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2 Chapter 1

1.1 | Introduction

The 20th century has seen many advances in science and technology. Not only has huge
progress been made, often this was done via groundbreaking ideas and radical shifts in
our thinking, leading to many new disciplines of science. In this thesis we consider the
interplay between three of these disciplines: the field of quantum mechanics, the field
of computer science and the subfield of convex optimization.

Quantum mechanics The field of quantum mechanics finds it roots in 1900 in the
works of Planck [Pla004d; PTa00b], in which he proposes the idea that energy might be
quantized (meaning it would come in discrete packets, opposed to a continuous spec-
trum) in order to explain the observations of black-body radiation. This idea turned out
to be fruitful and allowed Einstein to explain the photoelectric effect in 1905 [Ein05] and
Bohr to explain the spectral lines of the hydrogen atom in 1913 [BohT3]. The notion of
discrete photons (the particles of light), however, seemed to contradict experiments
that found that light behaves like a wave. This led to the works of Schrédinger [Sch26],
Heisenberg, Born and Jordan [Hei?5; BI25; BHIZ6] in the 1920s, which introduced the
notions of the wave function and matrix mechanics, fleshing out quantum mechanics
and explaining this particle-wave duality.

Light indeed comes in discrete packets (as do other particles), but the position
of these packets is not precisely defined. Instead there is a certain probability that
a particle is at a certain place, leading to a wave-like behavior as these probabilities
spread through space. Furthermore, these probabilities do not originate from our lack
of knowledge about the world, they are inherent to the world: until observed there is no
real position of the particle. Instead the system is described by a set of amplitudes, one
for each possible position in space, from which the corresponding probability can be
derived. By the end of the 1930s quantum mechanics grew to one of the most important
fields of physics.

Computer science It can be argued that computer science finds it roots thousands
of years ago, starting with the first abacus. Computer science as we know it today,
however, started in the 20th century when Church and Turing built on the work of
Godel and formalized the notion of an algorithm [111ir36; Chu36]. They formulated the
Church-Turing thesis, stating that any calculation that is possible can be performed
by a machine following an algorithm (if given sufficient resources). Turing formalized
the idea of a machine, now known as a universal Turing machine. During the Second
World War computing became of vital importance for military purposes, leading to
large advances in computing hardware, the most famous example of which is the work
of Turing and others at Bletchley Park that allowed them to break the Enigma codes
used by the German army.

After the war the theoretical study of computing continued. In 1965 Edmonds gave
the first polynomial-time algorithm for finding matchings in general graphs [Edm65]
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and introduced the notions of efficient algorithms (those that run in polynomial time in
the input size) and inefficient algorithms (those that run in superpolynomial time). He
also introduced the notion of the class of problems that have such efficient algorithms,
and in doing so he started the field of complexity theory. While computer science was
evolving as a theoretical field, an even more impressive achievement has been made in
the development of hardware. After the creation of the first working transistor in 1947
by Bardeen, Brattain, and Shockley, progress has been rapid. This progress has for a
long time been described best by Moore’s law [Moo65], which states that the number
of components on a chip and the computational power of chips grows exponentially,
doubling every 12 to 18 months. However, Moore’s law seems to be coming to an end
as transistor sizes are reaching the nanometer scale and quantum mechanical effects
start influencing computations.

Convex optimization An important category of problems in mathematics is opti-
mization problems, an interesting subset of which are the convex optimization prob-
lems. Convex optimization problems have many interesting properties, one of which
is that a local minimum is also a global minimum; due to this there is no way to “get
stuck” in a local minimum that is not the actual optimal solution. Convex optimiza-
tion as a field leads back to the Second World War, during which Dantzig invented lin-
ear programs and the simplex algorithm as a tool to optimize resource allocation for
the army [Dan48]. After the war Von Neumann found a relation between linear pro-
gramming and zero-sum games, and discovered linear programming duality [Nen47].
In 1979 Khachiyan gave the first polynomial-time algorithm for linear programming,
the ellipsoid algorithm [Kha79]. While linear programs have many applications, inter-
est also grew for more general optimization. Grétschel, Lovdsz and Schrijver in 1988
showed the polynomial-time equivalence of many general problems in convex opti-
mization [GLS88]. Goemans and Williamson applied the framework of semidefinite
programming, a generalization of linear programming, to obtain the first non-trivial
polynomial-time approximation algorithm for the MAXCUT problem in 1995 [GWY5].
In recent years convex optimization has seen many applications in machine learning
and operations research, with growing datasets motivating research into evermore ef-
ficient algorithms, often increasing the dependence on the error to allow for linear and
sublinear dependence on the input size.

Quantum computing For most of the 20th century science diversified, with more
specialist fields required for the more complex questions science faced. However, in
the last quarter of the 20th century interdisciplinary research made a comeback. One
example of this is the usage of computers in many fields of science. In the natural sci-
ences computers help to understand complex systems by simulating the dynamics of
these systems, allowing researchers to examine them in a controlled manner. However,
classical computers seem to perform badly at simulating the dynamics of quantum me-
chanics, in part due to the enormous number of amplitudes needed to represent even
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very simple systems. This led Feynman and Manin to coin the notion of a quantum
computer in the early 1980s [Fey82; Fey85; Man8(; Man94]. They proposed that this
new type of computer could use quantum mechanical effects to simulate quantum me-
chanics.

In 1992 Deutsch and Jozsa constructed a computational problem for which quan-
tum computers are exponentially better than deterministic classical computers [DJ92].
Their algorithm inspired Simon’s 1994 work where he presents a problem that can
be solved exponentially faster on a quantum computer than on a randomized classi-
cal computer [Sim97]. In the same year Shor built on top of Simons work to prove
his famous result that quantum computers can factor large integers in polynomial
time [Sho97], implying that most of modern public-key cryptography could be bro-
ken using a quantum computer. Two years later Grover showed that searching could be
sped up quadratically on a quantum computer [Gro96]. Although Grover’s algorithm
achieves less of a speedup than the other algorithms mentioned, it can be applied to a
far larger range of problems, leading to speedups for many graph problems [DHHMU0E],
minimum-finding [DHY6], and much more. In recent years much progress has been
made on building quantum computers, increasing the number of qubits and their sta-
bility. Very recently the first quantum computations was performed that can no longer
be simulated on our best classical computers in a reasonable amount of time [Aru+19].

Convex problems in quantum information There also exists a natural connec-
tion between quantum mechanics and convex optimization. Both quantum states
and quantum measurements correspond to positive semidefinite matrices, making
semidefinite programming a natural framework to deal with problems in quantum
information theory. These problems include finding the optimal measurement to dis-
tinguish quantum states [EId03], computing the fidelity between states [Waf18], and
computing the optimal value of nonlocal two-player XOR games [I5187; CHTWO04].
Semidefinite programming has also been used in the groundbreaking proof of QIP =
PSPACE [I[TUWIT].

The developments in quantum mechanics, computer science, convex optimization,
and the interplay between the fields, have led to many advances in science and technol-
ogy. However, until recently little research has focused on how the interplay between
these three fields might inspire quantum algorithms for convex optimization. This the-
sis asks the following central question

Can quantum computers solve convex optimization problems faster?
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1.2 | Overview

The results presented in this work have been split into two parts. In Part 1 we will
discuss what quantum computers can do concerning convex optimization. We will give
quantum algorithms for a number of settings in convex optimization and hence upper
bound the quantum time and query complexity. In Part 2 we consider what quantum
computers cannot do concerning convex optimization. We prove quantum query lower
bounds for certain convex optimization problems and show the limitations of some of
the techniques introduced in Part 1.

In we start by introducing some basic notation and terminology. We then
give a short introduction to the basics of quantum computation, followed by an
overview of useful quantum algorithmic techniques that will be used throughout this
thesis. These include amplitude amplification, phase estimation, amplitude estima-
tion, quantum gradient calculation and the block-encoding framework. We finish the
chapter with a general introduction to convex optimization, including some motiva-
tions for semidefinite programming and linear programming.

In we consider convex optimization in a general setting. Here we have no
promise on the structure of the convex problem we are solving, and access to the prob-
lem is given in a black-box manner. We consider five types of black-box oracles for con-
vex sets coming from the classical literature [GLS88] and examine the quantum query
complexity of reductions between these oracles. In recent work Lee et al. [LSVT8] gave
a classical algorithm that implements a separation oracle using G (n) queries to a mem-
bership oracle (here n denotes the dimension of the space the convex set lies in). We
build on and simplify their result, and show that there exists a quantum algorithm for
the same task that uses only 5(1) queries, an exponential improvement over the best
known classical complexity. Due to a known reduction from optimization to separa-
tion [LSWT5] we also get as a corollary that only &(n) quantum queries are enough for
optimization using a membership oracle, while the best known classical upper bound
is quadratic.

In we introduce more structure into the convex optimization problems we
are solving by considering semidefinite programs (SDPs). As first observed by Brandao
and Svore [BST7], the intermediate solutions of certain classical SDP-solving frame-
works can be stored as quantum states on a logarithmic number of qubits, allowing
for a quadratic speedup in terms of the dimension n and the number of constraints m
of the SDP. We start by refining their techniques to bring down the original complexity
of 5( nms®y>?) (where s is the row and column sparsity of the input matrices and y
is the inverse of a scale-invariant error parameter) to 5(\/ﬁs2y8). We then introduce
multiple new techniques and ideas to bring down the complexity further and allow for
new input models as well. This results in a complexity of &((v/72 + v/m)ay®) in the gen-
eral operator input model, where o = s for the classic sparse input model.
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In we restrict to the even more specific set of linear programming (LP) prob-
lems. In particular we consider quantum algorithms for finding the Nash-equilibrium
of two-player zero-sum games. Via areduction these algorithms also apply to linear pro-
gramming. The presented algorithms build on the techniques developed in Chapter 4,
but are more efficient than a direct application of the SDP-solvers to LPs. The proven
upper bound is @(v/n + my®) when the LP has a dense constraint matrix, and G (y/sy>°)
when the LP has at most s non-zero entries in each row or column of its constraint ma-
trix.” This is the first quantum LP-solver that takes the LP sparsity into account.

In we give an overview of different techniques that can be used to prove
lower bounds on quantum query complexity. We start by introducing a general model
of query algorithms. After this the polynomial method by Beals et al. [BBCMW0T] is
explained. We then state three different forms of the adversary method. The first is the
basic adversary method due to Ambainis [Amb0(], the second is a variation on the first
method that allows us to consider the more general phase oracles, and the last method
is the general adversary method due to Hayer, Lee and Spalek [HT.S07].

In we return to the setting of and prove query lower bounds on
the relations between the different black-box oracles for a convex set. We first prove
a classical lower bound of Q(n) queries for implementing a separation oracle using
membership queries. This shows that our quantum algorithm from gives an
exponential speedup over the best possible classical algorithm. We then ask whether
quantum computers can optimize faster using queries to a separation oracle. In the
setting where an interior point of the convex set is known in advance we prove an
Q(v/n) lower bound on the number of quantum queries needed. When no such point is
known, we are able to prove an Q(n) lower bound, matching the classical upper bound
of ©(n) from [LSWI5]. This leaves as an open question whether convex optimization
can be sped up on a quantum computer when an interior point is known.

In we consider a linear version of Simon’s problem. For a matrix A € Fp™"
this problem asks to determine whether A is full-rank or not by using matrix-vector
product queries of the form x — Ax. The study of this problem is motivated by the open
question from [Chapter 7, since the real-valued version of this problem corresponds to a
convex optimization problem. Koiran et al. [KNP07] have shown that the original non-
linear version of Simon’s problem takes at least Q(n) quantum queries. We modify their
proof to work when restricted to linear functions, and prove that the Q(n) lower bound
still holds. Even though this is a stronger result, the proof becomes simpler in certain
parts.

In we discuss the limitations of quantum LP and SDP-solvers. We start with
the limits of specific methods, including those used in Chapter 4 and [Chapter 5. We

IThis s is different from the s in the SDP case. LPs correspond to SDPs with diagonal input matrices,
so the row and column sparseness of the corresponding SDP is always 1.
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show that for many natural classes of problems the scale-invariant error parameter can
scale linearly with the number of variables and the number of constraints. Due to the
polynomial dependence of our methods on this parameter, this limits the number of
applications. Another limitation comes from the sparseness of the final solutions given
by the algorithms. These solutions have a number of non-zero entries that grows at
most linearly with the number of iterations of the algorithm. By showing that a solution
cannot be sparse, we can lower bound the number of iterations required. As a second
set of results we prove multiple query lower bounds on LP and SDP-solving in different
input models and parameter regimes.

1.3 | Papers
This dissertation is based on the following papers:

[AG18] J.van Apeldoorn and S. Gribling. “Simon’s problem for linear functions”.
2018. arXiv: 1810 12030v2.

[AG19a] J. van Apeldoorn and A. Gilyén. “Improvements in Quantum SDP-
Solving with Applications”. In: Proceedings of the 46th International Col-
loquium on Automata, Languages, and Programming (ICALP). Vol. 132.
Leibniz International Proceedings in Informatics (LIPIcs). 2019, pp.
99:1-99:15. arXiv: 1804 _05058v1.

[AG19D] J. van Apeldoorn and A. Gilyén. “Quantum algorithms for zero-sum
games”. 2019. arXiv: 1904 03180v 1.

[AGGW17] J. van Apeldoorn, A. Gilyén, S. Gribling, and R. de Wolf. “Quantum SDP-
Solvers: Better upper and lower bounds”. In: Proceedings of the 58th IEEE
Symposium on Foundations of Computer Science (FOCS). 2017, pp. 403—
414. arXiv: T705.01843v3.

[AGGW18] J. van Apeldoorn, A. Gilyén, S. Gribling, and R. de Wolf. “Convex opti-
mization using quantum oracles”. 2018. Accepted to Quantum. arXiv:
180900643V 3.
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After listing the basic notation and terminology used in this thesis, we will introduce
the basic concepts from quantum computing that we will need. We then describe mul-
tiple algorithmic techniques that will be useful, which include amplitude amplifica-
tion, phase estimation, quantum gradient computation and the framework of block-
encodings. We finish this chapter with a discussion of some general concepts in convex
optimization.
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2.1 | Notation and terminology

Basic notation We use i% = —1. We use square brackets [-] to denote the binary value
corresponding to the truth-value of a statement, e.g. [3 < 5] = 1. Square brackets with a
positive integer in between them denote the set of positive integers up to and including
that point: [n] :={1,2,...,n}. For sets Bj,..., B, we use H;f‘zl B; to denote the Cartesian
product B; x--- x B,. For a set B we write &?(B) for the power set of B. If b is a uniformly
random element from B, then we write b € g B. We abbreviate “such that” with “s.t.”. The
non-negative and positive real numbers are denoted by Ry and R, respectively. We
write [, for the finite field with p elements. We let log(x) denote the base-2 logarithm.
The notation poly(x, y) is used for an arbitrary polynomial in terms of x and y, and
polylog(x, y) for an arbitrary polynomial in terms of log(x) and log(y). We write §;; for
the Kronecker delta: §; ji= [i =] ] . For a binary string b € {0, 1}” the notation | b| denotes
the Hamming weight (number of 1s) of b. For two binary strings x, y € {0, 1}"* we write
x ® y for their element-wise XOR, and we write X for the element-wise negation of x.
When we say that an algorithm has precision € or calculates a quantity with error ¢, then
we mean additive error, unless stated otherwise. If an algorithm has error probability
at most 1/3 then we say it is a bounded-error algorithm, equivalently that the error
probability is bounded. Unless otherwise stated the error probability can always be
decreased to 6 at the cost of an additional log(1/6) factor in the complexity.

Linear algebra When the dimension is clear from context we use e; to denote the ith
standard basis vector (the vector with a single 1 in position i and zeros everywhere else)
and 1 to denote the all-ones vector. The matrix with a single 1 in position (i, j) and zeros
everywhere else is denoted by E;;. Let v, w be vectors and A, B be matrices. We write
v = w if v is entrywise greater or equal to w. The kernel of A is denoted by ker(A), and
rank(A) denotes its rank. The Hadamard, or entrywise, product between two matrices is
denoted by Ao B. The tensor product between spaces, matrices or vectors is denoted by
®. The n-fold tensor product of A with itself is written as A®”. The direct sum of vector
spaces, matrices or vectors is denoted by ®. We write diag(v) for the diagonal matrix
with v on the diagonal. The inner product between real vectors v, w € R" is written as
(v,w) := vTw. For a complex vector v or matrix M we write v or M' to denote the
conjugate transpose. A Hilbert space is an inner product space that is complete with
respect to the metric coming from the inner product. A real matrix is called positive
semi-definite (psd) if it is symmetric and all eigenvalues are non-negative, we write
X > 0 for a positive semi-definite matrix X. If H is a Hermitian matrix, then we write
Spec(H) for its spectrum, i.e., the set of its eigenvalues. For a function f : R — R and
Hermitian matrix H we write f (H) for the matrix we get by applying f to the eigenvalues
of H while keeping the eigenvectors the same, i.e.,

f(/ll) /11
f(H):=U U~!where H=U Ul
fAn) An
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Geometry We write xll for the Z,-norm of a vector x. If p = 2 then the subscript is
sometimes omitted. We write || Al for the operator norm of a matrix A4, i.e., its largest
singular value:

. | Avl
[lA] := max .
vZ0 ||l

We write || All ;- for the trace norm of a matrix A4, i.e., the ¢1-norm of the vector of singular
values. For a set C € R" and r = 0 we write B),(C, r) for the set of points r-close to C in
the /,-norm, i.e.,

By(C,r):= {xe[R”:Elye Cs.t. ||x—y||p < r}.

When C = {x} is a singleton set we abuse notation and write B, (x,r). We overload
notation by letting
By(C,—1):={xeR":By(x,r) = C}.

If p = 2 then the subscript is sometimes omitted. The set of interior points of C is
written as int(C).

Functions Let f be a function. If f is a polynomial in terms of x, then deg,(f) is
the degree of f as a polynomial in the variable x. If f only has one variable, then the
subscript is sometimes omitted. Let D, R be sets and let A < D. We say a function
f:A— Ris a partial function on D. A function g: D — R is said to extend f if and
only if g(x) = f(x) for all x € A. We write f < g if g extends f. Let C < R". A function
f:C —Riscalled L-Lipschitz if there exists a constant L > 0 such that

IfON-fw|=<L|y -y|,foralyy ecC.

Big-O notation We define &(-) as
f(x)=0(g(x)) = IBEeR,ceRygs.t. forall x> B: f(x) < cg(x),
as usual. We define Q(:) as
f=0(g) = g =0(fx)

and
f(x)=0(gx)) = f(x) =0(gx)) and f(x) = Q(g(x).

Furthermore we use the following definition of 5’(-):
O(f(x) :=0(f (x)-polylog(f(x))).

If a function depends polylogarithmically on additional variables that we also hide us-
ing the O(-) notation, then we write these as a subscript to the O(-):

Gap(f(x)):=G(f(x) - polylog(a, b, f(x))).

We define Q(-) and ©(-) in a similar way as above.
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2.2 | Basics of quantum computing

Below we give an overview of some of the basic concepts in quantum computing that
will be used later. For a more complete introduction see for example the textbook by
Nielsen and Chuang [NCO0] or the lecture notes by de Wolf [WolT9].

2.2.1 | Quantum states, Dirac notation and qubits

In this thesis we consider systems that have a finite number N of classical states. These
classical states often are denoted by |0),...,| N — 1). In the classical world these states are
mutually exclusive. The quantum analogue of such a classical system can, however, be
in a superposition of states where each classical state |i) is assigned a complex number
a; called its amplitude. We associate the quantum system with an N-dimensional
Hilbert space and the N classical states with the N standard basis vectors of that space
(also called the computational basis). A pure state of the quantum system is a unit
vector in this Hilbert space, which can be written as

N-1 %o
[¢) =Y aili) =
i=0

anN-1

where Zﬁ\i _01 la;|? = 1. The part of the amplitude corresponding to the argument of the
complex number, i.e., the part of the form e? is called a phase.

The notation |¢) is called a ket and comes from a system called Dirac notation. For
a column vector |¢) we write (¢| (called a bra) for the row vector which is its complex
conjugate. The inner product between states can then be written as ((,b|u/>.

When two quantum systems with Hilbert spaces . and /% are considered to-
gether then the state of the full system lives inside the space corresponding to the ten-
sor product of the two spaces: A ® /. The basis states for this new space correspond
to the tensor products of the basis states of the separate spaces

|0) ®10),10) ®[1),(0) ® 2),...,[1) ®[0),...

For ease of writing we also write |<p)|1//> for the tensor product between states |¢> and
!1{/), and even |i, j ) for the tensor product between classical basis states |i) and | j ) A
state in the combined space that can be written as a tensor product |</)1) ® |¢2) is called
separable. A state that is not separable is called entangled.

The simplest non-trivial classical system is a bit. A bit has two states, |0) and |1). The
corresponding quantum system is called a qubit. As classical bits can be combined, so
can qubits be combined via tensor products to create larger systems. We often group
qubits in registers, a k-qubit register can be in any of 2¥ classical states. We sometimes
write |0"), or simply |0), for the n-qubit zero state.
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2.2.2 | Measurements

Since we ourselves live in the classical world we need some procedure to gain classical
information from a quantum state. This is done via measurements. A measurement
does not give us a classical description of the vector corresponding to a state, but is an
inherently probabilistic process. By measuring we gain some discrete knowledge about
the state. After the measurement the state collapses to the part of the original state that
agrees with this information (and is re-normalized).

The simplest type of measurement is a measurement in the computational basis.
Given a state |¢>> = Zf\i 61 a;|i) a measurement in the computational basis yields out-
come i with probability la;|2. After the measurement the state changes to |i) and re-
peating the measurement will yield the same result. If only part of a state is measured
then the probability of an outcome is equal to the squared norm of the part of the state
consistent with that outcome. For example, consider the state |¢) = 210)0) + 110)[1) +
%Il)ll). If the first register is measured, then the probability of getting outcome 0 is

[1/2]? +]1/2]2 = 1/2. If we get outcome 0, then the state becomes %IO)IO) + %IO)II).
Note that the normalization ensures that the probabilities sum to 1.

Measurements in the computational basis suffice for all quantum algorithms, how-
ever, for analysis it is sometimes useful to consider the more general projective measure-
ments. A projective measurement corresponds with a set of projectors Py, ..., Px_; with
the property that Zf;ol P; = 1. The probability of getting outcome i when measuring
the state |¢) is equal to | P;|p)||°. After getting outcome i the state collapses to %.
The projective measurement {E;; : i € {0,..., N — 1}} corresponds to a measurement in
the computational basis.

Finally, the most general type of measurement is a positive-operator valued mea-
surement (POVM). A POVM is given by a collection of positive semidefinite matrices
Moy, ..., Mj_, with the property that Zf?_‘ol M; = 1. The probability of getting outcome i

when measuring |¢) is equal to ((,b|M|(,[_>> =Tr(M;|pXp|).

2.2.3 | Unitaries and gates

Apart from measurements, which are non-linear and destructive, we can also apply
certain linear maps to transform states. Since a state should always remain normalized,
any linear map that we may apply to a state should maintain this property. This implies
that we are limited to unitary maps, i.e., those with eigenvalues on the complex unit
circle. In fact, the unitaries are exactly the maps that can be applied to a quantum state.
For a unitary U the inverse U~! is equal to the conjugate transpose U', which is also
unitary. This implies that quantum processes, apart from measurements, are reversible.
Unitaries do not change the inner product between states. Finally, it suffices to specify
their behavior on the computational basis states, since the behavior on superpositions
follows by linearity.

In physics the evolution of a system is often described by a Hamiltonian, which is a
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Hermitian matrix. The Hamiltonian H describes the energy of a quantum system, with
the expectation value of the energy being ((/>|H |(/)) If we start in a state |</)) and evolve
under H for time ¢ then the state becomes e''” |</>) Since all eigenvalues of H are real
the matrix ei’H is a unitary. The reverse is also true, if U is a unitary then there exists a
Hamiltonian H such that ¢!/’ = U.

Although all unitaries can in principle be applied to a state, it is not always clear
how to do so efficiently. Similar to the classical concept of gates that apply a function
(often NOT, OR, or AND) to a small number of bits, we also have a notion of a quantum
gate that applies to a small number of qubits. Larger unitaries are then implemented
as a sequence of gates, with the gate count being the main complexity measure. The
following single-qubit gates are of special interest:

1 1
I::[ 0 0

1 0

R Z:=

)

01

1 1
0 , H:=— b .
0 -1 vzl -1
I is the identity and does not change the state, X corresponds to a classical NOT gate (it

flips the qubit it is applied to), and Z applies a phase of —1 to |1). Finally H is called the
Hadamard transform and transforms a basis state into a superposition:

1
V2
1
H|1)=——(0)—|1)) =: |-
1) \/§(|> 1)) =:1-)

HI0) = —=(10) + 1)) =t |+)

It can easily be seen that the Hadamard transform is its own inverse:
1
V2

and similar for [1). The cancelling of the two |1) parts of the state is called interference.
Note that a Z gate switches the |+) and |-) states, just like an X gate does for the |0)
and |1) states. In fact X = HZH and Z = HXH, since H corresponds with the basis
transform that maps the |0), |1) basis to the |+),|—) basis.

Although all these gates act only on one qubit, they can also be applied to a single
qubit of a larger quantum system. In that case we actually apply the unitary that is the
tensor product of a lot of identity gates and the single-qubit gate we want to apply.

Apart from single-qubit gates we also need a two-qubit gate, since otherwise the
qubits could not influence each other. The simplest two-qubit gate is the controlled-
NOT (CNOT) gate. This gate applies an X gate to the second qubit when the first qubit
isin the state |1). As a matrix this can be written as

1
HH|0) = H—(/0) + 1)) = 5(|0>+|1>+|0>—|1>) =10),

1 000

I 0 01 0O
CNOT._|0><0|®I+|1><1|®X_I@X_[O X]_ 000 1
0010
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In fact it can be shown” that any unitary can be implemented using only one-qubit
gates and CNOT gates, although this might require up to ¢'(4") gates for an n-qubit
unitary. When discussing the number of gates used to implement a quantum algorithm
we will count the number of two-qubit gates used. Sometimes it is easier to implement
a unitary when extra qubits, called ancilla qubits, are used. If this is done then we
often require the ancilla qubits to be returned to their original state in the end, since
otherwise unwanted entanglement could be created between the ancillas and the main
register. Any classical algorithm consisting of T classical gates can also be implemented
with ©(T) quantum gates (although more space might be needed to store intermediate
answers that will be used to make the circuit reversible).

Like the CNOT gate is a controlled version of the X gate, other unitaries can also
have controlled versions. In general a controlled version of the unitary U is

I 0

CU:OU

=10X0[® I+ [1X1|®U.

Controlled gates allow us to delay measurements until the end of an algorithm, since
we can control the gates we would normally apply after a measurement on the fact that
the measured register is in a particular state.

2.2.4 | Oracles and QRAM

While the output of a quantum algorithms is given by a measurement, we have not
yet discussed the input. For an input string x € {0, 1}"* a classical algorithm would make
calls to the memory to retrieve the bits of x. Similarly, a quantum algorithm can be given
access to a unitary, called an oracle, that encodes the string x. The simplest encoding is
called a standard oracle and acts as

Ox|DIb) =)D & x;)

for i € [n] and b € {0,1}. Similarly for a function f that outputs values in {0,1}%, a
standard oracle for that function is a unitary that maps |y)|b) to |y)|be f(y)) for y €
dim(f) and b € {0, 1}*.

There is also a different type of oracle called a phase oracle. For a string x € {0,1}"* a
phase oracle acts as

Ox+li) = (=1)"]i)

for i € [n]. A phase oracle for a string x can be constructed from a standard oracle by
applying the standard oracle O, with |-) in the second register:

Ox[1)10) = OL|D)1) _ [Dlxp) — DI %) _ 1" 1)10) —1)I1)
V2 V2 V2

1See for example [NCOQ, Sec. 4.5].

OxlDI=) = = (=DYDI-),
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which is exactly the result of a query to Oy ;. In fact, we can implement a conditional
phase oracle, since applying the standard oracle with |+) in the second register leaves
the state the same.

The standard quantum oracle described above models problems where there is a
single correct answer to a query. When there are multiple good answers (for instance,
different good approximations to the correct value) and the oracle is only required to
give a correct answer with high probability, then we will work with the more liberal
notion of relational quantum oracles.

Definition 2.1 : Relational quantum oracle Let #: X — 22(Y) be a function, such
that for each x € X the subset & (x) € Y is the set of valid answers when x is queried. A
relational quantum oracle for & which answers queries with success probability=1-p,
is a unitary that for all x € X maps

U: 101010) = Y oty X)) Wy ),
yey

where |y y.,,) denotes some normalized quantum state and D yeF(x) |0(x,y|2 >1-p. Thus
measuring the second register of U|x)|0)|0) in the computational basis gives a valid an-
swer to the query x with probability at least1 — p.

This definition is very natural for cases where the oracle is implemented by a quan-
tum algorithm that produces a valid answer with probability = 1 — p.

For standard oracles we can assume that we can apply their inverse as well, since
they are their own inverse, and we may assume that we can apply them controlled as
well, since they act like identity when the second register is in a uniform superposition.
However, for other oracles this is not always the case. When we additionally assume
access to the inverse of an oracle or a controlled version of an oracle then this will al-
ways be stated. For oracles coming from quantum algorithms, and for quantum algo-
rithms in general, it is natural to assume both since we can always invert the quantum
algorithm by applying the inverses of the gates in inverse order and we can make the
algorithm controlled by making all the gates controlled.?

Finally we return to the classical notion of random access memory, or RAM. In clas-
sical works it is often assumed that a read or write operation to the memory takes &' (1)
time, or at most 51((1) time for a memory of size K. However, implementing a RAM
using gates takes Q2(K) gates. This discrepancy comes from the fact that a classical RAM
can be implemented in a highly parallelized manner. Whether an equivalent model
for quantum computing is reasonable is an ongoing debate. To make the comparison
with classical algorithms fair we often assume access to some form of quantum mem-
ory. There are two forms to distinguish. The first is quantum-read/classical-write RAM
(QCRAM), which allows us to store classical data coming from measurements and al-
lows the quantum algorithm to make oracle calls to this data. The second form is a full

2Making all the gates controlled does increase the number of qubits per gate, but these larger gates
can be implemented with a constant number of smaller gates.
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QRAM, which allows the quantum computer to swap a quantum register it is working
on with a quantum register stored in memory as follows:

QRAM:|i)x)rl)---)rK>'_'|i)rl'yrl)---)ri—l)x)ri+1)---)rK>)

where the registers that initially contain ry,..., rx are only accessible through this gate.
Either of these quantum RAMs can be implemented using 0'(K) two-qubit gates, where
K is the size of the memory.

2.2.5 | Mixed states

In some settings it is natural to consider quantum states that come from a classical
probability distribution. An example of this is when a state is measured and the mea-
surement result is ignored, or when we only have access to a few of the qubits of an
entangled state. A mixed state is a probability distribution over pure states. A mixed
state is represented by a density matrix, also called a density operator, which is a trace-
normalized positive semidefinite matrix. A pure state |</)) corresponds to the rank-one
mixed state |¢)(¢p|. If for i € [r] we have the state |¢;) with probability p;, then the cor-
responding density matrix is the linear combination of the individual rank-one density
matrices:

p= ;Pi|¢i><¢i|,

where p; 20and }.;_, p; = L.

For every density matrix there is always a decomposition into pure states, although
this decomposition is not always unique. For an N-dimensional density operator such
a decomposition requires at most N pure states. Unitaries act on density operators by
conjugation: p is mapped to UpU" under U. POVMs naturally extend to mixed states
as well by averaging the probability over the set of pure states and using the linearity of
the trace. Let {M;} be a POVM:

-

Pr(j is measured in state p| = ) p;Pr[j is measured in state |¢; )]

~
I
—

Il
.M‘

~
Il
—

piTe(M;|pi X i)
=Tr(Mj;Pi|¢i><¢i|)
=Tr(M;p).

The idea of measuring one register and ignoring the result gives rise to the definition of
the partial trace. Let

M=M,® Mg
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be a matrix on /4 ® /5, then the partial trace over B is
Trg(M) = MATr(Mp),

which is a matrix on #4. We define the partial trace for matrices that are not a tensor
product by linearly extending this definition. We say B is fraced out. A pure state
|¢> € A4 ® S is called a purification of a mixed state p on .#, if tracing out B from
|} ¢| results in p.

Sometimes we care only about a certain part of a mixture, for which the correspond-
ing matrix can be of trace less than or equal to one. This leads to the following defini-
tion.

Definition 2.2 : Subnormalized density operators & Purification A subnormalized
density operator p is a psd matrix of trace at most 1. A purification of a subnormalized
density operator p is a 3-register pure state such that tracing out the third register and
projecting on the subspace where the second register is |0) yields p.

“_n

We write “p” and “c” for subnormalized density operators to distinguish them from

“w_n

normalized density operators, for which we write “p” and ‘o’

2.2.6 | Afirstexample of an algorithm: the Deutsch-Jozsa algorithm
Consider the following problem:
Let n be a positive integer and N := 2". Let x € {0, 11N be such that

— either |x| = N/2, in which case we call x balanced,

— or|x| € {0, N}, in which case we call x constant.
Decide whether x is balanced or constant.

Clearly a classical deterministic algorithm would have to read at least N/2 + 1 bits of
x to solve the problem, since after seeing N/2 bits that are 1, we still cannot be sure
whether the input is balanced or constant. However, Deutsch and Jozsa showed [DI92]
that there exists a quantum algorithm that solves this problem with certainty using only
a single query! First note that the Hadamard transform can be written as

1 )
Hiby=— Y D"|j).
\/zje%l} | >

This means that applying a Hadamard gate to each of n qubits acts as

1 .
H®”|i>:\/—_ Y =DE g,

jefo, 13"

where (i, j) is the inner product between the binary representations of i and j. Now,
consider the following quantum algorithm that uses only one query:
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1. Startin the |0) state on n qubits.

2. Apply the Hadamard transform to each of the qubits, creating a uniform super-
position

o)=Y

H®™M0™) = — ) |i).
N ioo

3. Apply a phase query Oy . to get the state

1 N-1
\/_N Z (=1)Y7).
i=0

4. Apply the Hadamard transform again to all the qubits:

1 N-1 NZL a1 NS e
NSRS D W NSRRI}

J= Jj=0 i=0

5. Measure the state in the computational basis and output “constant” if and only if
the outcome is the all-zero state.

The amplitude of the all-zero state before the measurement is

N 0 if x is balanced
1 -1 .0 1 N-1 ‘
~ Y (~prte0 = ~ Y (D% =41 ifxisall zeros
=0 i=0 —1 if xis all ones.

Hence measuring will give the all-zero state as an outcome if and only if x is constant.

2.3 | Useful quantum algorithmic techniques

Below we will give an overview of some of the algorithmic techniques used in the first
part of this thesis.

2.3.1 | Amplitude amplification and Grover search

In classical randomized algorithms there are often outcomes that we deem “good” and
outcomes that we deem “bad”. If there is a probability p of obtaining a good outcome
from a randomized algorithm, then we can repeat the algorithm 1/p times to obtain a
constant success probability. In a similar fashion, for a state coming from a quantum al-
gorithm we can amplify the amplitude on a certain part of the state, without measuring
and retrying. In fact, we gain a quadratic speedup:
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Lemma 2.3 : Amplitude amplification [BHMTO02] Let U be a unitary that maps |0) to
the state

[w) = cos(0)|o)|0) +sin(6)|p1)[1)

for some (small) angle 6. Let G := U(2]0)0|—1) UT(I® Z) be the unitary that adds a
phase of —1 first to the states ending in a |1) and then to the states orthogonal to |w)
Then G is a rotation by angle 20 in the subspace spanned by |¢)|0) and |p1)|1). In
particular, after k applications of G to |1/J> we obtain the state

[w') = cos((2k +1)0)|o)|0) + sin((2k + 1)) |1 )|1).

If we would like to obtain the “good” state |¢1) and would not like to obtain the
“bad” state |</)0>, then we could do so with high probability by picking k such that
(2k+1)0 = n/2. If we would instead measure |w> directly then this would give us a
probability p = sin(f)? of finding the good state and hence a classical prepare-and-

retry strategy would need an expected number of 1/p tries (and hence applications

of U). However, using amplitude amplification we see that k = [(Z5—1)/2] = 6’(#)

applications of U and U suffice.
Example: Grover search Consider the following problem, called the search problem:

Let x € {0,1}". Find an i such that x; = 1 or conclude that no such i exists.

Assume that the number of 1s in x is known and call this number . Classically Q(n/1)
randomized queries are needed to solve this problem.

Let U be a unitary that prepares a uniform superposition ﬁ Z?z‘ol |i) (starting from
|0)), and queries a binary oracle for x to get the state

1l _f1 _ [n—t[ 1 _
ﬁ;)mm)— ;(_t > |l>)|1>+ T( n_tigzom)lm.

iixi=1

Using k = 6’(\/ n/ z‘) calls to U and U' (and hence so many queries) we can with proba-
bility at least 2/3 obtain the state

Measuring this state results in a solution to the search problem.
This search algorithm was first given by Grover in 1996 [Grao96]. In fact, the more
general algorithm for amplitude amplification was inspired by Grover’s algorithm.

2.3.2 | Phase estimation

Sometimes we will have a clear description and understanding of the unitaries that we
apply to quantum states, but it is also common that we do not have full knowledge
about them. In fact, gaining knowledge about a certain unitary might exactly be the
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problem we are trying to solve, or at least help us solve the problem. A natural question
to ask is what the eigenvalues (or the phases of the eigenvalues) and eigenvectors of a
unitary are.

Lemma 2.4 : Phase estimation [Kit95][CEMM98] Ler U be a unitary and |y) be an
eigenvector of U with eigenvalue é°™, for —1/2 < 0 < 1/2. Let k € N and let V be a
unitary that acts on two registers as V|j)|p) = |j)U’|¢p) for all j < k. Then there is
a bounded-error quantum algorithm that on input |1//> approximates 0 up to additive
error € using a single application of V for k = @’(%) If 0 can be described exactly with
t bits of precision then the algorithm works with probability 1, k = 2" suffices, and the
algorithm always outputs 6.

Phase estimation uses a quantum algorithm called the quantum Fourier trans-
form (QFT). This is a unitary that acts on an N-dimensional Hilbert space as

1 o
QFTy|j)=—= . "M,

If N = 2" then this unitary (and its inverse) can be implemented using @ (n?) two-qubit
gates, or approximated very closely using €(nlog(n)) gates.

Assume that 0 = % Phase estimation can be implemented by setting up a uniform
superposition over 0,..., N — 1, querying V to obtain phases and then applying the
inverse quantum Fourier transform:

|0)|y) — LNZ_1|k>|w>

N- 1 .

—k U |w)

1 N=1 ook
7 e

=0

1 N=l ,

\/__ X_: 12nk]/N|k>|w>
= | )ly)-

Example: Amplitude estimation [BHMT02] Let U, |¢) and G be as in Cemma 7-3.
One of the problems with amplitude amplification as presented in the last section is
that we may not know 6, and hence we may not know how many times we would like
to apply G. Assume that 0 < 0 < &, can we compute 6?

Note that G is a rotation by angle 20 in the 2-dimensional subspace spanned by
|#0)|0) and |¢p1)[1), hence the eigenvalues of G are €'?’ and e72. We also know that
) is some linear combination of the eigenvectors of G, i.e.,

[w) = BolCo) + BrlC1)
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for |{y) and |{;) the eigenvectors of G in the 2-dimensional subspace. Assume for sim-
plicity that 8/7 (and hence —6/m) can be described by k bits exactly, then phase esti-
mation on G with input |y) gives us

Bolo)lO/m) + B11¢1) -0/ 7).

Clearly measuring the second register suffices to learn 6. Note that we learned 0, and
hence sin(0), up to additive error € using @(%) applications of G (and hence of U and
U™"). If we would simply have measured |1//> many times and used a classical estimate

then this would have required Q(giz) preparations of |1//)

2.3.3 | Quantum gradient computation

Many optimization algorithms use the gradient of a function in order to minimize that
function. In some cases we have an explicit description of the gradient of a function,
but often we do not. A natural question is whether it is possible to approximate the
gradient using only black-box access to the function. In general if f : R” — R then a
classical algorithm will need at least ©5(n) queries to a black-box oracle for f in order
to approximate the gradient up to error ¢ in the £,,-norm. In 2005 Jordan proposed a
quantum algorithm that can do better when f is close to a linear function [lor05]. We
will need the following definition:

Definition 2.5 : Hyper-grid For k € N we define the following discretization of the
interval (-1/2,1/2):

N I R SRS k_ _
Gk,_{zk 2+2 .]E{O,...,Z 1}}C( 1/2,1/2).

Similarly we define the n-dimensional hyper-grid G; :=[1;_, G.

Note that an element of G’ can be represented using n x k (qu)bits. Basically, Jordan’s
algorithm sets up a uniform superposition over all grid points, applies a “phase query”
to f, and then an inverse quantum Fourier transform over each coordinate. If f(x) =
c+{g, x) then the phase of i/ ¥) coming from a query is approximately e 1, 8,
where €'¢ is a global phase that we can ignore. The phases el8i*i = (eigi )xi can be dis-
tributed over the n registers (one register for each Gy). Jordan’s algorithm therefore can
be viewed as n simultaneous applications of phase estimation, where one phase query
to f can be used to run all applications of phase estimation simultaneously. A careful
analysis of Jordan’s algorithm was made by Gilyén, Arunachalam and Wiebe [GAWTY].
Their result can be combined with a simple reduction from a standard oracle to a phase
oracle [AGGWTS] to obtain the following lemma.

Lemma 2.6 : [GAW19, Thm. 14, Thm. 21][AGGW18, Cor. 15] Let5,B,r € Rsg, c €
R, p € (0,1/3]. Let xo,g € R" with ||g| ., < Z. Let m := [log,(555)| and suppose f :
(x0 + rGJL,) — R is such that

|f(x0+rx)—<g,rx>—c|s6 2.1
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for 99.9% of the points x € GI},. Then we can compute a vector § € R" such that

16-4216
> _—

Pr gl <».

with either of the following complexities:

o Let f besuch that f(z) can be described in G (log(B/6)) bits and that | f (z) - f(2)| <
6 for all z € (xo+rGlL). Then @’(log(%)) queries to a standard binary quantum

oracle U for f on G and to the inverse U', and gate complexity

@’(nlog(p)log( 5 )log log(p )log log(f;))
suffice.

 Alternatively, @’(log(%)) queries to a phase oracle O for f on G}, acting as O|x) =

s 1
s [¥0+72) | 5y and gate complexity

@’(nlog(p)log( 5 )log log(p )log log(f;))
suffice.

* Oy ifrange(f) = 0,11, then @’(%log(%)log(%)) queries to a probability oracle act-

ing as
O, x)|0)]0) = |x>(\/f(x)|0>|u/o> +4/1 —f(x)2|1>|u/1>),

and gate complexity

6| 5log 5)10g(p)+nlog(p)log( 5)loglog(p)loglog( 5

This approach for binary oracles can in fact also be extended to relational quantum
oracles, see the appendix of [AGGWI8] for details.

Example: Estimating a whole distribution Let p be a probability distribution over
n elements and let U be a unitary that creates this distribution as a quantum state:

uloy =3 vpili)vi),
i=1

where the |1,U,-> are arbitrary states. Amplitude estimation can be used to estimate one
of the p; up to precision 6 using only @’(%) applications of U and U'. However, if we
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would want to estimate all the p;’s then simply repeating this procedure would give a
rather bad bound of &(%) queries.

Now consider the function f(x) = {p,x). Clearly V. f = p and hence a §-precise
estimate of the gradient in /,,-norm would give the desired result. We can implement
a probability oracle for f(x) when x € Boo(%l, %) by querying U and then rotating de-
pending on x:

12)10)0) — [x) Y v/pilidI0)
i=1
— 10 Y Pl (VD) + VI-xiI)
i=1
= |x>(Z VPixIDI0Y+ ) /pi— Pixi|i>|1>)
i=1 i=1

=|x X ; Pii i + (... .
=| )(\/(p, >(i:21‘/<p,x>| >)|o> ( )|1>)

Hence, by the last bullet of Lemma 28, O ((lslog(%)log(%)) queries suffice to estimate p
up to ¢,,-norm error § with error probability p.

2.3.4 | Block-encodings

Many problems in computer science and machine learning involve linear algebra. Ex-
amples include solving a linear system, solving the least square problem, and many
forms of image transformation. A natural question to ask is whether we can use the
inherent linear nature of quantum mechanics to construct fast quantum algorithms for
these tasks. It seems natural to encode vectors as the amplitudes of quantum states and
then transform these using a quantum algorithm. One problem we need to overcome
for such an approach is the limitation that we can only apply unitaries to quantum
states, and we cannot apply general matrices. We can however embed a general matrix
in one part of a unitary. This leads to the following definition:

Definition 2.7 : Block-encoding [LC16; GSLW19] Suppose that A is a2¥ -dimensional
matrix, « € Rsg, € € Rs9 and k €N, if for an (a + w)-qubit unitary U we have

[A-a(01®*e N)U(10)** )| <&,
then we call U an (a, a, €)-block-encoding of A.
Roughly speaking this means that A is represented by a unitary of the form

U~ Ala

where each “.” can be an arbitrary matrix.
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A block-encoding allows us to apply A to a state in a certain way, even if A is not a
unitary. In particular, if we would like to apply A to |w> then we could add an ancilla
qubit that starts in the zero state, and apply U to get

1
Uly)|0) = —Aly)|0)+ (.11

where (0|L) = 0. Hence by post-selecting on the |0) state being in the second register,
or by amplifying this part of the state, we can obtain the state

Alw)

lalw) |

Since unitaries are also matrices, we will sometimes call a unitary a (1, a, €)-block-
encoding of another unitary if it uses a ancillary qubits and is an e-approximation in
the operator norm. Note that every unitary is a (1,0, 0)-block-encoding of itself.

Of course this all raises the question whether block-encodings can easily be imple-
mented. As it turns out many natural input models for matrices can be used to imple-
ment block-encodings. For example when a matrix is given via sparse matrix access,
via Hamiltonian simulation, as a density operator or as a measurement then we can ef-
ficiently implement a block-encoding of the matrix as well. We will discuss this in more
depth in Chapter 4.

Block-encodings can be multiplied in the natural way, but they can also be added
together if we have access to a controlled version of the block-encoding. This can
be done using the linear combination of unitaries lemma as proven by [BCKI5]. We
consider a slightly more general version of their result, for which we first define State-
preparation pairs:

Definition 2.8 : State-preparation pair Let b,m € N be such that2? = m. Let y e C™,
and p = ||y||,. The pair of unitaries (Pr, Pg) is called a (, b, €) -state-preparation pair for

. b_ ; b_ . - .
y if Pr|0y®b = §:010j|]> and P|0y®? = izoldﬂ])such thatz;’iol)ﬂ(cjdj)—yj)se
and forall j € m,...,27 — 1 we have c}* dj = 0. A symmetric state-preparation pair also

satisfiescj = dj forall j€O0,...,m—1.
As we will show below, the naming of such a pair is not a coincident, a state-

preparation pair can be used to prepare a state with amplitudes that are proportional
to the y;. Consider the unitary

(I P])COPY (1 Pg)

where COPY copies a computational basis state in the second register to the first reg-
ister. Now, if € = 0 then applying this unitary to the all-zero state, and post-selecting on
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the second register being zero, gives

(I&(0))(I® P])COPY (I® Pg)(10) ® |0))

2b-1
=(I® ) c/(l

i=0

COPY

2b_1
0)® dj|j>)

j=0

:(I®2bic;<i|) ngdj|j>®|j>)

i=0

2b_12b_1

=2 2 cdjliye(ili)

i=0 j=0

2b_q

=Y yilBli).
=0

Hence this unitary is a block-encoding of a matrix that has the vector y/f in its first
column.

Lemma 2.9 : Linear combination of block-encodings Let A = Zj:j)l yjAj bea w-
qubit operator and € € Rsq. Suppose that (Pr, Pg) is a (B, b, €1)-state-preparation pair
fory,

W= 'gw )|+ (Izww@(fzb—ngleﬂ))

isan w+ a+ b qubit unitary such that for all j €0,..., m we have that U; is an (1, a, €,) -
block-encoding of Aj. Then we can implement a (B, a+ b, €, + fe2)-block-encoding of A,
with a single use of W, Pg and Pz.

Proof. With a calculation similar to the one for state-preparation pairs we can see that
W = (Izw ® ha® PI)W(IZW ® ha® PR)
isa (B, a+ b,e; + fe2)-block-encoding of A. O

The linear combination of block-encodings lemma, combined with taking the pow-
ers of unitaries by repeatedly applying them, allows us to create a block-encoding of a
polynomial applied to a matrix. This in turn allows us to implement approximations
of smooth functions applied to matrices by (for example) implementing a truncated
Taylor expansion of the function. We give an example of how this can be useful below.
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Example: Hamiltonian simulation Possibly the most useful application of quantum
computing is simulating quantum mechanics. Since quantum systems evolve via a
unitary of the form €'’ for a Hermitian Hamiltonian H, we would like to simulate this
type of dynamics. We will now give a rough sketch of how this could be done. Let us
assume that we can apply a controlled version of a (1,0, 0)-block-encoding of H, which
is denoted by V, and let us assume that ||H| < 1/2. Consider the function f(x) = elx
from the reals to the complex unit circle. Then clearly f(H) is the unitary corresponding
to ', We can write f(x) as a Taylor series

On the interval [-1/2,1/2] we can approximate f up to additive error € by truncating
the Taylor series after p = max{2log(1/¢),2e} terms:

LN Y.
k=0 k k=p+1k‘
00 xk
S —_—
k:%ﬂ k!
k§+1(2k)
00 e k
<
k:§+1(2p+2)
e P11
_(2p+2) -

2p+2
<&

-k

Alsonote that Y7 _ || <e.

Now let (P, Pg) be an (e, |log(p+1)],0)-state-preparation pair for the (p + 1)-
dimensional vector y with coefficients y; = % (such a pair can efficiently be imple-
mented). Now we use the linear combination of block-encodings lemma with U; = V?
to implement an (e, 0, €)-block-encoding of et

The following more general Hamiltonian simulation theorem is a corollary of the
results of [LCTH, Thm. 1]. For a detailed proof see the work of Chakraborty, Gilyén and
Jeffery [CGIT18].

Theorem 2.10: [LC16] Suppose that U isan (a, a,/12t|)-block-encoding of the Hamil-
tonian H. Then we can implement an €-precise Hamiltonian simulation unitary V
whichisan (1,a+2,¢)-block-encoding ofe”H, with @’(Ion‘l +log(1 /8)) uses of controlled-
U and its inverse and with O (alat| + alog(1/¢€)) two-qubit gates.
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Finally we note that for real-valued polynomials that are bounded on [-1, 1] we can
directly apply the following lemma in order to implement the polynomial applied to a
block-encoding.

Lemma 2.11 : [GSLW19, Thm. 56] Suppose that U is an (a, a, €)-block-encoding of a
Hermitian matrix A, 6 > 0 is a precision parameter, and P € R[x] is a degree-d polyno-
mial satisfying that

(i) forallxe[-1,1]: |P(x)| < %, or
(ii) forallxe[-1,1]: |P(x)| <1 and|P(x)| =|P(-x)|.

Then there is a quantum circuit U, which is an (1,a + 2,4dVela + 0)-block-encoding
of P(Al), and which consists of d applications of U and U' (and in a single
application of controlled-U and controlled-U"), and G((a+1)d) other one- and two-
qubit gates. Furthermore, we can compute the gates of this circuit on a classical computer
in time © (poly(d,log(1/6))).

2.4 | Basics of convex optimization

Optimization is a fundamental area in mathematics and computer science, with
many real-world applications. One of the most successful continuous optimization
paradigms is convex optimization. Below we give a short introduction to some basic
concepts in convex optimization. We start with a look at general convex optimization
problems. After this we consider two specific classes of convex optimization prob-
lems: linear programs and semidefinite programs. For a more in-depth look at convex
optimization we recommend the book Convex optimization by S. Boyd and L. Vanden-
berghe [BV04].

2.4.1 | General convex optimization

Let us start by defining the k-dimensional simplex as the set
AK = {xe RE:|xl,=1,0<x;<1Vie [k]}.

A convex combination of a set of points is a linear combination of those points where
the vector of coefficients comes from the simplex.

A set C < R" is called a convex set if every convex combination of points in the set
also lies in the set, or equivalently, if for all points x,y € C and all A € [0, 1] the point
Ax+(1-A)y also lies in C. Some examples of convex sets are:

* The empty set is convex, as is every singleton set, and so is the whole of R".

¢ Affine subspaces are convex, as are half-spaces.
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e The convex hull of a set of points, which consists of all convex combinations of
the points, is convex.

¢ The set of positive semidefinite matrices is convex.
* The intersection of convex sets is convex.
* The Cartesian product of convex sets is again convex.

A function f : C — R is called a convex function if the region above the graph of f
(called the epigraph) is convex, or equivalently, if for all x, y € C we have

fAx+A-Dy)<Af)+A-DfWY).
A function f is called concaveif - f is convex. Some examples of convex functions are:

¢ Linear functions, which follows directly from the definitions.

Norms, which follows from the triangle inequality.

The max function, and also the log-sum-exp function log(¥; e*) which is a
smooth approximation of the max.

The log(det X) for matrices X € R"*".

The composition of two convex functions is again convex.

In general a convex optimization problem asks to minimize a convex function f(x)
over a convex set C (or maximize a concave function):

int S
Here f is called the objective function or simply the objective. We call the value of the
infimum the optimal value of the problem, and an x that attains this value is called an
optimizer. We often write x* for such an optimizer if the infimum is attained.

An important characteristic of convex optimization problems is that local minima
are also global minima. This means that optimization techniques may be somewhat
greedy when improving their solutions, and that by improving the solution locally we
will eventually get close to a global minimizer (if one exists). Of course this does not
mean that such an algorithm will be efficient in finding a solution.

Instead of only considering f we may also consider its derivatives. Of particular
interest is the first derivative, the gradient, since this tells us in which direction f de-
creases most. Since f does not need to have a derivative at every point of the domain
we have the following more general notion of a subgradient.
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Definition 2.12 : Subgradient Let C < R" be convex and let x be an element of the
interior of C. For a convex function f : C — R we denote by 0 f (x) the set of subgradients
of f at x, i.e., those vectors g satisfying

f=f)+{(g y—x)forallyeC.

Note that in the above definition 0 f(x) # @ due to convexity and that if V f(x) exists,
then 0f (x) = {Vf(x)}.

If f:C — Ris L-Lipschitz, then for any x in the interior of C and any g € df(x) we
have ||g|| < L, as follows. Consider a y € C such that y — x = ag for some a > 0. Then
since g is a subgradient of f at x we have

algl = (g.y-x) = F») - F0 = Ly x| =aLg]. @2)

and therefore | g| < L.

An important property of convex sets is that any point outside of the set can be
separated from the set by a separating hyperplane. Formally this means that for all
x ¢ C there exists a g € R” such that ||g|| = 1 and

(y,8)<(x,g)forall ye C.

Note that this expression is very similar to the definition of a subgradient. In fact, a
subgradient is a hyperplane that separates the epigraph of a function from a point very
close to the epigraph.

Often the convex set C is described via a set of convex functions which should be
smaller than some constant, these inequalities are called constraints:

C={xeR":hj(x)<b;Vje[m]}

for some m € N. By absorbing the b; into the i; we can assume without loss of gener-
ality that the right-hand sides are all zero. We can now write the optimization problem
as

min  f(x)

s.t. hi(x) <0

hp(x) <0.

For a point x ¢ C we say the constraint h; is violated if hj(x) > 0 and it is satisfied
if hj(x) < 0. If hj is violated then for every g € dh;(x) the inequality (g,y) < h;(x)
describes a separating hyperplane for C and x. A point that satisfies all constraints is
called a feasible point, a point that satisfies all constraints with strict inequality is called
strictly feasible. An optimization problem that has a feasible point is called a feasible
problem, and similarly for strictly feasible.
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Every point x that is feasible certifies that the optimal value is less than or equal to
f(x). When optimizing we often would like to give lower bounds on the optimal value as
well, since the difference between the upper and lower bound gives us a bound on how
far we are from the optimal value. Consider the following function, called a Lagrangian:

m
LR"xR™: (x,y)— f(X)+ ) yjhjx).
j=1
The Lagrangian adds the constraints to the objective as a penalizing term, if y; > 0 then
to minimize the Lagrangian we would like to ensure that i;(x) < 0. In fact we can write
down the Lagrangian dual function that minimizes over x for a fixed choice of y:

m
gy = xlgg;ff(x,y) = xlg[illif"f(X) +j;yjhj(x).

Let x be a feasible point for the original problem and let y = 0, then

gy =fx

because all 2j(x) < 0. Since this is true for all feasible x, we in fact know that g(y) lower
bounds the optimal value of the original problem. The best lower bound this method
can give us is then given by

sup g().

yeRZ},
Since it can be shown that g(y) is a concave function, this problem is again a convex
optimization problem. This problem is called the dual problem of our original problem,
the original problem is called the primal problem. The fact that

sup g(y) < inf f(x)

y€|R;"0 xeC
is called weak duality. Sometimes the optimal values are actually equal, in which case
we say that strong duality holds. It can be shown that the dual of the dual problem is
the primal problem, which justifies the names.

2.4.2 | Linear programming

Arguably the simplest class of convex optimization problems is the class of linear pro-
gramming problems (LPs). These are optimization problems where both f and all the
h; are linear functions.? Without loss of generality we assume LPs are of the form
max {c,x) (2.3)
xXeR"?
st. (aj,x)<b; forallje[m]
x=0.

3We cannot absorb the b ; into the £ since then these would become affine.
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For normalization purposes we assume that all entries of the a; and of ¢ are in [-1, 1].

Note that since linear functions are both convex and concave, we may assume with-
out loss of generality that we want to maximize the objective. We can rewrite this prob-
lem in a more concise form by letting A € R"*" be the matrix with rows equal to the a;’s
in order to obtain the following primal and dual problems:

min (b,
max (c, x) TR (b,y)
s.t. Ax<b s.t. ATy >c
x=0 y=0.

If both of these problems are feasible, then strong duality holds [BV04] and the optimal
values are equal (and attained). We call a primal (respectively dual) LP bounded if there
exists an upper (respectively lower) bound on the objective value of all feasible points.
We call an LP unbounded if it is not bounded. If a primal LP is unbounded then by weak
duality the dual LP cannot be feasible (and similarly the other way around).

Consider a point x that is infeasible for the LP. Since x violates at least one of the
constraints, it can be separated from the feasible region of the LP by a subgradient of
that constraint. If x violates the constraint (a;, x) < b; then clearly a; is the gradient of
this constraint. In fact, the feasible region of an LP is described by the intersection of
affine half-spaces corresponding to the a; constraints and the x; = 0 constraints. Such
a region is called a polytope® A point v in a polytope is called a vertex if it cannot be
written as a convex combination of other points in the polytope. A polytope that is
contained in a finite region can alternatively be described as the convex hull of all the
vertices of the polytope. If the feasible region of an LP is bounded, then the LP always
attains its optimal value at a vertex.

Example: A scheduling problem Many natural problems can be written as an LP,
below we give a toy example of how this can be done. Imagine a fictional PhD student
who wants to plan his week so he gets all his work done without too much of a toll on his
mental health. There might be four things he can do at any moment: work on his thesis,
think about new research, do administrative work or play foosball. For every day of the
week he needs to allocate a number of hours to these activities, denoted by variables
T;, R;, A; and F; for i € [7]. Clearly all these variables should be non-negative. In a
day at most 20 hours can reasonably be spent awake, which introduces the constraints
Ti+R;+ A;+ F; <20forallie[7].

He might need to do at least 3 hours of administrative work, leading to a constraint
Y iei71Ai = 3. He also needs to work on his thesis for at least 30 hours but knows

“In some parts of the literature the term polyhedron is used to describe such regions, with a polytope
being a bounded polyhedron. We will use the term polytope for both bounded and unbounded regions.
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that he is half as productive on Friday, Saturday or Sunday, leading to the constraint
Yiea i + %Z iets,6,71 1i = 30. A research meeting on Wednesday implies that R3 > 2. In
the weekends all colleagues are at home and hence foosball is not an option: Fs = 0 and
F; = 0. For all other days we can play at most an hour of foosball: F; <1 for i € [5].

Next we introduce variables M; for the misery on day i. We assume that all misery
will be non-negative. For the weekdays any time after 8 hours of work counts towards
the misery for that day. However, since research is interesting it only counts for half
towards the total, and foosball counts for half in the other direction. This gives the
constraints T; + A; + %Ri - %Fi <8+ M, for i € [5]. In the weekend any time is overtime
(and foosball is not an option) and hence the constraints are T; + A; + %Ri < M; for
i € {6,7}. Finally, if less than five hours of research is done then this is demotivating and
adds some misery M), for each hour that is not done this misery increases by 3. This is
modelled by the constraint }_;¢(7) R; + %MO > 5.

Our objective is to minimize the sum of the misery. This leads to the following LP:

min M+ Z M;
i€[7]

st. T;+R;+A; +F; <20 forall i € [7]

Y A;j=3

i€[7)
1
Y Ti+= Y T;=30
i€[4] i€{5,6,7)
Ry =2
F;=<1 for all i € [5]

1 1
Ti+Ai+5Ri—5FiS8+Mi forall i € [5]
1 .
Ti+Ai+§RiSMi foralli € {6,7}

1
Y Ri+=My=5
i€[7] 3

My, M;, Tj, R;, Aj, F; =0 forall i € [7].

2.4.3 | Semidefinite programming

In the last decades, particularly since the work of Grotschel, Lovdsz, and Schri-
jver [GLS88], semidefinite programs (SDPs) have become an important tool for de-
signing efficient optimization and approximation algorithms. SDPs generalize LPs, but
are still convex and efficiently solvable. Thanks to their stronger expressive power, SDPs
can sometimes give better approximation algorithms than LPs. Examples include ap-
proximation of NP-hard problems like MAXCUT [GWY5] and polynomial optimization
through the Sum-Of-Squares hierarchy [[Las01; Par00]. SDPs have also found appli-
cations in quantum information theory. Examples include POVM design [EId03] and
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finding the winning probability of non-local games [[Isi87; CHTW04].

In an SDP we optimize over a matrix X instead of a vector x. The objective and
most of the constraints are still linear in the entries of X, in particular they are of the
form Tr(M X) for a matrix M. However, the positivity constraint x = 0 is replaced by a
positive semidefinite constraint X > 0. An SDP can be written as

max Tr(CX) (2.4)
XeRn*n

st. Tr(AjX)<b; forallje[m]
X =0.

For normalization purposes we may assume | C||, || Aj || < 1. LPs correspond to the case
where all matrices are diagonal.
As for LPs we can write down the dual form of this SDP:

min bTy (2.5)

m
S.t. Z yjAj —-C=>=0.
=1

y=0.

If the primal of the SDP is known to be bounded and strictly feasible, then we will
assume an upper bound is known on the trace of a primal optimizer. In particular we
will assume that Tr(X) < R is the first constraint in the primal. This ensures that the
primal optimum is attained and we write R* for minimal trace of a primal optimizer.
The trace constraint in the primal will also ensure that the dual is strictly feasible. If we
also know that the dual optimum is attained then we assume an upper bound on the
Z1-norm of the dual optimizer is known. In particular we assume that we know a r such
that there exists a dual optimizer y with || y||, < r. We further write r* for the smallest
such r. For SDPs strong duality does not hold in general. However, in the situation
described above the primal and dual optimal values are equal.

Example: MAXCUT and the Goemans-Williamson SDP A famous example of how
semidefinite programming can be used is the algorithm for approximating the size
of a maximum cut in a graph G = ([n], E) by Goemans and Williamson [GWY5]. The
maximum cut in a graph is the maximum, over all subsets S of vertices, of the number
of edges between S and its complement S. Computing MAXCUT(G) exactly is NP-hard.
It corresponds to the following integer program

1
max — Z (l—l/l'l/j)
{i.j}eE
s.t. vje{+1,-1} foralljen],

using the fact that (1-v;v;)/2 = 1 if v; and v; are different signs, and (1-v;v;)/2 =
0 if they are the same. We can relax this integer program by replacing the signs v;
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by unit vectors, and replacing the product v;v; in the objective function by the dot
product vl.T vj. We can implicitly optimize over such vectors (of unspecified dimension)
by explicitly optimizing over an n x n psd matrix X whose diagonal entries are 1. This
X is the Gram matrix of the vectors vy,..., vy, 50 X;; = vl.T v;j. The resulting SDP is

1
max -— Z (1 _Xij)
{i,j}eE
s.t. Tr(EjjX)=1 forall je€[n]
X>0.

This SDP is a relaxation of a maximization problem, so it may overshoot the correct
value, but Goemans and Williamson showed that an optimal solution to the SDP can
be rounded to a cut in G whose size is within a factor = 0.878 of MAXCUT(G) (which is
optimal under the Unique Games Conjecture [KKMQO04]). This SDP can be massaged
into the form of (Z4) by replacing the equality Tr(E;;X) = 1 by inequality Tr(E;; X) < 1
(so m = n) and letting C be a properly normalized version of the Laplacian of G.
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We study to what extent quantum algorithms can speed up solving convex optimiza-
tion problems. Following the classical literature we assume access to a convex set via
various oracles, and we examine the efficiency of reductions between the different or-
acles. In particular, we show how a separation oracle can be implemented using G(1)
quantum queries to a membership oracle, which is an exponential quantum speedup
over the Q(n) membership queries that are needed classically. We show that a quan-
tum computer can very efficiently compute an approximate subgradient of a convex
Lipschitz function. Combining this with a simplification of recent classical work of Lee,
Sidford, and Vempala gives our efficient separation oracle. This in turn implies, via a
known algorithm, that G(n) quantum queries to a membership oracle suffice to imple-
ment an optimization oracle (the best known classical upper bound on the number of
membership queries is quadratic.

This chapter is based on the paper Convex optimization using quantum oracles by ]J.
van Apeldoorn, A. Gilyén, S. Gribling, and R. de Wolf [AGGWTS].
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3.1 | Introduction

The generic problem in convex optimization is minimizing a convex function f: K —
R U {oo}, where K < R" is a convex set. We consider the setting where an interior point
Xp € int(K) is given and radii r, R > 0 are known such that B(xy, r) € K < B(xp, R).

It is well-known that if the convex function is bounded on K, then we can equiv-
alently consider the problem of minimizing a linear function over a different convex
set K’ € R"™*! namely minimizing the linear function (x,u) — u over the epigraph

={(x,w:xeK, f(x) = pu} of f. Accessing K’ is easy given access to K and f, and
the parameters involved will be similar. Conversely, for any linear optimization prob-
lem over an arbitrary convex set K, there is an equivalent optimization problem over
a fixed convex set (say, the ball), with a bounded convex objective function f that can
be evaluated easily given access to K. From now on we therefore focus on optimizing a
linear function over a convex set.

In this chapter we consider the setting where access to the convex set is given only
in a black-box manner, through an oracle. The five basic problems (oracles) in convex
optimization identified by Grétschel, Lovasz, and Schrijver [GLS88] are: membership,
separation, optimization, violation, and validity (see Secfion 37 for the definitions).
They showed that all five basic problems are polynomial-time equivalent. That is, given
an oracle O for one of these problems, one can implement an oracle for any of the other
problems using a polynomial number of calls to O and polynomially many other ele-
mentary operations. Subsequent work made these polynomial-time reductions more
efficient, reducing the degree of the polynomials. Recently Lee et al. [LSVT8] showed
that with @ 2 ( 2) classical calls to a membership oracle (and & 2 (n®) other elementary
arithmetic operatlons) one can solve an optimization problem. They did so by showing
that & 2 (n) calls to a membership oracle suffice to do separation, and then compos-

ing this with the known fact [LSWI5] (see also [LSVI&, Thm. 15]) that 6& (n) callsto a
separation oracle suffice for optimization. "

_ The main result of this chapter (Secfian34) shows that on a quantum computer,
O'rn (1) calls to a membership oracle suffice to implement a separation oracle, and
her;ce (by the known classical reduction from optimization to separation) @ R (n) calls

to a membership oracle suffice for optimization.? Lee et al. [LSVI8] use a geometric
idea to reduce separation to finding an approximate subgradient of a convex Lipschitz

! Although not stated explicitly in our results, we also use % 1 (n ) additional operations for optimiza-

tion using membership, like [LSVIA]. This is because our quantum algorithm for separation uses only
% & (n) gates in addition to the ﬁRn (1) membership queries, and we use the same reduction from op-

tlmlzatlon to separation as [l svm] If queries themselves have significant time complexity, then our

algorithm does lead to a speedup in time complexity over the best known classical algorithm. For exam-

ple, if each membership query (with the required precision) takes time @  (n?) to implement, then our
re

quantum algorithm for optimization has time complexity & r (ns), while the classical algorithm will use

time @ » (n*) because it uses @ r (n?) membership queries.
re re
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function. They then show that 5Q (n) evaluations of a convex L-Lipschitz function suf-
fice to get an approximate subgrerliiient.

We use the same geometric idea, but we provide a simpler way to classically com-
pute an approximate subgradient of a convex Lipschitz function (Secfion3737T). Besides
being simpler, the main advantage of our algorithm is that it is suitable for a quantum
speedup using known quantum algorithms (Jordan’s algorithm) for computing approx-
imate (sub)gradients [[or05; GAWTY] as we show in Kecfion 3.3.2. In Becfion 3.4 we use
the new algorithms applied to the geometric idea from [LSVI8] to construct separation
oracles.

In Secfion 35 we briefly mention how to relate the discussed reductions to other
reductions between the oracles, using a convex polarity argument. As we show, in the
setting where we are given an interior point, the relation between membership and
separation is analogous to the relation between validity and optimization. In particular,
our better quantum algorithm for separation using membership queries implies that
on a quantum computer Gr. (1) queries to a validity oracle suffice to implement an

re
optimization oracle. That is, on a quantum computer, finding the optimal value is
equivalent to finding an optimizer.

Classical:
o1y . 8m 0(n)
MEM(K) SEP(K) OPT(K) VAL(K)
em 0w (1)
Quantum:
oy O o)
MEM (K) SEP(K) | Q(v/n) | OPT(K) VAL(K)
e G(n) o)
Q(n)*

Figure 3.1: The top and bottom diagram illustrate the relations between the basic
(weak) oracles for respectively classical and quantum queries, with boldface entries
marking our new results. All upper and lower bounds are for the setting where we know
an interior point of K, except the *-marked Q(n) lower bound on the number of sep-
aration queries needed for optimization, which stems from a problem where no such
point is known. Notice the central symmetry of the diagrams, which is a consequence
of polarity. The lower bounds will be proven in [Chapter 7. Here the notation 6() is
used to hide polylogarithmic factors in n, r, R, €. The (change in) accuracy of the oracles
is ignored here for simplicity

Related independent work In independent and simultaneous work, Chakrabarti,
Childs, Li, and Wu [CCIWT8] discovered a similar upper bound as ours: combining
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the recent classical work of Lee et al. [LSVI8] with a quantum algorithm for computing
gradients, they show how to implement an optimization oracle via G & (n) quantum
queries to a membership oracle and to an oracle for the objective function. Their proof
stays quite close to [LSVI8] while ours first simplifies some of the technical lemmas
of [LSVI8], giving us a slightly simpler presentation and a better error-dependence of
the resulting algorithm.

3.2 | Oracles for convex sets

The five basic oracles for a convex set K that we consider are as follows (in contrast with
the original [GLS88], we allow some error probability p in these oracles as in [LSVI8]).
Throughout we will assume that real vectors are represented with polylog(nR/(r¢)) bits
of precision per coordinate. In particular, we will assume that both the input and output
of the following oracles are represented in such a way.

Definition 3.1 : Membership oracle MEM, ,(K) Queried with a vector y € R", the
oracle, with success probability = 1 — p, asserts one of the following

* ye B(K,¢), or
* y¢ B(K,—¢).

Definition 3.2 : Separation oracle SEP; ,(K) Queried with a vector y € R", the oracle,
with success probability at least = 1 — p, asserts one of the following

* ye B(K,¢), or
* leB(K,_E'),

and in the second case it returns a unit vector g € R" such that (g, x) <{(g,y) + ¢ for all
x€ B(K, -¢).

Definition 3.3 : Optimization oracle OPT, ,(K) Queried with a unit vector c € R", the
oracle, with success probability = 1 — p, does one of the following:

e it returns a vector y € R" such that y € B(K,¢) and {c,x) < {c¢,y)+¢ forall x €
B(Ky _8);

e oritasserts that B(K, —¢) is empty.

Note that the above optimization oracle corresponds to maximizing a linear function
over a convex set; we could equally well state it for minimization.

Definition 3.4 : Violation oracle VIOL, ,(K) Queried with a unit vector c € R" and a
real number Y, the oracle, with success probability = 1 — p, does one of the following:

e itassertsthat{c,x) <Yy+¢€ forall x€ B(K,—¢),
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e oritfinds avector y € B(K,¢) such that(c,y)=y—¢.

Definition 3.5 : Validity oracle VAL, ,(K) Queried with a unit vector c € R" and a real
number Y, the oracle, with success probability = 1 — p, does one of the following:

* itassertsthat{c,x) <y+e¢ forall x€ B(K,—¢),
e oritasserts that{c,y) =y — € for some y € B(K,¢).

If in the above definitions both ¢ and p are equal to 0, then we call the oracle strong. If
either is non-zero then we sometimes call it weak.

When discussing quantum oracles we still assume that the inputs and outputs of the
oracles are represented with polylog(nR/(re)) bits of precision per coordinate. Since
the oracles are randomized and might themselves come from quantum algorithms, it
is natural to assume they are relational quantum oracles (see Definifion 2_T)). Through-
out this chapter we will work with deterministic quantum oracles for the sake of read-
ability. However, the results presented are also valid for relational oracles by using a
version of the quantum gradient algorithm for relation oracles [AGGWI8, Cor. 29]. In
terms of applications, we want to point out that if the membership oracle used in Sec3
flon3°4 comes from a deterministic algorithm, then we get a standard quantum oracle.
Only when the membership oracle itself is relational (for example, when it is itself com-
puted by a bounded-error quantum algorithm) do we need the more general setting of
[AGGWIA, Cor. 29].

When we discuss membership queries, we will always assume that we are given a
small ball which lies inside the convex set. It is easy to see that without such a small
ball one cannot obtain an optimization oracle using only poly(n) classical queries to a
membership oracle (see, e.g., [GLSE8, Sec. 4.1] or the example below). As the following
example shows, the same holds for quantum queries. We will use a reduction from a
version of the well-studied search problem:

Given z € {0,1}" such that|z| = 1, find b € [N] such that z;, = 1.

Itis not hard to see that if the access to z is given via classical queries i — z;, then Q(NV)
queries are needed. It is well known that if we allow quantum queries then Q(v'N)
queries are needed (see Chapter 6). Now let N = 2" and consider an input z € {0,1}" to
the search problem (see also Secfion 2Z.31)). Let b € {0, 1}"" be the index such that z; = 1.
Consider maximizing the linear function x — Z?Zl x; over the set K, = H?Zl (b;i—1/2, b;].
Clearly the optimal solution to this convex optimization problem, even with a small
constant additive error in the answer, gives the solution to the search problem. How-
ever, a membership query is essentially equivalent to querying a bit of z and therefore
Q/'N) = Q(2"Y?) quantum queries to the membership oracle are needed to solve this
optimization problem.
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3.3 | Subgradient approximation for convex Lipschitz
functions

Here we show how to compute an approximate subgradient (at 0) of a convex Lipschitz
function. That is, given a convex set C such that 0 € int(C) and a convex function
f:C — R, we show how to compute a vector § € R” such that

fMN=fO)+g y—aly|-bforallyeC

for some real numbers a,b > 0 that will be defined later (see CLemma 3 T0 and
Cemma 3 T3). The idea of the classical algorithm given in the next section is to pick
a point z € B, (0,71) uniformly at random and use the finite difference V2 f(z) (de-
fined below) as an approximate subgradient of f at 0; the radii r; and r, need to be
chosen small to make the approximation good. This results in a slightly simplified
version of the algorithm of Lee et al. [LSV18]. In Becfion 3.3.2 we show how to improve
on this classical algorithm on a quantum computer.

3.3.1 | Classical approach

In the discussion that follows we will use the following approximation of the gradient.

Definition 3.6 : Finite-difference gradient approximation For a function f : C — R,
arealr >0, and a point x € R" such that B,(x,r) < C, and i € [n], we define

" _ fx+re)—flx—re)
Vi fx):= P .

Similarly we define
VO f(x) = (V(I’)f(x),v(”f(x), . ..,vﬁ{)f(x)).

We will also consider a similar approximation of the Laplacian (the trace of the
Hessian) of a function.

Definition 3.7 : Finite-difference Laplace approximation Fora function f:C — R, a
real r >0, and a point x € R" such that By (x,r) < C, and i € [n], we define

_fxtre)-2f(x)+ f(x—re;)

AV fx): ;

Similarly
n
AT fx):= Y AV fx).
i=1
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Note that for a convex function we have AE.” f(x) =0 for all x such that By (x,r) < C.

The next two lemmas will be needed in the proof of the main result of this section,
Cemma 310. In Cemma 3-8 we give an upper bound on the deviation ||g— V' f(2)|,
of a finite difference gradient approximation V"? f(z) from an actual subgradient g at
the point z, in terms of the finite difference Laplace approximation A"? f(z). Then,
in Cemma 39 we show that in expectation over the choice of z, the finite difference
Laplace approximation is small. Together with Markov’s inequality this gives us good
control over the quality of a finite difference gradient approximation.

Lemma 3.8 Ifr, >0, zeR", and f : B1(z,12) — R is convex, then

(r2)
sup ”g_ V(rz)f(z) “1 < M
geof(2) 2

Proof. Fixa g€ df(z). For every i € [n], we have
f(z+re) = f(2)+(g r2ei) = f(2) +128i,

and, similarly,
flz—rre;) = f(2) —1ragi.

Rearranging these two equations gives

(@)= f(z—re)) <g < f(Z+T2€i)—f(Z).

— Ol

2 2
:;A :;EB
Note that | gi— #| < % for any three real numbers A < g; < B. Moreover, # =
V") f(2) and B- A= r,AV"? f(2), thus
(v A f(2)
‘gi—Vl.z f(2) ST'
Now we can finish the proof by summing this inequality over all i € [n]. O

Lemma 3.9 If0<ry<ry, and f : Boo(x,11 + 12) — R is convex and L-Lipschitz, then

E A f(z) < nk.

Z€Boo (x,11) n

Proof. Below we show that B[E( )AE.TZ) f(z) < r% for all i € [n], summing over i then
Z€Boo (x,17

proves the lemma. Let h;(2) := f(z—rye;) — f(z). We have that
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(r2)
zeBoo(x,rl)Ai 2 f(Z)
_ 1 f f(z+r2ei)—2f(z)+f(z—r2ei)dz
(2r1)" JzeBoo(x,11) T??
:;f f f(z—rzei)—Zf(Z)+f(Z+rzei)dZ
2r)" 2j€lx; =X +nl, zi€lxj—r1,x;+11] r22

jelnl,j#i

1 f (f hi(z) dz
= —— |, clximr x: i
@ry) JEEE LA ) rs

Jjelnl, j#i
hi(z+rpe;)
zi€lxj—ry,xi+11]

T2 jeln,

J#i
! f (f hi(z)dz
= 1,. _ . - 5 i

2r)n Zje[;é[llr]l’;;;_rl]' zi€lx;—r1,x;+11] T22
hi(z)
_f 12 dZi) H de
zi€lxj—ri+ra,xitri+r2l Ty jelnl,
J#i

1 f (f hi(Z)d
= lzerxi— . <j
@rp" Zje[;'cé[nr]l’j);:rl]’ Zi€[Xx;—r1,X;—1r1+712] 1’22

hi(z)
_f ! le') H dZ]
Zi€lxi+ry,xi+ri+r] Ty jelnl,
J#i
1
= (zrl)n zje[xj—rl,xj+r1],2L‘l_[ dZ]
jelnl,j#i Jeln,
J#i
B L
= rl'

Where the last inequality follows from multiplying the upper bound r, L on |k;(z)| with
the length r, of the integration intervals. O

Note that the above lemma is stated and proved for continuous random variables,
but the same proof holds if we have a uniform hypergrid over the same hypercube,
providing a discrete version of the above result. In the discrete case, in order to get the
same cancellations we need to assume that both r; and r, are integer multiples of the
grid spacing.

We are now ready to prove the main result of this section. Informally, the next
lemma proves that an approximate subgradient of a convex Lipschitz function f at 0
can be obtained by an algorithm that outputs V'"? f(z) for a random z close enough
to 0, where f is an approximate version of f. In other words, this lemma gives us
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a classical algorithm to compute an approximate subgradient of f using 2n classical
queries to an approximate version of f.

Lemma 3.10 Letr; >0,L>0,p€(0,1/3],6 € (0,r;/nL/p), thenry := % <r. Sup-

pose f : C — R is a convex function that is L-Lipschitz on B (0,211), and f : Bo(0,211) —
R is such that || f - f||OO <. Then for a uniformly random z € By (0, 1), with probability
at least1 - p,

3
~ 3ns | 6L
f(y)2f(0)+(v(’2)f(z),y)—%4 p—r||y||—2L\/ﬁr1 forallye C.
1

Proof. Let z € B(0,r1) and g € 0f(z). Recall ||g|| < L by Equation (Z.Z). Then for all
yeC
f=fa+{gy-2
=f@+(gy-2+ (V" f(2),y) (V" f(2), 7)) + (f(0) - f(0)
=fO)+(V"?f(2),y)+(g- V"2 f(2),y) + (f(2) - f(0) +(g,—2)
= fO)+(V'?f(2),y) - g -V @] 7] - LIzl - ]2l
= fO)+(V" f(2),y) = g -V f@||, | 7]l — LVRr1 ~ LV

~ ovn
2 O +(V" f(2),y) - r—fllyll =9 f@l] ¥l —2LVnn.
Note that in the last line we switched from f to f, using that VU2 f(z) and V'? f(z2)

differ by at most §/r, in each coordinate. Our choice of r, gives % = n%, /% and by
[Cemma 38 and Cemma 3.9 we have

3
nLro, n+ [6Lp
E —-v® ), < =— /==
zEBoo(x,rl)“g f@l, 2n 2 rn

3
By Markov’s inequality we get that |g— V" f(2)||, = & % with probability = 1 - p

over the choice of z. Plugging this bound on ||g—V(’2) f(2) ||1 into the above lower
bound on f(y), and using that || y|| o= || y||, concludes the proof of the lemma. O

3.3.2 | Quantum improvements

In this section we show how to improve subgradient computation of convex functions
via Jordan’s quantum algorithm for gradient computation [[or05]. We use the formula-
tion given by Gilyén et al. [GAWI9, Lem. 21], as introduced in Secfion 2.3.3.

In order to apply Cemma ZA the function needs to be sufficiently close to linear on
a small region. Fortunately, convex Lipschitz functions can be very well approximated
by linear functions over most small-enough regions. Similarly to the classical case
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(Cemma3T0) we make this claim quantitative using Lemma-39. In order to apply the
more efficient quantum gradient computation of Cemma 26 we also need the following

two lemmas to ensure that holds.

Lemma 3.11 Let S < R" be such that S = —S, and let conv(S) denote the convex hull

of S. If f : conv(S) — R is a convex function, f(0) =0, and | f(s)| <6 forall s€ S, then
|f(s| =6 foralls' € conv(S).

Proof. Since f is convex and f(s) < § for all s € S we immediately get that f(s') <6
for all s’ € conv(S). Because f(0) = 0 and S = —S, due to convexity we get that f(s") =
—f(=s)=-6. O

Lemma 3.12 Ifr, >0,z€R" and f : B,(z,12) — R is convex, then

r2A") f(2)
sup |f(z+y) - f(2) (3 VP f(2))]| < Z""".
Y€B1(0,r) 2
Proof. Letd(y):= f(z+y)— f(z) - (y,V(rZ)f(z)> be the difference between f(z+ y) and
its linear approximator. Let S := {+re; : i € [n]}. It is easy to see that d(0) =0, S = -,
and conv(S) = B; (0, r2). Also, for all s € S we have |d(s)| < r7 AU f(z)/2:

d(+re) = f(z+rse) - f(2) —(£r20;, V™ f(2))

= f(z£re) - (R F 2V f(2)

+rre;)— flz—Toe;
=f(zir2e,-)—f(z)¢f(z rze)zf(z rae;)

_ flatre) -2f(@) + f(z—12e:)
2
=riA? f(2)/2  <r3A" f(2))2.

Therefore Cemma 311 implies that sup ¢, (o, ,)|d (1) < r7AU? f(2)/2. O

Using the results above we are now ready to prove the main result of this section,
the quantum analogue of Cemma 3T10.

Lemma 3.13 Letr; >0,L >0, p € (0,1/3], and suppose b € (0,rynL/p]. Suppose f : C —
R is a convex function that is L-Lipschitz on By (0,2r1), and we have quantum query
access? to f, which is a §-approximate version of f, via a unitary U over a (fine-enough)
hypergrid of B (0,2r1). Then we can compute a § € R" using ©(log(n/p)) queries to U
and U", such that with probability = 1 — p, we have

on3L
f» = f0)+{gy)-23% ,F”y”l -2Ly/nr,  forallyeC,

2The proof of this lemma assumes that the query access is deterministic, however using Corollary 29
of [AGGWTA] instead of Cemma 2_H shows that a relational quantum oracle also suffices as input. In that
setting access to U' should also be assumed.
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and hence (by Cauchy-Schwarz)
- 5 [OL
f=fO)+(gy)-(23n) p—r||y|| -2Lvnr,  forallyeC.
1

Proof. Letry:=4/ irl—le and note that r» < r;. The quantum algorithm works roughly as
follows. It first picks a uniformly® random z € Bo,(0, r1). Then it uses Jordan’s quantum
algorithm to compute an approximate gradient at z by approximately evaluating f in
superposition over a discrete hypergrid of By, (z, r2/n). This then yields an approximate

subgradient of f at 0.
We now work out this rough idea. Since B (z, r2/n) < By (z, 2), Cemma 312 implies
raAl? f(z)
sup  |fz+y) - f@— (VP f(2))| = 2" ! . 3.1)
Y€Boo(0,r2/ 1) 2
Also as shown by Cemma 39 and Markov’s inequality we have
2nL
AU gy < S 3.2)
pn

with probability = 1 — p/2 over the choice of z. If z is such that Equation (822) holds,

then we get
2

.
sup  [f(z+y) =~ f(&) (V" f(2))| s —==6.
Y€ Boo 0,72/ 1) pn

Now apply the quantum algorithm of Cemma Z8 with r = 2r,/n, c = f(2), g = V' f(2),
and B = Lr. This uses € (log(n/p)) queries to U and U, and with probability > 1 - p/2
computes an approximate gradient g such that

8-4271n ondL
(r2) _ & S=4.4?.
[V f2) -8 =< 2 §=4-42-7 o

Also, if z is such that Equation (822) holds, then by Cemma 38 we get that

r, AU2) f(z) nLr2
sup ||V(r2)f(Z)—g||1— 5
ge0f(2)

and therefore by the triangle inequality and Equation (833) we get that

sup |g-8|., = sup IIg—V(’z)f(z)|IOO+IIV(“)f(Z)—glloo
geof(z) geof(z)

= sup IIg V2 @, + [V f(2) - 8| o

onL 32 on3L
—+4:42-7 .
pr pn pn

3A discrete quantum computer strictly speaking cannot do this, but (as noted after [emma3.4) a
uniformly random point from a fine-enough hypergrid suffices.

(3.3)
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Thus with probability atleast 1 — p, for all y € C and for all g € 9 f(z) we have that

fM=f@+(gy-2)
=fO+(&y)+{(g-& )+ ([~ f0)+(g -2
= f(0)+(& y)-|(g-&y)| - Lzl - | gzl
2 f0)+(8 )~ l§=&lollyll, - Lvnr - Lv/nry (by (2=2)

6n3L
= [0+ (87) =25\ ==y, -2Lvan

oL
> fO)+(g y)— (23n)2\ / E”y” —2Ly/nry.

3.4 | Implementing SEP using queries to MEM

Let K <R” be a convex set such that B(0,r) € K < B(0, R). Given a membership oracle?
MEM¢ o(K) as in Definifion 3.7, we will construct a separation oracle SEP; ,(K) as in
Definifion 3.2. Let x be the point we want to separate from K. We first make a member-
ship query to x itself, receiving answer x € B(K, €) or x ¢ B(K, —¢€). Suppose x € B(K, —¢),
then we need to find a hyperplane that approximately separates x from K. Due to the
rotational symmetry of the separation problem, for ease of notation we assume that
x = —|1x|le,.B For this x define k: R"~1 - RuU {oo} as

h(y):= inf yn,
(»yn)e

see also Figure 3.2. Note that although & does not explicitly seem to depend on x, it
does depend on x implicitly since we have rotated the space such that x = —|| x| ej,.

4For simplicity we assume throughout this section that the membership oracle succeeds with cer-
tainty (i.e., its error probability is 0). This is easy to justify: suppose we have a classical T-query algorithm,
which uses MEM, o (K) queries and succeeds with probability at least 1 — p. If we are given access to a
MEM, 1 (K) oracle instead, then we can create a MEM, , (K) oracle by & (log(T/p)) queries to MEM £ 1 (K
and taking the majority of the answers. Then running the original algorithm with MEM_ b (K) will fail
with probability at most 2p. Therefore the assumption of a membership oracle with error probability 0
can be removed at the expense of only a small logarithmic overhead in the number of queries. A similar
argument works for the quantum case.

SFor the query complexity this is without loss of generality, since we can always apply a rotation to
all the points such that this holds. If we instead consider the computational cost of our algorithm, then
we have to take into account the cost of this rotation and its inverse. Note, however, that this rotation
can always be written as the product of n rotations on only 2 coordinates, and hence can be applied in
% R (n) additional steps. These rotations can also be found in % R (n) time via a greedy algorithm: first
find a rotation on coordinates 7 and 7 — 1 that leaves coordinate 7 — 1 zero, then similar for coordinates
n—2and n, and so on.
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op, )
Y

/

Xeo

—h(y)

(y, h(y)

Figure 3.2: Graphical example of the relation between h(y) and the distance from (y,0)
to the border in the —e,, direction.

Our h is a bit different from the one used in [LSVI8], but we can show that it has
many of the same properties. Since K is a convex set, & is a convex function over
R"1. As we show below, the function 4 is also Lipschitz (m) and we can
approximately compute its value using binary search with @’Rn (1) classical queries to
a membership oracle (Cemma 3 TH). Furthermore, an approx1mate subgradient of &
at 0 allows to construct a hyperplane approximately separating x from K (Cemma3°T8).
Combined with the results of this leads to the main results of this section,
Theorem 3 T7 and Theorem 3 T8, which show how to efficiently construct a separation
oracle using respectively classical and quantum queries to a membership oracle.

Analogously to [LSVI8, Lem. 12] we first show that our £ is Lipschitz.

Lemma 3.14 Foreveryd € (0,r), his %—Lipschitz on B(0,6) R, that is, we have

R
)= h)| < =5y ~y|l foraily.y € BO,5).

Proof. Observe that for all y € B(0,r) we have —R < h(y), because B(0,r) < K < B(0,R),
and we have h(y) < 0 because (y,0) € K. Let y,y' € B(0,6) be arbitrary but distinct
points. Due to symmetry it will suffice to show that h(y') - h(y) < Z5 | ¥/ - y|.

We will restrict our attention to the line through y and y/, i.e., the line given by y+ 1z
for z := ﬁ the unit vector corresponding to the direction of the line. Define the
point

p=y+(|y-y|+-8))z=y+r-6)z

on this line and note that p € B(0,r). Since ' lies between y and p on the line it is a
convex combination of these two points. In particular, since || p-y || =r -0, itis the
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convex combination
ly' - | r—6
V= pt Y.
y=y+e=a" Ty —y+o-9
Due to convexity
Iy - | r—6
h(y) < h h(y),
VE e P ol e Y
which implies
ly' -l Iy -]
h(y" h(y)_” ”+(r_5)(h(p) h(y)) < > R 0

Now we show how to compute the value of h using membership queries to K.

Lemma3.15 Forally€ B(0,%) c R~ we can compute a 5-approximation of h(y) with
0(log(%)) queries to aMEM,o(K) oracle, where e < 7=6.

Proof. Lety € B(0,%), then (y, h(y)) is aboundary point of K by the definition of /. Note
that h(y) € [-R,—r/2]. Our goal is to perform binary search over this interval to find a
good approximation of h(y). If we had access to a perfect membership oracle then we
would be done. However, since our membership oracle can give back a wrong answer
when queried with a point that is e-close to the boundary of K, a more careful analysis
is needed.

Suppose y, < -7 is our current binary search guess for /(y). We first show that

(a) if (y,yn) € B(K,¢), then y, = h(y) -0, and
(b) if (y, yn) € B(K, —¢), then y,, < h(y) + 6.

For the proof of [a] consider a g € dh(y). Since g is a subgradient we have that
h(z) = h(y)+(g,z—-y) forall ze R, Hence, for all z€ R"~! and z, such that (z, z,) € K

o il =0 i) = (D)

where the first inequality is a rewriting of the subgradient inequality and the second
inequality uses that z, = h(z) since (z, z,) € K. Since (y, y,) € B(K, €) it follows from the

above inequality that
)= (08 () -<el

PG = ol -

Lemma 3.74 i impli <2 si
together with the argument of [Eq ) implies that || g|| < ==. Since

£(||g|| +1)<e¢

2R 3R
—+1|=se— <6,
r r
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(3, h(y)(1 - 28))

v, h(1)

Figure 3.3: Let C be the convex hull of B((y,0),r/2) and (y, h(y)), drawn in the figure
using a black line. The region B(C, —¢) is drawn with a red line. Due to similar triangles
the hypotenuse of the small triangle at the bottom has length 2T‘Sh(y). It follows that
B(C,—¢) is the convex hull of B((y,0),r/2-¢) and (y, h(y)(1 - 275))

we obtain the inequality of [a].

For [D], consider the convex set C which is the convex hull of B((y,0),7/2) and
(y, h(y)). From it follows that B(C, —¢) is the convex hull of B((y,0),r/2 —¢)
and (y,h(y)(1-2)). Since C < K, we have B(C,—¢) < B(K,—¢). Therefore (y,y,) &
B(K, —¢) implies (y, y,) ¢ B(C,—¢), and

2h(y)
"

ynsh(y)(l—zf) =h(y)—¢ Sh(y)+e¥sh(y)+§6.

Now we can analyze the binary search algorithm. By making & (log(%)) MEM, o (K)
queries to points of the form (y, y,,), we can find a value y, € [-R, —5] such that (y, y,) €
B(K, &) but (y,yn — $) ¢ B(K, —¢). By [@l and [B] together we get that |h(y) - yu| 6. O

The following lemma shows how to convert an approximate subgradient of h to a
hyperplane that approximately separates x from K.

Lemma 3.16 Suppose —|xle, = x ¢ B(K,—¢), and § € R""! is an approximate subgra-
dient of h at 0, meaning that for some a, b € R and for all y e R"!
h(y) = h0) +(g, )~ aly| - b,

(-
IS

)
nfl

o

then s:=

o

satisfies (s, z) = (s, x) — 0 (“_}23” - % ||(—§r,1)|| forallze K.
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Proof. Let us introduce the notation z = (y,z,) and s’ := (-g,1) = || (=g, 1)|[s, then

(s,2)=2,=(& )
> h(0)—aly||-b
=>—| x|l —¥£—a}?—b

2R
=(s',x)—aR- b—7£,

where the last inequality used claim [£) from the proof of Lemma 3 TH with the point
(0,~llxll) and 6 = %5. O

We now construct a separation oracle using € (n) classical queries to a membership or-
acle. In particular, to construct an n-precise separation oracle, we require an e-precise

membership oracle with
n__—2(I?(N)?
e=—n “|—=| =] p-
e (&) (&) e
The analogous result in [[SVI8, Thm. 14] uses the stronger assumption®

- (e

Compared to this, our result scales better in terms of n, % and p.

Theorem 3.17 Let K be a convex set satisfying B(0,r) € K < B(0,R). For anyn € (0, R]
and p € (0,1/3], we can implement the oracle SEP;; ,(K) usmg@’(nlog(” R R)) classical

queries to a MEM, (K) oracle, where e <1(26n)~ Z(E)S(%)Zp.

Proof. Let x € B(K, —¢) be the point we want to separate from K. Let § := 175’;; (% %)2 0,

then & < 756. By [emma 3.15 we can evaluate h to VVlthln error § using 0(log(%))

queries to a MEM,(K) oracle. Let us choose r1 := 5 \/_ R, then r1\/n < 7, therefore

B+ (0,2r1) < B(0,r/2). Also note that § < Gp = zrl‘/_R By Cemma 3T4 we know that
h is %—Lipschitz on B(0,r/2). Hence by IIMSI(], using €0 (n) queries to h, and
therefore G (nlog(£)) queries to a MEM, o(K) oracle, we can compute an approximate
subgradient g such that with probability at least 1 — p we have

3
3ns [62R 4R
h(y)= h(0)+(g,y)— %4 o x|l - T\/ﬁrl forall ye R"1.
Substituting the value of r; and 6 we get h(y) = h(0) +(§,y) — 5=||¥| — 2, which by
[Cemma 3 T8 gives an s such that (s, z) = (s, x) — %n - %s > (s, x)— 17 for all z € K O

61t seems that Lee et al. [LSVI8, Alg. 1] did not take into account the change in precision analogous to
our Cemma 3 T3, therefore one would probably need to worsen their exponent of % from 6 to 7.
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Finally, we give a proof of our main result: we construct a separation oracle using
O (1) quantum queries to a membership oracle.

Theorem 3.18 Let K be a convex set satisfying B(0,r) < K < B(0,R). For any
(0, R] and p € (0,1/3], we can implement the oracle SEP;; , (K) using@’(log(%)log(

quantum queries to a MEM, o (K) oracle, where ¢ < 17(5811)_52'J (%)3(%)2;).

Proof. Let x ¢ B(K,—¢) be the point we want to separate from K. Furthermore, let
6= 17424 —%( ) p, then & < F=6. By [Cemma 315 we can evaluate h to w1th1n
error 0 using @(log( )) queries to a MEM; ((K) oracle. Let us choose r; := o \/_ R, then
riv/n < %, therefore BOO(O 2r1) € B(0,7/2). Also note that § < 6p er"R . ByCemma3.14

we know that £ is 28 LlpSChltZ on B(0,r/2). Hence by nmm using @(log( ))

queries to h, and therefore @’(log( )log( )) queries to a MEM, ¢(K) oracle, we can
compute an approximate subgradient g such that with probability at least 1 —p we have

26R
h(y) = h(0)+<g,y>—(23n)2,/ || [ ——\/_rl forall y e R" ™.
Substituting the value of r; and § we get h(y) = h(0) +(g,y) — || y|| , which by
[Cemma 316 gives an s such that (s, z) = (s, x) — %n 2R€ > (s, x)— 17 forall z e K. O

3.5 | Consequences of convex polarity

Here we justify the central symmetry of using the results of Grotschel, Lovész,
and Schrijver [GLS88, Sec. 4.4]. We first need to recall the definition and some basic
properties of the polar K* of a set K < R”. This is the closed convex set defined as
follows:

K*={yeR":(y,x)<1forall xe K}.

It is straightforward to verify that if B(0,r) < K < B(0, R), then B(0,1/R) < K* < B(0,1/7),
moreover (K*)* = K if K is a closed convex set.? For the remainder of this section we
assume that K is a closed convex set such that B(0,7) € K < B(0,R).

We will observe that for the polar K* of a set K the following holds:

MEM(K™) < VAL(K), SEP(K™) < VIOL(K), (3.4)

where MEM(K™*) < VAL(K) means we can implement a weak validity oracle for K using
a single query to a weak membership oracle for K*, and vice versa. Since VIOL(K)
and OPT(K) are equivalent up to reductions that use ©(1) queries (via binary search),

"Note that K* is a dual representation of the convex set K. Each point in K* corresponds to a (nor-
malized) valid inequality for K. This duality is not to be confused with Lagrangian duality.
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this justifies the central symmetry of [Figure 3.1, because it shows that algorithms that
implement VIOL(K) given VAL(K) are equivalent to algorithms that implement SEP(K™)
given MEM(K™), and similarly algorithms that implement SEP(K) given VIOL(K) are
equivalent to algorithms that implement VIOL(K™) given SEP(K™).

Grotschel, Lovész, and Schrijver [GLS88, Sec. 4.4] showed that the weak member-
ship problem for K* can be solved using a single query to a weak validity oracle for K,
and that the weak separation problem for K* can be solved using a single query to a
weak violation oracle for K. Using similar arguments one can show the reverse direc-
tions as well, which justifies (84)). Here we only motivate the equivalences between the
above-mentioned weak oracles by showing the equivalence of the strong oracles (i.e.,
where p and ¢ are 0).

Strong membership on K* is equivalent to strong validity on K First, for a given
vector ¢ € R” and a y > 0 observe the following:

EQint(K*) < dyeKst{c/y,y)=1 < 3TJyeKst{cy) =Y.
Y

Hence, a strong membership query to K* with a point ¢ can be implemented by query-
ing a strong validity oracle for K with the vector ¢ and the value 1. Likewise, a strong
validity query to K with a point ¢ and value® y > 0 can be implemented using a strong
membership query to K* with c/y.

Strong separation on K* is equivalent to strong violation on K To implement a
strong separation query on K* for a vector y € R” we do the following. Query the strong
violation oracle for K with y and the value 1. If the answer is that (y,x) < 1 forall x € K,
then y € K*. If instead we are given a vector x € K with (y,x) = 1, then x separates y
from K* (indeed, for all z€ K*, we have (z,x) <1 <(y,x)).

For the reverse direction, to implement a strong violation oracle for K on the vector
c and value® y > 0 we do the following. Query the strong separation oracle for K* with
the point c/y. If the answer is that ¢/y € K* then (c,x) < y for all x € K. If instead
we are given a non-zero vector y € R” that satisfies (c/y, y) = (z, y) for all z € K*, then
y = yl{cly,y) will be a valid answer for the strong violation oracle for K. Indeed, we
have j € K because (z, ) < 1 forall ze K* and K = (K*)*, and by construction {c, ) =Y.

3.6 | Discussion and future work

We mention several open problems for future work:

e Our current implementation of an optimization query using @ & (1) quantum
re

membership queries is quadratically better than the best known classical ran-

domized algorithm, which uses roughly 7> membership queries. However, to the

80bserve that validity and violation queries with value y < 0 can be answered trivially, since 0 € K.
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best of our knowledge it is open whether this quadratic classical bound is optimal
(a quadratic classical lower bound is known for deterministic algorithms [Yao75]).

* Are there interesting convex optimization problems where separation is much
harder than membership for classical computers? Such problems would be good
candidates for quantum speedup in optimization in the real, non-oracle setting
of time complexity. It is known that given a deterministic algorithm for a function,
an algorithm with roughly the same complexity can be constructed to compute
the gradient of that function [GW08], so for deterministic oracles separation is not
much harder than membership queries. This, however, still leaves randomized
and quantum membership oracles to be considered.

¢ The algorithms that give an @R (n) upper bound on the number of separation
queries for optimization (for example [LSWT5, Thm. 42]) give the best theoret-
ical results for many convex optimization problems. However, due to the large
constants in these algorithms they are rarely used in a practical setting. A natural
question is whether the algorithms used in practice lend themselves to quantum
speedups.






In this chapter we consider semidefinite programs (SDPs). As first observed by Brandao
and Svore [BS17], the intermediate solutions of certain classical SDP-solving frame-
works can be stored as quantum states on a logarithmic number of qubits, allowing
for a quadratic speedup in terms of the dimension n and the number of constraints
m of the SDP. We start by refining their techniques to bring down their original com-
plexity of G(y/nms>y*?) (where s is the row and column sparsity of the input matrices
and v is the inverse of a scale-invariant error parameter) to G(y/nms*y?). We then in-
troduce multiple new techniques and ideas to bring down the complexity further and
allow for new input models as well. This results in a complexity of & ((v/m + v/ny)ay?)
in the more general quantum operator input model, where o = s for the classical sparse
matrix input model.

We finish the chapter by applying our SDP-solvers to a few different problems. For
the problem of shadow tomography, where we are asked to approximate the expecta-
tion values of a set of measurements on a quantum state, we give an improvement in
both the number of required samples and the computational complexity. For the prob-
lem of quantum state discrimination, where we need to find the optimal measurement
to distinguish a set of states, and the problem of optimal design, where we need to de-
sign an optimal experiment, we give algorithms that have a quadratic speedup in some
parameters at the cost of a large polynomial complexity in other parameters. These re-
sults show that there is the possibility for a speedup here, and reducing the dependence
on the other parameters is an interesting direction for further research.

This chapter is based on the papers “Quantum SDP-Solvers: Better upper and lower
bounds” by J. van Apeldoorn, A. Gilyén, S. Gribling, and R. de Wolf [AGGWT7] and
“Improvements in Quantum SDP-Solving with Applications” by J. van Apeldoorn and
A. Gilyén [AGT93].
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4.1 | Introduction

In this chapter we consider quantum algorithms for semidefinite programs. We con-
sider the basic (primal) form of an SDP as introduced in Secfion 2.4-3:

max Tr(CX) (4.1)
XeRr>n
st. Tr(AjX)<b; forallje[m]
X =0,
with dual problem
min bly 4.2)
m
S.t. Z yiAji—C=0
j=1
y=0.

The input to the problem consists of n x n Hermitian constraint matrices Ay,..., Ay,
an objective matrix C, and reals by,...,b;. For normalization purposes we assume
I1Cll, ”A j || < 1. The number of constraints is m (we do not count the standard X > 0
constraint for this). The variable X of this SDP is an n x n positive semidefinite (psd)
matrix. We assume that A; = I and b; = R, giving a known bound on the trace of a
solution: Tr(X) < R. We assume that the dual optimum is attained and that an explicit
r = 1 is known such that at least one optimal dual solution y exists with || y|| | =r.These
assumptions imply that strong duality holds, justifying the use of OPT for both the
optimal value of the primal SDP and for the optimal value of the dual SDP. The goal will
be to find an additive e-approximation of OPT, and a description of an (almost) feasible
point for the SDP that attains this value (see Secfion 211 for a formal definition). We
assume that both R and r are at least 1 and thate < 1/6.

Classical SDP-solvers Ever since Dantzig’s development of the simplex algorithm
for solving LPs in the 1940s [[Dan48], much work has gone into finding faster solvers,
first for LPs and then also for SDPs. The simplex algorithm for LPs (with some reason-
able pivot rule) is usually fast in practice, but has worst-case exponential runtime. The
ellipsoid method and interior-point methods can solve LPs and SDPs in polynomial
time; they will typically approximate the optimal value to arbitrary precision [GLS8T;
NNY4]. The best known general SDP-solvers [LSWI5]® approximate the optimal value
OPT of such an SDP up to additive error ¢, with complexity

2.373

@ (m(m* + n**" + mns) polylog(m, n, R,1/¢)),

IFor LP-solvers better results are known. Recently Cohen, Lee and Song gave an LP-solver with a loga-
rithmic dependence on the error and an &(1n>37) dependence on the number of variables [CTSTY]. Here
the 2.373 exponent is the currently best known upper bound on the exponent for matrix multiplication;
if this exponent is improved to 2, then their algorithm has a complexity that scales as @ 1 (nZH/ 6).
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where 2.373 is the currently best known upper bound on the exponent for matrix mul-
tiplication; s is the sparsity: the maximal number of non-zero entries per row of the
input matrices.? The assumption here is that the rows and columns of the matrices of
SDP (E1) can be accessed as adjacency lists: we can query, say, the th non-zero entry
of the kth row of matrix A; in constant time.

Arora and Kale [AKTH] gave an alternative way to approximate OPT, using a ma-
trix version of the “multiplicative weights update” method.f? In Secfion 221 we will
describe their framework in more detail. The framework of Arora and Kale is really
a meta-algorithm, it does not specify how to implement a certain subroutine. They
themselves provide subroutines that are optimized for special cases, which allows them
to give highly optimized upper bounds for solving these specific SDPs. For example, for
the MAXCUT SDP they obtain a solver with near-linear runtime in the number of edges
of the graph. They also observed that the algorithm can be made more efficient by not
explicitly calculating intermediate solutions in each iteration. Arora and Kale do not
describe how to solve general SDPs, but it can be shown that one can get a general clas-
sical SDP-solver in their framework with complexity

~ Rr\* Rr)’

Olnms|— | +ns|—| |. (4.3)
€ €

Compared to the complexity of the SDP-solver of [LSWT5], this has much worse depen-

dence on R and ¢, but better dependence on m and n. Using the Arora-Kale framework

is thus preferable over standard SDP-solvers for the case where Rr is small compared
to mn, and a rough approximation to OPT (say, small constant ¢) is good enough.

Prior work on quantum SDP-solvers In 2016 Brandao and Svore [BSI17] used the
Arora-Kale framework to implement a general quantum SDP-solver in the sparse matrix
input model. They observed that the n x n-matrix

XL yiAj+yC

e
p:= (4.4)

B Tr(e_z?io yfAf+y°C) ’

that is used for calculations in the Arora-Kale framework is in fact a log(n)-qubit Gibbs
state and can be efficiently prepared as a quantum state on a quantum computer. Using
this they achieved a quantum speedup in terms of n. Combining this with a Grover-
like speedup allowed for a speedup in terms of m as well, leading to an e-approximate

2See Lee, Sidford, and Wong [LSWT5, Sec. 10.2 of arXiv version 2], and note that our m, n are their n, m,
their S is our mns, and their M is our R. The bounds for other SDP-solvers that we state later also include
another parameter r; it follows from the assumptions of [LSWTH, Thm. 45 of arXiv version 2] that in their
setting r < mR, and hence r is absorbed in the polylog(mnR/¢) factor.

3See also [AHKT?] for a subsequent survey; the same algorithm was independently discovered around
the same time in the context of learning theory [TRW05; WKT?]. In the optimization community, first-
order methods for semidefinite programming have been considered for instance in [RenT6; RenT9].
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quantum SDP-solver with complexity
B Rr\32
@’(\/mnsz(?r) )

They also showed an Q(y/m + v/n) quantum query lower bound for solving SDPs when
all other parameters are constant. This left as an open question whether the gap be-
tween the upper and lower bound could be closed.

In our first work on quantum SDP-solvers [AGGW17] we improved the error depen-
dence in the upper bound drastically, leading to a total complexity of

(2]}

These results are discussed in Secfion 4.4. We also considered the limitations of these
types of SDP-solvers and gave general lower bounds on quantum SDP-solving. This
second set of results is part of Chapter 9.

Recently Brandao et al. [BKLLSW17] gave an improved SDP-solver when the input
matrices are proportional to quantum states that we can prepare? that has a complexity
bound with logarithmic dependence on n (where A, = I is threaded separately):

Tspp(€) = 5’,1(% poly(&,B, _max rank(Aj),rank(C))).
€ jE2,..,m}
Here B is an upper bound on the scale difference between the input matrices and
the quantum states we can sample (see Secfion 4571 for a formal definition of this
input model). Brandao et al. also applied their algorithm to the problem of shadow
tomography, giving the first non-trivial application of a quantum SDP-solver.

In the same work these results were further improved by the introduction of the
Fast Quantum OR lemma. Approaches prior to [BKLLSWI17] searched for a violated
constraint in the SDP using Grover-like techniques, resulting in a multiplicative com-
plexity of Gibbs-sampling and searching. The Fast Quantum OR lemma can be used to
separate the search phase from the initial Gibbs state preparation phase. This led to the
improved complexity bound [BKLLSW17] of

@n((\/ﬁ+poly( _max rank(Aj),rank(C)))poly(&,B)).
JjEi2,...m} E

We thank the authors of [BKLLSWI7] for sending us an early draft of [BKLLSWI7]
introducing the Fast Quantum OR Lemma, which enabled us to work on these im-
provements. During the correspondence [Wiil/] the application of the Fast OR lemma
to other input models was independently suggested by Branddo et al. and by us.

4This model was already introduced in the first version of [BSI7] together with a similar complexity
statement, but there were some unresolved issues in the proof, that were only fixed by the contributions
of [BKLCLSWI7].
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This result appeared both in [BKLLSWTY] (a later version of [BKLLSWI7]) and in our
work [AGT9a].

In the same paper we also removed the rank dependence in the setting where the
input matrices are proportional to quantum states that we can sample. We also in-
troduced a new input model based on block-encodings that allowed us to speed up
SDP-solving in several different models, including the sparse matrix input model.

Our results & overview The rest of this section is used to formalize the definitions
of an SDP-solver, the input oracles, and the computational model. In Secfion 4.2 we
introduce two meta-algorithms that can be used to solve an SDP. Both these meta-
algorithms will still require us to implement a few subroutines. In particular we need
to create purifications of states of the form (&4) and we need to implement a proce-
dure that on input p outputs a random variable with expectation value Tr(A j p). InKec3
we show how to do both these things when we have access to block-encodings
of the matrices involved. In Secfion 44 we show how to implement an oracle for the
sum — Z;?l: 0VjAj+yoC when the input matrices are given via sparse matrix access. This
leads to an SDP-solver that uses

ofmel )

queries and elementary operations. In Secfion 45 we consider the more general
quantum operator input model. In this model the input matrices are given as block-
encodings. We start by showing that a few different input models reduce to this model
in a natural way. We then show how a block-encoding for the sum — Z;.”: 0YiAj+ ¥C
can be implemented more efficiently than before. This leads to an SDP-solver that uses

afvmm{ )]

queries and elementary operations, where o is a parameter for this new model. For
the sparse matrix input model we can take a = s. In Secfion 2.6 we show how the Fast
Quantum OR Lemma can be used for faster search and minimum-finding techniques.
This leads to an SDP-solver that uses

4
ol )]
€ €
queries and elementary operations. In Secfion 4.7 we give a few different reductions
that show that R, r and 1/¢ are equivalent, in the sense that we can always make two of
these constant by increasing the third. For this reason we often consider (%) as a single
parameter that we call y. We finish the chapter in Secfion 48 by giving a few different
applications of our SDP-solvers.
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4.1.1 | SDP-solvers

We say an algorithm is an e-approximate quantum SDP-solver if for all input numbers
w e Rand ¢ € (0, 1), with success probability 1 -, all of the following hold:

e The algorithm determines whether OPT < w+¢ or OPT =2 w—¢€. If OPT € [w—¢€,w+
¢], then it may output either.

* The algorithm finds a y € RZj, that is an &-feasible solution to the dual problem
with objective value at most w + ¢, i.e., it finds a y such that

m
Z yjAj —Cx>=—-¢l
j=1

(y,by=w+e.

Alternatively, it may conclude correctly that no such y exists if we would set € =0
in the inequalities above.

e The algorithm finds a vector y’ € IRQZ};rl and a non-negative real number z such
that for

e_z;ily;’Ajﬂ’(l)C

e TR

o: (4.5)

we have that zp is an e-feasible primal solution with objective value at least w —¢,
i.e., zp is such that

Tr(zpAj)<bj+e Vje[m]
Tr(zpC) = w —¢.

Alternatively, it may conclude correctly that no such z and y’ exist if we would set
€ =0 in the inequalities above.

For an e-approximate SDP-solver the relevant scale-invariant parameter is y := Rr/e.
An algorithm that only satisfies the last of the three points above will be called an -
approximate SDP primal oracle. For such an algorithm the relevant scale-invariant
parameter is y := R/e. Due to the form of the objective value constraint in the last
point, and to simplify statements like (E5), we write Ay := —C and by := —w.

Notice that we can easily find an approximation of OPT using binary search on w
if we have an e-approximate SDP-solver. It is important to note that this is not the
case for an e-approximate SDP primal oracle. If an e-approximate SDP primal oracle
outputs an X, then this does not imply that the optimal value is at least w — €, since the
solution that was found might not be feasible. Hence, performing binary search using
an e-approximate SDP primal oracle will not always yield OPT with error less than or
equal to €.
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However, if we let ' := £/2r, then binary search with an &’-approximate SDP primal
oracle does yield an e-approximation of OPT. In particular, let X be the output of
an ¢'-approximate SDP primal oracle, then X is feasible for a primal SDP where the
constraints have right-hand sides b’ = b; + ¢’ and the original left-hand sides. For this
relaxed SDP the optimal value is larger than w—¢’, as certified by X. The dual of this SDP
has the same feasible region as the original SDP (we did not alter C or the A;’s) but has

objective <b;., y> =(bj,y)+e'Y }": , ¥j- We know that an original dual optimizer y* exists
that is still feasible for the new SDP, and has an ¢;-norm upper bounded by r, since the
feasible region of the dual did not change. Hence <b;., y*> <(b,y*)+€'r=0PT+¢'r

where OPT is the optimal value of the original dual SDP. Hence OPT = <b;., y*> —¢ér=
w — €'r — ¢ where the last inequality follows from weak duality for the altered SDP.

4.1.2 | Input oracles & computational model

We will consider two input models: the sparse matrix input model and the quantum
operator input model. The first model is a quantum version of classical sparse matrix
access. The second model is an inherently quantum input model based on the idea of
block-encodings. This last model generalizes the sparse matrix input model, and in fact
many other reasonable model for SDPs, as we will show later.

In all models we assume quantum oracle access to the numbers b; via a standard
binary input oracle Oy, satisfying® for all j € [m]:

0p|)[0) = [7)]b;).

For all input oracles we assume we can apply both the oracle and its inversef in a
controlled fashion.

Sparse matrix input model 1In the sparse matrix input model the input matrices are
assumed to be s-row sparse for a known bound s € [n], meaning that there are at most
s non-zero elements per row. The model is similar to the classical model for sparse
matrices. Access to the A; matrices is provided by two oracles, similar to previous
work on Hamiltonian simulation in [BCKTH]. The first of the two oracles is a unitary
O;parse, which serves the purpose of sparse access. This oracle calculates the index :
[m] x [n] x [s] — [n] function, which for input (j, k, ¢) gives the column index of the /th
non-zero element in the kth row of A;. We assume this oracle computes the index “in
place”:

quparse|j? k; [> = |]) k; indeX(]’ k’ €)> (4.6)

SFor simplicity we assume that all the oracles work on at most & (log(nmRr/ 8)) qubits, and hence that
the bitstring representations of the input numbers are at most @ (log(nmRr/¢)) bits.

5When we talk about samples, e.g. in Secfion 481, then we do not assume we can apply the inverse
operation.
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(In the degenerate case where the kth row has fewer than ¢ non-zero entries, we define
index(j, k, ¢) to be ¢ together with some special symbol indicating this case).

We also need another oracle Oy, returning a bitstring® representation of (A;); for
every j € [m] and k,i € [n]:

OA|j,k,i,Z>:|j,k,i,Z®(Aj)ki>- (47)

This model corresponds directly to a classical way of accessing sparse matrices.

Quantum operator input model Motivated by recent work [LCTH; GSIWITY] we pro-
pose a new input model that we call the quantum operator input model. In this model
the input matrices are given by a unitary that implements a block-encoding (see Secd
fion237). In particular let U; be an («, a, 0)-block-encoding of A, for some fixed? o = 1
and a = @(log(n mRr/s)). We assume access to a unitary U that acts as

Ulply) = )Ujlw).

It can be shown that many other input models can be reduced to the quantum
operator input model, for example, the sparse matrix input model can be reduced to
the quantum operator input model with a = s. In Secfion 42571 we also consider a few
other input models and show how these can be reduced to the quantum operator input
model. These include when the input is given as quantum states or when the input is
given via the ability to evolve under a Hamiltonian. We also show that if we can perform
a measurement corresponding to A j = 0 on our quantum computer using a ancilla
qubits, i.e., accept a state p with probability Tr(A j p), then we can implement a (1,a +
1,0)-block-encoding of A;. In this way this input model is a common generalization of
many input models for SDPs, since it is reasonable to assume that other input models
allow our quantum computer to accept a state p with probability Tr(A;p).

Computational cost We analyze the query complexity of algorithms and subrou-
tines, i.e., the number of queries to controlled versions of the input oracles and their
inverses. We will denote the optimal quantum query complexity of an e-approximate
quantum SDP-solver with success probability 2/3 by Tspp(€). We only consider suc-
cess probability 2/3 to simplify the notation and proofs. However, in all cases an -
approximate SDP-solver with success probability 1 —{ can easily be constructed using
0 (log(1/¢) Tspp(€)) queries.

In our algorithms we will assume access to a quantum-read/classical-write RAM
(QCRAM), and consider one read/write operation as an elementary operation; the size
of the QCRAM will typically be @nm(yz) bits. Most often in our results the number of
non-query elementary operations, i.e., two-qubit gates and QCRAM calls, matches the
query complexity up to polylog factors. In particular, if not otherwise stated, in our
results a T-query quantum algorithm uses at most @,,,,(T) elementary operations.

"Having a single normalization parameter o is not a serious restriction as it is easy to make a block-
encoding more subnormalized so that every A; gets the same normalization, cf. Cemma29.
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4.2 | Meta-algorithms

In this section we will introduce two different meta-algorithms. These are frameworks
for solving SDPs that leave open the implementation of a certain subroutine. The first
meta-algorithm we will discuss is the Arora-Kale framework. This framework allows
us to find an approximate dual solution and the optimal value for an SDP. The second
meta-algorithm is conceptually simpler and allows us to implement an SDP primal or-
acle. Together these methods implement an approximate SDP-solver when supplied
with correct subroutines. Luckily, both the meta-algorithms require very similar sub-
routines. In this section we will assume that a guess w € [-R, R] for OPT is fixed.

4.2.1 | The Arora-Kale meta-algorithm

In this section we give a short introduction to the Arora-Kale framework for solving
semidefinite programs. We refer to [AKT6; AHKT?] for a more detailed description and
omitted proofs.

The key building block is the Matrix Multiplicative Weights (MMW) algorithm in-
troduced by Arora and Kale in [AKTH]. The MMW algorithm can be seen as a strategy
for you in a game between you and an adversary. We first introduce the game. There is
a number of rounds T. In each round you present a density matrix p to an adversary,
the adversary replies with a loss matrix M satisfying —I < M < I. After each round you
have to pay Tr(Mp). Your objective is to pay as little as possible. The MMW algorithm
is a strategy for you that allows you to lose not too much, in a sense that is made precise
below. In we state the MMW algorithm, the following theorem shows the
key property of the output of the algorithm.

Theorem 4.1 : [AK16, Thm. 3.1] For every adversary, the sequence pV,...,p™" of
density matrices constructed using the Matrix Multiplicative Weights Algorithm
rithm 41) satisfies

- OING! ¢ (1) L 2 (o, In(m)
Y Tr(MY0") < Amin| D MV |+ ) Tr(M')?p"!) + ——.
t=1

=1 =1

Arora and Kale use the MMW algorithm to construct an SDP-solver. For that,
they construct an adversary who promises to satisfy an additional condition: in each
round ¢, the adversary returns a matrix M” whose trace inner product with the density
matrix p(” is non-negative. The above theorem shows that then, after T rounds, the
average of the adversary’s responses satisfies the stronger condition that its smallest
eigenvalue is not too negative: Amin(%Zthl MD) = —n- 1217% More explicitly, given a
guess w for the optimal value, the MMW algorithm is used to build a vector y = 0 such
that

1E o &
T2 MY ) yAi-C
Py 0
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Input Parameter 7 € (0, 1], number of rounds 7.

Rules In each round player 1 (you) presents a density matrix p, and player 2 (the ad-
versary) replies with a matrix M satisfying -1 < M < I.

Output A sequence of symmetric n x n matrices M @, MDD satisfying -1 < M <7,
for € [T] and a sequence of n x n psd matrices pV, ..., p") satisfying Tr(p”) = 1
forte[T].

Strategy of player 1:

Take p) := I/n.
In round ¢:

1. Show the density matrix p¥ to the adversary.
2. Obtain the loss matrix M¥ from the adversary.

3. Update the density matrix as follows:
e_nz‘izl M(T)

(t+1) ._
Tr(e‘”zilem)

Iy

Algorithm 4.1: Matrix Multiplicative Weights (MMW) Algorithm

and b’ y < w. That is, the smallest eigenvalue of the matrix ZT: 1 YjAj—Cisonly slightly
below zero and y’s objective value is at most w. Since A; = I, increasing the first co-
ordinate of y makes the smallest eigenvalue of }_; y;A; — C bigger, so that this matrix
becomes psd and hence dual-feasible. By the above we know how much the minimum
eigenvalue has to be shifted, and with the right choice of parameters it can be shown
that this gives a dual-feasible vector ¥ that satisfies b < w + £. In order to present the
algorithm formally, we require some definitions.

Given a candidate solution X > 0 for the primal problem (&) and a parameter € = 0,
define the polytope

P.(X):={yeR™: bTysw,

m
Tr((z yjAj—C
=1

y =0}

X

> —¢

—_ M

One can verify the following:

Lemma 4.2 : [AK16, Lem. 4.2] If for a given candidate solution X > 0 the polytope
Py(X) is empty, then a scaled version of X is primal-feasible and of objective value at
least w.
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The Arora-Kale framework for solving SDPs uses the MMW algorithm where the role
of the adversary is taken by an e-approximate advisor:?

Definition 4.3 : Approximate advisor An e-approximate advisor is an algorithm that
as input takes an n x n psd matrix X, a parameter w € [—R, R], and the description of
an SDP as in (E1). The algorithm either outputs a vector y from the polytope 2. (X) or
it outputs “fail”. It may only output “fail” if y(X) = @. We write Advisor, for such an
algorithm.

As we will see later, the runtime of the Arora-Kale framework depends on a property of
the advisor called the width:

Definition 4.4 : Width of Advisor, The width of Advisor, for an SDP is the smallest
w* = 0 such that for every X = 0 and w € [-R,R], the vector y returned by Advisor,

satisfies HZ;”‘:lyjAj - CH < w*.

In practice, the width of an advisor is not always known. However, it suffices to work
with an upper bound w = w*: as we can see in Meta-Algorithm 4.1], the purpose of the
width is to rescale the matrix MY in such a way that it forms a valid response for the
adversary in the MMW algorithm. The following theorem shows the correctness of the
Arora-Kale primal-dual meta-algorithm for solving SDPs, stated in Meta-Algorithm 4.1I:

Theorem 4.5 : [AK16, Thm. 4.7] Suppose we are given an SDP of the form (&) with
input matrices Ay =1, Ay, ..., Ay, and C having operator norm at most 1, and input reals
by =R, by,..., by,. If[Meta-Algorithm 4.1 does not output “fail” in any of the rounds, then
the returned vectory is feasible for the dual (E2) with objective value at most w + €. If
Advisorg,3 outputs “fail” in the t-th round, then a suitably scaled version of X'V is primal-
feasible with objective value at least w.

The SDP-solver uses T = {M-‘ iterations. In each iteration several steps have
to be taken. The most expensive two steps are computing the matrix exponential of the
matrix —H® and the application of the advisor. Note that the only purpose of com-
puting the matrix exponential is to allow the advisor to compute the values Tr(A; X) for
all j and Tr(CX), since the polytope depends on X only through those values (where
X = Rp). To obtain faster algorithms it is important to note, as was done already by
Arora and Kale, that the primal-dual algorithm also works if we provide a (more accu-
rate) advisor with approximations of Tr(A; X). Let a; := Tr(A;p) = Tr(A; X)/Tr(X) and
¢:=Tr(Cp) = Tr(CX)/Tr(X). Then, given a list of reals a, ..., @y, ¢ and a parameter

8In the work by Arora and Kale an approximate advisor is called an approximate oracle. However, we
decided to not use this more standard naming since the term “oracle” might cause confusion with the
input oracles or an SDP primal oracle. We want to stress that our naming is not used elsewhere in the
literature.

9The first coordinate of the vectors that is added to y*~! corresponds with the Ay = —C matrix.
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Input The input matrices and reals of SDP (&) and trace bound R. The current guess
o of the optimal value of the dual (). An additive error tolerance € > 0. An
%-approximate advisor Advisor,,3 as in [Definifion 4.3 with width-bound w.

Output Either “Lower” and a vector 7 € R feasible for @2) with b’y <w +¢
or “Higher” and a symmetric n x n matrix X that, when scaled suitably, is primal-
feasible with objective value at least w.

T:= "9w2R21n(n)-‘

£2

n:= ln;n).
oW :=1I/n.

for t=1,...,Tdo

Run Advisor/3 with X = Rp®,

if Advisor./3 outputs “fail” then

return “Higher” and a description of X(¥.

end if

Let y be the vector generated by Advisor,s.

MW = %(ijl ViAj— C).

Update® y( := y(= 4+ 1(1, 9).

Define H? :=ny!_ MW = X, y;.[)Aj.

Update the state matrix as follows: p"+1 := exp(—- H'V)/Tr(exp(—- H'?)).
end for
If Advisor,,3 does not output “fail” in any of the T rounds, then output “Lower” and
the dual solution ¥ = fe1 + ;% Y I,y (where we drop the 0th coordinate in y'?).

Meta-Algorithm 4.1: Primal-Dual Algorithm for solving SDPs.

0 =0, such that |a; —a;| <0 forall j, and | - c| < 6, we define the polytope

P(r,...,am - (r+1)0):={yeR™: b y<w,

™3

~
1l
—

~

yi=

’

NE

ajyj >Cc—(r+1)60

§< ~
v L
2

For convenience we will denote @ = (dj, ..., d,,) and ¢’ := ¢— (r + 1)0. Notice that £ also
contains a new type of constraint: }_; y; < r. Recall that r is defined as a positive real
such that there exists an optimal solution y to SDP (&) with || y||1 < r. Hence, using
that 22(X) is a relaxation of the feasible region of the dual (with upper bound w on the
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objective value), we may restrict our advisor to return only such y:

m
Py (X) #¢:90(X)m{yeRm: Zyj < r} # Q.

j=1
The benefit of this restriction is that an advisor that always returns a vector with
bounded ¢;-norm automatically has a width w* < r + 1, due to the assumptions on
the norms of the input matrices. The downside of this restriction is that the analogue
of Cemma 4.2 does not hold for 2,(X) n {y eR™: Z]- Vi< r}. However, we can find a
primal solution using the SDP primal oracle we will present in Secfion 2.2.3.™

The following shows that an advisor that always returns a vector y € 22(d, c) if one

exists, is a 4Rrf-approximate advisor as in Definifion 4°3.

Lemma 4.6 Let ai,...,am and ¢ be 0-approximations of Tr(A1p),...,Tr(Amp) and
Tr(Cp), respectively, where X = Rp. Then the following holds:

m
Po(X) N {ye R™:) yj< r} cP(a,c) € Puipro(X).
j=1

Proof. First, suppose y € Z(X) N {y eR™: Z]- Vi< r}. We then have y € P(a,c') be-
cause

m m
Y. ajyj=¢= Y. (@~ Te(4;0)y; - (@ Te(Cp) = -6 y], 0= ~(r+ 10,
=1 =
where we first subtracted 3.7 L Tr(Ajp)yj —Tr(Cp) = 0, and then used the triangle in-
equality.

Next, suppose y € 2(d,c'). We show that y € Pg,9(X). Indeed, since |Tr(A;jp) —
ajl <6 we have

m
TI‘((Z yjA]' -
j=1

where the last inequality used our assumptions r = 1 and || y||1 <r. Hence

m
Tf((z ViAj—
=1

For the latter inequality we use Tr(X) = R. O

m
> (Z d]-yj+6) —(r+10=-2+r+|y|)0 =-4r6,
j=1

—4rTr(X)0 = —4Rr0.

We have now seen the Arora-Kale framework for solving SDPs. To obtain a quantum
SDP-solver it remains to implement a quantum advisor subroutine and supply it with
good approximations of Tr(Ap) values. By the above discussion it suffices to set 6 =
€/(12Rr) and to use an advisor that is based on #-approximations of Tr(Ap) (for A €
{A1,..., Ay, Ch), since with that choice of 8 we have g, ¢ (X) = & /3(X).

10Using several transformations of the SDP, from S&cfion4-4 and Lemma 2 of [BST7], one can show that
there is a way to remove the need for this restriction. Hence, the Arora-Kale framework can also be used
to find an approximate primal solution directly.
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4.2.2 | An efficient 2-sparse advisor

In this section we will assume access to approximations a; of Tr(A j p) andtoc =c¢-ro-
0 as introduced in the last section. We will use these approximations to implement an
advisor that always return a 2-sparse vector y. We will start with the strong assumption
that we have a standard binary oracle for these approximations that acts as | j >|0>|O> —
|7)@;j)|w;), where |y ;) is some workspace state depending on j.

At the end of this section we briefly discuss how to modify the analysis when we

a)v;)

where each ‘&§> is an approximation of a; and the amplitudes ﬁj. are such that mea-

have access to a relational quantum oracle that acts as |j)[0)[0) — |j >Ziﬁ§-

suring the second register returns an d;. which is 6-close to a; with very high proba-
bility. Since our estimates will eventually come from a quantum algorithm, this more
complicated form is often quite natural.

Our goalistofinda ye Pa,c),ie., a y such that

Iyli=r
bly<w
aly=c

y=0.

Our first observation is that the polytope 2?(a, ¢') is extremely simple: it has only three
non-trivial constraints and, if it is non-empty, then it contains a point with at most 2
non-zero coordinates (as we will show in Cemma4-7).

A first naive approach to find a y € 22(d, ¢/) would then be to find all vertices of the
polytope, by solving ®(m?) linear systems of size 2 x 2 (this also determines if 2(a, c')
is non-empty). Here each linear system is determined by the values d;, b; and ¢/, and
thus we can decide if 22(d, ¢) is non-empty with G)(mz) queries to these values.

We use a more sophisticated approach to show that ®(m) classical queries suffice.
Our approach is amenable to a quantum speedup: we show that only ©(y/m) quantum
queries suffice. In particular, we now show how to reduce the problem of finding a
yE P(a,c) to finding a convex combination of points (b}, ;) that lies within a certain
region of the plane.

First observe that if w = 0 and ¢’ <0, then y = 0 is a solution and our advisor can
return it. From now on we will assume that w < 0 or ¢’ > 0. Then for a feasible point y
we may write y = Ng with N = ||y||, > 0and hence | g|, = 1. So we are looking for an N
and a g such that

b'g<wIN (4.8)
alq=cIN
lall, =1

qg=0

O<N=<=sT.
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We can now view g € RZ| as the coefficients of a convex combination of the points
pi := (b, a;) in the plane. We want such a combination that lies to the upper left of
gn := (w/N,c'IN) for some 0 < N < r. Let ¥y denote the upper-left quadrant of the
plane starting at gy.

Lemma 4.7 If there is a y € (a,c'), then there is a 2-sparse y' € 2 (a,c') such that
[yl =151l

Proof. Consider p; = (b;,a;) and g = (w/N,c'/N) as before, and write y = Ng where
Z}”: 149j =1, g = 0. The vector g certifies that a convex combination of the points p;
lies in ¢y. But then there exist j, k € [m] such that the line segment p;py intersects
%n. All points on this line segment are convex combinations of p; and py, hence there
is a convex combination of p; and py that lies in ¥y. This gives a 2-sparse g’, and

y'=Nq' e 2(a,c). 0

We can now restrict our search to 2-sparse y. Let 4 := Une 0,/ 9N, see for
the shape of 4. Then we want to find two points p;, pi that have a convex combination
in ¢, since this implies that a scaled version of their convex combination gives a y €
22(a, ') with || y||, = r (this scaling can be computed efficiently given p; and py).

Furthermore, regarding the possible (non-)emptiness of ¢ we know the following
by Cemma 26 and Cemma 477:

o If Zy(X) N {y eR™: Z]- Vi< r} is non-empty, then some convex combination of
two of the p;’slies in 4.

o If Pyprg(X)N{yeR™: 2iVi< r} is empty, then no convex combination of the
pj'sliesin 4.

Lemma 4.8 Thereis an algorithm that returns a 2-sparse vector q such thaty_ ;": 14jpj €
9, if one exists, using one search and two minimizations over the m points pj = (bj, a;).

This gives a classical algorithm that uses G (m) calls to the subroutine that gives the en-
tries of a, and O 1 (m) other operations; and a bounded-error quantum algorithm that

uses ©(y/m) calls to an (exact quantum) subroutine that gives the entries of a, and
! (v/m) elementary operations.

Proof. The algorithm can be summarized as follows:
1. Checkif w=0and ¢’ <0. If so, then return g = 0.
2. Checkifthereisa p; € 9. If so, then return q = e;

3. Find pj, pi so that the line segment p;py goes through ¢ and return the corre-
sponding g.

4. If the first three steps did not return a vector ¢, then output ‘Fail.



74 Chapter 4

(@w<0,c'<0 b)w<0,c'=0

P

:

©w=0,c'<0 (dw=0,c=0

Figure 4.1: The region ¢ in light blue. The borders of two quadrants ¢y have been
drawn by thick dashed blue lines. The red dot at the beginning of the arrow is the point
(w/r,c'IT).
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The main realization is that in step 3 we can search separately for p; and p;. We
explain this in more detail below, but first we will need a better understanding of the
shape of 4 (see for illustration). The shape of ¢ depends on the sign of w and
c.

(a) Ifw <0and ¢’ <0. The corner point of ¢ is (w/r, ¢’/ r). One edge goes up vertically
and an other follows the line segment A - (w,c’) for A € [1/1,00) starting at the
corner.

(b) If w <0 and ¢’ =0. Here Yy =€ %, for N < r. So ¢ = 4,. The corner point is
again (w/r,c'/r), but now one edge goes up vertically and one goes to the left
horizontally.

(c) Ifw=0and ¢’ <0. This is the case where y = 0 is a solution, ¢ is the whole plane
and has no corner.

(d) Ifw=0and ¢’ > 0. The corner point of ¢ is again (w/r, ¢'/r). From there one edge
goes to the left horizontally and one edge follows the line segment A - (w, ¢) for
A€ [1/1,00).

Since ¥ is always an intersection of at most 2 halfspaces, steps -2 of the algorithm
are easy to perform. In step Mwe handle case (c) by simply returning y = 0. For the other
cases (w/r,c'/r) is the corner point of ¢ and the two edges are simple lines. Hence in
step P we can easily search through all the points to find out if there is one lying in ¥;
since ¢ is a very simple region, this only amounts to checking on which side of the two
lines a point lies.

Now, if we cannot find a single point in ¢ in step B, then we need a combination
of two points in step B. Let Lj, L, be the edges of ¢ and let /; and ¢} be the line
segments from (w/r,c'/1) to p; and py, respectively. Then, as can be seen in Figure 4.2,
the line segment p; py goes through ¢ if and only if (up to relabeling p; and py) £¢;L; +
LL1Ly+ ZLy¢ < 7. Since ZLy Ly is fixed, we can simply look for a j such that £¢;L, is
minimized and a k such that ZL,¢ is minimized. If p; p; does not pass through ¢ for
this pair of points, then it does not for any of the pairs of points.

Notice that these minimizations can be done separately and hence can be done
in the stated complexity (using quantum minimum-finding [DH96] for the quantum
algorithm). Given the minimizing points p; and py, it is easy to check if they give a
solution by calculating the angle between ¢; and ¢;. The coefficients of the convex
combination g are then easy to compute. O

The analysis above applies if there are m points p; = (b}, a;), where j € [m], and we
are given a unitary which acts as |j)[0)|0) — |j)|d@;)|w ;). We now consider the more
general case where we are given access to a unitary which for each j provides a super-
position over different values a;. That is, we assume that we are given an oracle that

acts as |j)]0)|0) — |j)Z: 6

d;>’w;> where each ‘d§> is an approximation of a; and



76 Chapter 4

Ly
P pk
,'/ A_L2€
RN
Ly L LOGL (a/r,c'IT)

Pj

Figure 4.2: Illustration of ¢ with the points p;, pi and the angles Z¢;L,, ZLLy, ZLy ¥
drawn in. Clearly the line p;py only crosses ¢ when the total angle is less than 7.

the amplitudes ,Bj. are such that measuring the second register with high probability

returns an @’ which is 0-close to a i- We do so because the procedure to estimate the
trace that we will implement later provides an oracle of this form.

Since we can exponentially reduce the probability that we obtain an d;'. which is
further than 6 away from a;, we will for simplicity assume that for all i, j we have
Id;. —aj| < 0; the neglected exponentially small probabilities will only affect the analysis
in negligible ways. We will need the following lemma:

Lemma 4.9 : Generalized Minimum-Finding [AGGW17, Thm. 49] Let U be a unitary,
acting on q qubits, such that U|0) = chvzlo(kwk)lxk), where the x;. are real numbers
represented in binary and the |1//k> are arbitrary quantum states. Let x; < X2 <...< Xy
and define X to be the random variable obtained by measuring the second register, i.e.,
Pr(X = x| = |agl®>. Let x € R and p € R such that p < Pr[X < x]. Then there is an
algorithm that outputs an x; such that x; < x with probability at least 1 — § and uses
0(log(1/6)//p) applications of U and U' and G(log(1/6)q/ /D) elementary operations.

Let pj. := (bj, 51;'.). Our new goal will be to find a 2-sparse vector g and points pj. and
p;'cl such that q; pj. + g p;'c' € ¢, or to conclude that for all j, k € [m] there exist i and i’

such that no ¢ exists for which ¢; p;'. +qkpl € 9.
Note that while we do not allow our quantum algorithm enough time to obtain
classical descriptions of all @;s (we aim for a runtime of @)(\/ﬁ)), we do have enough
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time to compute ¢ once initially (after this measurement ¢ is well-defined). Knowing ¢,
we can compute the angles defined by the points pj. = (bj, d;) with respect to the corner
point of (w/r,(¢—6)/r —0) and the lines L;, L, (see Figure 4.2).

We now apply the Generalized Minimum-Finding algorithm, where U is the uni-
tary that sets up a uniform superposition over the js, queries the oracle for a;, and
calculates the relevant angles from the result. With & 1 (v/m) queries and elementary

operations we find k, ¢ € [m] and points p;'c and pg approximately minimizing the re-
spective angles to lines L, L,. Here ‘approximately minimizing’ means that there is no
j € [m] such that for all i” the angle of p;'.// = (bj, c’i;.") with L; is smaller than that of p;'c
with L) (and similarly for ¢ and L,). From this point on we can simply consider the
model in Cemma 478 since by the analysis above there exists an approximation g € R"
with dy = Ez;; and dy = Ezg and where k and ¢ are the correct minimizers.

We want to stress that our solver is meant to work for all SDPs. In particular, our
advisor does not use the structure of a specific SDP. This might lead to an unnecessary
large width-bound; to obtain quantum speedups for a specific class of SDPs it might
be necessary to develop advisors tuned to that problem. We view this as an important
direction for future work. Recall from the introduction that Arora and Kale also ob-
tain fast classical algorithms for problems such as MAXCUT by developing specialized
(classical) advisors.

4.2.3 | An SDP primal oracle

As discussed in Secfion 42771, the Arora-Kale algorithm returns a primal solution if at
some stage the approximate advisor cannot return a solution. However, due to the
additional constraint ||y| < r that we add to the polytope for the advisor, this is no
longer the case. In this section we will construct an SDP primal oracle in order to obtain
descriptions of primal solutions as well.

To construct an SDP primal oracle, we use the same algorithm as Branddo et
al. [BKLLSWTY], which comes from the proof of Lemma 4.6 in the work of Lee,
Raghavendra and Steurer [LRST5]. Since we will mostly focus on the Arora-Kale frame-
work we will only give a short sketch here.

The algorithm we will use only solves feasibility problems with an equality con-
straint Tr(X) = R for the trace, hence a few small reductions are required to apply
this technique. First we will add the objective as a constraint by letting Ay = —C and
by = —w. Then, we add one new variable denoted by w such that

X 0

I
X = 0 w

Now Tr(X’) = Rand X > 0 imply that Tr(X) < R, and we get a new SDP that is equivalent
to the previous one. It can be shown that in our input models this reduction does not
introduce more than a constant factor overhead in the complexity. We can now apply
Meta-Algorithm 4.2 with precision € to construct an e-approximate SDP primal oracle.
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Input Hermitian matrices Ay, ..., A, € R"*" and reals by, ..., by, € [-R, R]. An additive
error parameter € > 0.

Output Either one of the following:
1 _ym oy g _ym oD g
* A vector y € RZL™ such that for X = Re =/i=0"i  “V/[Tr|e </=07i /| we

have Tr(A;X) < bj+¢for j=0,...,m.

* “Infeasible”, indicating that no psd X exists with Tr(X) = R such that
Tr(A;X) < bjfor j=0,...,m.

y @ :=0eR™,

_ &
0= 57"
T:= In(n)
- 92 .
for t=1,...,Tdo
-2y Ay
(). e J=0"j "J
p =

o S )
if3j s.t. Tr(Ajp”) = b;/R then
Let j be one such index.
y =yt 4 ge;.
alternatively if Vj : Tr(A;p”) < bj/R + 6 then
Return y¥.
end if
end for
Output “Infeasible”.

Meta-Algorithm 4.2: The SDP primal oracle.

Theorem 4.10 : [LRS15, Proof of Lemma 4.6] Suppose we are given input matrices
Ay, ..., Ay, that all have operator norm at most 1, and input reals b, ..., by, that are all
in [—R, R]. If[Meta-Algorithm 4.2 outputs vector y, then the matrix

e LitoVidj

X=R—
Tr(e_ZFO yfAf)

is such that Tr(XA;j) < bj + € for all j. If[Meta-Algorithm 4.2 outputs “infeasible” then
there is no matrix X with trace exactly R that satisfies Tr(A;jX) < b; for all j.

Both frameworks have a very similar structure. The main difference is that the SDP
primal oracle framework (Meta-Algorithm 4.2) requires only a simple search, whereas
the 6-approximate advisor needed for the Arora-Kale framework is slightly more com-
plex. Furthermore the SDP primal oracle has y = R/¢ as a relevant parameter, where
the Arora-Kale framework considered the parameter y = Rr/e. However, as discussed
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at the end of Secfion 4°T7T], to use an SDP primal oracle for finding the optimal value of
an SDP up to error € we will need to scale down the error of the SDP primal oracle by a
factor r, leading to a similar y.

The implementation of the advisor that we use for the Arora-Kale framework al-
ways returns a 2-sparse vector, thus in both cases we will work with a y vector that is
non-negative, that will be &,,(y?)-sparse, and that has #;-norm at most G, (y) (for the
relevant choice of y).

4.2.4 | Subroutines

There are two major subroutines which we will need to implement for both meta-
frameworks. First, the algorithms will require an implementation of a Gibbs-sampler.

Definition 4.11 : Gibbs-sampler A 6-precise Gibbs-sampler for the input matrices
Ay, ..., Ap is a unitary that takes as input a data structure storing a vector y € RZOH and
creates as output a purification of a 0 -approximation in trace distance of the Gibbs state
e iz Vi /Tr(e_ Lo yfAf). If|¥|, = K and the support of y has size at most d, then we
write Tgipps (K, d,0) for the optimal number of input queries needed to Gibbs sample.

Note that in physics a Gibbs-sampler is often a procedure that prepares the Gibbs
state as a mixed state, our definition is more demanding. We will use the approximate
Gibbs states in order to estimate the quantity Tr(A;p).

Definition 4.12 : Trace-estimator A (6,0)-trace-estimator is a unitary that as input
takes an index j and acts on a state p, such that measuring part of the resulting state
gives a sample from a random variable X € R. Here X is an estimate of the trace that is
at most g -biased.:

ITr(Ajp) —E[X;]I<0/4,

and the standard deviation of X; is at most o. We write T7 (0) for the optimal number
of queries to an input oracle for A; that such a procedure needs to make.

If given access to both of these subroutines, then we can construct an SDP-solver, as
we will prove below. Before we state the theorem we note that in both meta-algorithms
6 =0(y™!), and that in the Arora-Kale framework n = ©,,(6).

Theorem 4.13 Assume that y'¥ € R"™"! is stored in a data structure such that updating
an entry requires at most é(TGibbs(Y’ Y2 y_l)) elementary operation, wherey := 6Rr /€.
Furthermore, assume that both Tgpps(Y,Y?, Y™ ') and TS (y™') are at most polynomial
in their parameters. Then

Tspp(e) = 531(\/%”%(\(_1) + Teinps(v, Y5 Y 1)) Y 0).

Similarly there is also a quantum algorithm with the same complexity, but with y :=
6R/¢€, that implements an SDP primal oracle.
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Proof. To obtain an e-approximate SDP-solver we use binary search and the Arora-Kale
framework to find an e/4-approximation OPT of OPT. Then we run the Arora-Kale
algorithm with guess w = OPT + %6 and precision €/4 to find a feasible dual solution that
is e-optimal. Finally, we run the SDP primal oracle with w = OPT - %5 and precision £/4
in order to obtain a primal solution that is e-feasible and has an objective value that is
e-close to optimal.

Since both frameworks consist of @, (Y?) iterations, we know that the y* vector
will be at most &, (Y?)-sparse during the run of the algorithm and will have ¢;-norm at
most 5n(y). This allows us to prepare a purification of p that is g—close in trace distance
using G, (TGibbs(Y, Y?, Y1) queries. By applying the trace-estimator with precision 6/8
we can construct a random variable that, when measured, outputs a number that is
0/8+0/8 = 0/4-close in expectation to Tr(A;p).

A relational oracle for f-approximations of the quantities Tr(A ]-p) can be con-
structed by using amplitude estimation techniques [MonT5, Thm. 5] with precision /2
on this random variable using

On((TE. (v ™) + Tinns (v, YA Y D) YO)

queries in total.

Using amplitude amplification to find a violated constraint, or using generalized
minimum-finding to minimize the angles within the advisor for the Arora-Kale frame-
work, allows us to implement each iteration using

én(\/ﬁ(Tgr (Y_l) + TGibbs(Yr Yz’ Y_l))YU)

queries. Summing this over all T = @, (Y?) iterations gives the stated bound. O

4.3 | Gibbs-sampling and trace-estimators

We are going to work with Hermitian matrices A, H € C"**", and write p for the Gibbs
state ef!/Tr(e’?). Our goal will be to prepare the state p and implement a trace-
estimator for A. We will first consider the setting in which we have access to block-
encodings of A and H. We will then show how to implement such a block-encoding
when given sparse access to A and H. We will discuss how to obtain query access to H
(either as a sparse matrix or as a block-encoding) in later sections.

4.3.1 | Gibbs-sampling and trace-estimators using block-encodings

In this section we show how to implement a Gibbs-sampler and a trace-estimator when
we are given block-encodings of A and H. We will use the following polynomial approx-
imation of the exponential function:

Lemma 4.14 Let € (0,1/6] and B = 1. There exists a polynomial P(x) such that
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e Forall x€[-1,0] we have |P(x) —ezﬁx/4| <¢.
e Forallxe[-1,1] we have|P(x)| <1/2.
. deg(P):é%(ﬁ).

Proof. This is shown in [GSIWIY, Cor. 64]. It can also be proven with an argument
similar to the example in Secfion 2.34. O

We can now use this approximation lemma to prove our Gibbs-sampling lemma.

Lemma 4.15 Let 6 € (0,1/3], B > 1, and let d be the degree of the polynomial from
2

when we let § = %. Let U be a (,B,a,%)-block-encodingﬂ:Il of a

Hermitian operator H € R™", i.e., a (B,a,0(6/Bn?))-block-encoding. Then we can

create purification of a state p such that

-5
P Te(er)

tr
using @ ! (vnp) applications of U and G ! (v/npa) elementary operations.

Proof. Consider the spectral decomposition of H
n
H=) AilyiXwil.
i=1
We would like to prepare a purification of the state
1 1 A
p=c e wiXvil-
i=1¢7" i=1

We will use the fact that a maximally entangled state is basis independent:

1 n . 1 n _

— ) D)y =—1= D\
= i:zll Niy=—= izzlll/mlwl)

for all orthogonal bases {|1//,->}, where v; is equal to the state |1//l~> but with all ampli-
tudes conjugated.

The idea is to transform the block-encoding of H by the function f(x) = ef*'2, ap-
ply the new block-encoding to a uniform superposition of the eigenvectors of H (by
applying it to one half of the maximally entangled state), and then use amplitude am-
plification to obtain the correct state. However, to apply f(x) = e’*/?> we need that the 1;
are non-positive in order to ensure that || f(H)|| < 1. Furthermore, to apply amplitude
amplification efficiently we need that at least one of the e/ is relatively large.

1A more careful error analysis can drastically reduce the constants here. In our applications we will
always be able to reduce the error in the block-encoding of H exponentially.
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To achieve both of these requirements we will shift the spectrum of H. Note that
this does not influence the final state:

eH+M/Tr(eH+“) = eH/Tr(eH) for all A € R.

We would like to shift by —A .« (H) in order to make all the eigenvalues non-positive,
and hence first need to approximate this value. We can do so by using the Gen-
eralized Minimum-Finding algorithm (Cemma49Y) in a similar way as Lemma 50
from [AGGWT7] does for the sparse matrix input model. The proof of this Lemma 50
only uses the input to implement Hamiltonian simulation under H, which we can
achieve using Theorem 2 T0. Roughly the procedure is as follows (see [AGGWI7,
Lem. 50] for details):

1. Set up a maximally entangled state
= 210l == 3 [wi)lg)
— Yy = —= Y lwi)|w).
vz V=R

2. Apply phase estimation with precision % with e 11/ applied to the left half of
the maximally entangled state to obtain™

1 2 _ K ~(j)
—= 2wl X Bi|-27").
=1 j=1

We do this in such a manner that measuring the last register results in a /15.] ) with

Ai— ig.j ) ’ < 1/4 with probability at least 1 — y, for some very small .

3. Use the Generalized Minimum-Finding algorithm to find a igk) that is i—close to
Amax(H).

This procedure uses 5’(\/ﬁ/ B) queries to a block-encoding of H. Let Amax be our ap-
proximation of the largest eigenvalue. Since we can efficiently reduce the error proba-
bility (exponentially in the number of repetitions, and by decreasing u) we will for the
rest of the proof assume this procedure was successful.

Now we can use the linear combination of block-encodings lemma (Cemma29)

to implement a (4,6,@’(61), 512922%)—block—encoding of H = H— (Amax + 1/4)I. Let A;.

denote the eigenvalues of H'. We now know that j—é €[-1,0] and that —1/2 < Ao (H') <
0. Note that

/l
el el

Tr(ef') B Tr(e)

12Here we need a slightly higher precision in the phase estimation than the error we want to achieve
on 1;, due to the fact that our block-encoding of H is not exact.
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We can use Cemma 211 and Cemma 414 to obtain a (1,0 (a), %)—block—encoding of

eM'1214 using 53 (B) applications of U and 53 (aB) elementary operations. We apply
this block-encoding to the first register of the maximally entangled state to get a state
that is 6Z;n-close in /»>-norm to

1 2 / _
[9):= = X e 1afy)lya)lo) +11),
i=1

where the last register consists of ©'(a) qubits and | L) is an arbitrary state that does
not have any overlap with the all-zero state in the last register. Tracing out the second
! - . . . . .
register of ﬁ 1 et 4|1//i>|1// i ) gives the sub-normalized density matrix that is %-
close in trace norm to
n
Al
— e 1 . il.
167 = |wl><wl|
Since at least one of the A} is larger than —1/2 we know that the probability of
measuring a zero in the last register of |(,b> is at least (ignoring the small 8/64n error)

1 & 2 1
Tr| — ilyi Xwi|| = >—.
r(lGn i:ZIe |w’><w’|)> 16n - 32n

It follows that (/i) rounds of amplitude amplification suffice to get a state that is

0-close in ¢,-norm to
n

1 ' -
————=1 " "lyi)|y)lo).

/Z;’L_l e/l'i/Z i=1

Since this state is a purification of the Gibbs state that we wanted to prepare, it follows
that 03 (vnB) uses of U and U', and & ! (aBy/n) elementary operations suffice. O

Now that we have a way of creating approximate purifications of p, we would like
to construct a trace-estimator for Tr(Ap). A first attempt could be to apply A as a
block-encoding to the first register of our purification of p, and then use amplitude
estimation to approximate how much the state gets subnormalized. However, applying
A directly gives us a purification of the subnormalized density operator Ap AT, which is
subnormalized by a factor Tr(A%p), not Tr(Ap). Hence we instead would like to apply
V/Ato p. Since in our applications we will have a block-encoding where the A matrix is
scaled down we will use the following approximation of the linear function ax/4 (for x
close to the origin) to scale it up.

Lemma 4.16 : [GSLW19, Proof of Lemma 30] Leté € (0,1/2) and o = 4. There exists
a polynomial R(x) such that

e Forallxe[-1,1] we have|R(x)|=|R(—x)| =< 1.

e Forallxe[-1/a,1/a] we have|R(x) —oax/4| <¢.
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e deg(R) = O(alog(1/¢)).

We now prove the following lemma that gives a polynomial approximation of the
square root function.

Lemma 4.17 Let6 € (0,1/6] and o = 4. There exists a polynomial Q(x) such that
e Forallxe[-1/o,1/a] we have |Q(x) — i\/l +(xx/8| <6.
e Forallx€[-1,1] we have |Q(x)| <1/2.

* deg(Q) =0 ().

Proof. We first consider a polynomial approximation for the function i\/ 1+ x/2. Con-
sider the Taylor series of i\/ 1+ x/2 around x =0:

li (1/2)k
4=

which converges for all x € [1,1]. Let Qo(x) = 1 X2 27F(1?)x¥ for B = [log(1/6)].
Then for all x € [-1,1] we have that

& 1/2
o(x)——\/1+x/‘ Z ( )xk
1 & 172\|| &
Slec:%"ﬂ Zk(k)‘x‘
1 & 1(1/2
1 X 1)k
S_ —
4k:%:ﬂ2
B
_1.0)
4 1_%
<6/2,
where we used that
11 _1)...(1_
12)|_|3E-n G-k
k k!

Since }1\/1+x/2 € [0,1/3] for all x € [-1,1] we know that Qy(x) € [-1/2,1/2] for all
e[-1,1].
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Now let R(x) be the polynomial from Cemma 4 TH with precision ¢ = 0/a. Let
Q(x) = Qp(R(x)). Then for x € [-1,1] we have Q(x) € [-1/2,1/2] since R(x) € [-1,1].
Furthermore, for x € [-1/a,1/a]

Q(x) _i\” +ax/8| <

1 1
— + Z\/1+R(x)/2—z\/1 +ax/8

 ye(— 2/0( 2/a)
9\

)4 - 16\/1+(xy/

6
2
0
S_
< O

We are now ready to implement a trace-estimator.

Lemma 4.18 Let p be an n-dimensional quantum state and U be an («, a,0/2)-block-
encoding of a matrix A € R™" with | All < 1. A trace-estimator for Tr(Ap) with bias
at most 0 and o = O(1) can be implemented using @’1 () uses of U and U' and G 1 ()

elementary operations. Hence, in the quantum opemtor input model
) -
77"(6) = 01 (.

Proof. First assume that we have an (q, a, 0)-block-encoding U of A. Using Cemma 2 TT]
we can implement a (1,0 (a),9/~ 256)-block-encoding of v I+ A/8/4 using the polyno-
mial Q from Cemma 417 with O 1 () uses of U. Applying this to p and measuring the

last register yields 0 with probability £—6—close to

Tr|VI+ A/8/40VI+ Al8/4| =Tr((I+ Al8)p)/16=1/16+Tr(Ap)/128.
( P P P

By outputting 120 when there is a 0 in the last register and —8 otherwise we get a trace-
estimator with bias less than 6/2 and constant o. To see this, call random variable
corresponding to the output Z, and consider the case where we get a 0 exactly with
probability 1/16 + Tr(Ap)/128:

E[Z] =120-(1/16+Tr(Ap)/128) —8-(1—1/16 —Tr(Ap)/128)

J120 g B B0, )+iTr(A )
16 16 128 \PIT g AP
=Tr(Ap).

A
Note that an 355

trace-estimator.

Now if we do have error in our block-encoding of A, i.e., if we have an («, a,0/2)-
block-encoding of A, then we can view this as an (a, a,0)-block-encoding of a matrix A
that is -close to A in operator norm. We know that |Tr(Ap) — Tr(Ap)| < || A- A| = 6/2
and hence that a trace-estimator for A with bias at most 8/2 is a trace-estimator for A
with bias at most 0. O

error in our probability can at most introduce a égg@ < 19 bias in our



86 Chapter 4

4.3.2 | Block-encodings for sparse matrices

In the last section we considered Gibbs-sampling and trace-estimating when A and H
are given as block-encodings. If instead these matrices are given via a sparse matrix
oracle, then we can use the following lemma to implement such block-encodings.

Lemma 4.19 Suppose that A is an s-sparse operator in [—-1,1]"*", given in the sparse
matrix input model (oracles (BE8) and (E20) with respect to a fixed j), whose entries are all

given as bitstrings of length B. Then we can implement an (5,5’5 (B),€)-block-encoding

of A with© (1) queries, and 5’§ (B) elementary operations.™

Proof. The proof is implicit in the work of Childs [Chil(], a more explicit proof is given
in [GSLW1Y, Lem. 48]. We fix an input matrix A and write index(k, i) for the index of
the ith non-zero entry in the kth row of A. Let Uy be an algorithm that performs the
mapping:™

1 s—1
11610)/0)]0) — - Y 1k)i)l0)/0)
i=0

s—1
|k)lindex(k, i))|0)/0)
i=0

=— [l @)|0)|0)
\/E a:AZ;“‘;;éo

—— k)la) Ara)l0
\/Ea:féﬂ)l Na)l Ara)l0)

1
Y V1Al Aradl0) + V1= Arall @) Aga)l1)

\/E a:Ayq#0

> sign(Ard) VI Akal @) Ara)l0) + /1 = [ Agall I @] Ara)l1)

1
Vs a: A #0
1

—— Y sign(Ara) VIAkal I @)0)0) + /1= Agall D @)0)1).

Vs a: A #0

—_
N

Similarly, let U¢ be an algorithm that performs the mapping

1
|€>I0>I0>I0>H7 Y. VIApIBIO0)O0) + /1~ ApelIDIOI0)2).

S b:Ap#0

13 The dependence on s can be improved to roughly a square root when an upper bound on the
operator norm of A is known [CowT9].

14Here we ignore the fact that some rows might have less than s non-zero entries. If on a query ¢ the
sparse oracle returns a symbol indicating that there is no £th non-zero element, then we can simply set
the last register to one. Alternatively, we can assume that the sparse oracle always returns an index, but
that the index may point to an entry that is zero.
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We have

(kKOKOKOI U, Uc|€)I0)0)0)

1
:(— Y sign(Axa) v/ Akal(kKakoKol + /1~ |Aka|<k|<a|<0|<1|)

V'S g Arast0
1
: 7 Y. VIApel D) O)0)0) + /1 - IAbzllb)If)IO)IZ))
b:Ape#0
=Apsls.

Hence, U; Uc is a block-encoding of A that is subnormalized by a factor s. Note that
both Ug and U¢ can be implemented using & (1) queries. The indices used in the
algorithm can be stored in @ (log(n)) qubits each, and a binary representation of Ay,
can be stored in B bits. The initial superposition over s elements can be set up with
(5} (log(n)) elementary operations. Using Gpe(B) elementary operations we can add the
amplitudes /| Axql and /| Ape| with precision €/4n and add the sign of the entry as

well. Now the (k, #)-entry of our block-encoding is Zﬁ Ay + 1512 < ¢/n precise. This
implies that the block-encoding is an e-approximate block-encoding of A. O

Although not needed for our applications, the above proof can easily be extended to
asymmetric complex matrices if we assume access to sparse oracles for both the rows
and columns, and by replacing sign(Ax,) with a phase corresponding to the complex
argument of Ay,.

4.4 | An SDP-solver in the sparse matrix input model

To obtain a quantum SDP-solver for the sparse matrix input model it now remains to
show how to create a sparse matrix oracle for H”. After we do this we will put out
different subroutines together to implement an SDP-solver in the sparse matrix input
model. We conclude this section with a lower bound on sparse matrix summation,
showing that other techniques will be needed in order to speedup SDP-solving in the
sparse matrix input model further.

4.4.1 | Implementing a sparse oracle for H

To keep this section general we simplify the notation: let H be the sum of d different
s-sparse matrices M; € R"**" as follows

d
H=) M;.
i=1

In this section we study the complexity of implementing one sparse matrix oracle call to
H (denoted by O?arse), given access to respective sparse matrix oracles for the matrices
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M, ..., M ;. We will only focus on the oracle that computes the non-zero indices of H,
since the oracle that gives element-access is easy to compute by summing the results of
queries to the separate oracles, which uses @ (d) queries.

In the remainder of this section we only consider one row of H. We denote the list of
indices of non-zero entries in this row by Ry, and the corresponding lists for the rows of
the matrices M; by R;. Notice that each of the R; is an ordered list of at most s integers,
and that Ry will again be an ordered list of integers, containing all integers in the R;
lists once (i.e., Ry does not contain duplicates).

We first show that an oracle for Ry can be constructed efficiently classically. The
important observation is that in the classical case we can write down the oracle once
and store it in memory. Hence, we can create an oracle for Ry as follows. We start
from the oracle of R; and then we “add” the oracle of Ry, then that of R3, and so on.
By this we mean that we start with an empty list and insert the integers from R; into
the list, then we insert the integers from R, that are not present yet into this list, and so
on. When an efficient data structure (for example a binary heap) is used, then each of
such single integer insertions can be done using polylog(d, s, n) time. This shows that
in the classical case we can construct an oracle for Ry in time 5’,1 (sd). Multiplying this
complexity with the number of rows gives us an oracle for H in time @ (nsd). Note that
we only need to compute this oracle once, after which queries can be performed in time
Osqn(1). In the application we are interested in, Meta-Algorithm 4.1], in each iteration
t only one new matrix M (®) ‘arrives’, hence from the oracle for H*~Y an oracle for H”
can be constructed in time 5’(115).

The quantum case is similar, but we need to add all the matrices together each time
a query to O)"" is made, since writing down each row of H in every iteration would
take Q(n) operations, which we cannot afford. Apart from this change we can use the
same technique as for the classical case to compute a list of the non-zero entries in
a row of H. This list allows us to compute the index function once, after which we
uncompute the list again. Given the index of the /th non-zero entry in a row, we can
use the same approach to calculate ¢. It follows that we can perform these calculations
“in place” as well.

4.4.2 | Putting everything together

Now that we know how to construct a sparse oracle for H, we can give an upper bound
on the complexity of Gibbs-sampling in the sparse matrix input model.

Lemma 4.20 In the sparse matrix input model for s-sparse n x n matrices
Tibbs(K,d,0) = @g(\/ﬁdzszK).

Proof. Using the argument from Secfion 4471 we can implement an oracle for the non-
zero entries of the sum of d matrices that are s-sparse using @ (d s) queries. An oracle for
the values of the entries can be implemented with €' (d) queries and © K (d) elementary

operations by summing the values from the separate oracles.
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Since H is ds-sparse we can use Lemma 4. T9 to implement a block-encoding for
H. However, the entries of H can be as large as K, so instead we implement a block-
encoding for H/K by scaling down the results from a query to the value oracle for H.
The result will still be a block-encoding of H, but with a larger scale factor. We end up

with a (dsK N7 Kdsn (1),5(#5#))—block—encoding of H using @ (1) queries to the oracle
for H (and hence @ (ds) queries to the input) and & ndx (1) elementary operations. The
lemma then follows from CLemma4.T5. O

This leads to the following upper bound on quantum SDP-solving.

Theorem 4.21 In the sparse matrix input model
Tspp(€) = G(vVmnsy®?),

where Yy = Rrle. For an SDP primal oracle the same complexity can be accomplished
with the choicey = R/¢.

Proof. Using for K =y, d = y? and 0 = y~! shows that in the sparse matrix
input model

Teibbs (Y, YY) = 5% (Vns*y?).

Using Cemma 4 T8 with a block-encoding from Cemma4.T9 we get
90 =6y (s).
It follows from Theorem 4 T3 that

Tspp(€) = G(vVmns™y®?). O

4.4.3 | Alower bound on sparse matrix summation

Alarge contribution to the complexity of the SDP-solver from the last section is the cost
of implementing a sparse oracle for H. In this section we prove that such a sparse oracle
cannot be implemented more efficiently.

We show a lower bound on the query complexity of implementing the oracle Og’arse
by observing that determining the number of elements in a row of H solves the majority
function. Notice that, given accessto O}, we can decide with a single query whether

there are at least a certain number of non-zero elements in a row of H.

Lemma 4.22 Given d +1 ordered lists of integers Ry, ..., Ry, each of length at most s. Let
Ry be the merged list that is ordered and contains every element in the lists R; only once
(i.e., we remove duplicates). Deciding whether |Ry| < s+ % or |Ry|l = s+ % + 1 takes
Q(sd) quantum queries to the input lists in the worst case.
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Proof. We prove this by a reduction from MAJ on sd elements. Let Z € {0, 1}°%4 be a
Boolean string. It is known that it takes at least Q(sd) quantum queries to Z to decide
whether |Z| < 34 or | Z| = & + 1 [BBCMWOT]. Now let Ro, Ry, ..., Ry be lists of length s
defined as follows:

* Roljl=jd+1)forj=1,...,s.
* Ri[jl=jd+1D+jZjjforj=1,...,randi=1,...,d.

By construction, if Z;; = 1, then the value of the entry R;[j] is unique in the lists
Ro,...,Rg, and if Z;; = 0, then R;[j] = Ro[j]. So in Ry there will be one element for each
element in Ry and one element for each bitin Z;; thatis 1. The length of Ry is therefore
s+|Z|. Hence, distinguishing between |Ry| < s+ % and |Ry| = s+ % + 1 would solve
the MAJ problem and therefore requires at least Q2(sd) queries to the lists in the worst
case. O

Corollary 4.23 Implementing a query to a sparse matrix oracle O};"° for

d
H=) Mj
j=
sparse

where each M; is s-sparse, requires Q(sd) queries to the O v, N the worst case.
J

In the next section we show how to avoid implementing the sparse matrix queries
for H in order to speed up the quantum SDP-solver further.

4.5 | AnSDP-solverinthe quantum operator input model

To implement an SDP-solver in the quantum operator input model it remains to show
how to implement a block-encoding of H =} ;”: o VjAj efficiently. This is done by using
an efficient data structure as the intermediate storage of y. This data structure has
recently been used by many quantum algorithms as part of their input model. However,
as far as we are aware this is the first use of it as an intermediate storage in a quantum
algorithm. Combining these techniques for block-encodings with the meta-algorithm
of Chearem 4733 leads to an efficient quantum SDP-solver for the quantum operator
input model, see Thearem 4.34. This SDP-solver can also be used to implement an
improved SDP-solver in the sparse matrix input model. Before we implement an SDP-
solver in the quantum operator input model we first motivate this model further by
showing that many other input models can be used to implement block-encodings of
the input matrices.

4.5.1 | Other input models

There are multiple input models that reduce to the quantum operator input model. In
this section we give three examples.
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Quantum state input model The quantum state input model is inherently quantum
and has no classical counterpart for SDPs. A version of this model was first introduced
by Brandao and Svore [BS17]. In this model we assume that each A; has a fixed decom-
position of the form
Aj=pjo) —Hje; +uyl

for (subnormalized) density operators Q;—.", non-negative reals ,u;—.“ and real number p§ €
R. We assume access to an oracle O, that takes as input an index j and outputs binary
representations? of ,u;f, i and ,u§.

Furthermore we assume access to a state-preparing oracle O,y that prepares purifi-

i Definition 22T |yt .
cations (see ) v > of 0;
O | )£)0) = | | )|wrt)-
Here |+) or |—) are some binary descriptions of “+” or “-”, not the states |0>\;“le and

%.‘m Finally we assume that a bound B € R is known such that

.+ —
Vj:u M= B.
Note that a tight upper bound B can easily be found using @(y/m) quantum queries to
O, by means of maximum-finding [DH96].

Lemma 4.24 : [LC16] Let G be a (w + a)-qubit unitary which on the input state
|0)®™10Y®* prepares a purification |Q> of the subnormalized w-qubit density operator p.
Then we can implement a (1,0 (w + a),0)-block-encoding of p, with single use of G and
G', and with @ (w + a) elementary operations.

Proof. Let
214}
e =2 AilyiXvi
i=1

be a spectral decomposition of p such that the purification |p> is

oY= imwi»w» I,

where | L) has no overlap with the |0) state in the second register and where ((,b,- |(,b ]-> =
6ij. Without loss of generality we assume that this second register is a single qubit,
since if it would be multiple qubits then we could compute the OR of these bits in a
new register and use that single qubit instead. Hence | L) = Y27 o;| ;)| 1)| ;)

I5For simplicity we assume that for a d-dimensional density operator a purification has at most
polylog(d) qubits.
16Technically any pair of easy-to-prepare orthogonal states would work, and hence the states

and % could be used as well.

10)+1)

V2
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Consider the state
(Luwn ® G)|y; )0 o)

w0y Z VIO 10
- S VAo olee) + X alulol i,

and the state (where SWAP,,,; swaps the first w+ 1 qubits with the second w+1 qubits)

(SWAP 41 ® Ia)(Lwn ® G)|w;)[0W+ 1)

= VAo o))+ T adwe o))

The inner product between these two states is
(yi |(OW+a+1 | (12w+1 ® GT) (SWAP 41 ® Ipa)(Lruw+1 ® G) |w], >~0w+a+1>

( & VIwikolwaloed || £ Vadvaiolv oo

- :é:z: VAW i |we ) wie|w; Y pr|de)

:glxlk(wz'|1//k><‘Vk|W1>

2w

=Y Akbikb jk
k=1

=1ibij

Hence V := (Lw+1 ® GT)(SWAP 11 ® La)(Lw+ ® G) is a (1,0(w + a),0)-block-encoding
of diag(A) in the {|y;)} basis, which is exactly a block-encoding of p. O

This lemma shows that we can reduce the quantum state input model to the quan-
tum operator input model with a = B. Brandao et al. [BKLLSWTY] showed that in the
quantum state input model the dependence on n for Gibbs-sampling that we would
get via such a reduction can be replaced with a dependence on the maximal rank of the
input matrices, which might be better in certain settings. We later showed in [AGIT9a]
that the dependence on the rank can be replaced by a dependency on B. However, in
this chapter we will only consider SDP-solvers for the quantum state input model that
are derived from SDP-solvers for the quantum operator input model, and hence we will
only consider SDP-solvers for this model with a y/n dependence on the dimension.
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Hamiltonian input model In the Hamiltonian input model for SDPs, we have access
to two oracles for the A; matrices. The first oracle, Oy, gives a classical description of a
real vector ¢ € R™*! in the usual way

O] |0} = | 7)]1))-

The second oracle, Oy, performs Hamiltonian simulation with A; and time param-
eter 1/¢;:

Onsim|i)w) = | i)' i|y).

Alongside the oracles we also require an upper bound

T 2 maxf;
J

as part of the input for an SDP. As in the other input models, we assume that we can
also apply the inverse of the oracles. Consider the following lemma:

Lemma 4.25 : [GSLW19, Cor. 71] Suppose that U = eiA'?, where A is a Hamiltonian of
norm at most t/2. Let € € (0,1/2], then we can implement a (2t/n,2, €)-block-encoding
of A with ©(log(t/¢)) uses of controlled-U and its inverse, using O(log(t/¢)) elementary
operations and using a single ancilla qubit.

If all ¢; are at least 2, then this lemma shows that we can implement the quantum
operator input model using the Hamiltonian input model with a = 27. Assuming such
alower bound on the ¢; is not a significant limitation. In order to be able to distinguish
e'4i'l from e714/'! we need that the eigenvalues of A;/t; are not too close to 7, and
hence we want a constant lower bound on #; anyway.

POVM input model Similarly to Low and Chuang [LCI7], we note that if one can
perform a POVM measurement on a quantum computer, then one can also implement
a block-encoding of the corresponding measurement operator. First we clarify what we
mean by performing a POVM measurement on a quantum computer. For simplicity
assume that the POVM is a two-outcome measurement, represented by the operators
M, (I — M) that correspond to outcomes 0 and 1 respectively. Then we assume (without
too much loss of generality) that an implementation on a quantum computer is as
follows: we get as input a mixed state p, and attach a ancilla qubits to it. Then we
apply some unitary on the state, and finally perform a measurement of the last qubit in
the computational basis, accepting only measurement outcomes where the last qubit
is 10).

In the POVM input model we assume that 0 < A; and that we have access to a
unitary that performs the measurement under A; as above. Note that this is very similar
(although not exactly equal) to assuming access to an unbiased trace-estimator. Using
such an input model we can also implement block-encodings of the input matrices.
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Lemma 4.26 Let {M,I— M} be a POVM measurement. Suppose we have access to a
unitary U such that

Vp: [Tr(( @ 100D U(p ®10)01°*)U") ~Tr(Mp)| <. (4.9)

Then we can implement a (1, a+1,¢€)-block-encoding of M using a single query to U and
U' and a single CNOT gate.

Proof. Observe that p ®10)(0|*? = (1®]0)®%)p(I®(0|®?), and thus by the cyclic nature
of the trace

Te{(7 00D U (p ©10)01°)U") =T¥( (18 01°*) U ( 8 10X0DU (T ©10)°“)).

Therefore we can rewrite (Z29) as

Vp: ITr((1 9 10)0D U (p ® [0)01°)U") - Tr(Mp) | <
—=Vp: e([(10 01°) U (1 0 1030 U (1910)°%) - M]p)| <&
— |10 01U @ 1030DU(1910)°) - M| <.

Finally we can postpone a measurement by copying the result to an extra qubit, so

(I®01*)UT(I®]0X0NU(I®]0)%)
= (1201** (U ® (I ® CNOT)(U & D)(I ®|0)®*1).

We conclude that (U ® I)(I® CNOT)(U® I) isa (1,a + 1,€)-block-encoding of M. [

4.5.2 | Implementing an SDP-solver

In this subsection we show how to efficiently implement a block-encoding for a linear
combination of the input matrices by storing y'” in an efficient data structure. Doing so
by-passes the entrywise summation of the input matrices which was a major bottleneck
in the sparse matrix input model. Now we describe how to use a quantum-access
classical RAM (QCRAM) to efficiently implement a state-preparation-pair unitary that
can be used to construct a linear combination of the block-encodings.

Lemma 4.27 There is a data structure that can store an m-dimensional d -sparse vector
y € R™ with 0 -precision in €1 -norm using a QCRAM of size @‘% (d) such that:

* [nitializing the data structure can be done with 5% (1) classical operations.

e Given a classical s-sparse vector, adding™ it to the stored vector has classical
cost@’% (s).

"In order to avoid error accumulation from repeated rounding, we assume for simplicity that there
can be at most @(poly(m/ 9)) such calls to the data structure in total.
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Figure 4.3: Tree structure for the vector (1,2,3,4)

* Querying the ith element of the stored vector can be done using 5% (1) elementary
operations.

* Givenaf = || y||1 we can implement a (symmetric) (ﬁ,@% (D), 9) -state-preparation

pair for y with 5% (1) elementary operations.

Proof. We use the data structure of [KP17, App. A], we will give a rough sketch here, see
their paper for more details. This data structure stores a vector on the leaves of a binary
tree. The sum of the branches is stored at each vertex, see for an example.
Now, updating one entry can be done by walking the tree upward and changing each
node as required, which takes & (In(m)) classical operations. Hence, an s-sparse vector
can be added using &' (sIn(m)) classical operations. Given a tree structure for a vector y,
sampling from y/ | y |, can easily be implemented classically: walk down the tree, going
left or right with probabilities proportional to the node values. With a similar method a
state-preparation pair for y can be implemented. Finally we note that there is no need
to initialize a full-sized empty tree, the tree can be extended every time new entries are
added. O

Corollary 4.28 Having access to the above data structure for y, we have Tgibbs (K, d,0) =
@ 1 (aK'y/n) in the quantum operator input model with parameter o.
Proof. This follows from applying the Gibbs-sampling of CLemma 415 to the block-

encoding of H = Z;?L oYjAj that is obtained by using CLemma 29 with the state-
preparation pair from Cemma 477 O

This directly gives the following result for SDP-solving:
Theorem 4.29 In the quantum operator input model with parameter «

Tspp(€) = G(vmnay?),
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where y = Rr/e. For an SDP primal oracle the same complexity can be accomplished
with Y = Rle. The input oracle of the quantum operator input model can be imple-
mented using O (1) queries and 5mmy(1) elementary operations in the sparse matrix in-
put model with settinga = 5™

Proof. The complexity statement follows from Theorem 4T3 using Cemma 4 T8 and
Corollary 4.28. The reduction of the sparse matrix input model to the quantum operator
input model follows from Cemma4°T9. O

4.6 | Two-Phase Quantum Search and Minimum-Finding

To further speed up the SDP-solvers derived from the meta-algorithms in Secfion 4.2
we can use a fast version of the Quantum OR Lemma, as in [BKLLSWTY]. They prove
the following lemma, see also [GSIWTY]:

Lemma 4.30 : Fast Quantum OR Lemma [BKLLSW19] LetIy,...,T1,, be projectors
and p a quantum state. Suppose that either

1. 3j s.t. Te(Iljp) =1 -6, or
1
2. ﬁz;."ler(ij)ség
forsome0 <6, <1/2and0< 6, < %. Then for all ¢ € (0,1) there is a procedure that

accepts with probability at least (1 —61)%/4 — & in the first case, and probability at most
3méby + ¢ in the second case, and that uses 1 copy of p and ©(y/mI¢&) applications of a

controlled version of the reflection I—ZZ;”ZI II;® |j><j|, and@’(\/ﬁw) elementary
operations.

This lemma is almost the same as the original Quantum OR Lemma [HLM17] but
with the addition that the algorithm requires only 0(y/m/¢) applications of the con-
trolled reflection, compared to a linear number of reflections required by the original.
In a recent paper Aaronson [Aarl8] proved the Gentle Quantum Search Lemma using
the Quantum OR Lemma. His proof can easily be extended to use the Fast Quantum
OR Lemma. We call the more efficient version that we get as a result Two-Phase Quan-
tum Search.

In the setting of the Two-Phase Quantum Search we have m procedures for decision
problems and we ask whether one of them evaluates to 1, and if so, we want to find one
that does. We also know that all procedures start with preparing some state p, followed
by some procedure U; that depends on the index of the decision problem j € [m]. In
classical deterministic processes it is quite natural that only one preparation of p is
needed since the result can be copied and reused. For bounded-error classical pro-
cesses O (log(m)) preparations of p suffice to get the error probability of one decision

18As mentioned in Foofnafe 13 on page 86, this can be improved to o = /s.
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problem below ﬁ By the classical union bound this is low enough that we can find a
marked element with constant probability. However, if p is a quantum state and the U;
are quantum algorithms, then such a bound is not so straightforward, since progress
made in constructing p might be destroyed when running one of the U;. Nevertheless,
using the Fast Quantum OR Lemma it can be shown that @(log(m)“) samples from p
suffice to decide if one of the m procedures evaluate to 1.

Lemma 4.31 : Two-Phase Quantum Search Let u € (0,1). Let p be a quantum
state and Uy, ..., Uy, be unitaries with the U; accessible through a unitary U that acts as
U|j)w) =i U;|w). Then there is a quantum algorithm that using ©(log(m)*log(1/p))
samples of p and ©(y/mlog(1/w)) applications of U and U', outputs with success prob-
ability at least 1 — u either

* a j such that Tr((I@Il)(ll)Uij]T) > 1/3, i.e, a j such that U;j outputs 1 with
probability at least 1/3 on input p,

e or concludes correctly that Tr((I@ |1)(1|)Uij;.r) < 2/3 for all j, i.e., no unitary
outputs 1 with probability at least 2/3 on input p.

Proof. This follows directly from the proof of the Gentle Quantum Search Lemma
in [Aar18, Lem. 15], by replacing the normal Quantum OR Lemma by the Fast Quantum
OR Lemma [BKLLSWI1Y]. n

Using the above lemma we construct the Two-Phase Quantum Minimum-Finding
algorithm. It turns out that we need to use this algorithm in a situation where different
values have different error-bars, therefore the statement gets slightly complicated. In
other use-cases one can typically just choose each error-margin 7; equal to § resulting
in a simpler statement.

Lemma 4.32 : Two-Phase Quantum Minimum-Finding Let 6,u’ € (0,1). Let p be
a quantum state and Uy, ..., Uy, be unitaries, with the U; accessible through a unitary
U that acts as U|j)ly) = |j)Uj|ly). Let ar,...,am, n1,...,nm be real numbers such
that minj|a;| +|n;| < M. Assume that with probability at least 2/3, U; computes a
binary representation of aj up to additive error n; using one copy of p. Then, with
probability at least 1 — i, we can find a j such that aj—n; < min;(a; +1;) + 0 using
0(log(m)*log(M/8)log(1/u')) samples of p and &(y/mlog(1/u')log(M/8)) applications
of U and its inverse.

Proof. Do a binary search on the value v to precision § by checking whether there is
still an element with a; + n; < v using Cemma 431 in each round with setting u =
O(u'/1log(M/8)). This binary search will result in a value v < min; (a; +7;) +6 with prob-
ability at least 1 — p//2, and it is not hard to see that the last j found by the algorithm
from Cemma 437 during the binary search will be such that a; —n; < v with proba-
bility at least 1 — u/2 = 1 — y'/2. Therefore this j satisfies the required inequality with
probability at least 1 — /. O
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This leads to the following improved bound on SDP-solving.

Theorem 4.33 Assume that y\' € R™*! is stored in a data structure such that updating
an entry requires at most 5(T(;ibbs(y, Y2, Y‘l)) elementary operations, wherey := 6Rr /€.
Furthermore, assume that both Tgipps(Y,Y?, Y™ ') and TS (Y™') are at most polynomial
in their parameters. Then

Tspp(€) = On((VMTS, (Y ™) + Teinps (v, Y2, Y 1)y 0?).

Similarly there is also a quantum algorithm with the same complexity, but with y :=
6R/¢, that implements an SDP primal oracle.

Proof. To obtain an e-approximate SDP-solver we use binary search and the Arora-Kale
framework to find an &/4-approximation of OPT. After we found such an approxima-
tion OPT, we can run the Arora-Kale algorithm with guess w = OPT + %5 and precision
€/4 to find a feasible dual solution that is e-optimal. Finally, we run the SDP primal
oracle with & = OPT — f’;e and precision €/4 in order to obtain a primal solution that is
e-feasible and has an objective value that is e-close to optimal.

The two meta-algorithms each run for @, (Y?) iterations. In each iteration we need
to update at most three entries in the data structure for the y vector, which takes at
most é(TGibbs (Y,Y?,Y™1)) elementary operations by assumption. To search for a vio-
lated constraint when using the SDP primal oracle framework, we use the Two-Phase
Quantum Search, and we use Two-Phase Quantum Minimum-Finding to implement
the minimum-finding needed in the advisor for the Arora-Kale framework™, following
the geometric approach of Lemma 4.8 for implementing a y ™! -advisor.

Consider p®*, where p is a density operator that is a ﬁ—approximation in trace
distance of the Gibbs state p corresponding to the current y vector and where k =
3(4oy)?. Let U i be the operator that applies a (ﬁ,a)—trace—estimator to each copy of

p and takes the average of the outcomes, i.e., it obtains estimates of Tr(A;g) with bias
at most ﬁ and standard deviation at most o independently k times, taking the average

at the end. By Chebyshev’s inequality we can see that this way U; computes a % -precise

estimate of Tr(A;p) with probability at least 2/3. We have that ||g—p|,, < ﬁ and thus

we get a %-precise estimate of Tr(A jp) with probability at least % The preparation of
p®* can be performed using kT¢ipps(Y, Y2, Y~ ') queries by definition, while U j can be
implemented with query complexity kTS (y™).

By using Two-Phase Quantum Search (Cemma 43T) and Two-Phase Quantum
Minimum-Finding (Cemma4-32), with u = @,,(y~2) and with p®F as the initially pre-
pared quantum state (called p in those lemmas), we can implement each iteration of
the meta-algorithms using 0, (((vmTZ (Y"1 + Teipps(y, Y2, Y1) y?02) queries. The

9In the advisor implementation of Cemma 48 the minimum-finding is not done over the computed
traces, but rather the angles calculated using these traces. Precision § = 1/poly(y) suffices for the trace
— angle conversion, and since the magnitude M of angles is bounded by 7, we getlog(M/8) = & (log(y))
in Cemma 4372,
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stated final complexity follows by multiplying the complexity per iteration with the
number of iterations T = 0y, (Y?). O

The following theorem then follows directly.

Theorem 4.34 In the quantum operator input model
Tspp(e) = O((vVm+vny)ay?),

where y = Rrle. For an SDP primal oracle the same complexity can be accomplished
with Yy = Rl/e. The input oracle of the quantum operator input model can be imple-
mented using O (1) queries and 5mmy(l) elementary operations in the sparse matrix in-
put model with o = s.™

A natural question to ask is whether the dependence on all the parameters is opti-
mal. In Becfion 925 we prove an Q((y/m+ /n)ay) lower bound. Hence, apart from
the dependence on y, our upper bound is tight.

4.7 | Equivalence of R, r,and 7!

In this section we will prove the equivalence of the three parameters R, r and £~ ! for
SDP-solving. That is, we will show any two of the three parameters can be made con-
stant by increasing the third. Therefore, % as a whole is the interesting parameter. This
appendix is structured as a set of reductions, in each case we will denote the parameters
of the new SDP with a tilde.

Lemma 4.35 Forevery SDP withR,r =1 and0 < € < 1, there is an SDP with parameters
R=1andF = r such that solving that SDP with precision & = % solves the original SDP

Proof. Let Aj = Aj, C = C and b = 2. Now clearly R = 1, but OPT = OPT/R. Hence
determining OPT up to additive error & = + will determine OPT up to additive error €.
Notice that the feasible region of the dual did not change, so 7 =r. O

Lemma 4.36 Forevery SDP withR,r =1 and0 < € < 1, there is an SDP with parameters
R= % and 7 = r such that solving that SDP with precision € = 1 solves the original SDP

Proof. Let Aj= Aj,C=Cand b=2. Now R = £ and OPT = OPT/e. Hence determining
OPT up to additive error & = 1 will determine OPT up to additive error €. Notice that
again the feasible region of the dual did not change, so 7 =r. O

Lemma 4.37 Forevery SDP with R,r =1 and0 < € < 1, there is an SDP with parameters
R =R and ¥ = 1 such that solving that SDP with precision & = £ solves the original SDP

Proof. Let Aj= Aj,b=Dband C =1C. Now 7 =1and OPT = OPT/r. Hence determining
OPT up to additive error & = ¢ will determine OPT up to additive error €. Since r = 1
and ||C|| =1, we find ||C|| =1 as required. Notice that the feasible region of the primal
did not change, so R = R. O
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At this point we would like to state the final reduction, the reduction that increases
r in order to get a constant ¢, by setting C = %C, but this would not guarantee that
ICll < 1. Instead we show that each step of the binary search for the optimum can be
performed with constant error by increasing r.

Lemma 4.38 Given an SDP with R,r = 1, a precision 0 < € < 1 and a guess for the
optimum w such that |w — OPT| < 2¢, there is an SDP with parameters R =0G(R) and
7 =0 (rle) such that solving that SDP with precision & = 1/2 yields a new guess o' for the
optimum of the original SDP with |0’ — OPT| < %8.

Proof. We introduce a new variable z and consider the SDP

max V4
ZER, XeRnxn

s.t. €z—Tr(CX) <-w+2¢
Tr(A;jX)<b; forall je[m]
z2=20,X>=0.

Trcx)-ow
£

Rewriting the first constraint gives z < + 2. Hence z can be maximized by

letting X be an optimal solution to the original SDP. It follows that OPT = % +
2 € [0,4]. Hence we can let R = R + 4. Furthermore, learning whether OPT < 5/2 or
OPT = 3/2 yields a new guess for OPT with error less than %e.

It remains to give an upper bound on 7. In order to do this, consider the dual
program

i by)+(-w+2
ve%})}gﬂkm < y> (w g)v

s.t. ev=1

m

ZyjAj—VCZO

j=1
y=0,v=0.

Note that the constraints imply v = 1/e. We claim that this is tight in the optimum. To
see this, fix v to some value vy = 1/€ and consider the SDP in the remaining variables.
Let y* be an optimizer for the original dual SDP with #;-norm equal to r. Then clearly
voy”* is an optimizer for this new dual SDP with v fixed. The objective value of this
optimizer is vo((b, y*) — w + 2¢). However, by assumption

(by*")—w+2e=0PT-w+2e=—-2e+2e=0.

It follows that the optimal value can only increase by increasing v above 1/¢, and hence
v=1/eand y = y* /¢ forms an optimizer for the new SDP. This shows that 7 = r/e+1/¢ =
O (r/¢) suffices. O
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4.8 | Applications

Although quantum SDP-solvers provide a speed up in terms of n and m over classical
algorithms they do suffer an increased dependence on R, r and ¢. In the first two pa-
pers on quantum SDP-solving [BST17; AGGWI7] it remained an open question whether
any applications could be found in the regime where Rr/e was small enough to get a
speedup over the best classical methods. Later Brandao et al. [BKLLSW19] showed that
SDP primal oracles can be used to solve the problem of shadow tomography if the input
is given in the quantum state input model. Shadow tomography was recently proposed
by Aaronson [AarI8], who also gave a sample-efficient algorithm. In Secfion 4871 we
apply our improved SDP primal oracles to this problem, simultaneously improving the
sample complexity and computational complexity compared to the previous works.

We also propose new applications to quantum SDP-solvers, namely the problems of
quantum state discrimination and E-optimal design. In both cases we show a speedup
over the best possible classical algorithm in terms of some input parameters, at the
expense of a large dependence on other parameters. Therefore we do not believe these
results to be useful in practice. However, they do show that an improvement in some
parameters is possible, and further research in this area might be able to improve the
error dependence for these special cases. We end this section with a short discussion
on how out SDP-solvers can be used to implement LP-solvers.

4.8.1 | Improved shadow tomography

We apply the idea from Brandao et al. [BKLLSWTY] to use an SDP primal oracle to the
problem of shadow tomography proposed by Aaronson [AarI8]. In shadow tomogra-
phy we are given the ability to prepare samples of an n-dimensional quantum state t
and we have a description of some measurement operators Ej, ..., E;;; the goal is to
find e-approximations of the corresponding expectation values Tr(E jr) for all j € [m].
Aaronson showed that this can be done with only™

6(10g(m)zlog(n))
€

samples from 7, but his method has high computational costs. Note that here there
are three different complexity measures: the number of samples from 7, the number
of queries to some input model that describes the E;, and the number of elementary
operations.

In [BKLLSWTY] Branddo et al. showed that a slightly relaxed problem can be effi-
ciently solved using an SDP primal oracle. The problem they solved is to find a y € R™

for which o := e_z;nzlnyf/Tr(e_Z?lzlnyf) is such that |Tr(E;j(t —0))| s €/2Vj € [m], ie.,

20paronson improves the e-dependence of his algorithm to match our upper bound from [hearem 439
in a version of [AarT8] that appeared after our work.
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oisin
P.={0:0=0,
Tr(o) =1,
Tr(0E;) <Tr(tEj)+€/2 Vje[m],
Tr(-0E;) <Tr(-7E;)—¢€/2 Vje[m]}.

We call the problem of finding a classical description of 7 that suffices to solve the
shadow tomography problem without any more samples from 7 the descriptive shadow
tomography problem. In particular if we get a vector y as above, then for a given j € [m]
using ﬁm(llsz) invocations of a Gibbs-sampler for y followed by the measurement
E; suffices to find an e-approximation of Tr (tE j) with success probability at least 1 -
0 (1/ m) without any more samples from 7. If we can coherently apply E;, then using
amplitude estimation techniques the number of (coherent) Gibbs-sampler calls can be
reduced to G,,(1/¢).

Due to the output size of the shadow tomography problem, a trivial Q(mlog(1/¢))
lower bound can be given on the gate complexity, since we need to write down the
results. However, this limitation does not exist for the descriptive shadow tomography
problem. Both problems clearly have the same sample complexity, furthermore the
best known lower bound on the sample complexity is Q(log(m)/e*) [Aar18].

Theorem 4.39 The descriptive shadow tomography problem can be solved using

~(1 4
@( og(m)4 og(n))
€
samples from T. Furthermore, when the E; matrices are accessible in the quantum oper-
ator input model, then this can be done using
((vm+ ) 5]
€ Je

queries to the E; and elementary operations. It follows that the same bound holds with
o = s for the sparse matrix input model.

Proof. The samples from 7 are only used for calculating the values bj, i.e., calculating
£-approximations of Tr(7E;), when checking the constraints in the SDP primal ora-
cle. Like in [BKLLSWTY] we make a small adjustment to our SDP primal oracle: when
Gibbs-sampling the Gibbs state p, we also sample 7 to create the state p ® r. Then,
when checking the constraint, we measure E; ® [ — I ® E; to obtain an approximation of

_ 4
Tr(Ejp)-Tr(E;7). Notice that our SDP primal oracle uses @(I()g(mlw) Gibbs states,

5)10g(n) (log(m)*/€?) in each of the G (log(n)/e?) iterations, and hence the modified ver-
sion uses that many samples from 7 too.
The statements about the query complexity and number of elementary operations

follow directly from Theorem 434 O
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As a final remark we note that the POVM input model we introduced in Secfion 4577
is very natural in this situation. In particular, this shows that O((v/m + v/n/e)(1/e)*)
applications of the measurements suffice.

4.8.2 | Quantum state discrimination

In the Quantum State Discrimination problem we are given k d-dimensional quan-
tum states pV,...,p® € C4*?, in some input model. Our goal is to find a POVM
MY, ..., M™% that has the “best” probability of discriminating between the states. Here
“best” has two natural meanings:

e The minimal success probability is maximized: maxy, min;egx) Tr(M® p®).
e The sum of all the success probabilities is maximized.

Both problems can be cast as an SDP [EId03] but we will only consider the second here
since it lends it self better to the Arora-Kale framework. For the rest of the section,
when we refer to the quantum state discrimination problem, we mean the problem of
maximizing the sum of success probabilities. Our goal will be to get a quantum speedup
in k at the expense of a slowdown in terms of d. Fortunately, the interesting cases of the
problem seem to occur when d « k. Furthermore, we will use the quantum state input
model as introduced in Secfion 451 to show that it is possible to solve the problem
even when only given access to unitaries that prepare the quantum states.

Theorem 4.40 Given access to the matrix entries of the quantum states p,...,p® €
C%*4 the quantum state discrimination problem can be solved up to additive error € on
a quantum computer using

~(Vk
queries to the input.
Given access to a unitary that creates a purified version of the quantum states

pW,...,0®™ € C¥™4 the quantum state discrimination problem can be solved up to
additive error € on a quantum computer using

_ kl.S
o (?poly(d))
queries.

Proof. To maximize the sum of success probabilities, notice that the probability of
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identifying p® correctly is Tr(M @) p(i)). Writing the problem as an SDP we get:

k
max ZTI(M(i)p(i))
i=1

k .
st. Y MP =1,
i=1

MY =0 forall i € [kI.
This can be written in the standard form (&) as follows:
+ X =diag(MY,...,M®),
» C=diag(p",...,0").

e Fors,te[d] welet Ay, = @leEst and bs; = 6, where d; is the Kronecker delta.

Notice that we have strict equalities, as opposed to the inequalities in the standard
form. These equalities can be cast into inequality form by adding a separate upper and
lower bound. However, this is not needed for the analysis, just note that an equality in
the primal corresponds to a variable in the dual without positivity constraint.

To apply our SDP-solvers we need to give bounds on the input parameters. Clearly
here n = kd and m = ©(d?). Furthermore, since the objective matrix is block diagonal
with d x d blocks, the sparsity s is at most d. To bound the parameter B in the quantum
state input model, note that C has trace k and is psd, and all other constraints can
clearly be decomposed with a constant trace. It remains to give a bound for R and r.

For R, the bound on the trace of a primal solution, notice that

k k
X)) =Y Tr(M(”) - Tr(z M(”) =Tr(Iy) = d.

i=1 i=1
For r we need to write out the dual. Doing so directly gives:

min Z VstOst = Z Vss
s, reld] seld]

st ). yst(ealeEst) > ealep(i).
s,teld]

Notice that we do not have a y = 0 constraint since we have strict equalities in the
primal. We could have replaced the equalities by inequalities and then we would get
a y* and y~ vector, both non-negative, such that y = y* — y~. However, since r is a
upper bound on the sum of the values in one optimal solution, it is enough to bound
the absolute value of the y variables.

To do so, simply rewrite the dual with a separate constraint for each p'”) and reorga-
nize the y; variables in a d x d matrix Y:

min Tr(Y)
s.t. 'Y= p(i) forallie [k].
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Clearly 1, is feasible for this problem, so for an optimal Y we have OPT = Tr(Y) < d.

This gives the following bound, for S € {-1, 1}dxd,
d
Y Ygl= max Tr(SY)<Tr(Y) max |S|<dTr(Y)=d? (4.10)
st Se{-1,1}4xd Se{-1,1}4xd

so r = d? suffices.”
Applying our results about the complexity of SDP-solving gives the claimed bounds.
O

Applying our SDP-solver results in a dual solution Y and a description of a primal
solution X. This description of the primal solution is of the form (Y”, yy) and describes
to primal solution via M®  e¥'~¥P", Note that this representation gives an interesting
way of compressing a POVM, since the Y’ matrix has dimension d x d, but encodes k
POVM operators with the help of the p¥ matrices. The dual solution Y could be of
independent interest too, solving the following problem: for a set of density operators
p?, find the matrix Y with the smallest trace such that Y > p® for all i.

A lower bound To find a lower bound, fix d = 2, i.e., consider a single qubit. Now let
z € {0,1}* be the input for a search problem. We want to distinguish the cases |z| =0
and |z| = 1 under the promise that we are in one of these cases. This is known to

take Q(\/E) quantum queries or (k) classical queries, see also [Chapter 6. Now let

p' = |z;)z;|. Given query access to z it is easy to construct the input oracles for
the different input models. Clearly if z = 0F, then all states are equal, thus the sum
of success probabilities is always 1. However, if z; = 1, then by setting M®) := [1)(1| and
choosing the other measurement operators arbitrarily, we clearly get a sum of success
probabilities of 2. Hence a 1/3-approximation to the optimal value of the SDP given

above will solve the search problem and hence takes at least Q(\/E) quantum queries
or at least Q (k) classical queries.

4.8.3 | Optimal design

In the optimal design setting we want to learn a hidden (not necessarily quantum) state
6 € R through experiments. There is a set of k possible experiments, represented by
unitvectors uV, ..., u® € R%, and when we execute the ith experiment we learn (8, u'/))
with some Gaussian noise. In particular we get a sample from A" ({0, udy, o j). Precise
estimation of 6 requires a lot of experiments, and the problem in optimal design is to
decide which distribution to use when choosing the experiments in order to “minimize”

21This also proves that for k states of dimension d, the sum of success probabilities of discrimination is
always at most d, so the average will be at most d/ k. Thus the error parameter should scale with 1/ k if we
would consider the average probability. This is why we choose to look at the sum of success probabilities
instead.
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the covariance matrix of the maximum likelihood estimator of 8. Since the variance of
the maximum likelihood estimator is hard to express analytically, we instead look at
the Fischer information matrix, which is a good approximation for the inverse of the
covariance matrix, and has a nice closed form:

k
Fp=Y piuPuT /g2,
i=1
where p; is the probability of doing experiment u”. Now, to make the covariance
matrix “small” we would like to make the Fischer information matrix “large”. For a more
detailed explanation, see for example [Sil80].

The precise meaning of “small” and “large” can be defined in several sensible ways.
The most common criteria are called A-optimal, D-optimal and E-optimal design. In
A-optimal design we want to minimize the sum of the eigenvalues of the covariance
matrix, or as an approximation the sum of the eigenvalues of the inverse of the Fischer
information matrix. Unfortunately the SDP formulation of this problem has parameters
1, R that make our methods inefficient. In D-optimal design we want to minimize the
determinant of the covariance matrix, this can be approximated with a convex program,
but sadly this problem does not naturally correspond to an SDP.

We will consider E-optimal design. In this setting we would like to minimize the
operator norm of the covariance matrix. Since this is hard to do, we will try to maximize
the smallest eigenvalue of the Fischer information matrix. Let P := max; # be an input

parameter dependent on the maximal variance of the experiments. Note that if the
size d of the states increases but the experiments still have the same variance, then the
parameter P decreases. In fact, P can be viewed as a measure of how much information
a single measurement can give about each of the coordinates.

Theorem 4.41 The E-optimal design problem, that is, finding a distribution p € A*
such that the smallest eigenvalue of F, is maximized, can be solved up to additive error
using sparse access to the s-sparse experiment (unit) vectors u\V, ..., u'® e R? and oracle
access to the o; values with

d

Proof. We consider the following SDP:

Vi + \/EP;)SP—S)

et

queries on a quantum computer.
max ¢
k . .
st. Y piuPuPT 0% =11,
i=1

k
Y pisl
i=1

pi=0forallice€[k].
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Clearly this SDP would maximize the minimal eigenvalue of F), = Zle piuDudT) 012..
We can rewrite this in standard dual form, flipping the sign of the optimal value:

"

min -t

+1

k
-1
st. ) pi OO _J
i=1 i d

pi=0forallice€[k]
t=0.

The corresponding primal problem is then easy to write down:

max —2z
s.t. —z+ Tr(Xum u(i)T)/alz- <O0forallice€[k]

Tr(X) =1
z=0,X>=0.

From the size of the input it follows that n =1+ d and m = 1 + k for this SDP. Further-
more, the row sparsity of the constraint matrices is equal to the vector sparsity of the
u®, which justifies the use of s for the sparsity of the vectors u”. It remains to give a
bound on r and R. Note that the trace constraint on X will be tight for an optimal X
and hence R =1+ |OPT|, where OPT is the optimal value is the optimal value of the last
SDP. Similar for the sum constraint on p, we get r = 1+|OPT|. To give a bound on |OPT],
we rewrite the primal again, flip the sign of the optimum:

min z
s.t. Tr(Xu(i)u(i)T)/U? <zforallice€ (k]

Tr(X) =1
z2=0,X=0.

Now, let us construct a feasible point. Since we have a minimization SDP, this will
give an upper bound on OPT, which is also an upper bound on |OPT| due to the non-
negativity of z. Let X = I/d, then Tr(Xu”u"") = 1/d, so picking z = max; - will
give a feasible point with objective value z. We conclude that r = R = @’(max,- #) =P
suffices. The stated complexity follows using our complexity bounds on quantum SDP-
solving. O

4.8.4 | Linear programming

Since semidefinite programming is an extension of linear programming, LP-solving is
a natural application for our SDP-solvers. Remember that linear programs correspond
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to SDPs where all input matrices are diagonal. This means that the SDP sparsity s will
always be 1. Access to the entries of the constraint matrix of an LP via an oracle acting as
0|i)|j)|0) = |i)|j)| Ai;) suffices to implement the sparse matrix input model for SDPs.

The constant r has the same meaning for LPs: a bound on the #;-norm of a dual
optimizer. Similar, the bound R corresponds with a bound on the ¢;-norm of a primal
solution. Naturally we get a quantum LP-solver that uses

o((vVm+vny)y*)

queries and elementary operations.

However, this leaves open two questions. First, is there a better algorithm possible
by considering the extra structure of LPs? And second, the constraint matrix of the LP
might be a sparse matrix, but our SDP algorithm does not consider this. Can we further
speed up LP-solving by considering the sparsity of the LP constraints? We answer both
of these questions affirmatively in the next chapter.
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Quantum algorithms
for zero-sum games

We derive sublinear-time quantum algorithms for approximating Nash equilibria of
two-player zero-sum games, based on efficient Gibbs-sampling methods. We are able
to achieve quantum speedups over the best classical algorithms for both dense and
sparse payoff matrices at the cost of a mildly increased dependence on the additive er-
ror. In particular we can find e-approximate Nash equilibrium strategies in complexity
O(vn+mie®) and @y (v/s/€3°) respectively, where n x m is the size of the matrix de-
scribing the game, and s is the maximal row and column sparsity. Our algorithms use
the LP formulation of the problem and apply the techniques developed in Chapter 4.
We also show how to reduce general LP-solving to zero-sum games, resulting in quan-
tum LP-solvers that have complexities G (/7 + mY®) and @y, (/sy*?) for the dense and
sparse access models respectively, where y is the relevant “scale-invariant” precision
parameter.

This chapter is based on the paper Quantum algorithms for zero-sum games by J. van
Apeldoorn and A. Gilyén [AGI9h].
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5.1 | Introduction

A matrix game is a two-player zero-sum game in which both players have only a finite
number of pure strategies. We label the moves for the first player (called Alice) by [n]
and the moves for the second player (called Bob) by [m]. If Alice plays i € [n] and Bob
plays j € [m], then Alice has to pay Bob Aj; € [-1,1]. We say that Alice receives a payoff
—Aj; and Bob receives a payoff Aj;. Their individual goal is to get the highest payoff
possible. The payoffs can be written in matrix form A € [-1,1]”"*", hence the name
matrix game. A game is called symmetricif m = n and A = — A", in other words, if the
payoff matrix is skew symmetric.

If one of the players would always play the same move, then (for most games) it
would be easy for the other player to get a large payoff. Hence a strategy will be ran-
domized in general. As in Secfion 24T, let A" be the set of all non-negative vectors
in R” that sum to 1, i.e., the set of all probability distributions over n elements. Given
a randomized strategy x € A” for Alice and a randomized strategy y € A" for Bob, the
expected payoff for Bob is yT Ax.

Naturally Alice’s goal is to minimize Bob’s expected payoff; the best she can do is to
assume that Bob plays the best strategy y on his side and optimize her x for that:

min max yTAx.
XEA ye AT
We can write this as a linear program (LP) by noting that a linear function over the
simplex (in this case y — yT Ax) is maximized on a vertex of the simplex:
min max yTAx = min max e! Ax,
x€A" yeAM xeA" je[m] /
which can be written as an LP:
min A (5.1)

s.t. Ax< A1
xeA"
ALeR.
Notice that since Bob’s strategy y is in A he can indeed not get a better expected value
than A. In fact, the dual of this LP is the LP that Bob would get if he reasoned similarly.
Due to strong duality both LPs give the same value! Hence we will call the optimal 1*
in (B1) the value of the game. The corresponding strategies are together called a Nash
equilibrium. Notice that for a symmetric game the value is always 0 since no player can
have an advantage, and that in general A* € [-1,1]. For completeness, let us also state
the dual problem:
max A (5.2)
s.t. ATy=21
yeA"
A eR.
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We will call a strategy x for Alice e€-optimal if Ax < (1" +¢€)1, and similarly for
Bob. Grigoriadis and Khachiyan [GK95] showed that a pair of e-optimal strategies can
be found using a classical computation consisting of @ (log(n + m)/&?) iterations, and
with & ((n + m)/log(n+ m)) steps per iteration.” Notice that this leads to a sub-linear
amount of work! They show this by first converting any game to a symmetric game and
then showing that symmetric games can be solved by a randomized algorithm. In Secd
fion 52, we give a proof of their results that directly applies to non-symmetric games.
In fact, a more careful analysis shows that an iteration can be implemented in 5’@ (s)
operations, where s is the maximal row and column sparsity of A. In the same paper the
authors also prove that any deterministic algorithm would require at least mn/2 queries
to the input.

As in we will show that using a quantum computer a quadratic improve-
ment in terms of the dimensions n and m can be achieved, at the expense of a slightly
heavier dependence on the precision. In particular, in Secfion 531 we show that on
a quantum computer 5(\/ n+ m/e3) queries to the entries of A and elementary oper-
ations suffice to implement the algorithm by Grigoriadis and Khachiyan [GK95]. In
Secfion h.32 we show that this can be improved to 5,1,”(\/5/ €3) for sparse matrices.
Note that unlike the algorithms for SDP-solving, the classical algorithm that we speed
up in this chapter (and hence our quantum algorithm) does not depend on additional
scale parameters, thus the achieved speedups seem more applicable in practice.

In Becfion 54 we also show how to reduce general LP-solving to zero-sum games,
resulting in new general-purpose quantum LP-solvers. This reduction reintroduces the
extra dependence on the size of the primal and dual solutions into the complexity.
However, the dependence on these parameters, and on the approximation error, is only
cubic, whereas an LP-solver obtained from our results on SDP-solving from
would have a fifth power dependence. Furthermore, we give the first quantum LP-
solver which depends on the sparsity of the LP instead of on 7 and m.?

Computational model We will work in the same computational model as we did in
Chapter 4. This means that we will again assume access to a classical-write / quantum-
read random access memory as an elementary operation. We only require such a mem-
ory consisting of @, m(1/€?) bits, so not allowing such an operation will worsen the gate
complexity by at most a factor of G, (1/€?).

5.2 | Classical algorithm

In this section we will present the classical zero-sum game algorithm developed by
Grigoriadis and Khachiyan [(GK95], with two alterations:

!The authors show that the steps in each iteration can be highly parallelized.

2The sparsity of an LP should not be confused with the sparsity parameter relevant in SDP solving. An
LP that is written as an SDP will have SDP sparsity 1 since all the matrices involved are diagonal. Our goal
here is to get a dependence on the LP sparsity instead of a dependence on n and m.
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1. We give the algorithm and its proof without first reducing the problem to sym-
metric games. In this way we lay more emphasis on the fact that this is a primal-
dual approach and on the connection to fictitious play. Furthermore, we hope
that this view on the algorithm will allow for an easier application to other prob-
lems.

2. The algorithm by Grigoriadis and Khachiyan assumes the desired additive error €
is known from the start of the algorithm. We present a version of the algorithm
for which the additive error in the intermediate solutions uniformly decreases
during the run of the algorithm, but we also consider a version corresponding to
a fixed accuracy goal more similar to their results.

xW —0eR"and yM —0eR™.
for r=1,2,... do
n0 = 2%/? (alternatively in the fixed accuracy-goal version choose n'? := £/4).
u®:= AxW and vV := — ATy,
plO) . g _ pAx® 44 QW 1= oV = ATV
p® .= PO/ W] and g := Q]| Q1]),.
Sample a ~ p'” and b ~ g7
YD = 0 4 p0 g and x+D = x(0 4 W,
end for

Algorithm 5.1: Main Zero-Sum game algorithm

We start by proving that this algorithm is correct, before giving an upper bound on
the complexity.

Lemma 5.1 Let d € (0,1/3). With probability at least 1 — 6 produces a
sequence of x and y' such that for all t the intermediate solutions x”/||x'?|, and

Y1) y?|, are€ -optimal solutions with

e = % -(3In(t) +In(nm) +1In(1/8) + 2).

Lete € (0,1). If we run the algorithm with n\P := €/4 instead, then the solutions are -
. . . In(2m)7 .
optimal with probability at least 1 — 6 after T = [16 r;(z 2 )W iterations.

Proof. We start by noting that x'?/| x|, and y/||y|, are indeed probability dis-
tributions. Hence (x([)/”xm ||1,maxj(Ax(t)/||x“) ||1)j) € R"*! is a feasible point for the
primal &) and (y7/| ¥ |,, min;(ATy?7| y'”|,);) € R™*! is a feasible point for the
dual (B2). Due to strong duality, to show that these solutions are e-optimal, it suffices
to show that the difference between their values is at most . We do so by showing that

vietn,jeiml: (ax?1]5],), - (ATyO1 0], e,
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since this implies that maxj(Axm / || x® || Dj— min; (AT y®/ ||y(” || JiSE.
To do so we consider the potential function

CD(t)::( Z Pj(t) Z Qgt)) :( Z P;t)Qgt))

jelm] i€[n] jelml,i€(n]

and show that this is bounded from above. In the beginning ®(1) = nm, moreover

or+=| Y P}””)(Z Qﬁ””)

jelml] i€[n]

= ¥ e(Ax“>)j+n“’Ajb)( y e—(ATy‘”),-—n‘”Aai)

jetm icln)

_ 63 n(t)Ajb (1) _n(t)Am.
Y ple Y Qe

Jjelm] i€[n]

(t) . _nAa .
(= wreene Afb)(zq?||om||le" )

jelm] i€[n]

i1 £ e[ £ grer)

Jjelm] i€[n]

= (1)

Z p(t)en A/b)( Z q(t) -1 )Am)

jelm] i€[n]

Taking the expectation over the sampling of a and b, and working out the sums, we get

E[@(+D]=d@) Y. Y > > pg)qénpm (0 g0 (Ajp-Aai)

ac[m] be[n] je[m] ie[n]

<o Y Y ¥ Zpg)qg)py)qf”(l+n“‘)(Ajb—Aa,~)+3(n(”)2),

a€[m] be[n] je[m] ie[n]

where we used the fact that for all x € [-1, 1] it holds that e* < 1 + x + 3x%/4 , and that
|Ajp— Aai |2 < 4. Now also observe that

Z Z Z Zpﬁ,”q;”p(”q(”

ac[m] be[n] je[m] i€[n]

and that all the Aj, — Ag; terms cancel against another A, — Ajj, term with the same

Pat) qé” p(t) q(” coefficient. Hence

Elo(s+1)] < @(0)1+3(n7)),
and by taking the expectation on both sides and expanding the recursion we get

-1
E[@(0] =) [] (1 4 3(,7@))2) o AT )
7=1
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By Markov’s inequality, for any 6 M € (0,1/3), with probability at least 1 — 6 () we have
that

t-1

(1) < 5(’:)1 ST,

Since ®(1) is the sum of positive terms, each term itself is smaller than the sum. It
follows that for all i € [n], j € [m]

(0 1) = o(Ax?);=(ATy"), _ M 3yt (o
PQ:; " =e 6(”8 .

Taking the natural logarithm on both sides, and dividing by || x?|, = ||, =Xt ™
we get that

ln(%) 3 i:l(nm)z
Z‘I;Z]. T](T)

Until now every step works for both choices of n'?. First we finish the proof of
the infinitely running version of the algorithm, where we choose § := ;% Using the

bounds ¥/_, (7)* = 1xt_, 1 T <O and y!_ n™ =1yt \/g > \/t/2 we find that,
with probability at least 1 — 5 [2, we have for (R3):

vie(n),jelml: (AxP1]|x0],), = (AT yO1,),; (5.3)

Vie[n],j€[m] :(Ax(t)/”x(t) ”1)]' - (ATJ’”)/”J’U) “1)1‘
In(2¢%nm/6) + (n(s) + 1)
V2
< i-(?;ln(z‘) +In(nm) +In(1/6) + 2).
Vi

Taking the union bound over the error probabilities we have that the total error
probability over all iterations is less than }_ ey % = g . ”7: <é.

Now we finish the analysis of the fixed-error version of the algorithm choosing
n® := e/4 and 6 := §. In this setting we will not use the union bound since we only
require the last iteration to be correct. With probability at least 1 — § we have for (B3)

Vie(n], jeml:( Ax(”/”x(”” (AT ,),
ln( )+3L‘£ /16
tel4
4In(22
_3.. n(* )
4 te
For ¢t = % this can be further upper bounded by ¢. 0

Once we get the e-optimal solutions we can estimate the value of the game by sim-
ply playing the game with the corresponding randomized strategies. Since in each run
the game has bounded value, by Chernoff’s bound we get the following:
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Claim 5.2 Given a pair of strategies x,y, let us take k = 0(1/€?) independent samples
i1,...,ix from x and similarly ji,..., jx from y. Then, with bounded error probability, the
average . ];:1 Aj, i,k is an e-approximate estimate of the value of the game correspond-
ing to these strategies.

This clearly shows that obtaining the approximate solutions via domi-
nates the complexity of approximately computing the corresponding value.

If access to A is given by an oracle for the entries of A, then the following lemma
gives a bound on the cost of the algorithm for finding the optimal strategies.
Lemma 5.3 can be implemented to find an €-optimal pair of solutions on

a classical randomized computer with probability at least 1 — 6 in g ln(%) iterations,

using 01 (n+m) time per iteration, and n+ m queries to the entries of A per iteration.
£

Proof. The iteration bound follows from Cemma571l. In the rest of the proof we drop
the (¢) superscript for ease of notation. Since in each iteration only one entry of x
changes, the change in u can be computed using m queries. It then requires @1 (m)
work to compute P and p. In the same amount of time the cumulative distribution
corresponding to p can be calculated. By generating a random number between 0 and 1
and performing binary search on the cumulative distribution we can sample a from p.
A similar approach works for y, v, Q, g and b. O

When A is given by a sparse oracle which also allows querying for any j the location
of the j-th non-zero entry in each row and column, then a further speedup is possible.

Lemma 5.4 Let s be the maximum number of non-zero entries in a column of A, and
d the maximum number of non-zero entries in a row of A. can be used to
find an e-optimal pair of solutions on a classical randomized computer with probability
atleast1 -0 in }9—2 ln(%) iterations, 5’% (s+d) time per iteration, and s + d queries to a
sparse oracle for A per iteration.

Proof. The iteration bound follows from CemmanhT. In the rest of the proof we drop the
(2) superscript for ease of notation. Now, since there is a sparse oracle for the columns
of A, the change in u can be computed using s queries and @nn (s) time. Hence, also

the multiplicative change in P can be calculated in 6% (s) time.
Now, instead of keeping P as a list, we keep it in the tree data structure from
Cemma 477. Updating one leaf can be done in @’%(1) time, so P can be updated

in 5’%(5) time. Given a tree structure for the vector P, sampling from P/|P|; can
easily be implemented. A similar approach works for y, v, Q, g and b and the lemma
statement follows. O

5.3 | Quantum implementation of the algorithm

In the quantum case we aim at a sublinear-time algorithm in m and n. This means
that we cannot even read through a single column or row of A. We define two types of
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quantum query access for the matrix A. In the dense input model we assume access to
an oracle that returns a binary representation of the queried matrix entry, similar to an
oracle of the form (E77) in the SDP setting. In the sparse input model we additionally
assume access to an oracle that returns positions of the non-zero entries in a row or
column, similar to an oracle of the form (E8) in the SDP setting.

Observe that is very similar to the SDP-solving meta-algorithms of
Chapter 4. In each iteration we take a linear combination of inputs (now the rows
or columns of A) and consider the distribution proportional to the exponent of this
linear combination. There are two differences that make the quantum algorithm for
zero-sum games simpler than those for SDP-solving. The first difference is that only a
single sample from the exponential distribution is needed, while in the SDP frameworks
we required many more samples in order to estimate the trace values. The second
difference is that we are dealing with vectors instead of matrices. This leads us to the
following definition.

Definition 5.5 : Classical Gibbs distribution For a vector v € R” let e¥ denote the
vector whose i-th coordinate is e'i. Then G(v) := ﬁ denotes the Gibbs distribution
corresponding to v.

The algorithm always maintains x(’ and y(¥ that have at most ¢ non-zero elements.
We store x'¥ and y(” in the tree data structure from Cemma 477, similar to how we
stored y' in the SDP algorithms. This enables us to query elements, sample from the
distributions that are proportional to the vectors, and create state-preparation pairs
for x¥ and y'”. Implementing one iteration of essentially boils down
to efficient Gibbs-sampling, i.e., implementing a single sampling from the distribution
eh e

5.3.1 | Dense matrices

In this section we will assume that all the entries in A are non-negative. This is without
loss of generality since we can consider A’ = %( J + A), where J is the all-ones matrix. An
£ -approximate solution for A’ is an e-approximate solution for A.

Before we state the quantum algorithm, let us describe a classical algorithm that
mirrors its behavior. We will focus on the ¢-th iteration of Algorithm 5.1. We will write x
instead of x for simplicity. We assume that x is ¢-sparse and is stored in the tree data
structure from Cemma 427, our goal is to sample from the Gibbs distribution G(Ax).
Since x is t-sparse we can compute a single element of u = Ax using Gn() steps. Since
we have a procedure to calculate u;, we can find the maximal element u; using & (m)
calls to this procedure. Call this maximum 5. We will sample from G(Ax — umaxl) =
G(Ax) since this allows us to use that e*~¥ma < 1 for all j. To do this sampling we
will use rejection sampling: sample j € [m] uniformly at random, then with probability
eli~tmax output j and with probability 1 — e/ ~"max gutput L. If we would post-select on
the outcome not being L, then we would have sampled from G(Ax — umax1) = G(Ax).
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metmax

Hence we repeat this procedure an expected 6’( ) < 0'(m) times until we get an

m e
output other than L. &

All the steps described above have quadratically faster quantum counterparts. Esti-
mating a single value u; can be done via amplitude estimation, finding the maximum
can be done by the Generalized Minimum-Finding Lemma (Cemma419), and rejection
sampling can be done in €(y/m) steps via amplitude amplification.

All these methods are already present in by only considering diagonal
matrices. However, we will prove them again below since the proofs are simpler when
considering vectors. For this we will use the following lemma to implement block-

encodings of diagonal matrices:

Lemma 5.6 Lerv € R, with |vle < 1 and let a € N. Let U be a unitary that on in-

put |04+1)| j) prepares a quantum state (/U5 |0)|w ;) + /T—v;|1)|¢;))| ) for some states
|w j)and |(/) ). Then a single query to both U and U', and a single SWAP gate, suffice to
implement a (1, a +2,0)-block-encoding of diag(v).

Proof. Let SWAP;, be the gate that swaps the first two qubits. Now observe that for
V:=(®U")(SWAP, ® I)(I® U)
we have
((0**?|® )V (|0*"%) ® I) = diag(v),
with a similar argument to Cemma4.24. Hence V is a (1, a + 2,0)-block-encoding of the
matrix diag(v). O
We are now ready to prove the first of our two quantum results.

Lemma 5.7 Suppose that x € R" is stored in QCRAM using the data structure from
Lemma 477, such that || x|, < B for some known f = 1. If we have quantum query
access to a dense oracle for the matrix elements of A € [0,11"™, then we can sample
from a distribution that is p-close in total variation distance to G(Ax), using@’ﬁ (ﬁ\/ﬁ)

quantum queries to A and elementary operations.
Proof. Using the tree data structure we can implement a unitary in @ n (1) elementary
3
operations that maps
10)10) — 10) > \/xi/ Bli) +|1)|¢p),
ie[n]

up to an ¢,-norm error @ (¢) in the result. Here |gb> is some subnormalized quantum
state on a (possibly multi-qubit) register. Similarly, with a single additional query to A,
and O= (1) additional elementary operations, we can implement a unitary U that on

input |b>|0>|]> prepares a state that is @ (¢)-close in £,-norm to

(|o> 5 \/A,-z-xi/mm|1>|¢>’>)|f>-

i€[n]
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The probability of getting outcome 0 when measuring the first register in the computa-
tional basis is @(¢)-close to u;/, hence we can i—approximate (if ¢ = 0(1/B)) asingle
uj with bounded error probability using amplitude estimation, using @’% (B) queries
and elementary operations.

Let Umay := Maxe[,, Uj. We can also find a constant additive approximation fimax €

[Umax, Umax+1] using O'n ( p \/ﬁ) queries and elementary operations with bounded error
Y

probability using Generalized Quantum Minimum-Finding (Cemma49). We can boost
the success probability to 1 — g with @ (log(1/p)) repetitions, hence we will for the rest
of the proof assume this process was successful.

Using Cemma b6 with the unitary U we can implement a (,6,5’ mnp (1),0 (6))—block—
g
encoding of diag(Ax). Using the Linear combination of block-encodings lemma
(Cemma 29) we can then also implement U’, a (2,6,5’,”_,1,3(1),@’(6))—block—encoding
z

of M :=diag(Ax — fimax1).

Now we are ready to implement the rejection sampling. We first prepare the uni-
form superposition \/Lm Y jelml \ j) using G, (1) elementary operations. Then ideally we
would like to apply the map

|0)] ) — Vets=tmax|o){j) +|1)] L")
diag(Ax—fimax1)

=j0ye” |j)+ 1)L
— |0>eM/2|J> + |1>|J_”>

to this uniform superposition.

We implement a good approximation of the above by replacing the function ef?
with an approximating polynomial P(z) and using Cemma 2_T1. For this we use the
approximation polynomial P(z) from CLemma4.T4. We can then prepare a state that is

O(+/B¢)-close in £,-norm to

1 diag(Ax — fimax1)
— IO)P(
\/m(je%n] 2p

for some arbitrary subnormalized state |¢""). This will use the block-encoding for M
a total of ©(deg(P)) = O(Blog(1/&)) times, as shown by Cemma 211l Since P(z) is an
O (¢)-approximation of ePZ]4, this last state is @ (\/,Bf )—close in Z,-norm to

Ji) e

iag(Ax—iim

1 diag(Ar—Bmax1) . m
\/—m(;]m)eﬁ e /4|]))+|1)|¢> ).
jelm

We now consider the probability of getting outcome 0 when measuring the first
register in the computational basis. Since there is at least one j in the sum for which the
1

amplitude is 4‘3_7%, namely the j corresponding to umax, we know that this probability is

at least QQ(1/m) (if B¢ is small enough).
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Finally, we obtain a sample with probability at least 1 — & with & (y/mlog(1/y)) ap-

plications of the full procedure (and its inverse) using amplitude amplification. If we
~ 2
pick ¢ = @’(#) then we sample from a distribution that is p-close to G(Ax) in total

variation distance. In total we used G (v/mp) queries and elementary operations. [
u

Theorem 5.8 can be used to find an € -optimal pair of solutions with prob-
ability at least 1 -6 in i—gln(%) iterations. On a quantum computer with QCRAM the

t-th iteration can be implemented in G 1 ((1+ te)v/n+ m) quantum queries to the entries

of A and the same number of elementary operations, leading to a total of @ 1 (Vn+mie)
queries and elementary operations.

Proof. We use the fixed-error version of Algorithm 5.1. The theorem follows from
Cemma 51 and Cemma 57, by setting the error p in total variation distance to
0 (e*6/In(nm/6)) in the latter. O

5.3.2 | Sparse matrices

For sparse matrices we can no longer assume that all entries in A are non-negative,
since adding the all-ones matrix to A would result in a dense matrix. To sample from
the Gibbs distribution for sparse matrices we will use the following polynomial approx-
imation lemma.

Lemma 5.9 : [GSLW19, Cor. 67] Let¢ € (0,1/6] and B = 1. There exists a polynomial
R(x) such that

e Forallxe [ﬁ,l] we have

R(x)—\/iTx‘sf.

e Forallxe[-1,1] we have|R(x)|=|R(—x)| < 1.
. deg(R):é% (8).

We state our next result with s denoting an upper bound on the sparsity of both the
rows and the columns of A. Note that if separate bounds are known for each, then s is
simply the maximum of the two bounds.

Lemma 5.10 Suppose x € R is stored in the data structure from Lemma 4.27, and
lxll, < B for some known B = 1. If we have quantum query access to a sparse oracle
for A e [-1,11""", and if A has s-sparse rows and columns, then we can sample from

a distribution that is p-close to G(Ax) in total variation distance, using ﬁ% (ﬁz \/E)
quantum queries and elementary operations.

Proof. We can assume without loss of generality that fs < m/4, otherwise the state-
ment follows from Cemmah 7. Let us define w € R by

wj:= Z IA]-iIxizuj.
ie[n]
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While u is no longer guaranteed to be non-negative, w; is.

In Cemma 57 we used a quantum version of rejections sampling, starting from the
uniform distribution and “accepting” an outcome with a probability proportional to
the exponent of that outcome. Since the uniform distribution might be far away in total
variation distance from the Gibbs distribution, this process required @ (v/m) amplitude
amplification steps. The main idea is to again use rejection sampling: for the parts
of the Gibbs distribution that are close to uniform we again start from the uniform
distribution, but for the parts that are far from uniform we start from a distribution
proportional to w;.

AS Y jeym Wj < Bs < m/2weknow that w; <1 for atleast half of the js. For such j we
have |u;| < 1 and hence the distribution G(u) is quite uniform on these positions. On
the other hand, we can sample from a distribution proportional to w; by first sampling
an i with probability x;/ and then sampling a j with probability @ For the js where
w;j = 1/2 this distribution is not too far from the Gibbs distribution and we will only use
5’(@) amplitude amplification steps. Since the two regimes cover every j € [m] we
can Gibbs sample a j by combining the two sampling procedures, in a similar fashion
to [BKLLSWI1Y9; AGTY4].

The proof is structured as follows. We start by showing how to implement a block-
encoding of u, and how to approximate the entries of u. We then show how to approxi-
mate Umax to constant additive error. After this we give a method for distinguishing the
two regimes. We then show how to Gibbs sample for both the small and large values,
and finish by combining these samples.

Ablock-encoding and approximation for . Inorder to implement a block-encoding
of diag(u) we modify the proof of Cemma 5. Let Ug be a unitary that, starting from
|0)[0)|0)|j ), prepares a state that is @ (¢)-close in £,-norm to

|o>(|o> > Sign(Aji)\/lAjﬂxi/ﬂm"'|1>|¢/>)|j>'

i€[n]

We can implement such a unitary with a similar argument to that of Cemma57. Fur-
thermore, let Uy be a unitary that, starting from |0)|0)|0)|), prepares a state that is
0 (¢&)-close in £5-norm to

RO e LR ) )

i€ln

Then
V:= U/ (SWAPy, ® )Up
isa (ﬁ,ﬁ’m_n,s (1),0(&))-block-encoding of diag(Ax) = diag(u).
g

Using Hamiltonian simulation and phase estimation we can approximate u; with
precision i using 0 mng (B) queries to A and elementary operations in total.
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Finding the maximal element We start by assuming that up,,y is greater than 1. As
in Cemma 5 we use the tree data structure for x to prepare a state that is @ (¢)-close in

¢,-norm to
|o>( )y \/xi/ﬁ|i>)+ [DI¢),

i€[n]

for some arbitrary subnormalized state |</)>, using 5’% (1) elementary operations. With
a single additional query, we can prepare a state that is &(¢)-close in ¢,-norm to

o[£ T sl + i)

iE[n]]: Aji¢0

for some arbitrary subnormalized |</)’ ). Observe that if u; > 1, then measuring the first
and last registers of |1//> would, with probability at least w;/(2s) = u;/(2fs) > 1/(2fs),
result in the outcomes 0 and j. We now add a new register, and for the |0)|)|j) part
of |1//> we approximate u; up to additive error 1/4 using a total of 5@ (B) queries and
elementary operations. S

We can find a constant additive approximation #imax € [Umax, Umax + 1] of the
maximum value by using the Generalized Quantum Minimum-Finding algorithm
(Cemma49). This will use @%(\/3,63/ %) queries and elementary operations in to-
tal to succeed with 2/3 probability, and (as in Cemma577) we can boost the success
probability to 1 — u/3 with & (log(1/)) repetitions.

Now if umax is less than 1, then the procedure above will result in a @y« below 2
(that might not be close to the actual maximum). However, since w; < 1 for at least
half of the j, we know that if we get such a result, then u; € [-1,2] for at least half of
the j (and no u; is larger than 2). This implies that the Gibbs distribution is very close
to uniform, and that we do not need to make the distinction between small and large
values of w;. Instead we can use the argument from Cemmah.7, with the difference
that we only need a constant number of amplitude amplification steps. For the rest of
the proof we therefore assume that uyax > 1.

Distinguishing small and large values To distinguish the j with a large w; from
those with a small w; we would ideally implement a unitary that sets the second register
of | j)|0) to 1 if and only if w; = 3/4. This would be a block-encoding of the projection
on all j such that w; < 3/4. We cannot implement this procedure exactly, but we can
set the flag correctly with bounded error probability for all j where w; ¢ [1/2,1].

Consider the unitary Uy, from before. Using Uy we can approximate w; up to ad-
ditive error 1/8 with bounded error probability using 5% (B) queries and elementary
operations. We can boost the success probability exponentially in the number of rep-
etitions, hence we will for the rest of the proof assume that this procedure never fails.
If we now set a flag depending on our approximation of w; then the flag will be cor-
rectly set for all j where w; ¢ [1/2,1]. We denote the unitary that on input | j >|0> sets
the second register in this way by Q.
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It is important to note that for w; € [1/2,1] this unitary Q can set the flag to an
arbitrary superposition of |0) and |1). However, for a specific j this will always be the
same superposition. Hence, if we use this flag to either include j when Gibbs sampling
the small values, or to include j when Gibbs sampling the large values, then in the end
j will still be sampled with the correct probability.

Gibbs-sampling for the small values To Gibbs-sample for the small wj, consider
the following procedure. First (using 0,,(1) elementary operations) prepare the state

1 .
\/—mje%]|l>|0>|0>-

Then apply Q to the first and second register to set a flag. For the part of the superpo-
sition where this flag is 0 we have that w; < 1 for the corresponding j, if this flag is 1,
then w; = 1/2.

For now we only consider the part of the state corresponding to the first case, which
implies that ; < w; < 1. We apply the map diag(euT_1 / 4) to the first register, indicating
“success” with the third register being set to 0. This can be done with 5% (B) queries
and elementary gates in total, similarly to Lemma 5 7.

The probability of getting outcome 0 twice when measuring both flags, and getting
outcome j for the first register now is (for a j where w; < 1/2)

1 e el oW 1

. = = = .
m 32e 32em 32em  32¢?m

There are at least m/4 such j, so the probability of getting outcome 0 for both flags
(indicating success) is constant.

Gibbs-sampling for the large values Now, to Gibbs-sample for the large w;s we
consider a similar procedure starting from the state |1/J) instead of the maximally en-
tangled state. We rewrite this state as

r=10 £ /5Ll )+ 10je

for some arbitrary subnormalized state |¢>’ '} and some (normalized) states |w i)- We will
consider the part of |1//> where the first qubit is in the |0) state as “success”. As before we
apply Q, now to the third register (and some ancilla qubits), but now we care about the

part of the state where the resulting flag is 1.
e(uj—ﬂmax)/z

8wy
to the third register as before. Next, we can implement a (1,5m_m(1),5’(€))—block—

Now we will apply in two steps. First we apply the map e(%i~#mad/2/4

encoding of diag(w/f) using Cemma 5 with the unitary U. Using the polynomial R
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from Cemma ~4, and with Cemma 211, we can apply a (1,5’;3,1_,%(1),@(\//3{) -block-
3

encoding of diag(1/v/4w) to the third register.
In total we get a state that is &(y/B¢)-close in £-norm to

(uj—ﬁmax

o] £ Sl e

using 5% (B) queries and elementary operations. Now for the j corresponding to tmax
we know that e~ #mad/2 = () ¢ (1), and that the last register is in the state |1). Therefore

P
if we would measure the first and last registers, then the probability of getting outcomes
0 and 1 respectively (indicating success) is at least Q¢ (1/fs).

Combining the samples Finally, notice that the two resulting partial Gibbs states are
subnormalized in different (but known) ways. Let us define N := 16em + 64fse"max,

. . . . . . . .1s 16
We sample a j from the full distribution in the following way: with probability =F*
Bselm

sample j using the first procedure, and with probability % sample j using the

second procedure. Since both procedures have total success probability ﬁf(ﬁ) the

success probability of the final algorithm is also Qf(ﬁ) Therefore we can sample a j

with @(4/Bs) rounds of amplitude amplification with bounded error probability, and
we can boost the success probability to 1 — /9 by @ (log(1/p)) repetitions. If we set & =

@’( = ) = @’(L), then the distribution will be p-close to the true Gibbs distribution.

mp2s pm?

The complexity of each round of amplitude amplification is 5’% (B), which leads to the

final complexity statement. O
Theorem 5.11 can be used to find an €-optimal pair of solutions with

probability at least 1 -6 in i—? ln(%) iterations. On a quantum computer with QCRAM

. ; . . = 3 .
the t-th iteration can be implemented using @%n ((1 + te)?2 \/E) elementary operations
and quantum queries to a sparse oracle of A, where A has s-sparse rows and columns,
giving a total of @% (V/s/€°) queries and elementary operations.

Proof. This follows from Cemma 51 and Cemma 577, by setting the error in total varia-
tion distance u to @(e26/In(nm/)) in the latter. O

5.4 | Reduction of LP-solving to zero-sum games

In this section we will reduce general LPs to zero-sum games to obtain a faster quantum
algorithm for LP-solving. A similar argument can be found in for example [CDSTTY]. We
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consider an LP in the standard form as introduced in Secfion 74 2:

max ¢ X (5.4)
xeR?

st. Ax<b

with the dual LP

min bTy (5.5)
yER™

S.t. ATyz c
y=0.

We assume without loss of generality that all entries of A and c arein [-1,1]. We assume
that both LPs are feasible. It follows that strong duality holds and the two optimal values
coincide. We will write OPT for this optimal value. Furthermore, we assume bounds R
and r are known that are similar to the bounds in the SDP setting: adding the constraint
Y, xi < R to the primal will not change the optimal value of the primal and adding the
constraint Z;?l: 1 Vj < r to the dual will not change the optimal value of the dual. We can
assume without loss of generality that |bj| < R for all j € [m], since if b; < —R, then
the LP would be infeasible, and if b; > R, then we could remove the constraint without
changing the value of OPT.® We will assume that R, r = 1. Finally, let s denote a bound
on the row and column sparsity of A, as well as on the sparsity of b and c¢. Our reduction
will consist of the following steps:

—

. Reduce an optimization problem to feasibility using binary search.

\S)

. Scale the problem such that the solutions will be in the simplex.
3. Reduce to a problem where all right-hand sides of the inequality constrains are 0.

4. Reduce to a zero-sum game.

Reduction to feasibility Note that —R < OPT < R, because |c|lo, < 1 and there is
an optimal solution with [ x||; < R. Hence, if we can answer questions of the type
“is OPT = a — € or OPT < «” then we can use log(R/¢) iterations of binary search to
determine OPT up to additive error €. To answer questions of this form we add ¢’ x > «
as a constraint and ask whether there is a feasible x. That is, we want to know whether

3Note that for a sublinear algorithm we do not actually have time to remove a constraint. In fact, in an
oracle model it is not even clear what this would mean. However, we can implement a new oracle for the
values Aj;, with one additional query to b, that returns 0 if b; > R, effectively removing the constraint.



Quantum algorithms for zero-sum games 125

there is no x satisfying

indicating that OPT <, or that? (for some fixed V') there is an x such that

—CT.X' < —O(+€(1)

Ax<b+1eW

n
in <R
i=1

x=0,

indicate that OPT = a — ¢. Here we need to be careful with our choice of £¢!) since
relaxing all the constraints by £!) might change the value of OPT by as much as e (r +
1), as argued in Secfion 4 1_1. Hence we pick e = O(e/ (r + 1)).

Scale to the simplex Note that by dividing all the right-hand sides by R we simply
scale down x such that ) ; x; < 1. This, however, does imply that we want a lower
additive error: €? = @(e/(R(r +1))). Let us define x® := (x,z)T where z € R is a new
variable. Then we obtain the new feasibility problem

F2x® e A" g1,

A® @ < p@

where

T
@) _ —C 0 @ _ —o/R
e I R v

Right-hand sides zero For the final reduction to a zero-sum game, we want that all

right-hand sides are equal to zero. To achieve this we use that }_; xﬁz) = 1. We introduce

an extra variable & and add the constraint ) ; xl(.z) = h. If we now constrain the new
vector x® = (x®, h)T to be in the simplex (instead of x® being in the simplex) then we
find that ) ; xﬁz) = h =1/2. Hence by scaling all the right-hand sides by a factor 1/2 we
will not have changed whether the LP is feasible. But now we have a variable & that is
fixed to a constant, so we can shift the inequalities by setting the right-hand side to zero

“These cases are potentially overlapping. In the intersection we are happy with either conclusion.
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while appropriately changing the coefficient of £ on the left-hand side. In particular we
get the new feasibility problem

F32x® e A2 5.1

APx® <0
where
| S | )
A® | 1T 1], x® :( x@ )
4D _p@ h

It suffices to bring down the additive error by a factor of two in order to solve the
previous feasibility problem using this new problem.

A zero-sum game To construct a zero-sum game as in (b1l) we simply observe that

min A
x®eAn+2 1 eR

s.t. A®PXx® <1

has a value less than ¢® if and only if there is a point that is £®-feasible for the last LP.
The final game matrix now is

17 1 -1
-1 1 1
3) _
AT = -c' 0 a/R (5.6)
A 0 —b/R

Now let us prove that the sketch above indeed gives the desired result.

Lemma 5.12 Finding the optimal value A* of the game (&8) up to additive error €3 =
e/ (6R(r + 1)) suffices to correctly conclude either OPT < a or OPT = o — ¢ for the corre-
sponding LP

Proof. Finding the optimal value 1* of the game (58) up to additive error £® will tell
us at least one of the following two things:

* 1*>0

. 1* <26

First assume we are in the case where A* > 0. In this case there is no x® € A"*2 such
that

A¥x® <o
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On the other hand if we had OPT = «, then there would be an x such that Ax < b,
Y:xi<R,x=0and ¢’ x> a. For this x let

x/(2R)
£=| 1/2-%,;x;/2R)
1/2

Then
0

0
(-cTx+a)/(2R)
(Ax-Db)/(2R)

A® %= <0

which is a contradiction, hence OPT < a.
Now we treat the other case: if 1* <2¢® and x* = (x,z, h) isa strategy with value 17,
then we find that
A®x* <26®).

This implies that |h—1/2| < €®. Since —c” x + ha/R < 2e® we get that ¢”x = ha/R -
2e® > a/(2R) — 2(a/ (2R) + 1)e®. A similar argument also shows that for all j € [m]

(Ax)j < bj/(2R) +2(b;/2R) + e®.
Let X =2Rx, then
c'iza- 2(a+ 2R)£(3) >a—6Re® (5.7)
AR <b+2b+2R1Ne¥< b+6ReP1. (5.8)

Let y* be an optimal solution for the dual (63), such that }_; y; < r. Then by applying
weak duality on the relaxed constraints in (68) we find that

cTi<+6Re¥DTy* <OPT+6Rre?,
and hence by (67) we can conclude
OPT=a-6R(r+1)e® =a—-e. O

Via this reduction we give two new quantum LP-solvers. The first improves the
error dependence of quantum LP-solvers to cubic; in contrast, an LP-solver obtained
from our quantum SDP-solvers would have a fifth-power error dependence (see Sec3
flon4°8774). The second solver is based on our sparse algorithm and is the first quantum
LP-solver that depends on the sparsity of the LP instead of on n and m.

Theorem 5.13 Given quantum query access to an LP of the form (64), an €-optimal
and e-feasible y can be found with probability 1 — 6 using either

« O ((\/ﬁ ++/ m)y3) quantum queries to a dense matrix oracle and the same number
of other gates, or
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. 5nm(\/§y3'5) quantum queries to a sparse matrix oracle and the same number of
other gates.

wherey = %.

Proof. The &((v/n+/m)y®) bound follows directly from [emma5.12 and Thearem 5.8.

For the sparse case let s be the maximum of the sparsity of A, b and c¢. Then apart
from the first two rows, every row and column of A is (s +3)-sparse. However, the row
sparsity only matters in the complexity of the Gibbs-sampling step, in which multiples
of the all-one vector can be added to the exponent without changing the Gibbs state.
Since the first two rows are the all-one vector plus a 1-sparse vector, we can treat them
as effectively 1-sparse for the Gibbs-sampling step. The stated complexity bound then
follows from Lemma 5 T2 and Theorem 5 TTI. O

5.5 | An open question about non-negative LPs

The algorithm by Grigoriadis and Khachiyan was the starting point for a line of work
about sublinear-time classical algorithms for linear programming [LN93; KYT4]. These
algorithms include so called width-free non-negative LP-solvers. Non-negative LPs are
linear programs where all entries of A are non-negative, b =1, and ¢ = 1. An LP in pri-
mal form with these properties is called a packing LP, since for these kind of LPs we
want to increase x as much as possible without violating constraints on the weighted
sum of the entries. The dual of such an LP is called a covering LP. Packing and Cover-
ing LPs can be solved up to a multiplicative error in the optimal value without a de-
pendence on R and r, making the algorithms a lot more practical then our general
LP-solvers. It would be an interesting direction of research to see if these methods
lend themselves to quantum speedups, possibly using the techniques discussed in this
chapter. In Secfion 9274 we will prove some negative results in this direction, but our
results still leave some room for a quantum speedup.









Chapter6

Methods for lower bounding
quantum query complexity

This chapter will introduce some basic concepts and results that will be used to prove
lower bounds in the next chapters. In particular we will focus on lower bounding the
quantum query complexity. We start by introducing the polynomial method as given by
Beals et al. [BBCMWT], which allows us to lower bound the quantum query complexity
of a function with the approximate degree of that function. After this, we will introduce
the adversary bound as given by Ambainis [Amb0(] and followup work by Heyer et
al. [HLS07]. The adversary bound has many different forms, the most general of which
can be written as an SDP and completely characterizes the quantum query complexity.
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6.1 | Introduction

In Part 1 we stated algorithms in a query model: the input to an algorithm was given in
the form of a unitary, called an oracle, that encodes the input. In complexity statements
we counted both the number of queries to the oracle and the number of other two-qubit
gates used. Since the query model hides the way the input is stored in the oracle, it
allows us to focus on the structure of the algorithm. Furthermore, it allows for the input
to be the output of another algorithm, where the query complexity gives the number of
calls to this other algorithm.

The quantum query model also has an important application to lower bounds.
While it is unclear how to lower bound the (quantum) time complexity directly, multiple
ways of lower bounding the (quantum) query complexity are known. Since all queries
take at least Q2(1) time, a lower bound on the query complexity also gives a lower bound
on the time complexity. Of course these methods can never prove a lower bound on
the time complexity that is larger than the input length, since the query complexity is
always upper bounded by the input length. However, query lower bounds have been
used to show the optimality of many quantum algorithms, including the Grover search
algorithm.

Throughout this chapter we will use the problem of computing the OR-function, a
decision version of the search problem, as an example:

Given an x € {0,1}" such that |x| = 0 or |x| = 1, decide which of these cases holds
using queries of the form Oy|i)|b) = |i)|b & x;) fori € [n] and b € {0, 1}.

6.2 | The query model

In this section we will introduce a query-focused model of quantum computation.
Let D be the set of labels for each possible input to a problem and let R be the
set of possible outputs to this problem. For the search problem given above, D =
{x €{0,1}":|x|=0or|x| = 1} and R = {0,1} (where the outcomes corresponds the pos-
sible Hamming weights of the input). Furthermore, let {O, : x € D} be a set of unitaries,
one for each possible input label. For the search problem these unitaries are the uni-
taries that act as O|i)|b) = |i)| b ® x;).

We consider quantum algorithms that compute f(x) for a function f : D — R using
a number of applications of Oy and a number of x-independent gates. In addition to
the qubits that Oy acts on, an algorithm might also use a workspace register.

Now assume we have a T-query algorithm and let us look at its general structure.
All x-independent gates between the ith application of O, and the (i + 1)th application
can be combined into a single unitary U; that acts on all the qubits in the system.
Additionally we write Uj for the unitary consisting of the gates before the first query,
and Ur for the unitary after the last query. Without loss of generality we may assume
that our algorithm starts in the all-zero state, since any other state could be prepared
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by Uy, so after all the steps we end up with the state
Ur(Ox®1)...(0,® U1 (O ® 1) Up|0...0).

We then measure this state in the computational basis. If the algorithm has error prob-
ability at most p, then the probability of measuring f(x) in the first part of the state
should be at least 1 — p for all x:

[ ((f ®I)UT(Ox®I)...(Ox®I)U1(OX®I)U0|0...0)||§ >1-pforallxeD. (6.1

The query complexity of f is the minimal query count T over all algorithms that com-
pute f with the desired error probability. We write Q,(f) for the query complexity of f
with error probability p. For error probability 1/3 we simply write Q(f).

6.3 | The polynomial method

The first method of lower bounding the quantum query complexity that was applicable
to multiple problems was introduced by Beals et al. [BBCMW0T] in 1998. They con-
sidered how the amplitudes of the state changed during the run of an algorithm and
showed that the final measurement probability is a multivariate polynomial in terms
of the input. For an algorithm which makes few queries to the input this polynomial
will be of low degree. Hence, if we can show that all correct algorithms for a problem
require high degree polynomials, then we can lower bound the query complexity. Un-
surprisingly, their method is called the polynomial method.

For simplicity we will fix a finite set X, the elements of which are described by binary
strings, and only consider decision problems for inputs x € X" with queries of the form
Oxli)|y) =1i)|y @ x;) (where & denotes the bitwise XOR of two binary strings).

Lemma 6.1 : [BBCMWO1] LetX bea finite setand f : X" — {0, 1} be a decision problem.
If Oy is of the form Oxli)|y) = |i)|y ® x;), then the final acceptance probability of a T -
query algorithm (the probability that the algorithm outputs al) is a polynomial of degree
at most 2T in the variables Sy, := [x; = y].

Proof. Let o« be a T-query quantum algorithm. Let s be the number of bits used to
represent the elements of X and let m be the number of qubits used as additional
workspace. Then < acts on the space C" ® C2’ ® C2". We will track the amplitudes of
the state through the algorithm for an input x. Let (xg.t;, ,, be the amplitude of the state
|i, N2 w) before U, is applied. Let dgt)y w be the amplitude of the state |i Y w) after U; is
. . . . ~ (1) .
applied. We will prove via induction on ¢ that all the Q; qp are polynomials of degree at
most ¢ in terms of the 6, .

Since the algorithm starts in the state |0,0,0), all (xg.OJ), ., are 0 apart from a(()o()) o Which

is 1. Then 6(5.0; v is the (i, y, w) entry of the first column of Up and hence is of degree 0 in

' J

terms of the variables 6, .
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Now assume 6(5.?,
(¢+1) _ (Ax(t)
Lysex,w — “Lyw’

using the 6, , variables as

, is of degree at most ¢. Since Oxli)|y>|w) = |i)|y®xi>|w) we get

or equivalently a!*!) = ("

iy,w i yoxsw° This last equation can be rewritten

(t+1) _ A (1)
0(i,y,w - Z 6xivz(xi,y®z,w'
Z€X

Since the &'¥ are all of degree at most ¢, the a'**!) are of degree at most ¢ + 1 in terms
of the 6,y variables. Because U, is a linear map and independent of x, the &t are
just linear combinations of the /™!, and hence also of degree at most ¢ + 1.

Since

)

2 N
I1® DUT(Ox8 D)...(0x® DU (O ® DUsl0... 05 = Y |adf) |
yeX, wel2m]
the final acceptance probability is a polynomial of degree at most 2T in terms of the
0 x;,y variables. O

Cemma 6.1 naturally leads to a method for lower bounding the quantum query
complexity of a function f: if a bounded-error algorithm &« computes f on all inputs
x, then the acceptance probability P(x) of the algorithm should be close to f(x) for all
inputs. Hence, if all polynomials in the 6, variables that approximate f(x) are of a
large degree, then the query complexity must be large as well.

Corollary 6.2 Let X be a finite set, f : " — {0,1} be a decision problem, and O be of
the form O|i) |y> = i) |y ® x;). If every polynomial in terms of the 8, , variables that
approximates f (x) up to an additive error p has degree at least 2T, then Q,(f) = T.

It might seem that this corollary would be hard to use since f(x) is often stated
in terms of the x; and not the 4, , variables. However, in many cases the 6, , are
quite natural. For example, if X = {0,1}, then 6,1 = x; and 64,0 = 1 — x;. Hence for
Boolean functions f it holds that approximate degree of f, i.e., the minimal degree of
a polynomial that approximates f, lower bounds 2Q(f). In fact, the exact degree of
f lower bounds the exact quantum query complexity as well. Recently Arunachalam,
Briét and Palazuelos [ABP1Y] introduced a stricter notion of approximate degree that is
exactly equal to the quantum query complexity.

Another obstacle in applying might be that the multivariate degree
can be hard to lower bound. However, as we will see in the next example, by averaging
over certain sets of similar inputs we will often be able to only consider univariate
polynomials.

An example: the OR function [BBCMWO01] Let f: {x€{0,1}":|x|=0o0r x| =1} —
{0, 1} be the OR function restricted to x with Hamming weight 0 or 1, that is, f(0") =0
and f(x) =1 for all x with Hamming weight 1. Let o« be a T-query bounded-error
algorithm that computes f, and let p(x) be the degree-2T polynomial that gives its
acceptance probability. Since < is a correct algorithm, p(0"”) < 1/3 and p(x) = 2/3 if
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|x| = 1. The algorithm will still produce some probability distribution when an oracle
O, is given for an x € {0, 1}" outside the domain, therefore p(x) € [0,1] for all x € {0, 1}".
Since f(x) does not change when we permute the entries of x, we know that the

average

1

qx)=— 3 p)

n: TES,
still approximates f and still has degree 2T. Note that way me assume that g is multi-
linear since x? = x; for x; € {0,1}. In g all degree-d monomials have the same coeffi-
cient, which we will denote by a;. We rewrite g as

2T 2T
g => oq Y.  []xi=)as )Y [VieS:xi=1].

d=0 Sc[n]:|S|=d ieS d=0 Sc(n]:|S|=d

On input x there are ('fll) terms in Y. g s1=4[Vi € S: x; = 1] that are one, and all other

terms are zero. This shows that g only depends on |x|, hence we can define

2T |x|
r(lx):=qx) =) ag g
d=0

Since (';') is a degree-d polynomial in |x|, r(|x|) is an degree-2T polynomial. Note that
while g(x) was multilinear, r is a higher degree polynomial in a single variable.

We know that r(0) < 1/3, r(1) = 2/3 and that r(w) € [0, 1] for all w € [n]. Classical ap-
proximation theory now tells us that deg(r) = Q(y/n) [RC66; EZ64]. Hence T = Q(y/n).

6.4 | The adversary method

In 2000 Ambainis introduced an alternative method for proving quantum query lower
bounds, the adversary method [Amb0(]. This method considers how well an algorithm
can distinguish inputs that should lead to different outputs. In particular, the unitary
U; matrices do not change the angle between states, so if the final states the algorithm
ends with for two inputs x and y are very different, then the oracle queries must have
introduced this difference. The adversary method gives a method for showing that this
cannot be the case for all input pairs without using a large number of queries. Often
the adversary method is easier to apply than the polynomial method, however, the ad-
versary method is not capable of lower bounding the exact quantum query complexity.

There are many different versions of the adversary method known [SS05]. In the
next section we will introduce the most basic version without a proof. In Secfion 642
we will prove a version of the adversary method that works for phase oracles |x) —
e“™|x) where z: D — R is a function. Finally we will introduce the general adversary
method due to Hoyer, Lee and Spalek [HT.S07]. This version of the adversary method
can be written as an SDP and fully characterizes the bounded error quantum query
complexity (up to a constant).
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Many other versions of the adversary method are known. The most complete char-
acterization is due to Belovs in [Bell5]. In his work tight characterizations in almost
any quantum query setting are given. However, the resulting optimization problems
are very complex and hard to work with.

6.4.1 | The basic adversary method

In its most basic version the adversary lower bound can be stated as follows:

Lemma 6.3 : The basic adversary method [Amb00] Let T be a finite set, D < X",
f: D — {0,1} be a decision problem, and O, be of the form O|i)|b) = |i)|b® x;). Let
X< fY0)andY < f~1(1). Furthermore let R < X x Y be a binary relation on X x Y. For
x€ X, wewrite R(x) ={y €Y :(x,y) € R} (and similar for ye Y ). Define

mp ;= min|R(x)|
xeX

my :=min|R(y)|
yeyY

lp:= max Z [xi # yi]

ie[n],xEXyeR(x)

max Y [xiZyi].

ie[n],yEYxeR(y)

212

Then

mOml)

Q1/3(f) ZQ( ol

Using the adversary method comes down to choosing appropriate X, Y and R, and
proving bounds on myg, my, ¢y and ¢;. As an example we again use the OR function.

An example: the OR function [Amb00] Let f: {x€{0,1}":|x|=0or |x|=1} — {0,1}
be the OR function. Let X = f1(0) = {0"} and Y = f~1(1) = {y € {0,1}" : |y| = 1}. Take
R=XxY.Then:

mo=min|R(x)|=n
xeX

my =min|R(y)|=1
yey

by = iegl]:déxye;x)[xi # Vil =1

()= iegl]?;éyx;%y)[xi # J’i] =1,

and hence

Qius(f) =Q(Vn).
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6.4.2 | The adversary method for phase oracles

In this section we consider problems for which the input is a function from x: Q — R
where Q is a finite set of possible queries. We assume that x can be accessed via queries
Ox|q) = €*?|q). We consider a finite subset D of all possible such functions, and are
asked to solve some decision problem f: D — {0, 1}. For example, for Boolean decision
problems on 7 bits we would have Q = [n], D < {0,1}", and we would identify a string
x € D with a function x : [n] — {0, 1} that on input i returns the ith entry in x.

Even though this type of queries are often used for accessing a binary string (see
for example Secfion 77776) and are used in quantum gradient computation (see Sec3
fion 2.3.3), we are not aware of any prior direct proof of the adversary method for
this setting. It is possible to obtain the following lemma as a corollary of the results
in [BelT5], but due to the complex nature of the results in [BelT15] a direct proof is eas-
ier and clearer. The proof is very similar to the proof of the basic adversary method
from [Amb00].

Lemma 6.4 : The phase adversary method Ler Q be a finite set, and let D be a
finite set of functions from Q toR. Let f : D — {0,1} be a decision problem on this set
of functions, and Oy for x € D be of the form Ox|q) = €*?|q). Ler X < f71(0) and
Y € f~1(1). Furthermore let R < X x Y be a binary relation on X x Y. For x € X, we write
R(x) ={ye Y :(x,y) € R} (and similar for y € Y ). Define

mp ;= min|R(x)|
xeX

my :=min|R(y)|
yey

lax:= ). lx(g)-y(@)

YER(x)
Cayi= D lx(q)—y(@
X€R(y)
Cimax := qu’I}Clea%yeygq:xg%Y'
Then
mom
Ql/s(f)zQ( a 1).
max

Proof. Assume there is an algorithm that makes T queries to the input. Let |W§c> be the
state we get by running the algorithm for input x up to and including the tth query. We
define the progress measure ®(z) := Z(x,y)eR‘ <1//f€ w§,> ‘ . Notice that ®(0) = |R| and since
the algorithm has to distinguish all pairs in R with bounded error probability we have
®(T) < 0.99|R|. To complete the proof we will show that the progress matter does not
change too much in each step:

gmax

mom,

O(t-1)-P(r) <2

|R|.
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First, since all the U; are unitary and input-independent, the progress measure can
only change in the query steps. Now, consider a particular x, y and ¢. Write ‘ﬁ;> for the
state on input x, just before the tth query, and similarly for y. We can write

)= ¥ agla) e liy)

qeq

and

7)) =¥ Balayolcs).
qeQ
Hence after the query we get

lwl) = ZQei’“‘”aqlq>® |bq)
qe

and

[4})= X & Oala) o)
qe

So the absolute change in their inner product is:

Izt

= Zb|°‘q| ’ |:361| ' |<¢q|fq>| . |x(q) —y(q)|
qe

< > lag|-[Bql-|x(@ - y(@)],
qeqQ

where we used that |1 - ei9| =< |01. Now let x,; = argmax,. x ¢ 4,x and y, = argmax .y £ ¢,y
We can now analyze the difference in the progress measure:

D) -@(t-DI< Y, Y lagl-1Byl-1x(q) - y(@)
(x,y) ER qe€Q

mofq,yq mlzq,xq
= 1x(q) —y(@], | lagl? 18124 | ——
L]%:Q (x%eR 7 mlé‘?vxq 1 mO[qd’q
mongq 2 ml[%xq
lx(q) = y(@I| log|? +1B2 :
q;Q (x,%:ER ( 9 mlq,x, 1 molq,y,

where we used the arithmetic mean geometric mean inequality. Let us look at the two

<

N =
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mof ,
Y Y 1@ - y@llag | —
geQ (x,y)eR mléq,xq
"ﬂCIvJ’q
,/ O3 Jayl? 7 Y 1x(g) - y(q)]
1 geQ \ q,Xq xeX yeR(x)

Yl ql\/”zfq,

1 geQ q,2q xeX

¢
\/ © Y lagly | 5 gy | X1
I geQ \ q,xq
Z |(xq| \/[q,ngq,quXl

1 geQ

\/_|X| 3 lagl?

qeQ

my
——\/—\/fmaxle
2V m
1 m R
< - _0,/€maxu
2 ny my

1 | fmax

2 mopm;

terms separately:

N =

By symmetry we have the same bound for the other term. We conclude that

(1) - D(t-1)| < Cmax R|,
maopm;

which concludes the proof. O

It can be shown that follows from Cemma 4. We will not give an exact
proof, but the reasoning is roughly as follows. It suffices to show that there is a phase
oracle that can be used to implement the oracle from Cemma®.3 and that for this phase
oracle ¢« is not bigger than the ¢y¢; from Cemma 3. Without loss of generality
assume that X = [k] for some positive integer k. Now for a & € [k]", let

x(i,c) =2nX;jc/k mod2n

be a function from [n] x [k] to the reals.
To implement a query of the form |7,0) — |i, X;) using phase queries to x, set up
the superposition [i) ) .cxj/c), query Oy to get [i) 3 e[k el2nxiclk| oy and then apply the
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inverse quantum Fourier transform to the second register to get |i,X;). This allows
us to implement the queries from Cemma 63 using phase queries to the x functions
and hence the phase queries are at least as strong as the queries from Lemma 6.3.
Note that if &; = y;, then |x(i,c) — y(i,c)| = 0 and that for all i and c the difference
|x(i,c) — y(i,c)| < 2n. It follows that the parameter ¢, of the phase adversary bound
is upper bounded by the quantity G (¢y¢;) from the basic adversary bound.

Example : Ground state energy finding using Hamiltonian evolution As an exam-
ple of how the phase adversary method can be applied, consider the following problem:
let H be a Hamiltonian with || H|| < 1 acting on n qubits, accessed by queries of the form
Oy = 1, determine whether the ground state energy Anin (H) is 0 or larger than €.

To prove a lower bound on this problem, let N = 2" and consider the sets X = {eI}
and Y ={e(I - E;;) : i € [N]} of N x N matrices. Let R = X x Y. All matrices are diagonal,
so the unitaries corresponding to these Hamiltonians correspond to phase queries. The
matrix € corresponds to the constant function x(q) = ¢, and the matrices (I — E;;)
correspond to functions that are € everywhere except at input i, where they are zero.

Considering the inputs as functions we get

mo=min|R(x)|=N
xeX

mp =min|R(y)|=1
yeyYy

lox= Y IX(@)—y(@l=¢

YER(x)
lay= ). Ix(@-y@l<e
X€R(y)
¢ = max £l gy <€
max qeQ,xeX,yeY DXEDY

and hence the quantum query complexity is at least

o )
€

In fact, this matches the upper bound that can be achieved using Cemma4.9.

6.4.3 | The general adversary method

We finish this chapter by stating the general adversary method, which was first intro-
duced in [HLS07]. This version of the adversary method takes the form of an SDP. It
has been shown for Boolean functions that a feasible point for the dual of this SDP can
be turned into a quantum algorithm that uses a number of queries equal to the objec-
tive value [ReilT] (up to a multiplicative constant). This implies that the general adver-
sary method is actually tight and completely characterizes the bounded-error quantum
query complexity up to a multiplicative constant.
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Lemma 6.5 : The general adversary method [HLS0Z] Let Q be a finite set of possible
queries, f : D — R be a query problem, and Oy, be of the form Ox|q)|b) = |i)|be® x(g))
where x(q) is the result of query q on input x. We callT € R°*P an adversary matrix if
I' is not zero and for x,y € D with f(x) = f(y) we havel'y, = 0. Let G be the set of all
adversary matrices and define A, by (AOI)x,y = [x(q) # y(q)]. Let

1Tl
ADVE(f) = )
DR maxgeglTo b

Then
Qu/3(f) = Q(ADV*(f)).
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Lower bounds on the query
complexity of convex optimization

In we introduced five black-box oracles for convex optimization and we gave
a quantum algorithm for efficiently implementing a SEP oracle using a MEM oracle. In
this chapter we will finish our discussion of black-box oracles for convex optimization
by proving query lower bounds on reductions between those oracles. We first prove an
Q(n) classical query lower bound on implementing a SEP oracle using a MEM oracle,
which shows that the result from is indeed an exponential speedup. After
this we consider two settings for implementing OPT using SEP queries, while knowing
an interior point and while not knowing an interior point of the convex set. We prove
Q(v/n) and Q(n) quantum query lower bounds respectively for these settings.

This chapter is based on Section 5 of the paper Convex optimization using quantum
oracles by J. van Apeldoorn, A. Gilyén, S. Gribling, and R. de Wolf [AGGWTS].
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7.1 | Introduction

For a convex set K satisfying B(0,r) < K < B(0, R), we have shown in [Thearem 318 that
one can implement a SEP(K) oracle with G . (1) quantum queries to a MEM(K) oracle
if the membership oracle is sufficiently precfse. In this chapter we start by showing that
this is exponentially better than what can be achieved using classical access to a mem-
bership oracle. We also investigate how many queries to a membership/separation or-
acle are needed in order to implement an optimization oracle. Our results are as follows

(see also [Figure 3.1)):

* We show that Q(n) classical queries to a membership oracle are needed to imple-
ment a weak separation oracle.

¢ We show that Q(n) classical (respectively Q(y/7) quantum) queries to a separa-
tion oracle are needed to implement a weak optimization oracle; even when we
know an interior point in the set.

e We show an Q(n) lower bound on the number of classical and/or quantum
queries to a separation oracle needed to optimize over the set when we do not
know an interior point.

Although these results imply that there is no quantum speedup for finding a point
in the interior of K using separation queries, they do leave open the possibility for a
quadratic speedup for optimization when an interior point is known in the convex set.
We view the closing of the gap between the upper and lower bound for this problem
as an important direction for future work. As we describe in Secfion 7.5 one possible
approach that could lead to an Q(n) lower bound is lower bounding the number of
matrix-vector queries x — Ax needed to determine the rank of a matrix A € R"*". In
we will consider this problem over [, instead of R.

The same polarity argument as in Secfion 35 shows that algorithms for optimiza-
tion using separation are essentially equivalent to algorithms for separation using op-
timization. This turns our lower bound on the number of separation queries needed to
implement an optimization oracle into a lower bound on the reverse direction.

In this chapter we will always assume that the input oracle is a strong oracle but
the output oracle is allowed to be a weak oracle with error €. Furthermore, we will
make sure that R, 1/r, and 1/¢ are all upper bounded by a polynomial in n. This
guarantees that the lower bound is based on the dimension of the problem, not the
required precision.

7.2 | Classical lower bound on SEP using MEM

Here we show that a separation query can provide Q(n) bits of information about the
underlying convex set K; since a classical membership query returns a 0 or a 1 and
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hence can give at most 1 bit of information?, this theorem immediately implies a lower
bound of Q(n) on the number of classical membership queries needed to implement
one separation query.

Theorem 7.1 Let ¢ < ;2. There exist a set of m = 2" convex sets Kj, ..., Kjy < R"
and points y, xo € R" such that B(xo,1/3) < K; < B(xo,2+v/n) for all i € [m], and such that
SEP; o(K;) and SEP, o(K;) cannot return the same result when queried with the point y,
unlessi=j.

Proof. Let hy,..., hy, € R" be aset of m = 2% entrywise non-negative unit vectors such
that (h;, h;) < 0.51 for all distinct i, j € [m].?

Now pick an i € [m] and define K; := {x : (h;, x) < 0} n B(0,y/n) and K; := B(K;,¢€).
Then K; = B(K;,—¢). Note that for xo = —1/3 we have B(xo, 1/3) € K; < B(xo,2/n). We
claim that a query to SEP; o (K;) with the point y = 3¢1 € R" will identify h;. In particular,
we will show that SEP, o (K;) will return a vector g that has a large inner product with h;
and a small inner product with all other h;.

First note that y ¢ B(Kj, €), since IC does not contain any entrywise positive vectors
and y has distance at least 3¢ from all vectors that have at least one non-positive entry.
Hence a separation query with y will return a unit vector g such that for all x € K;

(g, x)=<(gy)+e<|g| |yl +e=(BvVn+1)e <avne. (7.1)

Now consider the specific point x that is the projection of g onto hf (the hyperplane
orthogonal to h;) scaled by a factor /7, i.e., x = v/n(g— (g, hi)h;). Since (h;,x) =0 and
x|l < +/n, wehave x € K;. Therefore (1) gives the following inequality

Va(1-(g hi)’) = (g x) <4v/ne.

Hence |(g, h;)| = vVI—4¢ = 43. This implies that g — h; or g + h; has length at most

\/2—-2|(g, hi)| <1/; assume the former for simplicity. Now for all j # i we have

/1 9

Hence g can only be returned by SEP; ((K;). O

IThis is not true for quantum membership queries!

2We can show that such a set of vectors exists as follows. Let n = ck for sufficiently large constant c.
Choose m = 2F (which is 2%") uniformly random vectors vy, ..., v, in {0,1}". Note that the expected
Hamming weight of one such vector is n/2, and the expected inner product between two such vectors
is n/4 (the inner product just counts for how many of the n bit-positions both vectors have a 1). By
a standard calculation (Chernoff bound plus a union bound), one can show that with high probability
these 2¥ vectors each have Hamming weight > 0.4957, and the inner product between any two of them is
< 0.252n. Fix 2F such vectors with these properties, and define h; := v;/||v; . These are unit vectors with
non-negative entries, and pairwise inner products (h;, hj) = (v;, vj)/(lv;ll || v; ”) < 0.252n/(0.495n) <
0.51.



146 Chapter 7

If we would be given one of the m = 2%"” convex sets uniformly at random, then
a single separation query would allow us to learn Q(n) bits of information about our
input. However, a classical membership query can teach us only a single bit of informa-
tion about our input. It follows that Q(n) classical membership queries are necessary
to implement a single separation query.

7.3 | Query lower bound for OPT using SEP with an
interior point

We now consider lower bounding the number of quantum queries to a separation or-
acle needed to do optimization. In fact, we prove a lower bound on the number of
separation queries needed for validity, which implies the same bound on optimization.
We will use a reduction from a version of the search problem:

Given z € {0, 1}"* such that either |z| = 0 or |z| = 1, decide which of the two holds.

Itis not hard to see that if the access to z is given via classical queries, then Q(n) queries
are needed. As seen in Chapter 6, Q(v/n) queries are needed if we allow quantum
queries. We use this problem to show that there exist convex sets for which it is hard
to construct a weak validity oracle, given a strong separation oracle. Since a separation
oracle can be used as a membership oracle, this gives the same hardness result for
constructing a weak validity oracle from a strong membership oracle.

Theorem 7.2 Let0< p <1/3. Let &/ be an algorithm that implements a VAL -1 ,(K)
oracle for every convex set K (with B(xy,1r) < K < B(xg,R)) using only queries to a
SEPy,0(K) oracle, and unitaries that are independent of K. Then the following state-
ments are true, even when we restrict to convex sets K withr =1/3 and R = 2+/n:

* ifthe queries to SEP o (K) are classical, then the algorithm uses Q0(n) queries.
* if the queries to SEP o (K) are quantum, then the algorithm uses Q(y/n) queries.

Proof. Let z € {0,1}" have Hamming weight |z| = 0 or |z| = 1. We construct a set K,
in such a way that solving the weak validity problem solves the search problem for z,
while separation queries for K, can be answered using a single query to z. The known
classical and quantum lower bounds on the search problem then imply the two claims
of the theorem, respectively.

Define K, := l'[;l=1 [-1,z;]. Observe that if we set xg = (-1/2,...,—1/2), then
B(x0,3) € Kz < B(x0,2V/n).

We first show how to implement a strong separation oracle using a single query to
z. Suppose the input is the point y. The strong separation oracle works as follows:

1. If ye [-1,0]", then return the statement that y € B(K3,0) = K.
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2. If y¢[—1,1]", then return a hyperplane that separates y from [—1,1]” (and hence
from K,).

3. Let i be such that y; > 0. Query z;.

(@ If z; = 1 and i is the only index such that y; > 0, then return that y €
B(K;,0) =K.

(b) If z; = 1 and there is a j # i such that y; > 0, return the separating hyper-
plane corresponding to x; < y;.

(c) If z; =0, then return the separating hyperplane corresponding to x; < y;.

We show that a validity query over K, with the direction ¢ = ﬁ(l, ..., 1) e R" value

Y= ﬁ and error € = % solves the search problem:
e If |z] = 0, then for all points x € Ky we have (c,x) < 0. Thus, for all points x €
B(Ky, €) we have (c, x) < € < Yy — €. Hence validity will have to return that {(c, x) <
Y + € holds for all x € B(Kj, —¢€) since the other possible output is not true.
1
Vn
B(K,, —¢) satisfies {c, x) = ﬁ —+v/ne > y+¢. Hence validity will have to return that

(c, x) = y—¢eholds for some x € B(K, €) since the other possible output is not true.

e If |z] = 1, then the point z € K, satisfies (z,c) = and therefore x = z—¢ce €

O

7.4 | Query lower bound for OPT using SEP without an
interior point

We now lower bound the number of quantum queries to a separation oracle needed
to solve the optimization problem, if our algorithm does not already know an interior
point of K. In fact we prove alower bound on finding a point close to K using separation
queries, which implies the lower bound on the number of separation queries needed
for optimization since OPT returns a point close to the set.

We prove our lower bound by a reduction to the problem of learning z with first-
difference queries:

Let z € {0,1}"" be a unknown binary string. For a given guess g € {0,1}" a query
returns the first index in [n] for which the binary strings z and g differ (or it
returns n+ 1 if z = g). Recover the whole of z.

First we prove an Q(n) quantum query lower bound for this problem.®

3Note that this is a strengthening of the Q(n) quantum query lower bound for binary search on a
space of size 2" by Ambainis [Amh949], since first-difference queries are at least as strong as the queries
one makes in binary search.
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Theorem 7.3 Let z € {0,1}" be an unknown string accessible by an oracle acting as
Oz|g, b) =|g,be f(g,2)), where f(g,z) is the first index for which z and g differ, more
precisely f(g,z) =min{i € [n]: g; # z;} ifg # z and f(g,z) = n+1 otherwise. Then every
bounded-error quantum algorithm that outputs z uses at least Q(n) queries to O;.

Proof. We will use the general adversary bound [HLS07] as introduced in Secfion 643
in Cemma6.4. For this problem all inputs require different outputs, hence I' € R"*2"
is an adversary matrix if it is a non-zero matrix with zero diagonal whose rows and
columns are indexed by all z € {0,1}". For g € {0,1}", the Ag €10, 1}2"><2" matrix is such
that the (z, z') entry of A, is 0 if and only if (g, 2) = f(g,2).
We claim that Cemma 6.1 gives a lower bound of Q(n) for the adversary matrix I’
defined as
2/@) ifz# 2
FZ’Z,_{O ifz==2.
It is easy to see that I' is indeed an adversary matrix since it is zero on the diagonal and

non-zero everywhere else. Furthermore, the all-one vector e is an eigenvector of I with
eigenvalue n2":

(Te), = Z Iﬁz,z’

z'€{0,1}"

=Y 29.1{Z €{0,1}" : f(z,2)) = d}]
1

QA
I

2d2n—d

I
M=

QA
Il

1
2",

I
S

SoT'e=n2"eandhence |T'|| = n2". It remains to upper bound the operator norm of the
I'o Ag matrices. From the definition of Ay it follows that

(roAg)z,z' = 2f(Z,Z’) [f(g» z) # f(g» Z,)].

LetTg:=ToAg. We will show an upper bound on ||T'g||. We decompose I'g in an “upper-
triangular” and a “lower-triangular” part:

(Fg)z p = 2f(z,z’) [f(g, z) < f(g, z/)] — 2f(g,z) [f(g, 2) < f(g, Z')] (7.2)

(rg),, =2/ g 21 < Fl8, 0] =2/ f(g, ) < fig, D).
T
SoTg=TY +TgandTy = (Fg;) . Hence by the triangle inequality we have

el 2]+ 2] =2l
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It thus suffices to upper bound HFgH Notice that as (Z2) shows, (l“g) ,only depends
Z,Z

on the values f(g,z), f(g,z'). Since the range of f(g, ) is [n + 1], we can think of FgU
as an (n+1) x (n+ 1) block-matrix, where the blocks are determined by the values of
f(g,z) and f(g,Zz), and within a block all matrix elements are the same. Also observe
that for all k € [n] there are 2"~¥ bitstrings y € {0,1}" such that f(g,y) = k, which
tells us the sizes of the blocks are 2% x 2"~% Motivated by these observations we
define an orthonormal set of vectors in R?" by vp41 1= eg, and for all k € [n] we let

e
Vi = Zy:f(g,y):k \/er/z_—k
Since the row and column spaces of Fg are spanned by {vy : k € [n + 1]}, we can

project on the span of the v, without changing Fg. This allows us to reduce I“g to an
(n+1) x (n+ 1)-dimensional matrix G:
n+1

n+l1
U_ T | U T
Fg_(z vkvk)Fg ngv[)
k=1 /=1
n+1 T n+l ey n+l1 T n+l1 T
= > vee || 2 exvi |Tg| 2 veey || 2 ecvy |-
k=1 k=1 /=1 /=1

(- -

G=

It follows from the above identity, together with the orthonormality of the vectors
{v1,..., Vn, Uy}, that

=GIl. (7.4)

U n+1 v n+l1 T
[r = || X exi | X veet
=1 =1

Note that G € R"TD*("*+D) jg 3 strictly upper-triangular matrix, with the following entries
for k, ¢ € [n]:

T+U
Gie = vy, Fg Uy

T
z:f(g,2)=k V 2n-k 8 z':f(g,z")=¢ an=¢

k+t
272

T |\v+U
z:f(g,2)=k Z':f(g,z)=¢

k+¢

2

_ E } ‘ U

N n (rg )z z!
z:f(g,2)=k z':f(g,2")=¢ ’

\}

=S Y Y 2fk<q (by (29)
z:f(g,2)=k z':f(g,2")=¢
k+¢
25t
= 27 on-kpn=lokik < g
on

2k <.
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Similarly for ¢ = n+ 1 we get that G, = \/52”‘% [k < ¢] for all k € [n+1]. Note that
the matrix entries only depend on the difference ¢ — k. For each d € [n] define G4 €
RTHDx+D) guch that (Gg)ie = Gi,eld = € — kl. This G4 is only non-zero on one non-
main diagonal (namely the (k, ¢)-entries where d = ¢ — k), and its non-zero entries are
all upper bounded by v/2 2"27% . We have G = Y. _, Gq and therefore

n n d n-1 —d
IGI= Y IGal = Y v22"27z=2" Y (V2| <=——— <2"*2 (7.5)
d=1 d=1 d:o( ) 1-1/v2
Inequalities (IZ3)-(IZA) give that || I'g || < 23 and hence CemmabA yields a lower bound
of Q(z’%’;) = Q(n) on the number of quantum queries to O, needed to learn z. O

Theorem 7.4 Finding a point in By (K,1/7) for an unknown convex set K such that
K € B(0,2) € R" requires Q(n) quantum queries to a separation oracle SEP o (K), even
if we are promised there exists some unknown x € R" such that Bo,(x,1/3) < K.

Proof. We will prove an Q(n) quantum query lower bound for this problem by a reduc-
tion from learning with first-difference queries. Let z € {0,1}" be an unknown binary
string, and let us define K, := By (z,1/3) < R" as a small box around the corner of the
hypercube corresponding to z. Then clearly K, c By (0,2), and finding a point close
enough to K; is enough to recover z.

We can easily reduce a separation oracle query to a first-difference query to z, as
follows. Suppose y is the vector that we need to answer a SEP query for:

1. If y ¢ [-1/3,4/3]", then output a hyperplane separating y from [-1/3,4/3]".
2. If ye [-1/3,4/3]", then let g be the nearest corner of the hypercube.
3. Let i be the result of a first-difference query to z with g.

(a) Ifthe queryreturns n + 1, indicating that z = g, then we know K exactly, so
we can find a separating hyperplane or conclude that y € K.

(b) If z# g, thenreturne; if g; =1, and —e; if g; = 0.

Hence our Q(n) quantum lower bound on learning z with first-difference queries
implies an Q(n) lower bound on the number of quantum queries to a separation oracle
needed for finding a point close to a convex set. O

Since optimization over a set K gives a point close to the set K, this also implies
a lower bound on the number of separation queries needed for optimization. This
theorem is tight up to logarithmic factors, since it is known that @ r (1) classical sep-
aration queries suffice for optimization, even without knowing a prcs)int in the convex
set [LSW15]. Finally we remark that, due to our improved algorithm for optimization
using validity queries that follows from Secfion 3735, this also gives an Q(n) lower bound
on the number of separation queries needed to implement validity.?

“It is easy to modify [Theorem 73 to prove a lower bound on computing the majority function of z,
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/7.5 | An open question

The main open question remaining is whether we can improve our Q(y/n) lower bound
on the number of separation queries needed to implement an optimization oracle
when an interior point of K is known. We conjecture that the correct bound is ©(n),
in which case knowing a point in K would not yield a benefit for query complexity.

We propose linear system solving as a candidate for proving an Q(n) quantum query
lower bound. In particular, for an n x n matrix A, we conjecture that Q(n) quantum
queries of the form |x)|0) — |x)| Ax) are needed to find an x such that Ax = b.? In Chap]
fer 8 we will show that the corresponding lower bound for finite fields holds, although
this has no direct implications for convex optimization. For the real-valued problem no
non-trivial lower bound is known, let alone an Q(n) lower bound. It might even be that
there is an exponential speedup for this problem, which could have many applications
in convex optimization, machine learning and many other fields.

which would imply an Q(n) lower bound on the number of separation queries needed to implement a
validity oracle, without the log factors.

5Here the states |x) and | Ax) are binary finite-precision representations of the vectors, not an encod-
ing in the amplitudes of the states.
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.- A quantum query lower bound
— on the linear Simon's problem
_

Simon’s problem asks the following: determine if a function f : {0,1}" — {0, 1}" is one-
to-one or if there exists a unique non-zero s € {0,1}" such that f(x) = f(x® s) forall x €
{0,1}", given the promise that exactly one of the two holds. Simon [Sim97] showed that
a classical bounded-error algorithm that can solve this promise problem for every f
requires Q(v/2") queries to f. In the same paper Simon showed that there is a quantum
algorithm that can solve this promise problem using only @' (n) quantum queries to f. A
matching lower bound on the number of quantum queries was given in [KNP07], even
for a generalization of the problem to functions f : F); — F. We give two short proofs
that @(n) quantum queries is optimal even when we are additionally promised that f
is linear. This is somewhat surprising because for linear functions there even exists a
classical n-query algorithm.

This chapter is mostly based on the paper Simon's problem for linear functions by J. van
Apeldoorn and S. Gribling [AGTS].
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8.1 | Introduction

In 1994, Simon [Sim97] showed the existence of a query problem where quantum al-
gorithms offer an exponential improvement over the best randomized bounded-error
classical algorithms. The problem he considers is the following:

Given a function f : {0,1}" — {0,1}" with the promise that it either (1) is one-to-
one or (2) admits a unique non-zero s € {0,1}" such that f(x) = f(x & s) for all
x € {0,1}", decide which of the two holds.

Simon showed that there is a quantum algorithm which can solve this problem for any
f satisfying the promise using & (n) quantum queries to f, i.e., using ©'(n) applications
of the unitary [x)|b) — |x>|b€B f (x)}.m This offers an exponential improvement over
classical algorithms, since Simon also showed that at least Q(v/2") classical queries of
the form x — f(x) are needed in order to succeed with probability at least 2/3. The
question we are interested in is the optimality of Simon’s quantum algorithm and its
generalization to finite fields. Let p be a prime power and let [, be the finite field with
p elements. Simon’s problem over [, can be formulated as follows:

Given a function f : F); — [, with the promise that it either (1) is one-to-one or
(2) admits a one-dimensional subspace H [}, such that for all x,y € Fy;, f(x) =
f(y) © x—ye H, decide which of the two holds.

Koiran et al. [KNP(O7] (for an earlier version see [KNP05]) showed that the quantum
query complexity of Simon’s problem over [, is 0O(n).2 Here we show that the lower
bound of Q(n) quantum queries holds even when f is additionally promised to be
linear. That is, a quantum algorithm which can solve Simon’s problem over F, for any
linear function requires Q2(n) quantum queries to f. Interestingly, this shows that for
the class of linear functions there is no quantum advantage: classically, one can also
fully determine a linear function using n queries. To see this, note that a linear function
f:F — [} corresponds to a matrix A € F,*", and a function evaluation is a matrix-
vector product. By querying all standard basis vectors we can recover all columns of A
and hence know f fully.

Definition 8.1 : Linear Simon's problem Let p be a prime power. Given a linear
function [ : F, — Fy, with the promise on the kernel of f that either |ker(f)l =1 or
\ker(f)| = p, decide which of the two holds.

Our main result (proved in Secfion 87) is the following.

n fact, Simon considered the problem of finding the non-zero string s, if it exists. Here we focus on
the decision version of his problem. However, all upper bounds mentioned are derived from algorithms
which also find s.

2They even prove the analogous lower bound for the hidden subgroup problem over Abelian groups,
see our Secfion 874.
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Theorem 8.2 Let p be a prime power. Let «f be a T-query bounded-error quantum
algorithm for the linear Simon’s problem over F,. Then T = Q(n).

In Theorem 82 we follow the same proof structure as [KNP(7], using the polyno-
mial method (see Secfion 63). More specifically, we show that, averaged over a subset
of functions, the acceptance probability of a T-query quantum algorithm is a polyno-
mial of degree at most 2T in the size of the kernel. We then obtain the lower bound by
appealing to [KNPO7, Lem. 5] which states that any polynomial with the correct success
probabilities has degree Q(n). However, where [KNP(O7] average over all functions, we
only consider linear functions over ). Surprisingly, this simplifies the proof substan-
tially. We also give a slightly simplified proof of [KNP0O7, Lem. 5].

In Becfion 83 we will give an alternative and shorter method for proving [Theod
Fem 82 when p is a prime (note that in the rest of this chapter p may be a prime power).
This shorter method uses a known lower bound on the communication complexity of
the linear Simon’s problem. The alternative proof is not included in [AGI8] since we
only recently found it.

Notation For the rest of this chapter we define F := {f : F;, — F7 | f linear} as the set

of all linear functions from F), to F};. For each k€{0,1,...,n} and D = p* we let Fp be
the subset of F consisting of linear functions whose kernel has size D, i.e., Fp = {f € F |
|ker(f)l = D}.

8.2 | Proof of [Theorem 8.2

Let of be a T-query bounded-error algorithm for the linear Simon’s problem and let
P(f) be the acceptance probability of « on the input f. As in Secfion 63, we can write
P(f) as a polynomial in the 5f(x),y3

P(f)= Z Bs H S f(x,y-

n n
scFyxFy  (xny)es
|s|=2T

When we view s as a partial function, this expression can be rewritten in terms of f
extending s: (remember that we write s < f if f extends s)

P(f)= ). Bs[s=f],

SESoT

where Sy 7 is the set of all partial functions s with |[dom(s)| <2T. As in the example in
Secfion 63, it will be useful to average P(f) over certain sets of inputs. We consider the
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average acceptance probability Q(D) over all functions with a kernel of size D:

QD)= > —P(f)
feFp |FD|

P |FD| > Bils= ]

feFp seS

=Y fom 3 [s=f]

s |Fpl feFp

=) BsQs(D).

seS

Here Qg (D) is the probability that a uniformly random f € Fp, extends s:

QD) === ) [s= f]=Pryeprp[s = f].
|FD| feFp

In the next two sections we will prove that the degree of Q needs to be at least linear in
n, and that the degree of each Q; (and hence of Q) is upper bounded by 2T. Together
these results imply Thearem 87,

8.2.1 | Lower bound on the degree

For k € {0,1,...,n}, Q(p*) represents an acceptance probability and therefore Q(p¥) €
[0,1]. Moreover, if the algorithm succeeds with probability at least 2/3, then Q(1) = 2/3
and Q(p) < 1/3. The lemma below was already present in [KNP0O7] and shows that such
a Q has degree Q2(n). We give a slightly simplified proof for completeness.

Lemma 8.3 : [KNPO7, Lem. 5] For every univariate polynomial Q such that Q(1) = 2/3,
Q(p) =1/3 and Q(p*) €0,1] for all k € {0,..., n}, it holds that deg(Q) = n/4.

Proof. We start by noticing that by the mean value theorem we know that there is an
Xo € [1, p] for which |Q'(xg)| = Wl—l)' Assume that Q is a polynomial of degree d <
n/2 (otherwise we are done), so that its derivative Q' is of degree d — 1 and its second
derivative Q" is of degree d —2. Consider the 2d — 2 intervals of the form (p%, p*™)
where a = n—(2d - 2),...,n— 1. Since together Q" and Q" have at most 2d — 3 roots,
there is such an interval for which both polynomials have no roots with real part in it;
let a = n— (2d — 2) be the integer corresponding to this interval and let M := HTpp“
be the middle of this interval. To show the degree lower bound it suffices to prove the
following chain of inequalities:

1 &
2d—2 =
p

Q'(M)
Q' (xo)

Indeed, if the above chain of inequalities holds, then 6 = p"~44+4 > 27=4d+4 which
impliesthat n—4d+4<3,ie.,d= ”T“. We now prove (*) and (**) separately.

(%) 6
<
- pn—2d+2'
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(*) For the lower bound we will use the following elementary fact:

+
ifOSV<wandOSy,thenv yzi. (8.1)
w+y w

Denote the roots of Q' by b; + ¢ji, for j € [d —1]. Then Q'(x) = /1]'[?;11 (x—bj —cji) for
some A € R and hence

d-1

d-1 M—l’)j —Cji
j=1 xo—bj —Cjl

j=1

‘ Q'(M)
Q' (x0)

~.

We will show that each factor in the product is bounded from below by 1/p?. Consid-
ering the j-th factor. If |xo — bj| < [M — bj|, then we are clearly done. Hence, assume

|xo — bj| > |M — bj|. This implies that

bj > xo+|M—-bj|

| M — xol
= Xp +
2
| M — xol
>—
2
> p L,
We now use (B11):
2
(M_bf) +C? M—bj
= .
(.X'()—b]')2+0? xO_bj

Since we know that b; > p® 1, and because by the definition of a there is no b i &
(p4, p““), there are two cases to consider:

o Ifbje (p® !, p], then

M-x
Xo— X

M~ b;
xo—bj

> inf
xe(p“‘l,p“)

e Ifbje [p?™1,00), then

—SEpiaby  Brptei-pth o pot
= = >
_x0+bj pa+1_x0+(bj_pa+1) - pa+1_x0 p

\%

where we use (81) and pT_l for the first inequality.
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() By construction we have |Q’(xg)| = ﬁ, so it remains to show that |Q'(M)| <

(pT_lp”_Zd+2)_1. Assume towards a contradiction that |Q'(M)| > (pT_lp“)_l. Since Q"
has no roots with real part in the interval (p% p**!), Q' is either strictly increasing or
strictly decreasing on the interval (p%, p®*!). Therefore, there is an interval (o, ) (with
(@, ) = (p%, M) or (a, B) = (M, p**1)) of length pT_lp“ where |Q'(x)| > (”T_lp“) g By the
fundamental theorem of calculus this implies that |Q(a) — Q(B)| > 1. Since Q'(x) does
not have any roots with real value in (p%, p%*!) we know that Q(x) is monotone on this
interval. We get a contradiction, since we have 1 > IQ(p““) -Q(pY1=1Q()-Q(PB)I. It
follows that

p-1

2

-1
n-2d+2
prie)

-1 -1
1Q'(M)] < (pr“) s(

_|Qun
p2d=2 "1 Q' (xo)

3(p—-1
< (p=1 and hence that d = n/4. O

We conclude that <
B%lpn—2d+2

8.2.2 | Upper bound on the degree
We now show that the degree of each Qg is upper bounded by 2T.

Lemma 8.4 Lets:dom(s) < [FZ — [Fz be a partial linear function, then
degp,(Q,) < dim(span(dom(s)))

Proof. Let K := span(dom(s)) and k := dim(K). We can extend s uniquely to a linear
function on K. Define Z :=ker(s) € K and z := dim(Z), and Y := Z1 n K. For a function
f:Fj —Fpin Fp we write H := ker(f), h:= dim(H) and hence D = |H| = p". We show
that Prye,r, [s < f] has degree at most k as a polynomial in D. If f extends s, then the
kernel of s has to be a subset of f. Furthermore, all points where s is defined that are
not in the kernel of s cannot be in the kernel of f. Using this observation we analyze
the probability Prfc ., [s = f] in three parts:

Pric.rp[$= f] =Prresr, | ZS HAY N H = {0}]
‘Prc,pp[s=fIZSHAYNH={0}]
=Prfepr,[Z S H-Prye,r,[YNH={0}| Z< H|
Pryery[s= fIZSHAY NH={0}].

We show that
(1) Pryeyr,[Z < H] is a polynomial in D of degree at most z,
(2) Pryegr,[YNH=1{0}| Z < H] is a polynomial in D of degree at most k — z,
3) Prregr,[s=flZ<HAY nH={0}] does not depend on D.

Together, this implies that Pr e, [s < f] is a polynomial in D of degree at most k.
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(1) Pryeyr,[Z < H] equals the fraction of h-dimensional subspaces of FZ that con-

tain Z. There are a(n, h) := 3; Hl 0 (p -p ) ways to pick & linearly indepen-
dent vectors in a space of dimension n. Each way gives us a basis for an h-
dimensional subspace, however, each h-dimensional subspace has a(h, h) dif-
ferent bases. Hence there are gEZZ; different subspaces of dimension h in F,.
The number of h-dimensional subspaces that contain Z equals the number of

(h — z)-dimensional subspaces in an (n — z)-dimensional space. Hence

i

-p

n

a(n—z,h—2z) Hh z— 1p Pi Hh 1p
1=Z

: - 21 b i
a(h-z,h—z2) _ ~Z—pi ph-pi T P —P
Prfe,rplZ € H] = = L : |
a(nh) h-1p"=p' h-1p"-pl 14 pn—pl
a(h,h) Hi:() ph—pi Hi:() ph—pi =0

which is a degree-z polynomial in terms of D = p”.

(2) We have
Prec,r, [YNH={0}| Z<S H] =Prfe,p,[Y/ZNHIZ ={0}]

where both Y/Z and H/Z are subspaces of F);/Z = F;7*. By construction
we have that dim(Y/Z) = dim(Y) = k- z, dim(H/Z) = h — z. The probability
Pric,r,[Y/Z N HIZ ={0}] equals the number of (h — z)-dimensional subspaces
of ;" which are linearly independent from Y/ Z, divided by the total number of
(h — z)-dimensional subspaces. The number of (h — z)-dimensional subspaces of
Fy,~“ which are linearly independent from Y/ Z is equal to the number of ways to

ple a basis for such a subspace, which is 7—; Z), (]'[h 2l pn=z _ pk_z”), divided
by the number of such bases, which is a(h — z, h — z). We get

T ;Hh z— 1( n— z_pk—z+i)
Z
(x(h z,h—2z)

a(n—z,h—2z)
a(h—z,h—2)

T Z)' Hh z— l( n- z_pk—z+i)
a(n—z,h—2z)
_ Hh z— 1( n-— z_pk—z+i)

Pt e, Y/ Z 0 HIZ = {0)]

Hh z— 1( n— z_pi)
I 1(19 -p')
7= (pn==~p')

@ Hf”;f o I(P -p')
Hk z— l( Pl)
Hk z— 1( n— z_pi+h—z)

H’“ “pr=-pi)
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To see equality (), if k < h then cancel the terms for i = k—z,...,h— z on both
sides of the fraction, and if k > & then add the terms fori = h—-z,...,k—z on both
sides of the fraction.

It follows that

M (pm=-php==)

Prfeqrp[Y/ZNHIZ = {0}] = — :
RED Hf:()z l(pn—z_pl)

is a polynomial in D = p” of degree k — z. We mention in passing that, alterna-
tively, one can arrive at the same expression by looking at the probability that a
random Y is linearly independent from a fixed H.

(3) Finally we consider Pryc,p,[s=f|ZS HAY N H={0}]. Since Z < H, we know
that f and s agree on Z. Hence, f extends s if their values agree on Y. Let
by,..., bx—, be a basis for Y, then f and s agree on Y if and only if they agree
on by, ..., bx_.. Since we condition on the event Y n H = {0}, the probability that
this happens does not depend on D = p”.

O

8.3 | An alternative proof of [Theorem 8.2

An alternative proof of hearem 8.2 can be given via lower bound results in quantum
communication complexity®. This approach was hinted at in [SWYZIY] as a method
for lower bounding the number of matrix-vector queries needed to determine certain
properties of a matrix. It should be noted that this proof only works if p is a prime, while
the other proof also works if p is a prime power. Consider the following problem:

Definition 8.5: Linear Simon's communication problem Let p bea prime, A, B € F*"
and M = A+ B be such thatrank(M) € {n—1, n}. Let A be given to Alice and B to Bob. The
linear Simon’s communication problem is the communication problem of deciding the
rank of M.

In [CSWWT4] this problem is introduced as RANK}, ,—1 and a lower bound is proven
on the randomized communication complexity. However, as noted by the authors, the
proof given in [LSWWT4] actually lower bounds the quantum communication com-
plexity as well, leading to the following lemma:

Lemma 8.6 : [LSWW14, Thm. 1] Let p be a prime. Every protocol that solves the
linear Simon's communication problem with success probability at least 9/10 requires
Q(n?log(p)) qubits of quantum communication.

We are now ready to state the alternative proof of [Thearem 82.

3For an introduction into quantum communication complexity, see for example [Wol02].
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Alternative proof of Lhearen 82 when p is a prime. Let p be a prime and «f be a T-
query quantum algorithm for the linear Simon’s problem over ;. Consider an instance
(A, B) of the linear Simon’s communication problem. To solve the communication
problem Alice executes the algorithm «f for M = A+ B. To implement a query Alice
and Bob use @ (nlog(p)) qubits of communication: Alice sends |x)|0) and bob replies
with |x)|Bx), which allows Alice to compute |[(A + B)x), after which they uncompute
|Bx). In total the protocol will use @(Tnlog(p)) qubits of communication to solve the
linear Simon’s problem for M, and hence to solve the linear Simon’s communication
problem for (A, B). We conclude that T = Q(n). O

The restriction that p is a prime in Cemma 86 might be liftable by a careful analysis
of the proof in [LSWWT4]. This alternative approach has the benefit that a similar com-
munication lower bound over the integers or the real numbers would directly translate
to a query lower bound those as well.

8.4 | Open problems

To conclude, we mention the following open problems:

* Koiran et al. [KNPO7] lift the lower bound on Simon’s problem over [ to the
hidden subgroup problem over finite Abelian groups:

Given a (finite Abelian) group G and a function f : G — X with the promise
that there is a subgroup H < G of rank either 0 or 1 (i.e., either trivial, or
generated by a single element), such that f(g) = f(g') ifand only ifg— g’ €
H, decide which of the two holds.

One recovers Simon’s problem over F, by taking G = X = F}. A natural question is
whether the hidden subgroup problem over finite Abelian groups also remains
equally hard when we are additionally promised that f is an endomorphism.
The reduction used by Koiran et al. combined with our result gives a smaller
and more structured set of hard instances of the hidden subgroup problem over
Abelian groups. However, the functions obtained from this reduction will only be
endomorphisms on a subgroup of G, not on all of G.

e While the general Simon’s problem has no natural extension to R", the linear
Simon’s problem can possibly be extended to R”. For example: given matrix-
vector multiplication queries x — Ax for a psd matrix A with ||A|| <1, and given
an error parameter € > 0, decide if Ajin(A) < € or Apin(A) = 2¢. It remains an open
question to prove a lower bound on this problem. As mentioned in Secfion 73,
an Q(n) lower bound for this problem could resolve whether there is a speedup
for implementing an optimization oracle using a separation oracle.



162 Chapter 8

e Aaronson and Ben-David [ABT6] introduced the idea of sculpting functions. They
characterized the total Boolean functions for which there is a promise on the in-
put such that restricted to that promise there is an exponential separation be-
tween quantum and classical query complexity. We propose the related idea of
over-sculpting: bringing the classical query complexity down to the quantum
query complexity. More specifically, for which (possibly partial) Boolean func-
tions f does there exist a promise P such that:

Q1/3(f) < o(Ri3(f))
Q1/3(f) =0(Qu3(f1p)) =O(R1/3(f1p))-

Simon’s problem does not correspond to a Boolean function since the input al-
phabet is not Boolean?, but our results show that Simon’s problem can be over-
sculpted in this slightly different setting.

* Although we know that over [, we need to query a matrix fully in order to deter-
mine its rank, the time complexity of this problem is not yet known, both in the
classical and the quantum setting.

4An input for Simon’s problem is a function f : [FZ - [F,’g’, which can be viewed as a string of length p”
over the alphabet [},.
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Limitations of quantum
LP and SDP-solvers

We start this chapter by considering the limitations of specific types of quantum LP and
SDP-solvers. In we developed algorithms that had a polynomial dependence
on the scale invariant error parameter y in their complexity. Here we show that for
many natural families of LPs and SDPs this y parameter grows linearly with n» and m,
making methods with a large dependence on y unsuitable for solving these problems.
We then consider methods that always return sparse solutions. We show that these
solutions cannot be useful for solving problems with a lot of symmetry. For our LP and
SDP-solvers this implies that a high iteration count (and hence a large y parameter) is
needed in order to find a useful solution for certain problems.

In the second part of this chapter we give six different quantum query lower bounds
for LP and SDP-solving. These bounds show that in the sparse matrix input model for
SDPs our n, m and s-dependence is optimal, and that a polynomial dependence on y
is required in order to achieve an o(nm) dependence on n and m. We also give lower
bounds on the query complexity of solving non-negative LPs, a special subclass of LPs.
Here we show that for certain non-negative LPs the classical algorithms are already
optimal in the quantum setting. We finish the chapter by showing quantum query lower
bounds for the Hamiltonian input model, the quantum operator input model, and the
quantum state input model.

This chapter is mostly based on the papers “Quantum SDP-Solvers: Better upper and
lower bounds” by J. van Apeldoorn, A. Gilyén, S. Gribling, and R. de Wolf [AGGWT7] and
“Improvements in Quantum SDP-Solving with Applications” by J. van Apeldoorn and
A. Gilyén [AGT94d], as well as on some unpublished results.
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9.1 | Downsides of specific methods

In this section we show some of the limitations of our methods and methods like them.
We start by showing that many natural families of SDPs have a y parameter that in-
creases linearly with n and m. This implies that quantum SDP-solvers with a large
polynomial dependence on v, like our SDP-solvers, will be ill-suited for these SDPs.

We then consider SDP-solvers (and LP-solvers) that return sparse dual solutions,
like our methods do. We will show, that for problems with a lot of symmetry, a dual
solution cannot be too sparse if it contains useful information. Hence, any solver that
returns a dual solution for these problems, and that only generates a constant number
of non-zero entries of this dual solution per iteration, requires many iterations.

9.1.1 | Families of SDPs with a large y parameter

In this section we use r* to denote the smallest £;-norm of an optimal solution to the
dual of an SDP (remember that r only denotes an upper bound), and R* to denote the
smallest trace of an optimal solution to the primal. It turns out that for many natural
classes of SDPs the parameters r*, R*, €, n and m can grow linearly for some instances.
In particular, this is the case if SDPs in a class combine in a natural manner. Take for
example two SDP relaxations for the MAXCUT problem on two graphs G and G (on
nY and n® vertices respectively):

max Tr(L(GP)xW) max Tr(L(G?)X®)
s.t. Tr(xW) < n® s.t. Tr(X@) < n®
Tr(E;;XY)<1forj=1,...,nV Tr(E;jX?)<1forj=1,...,n?
xW>o x®x>o.

Where L(G) is the Laplacian of a graph G, i.e., L(G) = D(G) — A(G) with A(G) the adja-
cency matrix of G and D(G) the diagonal matrix with the degrees of the vertices on the
diagonal. Note that this is not normalized to operator norm < 1, but for simplicity we
ignore this here. If we denote the direct sum of two matrices by &, that is

A 0
0 B

)

AGBB:[

then, for the disjoint union of the two graphs, we have
LGP uG?) = L(GY) e L(G?).

This, plus the fact that the trace distributes over direct sums of matrices, means that the
SDP relaxation for MAXCUT on GV U G is the same as a natural combination of the
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two separate maximizations:

max Tr(L(GP)XW) +Tr(L(G®) X?)
s.t. Tr(XW)+Tr(X?) < n + n@
Tr(Ej;XV)<1forj=1,...,n"
Tr(Eij(z)) <lforj=1,...,n%
XM x@ » .

It is easy to see that the new value of nis n'V + n'?, the new value of mis m™" + m® -1
and the new value of R* is n¥ + n® = R*@W 4+ R*@_ Since it is a natural choice for
the MAXCUT relaxation to pick the allowed additive error so that they add together
under such combinations, all these parameters would increase linearly if we would
keep adding instances together. It remains to see what happens to r*. As we will see
later in this section, under some mild conditions, these kinds of combinations imply
that there are MAXCUT-relaxation SDPs for which r* also increases linearly, but this
requires a bit more work.

Definition 9.1 : Combineable class of SDPs We say that a class of SDPs (each with
an associated allowed approximation error) is combinable with k global constraints if
for every two elements in this class, (SDP'?,&@) and (SDPP), D)), there is an instance
in the class, (SDP©, £'9)), that is a combination of the two in the following sense:

e CO=cl@gch

o A9 =ADe AD and b9 = b\ + ¥ forall j € [K).
j j J J J j

. A;.C) = A;“) ®0 andb}c) = b;“) forj=k+1,...,m%,

« AY =00 AY and b
k J m

_ (b . (b)
m(ﬂ]+]‘_ _b] for]—k+1,...,m .

Dtj—k

o £ <@ ®

In other words, some fixed set of constraints are summed pairwise, and the remaining
constraints get included in the SDP separately.

Note that this is a natural generalization of the combining property of the MAXCUT
relaxations (in that case k = 1 to account for the trace bound).

Theorem 9.2 Let k be a non-negative integer. If a class of SDPs is combinable with k
global constraints, and there is an element SDPY for which every optimal dual solution
has the property that

m®

Y, yj=zé

j=k+1
for some 5 >0, then there is a sequence (SDPY) ;e\ in the class such that R*D, r*® 0,

. . . *(1) (1)
nY, and m'? all increase linearly with t. Hence y'" = RE(—S =Q(n'9).
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Proof. Note that k is fixed and that k < mV. The sequence we will consider is the ¢-fold
combination of SDPW with itself. If for SDP! the primal and dual are

m®
min Z bjyj
max Tr(CX) j=1
st. Tr(A;X)<b; forje[mW m®
( ! ) ! iel ] s.t. yiAji—C=0
X>0 =
y=0,
then SDP® is
t
max ) Tr(CX;)
i=1
t
s.t. Y Tr(A;X;) < tb; for j € [k]
i=1
Tr(A;jX;) < b; forj=k+1,....mYandi=1,...,¢
X;i=0 foralli=1,...,t
with dual (where the variables are y € RF and /%, ..., y’ e R™" k)
k t m® .
min Z thjy;+ Z Z bjy;.
j=1 i=1j=k+1
k mV
st. Y yjAj+ Y y}Aj >Cfori=1,...,t
j=1 j=k+1

y=0and y' =0foralli € [¢].

First, let us consider the value of OPT®. Let X be an optimal solution to SDPW and

for all i € [¢] let X; = XV, Since these X; form a feasible solution to SDP?, this shows

that OPT® > r-OPTW. Furthermore, let y) be an optimal dual solution of SDPW, then
or

(yil),...,yl(cl)) ® (yl(clll,‘-- ,yirll)m) is a feasible dual solution for SDP¥ with objective

value t-OPT(!, so by weak duality OPT = ¢-OPT.

Next, let us consider the value of r*. Let j® y' @---® y* be an optimal dual solution
for SDPW, splitinto the parts of y that correspond to different parts of the combination.
Then j® y' is a feasible dual solution for SDP™ and hence b’ (7 ® y*) = OPT"Y. On the
other hand we have .

t-0PTY =0PTY = Y b7 (jo '),
i=1
this implies that each term in the sum is actually equal to OPT®. But if (7 @ ') is an
optimal dual solution of SDP' then || (7@ y")||, = r*") by definition, and || y'||, = 6. We
conclude that r*( > r*M) — 5 4 £§.
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Now we know the behavior of r* under combinations, let us look at the primal to

find a similar statement for R*?, Define a new SDP, S/IﬁDm, in which all the constraints
are summed when combining, that is, in Definifion 9.1l we take k = mWY and also sum
the psd constraints:

max Tr(CX;)

t
i=1

t
s.t. ZTI‘(A]'X,') <tb; forje [m(l)]
i=1

4
Y X;=0.
i=1

This SDP has the same objective function as SDP¥ but a larger feasible region: every
feasible Xj,..., X; for SDP is also feasible for spp". However, by a change of vari-
ables, X := Y!_ X;, itis easy to see that soP" is simply a scaled version of SDPV. So,
SDP"" has optimal value ¢-OPT®. Since optimal solutions to SDP"” are scaled optimal
solutions to SDPW, we have R* = ¢ R*(D), Combining the above, it follows that every
optimal solution to SDPW is optimal to S/D\Pm as well (up to scaling with a factor 1),

and hence has trace at least t- R*V, so R*) > ¢. R*W,

We conclude that (since ¥ < te") by assumption)
R*Wr*® R (W 4 (1 -1)6)

O e

and n9 = tnW, m = t(mW - k) + k. O

=Q(1)

This shows that for many natural SDP formulations for combinatorial problems,
such as the MAXCUT relaxation, or LPs that have to do with resource management,
Yy = Q(n) for some instances. Methods with a large polynomial dependence on v, like
our LP and SDP-solvers, are therefore not well suited for these problems.

9.1.2 | Sparse methods are restrictive

Our LP and SDP-solvers have the property that they return sparse dual solutions,
mainly @, (Y?)-sparse dual solutions. In this section we consider to what extent this
limits their usefulness. Of course it could be the case that almost every SDP of interest
has a sparse approximate dual solution (or can easily be rewritten so that it does), and
hence sparseness might be not a restriction at all. However, as we will see below, this is
not the case. We will prove that for certain kinds of SDPs, no “useful” dual solution can
be very sparse. Intuitively, a dual solution to an SDP is “useful” if it can be turned into
a solution of the problem that the SDP is trying to solve. We make this more precise in
the definition below. This lower bound on the sparseness of a dual solution for these
problems implies a lower bound on y. In cases where this lower bound is large, our LP
and SDP-solvers will have a bad bound on the complexity.
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Definition 9.3 : Solving a problem via the dual A problem is defined by a function
f that, for every element p of the problem domain 9, gives a subset of the solution
space &, consisting of the solutions that are considered correct. We say a family of SDPs,
{SDpP)} ped solves the problem via the dual if there is an € = 0 and a function g such

that for every p € @ and every € -optimal dual-feasible vector y'P) to SDPP:

g(y") e f(p).

In other words, an € -optimal dual solution can be converted into a correct solution of the
original problem without more knowledge of p.

For these kinds of SDP families we will prove a lower bound on the sparsity of the
dual solutions. The idea for this bound is as follows. If you have a lot of different in-
stances that require different solutions, but the SDPs are equivalent up to permuting
the constraints and applying basis transformations on R”, then a dual solution y should
have a lot of unique permutations (i.e., {7(y) : 7 € S,,;} should be large) and hence can-
not be too sparse.

Theorem 9.4 Consider a problem defined by f : 9 — P (%), and a family of SDPs as in
Definition 9.3. Let I <2 be such that forallp,qe I :

* f(p)n f(q) =@. Thatis, a solution to p is not a solution to q and vice versa.

* The number of constraints m, and the primal variable size n, are the same for
SDP'Y) and SDP?.

* Let {A;p)} be the constraints of SDP'P) and {A;q)} those from SDP\? (and define
cP, ca@, b;p), and b;.q) in the same manner). There exist a unitary U € C""*" and

aneSy st UTAR U= AT @ndU'cPu=c?, b = b"). That is, the SDPs
are the same up to permutations of the labels of the constraints, and up to basis

transformations.

Ify'P) is an e-optimal dual-feasible vector to SDP'P) for some p € I, then y'P) is at least
log(lle)

Togom -dense (i.e., has at least that many non-zero entries).

Proof. Let SDP'P) and SDP? be as in the lemma. We claim that, up to the permutation
of the coordinates of R, the feasible regions of the dual problems of the two SDPs are
the same. In particular, let y(p) be feasible for the dual of SDPP and define

@ ._
Vi = Yagy

then
ut,

m m
P P _ ~p _ @77t @ _ (@77t —
0 5;1‘17;(1)%(]‘) ¢ = ];UAJ' Uy -uc?u =u

m
Z A(.q) y(.q)—C(q)
| J 7]
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which implies
m
@ (@ _ ~(q)
0= Z Ay -C.
j=1
It follows that y;q) is feasible for the dual of SDP?. With a similar argument the other

direction follows as well. If y'P) is an e-optimal dual-feasible vector of SDPP, then y'?
is an e-optimal dual vector for SDP'?, since (y'?, b@) = (yP) pP)),

Since f(p) N f(q) = @ we know that g(y'”’) # g(y'?) and so y'”’ # y'9. Since this
is true for every g in 97, there should be at least |[97| different vectors y(‘” that are
permutations of yP). A k-sparse vector can have k different non-zero entries and hence
the number of possible unique permutations of that vector is at most

m m! n
kl=—— = r<mk
( k) (m—k)! t:rrlz_—[k+1

log(T]) _
log(m)

SO
O

For many applications U will simply be a permutation matrix. The requirements
of Cheaorem 9.4 might seem restrictive at first sight, but for many problems it is natural
to assume such a symmetry in the SDP formulation. For example, for graph problems
it is often the case that the numbering of the vertices is arbitrary, and that a different
labeling should result in a permutation of the SDP and the dual solution.

Example: (s, r)-mincut Consider the (s, f)-mincut problem, i.e., the dual of the (s, £)-
maxflow. Specifically, consider a simple set of instance of this problem: all the inputs
that are the union of two complete graphs of size z+ 1, where s is in one subgraph, ¢isin
the other, and the other vertices are named {1, 2,...,2z}. Every assignment of the names
over the two halves gives a different instance with a unique mincut (in terms of which
names fall on which side of the cut). There is exactly one partition of the vertices in two
sets that cuts no edges (namely the partition consists of the two complete graphs), and
every other partition cuts at least z edges. Hence a z/2-approximate cut is a mincut.
This means that there are (ZZZ) instances that require a different output. So for every
family of LPs (or SDPs) that is symmetric under permutation of the vertices and for
which a z/2-approximate dual solution gives an (s, f)-mincut, the sparsity of a z/2-
approximate dual solution is at least”

log((%)) e
log(m) ~ log(m)’

2
where we used that (ZZZ) > 227;

Let us now quickly discuss what this implies for our SDP-solvers.

'Here m is the number of constraints, not the number of edges in the graph.
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Lemma 9.5 If, for some specific SDP of the form (Z4), every € -optimal dual-feasible vec-
tor has at least ¢ non-zero entries, then our upper bound on SDP-solving in the quantum
operator input model (with parameter o) from is at least

(v + vim)at?).

Proof. The vector j returned by Meta-Algorithm 4.1] is the average of T vectors y'¥ that
are all 3-sparse, plus one extra 1-sparse term of 5e;, and hence ¢ <3T + 1. This implies
that y = Q(v?/1In(n)) by combining the above with T = @(y*In(n)). The lower bound
from the lemma follows. O

This lemma shows that our SDP-solvers can only give an o(n+ m) upper bound
when approximate dual solutions can be v/n+ m-sparse. As a final note we mention
that our LP-solvers give sparse primal and dual solutions. Therefore, a similar argument
as above applies with ¢ equal to the minimal sparsity of both the primal and dual
solutions.

9.2 | Lower bounds on the quantum query complexity

The previous section discussed the limitations of specific LP and SDP-solving methods,
in this section we will prove general quantum query lower bounds that apply to all
methods. The lower bounds will all address different settings and input models. Many
of the lower bounds for SDP-solving will follow from a lower bound on LP-solving. It
is important to note that the dense input model for LPs corresponds with the sparse
matrix input model for SDPs. We prove:

¢ Alower bound of Q(y/n + /m) quantum queries for LP-solving in the dense input
model for LPs with a constant y parameter. This lower bound shows that the
n and m-dependence of our LP-solver and SDP-solvers is optimal. This lower
bound was first shown by Brandao and Svore [BST7].

* Alower bound of Q(y/ns) quantum queries in the sparse matrix input model for
SDPs, where s is the maximum row and column sparsity as in Chapter 4, with
m = 1 and a constant y parameter. This lower bound shows that a dependence
on s is necessary.

* A lower bound of Q(nm) quantum queries for LP-solving in the dense input
model when n = ©(m) with a y parameter that is ®(n*). This shows that a poly-
nomial dependence on y is necessary to obtain an o(nm) dependence on m and
n.

* A lower bound of Q(n) quantum queries for obtaining a solution to a non-
negative LP up to a constant multiplicative error (here n = ®(m)). This matches
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the classical upper bound for the parameters of the specific problem we con-
sider, and hence shows that there is no general speedup in terms of n and m for
non-negative LP solving.

* Alower bound of Q((v/m + /n) %) queries in the Hamiltonian input model with
parameter 7 (see Secfion 25.1). This implies an Q((v/m +v/1)2) lower bound in
the operator input model, and allows us to conclude that our dependence on « is
optimal.

¢ A lower bound of Q(\/ﬁg) queries in the quantum state input model (see Secd
fion457T). This matches our B-dependence, and the m and n-dependence
of [AGG19a].

9.2.1 | Dependence on the size in the sparse matrix input model

The first lower bound on quantum SDP-solving was given by Branddo and Svore [BS17].
They showed via areduction from a search problem that there exists an LP with y = 0(1)
that requires Q(v/7 + v/m) quantum queries to solve, which implies a lower bound on
SDP-solving.

Theorem 9.6 : [BS17] Letn, m = 1. There exists an LP (and hence an SDP) with dimen-
sion n and with m constraints (and with R =1 and r = 1), such that approximating OPT
up to additive error1/3 (with bounded error probability) requires Q(v/n + /m) quantum
queries in the dense input model for LPs (and hence in the sparse matrix input model for
SDPs).

Proof. Let k = max{n, m}. Let v € {0, 1}* be an instance of a search problem that asks us
to determine whether |v| = 0 or |v| = 1. As discussed in Chapter §, solving this search

problem requires Q(\/E) quantum queries to the input string.

If m < n then we construct an LP as follows: let ¢ = v, and only include the con-
straint ). , x; < 1. Clearly R = 1 for this LP. Furthermore, the dual only has one variable,
¥1, which in the optimum will be equal to the optimal value, so r = OPT. The optimal
value is 0 if [v] = 0 and 1 if |v| = 1, and hence solving this LP with additive error 1/3
solves the search problem.

If n < m then we simply use the dual of this LP. Finally we note that in both cases
the LP can be padded with zeros in order to make the dimensions match the parameters
from the lemma. O

Note that this also proves an Q(y/s) quantum query lower bound on LP-solving
using the sparse input model for LPs, since we can embed an (s x s)-sized dense LP
in a larger (m x n)-sized s-sparse LP.
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9.2.2 | Dependence on the sparsity of an SDP

In the previous section we obtained a lower bound on SDP-solving via a lower bound
on LP-solving. In this section we give a lower bound specifically on SDP-solving by con-
sidering non-diagonal constraint matrices. We will show an Q(y/ns) quantum query
lower bound in the sparse matrix input model for SDPs with a constant y parameter.
As mentioned in foofnofe T3 on page 86, our upper bound can be improved to match
the /s-dependence of this lower bound [AGTYd]. This does leave the open question
whether an Q(y/ms) lower bound can be proven as well. The work in this section is not
yet published.

Lemma9.7 Letn =1, andlet s € [n] be odd. Approximating the largest eigenvalue (up to
additive error 1/3 and with bounded error probability) of an s-sparse symmetric matrix
C e R™"™ with ||C| < 1, requires Q(\/R) quantum queries to a sparse matrix input oracle
for C in the worst case.

Proof. Let k = &21 Let v € {0,1}""0*k be an instance of a search problem that asks us
to determine whether |v| = 0 or |v| = 1 using queries to the entries of v. Solving this

search problem requires Q(\/ n ) = Q(y/ns) quantum queries to v.
Now we let C € R"*"* be defined by (where we index starting from 0)

Vi,j—i ifi§j<i+k<n
Cij=qvji-j ifi-k<j<i<n-k
0 else.

The first clause says that a row of v is placed in each row of C (except in the last k rows),
starting from the diagonal and going to the right (i.e. C; ; = v;,C; i+1 = v; 1, and so on).
The second clause ensures that C is symmetric.

If v = 0 then all the entries in C are zero and hence A,,x(C) = 0 and ||C| = 0. If
|v] = 1, then there is an entry in C that is 1, and hence Ax(C) = 1. In fact, if [v| =1,
then ||C|| = 1. We conclude that finding the largest eigenvalue of C up to a 1/3 error
solves the search problem.

From the definition of C it should be clear that there are at most 2k — 1 = s entries
in each row and column of C that could be non-zero. We can give an s-sparse oracle
for C by simply returning the locations the possible non-zero entries, i.e., the locations
where we have placed the bits of v. A value query for C can clearly be implemented
using O (1) queries to an oracle for v.

Note that our C is not actually s-sparse, it is in fact 1-sparse. If we want that all
the values of positions that our sparse oracle returns are indeed non-zero, then we can
simply change the zero-valued entries that are returned to %, since this changes the
eigenvalues by at most 3.2 O

2We would need to scale C slightly to ensure ||C|| < 1, and we would require a slightly more precise
solution.
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Theorem 9.8 Let n =1 and s € [n] odd. There exists an SDP with dimension n and
sparsity s (and with m =1, R =1 and r = 1), such that approximating OPT up to addi-
tive error 1/3 (with bounded error probability) requires Q(v/ns) quantum queries in the
sparse matrix input model.

Proof. Let C be an instance from Cemma97. Consider the following SDP

max Tr(CX)
Xe[Ran

s.t. Tr(X) <1
X=0.

Clearly R = 1 for this SDP, and r = OPT since b; = 1. It is well known that this SDP
approximates the largest eigenvalue of C. To see that this is indeed true, let x be an
eigenvector of C corresponding to the largest eigenvalue. Now let X := xx”, then X
is feasible, and X is also optimal since Tr(Cxx”) = x”Cx = Amax(C). It follows that
solving the SDP with € = 1/3 approximates the largest eigenvalue of C up to error 1/3,
and hence that this SDP requires Q(/7s) quantum queries to solve in the sparse matrix
input model. O

9.2.3 | Dependence on y in the sparse matrix input model

In this section we will show that every LP-solver in the dense input model (and hence
every SDP-solver in the sparse input model) that can distinguish two integer optimal
values with bounded error probability requires Q(yv/max{n, m}(min{n, m})¥/ %) quantum
queries in the worst case. At first sight this might seem to conflict with our upper
bounds from Chapter 4. However, the LP that we construct here will have a y parameter
that is polynomial in n and m. In fact, our lower bound shows that if m = ©(n), then
a polynomial dependence on y is required in order to get an algorithm with an o(nm)
dependence on n and m. We will give a reduction from a composition of Majority and
OR functions.

Definition 9.9 : Promise Majority-OR-Majority problem Let MAJ; be the Majority
function on k bits and let ORy be the OR function on k bits. Given input bits Z;j, €
{0, 1}%*P*¢ the problem of computing

MA]J4(
ORy(MAJ:(Z111,---» Z11¢)y -, MAT(Z1p1,y . -5 Z1be)),s

cey

ORb(MA]c(Zally---,Zalc);---;MA]c(Zably---;Zabc))
)

with the promise that
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* Each inner MA]. is a boundary case, in other words Z;zl Zije € {cl2,cl2+1} for
alli,j.

e The outer MA], is a boundary case, in other words, if Z € {0,1}% is the bitstring that
results from all the OR functions, then |Z| € {al2,al2+1}.

is called the promise MA] ;-OR},-MA] . problem.

Lemma 9.10 It takes at least Q(a\/Ec) quantum queries to the input to solve the
promise MAJ ;,-ORy,-MAJ . problem with bounded error probability.

Proof. The promise version of MAJj is known to require Q(k) quantum queries. Like-
wise, it is known that the OR;. function requires Q(v'k) queries. Furthermore, the ad-
versary bound tells us that query complexity is multiplicative under composition of
functions; Kimmel [KimT3, Lem. A.3 (Lem. 6 on arXiv)] showed that this even holds for
promise functions. O

Lemma 9.11 Determining the value

a c
7.
1:2152%;](;_1 ije

for a Z from the promise MA] ,-ORy,-MA] . problem up to additive error € = 1/3, solves
the promise MAJ ,-ORy-MA]J . problem.

Proof. Notice that due to the first promise, Z;zl Zije €{cl2,c/2+1} for all i € [a] and
j € [b]. This implies that

e Ifthe ith OR is 0, then all of its inner MAJ functions evaluate to 0 and hence

4

c
max ) Zjjs=—.
je[b];:l S

o Ifthe ith OR is 1, then at least one of its inner MAJ functions evaluates to 1 and
hence

C
c
max ) Ziip=—+1.
je[b];:l R

Now, if we denote the string of outcomes of the OR functions by 7 €10,1}%, then

a C I ~
;%%EJZW =ag+ |Z].

Hence determining the left-hand side will determine |Z |; this Hamming weight is either
% if the full function evaluates to 0, or g + 1 ifit evaluatesto 1. O
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Lemma 9.12 For an input Z € {0, 1}9%P%¢ there is an LP withm = ¢+ a and n = ¢ + ab
for which the optimal value is

Furthermore, a query in the dense input model for this LP can be implemented with 1
queryto Z.

Proof. Let Z be the matrix one gets by fixing the first index of Z and putting the
entries in a ¢ x b matrix, so Z lf’]) = Zij¢. We define the following LP:

(4
OPT = max Z Wy

k=1
I -z ... _zW@ w 0
o 17 y 1
s.t. . . . <
0 17 ] v 1
v, v @ e R, we RS,

Notice that every Z is of size ¢ x b, so that indeed m = c+ a and n = ¢ + ab.
For every i € [a] there is a constraint that says

b

E v <1.
"
j=1

The constraints involving w say that for every k € [c]

a b a R
wp<) Y. v;’)ZI(C’; =Yz vDy,,
i:lj:l i=1

where (Z%v?); is the kth entry of the matrix-vector product Z¥ v, Clearly, for an
optimal solution these constraints will be satisfied with equality, since in the objective
function wy has a positive weight, and each w; is only part of a single constraint. Sum-
ming over k on both sides, we get the equality
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so in the optimum || AR ||1 will be maximized. Note that we can use the ¢;-norm as
a shorthand for the sum over vector elements since all elements of Z”) v¥) are positive.
In particular, the value of | Z0 v | is given by

max “vam .

%
1

¥ >0.

<1

Now || Z® @ ||, will be maximized by putting all weight in v'” on the index that corre-
sponds to the column of Z¥) that has the highest Hamming weight. In particular, in the
optimum || Z® v} = max je g Z {E’j). Putting everything together gives:

=Y maxy" 70 = ZmaXZ Zije.

i= 1]€[b]é 1 €l =1

a . .
oPT=Y [ 20|
i=1 0

Theorem 9.13 Let n,m = 3. There exists an LP (and hence an SDP) with dimension n
and with m constraints (and with R,r =0 (min{n, m}z) ), such that approximating OPT
up to additive error 1/3 (with bounded error probability) requires

Q(\/ max{n, m}(min{n, m})3/2)

quantum queries in the dense input model for LPs (and hence in the sparse matrix input
model for SDPs with s = 1).

Proof. We start with the case where m < n. We first assume that there exist a = 1 and
k=2suchthat m=2aand n=ka. Letc=a=m/2and b=2k="* :%”—1,sothat
n=c+aband m = c+a. ByLemma YT there exists an LPwithn=c+aband m=c+a

that computes
a

Z;
zzl?;[ai?)](;l ije

for an input Z to the promise MAJ,-OR,-MAJ. problem. By Cemma 911, computing
this value will solve the promise MAJ;,-OR},-MA] . problem. By Lemma 910 the promise
MAJ ;-OR;,-MA]J . problem takes Q(av/b c) quantum queries in the worst case. This im-

plies a lower bound of
Q(mz\ /ﬁ) = Qm®2y/n)
m

quantum queries on solving these LPs.
For the upper bound on R note that for an optimal point ||w|; = OPT and
Y4, [|v®?], = a. Hence

R:OPT+aS%+g+1+a:@’(ac):@’(m2).
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For the upper bound on r we consider the dual of the LP:

a
OPT = min Z Vi
i=1

I 0 - 0][¢ 1
A | 2 0
s.t. . . =
AL 1] [ya 0

Ry, y €RE,.

Clearly all entries of ¢p are going to be as small as possible for an optimal point, so ¢ =1
and ||<,b||1 = c. It is easy to see that for an optimal point ||y||1 = OPT, so

ac a
r:OPT+cs7+5+1+c:@‘(a0):@’(m2).

m—1

Now, if m is odd, then we let a = “5— and add a dummy constraint to the LP. If n
is not a multiple of a then we let b = [%J and add n — ¢ — ab dummy variables to the
LP. Since n = m = 2a we find that b = 1. Finally, the case where n < m follows from
duality. O

It is important to note that the parameters R and r are not constant for the LP
from Theaorem 9 13, and hence this lower bound does not contradict the scaling with
vm + v/n of the complexity of our LP-solver (see Thearem 5.13). The lower bound
implies that any algorithm with an o(mn) dependence on n and m has to depend at
least polynomially on y = Rr/¢. For example, the lower bound shows that an algorithm
with a /m + /n dependence has to have an y* factor in its complexity with « > 3/8. It
remains an open question whether a tighter lower bound on the error dependence can
be proven.?

9.2.4 | Non-negative LP-solvers
A non-negative LP (NNLP) is an LP of the form

n
max Xi
xeR” ; !

st. Ax<1
x=0.

3For LP-solvers with a v/m + v/n dependence on n and m a slightly better lower bound of x = 1/2 fol-
lows from Thearem 9 TH. However, in other settings Thearem 9 T1 will not always give a lower bound
on x. For example, Thearem 915 will not give any such lower bound for LP-solvers with a v/nm-
dependence.
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where A € RZ{" is entrywise non-negative. Many of the algorithms for this type of LP
assume access to A in the form of a single list of indices that includes the indices of all
non-zero entries. The notation nnz(A) is used to denote the length of this list. We call
this input model the entrywise input model. An important result about NNLPs by Luby

and Nisan [[CLN93] is that there exists a classical algorithm that approximates OPT up to

nnz(A)
54

dence on R and r. Their results have later been improved in many different settings,

multiplicative error 6 in 5,,,”( ) steps. The main point here is the lack of a depen-

including by Koufogiannakis and Young [KYT4] to 5nm(”g—2m +nnz(A)) for sequential

algorithms (there are also many results in parallel or distributed settings).

In this section we give a family of NNLPs with n = ©(m) = ©(nnz(A)), for which Q(n)
quantum queries to a dense input oracle for A, or to an entrywise input oracle for A, are
needed in order find a primal solution that has objective value at least (1 —6)OPT. The
work in this section is not yet published.

Lemma 9.14 There exists a constant €y such that for all € € (0,¢&¢) the following holds:
given an oracle for a string z € {0,1}" with |z| ¢ {0, n}, finding a string zZ (with probability
at least 5/6) such that |z — Z| < €n, requires QU(n) quantum queries to the entries of z in
the worst case.

Proof. Assume & is a quantum algorithm that uses T quantum queries to z and with
probability at least 5/6 finds a Z such that |z — Z| < en. We will construct a bounded-
error quantum algorithm that recovers z fully. It is known that such an algorithm re-
quires at least n/2 — 2 queries to the input, since it allows us to compute the parity of
z [BBCMWOT].?

Boyer et al. [BBHTY8] showed that Grover’s algorithm can be used to find one out of
t solutions in a search space of size n using an expected number of @(v/n/t) quantum
queries, even if we do not know ¢. Let ¢ be the constant hidden in the big-O notation,
so cv/n/t quantum queries suffice in expectation. Then, to find all ¢ solutions

-1

n ' In t In
cY \/—=c) —,SC‘[\/—dJC:ZC\/I’L[
r—i 4V o Vx

i=0

quantum queries suffice in expectation, since we can exclude already-found solutions
from subsequent searches.

Now to reconstruct z fully. We first apply «/ (using T queries) to find a Z such that
|z—Z| < en with probability at least 5/6. Let x = z ® Z be the string of differences,
so |x| < en. Clearly we can make queries to x given access to quantum queries to z.
We can now use at most 2¢y/n-en = 2¢y/eén quantum queries in expectation to find
all differences between z and Z, and hence reconstruct z. We can modify the search
algorithm to stop after 12cv/en queries, so by Markov’s inequality it finds a correct z
with probability at least 5/6.

“Note that we do not get an n/2 lower bound since we excluded the all-ones and all-zeros strings.
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Now, with probability at least (5/ 6)2 > 2/3, we can learn z using T+ 12¢+/en queries.
Since at least n/2 — 2 queries are required to learn z, it follows that

1
T=> (5—120\/5)11—2.

So by letting ¢ < # we get the stated lower bound. O

Theorem 9.15 Ler €y be the constant from Lemmad14. Let n = 4/&y, and let 0 < § <
£0/10. There exists a non-negative LP with dimension n, with m = n+ 1 constraints, and
with at most 2n fixed positions in the constraint matrix that might be non-zero, such
that approximating OPT up to multiplicative error 6 (with bounded error probability)
requires Q2(n) quantum queries in the dense input model for LPs, as well as in the entry-
wise input model for LPs.

Proof. Let € = % +50 < €. Let z € {0,1}" be an input from Cemma 9.14 for this ¢, so
|z| ¢ {0, n}. Consider the following non-negative LP:

n

max Y X;
i=1

s.t. (z,x)<1
x;<1forallie€[n]
x=0.

It is easy to see that a dense input oracle for this LP can easily be implemented using a
single query to an oracle for z. Furthermore, the number of positions in the constraint
matrix that can be non-zero is 2n, and these positions can easily be listed. Let x* be
an optimal solution. Clearly x; = 1 for all i where z; = 0. Furthermore, };.;,—; x; < 1.
Hence OPT = |z| + 1, where Z is the entrywise negation of z.

Now let X be a feasible point with optimal value at least (1 —§) - OPT. Then

Y % =(1-6)0OPT=(1-6)(Iz|+ D).
i=1

Since X is feasible we know that

Y x<1,

i:zi=1
hence there are at most two indices i such that z; = 1 and X; = 1/2. It also follows that
Y Ziz(1-86)zl+D-1=(1-26)zl
i:z;=0

Hence, for at least (1 —50)|z| of the i where z; = 0 we have %; > 1/2, and for at most
56|z| < 56n of these i we have X; < 1/2. Let Z be the string we get by rounding the
entries of X to {0, 1} and then flipping all the bits. Then

|lz—Z|<2+506n=¢n.
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We conclude that, due to Cemma9.14, at least Q(n) quantum queries in the dense
input model are needed to solve the non-negative linear program. Similarly Q(n) quan-
tum queries in the entrywise input model with parameter nnz(A) = 2n are needed. [J

Due to duality we know that the same lower bound holds for finding a dual solution.
As mentioned at the beginning of this section, some classical algorithms already run in

time 5( ntm nnz(A)), which is @ (ﬂ) for the parameters of the LP from Thearem 9.13.

€ e2
This shows that, apart from a possible improvement in the error dependence, there is

no unconditional quantum speed-up possible for non-negative linear programming.
One area in which a quantum speedup is still possible would be approximating
only the optimal value, without also giving an optimizing point. For such an algo-
rithm the LP above would not give an Q(n) lower bound, since approximating the
Hamming weight of a string up to a multiplicative error § can be done using G(/n/6)
queries [BHTY98]. Another approach for finding a quantum speed-up could be to look
for an algorithm that is fast when m <« n (or the other way around), for example, an
algorithm with a y/nm complexity. Finally, a quantum algorithm might get a better
bound for dense matrices, by improving (or removing) the dependence on nnz(A).

9.2.5 | The Hamiltonian & quantum operator input models

We now modify the lower bound from I'hearem 9.8 to prove a lower bound in the Hamil-
tonian input model. This lower bound will also imply a lower bound in the quantum
operator model.

Lemma 9.16 Lett =1 and b € (0,1]. Let x € {0,1}" such that |x| =0 or |x| = 1. Given

access to an oracle dCtil’lg as
1, 0%

Odiy = ),

determining (with probability 2/3) which of the cases for x holds requires at least
Q(v/n3) queries to Ox.

Proof. This follows from the Phase Adversary Method (Cemma6.4) with a similar argu-
ment to the example in Secfion 642, O

We now reprove [Theorem 9.8 for the Hamiltonian input model. Remember that
in this model (with parameter 7) we access A; via a unitary e 't with tj <7 (see
Secfion 25T for details).

Theorem 9.17 Letn,m=1,7 =1 ande¢ € (0,1/3). There exists an SDP with dimension n
and with m constraints (and with R,r = ©(1)), such that approximating OPT up to
additive error € (with probability at least 5/6) requires Q((v/n+/m)L) queries in the
Hamiltonian input model with parameterT.
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Proof. Let k = max{n, m}. Let v € {0, 1}* be an instance of the problem in Cemma 918,
with 6 = 3e.

If m < n then we define an SDP as follows: let C = I/2 + diag(é v), and only include
the constraint Tr(X) < 1. We let the parameters of the Hamiltonian input model be
to = ) = 7. As in [heaorem 9.6 we have R,r = O(1). A query in the Hamiltonian input
model for this SDP can be implemented using a single phase query to the oracle from
Cemma9T8. Finally we note that OPT =1/2 if |[v| =0, and that OPT =1/2+ ¢ if |[v| = 1.
Hence, approximating OPT with error € solves the search problem from Cemma 918,
and therefore requires Q(/n%) queries.

If n < m then consider the dual of this SDP. Since the input matrices are diagonal,
this dual can again be written as a primal problem by negating both sides of each
constraint. The dual has a single variable and the queries to the Hamiltonian input
model for this SDP will again be implementable with a single query to the oracle from
CemmaJT8.

Finally we note that we can add dummy constraints or variables in order to make
the dimensions of the problem match »n and m. O

Using we get the following result in the quantum operator input model.

Corollary 9.18 Letn,m=1,a= % and € € (0,1/3]. There exists an LP (and hence SDP)
with dimension n and with m constraints (and with R,r = O (1)), such that approximat-
ing OPT up to additive error € (with probability 5/6) requires Q((v/n + v/m)2) queries in
the quantum operator input model with parameter Q.

Proof. Let of be a T-query algorithm that approximates OPT up to additive error € in
the operator input model with probability 5/6. Consider an input from Theorem 9.17
for 7 = 2. If Cemma 475 would work without error then we could implement a query
to the operator input model for this SDP using &' (1) queries to the Hamiltonian input
model for this SDP. It would follow that T = Q((v/n + y/m)2).

However, Cemma 471 does introduce error. Let U be the unitary corresponding to
&/ when we apply the algorithm with perfect queries in the operator input model. Let
U be the unitary corresponding to <« if we use CLemma4.75 to approximate the queries,
with the error set to u. Then

JU-0] =71

soifwepickuy=0 (%) then < finds a solution with probability at least 2/3. One query in

the operator model can then be implemented using Gr(1) queries in the Hamiltonian
input model. It follows that T = Q((v/n + v/m)2). O

9.2.6 | The quantum state input model

We finish this section with a lower bound for the quantum state input model. Remem-
ber that in this model (with parameter B) we access A; via a unitary that prepares pu-
rification of subnormalized states p]+. and P such that a given linear combination of
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p]+., P and I is equal to A. Recall that B is an upper bound on the sum of the coef-
ficients of p}‘ and p; in this linear combination (see Secfion 251 for details). In this
model we will not be able to prove an Q(y/n) lower bound due to the upper bounds
of [BKLLSW1Y] and [AGTY4].

Lemma 9.19 Let ¢ € (0,1/3]. Assume we are given an SDP in the quantum operator
input model with parameter o« = 2. Using @’% (1) queries to the oracle for the quantum

operator input model, an oracle for the quantum state input model can be implemented
encoding matrices A; that are ¢-close in trace distance to the original Aj matrices. This
new oracle for the quantum state model has a B parameter equal to 128 n«.

Proof. We consider a single Aj, and for ease of notation we omit the subscript. The
proof will draw heavily on the ideas developed for Gibbs-sampling in Cemmma4.T5. Let
the spectral decomposition of A be

A= é/lih//ixwl'\-

By assumption we have an (a, a,0)-block-encoding U of A for some number of qubits a.
Using Cemma 7 11 we can implement a (1, O(a), ﬁ) -block-encoding of

/1. A
I+3,
4
with 5% (1) applications of U using the polynomial Q from Cemma4T7. Applying this

block-encoding to the first half of a maximally entangled state results in a state that is

-close in ¢/5-norm to
/ Ai
1 2 1+ 8o

—= > |wlwlo)+IL),
vniz 4
where | L) has no overlap with the all-zero state in the last register.
Would we trace out the second register, and project on the part of the state with a 0
in the last register, then we would get a subnormalized state that is —*__close in trace

128na
norm to
1 5a)
—\(I+—|.
16n 8a

Now, by letting u! = —ﬁ and u* = 128na we have implemented a query in the quan-
tum state input model with B = 128na for an A that is ¢-close to A in trace norm. O

Corollary 9.20 Lete€ (0,1/6], m =2, and B = 256. Then there is an LP (and hence an
SDP) dimension n = 2 and with m constraints (and with R,r = O (1)) for which finding
an e-approximation of the optimal value (with probability 11/12) requires ﬁ(\/m%)
queries in the quantum state model with parameter B.

5
128na

Proof. This follows from the reduction above with a similar argument as in the proof of
J.18. O
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9.3 | Discussion and future work

The results from Secfion 97 show that our SDP-solving algorithms from and
our LP-solving algorithms from are optimal, apart from a possible improve-
ment in the y-dependence. Furthermore, Theorem 913 shows that a polynomial de-
pendence on Yy is required in order to get an o(nm) upper bound in terms of n and m.
Considering that the results from Secfion 91 show that a large y parameter is natural
for many problems, the only way we see that further research into these types of LP and
SDP-solvers could yield useful results, is to improve the y-dependence drastically. For
our type of solvers this would require an improvement in the iteration count and in the
y-dependence of each iteration.

However, little work has yet been done on quantum LP and SDP-solvers with a
polylogarithmic error dependence. Classically, cutting plane methods have given very
strong theoretical results, and interior point methods are widely used in practice. It
would be an interesting direction for future work to consider if these methods can be
sped up using quantum algorithms.
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Abstract

Every day we need to make many decisions: what we should have for dinner, what to
vote for, or whether to kiss that special person for the first time. There are also many
decisions that need to be made at a larger scale, for example, groups, governments, and
corporations have to make decisions in order to use their resources wisely. Every de-
cision asks us to consider many possibilities and to try to get the optimal outcome (or
more often than not, to simply avoid disaster). Making these decisions is further com-
plicated by the constraints that are put on us. Even though people have become quite
good at making decisions, the increasing complexity of the world around us means that
“going with our guts” is often an ill-advised optimization strategy.

The field of mathematics allows us to formulate an abstract version of some of the
more complex problems we encounter, and allows us to quantify what the objectives
and constraints are. For some problems mathematics even gives us a simple closed-
form solution, e.g. many of us have learned in school how find the extreme points on
a parabola. However, for many problems there is no such simple closed-form solution,
the best we can do is to use a method, or algorithm, to construct a solution. This puts
us in the realm of computer science.

Computer science considers how to solve problems systematically, and more im-
portantly how many steps the decision-making process has to take. Most optimiza-
tion problems can be solved by simply listing all possible combinations of decisions
and then searching for the best option, but as the number of decisions increases, so
does the number of combinations. In fact, for many situations the number of possi-
ble combinations increases exponentially, making the process of writing down all the
options impractical. Instead we often look for a smarter, more efficient algorithm, one
that scales better with the problem size.

It is not always easy (or even possible) to find an efficient algorithm. Consider the
problem of finding the lowest place in the Swiss Alps. We may walk down into what
seems the deepest valley, only to learn later that a farmer three valleys over has dug a
really deep well. One of the problems in such a scenario is that we may find a local
minimum, but due to a lack of structure in the problem we have no clear way of finding
a global minimum. Some problems do have more structure, an important class of these
is the class of convex optimization problems. Convex optimization problems have the
useful property that local minima are also global minima. For our example about the
Alps this means that, as long as we keep going down, we will always reach the lowest
point. However, as anyone who ever went snowboarding can tell you, how you go down
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matters a lot for how fast you will get there.

Apart from considering the structure of the problem we are trying to solve we should
also consider what steps we can take to solve it. We may want to use pen and paper, use
our laptop, or use a supercomputer, all of which function differently. However, these
methods are not inherently different, with enough time we could perform the same
computation as a supercomputer with nothing more than a pen and a piece of paper.
Although this would be significantly slower, the scaling with the problem size would
stay the same since the basic steps we can use are the same, only slower. What basic
steps we may perform is ultimately dictated by the laws of physics: we can only change
the state of our piece of paper, or our computer, in ways that are allowed by physics.
Specifically, our piece of paper and our computers both follow the laws of classical
physics, the physics that we see around us every day.

During the 20th century our understanding of physics has changed and we now
know that classical physics does not give a full description of the natural world. One of
the places where classical physics breaks down is at the scale of atoms and elementary
particles, at this small scale the universe is governed by the laws of quantum physics.
Quantum physics predicts behavior that is not possible in classical physics. Particles
might be in a superposition of many different classical states, only becoming a specific
one of those states at random when interacting with our classical world via a measure-
ment. Miraculously, and contrary to classical randomness, this quantum randomness
does not stem from our inherent lack of knowledge about the particle, the different
parts of the superposition are all present until we measure and can interfere with each
other. A natural question to ask is whether these phenomena can be used to our ben-
efit when performing computations. A computer that works according to the rules of
quantum physics is called a Quantum computer, such devices have a wider range of
basic operations that they can perform than classical computers do.

This thesis asks the following central question

Can quantum computers solve convex optimization problems faster?

In order to answer this question we consider a few different types of problem that we
may encounter in convex optimization.

If we have some black-box procedure to evaluate how good a proposed solution
to a convex optimization problem is, for example a way of estimating the height of a
point in the Alps or a method of estimating our profits given a business strategy, then a
classical computer would have to try a lot of small changes in order to find the change
that improves our objective the most. However, we show that a quantum computer can
find the optimal direction for improvement exponentially faster.

We then consider specific categories of convex optimization problems, mainly lin-
ear programming and semidefinite programming. These problem categories include
many natural problems and have been widely used both for theoretical and practical
purposes. For example, linear programming can be used for finding the optimal strate-
gies of zero-sum games, coming up with a diet plan, or planning resources. Semidef-
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inite programming is a generalization of linear programming and can additionally be
useful for designing optimal experiments, approximately solving hard problems, or op-
timize processes involving quantum mechanics. Our quantum algorithms for these
problems use a natural connection between quantum physics and semidefinite pro-
gramming: the solutions to a semidefinite programming problem correspond to the
states of a quantum system. We show that quantum computers can solve semidefinite
programming problems and linear programming problems quadratically faster than a
classical computer can. In fact, our algorithms take less time to solve the problem than
that it would take to read through the whole input.

We also take a more negative view and discuss the limitations of quantum comput-
ers. We show that, even though quantum computers can find the optimal direction of
improvement exponentially faster, there is no general exponential speedup for finding
the optimal value. We also show that in many ways our methods for solving linear and
semidefinite programming problems are optimal: faster methods would not be able to
read enough of the input to still get a good solution.

To conclude, we showed that in a few different settings the answer to our central
question is yes. The results in this dissertation show that quantum computers can solve
some convex optimization problems faster, but there are also limits to this. There are
still many open questions regarding convex optimization on quantum computers and
we regard this topic as an important direction of future research.






Samenvatting

Iedere dag moeten we veel verschillende beslissingen nemen: wat te eten vanavond,
waar op te stemmen, en of we die ene speciale persoon voor de eerste keer zullen zoe-
nen. Ook op een grotere schaal moeten er veel beslissingen genomen worden; groepen,
overheden, en bedrijven moeten bijvoorbeeld beslissingen nemen om hun middelen
goed te benutten. Voor iedere beslissing moeten we rekening houden met veel verschil-
lende mogelijkheden om zo een optimale uitkomst te bereiken (alhoewel we vaak al te-
vreden zijn als we simpelweg een ramp kunnen voorkomen). Het nemen van al deze
beslissingen wordt alleen nog maar ingewikkelder als we ook rekening moeten houden
met alle beperkingen die ons worden opgelegd. Hoewel mensen redelijk goed zijn in
ingewikkelde beslissingen nemen, wordt de wereld om ons heen ook steeds ingewik-
kelder en is simpelweg dingen op gevoel doen vaak een slechte optimalisatie-strategie.

Gelukkig staat de wiskunde ons toe om een abstracte versie van ingewikkelde pro-
blemen te formuleren en zo duidelijk vast te leggen wat het doel en de beperkingen
zijn. Voor sommige problemen krijgen we zelfs een oplossing in gesloten vorm, zo heb-
ben veel van ons op school geleerd hoe we het extreme punt op een parabool kunnen
vinden. Echter, er zijn ook problemen zonder zo'n simpele oplossing in gesloten vorm.
Voor dit soort problemen kunnen we vaak alleen maar een algoritme vinden om het
probleem op te lossen, de problemen vallen dan onder het vakgebied van informatica.

In de informatica vragen we ons af hoe we problemen op een systematische wijze
kunnen oplossen. Vaak is het hierbij belangrijk hoeveel stappen nodig zijn voor het be-
sluitvormingsproces. Zo zouden de meeste optimalisatieproblemen opgelost kunnen
worden door alle mogelijke combinaties voor alle beslissingen uit te schrijven en dan
de beste optie te kiezen, maar als het aantal te maken beslissingen groeit dan groeit
ook het aantal combinaties dat we moeten uitwerken. Dit aantal combinaties zal vaak
zelfs exponentieel groeien, waardoor deze strategie niet praktisch zal zijn. In dat geval
zoeken we naar slimmere en efficiéntere algoritmes die beter schalen.

Het is niet altijd makkelijk (of zelf mogelijk) om een efficiént algoritme te vinden.
Neem bijvoorbeeld het probleem om het laagste punt in de Zwitserse Alpen te vinden.
Je begint mogelijk op de top van een berg en loopt het dal in dat het diepste lijkt, maar
later blijkt dat een boer een paar valleien verderop een hele diepe put heeft gegraven.
Het probleem in dit geval is dat je mogelijk een lokaal minimum vind, maar door een
gebrek aan structuur is het niet duidelijk hoe we een globaal minimum kunnen vin-
den. Sommige problemen hebben wel meer structuur. Een belangrijke klasse van zulke
problemen zijn de convexe optimalisatieproblemen. Convexe optimalisatieproblemen
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hebben de fijne eigenschap dat lokale minima ook globale minima zijn. In het voor-
beeld over de Alpen betekent dit dat, zolang we maar naar beneden blijven gaan, we
altijd op het laagste punt aan zullen komen. Echter, zoals elke snowboarder je kan ver-
tellen, speelt hoe je naar beneden gaat een grote rol bij hoe snel je uiteindelijk zal zijn.

Behalve naar de structuur van het probleem te kijken, dienen we er ook over te den-
ken welke stappen we kunnen nemen om het op te lossen. Zo kunnen we een probleem
met pen en papier oplossen, met onze laptop, of met een supercomputer. Allemaal ver-
schillende methodes die anders zullen functioneren. Echter, deze methodes zijn niet
inherent verschillend: als we genoeg tijd nemen kunnen we dezelfde berekeningen als
een supercomputer uitvoeren met pen en papier. Hoewel dit significant trager zal zijn,
zal de schaling met de probleemgrote wel hetzelfde zijn, we kunnen immers dezelfde
basisstappen uitvoeren (alleen trager). Welke basisstappen we kunnen uitvoeren wordt
uiteindelijk bepaald door de natuurwetten: we kunnen de staat van ons stuk papier
(of onze computer) alleen maar veranderen op manieren die toegestaan worden door
de natuurwetten. Zowel ons papier als onze computers opereren volgens de klassieke
natuurkunde, de natuurkunde die het dagelijks leven om ons heen beschrijft.

In de 20e eeuw is onze blik op de natuurkunde veranderd, we weten nu dat de klas-
sieke natuurkunde geen volledige beschrijving geeft van de wereld. De klassieke fysica
werkt bijvoorbeeld niet op de kleinste schalen, de schaal van atomen en elementaire
deeltjes. Op dit soort kleine schalen gedragen de deeltjes zich volgens de wetten van de
quantumfysica, dit staat gedrag toe dat in onze klassieke dagelijkse wereld niet moge-
lijk is. Zo kunnen deeltjes zich in een superpositie van toestanden bevinden, een deel-
tje wordt willekeurig een van deze toestanden nadat er interactie met onze klassieke
wereld heeft plaatsgevonden via een meting. Wonderbaarlijk genoeg is deze willekeur
anders dan de klassieke willekeurigheid die voortkomt uit ons gebrek aan kennis over
een deeltje: de verschillende delen van een superpositie zijn echt allemaal aanwezig
totdat er gemeten word en kunnen met elkaar interfereren. Een natuurlijke vraag is dan
ook of deze quantum verschijnselen ons kunnen helpen bij het uitvoeren van bereke-
ningen. Een computer die zich gedraagt volgens de regels van de quantummechanica
heet een quantumcomputer en kan een grotere set aan basisoperaties uitvoeren dan
een klassieke computer.

In dit proefschrift staat de volgende vraag centraal:

Kunnen quantumcomputers convexe optimalisatieproblemen sneller oplossen?

Om deze vraag te beantwoorden kijken we naar een verschillende soorten problemen
die voorkomen in convexe optimalisatie.

Zo kijken we bijvoorbeeld naar optimalisatiemethodes voor wanneer we kunnen
bepalen hoe goed een mogelijke oplossing voor een probleem is. We zijn specifiek ge-
interesseerd in het geval dat we hiertoe toegang hebben in een “black-box manner”,
met andere worden, we weten niet hoe deze evaluatie achter de schermen werkt. Zo'n
manier van evalueren kan bijvoorbeeld een manier zijn om de hoogte van een punt
in de Alpen te schatten of een manier om te bepalen hoe goed een handelsstrategie
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is. Gegeven een mogelijke oplossing zou een klassiek algoritme alle verschillende ver-
anderingen moeten uitproberen om te zien welke aanpassing de grootste verbetering
oplevert. We tonen echter aan dat je met een quantumcomputer exponentieel sneller
een optimale aanpassing kan vinden.

We kijken daarna naar bepaalde klassen aan convexe optimalisatieproblemen, spe-
cifiek kijken we naar lineair programmeren en semidefiniet programmeren. Deze cate-
gorieén bevatten veel natuurlijke problemen en zijn breed toepasbaar voor zowel the-
oretische als praktische doeleinden. Bijvoorbeeld, lineair programmeren kan gebruikt
worden om de optimale strategieén in nulsomspelen uit te rekenen, om een dieetplan
op te stellen, of om middelen slim te verdelen. Semidefiniet programmeren is een ver-
algemenisering van lineair programmeren en kan ook nog gebruikt worden om bijvoor-
beeld optimale experimenten te ontwerpen, moeilijke problemen te benaderen, en om
processen waar quantummechanica een rol speelt te optimaliseren. Onze quantumal-
goritmen voor deze problemen gebruiken een natuurlijke connectie tussen quantum-
fysica en semidefiniet programmeren: de oplossingen van semidefiniete programma’s
komen overeen met de toestanden van een quantumsysteem. We laten zien dat quan-
tumcomputers semidifiniete programma’s en lineaire programma’s kwadratisch snel-
ler kunnen oplossen dan klassieke computers dat kunnen. Onze algoritmen lossen het
probleem zelfs sneller op dan de tijd die een klassieke computer nodig zou hebben om
door de hele invoer heen te lezen.

We kijken echter ook naar de beperkingen van quantumcomputers. Zo laten we
zien dat, ondanks dat quantumcomputers exponentieel sneller de optimale richting
voor verandering kunnen bepalen, er geen algemene exponentiéle verbetering is voor
het vinden van een optimale oplossing. Ook laten we zien dat op veel verschillende
manieren onze methodes voor het oplossen van semidefiniete en lineaire programma’s
niet verder te versnellen zijn: snellere methodes zouden te weinig van de invoer moeten
bekijken en daardoor geen goede oplossing meer kunnen vinden.

Samengevat, we laten zien dat er meerdere situaties zijn waarin het antwoord op
onze centrale vraag ja is. De resultaten in dit proefschrift laten zien dat quantumcom-
puters sommige convexe optimalisatieproblemen sneller kunnen oplossen, maar dit is
wel beperkt. Er zijn nog vele open vragen over convexe optimalisatie op quantumcom-
puters en we zien dit dan ook als een belangrijk onderwerp voor vervolgonderzoek.
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