M with only out-boundary, thus for M the reduced

partition function is independent of cellular decomposition (cf Example . On
the other hand, we can attach to Mi, x {1} C Cyl, t_oue an “in-in” cyhnder

Cylym = (M x {0}, Y) U (Myy x {1},-) 2zl 5
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FIGURE 4. A cobordism with a “tail” of two cylinders (out-out
and in-in) attached.

The resulting cobordism M = Cyliy—inUCYL i —out UM differs from M by attach-
ing an “in-out” cylinder, thus ZX. = Zj, by discussion above. On the other hand
M

;\7 is independent of cellular decomposition X, as is, of course, Zog, (which

is also a case of Example [7.14). Therefore 2}, = Z-= = Gluing(ZéylA ‘ 7Z]r\7) is
M n—in
independent on X. (Gluing(—, —) is a schematic notation for the r.h.s. of (105]).)
(I

8. NON-ABELIAN CELLULAR BF THEORY, I: “CANONICAL SETTING”

The goal of this section is the construction of a “canonical” version of non-abelian
cellular BF' theory, where the fields are a cochain and a chain of the same CW
complex X which is not required to be a manifold. We construct cellular actions
(Theorem that deform the abelian action, satisfy the BV quantum master
equation, are compatible with restrictions to subcomplexes, and on 0-cells have the
canonical form for a 0-dimensional non-abelian BF' theory (this may be viewed as
a cellular replacement for the AKSZ construction [I] for topological quantum field
theories).

Next, in Section [B:3] we prove that these cellular actions are compatible with
elementary collapses (Lemma and that the partition function, defined via BV
pushforward to cohomology, is a simple-homotopy invariant (Proposition .
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The version of non-abelian cellular BF theory presented in this section is not
of Segal type, since one of the fields has “wrong” (covariant) functoriality. On the
other hand, we have a version of Mayer-Vietoris gluing formula for the cellular
actions (see of Theorem [8.1)).

Throughout this section we adopt the formalism of [27] 28] where the field B of
BF theory is treated as covariant (as a cellular chain in discrete setting and as a
de Rham current in continuous settinﬂ whereas the field A is contravariant as
usual. To reflect this, we denote the fields (and the space of fields) in a different
font. Later, in Section [9] we will return to the formalism where both fields are
contravariant.

Let X be a finite CW complex (it is not required to be a triangulation of a
manifold) and let g be a unimodular Lie algebra. We introduce the graded vector
space of fields Fx = C*(X, g)[1] ® Co(X, g*)[fQ]E Asin Section it is spanned
by the superfields

AX: Ze*~Ae EHoml(FXaC.(Xag))7
eCX

Bx =) B.-e €Hom 5(Fx,Co(X,g))
eCX
Here e*, e are the standard basis integral cochain and chain, respectively, associated
to a cell e C X; components A, are g-valued functions on Fx of degree 1 — dime
and components B, are g*-valued functions on Fyx of degree —2 + dime.

Note that here, unlike in the rest of the paper, the field Bx is a chain of X,
as opposed to a cochain of XV (moreover, in the setup of this subsection, XV is
meaningless, as X is not required to be a cellular decomposition of a manifold).

The canonical pairing (,) between cochains and chains induces a degree —1
symplectic form

wx = (0Bx,6Ax) = > _(~1)W™ (5B, 1 6A.)q
eCX
and a BV Laplacian

_ 9 9 _ _1\dime 9 i
AX‘<aBX’aAX>_Z( 2 <8Be’6Ae>g

eCX

on Fun(Fx) = WFﬁ( (the formal power series in fields). Symbol (, )4 stands for
the canonical pairing between g and g*.

In our notation e C X stands for an open cell; its closure € = e U de C X
is a closed ball (for X a regular CW complex, which we always assume unless
stated otherwise) inheriting a structure of CW complex from X. Thus, e.g., A,
is a component of the superfield Ax, whereas Az = >, ~.(e)* - Acr is the entire
superfield for the subcomplex € C X containing components of Ax for the cell e
itself and cells belonging to the boundary de. Likewise, de C X is a subcomplex
and Age = > .cp.(€')" - Acr is the corresponding A-superfield, and we have Az =
e* - Ac + Ase.

40This setting for (continuum) BF theory is known as “canonical BF theory” in the literature,
cf. e.g. [7].

41Here we are not introducing the twist by a local system and the notation is simply C*® (X, g) :=
g ® C*(X,R) — cellular cochains with coeflicients in g. Likewise, for the chains, Ce(X,g*) :=
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8.1. Non-abelian BF theory on a simplicial complex, after [27, 2§]. Let X
be a simplicial complex.

We denote by A the standard closed simplex of dimension N > 0, endowed
with standard triangulation We view it as a simplicial complex with the top cell
the open simplex AN,

Let Q*(X) stand for the complex of continuous piecewise polynomial differen-
tial forms on (the geometric realization of) X. Cochains C*(X,R) can be quasi-
isomophically embedded into Q°®(X) as Whitney forms (continuous piecewise lin-
ear forms, linear on every simplex of X w.r.t. its barycentric coordinates), see
[36, 1] for details. We denote ix : C*(X) — Q°*(X) the realization of cochains
as Whitney forms. This embedding has a natural left inverse, the Poincaré map
px : Q*(X) — C*(X) which integrates a form over simplices of X, i.e. maps
ar Yy oxet ( fe a). Dupont has constructed an explicit chain homotopy operator
Kx, contracting Q°(X) onto Whitney forms, see [10, [IT]. Thus, in the terminology

of Section {4} we have a retraction Q°(X) (e x) C*(X). It is glued (by fiber
products) out of building blocks — “standard” retractions for A for different N
(i.e. when restricted to any simplex of X, it reduces to a “standard” retraction for
a standard simplex).

We will denote by x the pushforward of the wedge product of forms (defined
piecewise on simplices of X) to cochains, a * b := px(ix(a) Aix(b)) — this is a
graded-commutative non-associative product on C*(X). Tensoring this operation
with the Lie bracket in g, one gets a bilinear operation [— ¥ —] on C*(X, g) defined
by [t®aty®b =[x,y ® (axb) for z,y € g and a,b € C*(X).

The following is a reformulation of one of the main results of [28].

Theorem 8.1. There exists a sequence of elements San € Fun(Fan)[[A]], for
N=0,1,2,..., of the form

(106) S’AN(AAN,BAN;h):

- 1 AN ,
= ZZ Z mcfo,el,...,en<BAN’JaCOb1FO(A€1?"'7A8n)>g_

n=1 To ey,....e, CAN

- 1 N
—ih A Jacobir, (A.,,..., A,
t ZZ Z [Aut(Ty)| T1,e1,...,en92C0 ir, (Ae, )

n=2T1 e;,...,e,CAN

for some values of “structure constants” CFAzZo ,,,,, e, €ER, 1 =0,1, such that for any
finite simplicial complex X and any unimodular Lie algebra g the element

(107) Sx(Ax,Bx;h) =Y Se(Axle,Be;h) € Fun(Fx)([R]]
eCX
satisfies
(a) the quantum master equation AxerSx =,
(b) the property
1
(108) Sx(Ax,Bx;h)Z<Bx,dAx>+§<Bx,[Afox]>+R

with the “error term” R € Sym Z4F% @ h - Sym 22F%.

Here the notations are:
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e summation in is over binary rooted trees Ty (oriented towards the
root) with n leaves and 1-loop connected 3-valent graphs T'y (with every ver-
tex having two incoming and one outgoing half-edge) with n leaves. Leaves
of the graph are decorated by faces ey, ..., e, (of arbitrary codimension) of
AN,

e Jacobir, (Ac,,...,Ae,) is the nested Lie bracket in g, associated to the tree
Ty, evaluated on elements A.,,..., A, € g.

o Jacobir, (Ac,,...,Ae,) is the number obtained by cutting the loop of T'y
anywhere (resulting in a tree f‘vl with n+ 1 leaves, one of which is marked)
and taking the trace trg Jacobilzvl(/—\el, ..., Ae, ,®) of the endomorphism of
g corresponding to the tree.

Remark 8.2. The proof we present below differs from 27, 28] in its treatment of
S here we avoid using reqularized infinite-dimensional supertraces over the space
of forms Q*(X) and instead construct S by purely finite-dimensional methods,
using homological perturbation theory. The proof is constructive and, in particular,
we can make choices (the only ambiguity in the construction is the choice of in-
duction data in part in the proof below) that give rational structure constants

cA” €Q,1=0,1.

Tier,....en

Sketch of proof. We split Sx as Sx = Sg?) - ith(l) and treat the components Sg?),
Sg(l) separately. Likewise, in 1) we split San = S(AOL — thﬁL We break the
proof in several steps; we address the construction and properties of S in 1 ,
construction and properties of S() for a single simplex in (ivilv), and finally we put

everything together in (viljvii).
(i) We construct Sg?) =7, ®'0(Ax,Bx) where the sum is over binary rooted

trees I'g and the contributions <I>§° (Ax,Bx) are defined as follows, by putting
decorations on half-edges of I'y starting from leaves and going inductively to
the root [

e Leaves of 'y are decorated by ix(Ax).

e In the internal vertices of I’y one calculates the Lie bracket on Q°(X,g)
(coming from the wedge product on forms and the Lie bracket in g)
applied to the decorations of the two incoming half-edges and puts the
result on the outgoing half-edge.

e On internal edges one evaluates —Kx applied to the decoration of the
in-half-edge and puts the result on the out-half-edge.

e Finally, we define ®\°(Ax,Bx) := m(BX,px(iﬁ?’(Ax))) where
9%1;(" (Ax) is the decoration of the root coming from the assignments
above.

By convention, the contribution of the “trivial tree” (with one leaf and no
internal vertices or edges) is ®%V := (By,dAx). We split Sg?) = S§?)’2 +
Sg?)’zg where S§?%2 is another notation for ®%V and the second term is the

contribution of non-trivial trees (the new superscripts 2, > 3 denote the degree
in fields).

420ur convention is that the leaves and the root are loose half-edges of the graph.
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(i)

(iii)

(109)

(iv)

(110)

(111)
(v)
(112)
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It follows from the fact that the data Q°®(X) (x:p 25, 0) C*(X) are assembled
_ i AN PAN KA _

from the standard building blocks Q*(AN) 4% PaYaY) e ANY a1 d from
the factorization Q°*(X,g) = Q*(X) ® g into a tensor product of a cdga and
a Lie algebra, that Sg?) has the form Sg?) (Ax,Bx) = > .cx S'éo)(AX\E, Be)
where 5&03\, satisfies the mod A part of the ansatz 1}
Using Leibniz rule in Q°(X) and the identity dKx + Kxd = id — ixpx, one
calculates the odd Poisson bracket

<_
< F{) 0 3

F// F e
) PO Lo
X gAy 9By X T X )

where on the r.h.s. we sum over edges e of ['y; removing this edge splits I'g
into trees Ty and I'j. The term ®'°° is the contribution of I'y with edge e
contracted; such contributions cancel when we sum over trees I'g due to the
combinatorics of trees and Jacobi identity in C*(X,g). As a result, summing
over Iy, we obtain {Sg?)’Q,Sgg)’Zg} = _%{Sgg),2375§?),23} which together

with the obvious identity {Sg?)’z, Sg?m} = 0 (a guise of d> = 0 on cochains)
gives the classical master equation

{(bg?i‘]? @E(O} = Z

edges e of I'g

{3, sy =0

For N > 0, denote by Qa~n = {SgJBV,O} the cohomological vector field

generated by S(Aozv (the fact that it squares to zero follows from 1} for
X = AYN); it is tangent to C*(AN g)[1] C Fa~. Observe that AS(AO?v €
Fun; (C*(AY, g)[1]) is Q a~-closed, as follows from (109)) and the fact that A is
a bi-derivation of {e, e}. Using homological perturbation theory (Lemma,

(¢,m,K)

one constructs a retraction Fun(C*(AY g)[1]),Qa~r  ~  Fun(g[l]),dcr
where the retract is the Chevalley-Eilenberg cochain complex of the Lie alge-
bra g. By definition of chain homotopy, one has Qa~v Kk + Kk Qa~n =id —co.
Applying both sides of this equation to AS%OZV, and noticing that AS(AOB\, is
annihilated by 7 (this follows from unimodularity of g) and is @ ~-closed,
we obtain Qaw /{AS(AOBV = AS(AOB\,. Therefore, the element Sg?v (Aan) €
Fung(C*(AY, g)[1]) constructed as

Sg?v = —K,AS(AOBV
is a solution of the equation
ASZx +{Sgx: Sax} =0
One defines
Sak(Aax) = Y (1)t (Axn o)

eCAN

with summands as in for faces e of AN of arbitrary codimension. One
can check from the construction || that Sg?v satisfies the part of ansatz

|) linear in 7; the property ngv = .cAN S'él) is obvious from 1]
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(vi) Assume that a simplicial complex X is given as union of two simplicial sub-
complexes X7 and X5 intersecting over Y = X; N X5 and assume that the
elements Sx,, Sx,, Sy as defined by satisfy the quantum master equa-
tion on Fx,, Fx,, Fy respectively. Then it is straightforward to check that
Sx = Sx, + Sx, — Sy (which indeed also satisfies the ansatz (107)) is a
solution of the quantum master equation on F X@

(vii) We break the simplicial complex X into individual simplices e; on each of
them we have a “building block” solution of the quantum master equation of

form Sz~ = S(AOE\, — ithL as constucted in (i) (setting X = AY) and ,
with N = dim(e). The fact that Sz~ satisfies the quantum master equation is
(109) specialized to AN, put together with . Then, by , the element
Sx as defined by satisfies the quantum master equation on Fx. Finally,

property (]ED is obvious from the construction.
O

Remark 8.3. Ezamples of values of structure constants C for a simplex AN in
Theorem [8.1):

N
L, {el} Cré,{ez}
o> +1 if|eg|=N-1
0 otherwise
€1
N slallesl g | 4 ool = N and fer Neaf = 0
ﬁ 0 otherwise
€2
e1|!lez|!|es]|! :
N +oialellal s if lea| + lea| + [es| = N +1,
and |e; Nes| =0,
62/>—> and {|e; Nesl, ez Nes|} = {0,1}

0 otherwise

es
(=p~+t : _ _
. S NIDINTD) if e; —'62 andle;| =1
0 otherwise

Here the signs and monvanishing conditions are formulated in terms of combina-
torics and orientations of the n-tuple of (arbitrary codimension) faces ey, ..., e, of
AN |..-| stands for dimension. The top two graphs correspond, upon summing
over the simplices, as in , to the cellular differential and the bracket [o * o] (the
projected wedge product of forms tensored with the Lie bracket in g) on cochains
and thus to the first two terms of . The two bottom graphs give first nontrivial
contributions to R in .

Remark 8.4. Building block for a 0-simplex A® is simply Sao = 5 (Boj, [Ajo}, Apo])
where we denoted the only cell [0] :== A° (and we are suppressing the subscript g in

43 Tndeed, we already know by 1} that {Sg?, Sg?)} = 0; we are left to check that AS&?) +
{59,501 = 0. We caleulate ASY) = Ax, S + Ax,5E) — AysY = —{sQ) s(1x, —
(89,50 x, + {89, 8}y = —{8),8%) + 5%) — 5V} = (¢, 8¢} (Here we indicate
explicitly where we calculate the odd Poisson brackets and BV Laplacians; no index means X.)
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(,) and tr ). This corresponds to having a single nonvanishing structure constant
ca’
>—[01,[0]
The nonvanishing structure constants C of Theorem[8]] for the 1-simplex are as
follows. We denote the top 1-cell as [01] and the boundary 0-cells as [0] and [1].

1

L, {e:} CFA,{ei}
(—1)"77 if {eg,e1} = {[1],[01]}, e2 = --- = e, = [0]]
L if {eg,e1} = {[0],[01]}, ea = --- = e, = [01]
0 otherwise
—n ifey = =e, =[01]
“ 0 otherwise

Here B, are the Bernoulli numbers, By = 1, By = -1 B, = %, Bs = 0,By =
—%, ... In particular, the building block for Al is

(113)
_ 1 1
Sar = (B, A = A))+5 (Bjorg, [Aor)s At + Anil) =15 (Brorts (Ao [Arons Ay = A+ =

. 1
—ih (24tr [Ajo1): [Aporg, o] + - ) _

1 .
= <B[01]7 5 [A[Ol]7 A[o] + A[l]] + F(ad/_\[m]) o (A[l] — A{o])> — th trlog G(adA[m])

where we introduced the two functions

X

(114) F(x) = 5 coth g, G(z) = %sinhg

Remark 8.5. We have required X to be a simplicial complex rather than a general
CW complex because for the Theorem [8.1] we need retractions Q®(&) ~ C*(&) for
cells e of X, compatible with restriction to cells of Oe (if we want “standard building
blocks” as in Theorem (8.1, we should also require that the retraction depends only
on the combinatorial type of € and is compatible with combinatorial symmetries of
the cell). In the case of simplices, such retractions are provided by Whitney forms
and Dupont’s chain homotopy operator (whereas Poincaré map works for cells of
any type). More generally, we can allow X to be a prismatic complex, with cells
e = 01 X -+ X 0, being prisms — products of simplices (of arbitrary dimension).
The respective retraction Q*(€) ~ C*(€) is constructed from Whitney/Dupont re-
tractions for simplices by the tensor product construction of Section (whenever
we have several simplices of same dimension in e, we average over the order in
which we contract the factors, in order to have the retraction compatible with the
symmetries of the prism). The special case when the prisms are cubes (products
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of 1-simplices) was considered in detail in [28]. As a result, one can allow X in
Theorem to be a prismatic complex; the building blocks Se then depend on the
combinatorial type of the prism e (dimensions of the simplex factors) and the struc-
ture constants Cf .. . . Cf . . depend on the combinatorics of an n-tuple
of faces of the prism e. In Section|8.4 we will construct a further generalization of

Theorem to general regular CW complezes.

8.2. Case of general CW complexes. One can extend Theorem [8.1]to a general
regular CW complex, with cells not required to be simplices or prisms.

Theorem 8.6. Let X be a finite reqgular CW complex and g be a unimodular Lie
algebra. Then to every cell e C X one can associate an element (a local building

block) S. € Fun(F;)[[h]] of the form

(115)  S.(A¢,Be;h) =

oo 1 . .
— Z Z _mc}meh,_,en (Be, Jacobir, (Ac,, ..., A, )y —

n=1 Ty €1,...,enCe€
- 1
—thz Z mcﬁheh“_’en‘}a@obirl(Ael,...7A€n)
n=2 I'y e1,....,enCe 1

with some real coefficients CF, | € R forl = 0,1, in such a way that the

element (the cellular action)

(116) Sx(Ax,Bxih) =Y Se(Axle,Beih) € Fun(Fx)[[h]
eCX

..... en

satisfies the quantum master equation AxeiSx =0 and the following conditions:

(a) the property
(117) Sx(AX7Bx;h)=<Bx,dAx>+t

with v € Sy/m\ZfSF} o h- Sy/rn\ZQF},
(b) for e any 0-cell of X, one has

(118) Se = <867;[AeaAe]>g

(c) ForY C X any subcomplex, Sy (Ay,By;h) =3 ~y Se € Fun(Fy)[[R]] satis-
fies the quantum master equation on Fy .

Proof. Choose an ordering of the cells ey, ...,en of X in such a way that dime; <
-+« <dimey. Then X admits an increasing filtration by CW subcomplexes

(119) XiC---CXny1CXy=X

with X}, := Uj<ge;. Then Xj = X1 Ueg. That is, X, is X1 with a single new
cell e, adjoined; its boundary Jey, lies entirely in Xj_;.

Proceeding by induction in &, assume that a solution Sx, , of the QME on Fx, ,
is constructed and we want to extend it to Fx, = Fx,_,[A¢,B.] (we temporarily
denote e := ¢g). Denote n = dime. First, we look for a solution of the classical
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master equation Sg{o}z of the following form

(120) S =8¢ +3 (Be,oj(Ac, Age))

Jj=1

5
where o is of polynomial degree j in A-variables (we call this polynomial degree
weight to distinguish it from other gradings). We assume n > 1 (otherwise we
simply set S, = <Be, %[Ae,AeD as prescribed by @)
We denote by

dgese =€ ~dgese: C"HBe) — C"(¢,0e) = Span(e*)
the component of the cellular coboundary operator on X proportional to e* (and
dge—se : C"1(de) — R picks the coefficient of e*). Thus, the cellular coboundary
operator on C*(e) splits as dz = dge + dpe—e With dg. the cellular coboundary
operator on C*(9de). Let us choose some induction data
o= @pK) eoy | R, e=0
(121) C*(e),ds: '~ H (e)—{ 0, £0

Consider the space
& = Sym’(C*(e,9)[1])* > f(Aes Aloe)
The operator dy._,. lifts to a weight zero operator@

D = (71)” <dae_>e Aae, 8i> : E* = &°

Denote by Qg. the differential on Sym (C*®(9e,g)[1]) induced by {ngfl"}; it
extends (via QgcAe. = 0) to £°. We split Qg according to weight as Qo =
QY. + Q).+ . In particular, Q%+ D is simply the lift of the cellular coboundary
operator dg to £°. Thus, using the construction , one produces, out of the triple
(i, p, K) chosen above, the induction data

(122) £4,Qh,+ D " (€)= Sym(gl1)”

Note that i in (121)) is canonical: it has to represent H°(&) by constant 0-cochains;
thus pg = ¢* is also canonical and is given by evaluation on constant 0-cochains.
We set in (120) the “initial condition” o1 := dge_e Age, which is forced by

|D The classical master equation {Sg?: , Sg?z} = 0 is equivalent to a sequence of
equations for the functions o; for j > 2:

j—1 j—1
. 0
(12) (D + Qs =~ X Qs ~ (0" 3 (10 5 )
i=1 €

=2

Note that the r.h.s. of (123) depends only on o1,...,0;-1. We solve (123), as an
equation for o; € g® &7, by induction in j. The r.h.s. is (D + QY,)-closed™| and is

44The sign is chosen in such a way that DA = dg._,.A holds.
45 Indeed, using the induction hypothesis we calculate

j—1li—1 =1 j—1 ) a
(D+ Q%) (rhs. of @) = 3 3 @5 @beoj_i+ O QDo — (=)™ S <Q}9601,—>aj_i—
i=11=0 i=1 i=1 OAe
il 0 2 i 2 0
—(=1)" Z <(D+Q8e)”j+lfi*8T>‘7i+(—1)n Z <"j+17i‘8T>(D+QBe)”i =ta+b+c+d+e
=2 (=3 1=2 (=3
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annihilated by pgm Therefore, it is exact, and one can construct the primitive as

oj := Kg (r.hs. of (123))
Thus we have constructed a solution of the classical master equation (120]) on
X} by extension of the known one (by induction hypothesis) on Xj_1.
Next, we want to construct S;}z = Sggzil + Sél)(/-\e,/-\ae) in such a way that
Sx, = Sggz —1h ng satisfies the quantum master equation; we assume that nglz_l

is already constructed. We use the strategy of of the proof of Theorem the
QME can be written as

(124) QeS = —A8Y

where Qe = Qoo + D+ (—1)" 2, <aj, 8%> is the differential on £° induced by
D

J
{S§?,37°}£ld Séo’l) = ZE,CE _g)’ We deform the induction data 1) using
Lemma [4.2] to

(ie e, Ke)

E%, Qe T~ T Sym*(g[l])". dck
The r.h.s. of is Qz-closed, as follows from the classical master equation, and is
annihilated by pg (from unimodularity of g), thus we construct a solution of
as Sél) = —f(gASéO) and set

S .= Sél) — Z Sé,l)
e’ COe

This finishes the construction of a solution of the quantum master equation on
X, of the form Sy, = 3., S, with S, = S'é?) —ih 5’8); taking k = N we obtain
the statement of the Theorem.

Property (c) follows from the possibility to choose the ordering of cells ey, ..., en
differently (preserving the nondecreasing dimension property) while preserving the
choice of induction data for the cells. Each Y C X arises as X for some
ordering of cells and some k, which implies the QME on Y. O

Further, we have

=1 o j—i—1 . gzl ) E)
atb =3 Qb [(D+@%)oj—i+ > Qbeoj_ii| =—(-D" > Qbe <<”“’ K> US)
. .

i =1 i=1 r,s>2,r+s=j—i+1

i=

Jj—1

DS ) <Qgear,8%e>as+<—1>" b ) <‘7r,6iAe>Qgel7s = ftg

i=1 r,s>2,r+s=j—i+1 i=1 r,s>2,r+s=j—i+1
Next we note that ¢ + d + f = > <<ar,a%>as,a%>at and e +
PS5 t>2, 0+ sHt=j+2 ¢ ¢
g = - > <ar,%> <<as,%>ot>, and thus ¢ +d + f +e + g =

r,8,t>2,r+s+t=5+2

<ch05, é%c %> ot = 0 — vanishes as a contraction of a symmetric and a skew-
r,8,t>2,r+s+t=5+2
symmetric tensor. Thus we proved that (D + Q%) (r.h.s. of ) =0.

46 T see that the r.h.s. of is annihilated by pg, note that in H®(E), the weight coincides
with the internal degree. On the other hand, the weight of is 7 > 2 while the internal degree
is 3 —n < 2. Thus pg(r.h.s. of ) is zero for degree reasons, except for the case n =1 (i.e. e
is an interval) with j = 2, where one sees explicitly that 7Q(1960'1 = f% [A[l],A[l]] + % [A[O],A[O]]
vanishes on constant 0-cochains (we denoted the endpoints of the interval e by [0] and [1], as in
Remark [8.4).
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Lemma 8.7. Cellular action Sx of the Theorem[8.6| is well-defined up to a canon-
ical BV transformation. More precisely, let Sx and S% be two cellular actions
fulfilling the conditions of Theorem[8.6 — the quantum master equation, the ansatz

and properties (d)-(d). Then one can construct a family Sx + € Fung(Fx)[[A]]
of solutions of QME for t € [0,1] together with a generator Rx; € Fun_;(Fx)[[}]]
such that
(i) Sx,0=Sx, Sx1 = 5%,
(i1) %SX,t ={Sx, Rx1} —ihARx 4,
(i1i) both Sx . and Rx satisfy the ansatz (116)115), with t-dependent structure
constants Cﬁ’:h_ (1), C’F erren (b) for the action Sx + and the generator of
infinitesimal ccmomcal tmnsformation Rx . Moreover, the trivial tree IV

with a single leaf and no internal vertices has coefficient Clﬁfv o = =0).

Proof. Consider the filtration . We proceed by induction in Xj: assuming
that the Lemma holds for Xj_1, we aim to prove it for Xj. (Note that the Lemma
holds trivially for X, since Sx, is fixed uniquely by (]ED of Theorem ) Set
Sx, == Zle Se,, S, = Zle S!,. By induction hypothesis, cellular actions Sx, _,
and S, | (defined as above, omitting the k-th term in the sums) are connected
by a canonical BV transformation, which we denote schematically by Rx, ,, i.e.
S(k,l =Rx, 5%, -
Define
(125) S%, ka Sy,

We have then Sx, = Sx,_, + Se and S% = Sx,_, + S/ (for some SV (Az, Be;h)
satisfying the ansatz (115)). We can connecﬂ Sx, and S%, by a path of solutions
of QME on Fx, of the form Sy, ; = Sx,_, + Seys for t € [0,1], with S.; =
Sé?t) —ih S'é’lt) = (B¢, 0¢(Az)) —ih ps(A¢) for some t-dependent functions o, € gREZ2,
pt € £22 of A-variables of weight > 2. (We are borrowing the notations of the proof

of Theorem in particular e := eg.)
Differentiating QME for Sx, in ¢, we obtain

(126) {Sggk)n ?t)} =0
(127) (58 8Oy + 189 8+ a8 = 0

where the dot stands for the derlvatlve in ¢.
Observe that:

(a) The cohomology of the differential {(Bx,,dAx,),®} on the subcomplex Z(©) :=
{(B., f(A2)) | f € g®E=22} C Fun(Fx, ) vanishes in internal degree zero@ This
implies, by homological perturbation theory, that degree zero cohomology of
{SX e} on Z(0) vanishes as well.

47 Indeed, the most general construction of extension of a solution of QME from Xj;_; to
X is as in our proof of Theorem @ where on each step of induction in j we can shift o; —
o; + (D + Qg)e))( -+), also we can shift Sél) — g’él) + Qé&(---). This amounts to a contractible
space of choices. Thus the space of solutions of QME on X of form Sx, | + 3, with a fixed
solution Sx, , of QME on Xj_; and an indeterminate function 3. satisfying ansatz , is
contractible; in particular, it is path-connected.

48 For this we assume dime > 1; in the case of dime = 0 the induction step of the Lemma
works trivially as S, is fixed uniquely by (EI) of Theorem



A CELLULAR TOPOLOGICAL FIELD THEORY 61

(b) By asimilar argument, degree zero cohomology of {Sg?;t, o} onZM = {g(As) €
£2?2} C Fun(FXk) also vanishes.

Thus, by (126) and @) we have 5 © {S Xo.ioTe, t} for some degree —1 element

6

réot) =00, Substltutmg this into , we obtain, using Jacobi identity for {, } and
the QME on Sx, +, that {Sgg) " {SXk " et} Ar 0)} = 0. This implies,

by (IEI}, that Se}t) = Sg(lk o e / } +Ar ,EOQ + {S’g?k o glt)} for some degree —1 element
rglt) € EM. Thus we have proven that

(128) SX,C, = {Sxps e} — ih AT,

with the generator r.; = 7“ zhr(l 20 — jA=M . One can use homological

perturbation theory to construct an explicit chain contractions of ( (©) {Sg? 4 o})

and (E(l , {Sg(oz,t, o}) and use them to construct r((,ot), § t) By inspection of the con-
struction, the resulting generator r. ; satisfies the ansatz (| - 115) for some t-dependent
structure constants C1'y . (1).

Comblnlng . ) and 1.' we obtain that Sx, and S}Q can be connected by a
canonical transformation (fii) with generator

Ry s — 27¢ 215 telo,3)
ks QRXk,1,2t717 te [% 1
This proves the induction step X 1 — Xk. O

Remark 8.8. One can put together Sx. and Rx.; of Lemma into a single
non-homogeneous differential form on the interval,

Sx = Sx +dt- Rx, € Q*([0,1])@Fun(F x )[[7]]

Then the quantum master equation on Sx: together with can be packaged as
an extended quantum master equation for Sx,

(dy — ihA) enS% =0

where dy = dt - % — the de Rham differential in t. By the Lemma, §X satisfies the
ansatz (116 with structure constants C' taking values in Q°([0,1]).

Remark 8.9. The building block of the cellular action is defined uniquely
for dime = 0 (fized by @) and for dime = 1 (as follows from Lemma. 8.7 for
degree reasons, the generator of the canonical transformation has to vanish; Se in
this case is given by ') For cells of dimension > 2, S, is not uniquely defined.

Remark 8.10. A different approach to the proof of Theorem [8.6 is to fiz a sim-
plicial refinement W of X (i.e. cells of X are triangulated in W ). Then, proceed-
ing again by induction in Xk, as in , one constructs Sx, as a BV pushfor-
ward of Sw,, as constructed in Theorem (Wi here is the restriction of W to
X1 ), using a choice of gauge-fizing compatible with one for the BV pushforward
Wi—1 — Xk—1 used in the previous step and involving a choice of induction data
for relative cochains C*(W |, , Oey) ~ C*(éx, Oey,).

Remark 8.11 (Standard building blocks for cells). Assume that we have fixed some
“standard” choice of the induction data for all possible regular CW decompo-
sitions € of a closed n-ball with single top cell, considered up to homeomorphisms,
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for n > 1. Denote this collection of choices 8. Then, by the construction of The-
orem we have a “standard building block” S satisfying ansatz for any
possible combinatorics of €. For any finite reqular CW complex X, we then have a
“standard” cellular action Sg( = cx S satisfying the quantum master equation
and properties (@-@ of Theorem In particular, we can choose 6 on simplices
(and, more generally, on prisms, see Remark to give the building blocks
of Them"em coming from Whitney forms/Dupont’s chain homotopy.

Remark 8.12 (Rationality). We can choose the induction data for cells to be

iQ,pQ ;K _
rational, i.e. to factor through induction data C*(e,Q) (i:pg; Ka) H*(e,Q). Then,
by inspection of the proof of Theorem[8.6, all the structure constants of the cellular
action — coefficients Cf ., . CF o . in — are rational as well.

8.2.1. Cellular BF action as a “generating function” of a unimodular L., algebra
on cochains.

Definition 8.13. @ A unimodular L., algebra is a graded vector space V* endowed
with two sequences of skew-symmetric multilinear operations,
e classical operations [, : A"V =V forn > 1 of degree 2 —n and
e quantum operations g, : A"V — R forn > 1 of degree —n,
such that the following two sequences of identities hold: homotopy Jacobi identities
(129) Y i% Y o N e ) =)
oEX, rts=n

and homotopy unimodularity relations
(130)

1 1
Z (:I:n!Strv lnt1(Toyy ey Zo,,®) + Z :I:@qr_‘_l(xal,...,xm,,ls(asarJrl,...,J;Un))

oEX, r+s=n
Here x4, ...,x, is an n-tuple of elements of V' and o runs over permutations of this
n-tuple; £ are the Koszul signs.

Definition 8.14 ([28]). For V* a graded vector space, consider the odd-symplectic
space F = V[1] ® V*[-2]. We say that an element f € Fun(F)[[R]] satisfies the
“BF, ansatz” if

(131) f=(B,a(A)) —ihB(A)

where A € Hom, (F, V), B € Hom_o(F,V*) are the superfields (projections to sum-
mands of F composed with shifted identity map) and «(A) € S;n\zl(V[l]) QV*,
B(A) € Sy/m\zl(V[l]) arbitrary elements.

We have the following properties (see [28] for details and proofs):

(i) If f and g satisfy the BF,, ansatz then {f,g} and Af also satisfy it.
(ii) If S satisfies the BF ansatz and is of internal degree zero, then one can write

(132) S(AB;h) =) %(B,ln(A, L A) =Ry %qn(A, .., A)

n>1 n n>1

n

49 This algebraic structure (and the example coming from Theorem l was introduced in
[27, 28] under the name of a quantum Loo algebra. In [I3]| it was named a wnimodular Loo
algebra and was studied as an algebra over a particular Merkulov’s wheeled operad.

):0
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where [, : A"V — V and ¢, : A"V — R are certain multilinear operations
on V. They endow V with the structure of a unimodular L., algebra, as in
Definition Relations can be conveniently written in terms of
the superfield Ax as

1
Z ﬁlr-'rl(Aa'"aAalS(A7"'7A)) _07
rls! ———

1 1
— Strlng1(A . A 0) + > = ari1(A LA T(A, L A) =0
n: N—— rie—n ris: —— N~——

n T S

and are equivalent to the quantum master equation satisfied by S.
(iii) If Sy, for t € [0,1], is a family of solutions of the QME satisfying the BF,,
ansatz such that S; for different ¢ are related by a canonical BV transformation

(133) %St = {8, R} —ih R,

then the degree —1 generator R; has to satisfy the BF,, ansatz as well.

(iv) One can introduce a natural notion of equivalence of unimodular Loo struc-
tures on V: two structures {l,,q,}, {l/,,q,} are called equivalent if the cor-
responding solutions of QME on F can be related by a canonical BV

transformation (133)).

In particular, for V = C*(X, g), the action Sx constructed in Theorem can
be expanded as

1 . 1
(134) Sx(Ax,Bx;h) =Y —(Bx,ly (Ax,...,Ax)) —ih > = (Ax,...,Ax)
o1 n! —— — " n! —_———

n n

where IX 1 A"C*(X,g) — C*(X,g) and ¢ : A"C*(X,g) — R are multilinear
operations on g-valued cochains, endowing the space of cochains C*(X, g) with the
structure of a unimodular L., algebra.

We can split operations X, ¢X into contributions of individual cells:

l?i( = Z e’ 'lfL(Aéw"aAé); qi( = Z qz(Aé,...,Aé)
eCX eCX

where ¢ : A"C*(e,g) — g and ¢ : A"C*(é,g) — R are the terms of the Taylor
expansion in A-fields of the building block (115)),

qQ 1 e - 1 e
(135)  Se=D — (Beli(Ae.. Ay —ih Y —ai(Ae. . Ag)

n>1 " n>2

Example 8.15 (From [27], 28]). The explicit answer for the action Sx for X =1
the interval corresponds to the following unimodular Lo algebra structure on
g-valued cochains C*(1,g) = Spang(eo, €1, €01) of the interval (we denote eg, e1, o1
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the basis cochains associated to the left/right endpoints and the bulk):

la(a1 ® €0, 00 @ €g) = [ar1, 2] ® €

la(ar ® €1,00 ®€1) = [a1, 0] @ €
Bt
ln+1(041 X €01y .-, O @ 601,ﬂ® 61) = 77: Zadaal s 'adagn (ﬁ) X €01

o

B-
lnt1(on @ €o1, ..., 0 ® €01, B® €9) = *nfr,l Zadaﬂl -+ ada,, (B) ® €01
’ g

B
an (01 ® €01, ..., 00 @ €p1) = ﬁ Ztrg(ad%1 ada,, )
o

Here we wrote out all the nonvanishing operations; n > 0 forl,11 andn > 2 for q,;

o runs over permutations of numbers 1,... n; a; and B are arbitrary elements in g;
B are Bernoulli numbers with B = :I:% (and Bf =1, Bf = %, ... the standard

Bernoulli numbers). Forgetting about the quantum operations g, we have an Lo,
algebra on g-valued cochains of the interval — the Lie version of the “algebra of the
interval’ﬂ in Lawrence-Sullivan [21] (more precisely, the Lo algebra C*(I,g),{l.}
is the Coo algebra of Lawrence-Sullivan on C*(I) tensored with g).

Remark 8.16. Theorem possesses a straightforward generalization whereby
one replaces the unimodular Lie algebra (g,[,]) of coefficients of cochains/chains
by any finite-dimensional unimodular Lo, algebra (g,{18},{q%}). In this case,

wmstead of , for e a 0-cell, we have S, = <Be7zn21 %lg(Ae7...,Ae)>g —

ih>,s1 2143 (Ae, ... Al); instead of we have Sx = (Bx, (d+I])Ax) + .
In , we then allow Ty to be any rooted tree with in-valencies > 2 at vertices
(not necessarily binary), with Jacobir, defined as an nested composition of opera-
tions 18 (with n the in-valence of a vertex of the tree) associated to T'y. Graph Ty
can be either a 1-loop graph with every vertex having out-valency 1 and in-valency
> 2 (and then Jacobir, is a supertrace of a nested classical operation), or a rooted
tree with the root vertex decorated by q8, with n the valency of the root vertex.

8.3. BV pushforward to cohomology, simple-homotopy equivalence, cel-
lular aggregations. Similarly to Section we consider the BV pushforward of

the half-density e# 5% (uf, )12 e Densé’Fun(FX) to residual fields F**s = H* (X, g)[1]®

1
Ho(X,g*)[—2]. The factor (u’,?x )2 = En-pig . is the normalized cellular half-density
on the space of fields as in Section (for cochains with coefficients in a trivial
local system with fiber g)ﬂ Explictly, we define the partition function by the fiber
BV integral
Fun
(

(136) Z(Aresa Bres) = / G%SX (,Ltliébx)l/2 S Densé’ FreS)

LCFiiuct

50This algebraic structure appeared independently and nearly simultaneously in [21], in the
preprint of [§] and, in its Lie form, in the preprint of [27].
1
51 Half-density ,u,sz is constructed using an a priori fixed density (i.e. a fixed normalization of
the Lebesgue measure) pg on g, instead of the standard density on R™ as in Section
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where the gauge fixing data — the splitting Fx = F'*® @ Fgyct and the Lagrangian
L C Fguet — are constructed, as in Section from a choice of induction data
C*(X) ~» H*(X) (tensored with identity in g).

By the general properties of BV pushforwards and by Theorem we have
AesZ = 0 and a change of the data C*(X) ~» H*(X) changes Z — Z+ Apes(- - )
More precisely, a change of induction data induces a canonical BV transformation
i.e. if Z and Z' are constructed using two different gauge-fixings, we can construct
a family Z;, t € [0, 1], such that Zy = Z, Z; = Z' and

1 0 Zy = Apes(Zs - R

( 37) a t — rcs( t t)
for some t-dependent generator R; € Fun_ (Fyes)[[A]] of form Ry = (Bies, vt (Ares)) —
ih ﬂt (Ares)-

Computing the BV pushforward yields the result of the following form:

ig X " H*(X,
Z(Aves; Bres) = 7 Sres(Ares:Bresih) Eh (X,9) (X, g)
——
GDens%FreS

where the factor f;f * and the torsion 7(X,g) are for a trivial local system on X
of rank dim g. The effective action on residual fields S5 is computed as a sum of
Feynman diagrams and satisfies the BF,, ansatz for some multilinear oper-
ations [ : A"H*(X,g) - H*(X,g) and ¢;>° : A"H*(X,g) — R which endow the
cohomology H®(X, g) with the structure of a unimodular L, algebra. In particular,
the classical operations {l,,} determine the rational homotopy type of X lﬂ

Remark 8.17. Some comments on the Lo, algebra H*(X, @), {ln}n>2 and its re-
lation to the rational homotopy type:

(a) Factorization. One has the following factorization property: the space of g-
valued cochains, viewed as an Lo, algebra (disregarding the quantum operations
Gn), can be written as

(138) (X9 =C'(X)®2g

52By an abuse of notations, throughout Sections |8 and El we are suppressing the superscript
can for the BV Laplacian on half-densities. Similarly, in Section@we will suppress this superscript
for the operator g@ acting on half-densities.

53This is a general property of BV pushforwards for a change of gauge-fixing data in a smooth
family, cf e.g. [B], Section 2.2.2. Note that by the discussion of Section in our case the space of
gauge-fixing data is contractible and in particular path-connected, thus any two choices of gauge-
fixing can be connected by a smooth family. We are slightly abusing the term “canonical BV
transformation”: for us it has two related meanings — for A-closed half-densities, as in , and
for actions (functions solving QME), as in . These meanings are equivalent for half-densities
satisfying exponential ansatz Z = e%Su1/2.

54 Here we mean that we need to know l,’s (Massey-Lie brackets) for a general Lie alge-
bra of coefficients g, which is tantamount to knowing the Cs operations (Massey products)
on H®(X), see (139) below. In fact, one can recover the n-ary Co operation m, on H®(X)
from [, with g = bIJrl the algebra of upper-triangular matrices of size n + 1, simply from
ln(wi ®t12,... wn @ tnnt1) = Mu(wi, ..., wWn) ® t1nt1 with w; € H*(X) and t;; the matrix
with entry 1 at (ij)-th place and all other entries being zero. We stress that one does not recover
the Co structure on H®(X) by plugging g = R into the formulae for operations I, on H®(X, g)
— that would just kill all the operations.
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— the Lie algebra of coefficients g tensored with the Cy algebr(X) of

cochains with coefficients in R or Q. This follows by inspection of (115). Sim-
ilarly, one has

(139) H*(X,g) = H'(X)® g

— the Ly algebra of g-valued cohomology equals the coefficient Lie algebra g
tensored with the cohomology Co, algebra, regarded as a homotopy transfer of
the Coo algebra C*(X) given by Kontsevich-Soibelman sum-over-trees formula
[20]. See also [8] for the fact that the sum-over-trees formula transfers Couo
algebras into Cy algebmsﬂ

(b) Uniqueness of the C, structure:

e The Cx algebra structure on C*(X) appearing in the r.h.s. of (@ is in-
ductively unique up to Cs, isomorphism (cf. Lemma . The Coo struc-
ture on H*(X) appearing in the r.h.s. of is Coo quasi-isomorphic to
it.

e For X a simplicial complex, C*(X) and H®*(X) are both Cw quasi-isomorphic
to Sullivan’s algebra Q;)oly (X) of piecewise-polynomial differential forms on
X.

o Also, for X a cellular decomposition of a manifold M, C*(X,R) and
H*(X,R) are both Cy quasi-isomorphic to de Rham algebra of smooth
differential forms Q°*(M).

(¢) Massey products and rational homotopy type. For X a simply-connected
CW complex, the Cw, algebra structure on H®*(X,Q) determines the rational
homotopy type of X by a theorem of Kadeishuvili [18], [17). In particular, this
Coo algebra is quasi-isomorphic (in the category of Coo algebras) to Sullivan’s
minimal model cdga [33] of the space X, from which the rational homotopy
groups Q @ m.(X) can be directly recovered.

Definition 8.18 (Whitehead [35], see also [9]). (i) LetY be a CW complex con-
taining an n-cell e and an (n —1)-cell ¢’ C de for some n > 1, such that €’ is
a free face of e, i.e. €' is cobounded only by e. Let X CY be the subcomplex

55Recall, see e.g. [§] for details, that an A algebra is a Z-graded vector space W together
with a sequence of multilinear operations my : W®* — W, n > 1, satisfying the quadratic
associativity-up-to-homotopy identities. An Ao algebra (W, {my}) is called a C algebra if in
addition operations m,, vanish on shuffle-products. We refer the reader to Appendixon how to
construct the tensor product Lo structure on W @ g, with W a C algebra and g a Lie algebra.
The Cx structure on C*(X), for X a simplicial complex, coinciding with the one read off of
the tree part of and constructed via homotopy transfer from piecewise-polynomial forms by
Kontsevich-Soibelman formula using Dupont’s chain homotopy operator was considered in [§].

56 Here the remark (see [27,[28]) is that the perturbative evaluation of the integral in the
lowest order in A corresponds to the homotopy transfer formula for Lo algebras to a subcomplex
as a sum over (non-planar) rooted trees. This is the Lo, version of Kontsevich-Soibelman formula
for homotopy transfer of Ao algebras where the sum is over planar rooted trees. Also, one has
that the homotopy transfer commutes with tensoring with a Lie algebra g:

W, {mn} —2 5 Wog, ()

! !

W {ml} —22 s W @, {l,}
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obtained by removing the pair e, e’ from X. Then one calls X an elementary
collapse of Y and Y an elementary expansion of X. The customary notation
is X Y orY N\ X.

(ii) Two CW complezes X and Y are called simple-homotopy equivalent if they
can be connected by a sequence of elementary expansions and collapsesﬂ

Let us assume that the collection 6 of standard induction data on cells is chosen,
as in Remark so that we have standard cellular actions S%. We will omit
the superscript 6, implying that Sx always stands for S% (and similarly for the
building block S.) throughout this section.

Lemma 8.19. Let X and Y be two reqular CW complexes such that Y is an
elementary expansion of X obtained by adjoining a pair of cells e, ¢’ C de. Then
the BV pushforward PY 7% from Fy to Fx relates the standard cellular actions

@ as follows:

(140) PY =X (b8 (uf )1/2) = ehS¥ (ult )12 + Ax (p)

There is a preferred (canonical) choice of gauge-fixing for the BV pushforward
PY=X_ for which the half-density p € Densé’Fun(
(141) p=—ihr-eFIx (ut )2

with r € Fun_; (C*(de — €', g)[1]) — a function of the A-field on de — €.

Proof. Define h := de — e’ C X. Let k := dim(e’) = dim(e) — 1. Our preferred
gauge-fixing for the BV pushforward PY ¥ is associated to the induction data

C*(Y) ~ C*(X) @ Span(e*, (¢/)*) "2 ¢*(X) with

[ id onC*(X) L e*—(e)* ifeisak—cellof h
(142) p= { 0 omne* (e) tee { * otherwise
K . e* — (6/)*
" C*(X) @ Span((e)*) — 0
Here ¢ is a cell of X. The map i is the pullback by the projection Co(Y) = Co(X)
which sends ¢/ — —h and e — 0. The result of the BV pushforward has the

i

form e Sx (uf)Y/? with S% that can be different from the standard action Sx.
However the difference S% — Sx is a function of the form —ih¢(A,) depending
only on the field A on cells of h. Thus we have two solutions of the quantum master
equation Sy (standard) and Sy — ih¢ (obtained by BV pushforward from e) on
Fj. One can connect them by a path of solutions of the quantum master equation
Sht = Sy —iht - ¢ with t € [0,1] such that Sy o = Sp, Sp1 = Sp, — ih¢. Similarly
to the argument in the proof of Lemma the fact that 0,5 can be written as
an infinitesimal canonical BV transformation

(143) atSh,t == {Sh,h Rt} - Zh ARt
for some generator R; € Fun_;(F,)[[h]] of form R; = —ihix(Ay), follows from the

Fx) above attains the form

computation of the zeroth cohomology of @} = {S,(Lo), e} on functions of field A:
(144) Hg, (Fun(C*(h, g)[1])) ~ Hep(g) = R
5TFor example, Pachner’s moves of triangulations of an n-manifold can be realized as a se-

quence of elementary expansions followed by a sequence of elementary collapses. Also, cellular
subdivisions and aggregations can be realized as sequences of expansions and collapses.
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where we use the contractibility of h Equation 1| is equivalent to %e%s’w =
A (e%shvth>; integrating over ¢ € [0, 1], we obtain ei (Sh=ihe) _e7Sh = A (fol dte%Sh"Rt) =

A (e%Sh ed)(;l (—ih x)) Therefore, returning to the pair of complexes X, Y, we have
obtained that the BV pushforward e#SY (uE )2 to Fx differs from enSx (up )2
by Ax(---) with (---) given by 1} with r = <=1 X. By general properties of BV

¢
pushforwards, another choice of gauge-fixing for PY 7% preserves the result (140)

but may change the ansatz for p. (I

Proposition 8.20. Assume that two reqular CW complexes X and Y are simple-
homotopy equivalent. Let Zx and Zy be the respective partition functions on Fi¢° =
Fy°. Then

(145) Zy —Zx = Apes(-++)

More precisely, Zx and Zy can be connected by a canonical transformation, as in
.

Proof. We can assume without loss of generality that Y is an elementary expansion
of X obtained by attaching a pair of cells e, ¢/ C de. Since the value of the BV
pushforward from Fy to residual fields is independent of the gauge-fixing data when
considered modulo canonical transformations, one can choose the gauge-fixing cor-
responding to first pushing forward from Fy to Fx and then to F** (using the
construction of composition of induction data ) On the other hand, by Lemma

8.19| the pushforward Fy — Fx, (1 := PY =X (e#Sy (u?y)1/2>, differs from (o :=

e Sx (/LEX )1/2 by a canonical transformation, i.e. we have a family of half-densities
¢ on Fx with 2¢, = Ax(¢:Rx,). Hence, PX7respY=X (,;gsy (ufgy)l/2> -

PX=1es( is connected to PX ¢, by a family Z; = PX 7', satisfying %Zt =
Aves(Zi Ry) with Ry := Z{le(_’res(CtRX’t). We used here the property of BV push-
forward that it commutes with BV Laplacians. This proves the Proposition. (]

Remark 8.21. As we remarked above, in the case of simply-connected X, the

partition function (if we know it for all g) determines the rational homotopy type

of X. One might ask, what kind of topological information is contained in the
partition function for X non-simply connected? The partition function Z contains
the following:

(a) The deformation-theoretic model (given by the homotopy Maurer-Cartan equa-
tion for the Lo algebra on cohomology, or on cochains) for the singularity of
the moduli space of flat connections at zero connection (or at the chosen local
system, if we twist the construction by it, as explained in Section @

(b) A formal infinitesimal thickening of the moduli space - its graded/supermanifold
part, corresponding to writing the homotopy Maurer-Cartan equation above
without requiring the unknown (the tangent vector to the moduli space) to be in
degree 1 and allowing it to be an inhomogeneous element (and also allowing the

58 In more detail, the quantum master equation for Sj, and for Sj, — ih¢ implies Q¢ = 0.
Function ¢ vanishes at A = 0 (this is the point where we use the normalization of the half-densities
(,LL,fZ’Y)l/Q7 (u,’?x)l/Q) which implies, together with ll that the obstruction to Qj-exactness of
¢ vanishes, i.e. we have ¢ = Qpx for some ¥, a function of Ay of degree —1. Thus we have proved

|i for the generator Ry = —ihy.
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generators of gauge transformations to be inhomogeneous rather than in degree
0).

(c) The part coming from unimodular/quantum operations q, on cohomology — they
encode the singular behavior of R-torsion as a function on the moduli space,
near (not just at) the zero connection (or, more generally, a given local system
if we twist by it).

In the case m(X) = 0, only @ survives and gives the rational homotopy type. In

the case m(X) # 0, (@) pertains to the simple-homotopy type, @ is (a local model

for) the character variety of the group w1 (X) and one expects (@ to be again related
to the rational homotopy type.

Proposition 8.22. Let XY be two reqular CW complexes such that X is a cel-
lular aggregation of Y (or, equivalently, Y is a subdivision of X ). Then the BV
pushforward PY 7% from Fy to Fx relates the standard cellular actions Sy and Sx

by
(146) P*?/HX (e,;lSy(‘u'f;uy)l/2> — e#5x (MfFiX)l/Z +Ax(--)

More precisely, the r.h.s. of has the form e Sx (/J,;Ex)l/2 and for special “geo-
metric” choices of gauge-fizing for the BV pusforward PY =X, we have a canonical
transformation

(147) Sk = Sx —ih{Sx, RM}

with the generator RV (Ax) € Fun_1(C*(X, g)[1]) given by the linear in h term of
the ansatz with coefficients Ct., . . for a celle C X depending on the
combinatorics of Y|. and the particular choice of geometric gauge-fixing. In this
case, the Ax(--+) term in is in fact Ax (eiT_l (—ih RM) . enSx (u,’}x)l/z)
where we denoted —ih ¢(Ax) := S% — Sx.

Proof. Let us write Y > X if X an aggregation of Y. We can always decompose
Y > X as a sequence

(148) Y=X,>Xpn1>>=Xo=X

where for each 0 < k < m, Xy41 is a subdivision of X} where only a single cell e
of X} is subdivided and others (including cells of de) are untouched@

First consider the case when Y is a subdivision of a single cell e of X. Then we
can represent the aggregation Y > X as a simple-homotopy equivalence — a single
elementary expansion (given by adjoining to Y the pair of cells €, e C 9¢€) followed
by a sequence of collapses

(149) Y 48 (W=Wo) N Wi NN\ (W =X)

Here one can regard W as (Y Ux_. X )Ue; the boundary of the cell € is 9 = eUg.€ey,
where ey = Y|, is a copy e subdivided in Y, which is glued to a non-subdivided
copy of e along the equator de = dey in the sphere de.

Consider the standard cellular action Sy, for W. We have the standard induction

data 1) for the collapses W N\ - - - \, X which compose to C*(W) (ow s x.2w 2o, Kw )

59 T obtain such a decomposition, order the cells e, . .., en, of X in the order of non-decreasing
dimension, as in the proof of Theorem Then set X, := <Uz<k Y\q) U (Ujsg €i)-
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FIGURE 5. Example of a single-cell aggregation presented as an
expansion followed by a sequence of collapses.

C*(X) and also a standard induction data C*(W) (w v pw v Kw ) C*(Y) for
the collapse W \, Y. By Lemma [3.19] we have

i

(150) PN (eFSW (uf )7) = BN (ut )12 4 A (—ifirwox - e RN (uf ) ))

Fx
(151) RV (e%sw (M?W)I/Q) = 5 (up, )2 + Ay (—z‘hrwﬁy e Y (u?y)l/Q)

for some degree —1 functions rw_ x(Ax|e) and ryw_y (Ayles, ). Here for the BV

pushforwards we use the gauge-fixing associated with the standard induction data
above. For the pushforward PY~% corresponding to the aggregation Y — X, we
will use the induction data

(152> ok (Y) (pW%YOZ‘W%XJ)WaXOZ‘WNzY Pw Y oKw 5 x 0w y) Cc* (X)

— this is the “geometric” gauge-fixing mentioned in the Proposition; it depends on
choosing a particular presentation of an aggregation as a simple-homotopy
equivalence

Composition of this data with C*(W) ~» C*(Y) above yields the data C'* (W) ~
C*(X) above. Thus with these choices one has PY ?X PWV=Y = pW=X (4 precise

identity, not modulo canonical transformations); applying this to erSw (uﬁw)l/ 2

and using (L504151f), we obtain
(158) PY™X (b5 (uf, )1?) =

= enSx (M}Fix)l/Q +Ax <_ih7‘Y—>X L e X (M}Fix)l/2> = ek (MEX)1/2

i

with 7y, x (Ax|e) = riwx—e 79X PY =X (rwﬁy cen Sy (u,@y)lﬂ) € Fun_(C*(e, g)[1]).

We then define R™M (Ax|e) as R :=ry - —_ with d(Ax|e) := %(SS( —-Sx) €

e?—1
Fung(C*(e, g)[1]). Then, by a calculation similar to the one in the proof of Lemma

60 Note also that induction data l) factors through integral cochains, C*(Y,Z) ~ C*(X,Z).
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8.19 (153) is equivalent to (147). This proves the Proposition in the case when Y
is a single-cell subdivision of X.

In the case of a general (non single-cell) aggregation (148]), we notice that S%, de-

fined via e Sx (,u’;lx)l/2 = PY=X (enSy (u?y)1/2>, with PY 7% = pXi=X ... pyoXma

satisfies the assumptions of Lemma 8.7 and thus is connected to Sx by a canonical
transformation with generator satisfying the ansatz (115[116]). From the single-cell
aggregation case we infer that the generator has only the linear in 7 part (while the
h-independent part vanishes). Such a transformation with a ¢-dependent generator

—ihRil), t € [0,1] is equivalent to a transformation with constant (¢-independent)
generator —ih R = —ih fol dt R, 4

8.4. Remarks. In this section we comment on the BV cohomology defined by the
theory. We also prove that the theory converges in an appropriate sense, in the
limit of dense triangulation (here we restrict to the simplicial case), to the standard
continuum BF theory on a manifold.

8.4.1. BV cohomology.

Definition 8.23. Let F,w be an odd-symplectic space and S € Funy(F)[[—ih]] a
solution of the quantum master equation on F. We define the perturbative BV
cohomology at Sﬁ as the cohomology of the differential 6 = {S,e} — ihA =
e~ 7S Aen® on Fun(F)[[—ih]].

In particular, cohomology of dg in degree zero controls infinitesimal deformations
of S as a solution of QME modulo canonical transformations (or, in other words,
gives observables O € Fung(F)[[—iA]] such that A(Oe#®) = 0 considered modulo
infinitesimal equivalence O e#® ~ O e + e A(—ih Rew®)).

Assume that we are in the setting of Section with F = V[1] & V*[-2] for
V = V* a graded vector space and S satisfying the BF,, ansatz (131]). We note

the following.

(i) Cohomology of A on Fun(F) is a line spanned by the element v € @), Det(V)*®
&), Det V2k+1 = Det(F°dd)* given by the product of all components of A ,B
of odd internal degree, Ha(Fun(F)) = v - R, with v having internal degree
v =3, (1-2k)dim V2* + 3, (=2 +(2k+1)) dim Vz"”'HH This cohomology
was considered in [I5].

(ii) We have

(154) Hfigi0, oy (Fun(F)) = Hf o (V, Sym V[2])

where on the r.h.s. we have the Chevalley-Eilenberg cohomology of the Lo,
algebra V, {l,} (with [,, the L., operations corresponding to the O(h%) term
in S via (132))) with coefficients in the sum of symmetric powers of the adjoint

61We introduce this term to avoid confusion with the cohomology of the BV Laplacian A itself
which is quite different (perturbative BV cohomology contains more information), see vS.
below.

62This follows from writing F as an odd cotangent bundle T* [=1]N of an evenly graded vector
space N = @, V2**+1 ¢ @, (V?*)* spanned by even components of A, B. Then Fun(F),A
is identified with the space of polyvector fields on N with differential given by the divergence
operator; this complex in turn is isomorphic to the de Rham complex of N via odd Fourier
transform [31]. Since N is a vector space, its de Rham cohomology is given by constant 0-forms
on V; their odd Fourier transform gives v - R.

)
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module. We denote the cohomology by $ — one can view it as the
“classical” (h-independent) counterpart of perturbative BV cohomology.

(iii) The operator {S), e} + A can be viewed as a perturbation of the differential
{S(O),O} on Fun(F) and thus induces, by homological perturbation theory
(HPT) a differential ® on $). We then have

(155)

Hi (Fun(F)[[=ih]]) = H® 0 (H[[—ih]]) = (H°* Nker D) & (—ih) - Hy (H)[[—ih]]

This means that the perturbative BV cohomology in the order O(h°) is given
by ®-closed elements of classical BV cohomology , whereas in positive
orders in i it is given by copies of cohomology of ©, one copy per order.

(iv) Consider the “abelian BF” action S® := (B, dA) on F, for d = [; the differen-
tial on V', — it is the quadratic A-independent term of the full BF,, action S.
We have H{ ., ., (Fun(F)) = Fun(Fres) with Fres = H*(V)[1] & (H*(V))*[-2]
and the perturbation of the differential {S*" e} + {S" e} + A produces,
as the induced differential, the standard BV Laplacian A,e on Fun(Fyes). In
particular, we have

(156)

H{.Sab,o}—ihA = H®a,,. (Fun(Fres)[[=ih]]) = (Fun(Fres) N ker Aves)B(—ih)vres R[[—ih]]

with v as in , with V replaced by H*(V).

(v) Assume that V' d’ is a retract of the complex V,d and assume that S’ is the
effective action on F' = V'[1]@® (V')*[—2] induced from S via BV pushforward.
Note that S’ automatically satisfies BF,, ansatz. Then, treating 65 via HPT
as a perturbation of the differential {S2", ¢} — iAA on Fun(F)[[—iA]], one can
prove that the induced differential on Fun(F')[[—ik]] is precisely dg/, with S’
given by Feynman diagrams for the BV pushforward (a version of this observa-
tion was made in [I6]; this statement is not specific to BF,, ansatz).Therefore,
we have

(157) H; (Fun(F)[[—iRl]) = H;_, (Fan(F')[[—ih]])
(vi) Let Sres = Q) —ins e Fun(F.es)[[—%h]] be the effective action induced on

Fres from S. Denote w := Syes|)_; = 5522 + Sr(els) € Fun(F,es). Using and
, we see that the cohomology

(158) H3(9) = H{.w7.}+Ares (Fun(Fres)) = €™ “1hes - R
has rank 1 and is concentrated in degree |vyes| = >, (1 — 2k)(dim H?*(V) —
dim H2k+1(V)).

(vii) Putting together and , we obtain that
(159) H3 (Fun(F)[[—iR]]) = (H°* Nker D) @ (—ih)e™ “vres - R[[—ih]]

Summarizing the observations above and applying to the case of cellular action
of Theorem and using Proposition we have the following.

Proposition 8.24. For X a reqular CW complex, perturbative BV cohomology
associated to the cellular action @ has the form

(160) Hs, (Fun(Fx)[[=ih]]) = (9% NkerDx) & (—ih) - R[—p][[—ih]]

where



A CELLULAR TOPOLOGICAL FIELD THEORY 73

9° = Hyp(C(X,9),SymO(X, 9)[2]) = Hep(H(X,g),Sym H(X,9)[2]) -

Chevalley-FEilenberg cohomology of cellular cochains and cellular cohomol-

oqy, understood as Lo, algebras, with coefficients in the sum of symmetric

powers of the adjoint module.

o Dy is the differential on $H® induced by homological perturbation theory from
the perturbation {S(©) e} s {S©) o}+{5§(1), o} +Ax of the differential on
Fun(Fx). Equivalently, ®x is induced from the perturbation {Sr(gs),o} —
(S50, 0} + {58, 0} + Aves of the differential on Fun(Fres)-

e Perturbative BV cohomology in higher orders in h has rank 1 and is con-

centrated in degree

p=> (1-2k)(dim H**(X,g) — dim H***!(X, g))
k
o The generator 1 € R of perturbative BV cohomology in positive degree in h
is represented in Fun(Fx) by the element p* (e " yes) where p: Fx — Freg
is the projection to residual fields used as a part of gauge-fixing in @,
Vies € @, Det(H**(X, g))* ® @, Det(Haii1(X,8%))* = Det(Fog)* is the
product of all components of fields Aves, Bres 0of odd internal degree; w =
Sr(gs) + S&) 18 the effective action on residual fields evaluated at h = i.
If the complexes X andY are simple-homotopy equivalent, the respective BV coho-
mology is canonically isomorphic,

H§, (Fun(Fx)[[—ih]]) = H;, (Fun(Fy)[[—iR]])

Example 8.25. For X contractible, perturbative BV cohomology is the same as for

X a point, and thus we have H(;'SX = (H&p(g, Sym g[2])Nker D)@ (—ih)R[— dim g][[—iA]].

One can understand HE (g, Sym g[2])Nker © as the subspace of unimodular classes

in Lie algebra cohomology. For example, in degree zero we have Hgsx =P, HZE, (g, Sym Fg)n
ker ®. Contribution of k = 1 here is the space of unimodular deformations of the Lie

bracket on g modulo inner automorphisms (note that for g semi-simple, it vanishes

since HZ (g, 9) vanishes as a whole).

Example 8.26. For X arbitrary and g an abelian Lie algebra, perturbative BV
cohomology is given by @ If we identify Fun(F.es) with polyvector fields on
H*(X,g)[1], then Fun(F.es) Nker A,es is the subspace of divergence-free polyvector
fields.

Returning to the setup of Section [8.2.1] we can introduce a subspace

—_
(e —
—

= {(B,a(A) — i B(A) | a(A) € Sym=2(V[1])" & V*, B(A) € Sym = (V[1])'}
2O g (—in) =M Fun(F)[[ih]]

— elements satisfying the BF,, ansatz (131]) with terms bi-linear in A and B pro-
hibited. Note that = is a subcomplex w.r.t. dg. Repeating the argument above, we
obtain that the cohomology of dg on = is

H3,(E) = Hgw o (E?) Nker D

with ® as above; note that this cohomology does not have O(h=1) terms.
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Remark 8.27. Note that —ih -1 is a dg-exact element in Fun(F)[[—ih]]. By in-
specting the HPT argument above, one can construct an explicit primitive ¢(A, B)
with dg(¢) = —ih - 1; this element necessarily contains a component bi-linear in A
and B. Therefore, for any ¢ € R one can connect S and S —ih-c (or, equivalently,
half-densities e#5 (ul)'/? and e-e#5(uf)'/?) by a canonical transformation. But if
the generator of the canonical transformation is prohibited to have a term bi-linear
in A, B, then such transformation is prohibited. Thus our rigid normalization of
half-densities e# 5% (MIEX)UQ and Z (as defined by ) is meaningful, since the
restriction above for canonical transformations holds in all cases of relevance for

UuSs: in Lemmata m and Propositions and .

8.4.2. Continuum limit. Simplicial BF action approximates the standard ac-
tion of non-abelian BF theory defined on differential forms on a manifold, in the
limit of “dense” triangulation, in the following sense.

Let M be a smooth compact oriented n-dimensional manifold endowed with a
Riemannian metric g. Let {Xxn} for N =1,2,... be a sequence of triangulations of
M with the property that metric diameters of simplices of X are bounded from
above by ¢/N for ¢ a constant. Fix (A, B) € Q*(M,g)[1] ® Q°*(M, g)[n — 2] a pair
of smooth non-homogeneous differential forms. We project this pair to an element
of the cellular space of fields, (An,By) € Fx,, with Ay 1= > 5 e*- (fg A),
By = ZeCXN (fM BA Xe) - e where Y. is a piecewise-linear form on M of degree
dim e — the Whitney form associated to e.

Lemma 8.28. We have the following asymptotics for the value of the h-independent
part of the simplicial action S’g?])v on (An,Bn):

(161) S (An,By) ~ /<B¢dA+1[A¢A]> +0<1>
o 2 , N

N —oco

The first term on the r.h.s. is the standard action of non-abelian BF theory in
BV formalism, see e.g. [7), 27 [].

Proof. Let iy : C*(Xn) — Q*(M) be the inclusion of cellular cochains of the
triangulation into piecewise-polynomial forms given by Whitney forms, and let
pn : Q*(M) — C*(Xy) be the Poincaré projection, as in Section [8.1] Then, for o
any smooth form on M, we have

) 1
(162) oa—1iy OpN(a)—O<N>
In particular, A —in(Ay) = O (%) and [A ) A] —in([An, T AN]) = O (%).

Note that components of the cellular field (Ay, By) on simplices of X behave
in the asymptotics N — co as A, = O(N~dme) B, = O(N—"+dime)  The number
of simplices e of XV of any fixed dimension behaves as O(N™). Thus, we can
estimate the term

1
(0),k . :
S = g E g Ant(Ty)] Cloernen (Be, Jacobir, (Ac,, ..., Ac,))

eCXny I'g e1,...,exCe

in the cellular action Sy, as O(N". N —ntdime—dime,—-—dimer) — (N2=F) (where
we use the relation dime — dime; — -+ — dime, = 2 — k between dimensions of
the k-tuple of faces of e, which arises from the fact that the associated monomial
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in components of fields, (B.,Jacobir,(A.,,-..,A¢,)), should have internal degree
zero). In particular, we hav

(163) > 5O* (AN, By) =0 (;)

k>3

On the other hand, by (108) we have S) = (By,dAy) + & (By, [Ax 1 Ax]) +
21@3 SOVk(AN,By) and

(B ns) + 5 Bl s an) ) = [ (Braasjlasa)

:/M <B¢(¢NopN—id) (dA+;[AGA]>>g =O(i;>

where we used ([162). Together with the estimate (163)), this finishes the proof of
the Lemma.
U

Remark 8.29. For the linear in h part of the simplicial action Sg(l])v, similar esti-
mates yield SO F(Ax) = O(N™*) (for the part of homogeneous degree k in Ay )
and Sg(lj)v (An) = O(N™2) for the whole.

Remark 8.30. In Lemma[8.28, one can allow Xy to be a sequence of prismatic
cellular decompositions of M instead of triangulations (with the same bound ¢/N
on the diameters of prisms), according to Remark ﬁ

9. NON-ABELIAN CELLULAR BF THEORY, Il: CASE OF A COBORDISM

In this section we address the construction of non-abelian cellular BF theory in
the formalism of Section [6l

Fix G a Lie group with bi-invariant Haar measure pug. The Lie algebra g =
Lie(G) is automatically unimodular and carries the induced density 4.

Let M be a compact oriented piecewise-linear n-manifold with boundary OM =
M, U Mgy Let (P,Vp) be a flat G-bundle over M and (E, V) the vector bundle
associated to P via adjoint representation, E = Ad(P) = P x¢ g; by construction
it carries a horizontal fiberwise density pp induced from pg. Let X be a cellular
decomposition of M; we assume that X is a regular CW complex of product type
near the boundary X, (see Definition [2.4]). We call such X an admissible cellular
decomposition of M.

We import directly from Section [6] without changes, the construction of:

e The space of fields F = C*(X, E)[1] & C*(XY,E*)[n — 2]. (By a slight
abuse of notation, we omit subscripts in Ex and E%v.)

63For this, we observe that the bound above can be improved to be uniform in k: structure
constants CFA()Zh-~&k (for a simplex of fixed dimension m) have at most exponential growth in k,
as follows from analyzing the explicit integral expressions for the structure constants arising from
the construction (EI) of the proof of Theorem Thus, one has |S(O)’k| < v*N2=Fk for some
depending on (A, B) but independent of k.

64 The argument we used to prove Lemma uses Whitney forms, and it is not clear how
to extend it to CW decompositions with arbitrary cells.
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e The superfields

A=>"e"-A.: F—C*(X,E), = > Be- : F—=C*(XV,E)
eCX eVeXV

Note that B is again a cochain, unlike in the formalism of Section
The presymplectic 2-form w = (§B, § A).

The boundary fields Fy = C*(Xp, E)[1] ® C*(Xy, E*)[n — 2].

The symplectic form wy and its primitive 1-form ay.

The projection 7 : F — Fp. Later we will need to deform it, see
below.

We define the action S(A, B;h) € Fun(F)o[[A]] as follows:

(164) S(A,Bih):= > Sc(Als,Bue);h) + (B, A),,
eCX—Xout
. I
= ¥ Zk' e b (Aley - Al))y—ih > Zﬁqk (Ala, -+, Ale)+(B, A),_
eCX—Xout k>1 eCX—Xout k>2

with S, the building blocks of Theorem . and 7, q; the corresponding
components of the operations of the unimodular L., algebra coming from .
In we use the parallel transport E(e > €’) to trivialize the coefficient local
system over the cell e (see (7)) and we set

(165) Ale = (€) - AdpesenAe 1 F—C*(E)®

e'Ce

We also use a shorthand notation (B, A); = ((¢Y)*B,*A4),, = D ec X <B%m(e), Ae>
for the boundary term of the action, as in (64). As in Section[8] the action has the
structure S = S — iz SM),

We also define Sy = Sout — Sin € Funy (Fp) by
(166)

S A&Ba Z Z %Dut e)»lk (A|é’..- ’A|é)>— Z Z%<an(e)7li (A|é’... 7A|é

eCXout k>1 ! eCXin k>1
Further, we introduce the vector field Q(*) € X(F);,

0
(167 Q(O) _ Z Z dlme <l’5€(14|€7 .. ,A|é), 74 >_

eCX k>1

0
- % (Bt (Al Al T Mg )

eCX—Xout k>0 e’ Ce—Xout

* 0
+ Z Z < »in(e)) lk+1 <A|67"' 7A‘é» Z(el) 'AdE(e>e/)6B>>
eCXin k>0 ! e'Ce sin(€)
0
— Z <B%m(e 8B;4(e >

eCXin
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Introduce the algebra homomorphism IT* : Fun(Fs) — Fun(F) deforming the
pullback by the standard projection 7*, defined on the generators as follows:
(168)

Ain = Ain

Bin — Bin

Aout — Aout

(Bout: @) gut, = Yoeer 2orz0 71 (Boete)s i (Ales -+, Ale, (€) - Adp(es.enyaer))

where a = Zechut e* - a. € C*(Xout) is a test cochain; the sum is over pairs of
cells e D €’ such that ¢/ C Xy while e C X — X5

The following is proven by a straightforward (but lengthy) computation, using
the mod & part of the result of Theorem

I .

Proposition 9.1. The data (F,w,Q®), SO 11%), (Fo,as,Ss) define a classical
BV-BFV theory [4], i.e. the following relations hold:

(a) (Q)*=0.
(b) Looyw = 5500 4 Tay.
(c) QOIT* = I1*Qp where Qa € X(Fp)1 is the Hamiltonian vector field generated
by Sp, i.e. is defined by tg,ws = 65s.
The space of states Hy = Func(Bs) 3 ¢(Bin, Aout) is defined as in Section
with the base of polarization By the same as in .It splits as Hp = H,; B)®’H0ut,

as in ﬁ
We define the degree 1 operator Sy = Sout + Sin 0n Hy as the quantization of
Sy, obtained by replacing B%m(e) — —ifi(—1 )d“”“e 9_ for e C Xou and A, —

—ih 8_ o for e C Xj, in and putting all derlvatlves in A or B to the right.
Explicitly, for Sout, Sm we have

R . 0
o N _1\dime “~
(169)  Sow = Y. > .<lk (Ale,-+, Ale) , —ih(-1) aAe>

eCXout k>1

Z Z % <an(e)7li (A\|€a e 7A\|é)>

eCXin k>1

Where A|é = _'Lh Ze’Cé( ) AdE(e>e )SBL(S)
It is convenient to introduce, alongside Sout, its version acting on out-states from

the right,

<_
(171> out Z Z A < le (A| o 7A€)>

eCXout k>1

(170) Sin

. =
It satisfies Spuit) = (—1)1¥1H14) S oy for any 1 = ¥(Aout) € Hout
Remark 9.2. For Y a cellular decomposition of a closed (n — 1)-manifold, the
G e
operators Sy~ and Sy’ defined by formulae on'Y, are mutually adjoint

65 Recall from Sectionthat we have, in fact, two models for the space of states, Hg (functions
on By) and HF" (half-densities on By). The two models are isomorphic and the comparison goes
via multiplication by the (appropriately normalized) reference half-density ¢ — (uga)l/ 24,
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w.r.t. the pairing .'
“ _
(¢0 SV, 0) = (6,5 0 9)
for p(Ay) € H\Y and (By) € HP).

Proposition 9.3. (a) The operator §3 defined as above squares to zero.
(b) The action on a cobordism M endowed with an admissible cellular de-
composition X satisfies the modified quantum master equation:

(172) <;§d - ihAbu1k> e#S =0

Proof. Part @ is an immediate consequence of the classical L, relations (129)) for

the boundary complex Xy, which in turn follow from Theorem applied to Xaﬁ

Let us prove part . First, observe from ((164)) that S depends on B, only via
the boundary term (B, A), . This implies that S;, o ern® = Sy, - e%S Also note
that Sous is a first order differential operator. Therefore, we have the following

(173)
i )~ i 1 ) =
—ih 6753 <;_LS3 — ihAbulk) eﬁs = 5{5, S}wb — %S o Sout + Sin — ihAbulkS

Here {, }.,, is the same Poisson bracket as in the proof of Lemma We calculate

1 99

—{s® g ~— _ Z 5(0) < , >S(0)

2 e 0A: OB, (¢)

1 e’ * e
= Z Z @<B%(e/)alr+l(A|é/v"' vA‘é’ae 'AdE(e/>e)ls(A|éa"'
e,/ CX—Xout, eCé’ 1,521 e
_ B, () 3 5(0)
CZX < 5B%<e>>
Sin

Last term on the right is the contribution of the in-boundary term in S to the
Poisson bracket. If the first sum above were over all pairs of €’ — a cell of X — Xt
and e its (arbitrary codimension) face (which can be on X,yut), the sum would

66 Note that in our case the cochains on Xy are twisted by a local system but the action
still satisfies the master equation, with the new definition of Ale, as can be seen by
inspecting the proof of Theorem 8.6} we have quantum master equations on cells, where the local
system is trivialized and this implies (by the gluing procedure of the proof of Theorem 8.1)
that is a solution of the master equation.

67T more detail, we have

Bmock® ( S S A (B ti (Al 4

eCXjp k>1

1 o[~ i ~ i i
= ( Z ZE<Bxin(e)’lk (Aleohs,"',AleOhS)>> -eﬁs

eCXjp k>1

= ( > > % (Boniers Ui (Ale, - ,AE)>> B = S B

eCXj, k>1

@
S—
~—

~_—
o
)
e
)
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vanish by classical L, relations on X following from Theorem [8.6] Therefore, we
continue:

1
(174) f{S(O), SOy, =

- Y ¥ Z% (Al Al e - AdgsolS(Ale, - Ale) ) =S

e’'CX—Xout eCe/NXout 1,821

=) 8@ B A (DR ST
a 6B% © out in — h out in
eCXout out

Similarly, we have

9 7
M gy  _ _ Z (1 (0)
{57, 5w, s <6A aB%(e)>S

eC X —Xout

1 * e

= - Z Z ’I“'S' qr+1(A|G/ ’A‘é/ve 'AdE(e’>e)ls(A|é>"' aA|€))
e, e’ CX—Xout, eCé’ 7,821

Which, by the unimodular L., relations (130)) on X, and the argument as above,

yields

: -
(175) (S, 8O = “ApuS© + %sm 0 S out

Putting (174)) and ( into (| , we obtain the modified quantum master equa-
tion (172)).
a

Example 9.4. Consider M an interval viewed as a cobordism between an in-point
and an out-point, with X a cellular decomposition with N > 1 1-cells which we
denote [01],[12],...,[N — 1, N] and N +1 0-cells denoted [0],[1],...,[N]. The dual
CW complex XV has 0-cells [0]Y,...,[N]Y and 1-cells [01]Y,...,[N —1,N]V.

The data of the local system Ex is a collection of group elements
ug = E(lk,k+ 1] > [k]) € G, vgr1 = E([k,k+ 1] >[k+1]) €G

fork=0,1,...,N — 1. The superfields are:

N N— N N-—-1
= [k Ap Z b k1" Apegery, B =D ([K]Y) Bugv+ > (b, k+1]Y)* Byt sy
k=0 k=0 k=0 k=0
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where A, Afk,k+1) € 9 have degrees 1 and 0, respectively; degrees of By, B, k+1)v €
g are —1 and —2, respectively. We have

N—-1 1
S = Z <B[k,k+1]v» Q[A[k]vA[k]]> +
k=0

Ad,, Ap_1+Ad,, A
+Z <B[k]va |:A[k1,k]7 S 12] el ]] +F(adA[k—1,k1) °© (AdUkA[k] - AduklA[k11)>
k=1

N
—ih» tr logG(ada,_, ) + (B, Aq)
k=1
with functions F and G as in . The nontrivial component of the map I1* (168
18

I B[N — S5 = Ad*_1H(adAN 1,N])B[N]v

0
8A[N
where H(z) := —§ + F(—2) = Z%5. Boundary action is

1 1
Sy = <B[N]Va 2[A[N]7A[N]]> - <B[0]v, Q[A[o],A[oﬂ>
The space of states
Ho = Fun(g*[—1]) ® Fun(g[1]) = CYF(g) ® Cep() > ¥(Bpopy, Awy)

can be identified with the Chevalley-Eilenberg cochain complex tensored with its
dual (Lie algebra chains with opposite grading). The differential on states is

_ 1 d L9 0
G <2[ (N Ap] 3A[N]> < (07 [GB 8B[O]V]>

— the sum of standard Lie algebra cochain and chain differentials (up to normaliza-
tion). Its cohomology is Hy (Ho) =D _ ;11— HSE(g) @ HE p(g).-

9.1. Perturbative partition function on a cobordism: pushforward to co-
homology in the bulk. We proceed as in Sections to define the pertur-
bative partition function as the BV pushforward of the non-abelian BF' theory on
a cobordism M endowed with admissible cellular decomposition X from “cellular
bulk fields” F, = C*(X, Xou)[1] ® C*(XVY, X)) [n — 2] to F; = H* (M, Moy)[1] ®
H*(M, Mi,)[n — 2], with gauge-fixing inferred from a choice of induction data

C* (X, Xou) GRS Fre (M, Myy). Namely, we define Z(Bin, Aout; Aves; Bres) €

Hgan@)Densé’Fun(fbres) — thought of as a boundary state with coefficients in half-
densities of bulk residual fields — by formula 7 for the non-abelian cellular action
(1164]).

The following statement generalizes to the non-abelian setting and is the
result of a straightforward perturbative computation of the fiber integral defining
Z.

Proposition 9.5. For a cobordism M endowed with an admissible cellular decom-
position X and a G-local system E in adjoint representation, we have the following.
FExplicitly, the partition function Z has the form

(176) 7 — e%scff(BinaAout;Are:hBreS) g}?.(MvMo“t) 7(M, Myy) - (,LLB )1/2
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with the constant factor as in and with

(7ih)loops(F)+Vq(F)
(177) Sef = @1 (Bin, Aout; Ares, Bres)
e ZF: |Aut(1")\ out es es

where the sum runs over connected oriented graphs I' on M with:

e Oriented edges, with source and target half-edge placeﬂ at cellse¥ C XV —
XY and e C X — Xout respectively, decorated with minus the propagator
—K(e,e¥) € E: ® Ef, (see Remark[7.7).

o Vouts univalent vertices (with outgoing half-edge), placed at cells e C Xout
with the adjacent half-edge placed at oy (€); such a vertex is decorated with
AdE(uflzom(e)>e) o (Aout)ev

o Vi, univalent vertices (with incoming half-edge), placed at cells eV C X\
with the adjacent half-edge placed at %i;l(ev); such a vertex is decorated
with (Bin)ev .

o V! bulk vertices placed at cells e C X — Xou, with one outgoing half-edge
also placed at e and with k > 2 incoming half-edges placed at faces of
arbitrary codimension ey, ...,ex C e; the decoration is:

k k
llec,el,...,ek © (AdE(e>e1) QR AdE(€>6k)) € HOHI(® Eéj y Eé) 2 F:® ® E:j
j=1

j=1

with Iy . . € Hom(g®*,g) a local component of the k-ary Lo, operation

on C*(X,g) determined by (115).
o V1 € {0,1} bulk vertices placed at cells e C X — Xout, with no outgoing

and k > 2 incoming half-edges placed at faces of arbitrary codimension

e1,...,ex C e; the decoration is:
k k
qz,el,...,ek © (AdE(e>€1) K AdE(e>ek)) S Hom(® Eé]‘ ) R) = ®E:,
j=1 j=1
with qi .. ., € Hom(g®* R) a local component of the k-ary unimodular

Lo operation on C*(X,g) determined by (115).
e VA leaves (loose half-edges), oriented towards the vertex and placed at a
cell e. Decoration: (1Ayes)e,

o VB leaves, oriented from the vertex and placed at a cell ¢¥. Decoration:

(pores)eV ’
The value of pr in 1s the sum over all placements of half-edges and vertices of
the graph at cells of X (subject to restrictions to boundary strata and local relations
between placement of half-edges and vertices as above), of products of all decorations
(with tensors in the fibers of the local system contracted in the way prescribed by

the graph T’ )ﬂ

68We talk here about “placing” elements of the graph I' at cells and decorating them with
particular tensors depending on the placement. In the end, to obtain the Feynman weight of the
graph ¢r, we sum over placements the contraction of the respective tensors. Sum over placements
here is a cellular analog of configuration space integrals defining the weights of Feynman graphs
in [5].

69 Note that ¢r is a polynomial in the variables (Bin,Aout,Ares; Bres) of degree
(Vim Voutv Vrésv Vr]eas .
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Remark 9.6. Graphs contributing to fall into four types (we provide each
type with a picture of a typical example):
(I) Rooted trees with the root decorated with Bi, and leaves either decorated by
Aes o1 by Aout-

in

(II) Rooted trees with the root decorated with Bres and leaves decorated by Aes or
Aout .

Ax es

in

(III) Rooted trees with the root decorated with a quantum operation qf and leaves
decorated by Ares o Aout-

in

(IV) One-loop graphs (a cycle with several trees attached to the cycle at the root)
with leaves decorated by Ares 0T Aout-

Auut

Aout

out
Aout

This classification of graphs yields the following ansatz for Seg:
Set = <Bina @I(Aouta Ares)>in + <Bre37 QOH(Aoutv Ares)>res —ih (PHH_IV (Aouta Ares)

with @', P, QMY generally of unbounded degree in the variables Agyg, Ares.

Theorem 9.7.
(i) The partition function @ satisfies the modified quantum master equatio@

<;§8 — ihAreS) Z=0

70 Note that operators §5, Aves here act on half-densities. So, in the conventions of Section

we should be writing S§**, AT&l'. We omit here the superscript can to lighten the notation.
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(i) A change of gauge-firing data (i,p,K) changes Z by a (%gg) - ihAres) -ezact
term.

(iii) Considered modulo (%:S'\a — ihArCS) -exact terms, Z is independent of the cel-

lular decomposition X of M, provided that the cellular decomposition of the
boundary is fized.

(iv) Assume, as in Proposition that the cobordism (M, X1) SCULEIN (M3, X3)
is obtained by composing (gluing) cobordisms (M7, X1) M X0, (M3, X3) and

(M, X5) % (M3, X3). Then the partition function for the glued

cobordism can be recovered from the partition functions for the constituent
cobordisms by the same gluing formula , as in abelian case.

Proof. Ttems , are an immediate consequence of and the general prop-
erties of finite-dimensional BV puhforwards (that the “family over B version” of BV
pushforward is a chain map w.r.t. (%QB — ihA) and that a change of gauge-fixing
induces a change of the pushforward of a closed element by an exact element, see
Theorem 2.14 in [5]; in our case Q5 = Sp).

To prove ({iii), we (partially) switch back to the formalism of Section Let
us regard the cellular action as a function on Fx x, ., = C*(X, Xout)[1] &
Ce(X, Xout)[—2] (which is canonically symplectomorphic to C* (X, Xout ) [1]BC* (XY, XY [n — 2])
with Aoy and Bj, as external parameters — this point of view allows us to forget
about the dual CW complex in the bulk. Then we can perform elementary ex-
pansions and collapses on X — Xy and by Lemma [8.19] together with the chain
map property of BV pushforwards “in a family” quoted above, we obtain for
a change of X by a simple-homotopy relative to Xy. Since such simple-homotopy
allows one to pass between any two CW decompositions of M restricting to Xy at
the boundary, this proves .

For the item , we note that the entire discussion of gluing of Section
starting with the gluing formula for the exponential of cellular action, works
in non-abelian case exactly as in abelian case. ([

9.1.1. Reduction of the spaces of states (passage to the cohomology of the abelian
part of BF'V operators). Let us split the boundary BFV operator as Sp = SaP+S5"*
with S the abelian part (i.e. n =1 term in 1 D ). We can pass to the reduced
space of states

Hy == H3

Gab
S@

(Ho) = Fun (H* (Mous, E)[1] ® H* (Min, E)[n — 2])

as in Section i.e., reduced states are functions [1)| of cohomology classes [Aout]
and [Biy].
Unlike in abelian case, we have a nonzero BFV operator S5 = S, + S}, on Hj

induced from Sy via homological perturbation theory, with §(§ut, Si, satifying the
ansatz
ar 1 r,out . 8
(178) Sout = Z g lk} ([Aout]7 sy [Aout]), —th 5
E>2 ou
/\r 1 T in —_— —_—
(179) Sno= D o (Bul " ([l [Aw])

k>2
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with @ = —ih%. Here [)°"" are the L., algebra operations on H®(Moy, E)
induced, via homotopy transfer, from the cellular Lo, structure on C*®(Xout, E)
produced by Theorem It can also be viewed as induced by homotopy transfer
from dg Lie version of de Rham algebra Q®(Myys, F); case of L., opertaions on
in-boundary is similar. In particular, note that the cochain complex (Hg,gg),
regarded modulo chain isomorphisms, is independent on the cellular decomposition
of the boundary.

Remark 9.8. Reduced BFV differential :5'\5 can be viewed as a generating func-
tion for Massey operations on cohomology of the boundary and thus determines the
rational homotopy type of the boundary (at least, in the case of simply-connected
boundary).

Remark 9.9. One can consider the total reduction of the space of states — the
cohomology of S; on Hy which coincides, by homological perturbation lemma, with

cohomology of the total BFV differential §8 on Hg. This total reduction is isomor-
phic to

Mgt Tt 2 e (H (Mou, B), (57™)) © (Hep (HO(Man, B9, 1))

— the Chevalley-FEilenberg cohomology of the Lo, structure on the de Rham coho-
mology of the out-boundary, tensored with the Chevalley-Filenberg homology of the
respective Lo, structure associated to the in-boundary.

Theoremholds for the reduced partition function Z*([Bin), [Aout]; Aress Bres) €

~

chan®Dens§’Fun(fgeS) (defined by evaluating the partition function Z on repre-
sentatives of classes [Aout), [Bin] in cellular cochains of the boundary, as in Section

Here we replace the BFV operator by its reduced version §§. In part of
the Theorem in addition to changes of (i, p,K) we are now also allowing changes
of (ip,pn, Kp) — the HPT induction data from cellular cochains of the boundary to

cohomology, as in Remark &

In part of the Theorem we can now allow changes of cellular decomposition
of X that change the decomposition of the boundary[™7

APPENDIX A. DETERMINANT LINES, DENSITIES, R-TORSION

A.1. Determinant lines, torsion of a complex of vector spaces. In what
follows, line stands for an abstract 1-dimensional real vector space.

"INote that only i (choice of cellular representatives for cohomology classes) is relevant for
the construction of Z' = i Z whereas pg and Kp are manifestly irrelevant for Z*; however, the
whole package (ig,ps, Kp) is involved in the construction of §§

72Sketch of proof: for Y an arbitrary cell decomposition of the cylinder & x [0,1] (regarded
as a cobordism from 3 to X) the reduced partition function Z* : H}, — H%, is chain homotopic
to identity (proven from the gluing property — of Theorem [9.7). Now let X and X’ be two
cellular decompositions of M. We can attach two cylinders at in- and out-boundaries of X’ to
obtain a cell decomposition Xof M-a copy of M with collars attached at in- and out-boundary,
such that Xin ~ Xin and Xout ~ Xout- By the previous observation about cylinders yielding
identity up to homotopy, and by gluing formula, we have Z;? ~ 2% (where ~ stands for equality

up to (%gg — ilAres)-exact terms). On the other hand, we can view X and X as two cellular
decompositions of M coinciding on the boundary, thus of Theorem [9.7| applies and we have
Zg? ~ Z%. Thus, we have Z% ~ Z%,.
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Definition A.1. ForV a finite-dimensional real vector space, the determinant line
is defined as the top exterior power Det V. = AY™VYV . For V* o Z-graded vector
space, one defines the determinant line as

Det V* = (R)(Det VF)(-1"
k

where for L a line, L' = L* denotes the dual line.

Here are several useful properties of determinant lines.

(i) The determinant line of the dual graded vector space is
Det V* 2 (Det V)™

(with the grading convention (V*)* = (V=F)*). In the case of a vector space
concentrated in degree 0, the pairing between Det V* and Det V' is given by

(U Ao AU, v A Avy) = det(v], v))

with v; € V,vf € V* fori=1,...,n =dim V. Extension to the graded case
is straightforward.
(ii) Determinant line of the degree-shifted vector space is

o] ~v o\ (—1)k
Det V*[k] = (Det V*)

(iii) Given a short exact sequence of graded vector spaces 0 - U®* — V* — W* —
0, one has

(180) Det V* = Det U* @ Det W*
In the case of non-graded vector spaces, the isomorphism sends

(Wi A AUgimu) @ (W1 A+ Awaimw) = UL A Aldimu AW A - A Wi w

€ Det U € Det W € Det V

where on the right, w} is some lifting of the element w; to V. Extension to
the graded case is, again, straightforward.

(iv) If V*,d is a cochain complex with cohomology H*(V'), there is a canonical
isomorphism of determinant lines

(181) T : Det V* = Det H*(V)
Indeed, one applies property (180]) to the two short exact sequences

ch.loscd — V. i> V.+1 ch;act — ch.loscd - H.(V)

exact’

to obtain isomorphisms

Det V* 2 Det V.3 oq ® (Det V3

exact

which combine to (181]).

All isomorphisms above are canonical (functorial).

It is convenient to work with determinant lines modulo signs, so that one can
ignore the question of orientations and Koszul signs. We will use the notation
Det V*/{£1} for non-zero elements of the determinant line considered modulo
sign; so the precise notation should have been (Det V'* — {0})/{%1}.

)7h Det Vi§q = Det V2

losed exac

. ® Det H*(V)
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Definition A.2. For V*,d a cochain complex and p € Det V*/{£1} a preferred
element of the determinant line, defined up to sign, the torsion is defined as

T(V®,d,u) =T(n) € Det H*(V)/{£1}
with T as in .

The following Lemma has important consequences in the setting of R-torsion
(Section [A73).

Lemma A.3 (Multiplicativity of torsions with respect to short exact sequences).
Let 0 — U®* — V®* — W* — 0 be a short exact sequence of complexes, equipped
with elements py, pyv, pw n respective determinant lines, such that py = py - pw -
Then for the torsions we have

Tres(To(po) - Ty (pv) ™' Tw(pw)) =1 € R/{£1}

where Ty, Ty, Tw are the maps for U*,V* W*. We denoted LES the in-
duced long exact sequence in cohomology --- — H*¥(U) — H*(V) — HFW) —
HML(U) — - - viewed as an acyclic cochain complex, and

Tres : Det H*(U) ® (Det H*(V))™! @ Det H*(W) — R
is the corresponding isomorphism .

See [25] for details; cf. also [29] for discussion in the language of determinant
lines.

A.2. Densities.

Definition A.4. For a € R and V a finite-dimensional real vector space, the space
Dens®(V) of a-densities on V is defined as the space of maps ¢ : F(V) — R from
the space of bases (frames) in V to positive half-line satisfying the equivariance
property: for any automorphism g € GL(V) and any frame v = (v1,...,Vdimv) €
F(V), one has
¢(g-v) = |detg|* - ¢(v)

Dens®(V) is a torsor over Ry (viewed as a multiplicative group), and in the setting
of Z-graded vector spaces, one defines

Dens®(V*®) = ® (Densa(Vk))(il)k
%

(tensor product is over Ry ); « is called the weight of the density.

By default a “density” has weight « = 1 (and then we write Dens instead of
Dens'), and a “half-density” has, indeed, o = 1/2.

If ¢o, ¢ are two densities on V'* of weights «, 3, then the product ¢, - ¢ is an
(o + B)-density. Also, ¢, can be raised to any real power v € R to yield a density
(¢a)7 of weight a - . In particular, one has mutually inverse maps

%)2 *
Dens'/?V* l) Dens V*, Dens V* i) Dens'/?V*

Evaluation pairing (Det V*/{£1}) ®Dens V'* — R induces a canonical isomor-
phism of R -torsors

Det V*/{£1} = Dens V*[1]
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A.3. R-torsion. Let X be a finite CW-complex and Y € X a CW-subcomplex.
Let

(182) h:m(X)=m — SLi(m,R)

be some representation of the fundamental group of X by real matrices of deter-
minant +1. Tt extends to a ring homomorphism h : Z[r] — Mat(m,R) from the
group ring of 71 to all real matrices of size m. Let p : X — X be the universal
cover of X and denote Y = p 1Y) C X. Consider the cochain complex of vector

spaces
(183) C*(X,Y;h) = R™ @iy C*(X, Y Z)

where on the right we have integral cellular cochains of the pair ()N( , }7), which is a
complex of free Z[m]-modules with elements of 7, acting on cells of X by covering
transformations, tensored with R™ using the representation h. In C*(X,Y;h) one
has a preferred basis of the form

(184) {vi ® (&) }1<i<m, ecx—y

where {v;} is the standard basis on R™ (or any unimodular basis, i.e. such that

the standard density on R™ evaluates on it to £1) and € are some liftings of cells e

of X not lying in Y to the universal cover; (€)* is the corresponding basis cochain.
Associated to the basis by construction is an element 1 € Det C*(X,Y; h)/{£1},

independent of the choices of liftings of cells e — ¢ and independent of the choice

of unimodular basis in R™.

Definition A.5. The R-torsion of the pair (X,Y) of CW-complezes, associated to
the representation , is defined as the torsion (in the sense of Deﬁnitz’on
of the complex C*(X,Y; h) equipped with element p:

7(X,Y;h) =T(u) €Det H*(X,Y;h)/{£1}
Torsion of a single CW-complex X is defined as 7(X;h) := 7(X,@;h).

Of particular importance (and historically the most studied) is the acyclic case,
when H*(X,Y;h) = 0. Then the torsion takes values in the trivial line and thus is
a number (modulo sign).

Instead of choosing a representation h of m;, one can choose a cellular local
SLy(m)-system E on X, in the sense of Section [3} and define i as the holonomy
of E. Cochain complex C*(X,Y;E) (dual to the chain complex Co(X,Y; E*)
constructed in Section [3)) is isomorphic to . When we prefer to think in terms
of a local system E rather than a representation h of m; (e.g. when we consider
restriction to a CW-subcomplex, or gluing of two complexes along a subcomplex),
we will write the torsion as 7(X,Y; E).

The following two properties are consequences of the multiplicativity of the al-
gebraic torsion with respect to short exact sequences of cochain complexes (Lemma
A3).

(A) For X DY a pair of CW-complexes, one has
(185) T(X;E)=7(X,Y;E) -7(Y; El|y)
The formula makes sense because Det H®(X; F) = Det H*(X,Y; E)®@Det H*(Y; Ely),

since the determinant line of the long exact sequence in homology of the pair
(X,Y) (regarded itself as a complex) is Det H*(X,Y; E)®(Det H*(X; E))"'®
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Det H*(Y; E|y) and, on the other hand, is the trivial line, by applied to
the long exact sequence.

(B) For Z = X UY a CW-complex represented as a union of two intersecting
subcomplexes, one the gluing (inclusion/exclusion) formula

(186) T(XUY;E)=7(X;E|x) 7(Y;Ely) - 7(XNY; E|xny) "
The reason why Lh.s. and r.h.s. can be at all compared is as in (A)), but one
replaces the long exact sequence of a pair by Mayer-Vietoris sequence

In the acyclic case (i.e. when all relevant cohomology spaces vanish), (185186 are
equalities of numbers.

Theorem A.6 (Combinatorial invariance of R-torsion). If (X', Y”) is a cellular
subdivision of the pair (X,Y), then

(X" Y';h) =7(X,Y;h)

For the proof, see e.g. [25]. The case Y =Y’ = & is due to Reidemeister, Franz
and de Rham.

The combinatorial invariance theorem implies in particular that, for M a com-
pact PL manifold with two different cellular decompositions X and Y, one has
7(X;h) = 7(Y;h). Thus in this case it makes sense to talk about the R-torsion of
a manifold M, 7(M;h), forgetting about the cellular subdivision.

Theorem A.7 (Milnor, [24]). If M is a piecewise-linear compact oriented n-
manifold with boundary OM = 01 M U 0, M, one has

F(M, 00M: ) = (£(M, 8, 1)
where h* s the dual representation to h.

Note that the L.h.s. belongs to Det H®*(M,0; M;h) while the r.h.s. belongs to
(Det H*(M, 0, M; h*))(*l)n_1 (modulo signs); these determinant lines are canoni-
cally isomorphic due to Poincaré-Lefschetz duality H* (M, d; M; h) = (H"~*(M, 0y M; h*))*.
Thus it does make sense to compare the two torsions.

Corollary A.8. For M a closed even-dimensional manifold and h such that H*(M;h) =
0, the torsion is trivial, T(M;h) = 1.

APPENDIX B. TWO POINTS OF VIEW ON “Cy ® Lie = Lo.”

In connection with Remark we recall two ways to see the L., algebra
structure on the tensor product of a C,, algebra and a Lie algebra.

Given a C4 algebra W with multlinear operations m,, : W®" — W, and given
a Lie algebra g, one can construct the tensor product L, algebra structure on the
graded vector space W ® g by defining

(187) w1 ®@a,...,w, @ay) = Z M (Wey s -y Weo, ) @ (g, -+ O,)
oSy

73 More pedantically, should be written as TLgs(7(X,Y; E)-7(X; E)~'-7(Y; Ely)) = 1,
with Tpgs the isomorphism between the determinant line of the long exact sequence of
cohomology of the pair and the standard line R. Likewise, should be written as Ty (7(X U
Y;E)-7(X;E|x)" ' 7(Y;Ely)™ - 7(X NY; E|xny)) = 1 with Tyry the isomorphism (181]) for
the Mayer-Vietoris long exact sequence.
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with wy,...,w, € W and ay,...,a, € g arbitrary elements. The sum on the r.h.s.
is over permuations o of 1,...,n. Here the product of a;’s is seen as a product
in the universal enveloping algebra Ug. The C,, property of the operation m,,
(vanishing on shuffle-products) implies that the result lands in W @ g C W ® Ug.

Another way to present the same tensor product L, structure on W ® g is as
follows. The C,, operations m,, can be written in the form

(188) My (w1, ..., w Zm o Hw @+ @ wy)

where the sum runs over binary rooted trees T with n leaves (viewed up to graph
automorphism; for each T' we fix arbitrarily a “standard” planar realization) and
their planar realizations m; m! € Hom(W®" W)Au(T) are some multilinear op-
erations invariant w.r.t. automorphisms of 7" acting by permutations of factors in
W®n (with appropriate signs); wy, ..., w, € W are arbitrary vectors; 7= 1(---) is
understood as a permutation of factors in W®” corresponding to going from the
planar representative 7w to the “standard” representative of 7. Then the tensor
product L., algebra structure on W ® g is given by

(189) Il (w1 ® ag,..., wn®an):

Z Z |Aut mf(wal,...,wan) ® Jacobir(ag,, ... ay,)

ceS, T

with Jacobir(---) the nested commutator determined by the tree T'.

Here the first point of view on the tensor product is more direct and does
not require splitting m,, into pieces m’ possessing different symmetries. However,
we wanted to also present the second point of view since it compares directly
to the tree part of and explains how to construct the corresponding Cy,

algebra (via (188)).
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