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ABSTRACT ARTICLE HISTORY
We present a heavy traffic analysis of a single-server polling model, Received 12 July 2017
with the special features of retrials and glue periods. The combin- Accepted 27 September 2018

ation of these features in a polling model typically occurs in certain
optical networking models, and in models where customers have
a reservation period just before their service period. Just before
the server arrives at a station there is some deterministic glue
period. Customers (both new arrivals and retrials) arriving at the MATHEMATICS SUBJECT
station during this glue period will be served during the visit of CLASSIFICATION

the server. Customers arriving in any other period leave immedi- 60K25, 68M20, 90B18
ately and will retry after an exponentially distributed time. As this

model defies a closed-form expression for the queue length distri-

butions, our main focus is on their heavy-traffic asymptotics, both

at embedded time points (beginnings of glue periods, visit peri-

ods, and switch periods) and at arbitrary time points. We obtain

closed-form expressions for the limiting scaled joint queue length

distribution in heavy traffic. We show that these results can be

used to accurately approximate the performance of the system for

the complete spectrum of load values by use of interpolation

approximations.

KEYWORDS
Heavy traffic; polling
model; retrials

1. Introduction

Polling models are queueing models in which a single server, alternatingly,
visits a number of queues in some prescribed order. These models have been
extensively studied in the literature. For example, various different service dis-
ciplines (rules which describe the server’s behavior while visiting a queue) and
both models with and without switch-over times have been considered. We
refer to Takagi'*»**! and Vishnevskii and Semenova'®*! for some literature
reviews and to Boon, van der Mei and Winands"!, Levy and Sidi!** and

Takagi'®'! for overviews of the applicability of polling models.
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Motivated by questions regarding the performance modeling and analysis
of optical networks, the study of polling models with retrials and glue periods
was initiated in Boxma and Resing'™. In a communication network, packets
must be routed from source to destination, passing through a series of nodes
and a protocol decides which packet may be transmitted at these points. A
cyclic polling strategy, cyclic meaning that there is a fixed pattern for giving
service to particular ports/stations, is used as a protocol here. The “wired”
part of communication networks these days is almost completely replaced by
optical networks. These networks utilize optical fiber cables as the primary
communication medium for transporting data as light pulses (photons)
between source and destination. Optical nodes, unlike electronics, have a
problem with buffering of optical packets, as photons cannot be stopped.
This problem is usually solved by converting a light pulse to electric data,
storing it and then reconverting it to a light pulse when the node is ready
for further transmission. This is a time and energy consuming process. To
overcome this issue, whenever there is a need to buffer photons, they can be
forced to move locally in fiber loops. These fiber loops or fiber delay lines
(FDL) originate and end at the head of a switch. When a photon arrives at
the switch at a time it cannot be served, it is sent into an FDL, thereby
incurring a small delay to its time of arrival without getting lost or displaced.
Depending on the availability, requirement, traffic, size of photon and other
such factors, the length (delay produced) of these FDLs can differ. Hence,
we assume that these FDLs delay the photons by a random amount of time.
Also, if a packet does not receive service after a cycle through an FDL, then
depending on the model it can go into either the same or a longer or a
shorter or randomly to any of the available FDLs. Hence, we assume that
two consecutive retrials are independent of each other. This FDL feature can
be modeled by a retrial queue.

A sophisticated technology that one might try to add to this is varying the
speed of light by changing the refractive index of the fiber loop, cf.'®! By
increasing the refractive index in a small part of the loop we can achieve
“slow light,” which implies slowing the packets. Just before a service period
at a port starts, the refractive index in a small region at the end of FDLs can
be increased, thereby slowing down the packets and “queueing” them, so
that they are available for service when the service period starts. This feature
is, in our work, modeled as glue periods immediately before the visit period
of the corresponding station. Packets (both new arrivals and retrials) arriving
in this glue period can be served in that subsequent visit period. Packets
arriving in any other period leave immediately and will retry after an expo-
nentially distributed time. These assumptions regarding retrials and glue
periods reflect the specific properties of optical buffering, i.e., FDLs and
slowing down the packets by varying the refractive index.
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Not restricting ourselves to optical networks, one can also interpret a
glue period as a reservation period, i.e., a period in which customers can
make a reservation at a station for service in the subsequent visit period of
that station. The polling models with retrials and reservation periods could
be interesting objects of study in, e.g., healthcare. In our model, the reser-
vation period immediately precedes the visit period and could be seen as
the last part of a switchover period.

In Ref!™), the joint queue length process is analyzed both at embedded
time points (beginnings of glue periods, visit periods and switch-over peri-
ods) and at arbitrary time points, for the model with two queues and deter-
ministic glue periods. This analysis is later on extended in Abidini, Boxma
and Resing'? to the model with a general number of queues. After that, in
Abidini et al.!"), an algorithm is presented to obtain the moments of the
number of customers in each station for the model with exponentially dis-
tributed glue periods. Furthermore, in Ref!!! also a workload decomposition
for the model with generally distributed glue periods is derived leading to a
pseudo-conservation law. The pseudo-conservation law in its turn is used
to obtain approximations of the mean waiting times at the different sta-
tions. In these articles, however, no analytical expressions for the complete
joint distributions have been derived, which is something we aim to do in
this article.

In this manuscript, we will study the above-described polling system
with retrials and deterministic glue periods in a heavy traffic regime. The
reason that we restrict ourselves to deterministic glue periods is that in that
case we can use the relation between our polling model and a multitype
branching process with immigration as discussed in Refl?!. This relation
enables us to study the heavy-traffic behavior of the process. Optical net-
works, as a result of the huge bandwidth provided, are not heavily loaded
at the core level, but at the access level, the high volatility of traffic can
lead to periods at which the system works under heavy load. The behavior
of networks in this heavy-loaded period is a motivation for the heavy traffic
analysis of a polling model with retrials and glue periods.

More concretely, we will regard the regime where each of the arrival
rates is scaled with the same constant, and subsequently the constant
approaches from below that value, for which the system is critically loaded.
Then, the workload offered to the server is scaled to such a proportion that
the queues are on the verge of instability. Many techniques have been used
to obtain the heavy traffic behavior of a variety of different polling models.
Initial studies of the heavy traffic behavior of polling systems can be found
in Coffman, Puhalskii and Reiman'®”), where the occurrence of a so-called
heavy traffic averaging principle is established. This principle implies that,
although the total scaled workload in the system tends to a Bessel-type
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diffusion in the heavy-traffic regime, it may be considered as a constant
during the course of a polling cycle, while the loads of the individual
queues fluctuate like a fluid model. It will turn out that this principle will
also hold true for this model. Furthermore, in van der Meil'*), several
heavy traffic limits have been established by taking limits in known expres-
sions for the Laplace-Stieltjes transform (LST) of the waiting-time distribu-
tion. Alternatively, Olsen and van der Meil’”! provide similar results, by
studying the behavior of the descendant set approach (a numerical compu-
tation method, cf. Konheim, Levy and Srinivasan'®!) in the heavy traffic
limit. For the derivation of heavy traffic asymptotics for our model, how-
ever, we will use results from branching theory, mainly those presented in
Quine!'®. Earlier, these results have resulted in heavy traffic asymptotics
for conventional polling models, see van der Mei!'*). We will use the same
method as presented in that article, but for a different class of polling sys-
tems that models the dynamics of optical networks. In addition, for some
steps of the analysis, we will present new and straightforward proofs, while
other steps require a different approach. Furthermore, we will derive
asymptotics for the joint queue length process at arbitrary time points, as
opposed to just the marginal processes as derived in Ref!"®!. Due to the
additional intricacies of the model at hand, we will need to overcome many
arising complex difficulties, as will become apparent later.

The rest of the article is organized as follows. In Section 2, we introduce
some notation and present a theorem from Ref"®! on multitype branching
processes with immigration. In Section 3, we describe in detail the polling
model with retrials and glue periods and recall from Ref'?! how the joint
queue length process at some embedded time points in this model is
related to multitype branching processes with immigration. Next, we will
derive heavy traffic results for our model. In Section 4, we consider the
joint queue length process at the start of glue periods. In Section 5, we
look at the joint queue length process at the start of visit and switch-over
periods, while in Section 6, we consider the joint queue length process at
arbitrary time points. Finally, in Section 7, we show how the heavy-traffic
results, in combination with a light-traffic result, can be used to approxi-
mate performance measures for stable systems with arbitrary system loads.

2, Multitype branching processes with immigration

To derive heavy-traffic results for the model under study, we regard its
queue length process as a multitype branching process with immigration.
To this end, before introducing the actual model in detail, we will state an
important general result from Ref'®! on multitype branching processes
with immigration in this section, which we will make significant use of in
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the sequel of this article. To state this result, we will first need
some notation.

A multitype branching process with immigration has two kinds of indi-
viduals: immigrants and offspring. The immigrants in the model are repre-
sented by the generating function

Z q(]l,...,_]N ZZN

J1sein=0

Here, z = (z1,22,...,2y) and |z <1, for all i=1,...,N, and
q(j1,---,jn) is the probability that ji type-k individuals immigrate into the
system in a given generation, for all k=1,...,N. We use this to define
the mean immigration vector ¢ = (g1, . ., gn)"', where g = a%ff) |, for all
i=1,...,N, where 1 represents a vector of which each of the entries
equals one.

Similarly, the offspring in the model is represented by the vector of gen-

erating functions h(z) = (h1(z), h2(2),...,hn(2)). Here,
Z pigh . ,].N)Zé1 .. ZJIG]7

JseiN=0

where p;(ji,...,jn) is the probability that a type-i individual produces jx
type-k individuals, for all i=1,...,N and k=1,...,N. We use this to

define the mean matrix M = (m;;), where m;;= a%§)|zzl, for all

i,j=1,...,N. The elements m;; represent the mean number of type-j chil-

dren produced by a type-i individual per generation. We also define the

Fhi(z)

550z, | o=p> for

second-order derivative matrix K() = (k](’,z) where ka =
all i,j,k=1,...,N.
Define w = (wl,...,wN)T as the normalized right eigenvector corre-

sponding to the maximal eigenvalue ¢ of M. Then,

Mw = Ew and wll =1.

Furthermore, we define v = (v, .. .,VN)T as the left eigenvector of M,
corresponding to the maximal eigenvalue &, normalized such that

viw=1.

Additionally, we give the following general notation in order to state the
result of Refl'®!. Any variable x which is dependent on ¢ will be denoted
by x to indicate that it is evaluated at ¢ = 1. Further, for 0 <& <1 let

n

m(E):=0 and = m,(E) =) &7 n=1,2,.... (2.1)

We denote with I'(a,pt) a gamma-distributed random variable. For
o, |, x > 0, its probability density function is given by
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— uu o—1_ —px L JOO o—1 —t
x) =——x%"e where I'a) := t* e dt.
1) = £ =]

Now that the required notation is defined, we state the following import-
ant result, which we will make use of in the sequel to derive heavy-traffic
asymptotics for the polling model with retrials and glue periods. This result
is given and proved in Refl"® (Theorem 4), and it implies that, under cer-
tain assumptions on the immigration function g(z) and the offspring gen-
erating function h(z) (see Egs. (1.1) and (1.2) in Ref!18)),

| Zl f/1
@ Z 7A . |T(o,1), when &71. (2.2)
N VN

Here > means convergence in distribution, m(§) := lim,_ m,(§), 0 :=
%gT@ and A := %Zf\il f/i(@Tf((l)@) >0. The vector (Z,,Z,,...,2Zy) is
defined such that Z; is the steady-state number of individuals of type-i in
the multitype branching process with immigration, for all i =1,... N.

3. Polling model with retrials and glue periods

In this section, we first define the polling model with retrials and glue peri-
ods. Then, we recall from Ref'?! its property that the joint queue length
process at the start of glue periods of a certain queue is a multitype
branching process with immigration.

3.1. Model description

We consider a single server polling model with multiple queues, Q;,
i=1,...,N. Customers arrive at Q; according to a Poisson process with
rate 4; they are called type-i customers. The service times at Q; are i.i.d,,
with B; denoting a generic service time of which the first three' moments
are finite, with distribution B;(-) and LST B;(-). The server cyclically visits
all the queues, thus after a visit of Q,, it switches to Q;41,i=1,...,N.
Successive switch-over times from Q; to Q;;; are i.i.d., where S; denotes a
generic switch-over time of which the first two moments are finite', with
distribution S;(-) and LST S;(-). We make all the usual independence
assumptions about interarrival times, service times and switch-over times at
the queues. After a switch of the server to Q,, there first is a deterministic
(i.e., constant) glue period G;, before the visit of the server at Q; begins.
The significance of the glue period stems from the following assumption.

"The assumptions of the first three service time moments and the first two switch-over time moments being
finite are made for technical purposes. These assumptions are sufficient to satisfy the conditions given in Egs.
(1.1) and (1.2) of Ref!"® which are used in the proof of Theorem 4 of Ref'®), as will become apparent in Lemma
6. As mentioned in Section 2, this theorem plays a key role in our analysis.
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Customers who arrive at Q; do not receive service immediately. When cus-
tomers arrive at Q; during a glue period G, they stick, joining the queue of
Q;. When they arrive in any other period, they immediately leave and enter
into an orbit from which they retry after retrial intervals which are inde-
pendent of everything else, and exponentially distributed with parameter
vyi=1,...,N.

Since customers will only “stick” during the glue period, the service dis-
cipline at all queues can be interpreted as being gated. That is, during the
visit period at Q;, the server serves all “glued” customers in that queue, i.e.,
all type-i customers waiting at the end of the glue period, but none of those
in orbit, and neither any new arrivals. We are interested in the steady-state
behavior of this polling model with retrials. We hence assume that the sta-
bility condition p = >~ , p; <1 holds, where p; := LE[B].

Note that now the server has three different periods at each station, a
deterministic glue period during which customers are glued for service, fol-
lowed by a visit period during which all the glued customers are served
and a switch-over period during which the server moves to the next
station. We  denote, for i=1,...,N, by (Xgi),Xgi), . ,XI(\?),
(Yl(i), Yz(i), cee YI(\;)) and (Zgi), Zgi), . ,ZI(\?) vectors with as distribution the
limiting distribution of the number of customers of the different types in
the system at the start of a glue period, a visit period and a switch-over
period of station i, respectively. Furthermore, we denote, for i =1,... N,
by (Vf ), Vz( ) Vz(v)) the vector with as distribution the limiting d1str1bu—
tion of the number of customers of the different types in the system at an
arbitrary point in time during a visit period of station i. During glue and
visit periods, we furthermore distinguish between those customers who are
queueing in Q; and those who are in orbit for Q; Therefore, we write
Y() = Y(Iq) +Y; (o) and V<> V(Zq) + V(w) for all i=1,...,N, where g
represents queueing and o represents in orbit. Finally, we denote by
(L0 .. LN o) L)) the vector with as distribution the limiting
distribution of the number of customers of the different types in the queue
and in the orbit at an arbitrary point in time.

The generating function of the vector of numbers of arrivals at Q; to Qy
during a type-i service time B; is B;(z) := B,-(Z].ZL Li(1—z;)). Similarly, the
generating function of the vector of numbers of arrivals at Q; to Qy during
a type-i switch-over time S; is o;(z) := S; (ZJ 1 Ai(1=z)).

3.2. Relation with multitype branching processes

We now identify the relation of the polling model as defined in Section 3.1
with a multitype branching process. In Ref'?), it is shown that the number
of customers of different types in the system at the start of a glue period of
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station 1 in the polling model with retrials and glue periods is a multitype
branching process with immigration. Here, type-i individuals in the
branching process represent customers of type-i in orbit in the polling
model. The different generations in the branching process correspond to
the successive cycles in the polling models. The immigration in a certain
generation represents new arrivals during switchover times and glue peri-
ods in a certain cycle and/or descendants of these arrivals in the current
cycle (corresponding to customers arriving during the service time of these
new arrivals) if the new arrivals are served during the current cycle. In par-
ticular, it is derived in Ref!?! that the joint probability generating function
(PGF) of Xil), . ,XI(;) satisfies
(1)

K g0 x o 0, LT -Gy e ¥ )
]E[zl‘ Zy° ...zNN] :Hc (g)He i ’(—)E[[hl(g)] 1 [hz(g)] 2. [hN(g)} N},
i1

i=1

(3.1)
where G(i)(g) 1= Gi(zl, s Ziy higa(2), - hN(g)),
i—1 N
Di(z) = 3 hy(1-2) + 1 (1= () ) + Dk (1-hy(z)),
=1 =it

hz(g) ::ﬁ(Zh A hi+1(g)7 ceey hN(Z)),
and fiz) 1= (1= 9)By(2) + e 9z

The first two factors in (3.1) represent the immigration part of the pro-
cess. Therefore, we have the immigrant generating function given by

N N
_ (i) —G;Dj(z
g2 =[[s"@ [ "®.
i=1 i=1

The third factor represents the branching part of the process. Recall that
the vector of offspring generating functions is given by

h(z) = (h(2) ha(2)s - v (2)).

A customer of type-i present at the start of a glue period of station 1 is
effectively replaced by a population with joint PGF h;(z) in the next cycle.
As explained in detail in Ref'?, (3.1) consists of the product of
three factors:
o Hfi . 6¥(z) represents new arrivals during switch-over times and
descendants of these arrivals in the current cycle.
o Hil e~GiDi(z) represents new arrivals during glue periods and descend-
ants of these arrivals in the current cycle. The function D;(z) is itself a
sum of three terms:
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. Z]’;i Aj(1—z;) represents the arrivals of type j < i; these arrivals
are not served in the current cycle.

o (1 —PY(z)) represents descendants of the arrivals of type-i; these
arrivals are all served during the visit of station i in the current cycle.

. Zji i1 Mi(1=hj(z)) represents the arrivals or descendants of arrivals
of type j > i; these arrivals are either served (with probability

1—e~Vi%) or not served (with probability e~"/%') in the current cycle.

o ]E[[hl(g)]xgn Ehz (g)]xgl) . [hN(g)]Xf(Vl)] represents  descendants  of
(Xg1 ,...,X\’) generated in the current cycle.

We now proceed to further identify the branching process by finding its
mean matrix M and the mean immigration vector g.

3.2.1. Mean matrix of branching process
The elements m; ; of the mean matrix M of the branching process are given by

N
mij=fij 1 < i+ Y fiemij, (3.2)
k=i+1
where f;; = a];gi) , and hence
z=1

o (1—e V%) \E[B)] i #
o= - ’ 3.3
5 { (1—e™Vi%)p; + VG i=j. (33)

In the heavy traffic analysis of this model, the following lemma will
be useful.

Lemma 1.
M=M, - My, (3.4)
where, for i =1,2,... N, we have
1 0 --- 0 0 0 0
o 1 . : 0 0 0
.0 0 0 0
0 0 1 0 0 0
Mi=|fi1 fi fict fu fun ¢ fin | (3.5)
0 0 0 0 1 . 0
0 0 0 0 0
0 0 0 0 0 1

Proof. See Appendix. O
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Remark 1. (Intuition behind Lemma 1) The matrix M; represents what
happens with customers during a visit period at station i. Customers at sta-
tion i itself are either served or not served, leading to the ith row with ele-
ments f;;. Customers at all other stations are not served leading to 1’s on
the diagonal and 0’s outside the diagonal. We obtain the product
M, - - - My because a cycle consists successively of visit periods of station 1,
station 2, ..., up to station N.

3.2.2. Mean number of immigrants

Next, we look at the immigration part of the process. Let g; be the mean
number of type-i individuals which immigrate into the system in each gen-
eration. Equation (3.12) of Refl?! gives us

N k-1
g = Z Ak Z G +E[S (1—e™%) 4 G My i
k=1 j=1

—1
ZG-HE V"-I—ZE +ZG . (3.6)

j=i+1

The rlght hand side of (3.6) is the sum of two terms. The term
S kk((z LG+ E[S]))(1 — eG) + Gy)my,; represents the mean
number of type i customers which are descendants of customers of type k,
arriving during glue periods and switch-over periods before the visit period
of station k and served during the visit at station k, in the current cycle.
The first part of the second term A; Z 1(Gj+E[Sj])e VG represents the
mean number of customers of type i Wthh arrive during glue periods and
switch-over periods before the visit of the server at station i and which are
not served during the visit of station i in the current cycle. The second part
of the second term Xi(zji ES] + ZJ i+1 Gj) represents the mean number
of customers of type i which arrive durmg glue periods and switch-over
periods after the visit period of station i in the current cycle. Note that
each of the terms mentioned above is non-negative and finite.
Furthermore, for non-zero glue periods and arrival rates, at least one of the
terms is non-zero. Therefore, we have 0 < g; < cc.

Remark 2. Note that the branching part of the process only represents
descendants of customers which are present in the system at the start of a
glue period of station 1. Customers which arrive at stations during glue
periods and switch-over periods are not represented by the branching part
of the process. Instead they and their descendants are represented by the
immigration part of the process. Both glue periods and switch-over periods
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can be considered as parts of the cycle during which the server is not
working. This rather unexpected feature explains why the polling model at
hand is not part of the class of polling models considered by Refl'*), but
requires an analysis on its own.

4. Heavy traffic analysis: number of customers at start of glue periods
of station 1

Now that we have successfully modeled the polling system as a multitype
branching process with immigration, we derive the limiting scaled joint
queue length distribution in each station at the start of glue periods of sta-
tion 1 by following the same line of proof as that of Ref!’”). In Ref!’), the
author first proves a couple of lemmas for a conventional branching-type
polling system without retrials and glue periods and, afterwards, uses these
lemmas to give the heavy-traffic asymptotics of the joint queue length pro-
cess at certain embedded time points. In the following subsection, we will
derive similar lemmas in order to derive a heavy-traffic theorem for our
polling system with retrials and glue periods.

Note that when we scale our system such that p T 1, we are effectively
changing the arrival rate at each station while keeping the service times
and the ratios of the arrival rates fixed. Let any variable x which is depend-
ent on p be denoted by X whenever it is evaluated at p = 1. Therefore, we
have for any system that, A; = phi.

From Theorem 1 of Refi*®), we know that if all elements of a matrix are
continuous in some variable, then the real eigenvalues of this matrix are
also continuous in that variable. As each element of M is a continuous
function of p, the maximal eigenvalue { is a continuous function of p as
well. Furthermore, from Lemmas 3, 4 and 5 of Refl*”! we know that & <1
when p<1, £ = 1 when p=1 and £>1 when p> 1. Therefore, we have
that ¢ is a continuous function of p and

lim &(p) = g(1) = 1.

4.1. Preliminary results and lemmas

Lemma 2. The normalized right and left eigenvectors of M, the mean matrix
of the system with p = 1, corresponding to the maximal eigenvalue & = 1,
are respectively given by

ﬁ/l V1

@: = and‘l:/: . = 27
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where
E[Bl] 23] N
b=| : |, u= . o] =) E[B},
]E[BN] UnN =1
e_VjGj N T
w=h\T =g Zpk and O0:=u'b
k=j
Proof. See Appendix. O

Remark 3. Alternatively, we could have used Lemma 4 from Ref!’ to find
the left and normalized right eigenvectors. The normalized right eigen-
vector w is the same as given in Ref!’®). To find the left eigenvector v from
Reft'), we first need to calculate the exhaustiveness factor fi- In our model,
this exhaustiveness factor is given by f; = (1—e™%%)(1—p;). Each customer
of type j, present at the start of a glue period at station j, is served with
probability (1—e~%/%) and during that service time on average p; new type-
j customers will arrive. Furthermore, with probability e "% a customer of
type j, present at the start of a glue period at station j, is not served.
Therefore, we have 1—f; = (1— e_VfGi)p + 7%, and hence the exhaustive-
ness factor is given by f; = (1—e %% )(1 p;). Substituting this exhaustive-
ness factor in Lemma 4 of Ref!'™ we get

(l—pj)( —(1—e VG )(1 p; )

uj =\ +
j j (1— e_vjcj)(l _ PJ ;lpk
—VviG 4 (1 e ViG p
— . j
= k] [— oG + ;lpk

= 7b] _V] Z Pk | >

which is in agreement with Lemma 2.

Remark 4. In Lemma 2, we have given the left and normalized right eigen-
vectors for the mean matrix M at eigenvalue ¢ =1. Note that this mean
matrix is defined for the branching process when we consider the begin-
ning of a glue period of station 1 as the initial point of the cycle. Instead, if
we consider the beginning of a glue period of station i as the initial point
of the cycle, we get, for eigenvalue ¢ =1, the same normalized right eigen-
vector w. However, the left eigenvector is now given by the vector f(i)
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defined by

where

.
4 Mg Zpﬁzpk, i <j,

_Vj

“5\? 7‘]’ 1— oG Zpk ) i>].

Note that & = i Tb 'Tb and uJ u](NH) =u;, for all i,j=1,...,N.

In this article, we prove all the lemmas and theorems using V = v(l)
However, we can instead use K() and prove the same by just changmg the
initial point of the cycle from the beginning of a glue period of station 1 to
the beginning of a glue period of station i.

In Lemma 2, we have evaluated the normalized right, and left eigenvec-
tors of M at the maximal eigenvalue, when p T 1. We will now use this to
compute the value of the derivative of this eigenvalue as p T 1.

Lemma 3. For the maximal eigenvalue & = E(p) of the matrix M, the
derivative of &(p) w.r.t. p satisfies

g'(1) =5

Proof. See Appendix. O

For the result in (2.2), we need all the second order derlvatlves 66:5(2) of

the function h;(z). j, j and k, and
then use them to find the parameter A as deflned in ( 2 2).
Lemma 4. For the second-order derivative matrix KW = (k](’,z) where
k}f,i = aa;gi) , forall i,j,k=1,...,N, we have that
o 1 (1)< 7 2(0) ) 1 b@
A== W WK Ww)=—c——=
> 2 Vi w w 28&' b(l) )

i=1

where
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0) Zf\il ME [BJJ
- Zf\]:l Aj ,
forj=1,2

Proof. See Appendix. O

At this point, we have determined all parameters required to deploy in
(2.2), except for the constant «. This parameter depends on the immigra-
tion part of our process and is given by the following lemma.

Lemma 5. For g = (g1, .. ,gn) ", we have that

1 b

5T~ e
o .—A‘g w= 2r8b(2), (4.1)

where

r="> (E[S] + Gy

i=1

Proof. See Appendix. O

Now that we have determined all the parameters of (2.2), we give a final
lemma in which we show that the multitype branching process defined by
our polling system with retrials and glue periods actually falls in the frame-
work put forward in Ref''®). In particular, we show that the offspring gen-
erating function h(z) falls in the class K as defined in (1.1) of Ref!'® and
that the immigration generating function g(z) falls in the class J as defined
by (1.2) of Ref!18],

Lemma 6. The generating functions for offspring and immigration, h(z) and
g(z), respectively satisfy the conditions defined in (1.1) and (1.2) of [18].

Proof. See Appendix. O

4.2. The heavy traffic theorem

Similar to the procedure used in Ref!’*), we will now combine the prelim-
inary work in Section 4.1 with Theorem 4 in [18] in order to obtain the
following heavy traffic theorem for the complete queue length process at
cycle starts.

Theorem 1. For the cyclic polling system with retrials and glue periods, the
scaled steady-state joint queue length vector at the start of glue periods at
station 1 satisfies
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(1) ~ (1)
Xl pT1 b(z) 1 “
(I—p) PP (o, 1), (4.2)
w | 42V o
XN uy
where
p()
o = 27’6@

Proof. In Lemma 6, we have shown that the branching process underlying
the polling model with retrials and glue periods fits the framework of
Refl'®). As a result, it now follows from (2.2) that

x{V )

V1
1
: —A| : |I'(a,1), when pT1, (4.3)
n(é‘(p)) (1) d A{l)
XN YN

where m(&(p)) = lim,_ m,(E(p)), and A and 2(1) and o =1¢"W, are as
defined in Lemmas 2, 4 and 5. B
From (2.1) we can say that, for p <1,

1
") =g

Using this, together with Lemma 3, gives
. Y 1-p Y -1 EETE S
i (0 =R e T —e(p) ~ W E ()1 - 2E(p))  MRE(R)

(4.4)

Therefore, multiplying and dividing the LHS of (4.3) with 1—p, we get

1 Xil) {/51)
—Pp
: —A| : |[I'(a,1), when pT1.
A=) | o] | .0
XN YN

Using (4.4), this gives

(1) (1)
A 1 b [

(1-p) 5 7 20650 " ['(a,1),  when pT1,
XN VN

and hence
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(1-p)| : rerord B I'(a,1), when pT 1.

4.3. Discussion of results: connection with a binomially gated polling model

It turns out that the heavy-traffic results that we obtained in this section
for the model at hand, are similar to those of a binomially gated polling
model (see e.g., Refl'?)). The dynamics of the binomially gated polling
model are much like those of a conventional gated polling model, except
that after dropping a gate at Q;, the customers before it will each be served
in the corresponding visit period with probability p; in an i.i.d. way, rather
than with probability one as in the gated model. In particular, the heavy
traffic analysis of our model coincides with that of a binomially gated poll-
ing model with the same interarrival time distributions, service time distri-
butions and switch-over time distributions, and probability parameters
pi = 1—e7Vi%. To check this, we note that the binomially gated polling
model with these probability parameters falls within the framework of the
seminal work of Ref'"® when taking the exhaustiveness parameters
fi = (1—p;)(1—e ™), after which it is easily verified that Theorem 5 of
Ref!" coincides with Theorem 1. Note, however, that although we also
exploit a branching framework in this paper, the model considered in this
article does not fall directly in the class of polling models considered in
Ref!"®), due to the intricate immigration dynamics it exposes.

The intuition behind this remarkable connection is as follows. First, we
have that a binomially gated polling model does not have the feature of
glue periods. However, in a heavy-traffic regime, the server in our model
will reside in a visit period for 100% of the time, so that glue periods
hardly occur in this regime either. Furthermore, in a binomially gated poll-
ing model, each customer present at the start of a visit period at Q; will be
served within that visit period with probability p; = 1—e™v% in an ii.d.
fashion. Note that something similar happens with the model at hand.
There, the start of a visit period coincides with the conclusion of a glue
period. During this glue period, all customers present in the orbit of the
queue will, independently from one another, queue up for the next visit
period with probability 1—e™"i%. These two facts explain the analogy.

It is worth to emphasize that this analogy, remarkable though it is, does
not help us in the further analysis towards the asymptotics of the customer
population at an arbitrary point in time. While Theorem 1 is now aligned
with Theorem 5 of Ref!’), we cannot use the subsequent analysis steps in
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that article to get to results concerning the customer population in heavy
traffic at an arbitrary point in time. This is much due to the fact that the
strategy of Ref!'”! exploits a relation between the queue length of Q, at a
cycle start and the virtual waiting time of that queue at an arbitrary point
in time. Since the type-i customers in our model are not served in the
order of arrival, as is usually assumed, such a relation is hard to derive and
is essentially unknown. As an alternative, we will extend the current heavy
traffic asymptotics at cycle starts to certain other embedded epochs in
Section 5, and eventually to arbitrary points in time in Section 6.

5. Heavy traffic analysis: number of customers at other embedded
time points

A cycle in the polling system with retrials and glue periods passes through
three different phases: glue periods, visit periods and switch-over periods.
In the previous section, in Theorem 1, we studied the behavior of the
scaled steady-state joint queue length vector at the start of glue periods at
station 1. We will now extend this result to the scaled steady-state joint
queue length vector at the start of a visit period and the start of a switch-
over period in Theorems 2 and 3.

Theorem 2. For the cyclic polling system with retrials and glue periods, the
scaled steady-state joint queue length vector at the start of visit periods at
station 1 satisfies

Yl(lq) (1_6*V1G1)a51)
(10) —Vi 1"(1)
Yl(l) b2 1 ‘ VAGU;JI
(I-p)| Y; PN iy I'(a,1), when pT 1.
v i)

(5.1)

Proof. The distribution of the number of new customers of type j entering
the system during a glue period of station i is stochastically smaller than that
of the number of events G](i) in a Poisson process with rate Xj during an
interval of length G;. This is due to the fact that the arrival rate A; = pi;
does not exceed 71]-. Since G]@ is finite with probability 1, we have that
(l—p)G]@ — 0 with probability 1, as p T 1. Therefore the limiting scaled
joint queue length distribution, for all customers other than type i, at the
start of a glue period is the same as at the start of a visit period of station i.
Furthermore, the X,-(l) customers of type i, present in the system at the

start of a glue period of station i, join the queue, independently of each
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other, with probability 1—e™V:% during the glue period. Let {U;,i > 0} be a
series of ii.d. random variables where U, indicates whether the k-th cus-
tomer joins the queue or stays in orbit, for all k =1,... ,Xi(i). More specif-
ically, U, = 1 if the customer joins the queue, with probability 1—e™i%,
and U, = 0 if the customer stays in orbit, with probability e V:%. Then the
number of customers of type i in the queue (Yi(i‘p ) and in the orbit (Yi(io))
at the start of a visit period at station 7 are given by

x\ X0
=30 and R
k=1 k=1

Since Xl.(i) — 0o with probability 1, as p T 1, we have by virtue of the
weak law of large numbers that

x
y (i) 1; Uk
ﬁ ;(i) Fl—e_v"G", when p 71, (5.2)
i i

where 7 means convergence in probability. Similarly we have

i i x1

Y‘(w) _ XI( >_ Zk;l Uk —V;G;
o (0 ¢

b'e b'e P

1

when p 1 1. (5.3)

Therefore, using Slutsky’s convergence theorem!”’, along with (4.3), (5.2)
and (5.3) and the arguments above, we get

Yflq) (1_e—V1G1)ﬁgl)
(1o) -Gy 5, (1)
Y. 101
 {enp® 1 S0
(1I-p)| Y, FETIOE ) I'(a,1), when pTL.
Yy iy

We end this section by considering the scaled steady-state joint queue
length vector at the start of a switch-over period from station 1 to
station 2.

Theorem 3. For the cyclic polling system with retrials and glue periods, the
scaled steady-state joint queue length vector at the start of a switch-over
period from station 1 to station 2 satisfies
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Zgl) 67\/1611:[?) +(1*€7V1G1)£{§1)7A\.1E[31]
(1) ) ~(1) _,—viG ) (DA
Z, b'¥ 1 iy +(1—e )’/‘1 ME[B]
(1-p) 7—217(1)8 : I'(o, 1), when p T 1.
2 W) (e o)A EB

(5.4)

Proof. The number of customers in the orbit of station j at the start of a
switch-over period from station i to station i+ 1 equals the number of cus-
tomers in the orbit at the start of the visit of station i plus the Poisson
arrivals with rate 4; during the service of customers in the queue of station
i, say ]j(’). In other words, we have that

70 _ {Yf(l) + i

‘ RS (5.5)
o =i

Note that ]j(i) is the sum of Poisson arrivals with rate 4; during Yl.(iq) inde-
pendent service times with distribution B;. Let D; jx be the number of Poisson
arrivals with rate /; during the k™ service in the visit period of station i. Thus

Y

i

]j(i) = Z Disjvk'

k=1

Since Yi(iq) — oo as p 11, and E[B;] is finite, we have by virtue of the
weak law of large numbers that

’
Y(iq)

i

?XJE[B,-], when p 1 1. (5.6)

Therefore, using Slutsky’s convergence theorem along with (5.1), (5.5)
and (5.6) we get

7 el f(1—e)aVLE[B]
(1) @) - (1) iG55
7z b 1 i +(1—e )V N,E[B]
(lfp) : 7%8 : F(Ot, 1), when p T 1.
z\V 0V 4(—e o) VANEB]

Remark 5. Alternatively, Theorems 2 and 3 can be obtained by exploiting
known relations between the joint PGFs of the vectors (Xil), e
XI(\,I)), (YI(IQ), Yflo), Yz(l) e YI(\,I)) and (Zil), e ,ZI(\})) given in Equations
(3.2) and (3.3) of Refl?!. After replacing each parameter z; in these func-
tions by zj(lfp ) and taking the limit of p going to one from below, these

expressions give the relations between the joint PGFs of the heavy traffic
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distributions. Combining these results with Theorem 1 and subsequently
invoking Levy’s continuity theorem (see e.g., Section 18.1 of [25]) then
readily imply the theorems.

Remark 6. Throughout this section, we have focused on the joint queue
length process at the start of a glue, visit or switch-over period at Q.
However, similar results for the starts of these periods at any Q; can be obtained
by either simply reorderln mdlces, or b?r explomn the relations obtained in
Ref?  between (XU, ..., x), (v v vy, (2P, 29
and (XY xUHD),

6. Heavy traffic analysis: number of customers at arbitrary time points

In this section, we look at the limiting scaled joint queue length distribu-
tion of the number of customers at the different stations at an arbitrary
time point. At such a point in time, the system can be in the glue period,
the visit period or the switch-over period of some station i, with probability
(1-p)Gi (1=p)E[S]
= ———, p; and —y———~—
> (GHELS)) > (GHES)
(1-p)G; (1-p)E[S)]
< and —x
> (GHE[S]) > (GHE[S])
to study the scaled steady-state joint queue length vector at an arbitrary
time in each of the N visit periods.

respectively. As p T 1, the probabilities

both converge to 0. Therefore, we only need

Theorem 4. For the cyclic polling system with retrials and glue periods, the
scaled steady-state joint queue length vector at an arbitrary time point in a
visit period of station 1 satisfies

ylo o eiGi 1)
a-p| v [ 2L !
p 2 d Zb(l) 8 2
vy il
A _1 ]
XIE[BI]
(1 - ey | AEBY || r(a+1,1), when p 1 1. (6.1)
ANE[B1] | |

Proof. We will use Equation (3.19) of[ I'to prove this. This equation states

that the joint generating function, Rw (z 2z z,), of the numbers of customers
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in the queue and in the orbits at an arbitrary time point in a visit period of
Q; is given by

Y’(iq‘) N y® Y’(w) _ Y‘f'”’) N y@ Yl(io]
R()( ziQ<E|:Ziq (Hj:l.j;éizjo] z, | —E (Z 1M1= ZJ”)) Hj:lj#izja] Zi

Z32,) = JE[Y,.(’”)] (Ziq _B (Zjlil A(1 — zjg)))

q’ <

l—éi (Zjil 7\7(1—2]0))
X .
(vazl (1= Zjo))E[BJ

Evaluating the above generating function in the points z, =

q
(z& p), zj(\}q p)) and z, (zﬁ p), zl(\}o p)) we get
RY (z,.2,) =

. (iq) .
(1-p) a-p)7 (N (1 MY\ (—p)y®@ N a-m\ )7 N (1 PY?\ (1opyy®
Zig P <E |:Ziq H =1,j#i Zjo Zio —E|B Zj:l }\’j 1721-0 ’ H =1,j#i Zjo Zio

B
B[r ] (e - B(Sh (1 -207)))
1— E (Z} 1}»( ;;—p))) 4 (62)
(Z, (1-207) e8]

This equation has two terms. The first term expresses the generating function
of the number of customers in the system at the start of the service of the cus-
tomer who is currently in service. The second term is the generating function
of the number of customers that arrived during the past service period of the
customer who is currently in service. As p T 1, this second term satisfies

=B(Y m(1-2,")) —E[ (0-2) )B’}

lim = lim

" (Zszl xf(l _Z}J_p)»E[B"] i (Z] 1y <l_z p))>E[Bf] (6.3)
E [B,-e_ (Zh (I_ZEP)))B"] E[B]

5?11 E[B)] E[Bj] ’

where the second equality follows from I'Hopital’s rule. Equation (6.3)
expresses the fact that the scaled vector of number of customers arriving at
the different stations during a past service time tends to 0, and hence its
generating function tends to 1, as p T 1.

Before takmg the limit pT1 in (6.2), we first look at
limy; (B (ZJ (1= z( ))))1 ». As we mentioned earlier, when we scale
pT1 we scale the system such that only the arrival rates increase and the
service times remain the same. So, we can write A; = pA; where A; is fixed
and independent of p, for all j = 1,...,N. Therefore, we have
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1

im (B (022, 1 (1-4 7))

(s( 2 (- )

(S e S ) ) (s ()
N (S

N < N CEB; 3
_ eIE[B,-] Zj:l AjInzj, _ erZI Inz, _ TV ZE[Bi]kj (6.4)

— elimp“

limp“

where the second equality follows from I'Hopital’s rule.
Next, we evaluate the following limit, which is related to the denomin-
ator of the first term in (6.2)

oa(E4) |

lim = lim—
pT1 1—-p pit 1 —0p
E [e7p2l1 Xj(liz;‘;ip))B’} (1-p)
. T p )
+lgr11 T = l;gl zi; Inzy
N 2 _ N =~ _ _ N (1-p)) g.
— lg%lilE |:<pB1 Zj:l 7\12](‘]1 ) In Zjo + B; Zj:l 7\.](1 — Z](; p))> P2 17‘1(1 %o )B‘
- -E 1‘5\,'
= Inzj,— Zj\il ME[B]Inzj, = In (z,-q H]Iil Zj, 2] ’>, (6.5)

where the first equality uses the fact that A; = pij and the second equality
follows from I’'Hopital’s rule.

We know that lim; zi(q1 P . Substituting this along with (6.3), (6.4)
and (6.5) in (6.2) while we take p T 1, we get

lr{?ll R(Vi') (pZ) =
1=y (N a=p)y" ) (1-p)y® N _EB(1-p)Y? [ N ="\ (g
i E|:Ziq Hj:l‘j#i Zjo ')z -E Hj:lzjo ! Hj:l.j#i Zjo ")z,
m .

i —E[Bj]A
[0 o n (o [T, )

(6.6)

Consider the following notation

K= b(2) l(l_e—VlGl)l’:{(l) _ b(Z) &
oM § L) 5
b 1 —viGy (1)
k1= 2p(1) 8¢ "
|
K= —— WV Vi=2,...,N.

26§
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Using the above notation in (5.1) and substituting it in (6.7) we have,

E |:ZKF(CX71) Hl\i Zlﬁf(u,l)] ) {Hl\i ZE[BJMKF(&J) HN Zl'er(O(,l)]

1q j=1“jo j=1“jo j=1“jo

Vi

hmR() Z,) = A
BT G

(1) s o\ T(w1)
E{(leqHJN ) ]—E[(Hj\i ) ]

Ko ln (zlq HJZL z];]E[BIW )

Now we introduce the following notation to change our generating func-
tion into an LST,

s:=—Inzy
si = —In z;,, Vi=1,...,N.

Then we have that the joint LST of the scaled steady-state joint queue
length vector, of the queue of station 1 and the orbits at all the stations,
during an arbitrary time in the visit period of station 1 is

E <e*5‘< H]Iil e“i“j) rey —E [(H}I\Ll e*SJ(]E[BllinJrKJ)) r(%l)}
sicln (efs Hj\il estE[Bl]ij)
E —e7 (5K+Zj ijj) F(a,l)} & _ef Z}_NZI s (E[Bl]ijxﬂj)r(m)}
om(—s +E[B] Y, 71].5,.)
L\ *
<1+5K+Zj stj) (1+Z (IE[BI]X K+K,)>

oK (—s + E[B] Zj 7¥ij)
_E [67 (st D2 s (et XjIE[BJKsj) v) F(u+1,1)}

. (1) >\ —
ls{rllei (zq,zo) =

(6.7)

where U is a standard uniform random variable and the last equality fol-
lows from the expression

1 \* 1 o
[ (atbUT(o+1.1)] _ (”“) <1+(a+b)>
ob ’

Now we substitute s = —Inzj, and s; = —Inz;, back in (6.7) to get for
the joint generating function
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v\ T+

N N .

. S - . AE[B,

hng})(gq,go) =E z'quz}Z zquszo’ Bl . (6.8)
=1 =1

Let V,-(qi) and Vi(oi) be the number of customers in the queue and orbit of station
i, and Vj(i) be the number of customers of type j # i, at an arbitrary point in time

during a visit period of station 7, for alli = 1, ..., N. Then from (6.8) we have,

Vl(lq) K 1 |
yite) Ky ME[B]

(1-p) Vél) - K | 4 xU| ME[B] I'(w+1,1), when pT L.
vy |\ v ANEB)] )

(6.9)

Therefore, the scaled steady-state joint queue length vector, in the queue
of station 1 and the orbits of all stations, at an arbitrary time during a visit
period of station 1, as p T 1, satisfies

v (mevea) (g,
U e || emem” hipy

(1-p)| vV 2205 i) +U| APy [ |T(o+1,1), when p1l.
v iV honps

An intuitive argument for Theorem 4 can be given in the following way.
Since, under heavy traffic, the scaled number of customers which are in the
queue of station 1 at the start of an arbitrary visit period is gamma distrib-
uted, kI'(a, 1), also the scaled length of an arbitrary visit period is gamma
distributed, KE[B;]I'(a,, 1). Therefore, if we choose an arbitrary time point
in a visit period of station 1 the scaled length of that special visit period is
distributed as kE[B;]T"(ot + 1,1), where k = %%(1—6*”(}1)&51). Since this
is a special interval which we are looking at, the scaled steady-state joint
queue length vector at the start of this visit period satisfies

(1
Yi q) (1—67V1G1)ﬁ§1)
7 b | e’
v (1) ~ (1)
(I-p)| Y, FETON u, I'(w+1,1), when pT1.
?2) 111(\})

(6.10)
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At the arbitrary point in tlme, we have KUFSO( + 1,1) customers served,
which means that there are ] ZUIF (a1l (L](I)) new customers of
type j arriving during that perlod Note that as p ] 1 ] — 00, therefore
the new arrivals during the past service time of the customer in service can
be neglected. Using the same arguments as in Theorem 3, we can say that
the limiting scaled distribution of the new number of customers of type j
at an arbitrary point in time during the visit of station i can be given as

U
—g ME[B].
Uy,

Therefore, the scaled steady-state joint queue length vector at an arbi-
trary point in time during the visit of station 1 as p T 1 satisfies

v 0 1-U
2l AU | K UALE[B,)
~(1 S
(1-p) VZ(I) - u +(1— e""G‘)itgl) UAE[By] I'(a+1,1), when p11,
: d 26§ . .
Vi ) UAyE[B]

which is equivalent to (6.1).

In (6.1), we have given the scaled steady-state joint queue length vector
of customers of each type at an arbitrary point in time during the visit
period of station 1 when p T 1. Using Remark 4, we can extend this to an
arbitrary point in time during the visit period of a given station i. This can
be written as

Vii) i ﬁgi) 711[31- 1
g’% b<2> 1 (1_eﬁ{?é,.)i,qf) }”_ip "
(1-p) V<’°) e e_V"G"f{Ei)l +U 5»,»;32- [(o+1,1), when p11.
V1<+)1 ﬂfil iiﬂﬁi
Vi(;) i u&) AND; |

(6.11)

Due to the observation that in heavy traffic, the server resides in a visit
period for 100% of the time, (6.11) leads to the following theorem.

Theorem 5. In a cyclic polling system with retrials and glue periods, the
scaled steady-state joint queue length vector at an arbitrary time point, with
LU and LU representing the number in queue and in orbit at station i
respectively for all i = 1,. .., N, satisfies
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L(19)
o | b1

(1—p) 1010) 7217(1)—2 I'w+1,1) when pT1, (6.12)
L(No)

where P = P, with probability p; and

0 0
0 0
(1—e )i} i
0 0
0 0
— ~\1 AN
Bi - 1 + U 7\‘1p1‘
il i 1ps
oo b,
it,(l)l Aiv1p;
111(\? iNﬁ)i

Proof. As mentioned at the beginning of this section, when p T 1 the sys-
tem is in the visit periods with probability 1. Therefore, the limiting scaled
joint queue length distribution at an arbitrary point in time can be given as
the limiting scaled joint queue length distribution in the visit period of sta-
tion i with probability p;,. Now consider that the number of customers of
type j, at an arbitrary point in time during the visit period of station i, in
queue and orbit respectively is given by ijq) and Vj(w). Then using (6.11),
we can write
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(iq)
Vi 0 0
Vi(iql) 0 0
v (1—eviG) 3 iy
vid 0 0
v b 1 % 0
(1-p) VI&) FEYOr: i +U| f,p, | |T(@+1,1), when p71.

1 . .

: ~ () S
(io) Uiy hic1p;
V. . L
Vl(z_‘ol) eiviG’ﬁgl) Lip;
Vl(iu) i’gﬁl 7w+1f)i
i+1 .

: ) q s
(io) uN Npt
VN

(6.13)

This holds because Vj(io) = Vj(i) and Vj(iq) = 0 when i # j. Therefore, we

know that the limiting scaled joint queue length distribution at an arbitrary

point in time, with probability p; can be given as %%Bir(a +1,1).
Hence we have

L(19)
L(vaq) b 1
(1-0)| J00 | 7msh @+ 11, when pi1, (6.14)
L(I:\IO)
where P = P, with probability p;. O

Remark 7. Note that under heavy-traffic the total scaled workload in the
system satisfies the so-called heavy-traffic averaging principle. This prin-
ciple, first found in Refs!®”) for a specific class of polling models, implies
that the workload in each queue is emptied and refilled at a rate that is
much faster than the rate at which the total workload is changing. As a
consequence, the total workload can be considered constant during the
course of a cycle (represented by the gamma distribution), while the work-
loads in the individual queues fluctuate like a fluid model. It is because of
this that the queue length vector in Theorem 5 also features a state-space
collapse (cf. Ref'?)): the limiting distribution of the 2N-dimensional scaled
queue length vector is governed by just three distributions: the discrete
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distribution governing P, the uniform distribution and the gamma
distribution. ‘

Therefore, using Theorems 4 and 5, and the fact that & = Zi]E[B,-]l:lE])
for all j=1,...,N, the scaled workload in the system at an arbitrary point
in time is given by

. . b2
) i (io)
(1-p) E ]E[B,](L(Q)+L >72b(1) I'(o+1,1), when pT1.

i=1

Since the above equation is independent of everything but the gamma
distribution, the workload is the same at any arbitrary point in time during
the cycle. Hence the system agrees with the heavy-traffic averaging principle.
Note that in Theorems 1, 2 and 3, we have found the limiting distribution
of the scaled number of customers at embedded time points. Extending the
heavy traffic principle along with these theorems, we can say that the scaled
workload in an arbitrarily chosen cycle can be given as

p@
(1-p) ZE[BZ']XI,(U - S50 I'(a,1), when pT1.

i=1

We observe that the scaled workload in the two cases, arbitrary point in
time and arbitrary cycle, have I'(o + 1,1) and I'(a, 1) distributions respect-
ively. This is because of a bias introduced in selection of an arbitrary point
in time, i.e., an arbitrarily chosen point in time has a higher probability to
be in a longer cycle than being in a shorter cycle. This bias does not exist
when we arbitrarily choose a cycle.

7. Approximations

In the previous section, we derived the heavy traffic limit of the scaled
steady-state joint queue length vector at an arbitrary point in time for the
cyclic polling system with retrials and glue periods. We now show that
these results are not just valid for the limiting heavy-traffic regime, but can
in fact be used to obtain approximations for arbitrary values of the system
load. To achieve this, we deploy an interpolation approximation between
the heavy traffic result and a light traffic result, similar to what is described
in Boon et al'*, in Section 7.1. Then we give a numerical example in
Section 7.2 to illustrate that the error of the approximation is small for
arbitrary values of the system load.
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7.1. Approximate mean number of customers

Consider the following approximation for the mean number of customers
of type i,
Co + pcy

—p (7.1)

E[L;] ~

The coefficients ¢, and c; are chosen in agreement with the light traffic
and heavy traffic behavior of E[L;. Clearly, when p | 0, also E[L;] | 0.
Hence, we choose ¢y =0. On the other hand, we have
limyy; E[(1—p)Li] = ¢;. Using (6.12), we get

limE[(1-p)L] = hmE[(l—m(m +L<fo>)}
pT1 1

b 1 [ (L M) M
(S (w0 ) 20 o,
=1

2 NN Aip
Hence, we choose c; :zbb((l)> (“;;1) (ZJI\LI pj(ui(’) + =20 )”Tp), and so the

final approximation for E[L;] becomes, for arbitrary p € (0, 1),

S>>

lﬁ)l

b * (. 5
E[L]~ 0y 26 Z:p = 02

7.2. Numerical example

In this section, we will compare the above approximation with exact
results. The exact results are obtained using the approach in Ref!?!

Consider a five-station polling system in which the service times are
exponentially distributed with mean E[B] =1 for all i=1,...,5. The
arrival processes are Poisson processes with rates A = pi5, A =
Po, A3 =p, ha=pi5, hs = p3;. The switch-over times from station i
are exponentially distributed with mean E[S;] =2, 3, 1, 5, 2 for stations
i=1,...,5. The durations of the deterministic glue periods are
Gi=3,1,2,1, 2, and the exponential retrial rates are
v;=5, 1, 3, 2, 1, for stations i =1,...,5 respectively. We plot the fol-
lowing for p € (0,1) and compare the approximation given in (7.2) with
the values obtained using exact analysis.
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18 T T T T T T T T T
—e— Station 1
—m— Station 2 |+
Station 3
—+— Station 4
—+— Station 5

% error

_2 Il Il Il Il Il Il Il Il Il

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p

Figure 1. Percentage error for the number of customers in each station.

In Figures 1 and 2, we respectively plot the percentage error calculated

Approximate value—Exact value
Exact value

tomers of each type and the total mean number of customers in the system.
The error percentage is similar to that predicted in Ref'*. The error is
non-negligible for lower values of p, but it decreases quickly as p increases.
Consequently, for larger values of p, the approximation is accurate.

as % error = x 100, for the mean number of cus-

12 T T T T T T T T T

% error

0 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
p

Figure 2. Percentage error for total number of customers.
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Based on this, we conclude that the heavy-traffic results as derived in
this article are very useful for deriving closed-form approximations for the
queue length, especially as the systems under study (e.g., optical systems)
typically run under a heavy workload (i.e., a large value of p). Nevertheless,
to obtain better performance for small values of p, the current approxima-
tion as presented here can be refined by e.g., computing theoretical values
of di’pEL,'\ p—o and incorporating that information in (7.1) as explained in
Ref!*) Furthermore, approximations for the mean queue length as men-
tioned here can be extended to approximations for the complete queue
length distributions of the polling systems with glue periods and retrials in
the spirit of Refl®. These extensions, however, are beyond the scope of
this article.

Appendix

Proof of Lemma 1. First of all, note that my; = fy; for all j =1,...,N. Therefore, we
have

1 0 0
0 1 0
My = 0
0 . - . 0
0 .. - 1 0
MmN 1 MmN 2 te MN N-1 MN N

Now using the fact that my_1; = fy_1; + fy—1nmn, for all j < N—1 and furthermore
MN_1N :fN,l,NmNAN, we obtain that

1 0 0
0 1 0
: 0
My-iMy =1 ] . 0
0 - .. 1 0 0
MN-1,1 MN-12 T ce MN-1N-1 MN-1N
MN 1 mn 2 te te MN N—1 MN N

Continuing in this way we obtain
myy---MiN
M-My=| @ . |=M
MN1 - MNN
Proof of Lemma 2. First, we look at the normalized right eigenvector w. Using (3.5),

we evaluate the vector Mi@. Let (Mi@)j represent the jth element of 1\7[1@. By a series of

simple algebraic manipulations, it follows then that
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'I/AV]', ]#la
(M), = o
J |b|Zf k7 ]=1

However, it also holds that

N

Zfi‘kE[Bk] = ¢ "OR[B] + Y (1 — e "%)E[B;]AE[By]

k=1 k=1

_ e—wGiE[Bi] + (]—efy"G’)]E[Bi]ZN:i)k = E[Bl]
k=1

Therefore, we conclude that (M;w), = w;. This implies that # is the normalized right
eigenvector of M; for an eigenvalue =1, for all i = 1, ..., N. Hence from (3.4), we get the
first part of the lemma. Next, we look at the left eigenvector ¥. Since # is a multiple of 7,
it is enough to show that i is an eigenvector of M. Define

ef”JG/' N i—1
4 ) < i
‘ ”(1’) ' /LJ 1— e—l/jGj + ;pk + ;pk , LS
u =1 . |, where u;’) =
(i) 'y L
Uy Zl =y Zpk , i>].
(A1)

Note that u]m = u}NH) =uj, for all j=1,..,N, and hence, u® = y N+ —
Furthermore, we have

T T

f’l]?u dige T— ,:l(,l +ap £‘(12) '
2(1)TM1 _ ifi,+ i _ iy + Azﬂl _ i’? _ Q(z)T7
iy + it iy + Ay 2
and, in a similar way, for all i = 1,...,N,

2w = a Y (A2)

Therefore, we have
ETM :Q“)TMI- M _E(N-H)T :ﬁT

Hence it and 7 are the left eigenvectors of M, for eigenvalue &= 1. O

Proof of Lemma 3. Since the maximal eigenvalue ¢ of M is a simple eigenvalue and fur-
thermore M is continuous in p, Theorem 5 of Lancaster [11] states that
dé oMW

=== A3
dp p=1 lA/T ( )

where M, is the element wise derivative of M with respect to p evaluated at p=1. Let
Ui = ( ;;11 Mk)Mg(Hg:i+1 My). Then due to (3.4) we can write M’ = Zfil U;. From (3.5)
we can see that
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0 0 0
N T T
M; = dp dp dp
0 0 0
0 0
oo dy diy
— 1 —viGi ]EB, — 1- —uGi EB, —
— | l—e%)E[B]] 0 (1—e"%)E[B] a0
0 0
0
— | 1—e"%)E[B]] da - diy ) (A.4)
dp dp
0
From the definition of p, we know that Zil E[B)] ‘ZI— =1, and hence
d din\ . 1
- ... == = |b|™". A5
(5 & )ﬂ . -
Since w is the normalized right eigenvector of any M; for eigenvalue ¢ = 1, we have
N
[T M = . (A6)
k=it1
Using (A.4), (A.5) and (A.6) we get
0
H My =] (1—e9)EB] |. (A7)
=i+1 Q :
0
From (A.2) and (A.7) we get
A0\
1 0

\=>
c)
£
Il
/N
|:>
.:1 |
\/
/‘\
=
g)
=~
>
~
Il
S
> 2
ST
—
-
o
|
N
=
=
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>

A(i)( _ 71/,G,-) )

;" (1—e E[B;]

_ _bi (A8)
A P

where the last equality follows from the fact that ) =71,/(1—e %), see (A.1).

Multiplying both sides of (A.8) with |b|/0 and summing it over all i = 1,..., N, we get that

=

~Txr » |Q‘ATA ~ Nf)z 1
Mw = = Uw = L=, A9
v ; 5 U0 =) 5=; (A.9)
Since QTQ = 1, we obtain from (A.3) and (A.9) that &'(1) = 5. O
Proof of Lemma 4. We know that
hi(z) = fi(=1, .- zis hiv1 (2 ) hn(z))
= (1_67V1Gi).8 (Z17 .. Zla i+1 Z)7 ) +e
i N
—Bi< (1 —2z)A+ Z )Lc)
— (l_e*UiG,)E e c=1 c=i+1 + e*ViGiZI
From this it follows that
Ohi(z) - e —B; (Z (1—- zf))~f+(;l(1—hg(g)))~(> G
9% =(1-e™9)E B<1k1k<z CZH}L ) +e "Y1k =1,
and %:(pe*”’cf)m B 2 1[k<z]+ Ohe(z) A-1U<i}+i1%
0zj0zk ¢ c=itl Iz T c=itl ‘ 9z

)

S wECL (e >]

c=i+1
(A.10)

where 1[E] = 1, when the event E is true and otherwise 1[E] = 0. Because

Phi(z) )

8zjc’)zk =1 Ik
and

c=i+1 z=1
we have
KD = % (m, —1[j = ile 7”’G)(m,k 1k = ]ef”’G’) + (1—e7G) Z )»C
i E[Bi]z(l - eiylGl) ! c=i+1
E[B]]

=— Lt (mymig— (1] = ilmix + 1k = iJm; ;) e ™% + 1[i = j = k]e %
BB = vy (mma (1= T+ e = ) ==K )

N
+(1—eS)E[B] Y Ak
c=i+1 )
(A.11)

Let 1; be an N x N matrix, where the element in the i-th row and the i-th column
equals one, and all N?2—1 other entries read zero. Then, based on (A.11), we can write
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[ 0 mii 0 i
]E[B?] mimiy - M MiN 0 --- myj_q -0
K(X) = 2—’ : . : — ef"fG” miy - 2my; - miN | + eizV’G'li
E[B]*(1 — euG) ) Co 0 - My - 0
miNMi1 - M NN hitl
0 m; N 0

N
+(1-eG)E[B] Y " AK©

_ c=i+1 _
0 mi 0
mi1 0 - miq -0

E BZ ii—1

Z%]G : (mi.l "'mi,N) —e 9 myy 2mi; - miy |+ e
E[B*(1 — e~»4) . 0 -« My -+ 0
0 mi N 0
L N |
+(1—eC)E[B] Y 2K,
c=i+1
This leads to
2
JTKOy - BB
=0 T T EBPO - ev)

[ 0 mii 0 1

mi 1 0 - myy -0
wl : (mi‘l MmN )ﬂ — e ViGigyT My e 2mig oo min |w+ ¢ 26y 1,

min 0 M1 0

0 mi,N 0
N
+(1—e"EB] > Aw K w. (A.12)
c=i+1

Note that from the definition of #, we have that

@T : :(mil'“rhi,N>ﬂ :W (A13)
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Now we evaluate

. T
. ;1 E[B;]
0 e mi,l e 0 .
P C ;i1 E[Bj]
0...,},“_1 .- 0 1 N
ﬁ’T miy s 2y e AN (W= nl m;;E[Bi] + ZmiJE[BJ’} w
Mijyr = 0 bl N
. . mi,i+1]E[Bi]
0 miN 0 . :
in; NE[Bj]
N N
E[B]Y_miE[B] +E[B]Y i E[B] .
= =1 _ 2E[B] (A.14)
b|° o> '
Evaluating (A.12) for p T 1, and substituting (A.13) and (A.14) in it, we have
e I [B? E[B;)? E[B;]* E[B;)?
1/_AVTK(,>& — - [ l] [ 12] _ efy,-G, [—12] + 6721/,G,- [—’2]
E[B|*(1 —e74G) | |b] b |b]
N 2
N N E|B:
+(1-eEB) > Aw K i = (1-e7%) [ ;]
c=i+1 ‘b‘
N 2 N
N N [E|Bs? A .
+(1-e " NEB] S 2 K i = (1-e 1) (%+ B> AC»_»TK(”@) (A.15)
c=i+1 = c=i+1

Multiplying both sides of (A.15) with #; and evaluating it for i=1 we get

. |l (E[BY N ). JE[BY]
TK = E[B K =
W W== < P +E[BI]Y i K 5lb]

2
S ) Piems o0
o + > A K| 41 Y Ak

w, (A.16)

where2 for the second equality we again used (A.15), but now for i=2, to substitute
@Tk ( )@. Multiplying both sides of (A.15) with ¥; and evaluating it for i =2 we get

A bl2 l E|[B} N o
T K :|—|Tz (e—uzcz e _e—uzcz)Z@J) <%+E[B2]ZACQTK( g
j =z =3

[=

=2

5 (ef”sz +(1- ef”zcz)(l - /31)) (IEIETZ%} + E[BZ]XN:j”CWTk(C)w>

N
o + E[Bz]zic@Tk(c)@>. (A.17)
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Summing (A.16) and (A.17) we get

i@jwﬁ%% -y =2 _1

Z
< 225 (6] ofb] o
Therefore we have
Ig~, orpl), 1 b2

|

Proof of Lemma 5. Multiplying both sides of (3.6) with E[B;] and summing it over all i
gives

N N N k—1
> GBB) = (kaj ) > (G +E[s]) (1 — e7%) + Gy
i=1 k=1 i=1 j=1
N i—1
+> pi IZ:(G +E[S])e ™ ’+Z]E Z
i=1 j=1 Jj=i+1

Since w is an eigenvector of My, we have YN i1 E[B;] = E[By]. Hence, taking p 1 1,
we get

Zg,JE[B Zp1<!1(G+]E[J])(l—e_yc)+G+lzlG+]E ‘”G+ZE[]+ZN:GJ~)

= j=1 j=1 Jj=i+1
N N N
=> 5 _(E[S]+G) =D _(E[S]+ G)). (A.18)
i=1 =1 i=1
Substituting W = |b| Y(E[B,] --- E[By])" and A :#‘b‘% in (4.1) and using (A.18) will
give that o = 2rs 2 o - O

Proof of Lemma 6. First, we state (1.1) and (1.2) of Ref'® in our notation.
For some a; > 0,4, >0,a; < oo and a positive integer U, (1.1) in Ref!'®! entails the fol-
lowing conditions:
(i) {MU}.<>a1, Vi, j=1,2,...,N.
(i) Ykl Jk >a,, Vijk=1,2,..N.
Phi(z) P _
(iii) Zi,jﬁk,l 9500,0% |z:1 <a; Vijkl=12,..,N.

Furthermore, for some a4 >0 and as < 0o, (1.2) in [18] entails the following conditions:

(i) ¢(1)=1.
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(v) Eﬁilgz— > ag.
. Pg(2) .
V) i mom = S a5 Vij=1,2,..,N.

Now we prove that each of the above statements hold for our model.

First, considering Egs. (3.2) and (3.3), and assuming that arrival rates and service times
are positive (which is the case in a non-trivial model), we conclude that m;;>0 for all
i,j =1,2,...,N. Hence, (i) holds for U=1 and a; close enough to zero.

Condition (ii) implies that the sum of second order joint moments of the number of
children of type j and k produced by a customer of type i should be positive. As numbers
of children cannot become negative, all these joint moments are clearly non-negative. This
can also be seen from (A.10). Furthermore, when i = N, (A.10) reveals that

N
—B) 1—2z) A
(o _ i) :(l—e"”GN)]E[Bi;)ujike <Z( W)

T 0zi0z |,y

‘ = Jii(1—e)E[B].
z=1

As each of the terms of the above equations are positive in a non-trivial model, so is k
Since all the values of kjk are non-negative and at least one is positive the Value of
> ik kj(lz is positive, and hence (ii) holds for a, close to zero.

For (iii), note that the arrival processes in our system are independent Poisson processes
with finite positive rate and the third moments of the service times are finite. This implies
the third-order joint moments are finite and hence their sum is finite. So (iii) holds for
some finite value of as.

Condition (iv) holds as g(z) is a generating function of a vector of finite ran-
dom variables.

Next, it is easy to verify that each term in (3.6) is positive for a non-trivial model.
Hence, so are g, ..., gn. Therefore, we conclude that (v) holds for a, close enough to zero.

The arrival processes in our system are independent Poisson processes with finite posi-
tive rate. Further, the second moments of the switchover times are finite, and the glue peri-
ods are finite and deterministic. It implies that the second moments of the non-visit times
are finite and hence the second-order joint moments are finite and therefore their sum is
finite. So (vi) is satisfied for some finite value of as. O
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