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Combinatorial structure of colored
HOMFLY-PT polynomials for torus knots

PETR DUNIN-BARKOWSKI, ALEKSANDR POPOLITOV,
SERGEY SHADRIN, AND ALEXEY SLEPTSOV

We rewrite the (extended) Ooguri-Vafa partition function for col-
ored HOMFLY-PT polynomials for torus knots in terms of the
free-fermion (semi-infinite wedge) formalism, making it very sim-
ilar to the generating function for double Hurwitz numbers. This
allows us to conjecture the combinatorial meaning of full expansion
of the correlation differentials obtained via the topological recur-
sion on the Brini-Eynard-Marino spectral curve for the colored
HOMFLY-PT polynomials of torus knots.

This correspondence suggests a structural combinatorial result
for the extended Ooguri-Vafa partition function. Namely, its co-
efficients should have a quasi-polynomial behavior, where non-
polynomial factors are given by the Jacobi polynomials (treated
as functions of their parameters in which they are indeed non-
polynomial). We prove this quasi-polynomiality in a purely com-
binatorial way. In addition to that, we show that the (0,1)- and
(0,2)-functions on the corresponding spectral curve are in agree-
ment with the extension of the colored HOMFLY-PT polynomi-
als data, and we prove the quantum spectral curve equation for
a natural wave function obtained from the extended Ooguri-Vafa
partition function.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 81T45; secondary 14J33,
57M27, 14H81, 33C45.
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1. Introduction

In 1989 Witten considered the 3D Chern-Simons quantum field theory and
pointed out the existence of polynomial invariants of knots and links colored
by the representations of Lie groups [52]. Based on his paper Reshetikhin
and Turaev in [48] defined these polynomial invariants rigorously with the
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help of quantum groups and the R-matrix approach. The colored HOMFLY-
PT polynomial corresponds to the sI(N) case that plays a central role in the
theory of knot polynomials.

In the case of torus knots, a formula for the colored HOMFLY-PT poly-
nomial has a clear symmetric group character interpretation, called the
Rosso-Jones formula, first derived in [49] (see also e.g. [34, 37]). The Rosso-
Jones formula allows to embed the colored HOMFLY-PT polynomials of
torus knots in the realm of KP integrability, as it is done in [39, 42]. In
particular, it allows to represent the Ooguri-Vafa partition function [47] as
an action of cut-and-join operators on a trivial KP tau-function [40]. In the
case of torus knots, this representation is especially simple.

Our first result relates explicitly the Ooguri-Vafa partition function of
[42] to a particular specialization of the partition function of double Hurwitz
numbers [44]. This way we get a representation of the colored HOMFLY-
PT polynomials in terms of the semi-infinite wedge formalism [30], but in
fact we get a more general formula that has more parameters. To be more
precise, our extended partition function Z** depends on the variables p,,,
m = 1,2,..., and the original Ooguri-Vafa partition function of the (Q, P)-
torus knot is obtained by specialization p,, = 0 for m not divisible by Q:

ext / ~ & Al — AT (67} = Oéfjﬁj
A (p) = exXp Z Two g 7 exp (U.FQ) exXp Z ] .

i—1 €2P —€ 2P j=1

Here A is the parameter of the HOMFLY-PT polynomial, and w is the
parameter that controls the genus expansion of log Z¢**. The necessary def-
initions from the semi-infinite wedge formalism, in particular, the mean-
ing of the operators a+; and JF3, we recall below. See also e.g. papers
[2, 1, 27, 46, 50] for discussions related to representation of partition func-
tions for certain other related models in terms of the semi-infinite wedge
(a.k.a. free-fermion) formalism.

The specialization of the partition function for double Hurwitz num-
ber that we obtain as an extension of the Ooguri-Vafa partition function
is most natural to consider in the realm of the spectral curve topological
recursion [25], see also [3, 5, 13, 14, 26]. Brini, Eynard, and Marino repre-
sented in [12] the coefficients of the genus expansion of the logarithm of the
Ooguri-Vafa partition function for the (@, P)-knot as particular coefficients
of formal expansion of certain differential forms w,,, satisfying topological
recursion on the curve

2(U) = QlogU + P [10g (1 N AP/QHU) log (1 B AP/QflU)] ;
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y(U) = ~vlogU + P7Q+ ! [log (1 —AP/QHU) —log (1 —AP/Q_1U>].

Here U is a global coordinate on the rational curve, and v is an integer
number chosen such that Py + 1 is divisible by . One has to consider
the expansions of wy, in A := X~1/Q X = exp(z), near the point X =
o0, and the coefficients of the Ooguri-Vafa partition function correspond to
the integer powers of X!, namely, the coefficient of w292, pgu, in
log Z¢** is equal, up to a universal combinatorial factor, to the coefficient of
| = Aini in the expansion of wy p.

The status of this claim of Brini-Eynard-Marino is the following. In [12]
it is formulated as a conjecture, and it is derived using a matrix model
representation of the colored HOMFLY-PT polynomials of torus knots. Since
that time the matrix models technique was developed in a number of papers,
see [6, 7, 8], and these works make the derivation of Brini-Eynard-Marino
mathematically rigorous.

We conjecture that our extension of the Ooguri-Vafa partition function
satisfies the topological recursion on the same spectral curve. Namely, we
conjecture that the coefficient of u? 2", jy,, in log Z¢* is equal, up
to a universal combinatorial factor, to the coefficient of []_; A" in the
expansion of wg, for all mq,...,m,, not only those divisible by . We
verify this conjecture for the unstable terms (g,n) = (0,1) and (0, 2).

The main result of this paper is a quasi-polynomiality statement for the
coefficients w292 " [T, fy,, in log Z¢%, for any my, ..., m,. This includes
new combinatorial structural results for the colored HOMFLY-PT polyno-
mials of torus knots, but in fact it is a more general statement. We prove
that these coefficients can be represented as

Z Cil,...,in (ml, R ,mn) H(_l)mg‘Amj(g—l)zpr(nrji(lﬁtzjl)-&-ij,l)(1 N 2A2),
(ily---ain) j=1
e{0,1}"

where P7 (x) are the classical Jacobi polynomials, and C;, . ;. are some
polynomials in myq, ..., m, of finite degree that depends only on ¢ and n.
Note that the fact that they are called Jacobi polynomials might be slightly
misleading in this case, as they are polynomials in their main x argument,
and not in their n, a, f parameters; in fact, the dependence on m; (which
we are interested in) is non-polynomial for the corresponding factors in the
above formula. Substituting my,...,m, divisible by @ in this formula, we
obtain a combinatorial structural result for the colored HOMFLY-PT of the

(Q, P)-torus knot.
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There are several sources of interest for this type of expansions. The
first observation of this type in Hurwitz theory goes back to the ELSV-
formula [22] for simple Hurwitz numbers. The ELSV formula represents a
simple Hurwitz number inmg_enus g depending on n multiplicities mq,..., my,

J

as C(my,...,my) H?:I %, for certain polynomials C = C4, whose co-
efficients are coming from the intersection theory of the moduli space of
curves. There are some further results and conjectures relating Hurwitz the-
ory to the intersection theory of the moduli space of curves, see, for in-
stance, [29, 54, 51, 9]. The question of principal importance is whether a
quasi-polynomiality property, natural from the point of view of algebraic
geometry behind Hurwitz theory, can be derived in a combinatorial way,
since it is a purely combinatorial property of purely combinatorial objects.
For instance, for single Hurwitz numbers it was an open question for 15
years, since the ELSV formula was first introduced, until it was settled in
two different ways in [17, 33] (see also a discussion in [35]). Nowadays there
are more of purely combinatorial results of this type, see, for instance, [33],
where the conjectures of [15, 16] are resolved, as well as [18, 32] for more
examples of this type of statements.

The quasi-polynomial structure has appeared to be also very important
from the point of view of topological recursion [25]. It is proved in [24], see
also [21], that the correlation differential obtained by topological recursion
have the structure given by [[7_; ds, Zcil,...,in(d;:;la ey %) [T &, (25),
where the indices i1, ...,%, enumerate the critical points of function x on
the curve, C;, . ;. are certain polynomials, and & are certain canonically
defined functions on the spectral curve. This structure of correlation dif-
ferentials is equivalent to the quasi-polynomiality of their expansion in a
suitable coordinate (for example, in x near x = 0, 27! near x = o0, or €®
near e = 0). So, in particular in our case the quasi-polynomiality structure
means that the n-point functions corresponding to log Z¢** are expansion in
e~%/Q near e=*/Q = 0 of Cil,...,in(%a ey %ﬁ) [Ti—1 &, (), where & and &
are some functions canonically associated to the curve.

In this framework it is interesting to review the previously known non-
polynomial parts of the quasi-polynomial formulas in Hurwitz theory. All
of them are proved to be connected to &-function expansions. Typically we
have r > 1 critical points of z, and there is a natural basis of r £-functions,
called flat basis due to its connection to flat coordinates in the theory of
Frobenius manifold [20, 19]. We have [33, 32]:

il 2]

m
5

g-orbifold p-spin Hurwitz numbers (r = pq) :

[
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m
r-orbifold monotone Hurwitz numbers: (m + 15 J)
m
. . . m—1
r-orbifold strictly monotone Hurwitz numbers: ( | >
,

So, in all these cases there is a unique formula for the non-polynomial part,
which reflects the fact that for each m there is just one function £ (out of
r functions that form a flat basis) that can contribute to the corresponding
term of the expansion of the correlation differentials. In the case of the
specialization of double Hurwitz numbers that we consider in this paper,
r = 2, and there are two possible non-polynomial terms for each m:

(m(£-1),1)

(~1ymamt@ VP, TE L - 247)
and  (—1)mAmGE-OpMaTIHD g 42y

These non-polynomial terms are mixed in the expansions of correlators in
all possible ways, which, along with the fact that non-polynomiality is given
by the values of Jacobi polynomials, makes this case really very special and
challenging. From that point of view, the relation of Z¢' to the Ooguri-
Vafa partition function for the colored HOMFLY-PT polynomials of the
(Q, P)-torus knots is just an extra nice property.

1.1. Structure of the paper

In Section 2 we recall basic facts regarding the free fermions/semi-infinite
wedge formalism.

In Section 3 we extend the Ooguri-Vafa partition function for the colored
HOMFLY-PT polynomials for torus knots in a way that allows us to rewrite
it in terms of the semi-infinite wedge formalism, which makes it quite similar
to the generating function of double Hurwitz numbers.

In Section 4 we recall the spectral curve introduced in [12] and we derive
the form of the so-called &-functions (in the general context these functions
were defined in [24], see also [21, 36]) on this curve. These ¢-functions turn
out to be related to Jacobi polynomials.

In Section 5 we recall the definition and some known properties of Ja-
cobi polynomials. Then we derive some new properties and relations which
are needed for the subsequent sections. Most of the proofs of these new
properties are very technical, so we provide them in Appendix A.
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In Section 6 we express the coefficients K, ., of the expansion of the
extended Ooguri-Vafa partition function as semi-infinite wedge correlators of
products of certain operators called A-operators. Then we prove that matrix
elements of these operators are polylinear combinations of {-functions that
are rational in the arguments of the operators, i.e. in ;.

In Section 7 we prove a theorem that states that the connected corre-
lators of A-operators are polynomial in 1, ..., t,. This theorem, together
with its reformulation found in the subsequent section, is the main result of
the present paper.

In Section 8 we provide an alternative formulation of the main theorem
of the present paper. In this alternative form, our main theorem states that
in the stable case, i.e., for 2g — 2 + n > 0, the connected (g, n)-coefficients
of the extended Ooguri-Vafa partition function can be organized into mul-
tidifferentials on the spectral curve which are finite polylinear combinations
of differentials of derivatives of the &-functions. This is a key ingredient
required for a combinatorial proof of topological recursion in the vein of
[17, 18, 33, 32].

In Section 9 we match the unstable connected (g, n)-correlators of the
extended Ooguri-Vafa partition function with the basic data of the spec-
tral curve. This are the initial conditions required for the full topological
recursion statement.

In Section 10 we derive a differential-difference operator that annihi-
lates the wave function obtained from the extended Ooguri-Vafa partition
function by principle specialization. The dequantization of this differential-
difference operator gives the spectral curve of Brini-Eynard-Marino.

2. Semi-infinite wedge preliminaries

In this section we remind the reader of some facts about semi-infinite wedge
space. For more details see e. g. [17].

Let V' be an infinite dimensional vector space with a basis labeled by
the half integers. Denote the basis vector labeled by m/2 by m/2, so V =

@iEZJr% i
Definition 2.1. The semi-infinite wedge space V is the span of all wedge
products of the form

for any decreasing sequence of half integers (i) such that there is an integer
¢ (called the charge) with i + k — % = ¢ for k sufficiently large. We denote
the inner product associated with this basis by (-, -).
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The zero charge subspace Vy < V of the semi-infinite wedge space is the
space of all wedge products of the form (2.1) such that

1
(2.2) it k=g

for k sufficiently large.
Remark 2.2. An element of V, is of the form

1
(23) )\1*5/\)\2*2/\-"

for some integer partition A. This follows immediately from condition (2.2).
Thus, we canonically have a basis for V) labeled by all integer partitions.

Notation 2.3. We denote by vy the vector labeled by a partition A\. The
vector labeled by the empty partition is called the vacuum vector and de-
noted by [0) =vg = -2 A =3 A---.

Definition 2.4. If P is an operator on V), then we define the vacuum ex-
pectation value of P by (P) := (0|P|0), where (0| is the dual of the vacuum
vector with respect to the inner product (-, -), and called the covacuum vec-
tor. We will also refer to these vacuum expectation values as (disconnected)
correlators.

Let us define some operators on the infinite wedge space.

Definition 2.5. Let k be any half integer. Then the operator ¢y: V — V is
defined by v (ix Adg A--+) — (kAdL Adg A---). It increases the charge
by 1.

The operator 1 is defined to be the adjoint of the operator 1, with
respect to the inner product (-, -).

Definition 2.6. The normally ordered products of y-operators are defined
in the following way

(2.4) Eij o= whify: 1= {%1{{ lfj -V

=i iy <0.
This operator does not change the charge and can be restricted to V. Its
action on the basis vectors vy can be described as follows: :zpiwj: checks if vy
contains j as a wedge factor and if so replaces it by i. Otherwise it yields 0.
In the case i = j > 0, we have :wiw;‘:(z})\) = vy if vy contains j and 0 if it
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does not; in the case i = j < 0, we have :@Z)iwj’?‘:(v,\) = —u) if vy does not
contain j and 0 if it does. These are the only two cases where the normal
ordering is important.

Notation 2.7. Denote
(2.5) C(z) = e — 772

Definition 2.8. Let n € Z be any integer. We define an operator &,(2)
depending on a formal variable z by

n 1)
2.6 En(z) := A By + “nl
(2.6) (2) keél kenk T 20

In some situations it is also useful to consider the operator gn(z) given by

(2.7) En(2) = 2 ez(k_%)Ek_mk.
kezZ+1

So, &,(2) = En(2) for n = 0, and in the case n = 0 the difference of these
two operators is the scalar multiplication by ((z)~1.

A useful formula for the commutator of these operators is given in [45]:
(2.8) [a(2), Ex(w)] = Claw — b2)Eq(z + w) |

The same formula remains true if we use one or two g’—operators on the left
hand side instead of £-operators.

Definition 2.9. In what follows we will use the following operator:

(2.9) Fpr= ) %2Ek7k:[22]§0(z).

Here [22] denotes operation of taking the coefficient in front of 22. We
use this notation throughout the paper.

Definition 2.10. We will also need the following operators:

(2.10) = gk(O), k+#0.
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Note the following fact regarding the commutators of these operators:

(2.11) [ak,am] = k5k+m,0 .
Also note that

(2.12) apl0d =0, k>0;
<0|Ozk =0, k<O0.

3. Rosso-Jones formula as free-fermion average

In this section we show that in the case of torus knots the Ooguri-Vafa gener-
ating function of the colored HOMFLY-PT polynomials can be extended, by
adding additional parameters, to a partition function that is natural from
the point of view of the theory of double Hurwitz numbers. The Ooguri-
Vafa partition function is then recovered by setting all additional parameters
to 0.

The colored HOMFLY-PT polynomials of torus knots and links are
known explicitly due to a result of Rosso and Jones [49]. The HOMFLY-
PT polynomials are knot invariants, i.e. they are invariant under the three
Reidemeister moves defined on planar diagrams of knots. However, in many
applications the HOMFLY-PT polynomials should be multiplied by an ex-
tra factor, which is not invariant under the first Reidemeister move. For
this reason one can distinguish the topological HOMFLY-PT polynomials
and various mon-topological ones; different choices of common factors are
called framings. Adapting the physics terminology, we can say that we con-
sider HOMFLY-PT polynomials in topological framing, or in a so-called
vertical one, or any other. In this paper we need a very specific choice of
framing, which provides a consistency of knot invariants with the correla-
tion differentials on the underlying spectral curve. We call it the spectral
framing.

Definition 3.1. Let T[Q, P] be a torus knot. Then its colored HOMFLY-
PT polynomial in the spectral framing is defined by the following variation
of the Rosso-Jones formula:

(3.1) HR(T[Q, Pl;q, A) == APl X ol ®7@ 53, (q, A) |
Rﬂ—QIR\
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where the coefficients cgl are integer numbers determined by the equation

!
(3.2) [ [srqir»poqri-1)» - - Q)
i1

- Z Cgl 'SRl(p‘R1|7p|Rl‘_1,...7p1)
Ri-Q|R|

(they are called Adams coefficients). The functions si are the Schur poly-

nomials, and s3 := sgl, _,», where
K2

(3.3) proto A
q’L _q A

(this substitution is called the restriction to the topological locus).

Now let us omit the restriction to the topological locus (3.3) and define
an extended colored HOMFLY-PT polynomial, which is no longer a knot
invariant, but is still a braid invariant.

Definition 3.2. The extended colored HOMFLY-PT polynomials in the
spectral framing are defined as

(3.4) HR(T[Q, Pl;p) == APIRL. N el 2508 s ()
Ri1+-Q|R|

Definition 3.3. The Ooguri-Vafa partition function for the torus knot
T[Q, P] is

(3.5) Z(p,p) := ) Hr(T[Q, P;p) sr(p) -
R

Note that we use the extended HOMFLY-PT polynomials in the def-
inition of the partition function. The original Ooguri-Vafa partition func-
tion [47] can be easily restored by the restriction to the topological lo-
cus (3.3).

Definition 3.4. The topological Ooguri-Vafa partition function for the
torus knot T'[Q, P] is defined by

(3.6) Z(p) == Z(p*,p) -

Following [42] we rewrite the Ooguri-Vafa partition function in terms of
the cut-and-join operator.



774 Petr Dunin-Barkowski et al.

Definition 3.5. The second cut-and-join operator W (p) in rescaled Miwa

variables pg, k = 1,2,..., is defined as follows:

R 1 & ( 0 02 >
3.7 W- = - a+b)p, + abpgrp=——— 1 .
(3.7) >(p) B a;1 ( )PaDb OParsd Pa+b 02008

Under the boson-fermion correspondence it corresponds to the operator
Fa, defined above. Its a very well-known property [44], see also [41], that
the Schur polynomials sg(p) are the eigenfunctions of this operator:

(3.8) Wa(p) sr(p) = kr sr(p), KR = Z (i—17) -
(4,5)eR

Lemma 3.6 ([42]). The substitution h = 2log q allows to rewrite the Ooguri-
Vafa partition function for the torus knot T[Q, P] in terms of cut-and-join
operators:

0 = AkP
(3.9) Z(p,p) = exp (th2(P)> exp<2 %) .
k=1

Proof. Let us substitute the formula for the HOMFLY-PT polynomials from
Definition 3.2 in the Ooguri-Vafa partition function (3.5) and use the prop-
erty (3.8) of the cut-and-join operator. We have:

(3.10) Z(p.p) = Y s AP 3 e q*ma g, (p)
R Ri-Q|R|
=2sR<ﬁ>AP'R‘-(qW2<p>§- > cﬁlsm(m).
R R.+Q|R]

Then we use formula (3.2):

311)  Z(p,p) = Y sr(p) AP VP G sp({pro))
R

= "8 N s (p) AT sr({pro))
R

© _ kP
= exp (thz(p)> exp (Z %) . O

k=1

Our next step is to represent the Ooguri-Vafa partition function via an
action of some operators on the infinite wedge space. It is our starting point
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to reveal the combinatorial structure of colored HOMFLY-PT polynomials
for torus knots.

Theorem 3.7. The Ooguri- Vafa partition function has the following repre-
sentation in terms of a semi-infinite wedge average with operators Fo and
ay, introduced in the Definitions 2.9 and 2.10:

(3.12)  Z(p,p) =

X S QiPi ) ok L > X S aiQ(ﬁi'QAiP)
(ro(B 520 (7)o (£22557) )

Proof. Consider the expression given in Lemma 3.6. The cut-and-join oper-
ator is applied to the function that can be represented as

0 5. AP
(3.13) exp <Z %) =

k=1

0 a_ip; o CM'ﬁ'AiP
=1 7 -1 !

This representation follows from the commutation relations for the a-oper-
ators (2.11) and their action on the vacuum and covacuum (2.12).

Observe, however, that we can represent it using a slightly different
average (using the a-operators with the indices divisible by @ and rescaling
one of the denominators):

O A—jQPIQ o cighiAY
(3.14) <exp (J; #) exp (; 7>> .

The sum in the left exponent now runs over p with @-divisible indices.
However, we can safely substitute it for the sum of all p;’s — thanks to
the commutation relations between a’s the operators with the indices non
divisible by @ won’t contribute. Thus, the OV partition function becomes

(3.15)

Z(p,p)

= ex P ex N QiPi ) ok S —aiQ(ﬁi QA"
_ p(hQWQ(p)>< p(jzl ; ) p(g1 0 >>
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_ S O=iPs p > S 2iQ(Pi - QA™)
<exp <JZ}1 7 )exp (hQ]:g exp (l_zl 0 ,

where in the last equality we used the boson-fermion correspondence [28]
to bring the cut-and-join operator inside the average (where it becomes the
operator Fz). O

The expression (3.12) is already very close to a generating function for
double Hurwitz numbers — except for a peculiar sum in the right exponential.
We can mend this by introducing additional parameters p;q, with fractional
indices.

Definition 3.8. The extended Ooguri-Vafa partition function is

(3.16)  Z*(p,p) =

0 . D (B iP/Q
<exp (Z a_:,p]> exp <h£]—"2> exp (Z Qz(pz/QQA )>> )
a0 Q ) v

Note that Z(p, p) is recovered from Z***(p, p) by keeping only p;/, with
integer indices.

The following change of variables allows us to transform the expression
for Z%* precisely into the form of the generating function of double Hurwitz
numbers:

Notation 3.9.

(3.17) Pi = Pij@QA™?, i=1;
P

3.18 u:=—h.

(3.18) g

In terms of these variables we get:

(3.19) 7% (p,p) = <exp (Z aiipi) exp (uF2) exp <Z OZT]@>> ,

i=1 j=1

which is precisely the form of the generating function of double Hurwitz
numbers, as claimed.

In what follows, we will work in p variables and not in the p ones (the
latter were needed only to illustrate the relation to double Hurwitz numbers),
but we will still use the u variable in place of & as it makes the formulas
more compact.
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Recall that we are interested in the restriction of Z®(p, p) to the topo-
logical locus, i.e. to p = p*, where

Al — AT Al — AT

2 P = 75 = :
(3.20) Pi = TR e C(iuQ/P)
Denote
(3.21) Z%p) = Z(p, D) ,_ s -

Let us expand Z*(p) in p. For an integer partition pu = (u1 = -+ > ug)
denote

0 0
Zext (p) ,

(3.22) K, (u) :=Q "=— e
! 0Pu/Q  OPu/Q p=0

i.e. up to a factor equal to the order of the automorphism group of  and a
multiple of @, K, (u) is the coefficient in front of the monomial p,,, /g - - - P, /0
in the expansion of Z®(p).

4. The BEM spectral curve
4.1. Spectral curve

Brini, Eynard and Marino introduced in [12] the following spectral curve
associated to the torus knot T'[Q, P]:

(4.1) z(U) = QlogU + Plog (1 —AP/QHU) — Plog (1 —AP/Q_IU) ;

_ 1 _A4PQ _1 AP/
y(U)—Qx(U)+Qlog<1 AP +1U) Qlog(l AP 1U).

Here the constant v is chosen in such a way that

(4.2) ( 2 i ) eSI(2,7) .

The functions e* and e¥ are meromorphic on the curve, and U is a global
coordinate (the curve has genus zero). The Bergman kernel is the unique
Bergman kernel for a genus zero curve and is equal to

dU1dUs

(4.3) 4(U1 ETAPE
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Denote

1 — APl \”
1 — AP/Q-1y ’

(4.4) X :=exp(z) = U? (

P
Ae XVQ _ g <1 - AP/Q+1U> /Q

1— AP/R-1Uy

In what follows the combination P/Q will arise quite often, so let us intro-
duce the following notation to conserve space:

Notation 4.1.

(4.5) b:= 0

The function z(U) has two critical points up + Au with

(4.6) w0 = 5T (1+ A% +b(A%-1)) ;
(Au)? — w%w (A2 = 1) (b +1)%4% — (b—1)?) .

It is convenient to use in the rest of the paper the variable

1
(4.7) Ai=logA=—log X .
Q
The correlation multidifferentials wy ,, (U1, ...,Uy,) on the curve are defined

through the topological recursion procedure [26], see also [3, 5, 14]. The
claim of Brini, Eynard, and Marino is that the expansion of wgy, at X = o
is related to Z in the following way:

0 ©) n dX;
_ (2
(48) wgvn ~ Q " Z CQgﬂly-“vQ/'L" H(_MZ)X#1+1 ’
e pin =1 1=1 i

where similarity sign means that we drop all terms with non-integer expo-
nents of X; from expansion of wg, at X = o0, leaving only terms with integer
exponents of X;. The coefficients of these remaining terms are nothing but
connected correlators for the partition function Z (3.15)

i d log Z

(4.9) cy) R L] ——
0Py, Py, =0

Q/’L17"'7Q/"L"L :
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Note that here we take derivatives with respect to p and not p.
A natural conjectural refinement of their claim is the following extended
relation of Z¢** to the expansion of wy, at A = oo:

4.10 — O™ S C9) - , dAi
( : ) Wg,n = Q Z P H(iﬂl)AﬂiJl‘l )
P pin=1 i=1 i

where C;(ﬁ?..un are now connected correlators for the partition function Z¢

0 0
aﬁul/Q . aﬁun/Q

(4.11) cl9) = [RP97m

ext
P log Z

p=0

Note that this conjectural refinement of the result of Brini-Eynard-Marifio
is very natural in the context of the results of the present paper.

The free-energies Fy ,, are certain generating functions for the connected
correlators and are defined by their expansion at A = oo:

o0 n 1
(4.12) Fyni= )] Cﬁ{?,.un]—[w .
=1 "7

1o fbn=1

They are related to the primitives of w,, with appropriately chosen inte-
gration constants.

4.2. The &-functions through Jacobi polynomials

In this section we compute the so-called &-functions for the BEM spectral
curve. The ¢-functions play a critical role in the topological recursion pro-
cedure. Namely, the correlation (multi)differentials wgy ,,, 29 —2+n > 0, are
expressed as finite polylinear combinations of the differentials of £, the index
a labels the critical points of x, and their derivatives ([24], see also [21, 36]):

wean TTa ()" o
(4.13) wWgn(Ur,...,Uy) = Z Cdi:::d:Hd<d)\,> £ (U;) .
i=1 v

aq...ay

dy...d,

In the case of a genus 0 spectral curve with a global coordinate U, the
functions £*(U) are defined as some functions that form a convenient basis
in the space spanned by 1/(u, —U), where u, are critical points of A(U) and
U is the global coordinate on the spectral curve.
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We show that we can choose these basis functions to have the following
expansion at A = co:

(4.14) ) = i (—1)mAC-DmpO=D (1 _942)A-m
m=1
o0
SU) = Y (1Al Imp T gAn)A
m=1

where {7 (z) are the Jacobi polynomials (we recall their definition and
needed properties in Section 5 below). Namely, we prove the following

Theorem 4.2. We have:

(4.15) ¢'(U) = (AJ%&)(U) + W&(U) ;
e =~ WEO(U) :
where
~ _ 1 . ~ _ U - uo
(4.16) &o(U) = —1 U w) &(U) —1 " U—w)?
(Au)? (Au)?

In particular, it is clear that they indeed form a basis in the space
spanned by the functions 1/(ug + Au — U).

Notation 4.3. It is convenient to introduce the following piece of notation
for coefficients of expansion of £'(U) in A:

Il

(~1)m AL Dmpn=D (1 242 ;
(—1)mAC-DmplnO-tTLl () _942)

(417) &, = [AT"IENU)
&m = [ATEX(U)

Proof of Theorem 4.2. Let us calculate the expansions of gk(U) at A = oo.
Introducing scaled and shifted global coordinate
U — U

Au

(4.18) U=

we see that

(4.19) d  Uva-A"ua-A"') d
' dA A2(U? —1)(Au)2  dU
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Therefore we can express & as

(420) & = — CDA(M®  d ((U - uo>k+1> . k=01,

U(1 — AU (1 — A1) dA k+1

The coefficients of the expansion of & at A = o can be computed by
integration by parts and passing to the U-plane:

(4.21)
_ = 1
[A] & = o gﬁ &ArdA
1 . (—=1) A2 (Au)? d [ (U—up)kt?
57 P U(1— AU (1 — AHU)AJ k+1 dA

A,00

B A2 (Au)2 (U _ uO)k-i-ld r—1 (1 _ Ab+1U),ub71
- 2n) 3€ (k+1) (1 — Ab-1y)HoHt '

U,0

Using Lemma 4.4 below and differentiating the expansion termwise, we can
easily calculate this residue to find

(4.22)
[A] & = (Au)? (~1)AZEHD [ AC=Dr(pyep (et - 242)|
[A—u] 51 _ (A’U,)2 Ab+1 [A(b—l)u(_1>u7315(i?;1)ﬂ71)(1 _ 2A2)]
+ ug (Au)2 A2(0+1) [A(b—l)u(_1)#P£(fgl)ﬂ+1,l)(1 B 2A2)] :
which immediately implies the statement of the theorem. O

Lemma 4.4. We have:

(L= AU AP0 & (1

(423) (1—A_U)wty U2 Um AT

Pplou—y=m2y=1)(1 _242)

M

m=0
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Proof. 1t is a direct computation:
(4.24)

(1-A 0"y (=
(1—A_U)bwm+y — (-

A2b(n—y)
oUW
A2b(n—y)

oe] 1m
L YL
+

m=0

where in the last transition we use the definition of the Jacobi polynomi-
als. O

5. Properties of Jacobi polynomials

In the subsequent sections we heavily use certain results related to Jacobi
polynomials which we formulate in the present section.

See Appendix A for all proofs of the propositions stated in the present
section.

Let us start with recalling the well-known definition of the Jacobi poly-
nomials.

Definition 5.1. The Jacobi polynomials are defined as follows:
(5.1)  PLeA(z):=

IM'a+n+1)
MNa+1)'(n+1

) o FYy (—n,1+a+6+n;a+l;%(1—z)> ,
where

(5.2) oF (a1,a0;b1;x) := i M:ﬁ

is the usual hypergeometric function, where

(5.3) (Z)n;:M:{Z(Z+1)-.-(z+n1), neZso;

INE] 1, n=>0

is the usual Pochhammer symbol (rising factorial).
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Let us introduce the following piece of notation:
Notation 5.2.

(5.4) a:= A%
(5.5) Tn(p) = P~ BD(1 = 2a)

where P (x) is the Jacobi polynomial defined above.

The functions J,,,(p) are precisely the main object of our interest in this
section; they are going to be extensively used in the sections below.

We found a certain new relation for the functions .J,,(p) which we are
going to need in what follows. We call it the three-term relation:

Proposition 5.3. For ke Zx>;

b
(56) Ji + (CL +1+ (a — 1)%) Jp_1+ady_o=0.

We will also need the following important result:

Proposition 5.4. For m e Zx;

0¢]

m a'—1 i C(ZU,O)
(5.7) [u?*w™] exp (Z; —w C(iub1)>

= (1" L (G, m)Jmn-1(p) + GE(p, ) T—2(p)

where G,{J and G% are some polynomials in m and p of degree no greater than
9k + 2. Terms with odd powers of u in the u-expansion of the exponential in
the LHS of the above equality vanish.

Moreover, we are also going to need following properties of the polyno-
mials G}.(p, m):

Proposition 5.5. We have:

(5.8) G(p,0) = dpo(l —a)b ;
(5.9) G2(p,0) =0 .

Proposition 5.6. Vk > 1 the polynomials G}.(m,m) and G2(m,m) are
divisible by m?, i.e. they have a double zero at m = 0.
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6. The A-operators and their rationality

In Section 2 we defined the extended Ooguri-Vafa partition function Z*(p)
as a fermionic correlator, whose coefficient in front of the monomial

(6.1) Puy/Q « + Puy/Q

is proportional to K, (u) (3.22). In this section we represent K, (u) as a cor-
relator of a product of some operators .Z(,uji, u) and prove that this correlator
is a polylinear combination of 5,& and 5/?“ (see Notation 4.3) with coefficients
that are rational functions in ;.

6.1. A-operators

From (3.22) we have

0 % k o
(6.2) K,(u) = <exp (Z aiipi > exp (uF2) H ;WAb“i>
i=1

o1 M

k ¥
([ emt o nr Ot poms—uFagm B2, 2
i=1 IU”L

Note that

(6.3) era_ e = £ (up)

and

(6.4 [ Err (0] = Uy an)

Definition 6.1. We define the operator fl(m, um) by the following formula

" Ai—=Ait1
X o I\ <p—" ¢ (Zum)>
6.5)  Alm,u):=—— kZ_Ofkm(“m) 211 Ai = Aig1)! '

1
Ak i=1 (

It is straightforward to see that

k
(6.6) <H,Z iy > .
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Note that the definition (6.5) of the A-operators, together with the def-
inition (2.6) for the £-operators, implies the following structure of the A-
operators:

(67) "K(ma U) =2 (ma U) Id + 2 2 Qll,s(ma u)Elfs,l )
leZ+1/2 s€L

where 20p(m,u) and 2; s(m,u) are certain coefficients depending on m and
u, Id is the identity operator and F; ; are the operators defined by formula
(2.4).

6.2. Rationality of .A-operators

The main goal of this section is to prove the following statement (the ratio-
nality of A-operators):

Proposition 6.2. Let m > 0. For the coefficients Ao(m,u) and Aj (m, )
in formula (6.7) for the A-operators we have:

Fl(m, $)&h, + F2 (m, s)€2,

k - =V

(6.8)  [u"]Rs (m+1)...(m+s) o
EFl(m,s L4 EF2 (m,s 2

(6.9) [uk]ﬁl,s = (M, 8)€ (s 8) 5s<0;

(m—1)(m=2)...(m+s+1)(m+s)?
F(m)&, + ER(m)&,

(6.10)  [u*]2Ao = > :

m

where Fli, Fl?,l’ l?’li, I*NfJ, Fkl, F,? are, for fixed s, some polynomials in m.
Moreover, the degrees in m of the polynomials Fkl’l(m,s), F,il(m, s),

ﬁkl,l(m, s), and ﬁ,ﬁl(m,s) are no greater than 9k + 2 + s and the degrees

of E(m) and F2(m) are no greater than 9k + 2.

Proof. Let us recall a few facts. From (6.5) and (2.6) we have

(6.11) N
i—1 ((ium iTA
[u®]20s = [uk]M€Um(l+s/2) Z ﬁ (a v CC((iubz)>
o " Amts i=1 (Ai = Ais1)!
(s e e (S e i) )|

p=m
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(6.12)
at —1 C(zum) e
) L A0 ( W“bl))
(120 = [ ;mﬂ gy
— k, m iA(b_l)m ex it -’ C(ZUP)
- ([U v ]m ¢(um) P (z—zl i C(Wbl)>> p=m

From Section 4.2, for £’s we have

(6.13) 38
&m

( 1)mA(b71)m m_1|p:m :

(=1)mAb—Dm m—Q‘p=m

Recall equation (6.11). Let us drop the factor e*"(+5/2) as it clearly does
not affect the statement. From Proposition 5.4 we have:

(6.14) <[u2kws+m]i exp (i ai _ 1 ) wi C(Zuf) )) ‘
m i C(iub=1) o

=1

mm+ S

1
:(—1)"”8(— P (G}C(p,m—ks)Jmﬁ_l

)
p=m

+ Gi(p, m + S)Jm+3_2)>

where G,1C and G% are polynomial in both arguments.
Now recall the three-term relation for Jacobi polynomials (5.6). It implies
that

(6.15) Jp = — (CL +1+ (CL - 1)%) Je_1—adg_o .

With the help of this relation we get:

(6.16) GH(p,m + 8)Jmys1 + GR(p,m + 8) Jmys—s
_ _((m+5—1)(a+1)+(a—1)pb)G}€(p,m—l—s)
B m+s—1

+(m—i—s—1)(§i(p,m—|—s) J
m+s—1 mts—2
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— aG,lﬁ(p, m+ 8)Imts—3 -

If we apply the three-term relation repeatedly s — 1 more times, we produce
an expression precisely of the form (6.8) (where we should still substitute m
for p and take into account the polynomiality of G,l€ and G% as well as the
relations (6.13) between ¢’s and J’s). Note that at the last step we acquire
a factor m in the denominator, but it gets canceled once we substitute p
for m. Indeed, at the last step & = m in the three-term relation and thus
the p/k = p/m part cancels once we substitute p with m. Note that the
degrees of the resulting polynomials in the numerator are no greater than
the degrees of polynomials G,i and G% increased by s, since each application
of the three-term relation potentially increases the degree by 1.

The proof for the case of negative s is completely analogous, we just have
to use the three-term relation in different direction expressing Ji_o through
Ji—1 and Jg. The proof for the case of 2y is analogous as well. O

7. Polynomiality of connected correlators of A-operators

The main goal of the present section is to prove the following

Theorem 7.1. Coefficients in u-expansions of stable connected correlators
of A-operators can be expressed as

(7.1) [WFICA (1, ) - A, 1)) =
Z Pk;nlr"vnn (/’Lb ey :un) o Zi 5
(7717"'17771)
e{1,2}"
where Py, n (H1,...,1n) are some polynomials in ..., [n. Stable

means (n, k) ¢ {(1,—1),(2,0)}.

Remark 7.2. There is an equivalent reformulation of this theorem in terms
of expansions on the spectral curve given in Theorem 8.1, and these two
theorems together are the main theorems of the present paper.

Let us introduce the following definition:
Definition 7.3. We define the A-operators as follows (here m € Z>1):
(7.2)
- F, ni(m,s)

= 2 Z Euk .(rr;+;+1)(m+s)2E’_s’l

lez+1 s=—m k=0
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2
k=—1 m
(7.3)
0 2
Z 2 Z uk Fk’l(m’s) 2Elfs,l
leZ+1 s=—m k=0 —1...(m+s+1)(m+s)
L& F2.(m,s
+ Z Zuk kjl( ) l—s,l
leZ+t s=0 k=0 (m+1)...(m+s)
o0 2
by
k=1 m

where F,iyl, f}il, and F, ,2 are the polynomials introduced in Proposition 6.2.

Note that
(7.4) Al (m,w)e}, + A2 (m, )€z, = A(m,u) .
From Proposition 6.2 it is clear that the expressions Py, .. (t1,- -, fin)

in Theorem 7.1 are actually correlators of A-operators:

(T5) P (1o ptn) = CA™ (1, 10) oo AP 1y 0))°

and the statement of the theorem is equivalent to saying that the above
correlators are polynomial in uq,..., uy,. In order to prove this theorem,
we first have to introduce certain new operators called A, in the following
definition. These operators are simpler than the A-operators, but the result
of their action on the covacuum is the same (we make a precise statement
below, in the proof of Theorem 7.1).

Definition 7.4. We define the A -operators as follows (here m € Z>):

(7.6) AL (m,u) = i uf e (m) Id
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k=—1 m
SIS kzms)
lezZ+ ; ; (m+1 (m+s)El—s,l-

We will need a certain technical lemma regarding the A, -operators.
Note that a given coefficient in the u-expansion of the coefficient in front
of Ej_gs; in the formula for the operator A’ (m,u) is a rational function in
m, and thus it can be extended into the complex plane. The same holds for
the coefficient in front of Id. Let us consider these extensions and prove the
following

Lemma 7.5. Forr € Zx>1, we have

(7.8) (O] Res. (Az (m, u) — i HFE ) Id) _
k=-—1

c(r) 0| </T(—7“, u) — Ao(—r, u) Id) ,

where (1) is some scalar coefficient, n = 1,2. In other words, the residue
at —r of the Id-less part of any of the two A, -operators coincides with the
Id-less part of the A-operator taken at m = —r up to a scalar factor, under
the condition that both are applied to the covacuum.

Proof. Convention: in what follows we assume that the factor of e*™(:+5/2) ig

absent from (6.11). It is easy to see that this does not affect the conclusion.
Recall the proof of Proposition 6.2. Let s € Zxq. Define

79) g % < pb(1 —a) — n(1 + a) n> |

—an 0

o= (o)
(7.11) ( (1’ > :
(7.12) 9k(p,p) := GL(p,p) e1 + Gi(p, p) €2

Now note that from (6.14) and (6.15) we get (for s = 0)

Also define

(7.10)

(7.13)  [u"][Bi—s] A% (m, ) =
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(=)™ <m € SmSm+1- -+ Smrs—1 gr(p,m + s))

p=m

This follows from the fact that the matrix S; encompasses the three-term
relation. Here by [u*][E;_s].A" (m, u) we mean the coefficient in front of u”
in the u-expansion of the coefficient in front of the operator F;_,; in the
corresponding formula (7.6) or (7.7).

In what follows we always consider s > 0.

Note that from (7.6) and (7.7) it is clear that

(7.14) VzeC\{—s,—s+1,...,—1} Egi[uk] [Ei_s1) A (m,u) =0 .

In particular, it is easy to see that the residue at z = 0 vanishes.
Consider r € {1,2,...,s — 1}. From the form of S; and from the fact of
polynomiality of g; we have

(7.15)  Res [uM][Ei_ o] A% (m, u)

1 pb(1—a) 0
=(-1) P (677 S_pS_py1---S ( 0 9 )*
Sl ce Ss—'r—l gk(pa s — T))
p=—r
= <pb(1 —a) eg S_ S iS5 61> ’ X
p=—r
_1)
<( ) el S1Ss- - Ss_r—1 gr(p, s — ?“))
s—r p—

The first equality followed from the fact that there is a simple pole at —r in
Sin—r, while all the other factors do not have poles at this point.

Now, consider A(—r,u). Again, recall (6.14) and (6.15). Note that (6.14)
can be used for m < 0. For r € {1,2,...,s — 1}, we have

(7.16) [WM[ B ) A(=r,u) =

e{ SIS2 te Ss—r—l gk(pa s — T))

p=—r

Here we used the fact that Jy =1 and J_1 = 0.
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Note that the RHS of (7.16) differs from the RHS of (7.15) only by a
factor of

(7.17) A(b_l)(_r)(—l)r (pb(l —a) ef S .S py1--S 61) ’ ,
p=—r

which does not depend on s, [ or k.
Now let us consider the case r = s. Recall Proposition 5.5. It provides
an explicit formula for gi(p,0) which allows us to obtain the following:

(7.18) Res [u][Ej_s ) A" (m, u)

m=—s

= () (Ll 58 S1 0k(0,0))

p=—s

— (1) <§ el S oS gi1- St erdpo(l— a)b)

p=—s

)
= (=1)° (pb(1 — a) 6’5 S_sS_si1--S_1€e1) ‘p:_s : <—ﬂ> .

S

Now consider [u*] [El_sﬁl]ft(—s, u). From (6.11) (remember that we drop the
factor e*™(+5/2) in that formula; it is easy to see that its inclusion does not
affect the conclusion) we immediately obtain (as it is very easy to take the
coefficient in front of w®) that

(7.19) [WM[Er o] A(—s, 1) = — 50 40-1)(=s)

S

We conclude that for this r = s case expressions Res [u*][E;_;].A7 (m,u)
m=—s

and [u*] [El_sjl]/T(—s, u) differ again by the same factor (7.17).
This proves the lemma since all parts with s < 0 vanish when acting on
the covacuum. O

Now we are ready to prove Theorem 7.1. We partially follow the logic
described in [33] and [32].

Proof of Theorem 7.1. As mentioned above, Proposition 6.2 together with
Definition 7.3 imply that the connected correlator of A-operators indeed has
the desired form:

(7.20) [’Ujk]<.ﬁ(,u1, u).. --'Z(Mna u))’ =
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Z Pk;nl}'“:nn (:ul) ) :u'n) Zi T Z: )

(115510
e{1,2}"
with
(721) Py (1, jin) = [W5CAT (g, 0) o A (1, 0))°
We just need to prove that these expressions Py, » ({1, .., jtn) are poly-
nomial in pq, ..., fn-
Note that correlators
(7.22) [ A () - A, )
are symmetric in jg, ..., ttn,. Together with the fact that functions £} and

€2 (as functions of m) are linearly independent over the ring of polyno-
mials in m, this means that it is sufficient to prove that the expressions
Py (115 - - -, ftn) are polynomial just in p; with the degree independent
of pa, ..., tn, and this will imply the polynomiality in po, ..., ty.

Let us proceed to proving that the correlator in the RHS of (7.21) is
polynomial in p;. We will also prove that its degree in p; is bounded by a

certain number which depends only on k£ and does not depend on ua, . . ., .
Note that
(7.23) Vs <0 <0‘El_57[ =0.

Recall Definition 7.3. It can be rewritten as follows:
o0
(7.24) Al(m,u) = > Al(m,u)
s=—m
where
(7.25) Al(m,u) =

© F,Zl(m, s)

i k=0 (m—=1) ... (m+s+1)(m+s)?

o0 N
DIk (F]Zl(m,O)EU + Zign) Id) s=0;

0 FM m, s
3 uF )y (M, ) B .
[ lez+i k=0 (m+1)...(m+s)

E_sig —m<s<-—1;

A




Structure of colored HOMFLY-PT for torus knots 793

Note that a correlator of the form

(7.26) < I > R PEUN (R SRC A o B >

LeZ+3 l.€Z+1

can be nonzero only if >} | s; = 0. Thus when one writes the A-operators
in terms of the s-sums (7.24) in the correlator

(7.27) [uFICA™ (s w) -« AT (i, )

and expands the brackets, only the terms with " ;s; = 0 will survive.
Also note that in any surviving term in this expression we have s; > 0, due
to (7.23). Finally, note that from (7.24) we have s; = —pu;. Thus, for fixed
2, ...y by We have

(7.28) O0<sy<po+-+ptn -

Since Fy!,(m, s) and E(m) are polynomials, this implies that the correlator

(7.29) [P CA™ (1, w) -« AT (i, 1))

is a rational function in u; for fixed po,..., u,. Moreover, we see that it
can have at most simple poles at the negative integer points, and no other
poles. The total degree in p; of this correlator as a rational function (i.e.
the difference between the degree of the numerator and the denominator)
is no greater than 9(k + n — 1) + 2. This follows from the estimates on the
degrees of polynomials F}',(m,s) and E}'(m) obtained in Proposition 6.2.
We just need to replace k with k + n — 1 as the u-expansions of correlators
A" (g, u), ..., A" (1, u) start with the u=!-term.

The fact that the disconnected correlators are rational functions in
automatically implies that the connected ones are rational in p; as well. In
order to prove that stable connected correlators are polynomial in @ we
only need to prove that they do not have poles at negative integer points.

Recall Definition 7.4. Note that due to (7.23) we have

(7.30) (0JA(m, u) = {0]AY (m,u)
and thus

(7.31) CA™ (a1, w) A™ (g, w) - o AT (i, w)) =
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CAT (g1, w) A (g, w) - AT (i, 1))

and

(7.32) (AP (py, ) A (i ) . A (1, 10)) =
CAT (1, 0) A (i ) . A (1, 10))°

Consider the disconnected correlator in the RHS of (7.31). Recall that

s Jad
(7.33) Al (m,u) = Z uF l;g;n) Id +

Consider the Id-part of A7'. Note that the inclusion-exclusion formula for
the connected correlator in terms of the disconnected ones for n > 2 will
always contain the term of the form

(7.34) CAT (pa, w) )CA™ (p2, w) - AT (i, 1))

with the opposite sign. Note that in the one-point correlator only the Id-part
gives a nonzero contribution. More precisely,

(7.35) (AT (g, Z

This is precisely the factor Which the Id-part of the operator A" contributes
to (A (1, ) A™ (pg, u) ... A" (pg, w)), L.

(7.36) Z F )y g (g, ) . A" (ph, u)>

k=-1

= (AT (i, ) )CA™ (pg w) - AT (i, 1))

This means that these contributions precisely cancel in the inclusion-exclu-
sion formula. Similar reasoning proves that for n > 2 the Id-parts of the
A-operators do not give any nonzero contributions into the connected corre-
lator at all. Thus any connected multi-point correlator can only have poles
coming from the Id-less parts of the A-operator.
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Let us return to the correlator of /T—operators. We are interested in its
dependence on pp. Let us prove that for any r we have

(7.37) Res <A771 (1, w) Az, w) - - A(pn, 1) >O =0.

pr==T

For r ¢ Z~¢ it is clear. Consider r € Z~g. From Lemma 7.5 for the discon-
nected correlator we have

I:‘es Vl 1 )L’Ll Ml? ! u Ml? )
H1=— < ’ H > ¢ ( < H >

where ¢ (r) is the coefficient in Lemma 7.5. Recalling equations (6.2), (6.6)
and (6.5) we can see that the RHS of the previous equality reduces to

(7.39) C< exp <Z ozzzp,’f) exp (uF2) oy H Ap

i=1 =2

for some specific coefficient C' that depends only on r and 7;. Because
[ag, ] = kOk41,0, and «, annihilates the vacuum, this residue is zero unless
one of the u; equals r for ¢ > 2.

Now return to the connected m-point correlator for n > 2. It can be
calculated from the disconnected one by the inclusion-exclusion principle,
so in particular it is a finite sum of products of disconnected correlators.
Hence the connected correlator is also a rational function in u1, and all pos-
sible poles must be inherited from the disconnected correlators. The above
reasoning implies that we can assume p; = r for some ¢ > 2. Without loss
of generality we can assume that it is the case for ¢ = 2, and y; = r for
i = 3. Then we get a contribution from (7.39), but this is canceled in the
inclusion-exclusion formula exactly by the term coming from

(7.40) Mg:egr<,4m(m, (r,u >< HA s u >

= C< exp ( ai_pi > exp (uF2) oy a_y >><
; i
< exp (Zl TZ> exp (uFz) 1104/“ >
. 7 1=
< exp (2 zpz > exp (uF2) oy Ha_“l >

=2

8

<
I
—
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Thus we have proved (7.37) for n > 2, which implies that for n > 2 we
have

(7.41)  [WFNCA (1 u) A, w) =Y P (s 2, -, pa)ED
7716{1)2}

where ﬁk;nl(ul; {2, - - - Jbn) is some expression polynomial in . Since the
total degree of the correlator as a rational function in p; was bounded by
9(k + n — 1) + 2 as explained above, now that we know that it is actually
a polynomial, we see that its degree of ﬁk;m (13 2y -+ oy i) I gy is still
bounded by the same number, i.e. by 9(k +n — 1) + 2.

Now consider the case of 2-point correlators. Let us prove that they do
not have poles at negative integers for the nonzero genus case. For r € Z~g
we have

(7.42) Res [uk]< A (g, u) Al g, w) >

H1=—T

_ c[uk]< exp (i %(W) exp (uF2) ar a_u2> .

i=1

This is nonzero only for pus = r and equal to

(7.43) C’[uk]< exp (2 %W) exp (uF) > .

=1

Note that a nonzero power of u comes either from p}(u), and then it comes
together with some «a; where ¢ > 0, or from the exponential, and then
it comes together with Fs. It cannot come from the exponential, since
F2]0) = 0, and it cannot come from p¥(u), since o;|0) = 0 for ¢ > 0. Thus
for £ > 0 the residue vanishes. The bound on the degree in p; in this case
is an obvious implication of Proposition 6.2.

What remains is to prove that stable one-point correlators are polyno-
mial. Note that

(7.44) [u] (A(m, u)) =

since for any i, j we have (£; ;) = 0. Note that equations (6.10), (6.12),
(5.7), and (6.13) together imply that for k € Zx¢
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(7.45) Fy(m) =0,

(7.46) Fg’k 1 ( 22 Gl _.(m,m) ) [ ——

where G}/(p, m) are the polynomials from the RHS of (5.7). We need to prove
that polynomlals EJ(m) are divisible by m? for k € Z>;. Note that the
only interesting term in the sum in the RHS of (7.46) is the term with ¢ = 0
as we know that G}(m,m) are polynomials in m and that [u*~1]¢(um)™!
is polynomial in m divisible by m? for i > 0. Thus we only need to prove
that G} (m,m) is divisible by m? for k > 0. But this is exactly the result
of Proposition 5.6. Hence, we have proved the polynomiality of the stable
one-point correlators. The bound on the degree in u; in this case is, again,
an obvious implication of Proposition 6.2.

We conclude that the statement in (7.41) holds for n = 1 and n = 2 as
well, as long as (n, k) ¢ {(1,—1),(2,0)}. Together with the fact that the cor-
relator (7.22) is symmetric in py, ..., i, and the fact that functions £}, and
€2, (as functions of m) are linearly independent over the ring of polynomials
in m, this implies the statement of the theorem.

This completes the proof of the polynomiality of the stable A-correlators.

O

8. Towards a combinatorial proof of topological recursion

Recall the connected correlators of the extended Ooguri-Vafa partition func-
tion defined in Equation (4.11). From connected correlators we can define
some correlation differentials @, ,, via their expansion at A = o0

. . n dA,;
(8.1) Wgn = Q7 Z c@ . H(‘M)W :

=1 i=1

We a priori do not know whether these differentials w,;, coincide with cor-
relation differentials wg,, obtained through topological recursion, or even
whether they are well-defined on the curve. However, Theorem 4.2 implies
that the quasipolynomiality result in Theorem 7.1 is equivalent to the fol-
lowing

Theorem 8.1. Correlation multidifferentials g, are well-defined mero-
morphic differentials on the spectral curve (4.1), moreover, they are ex-
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pressed in terms of -functions (4.15) in the following way

~ ai...a = d . a;
(8.2) Ggn(Ur, .. Un) = ) Cdiff:d:Hd<d>\A) 1 (Ui)

aj...an =1

dy...dn

where sum over d; is finite and each a; Tuns from 1 to 2.
This is another way to state the main result of this paper.

Remark 8.2. It is straightforward to check that @, , satisfy the linear ab-
stract loop equation, as well as the projection property [10, 6] (the necessary
checks for unstable correlation differentials are performed in the next sec-
tion). So, in order to be able to claim that &y, = wgn, it remains to prove
the quadratic abstract loop equation.

9. Unstable correlators

In this section we prove that the unstable correlation differentials for the
BEM spectral curve coincide with the expressions derived from the semi-
infinite wedge formalism.

9.1. The case (g,n) = (0,1)

We consider the 1-point correlation differentials in genus 0. Note that this
has already been done in [12] (which, in turn, followed [38]) in a different
way, with the help of considering the Lagrange inversion of £. See also [11]
where the (P, Q) = (1,0) case was considered.

Theorem 9.1. We have:

(9.1) é%%MU%_D

In order to prove this theorem, we first calculate the 1-point vacuum
expectation in genus 0.

Lemma 9.2. We have

Q(1— 4%

o AL T (1 24%)

(9.2) cO —
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Proof. Notice that
(9.3) CY = —Q[u™] Km(u) .

Since the only term that contributes to the vacuum expectation in & is the
summand proportional to the identity operator, we have:

(9.4) [Ufl] Ky (u) = [ufl] <~/Z(m,um)>
(N ((Al — A7) b S(iUm))>>‘i>\i+1

Abm 7 m S(zub_l
~1

= u —_—

[u™] m( (um) )\;mﬂ (Ai = Aig1)!

qbm 1 ((Ai—Ai) )A"'_A"“
_ a4 . mb

m? )\;mzll (A = Aiga)! ’

A2

= U ooy,

m2

where we used Corollary A.4 in the last line. Plugging this into (9.3) proves
the lemma. OJ

Proof of Theorem 9.1. Compare the expression for Cr(,? ) given by Lemma 9.2
with expansion of function ¢! (U) given by Equation (4.14). We see that the
genus zero 1-point free energy Fp 1 analytically continued to the whole curve
must be equal to

© -2
d

(9.5) Foa(U)= Y, COA™ =Q1 - A% (] ¢&'(U)

’ d\

m=1

for an appropriate choice of the integration constants (such that the constant
and the linear in A terms do not appear in the expansion of Fy1); (d/d\) >
appears due to the presence of the factor 1/m? in (9.2). Integrating ¢'(U)
once we get

(9.6) <%>_1§1(U) = Y 1oy G?_—ﬁ:lUU) .

Comparing this expression with the formula for y given in Equation (4.1)
proves the theorem O
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9.2. The case (g,n) = (0,2)

In this section we prove that connected 2-point resolvent in genus 0 agrees
with the expansion of the standard Bergman kernel on genus zero spectral
curve.

Theorem 9.3. We have:
(9.7) Foo(Uy, Us) = Q?[log(Uy — Uz) — log(Ay — Ag)] .

Proof. From explicit form of A(U) it is easy to conclude that right hand side
of Equation (9.7) has expansion at Aj 2 = oo of the form

o0

(9.8) D CupATAT
H1sp2=1

with some coefficients ¢, ,,,. Therefore, the theorem follows from Lemmas
9.4 and 9.5 below that provide the explicit computation of the expansion of
the left hand side and the right hand side of Equation (9.7). O

Lemma 9.4. For the connected, genus zero part of the 2-point correlator
we have:

—1)b +
2% ((((L + 1) + (a’ - 1>b)£;1t1€,tlt2 a ( llng/»2l2 5;2115;2)) )

where &L, and €2, are the coefficients in front of A=™ in the A~'-expansion
of the functions £1(U) and £2(U), respectively.

Proof. The connected 2-point correlator is manifestly given in terms of semi-
infinite wedge formalism by

Q2A5M1+H2 0 O
(9.10) < i ; o (upn) (Z )Ze o (upin) <;>>
where
(9.11)

. el 1 Al— A7 S(iu) \ T
<Z> . 211(&-—&@!( i ‘“%(mbl)) ’

A
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A — AT S(jupg) T
(2 ) Z H — Vit1) ( J MQbS(jUb_l)>

v vl j= l

Note that we have E- operators inside the average instead of £-operators, be-
cause the ¢(z)~! summands in £y(z) are canceled via the inclusion-exclusion
formula that transforms the disconnected correlators into the connected
ones.

Thus the correlator is represented as a double sum over k,l > 0. The
vacuum expectation in non equal to zero only for the summands where
k— w1 >0 and [ — pe < 0. Using this and the commutation formula for the
E-operators (2.8), we see that the right hand side of Equation (9.10) is equal
to

(9.12) Z

ke =0 H1p2

Tl

I<po
The genus 0 contribution is given by the coefficient in front of u°. The
average of £-operator is non-zero only when k + 1 — uy — po = 0. Thus the
coefficient of u? in formula (9.12) is equal to

QZAb (p1+p2)
C(u(kHZ - l:ul))gk"rl—lll—llz (U(Ml + MZ)) X

2 Ab(p14p2) _
(9.13) Z @A (kpz = ln)
Py a1 42 (1 + p2)
k>,u1
I<pz
k+l=p1+p2

1 Al — A7 \ N T
21, ~ﬂ< i “Q "

Aki=1 VT Ai+1

“e g AT — AT \PT
Llle—=, ﬂ( ' m@
vl =1\t i+1 J

Taking into account all the restrictions on k and [ as well as explicit ex-
pression for sums over partitions in terms of Jacobi polynomials (given in
Corollary A.4), we can rewrite formula (9.13) as
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(9 14) #22_1 Qz(MQ - l) (_1),ul+,u,2A(b—1)p,1+(b—1)u2(1 o A2)2b2><
' 1=0 (Ml + H2 — l)l

1b—p1—pa+l, p2b—1,1
plab ittt (g g a2ypat (1 - 24%)

We can further simplify this expression. Note that we have the following
decomposition into simple fractions with respect to [

—1 1
(9.15) (2= <@ _ L) _
(m+pe =0l pi+pe \ U+ pe—1

Using three-term relation (5.6) in the form

pb

(9.16) (1-a)7

J =T+ (a+1)J] | +aJ ,,

where for brevity we use the notation J := Ji(p) = Pépb*k*l’l)(l — 2a),
a = A% we can rewrite formula (9.14) as

Q2(_1)u1+uzA(b—1)m+(b—1)u2(1 _ A2)b

(9.17) X
(11 + p2)
K2
Z J 11+u2 -1 2+(1+Q)Jﬁf+urz i+ ald) i1+ —1— 1
=0
—J511+#2 lJl 1 (1+a)J51+u l—lJlul CLJL“JFM e 2']1 1) .

Most of the summands in the last expression cancel and we finally obtain
(applying the three-term relation in its original form (5.6) so that only the
Jacobi polynomials appearing in the expansions of the ¢-functions remain)
the following expression for the connected 2-point correlator in genus 0:

(9.1 LAl T (A - 4D
(1 + p2)

(((a + 1)+ (a— 1) I +a (J et T T 1) )

Q¥a—1)b

(:U'l + M?) <((a * 1) + (a N 1)b)§;1€i2 Ta (5/111622 + filgllm) ) )

O
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Denote by E the Euler operator

0 0
(9.19) <A1§—A1 + Ay (9[\2) .

Lemma 9.5. We have
(9.20)
Elog (Ul — Ug) = b(l — a)><

Y ((a+1)+(a=1b)& &, +a (€6, +E1EL)) AT A"

M1 7“’2:1

Proof. Recall the expression for A(U) given by Equation (4.4). The coeffi-
cient in front of A7 A;** in the expansion of Elog (U; — Us) is equal to
the following residue:

(9.21)
[A_’“A_’“]Elog(Ul —Uy)
o 0 0
p1—1 A p2—1 _
(271_\/_ § %A A <A1 oA, +Ay— oA, > log(U1 UQ)dAldAg
A1 A2
dA dA 1

JVRREY .Vl (| W iy Pt dU,dU.

27n/ 3% ( Ydu,  PAUL ) (UL —Uy) R
1 A2

= Ilh(l O)IM2(1 O) + b <A2(b+1) - AQ(bil)) Ilh (07 l)IHQ <O7 1)
+ (A = AP AP (1, (=1, 1)1, (0,1) + L, (0, 1)1, (<1,1))

where

au .

Ab+1 U)bu—y
ur— o

(9.22) I (IE y) = 271_\/* § AbflU)b;Wy

These integrals are computed below, in Lemma 9.6. In particular, we have:

(9.23) 1,(1,0) = b (Ab 1 Ab+1) L(0,1) = b(1 — A%)(—1)¢k ;
1,(0,1) = (-1)A"+ el
L(-1,1) = A7?*(=1)[((a+ 1) + (a — 1)b) &} + a&yr]
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where we used integration by parts to evaluate the first integral. Substituting
these expressions we obtain that the coefficient of A]#* A, ** in E log(U1—Us)
is equal to

(9.24) b(1—a) (((a+ 1)+ (a—1)b) &, &, +a (&, &, +60.60)). O

Lemma 9.6. We have:

1 (1= ALU)Y
9.25 1 = Ut % —————dU
( ) M(xa y) ol (1 _ A_U)b/"""y
U,00
_ A?M“_w(_JJ“_m_2y+l (u@—lﬂﬂﬁy—lgy—n(l__zAg)
- Au7172y+1 u—x—2y+1 .
+

Proof. Explicit calculation using expansion obtained in Lemma 4.4. Il

10. Quantum curve

In this Section we derive a quantum spectral curve for a natural wave func-
tion obtained from the extended Ooguri-Vafa partition function given by
the vacuum expectation formula (3.16). In this derivation we follow closely
the ideas used in [53, 43, 4].

A natural wave function W(A) is obtained by the substitution p; :=
Q 'A" in Z°* restricted to the topological locus with the simultaneous
change h — —h (cf. the general formulas and computation for low gen-
era above — we need a sign adjustment of (—1)" for the n-point functions,
which can be achieved by replacing A2972" by (—h)2972t"). We have:

(10.1)

. J_ A—J O AL AD
T(A) = <eXp (2 jﬂ .AC(_;;) >exp(—hbf2)exp (Z ZAZ,A )>

j=1 =1

=0 2 i e 2 h

Here we used that sg|,,—,i is non-trivial only for R = (¢,0,0,...), in which
case it is equal to r¢, and the fact that

£ AeMi=1)/2 _ p—1,—h(i-1)/2

* o —
(10.2) sp = selpopr = | | ohi)2 _ g—hi/2
i=1
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Theorem 10.1. We have:

(10.3)
{ (6_%/\ﬁ — e%A%> — AAbeRbAGE (Ae_%Aﬁ — A_le%A%) }\IJ =0.

Proof. We denote the £-th term in the representation of ¥ above by 1, that
is, ¥ = > %, ¢ Note that

—ht/2 _ p—1,h4/2

Yor1r b e A€
(10.4) T AA%e o h(l+1)/2 _ oh(e+1)/2

or, in other words,

a

h d h d d h h d
(e_EAH _ eEAH) Yop1 = AAPe PPAGR (AB_EAdA _ A_leEAH) Ve

which implies the statement of the theorem. O

The differential-difference operator (10.3) annihilating the wave function
¥ is the quantum spectral curve. Under the dequantization exp(hA%) -V
we obtain the equation

1-V

(10.6) A= AV =b(1 — A2V

which is an equivalent way to present the BEM spectral curve (4.1) (in this
form it is given in [12, Equation (3.26)]).

Appendix A. Jacobi polynomials and their generating
functions

In this appendix we prove all of the statements concerning Jacobi polyno-
mials which we use in the sections above.

A.1. The three-term relation

Proof of proposition 5.3. The following relations for Jacobi polynomials are
well-known (see e.g. [23]):

(A1) (n+ P (2) =(n + o + 1)PD ()
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—(n+ % + g +1)(1 — z)PLet A ()

(A2)  (n+ B8P (@) =(n +a+ BPI ()
—@2n+a+ BPL () .

In the remaining part of the proof we always put z = 1—2a in the arguments
of the Jacobi polynomials and omit these arguments for brevity.

Let us consider the expression in the LHS of (5.6), and let us transform
it with the help of (A.1) and (A.2):

(A.3)
Pépﬁ_k_l’l) + <a +1+(a—1)=— ) P,gpﬁ k1) aP,g’iﬁQ_kH’l)

-1 k —
pB ,Pkpﬁ B-11) pB,Pkpﬁ kD) ,Plgpﬁ k+1,1)

(A1) k
pB plPB—k=1.1) pB(1 —pp (p,B k1) pB 73( ,6’ k1)

_ )
an kO F1 k(pB+k—1)"F pB+k—1" k-
_ (pB-1 n pB—1 1—-pB—k plpB—k=11)
(A.2) k pB+k—1 k k=1
pBA—pB) . pB—1 pBY p(es—k)
k(pB+k—1) pB+k—1Fk ) F1

=0.

O

Remark A.1 (Meixner polynomials I). The specialization of the Jacobi
polynomials that we are using in this paper has a natural interpretation in
terms of the so-called Meixner polynomials [31, Section 9.10]. The Meixner
polynomials are defined as

(A4) My, (z,B,¢) == oFi(—n,x;5;1 — cil) .

So, we see that the polynomials J,,,(p) that play the main role in our analysis
can be expressed in terms of the Meixner polynomials as

(A5)  Jm(p) = PEm 1D (1 = 20) = (—1)m P (20 — 1)
(=1)™(m+1) o F1(—m, 1 4 pb;2;1 — a)

(=1)™(m + 1)a™ o Fy(—m,1 — pb;2;1 —a™ 1)
(=1)™a™(m + 1) M, (pb — 1,2,a) .



Structure of colored HOMFLY-PT for torus knots 807

The recurrence relation for the Meixner polynomials [31, Equation (9.10.3)]
implies that

(A.6) a(k + 1) My(pb—1,2,a)
—((a=1)(pb—1)+k—14a(k+1)) Mp_1(pb—1,2,a)
4 (k= D)Mp_s(pb—1,2,a) = 0,

which is equivalent to (5.6). This way we obtain an alternative proof of
Proposition 5.3.

A.2. Exponential generating functions for Jacobi polynomials

This subsection is devoted to proving Proposition 5.4.
In what follows we need the following representation for the special Ja-
cobi polynomials defined in (5.5):

Proposition A.2. For m e Zx,
(A.7)
pb @l — i
(=1)™(1 = a) = Jn-1(p) = [w"] exp Z ~w'pb |
(A.8)
pb m— 1 L al — ;
("1 = @) 1 (p) = =T w0 exp 2 wiph) .

m

Proof. From the definition of Jacobi polynomials (Definition 5.1) it is easy
to see that for m € Z~1 we have

(A9) ()"0 02 (0)
- Cyma-a m 1(“"1)( ") Eam i - ay

m = s s+1
-1
_ mz: ( pb > (m - 1>am—1—5(a _ 1)s+1 '
s+1 s
s=0
Now let us collect this into the generating series:
00 pb
(A.10) 1+ ) (-)"(1—a) —moa(p)w"™

m=1
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0 m—1 m—1

Z Z ( ) < >amls(a _ 1)s+1wm
=g \s Tt 1 s

0 0

pb s+1 s+k k
=1 —1
+$Z_O(S+1> (a—1)) ;§O< ) )(wa)
pb w(a—1) s+l
s+1 1—wa
< w(a 1)) P
1—w\”
- (1 — wa> ’
where in the second equality we used that m — 1 —s =%k > 0.
The generating series for the RHS of (A.7) has the following form:

i) e bi(w—“)i— biw—i
’ - pizl Z pizli

1—w \”
= exp (—pblog(l — wa) + pblog(l — w)) = < ) ,

1 —wa

O i

(A.11) exp <Z -

i=1

which precisely coincides with the result of the computation for the LHS in
(A.10). This proves equality (A.7). Equality (A.8) is an easy consequence of
(A.7). O

Remark A.3 (Meixner polynomials IT). This proposition can also be in-
terpreted in terms of the Meixner polynomials, as in Remark A.1. Indeed,
Remark A.1 allows to rewrite the generating function on the left hand side
of Equation (A.10) as

(A.12) 1+ (a—1)pbw i My (pb—1,2,a)(aw)™ .

m=0

There is a generating function for the Meixner polynomials, see [31, Equation
(9.10.13) for v = 1]. Its specialization to our parameters allows to prove
that (A.12) is equal to the right hand side of Equation (A.10), which leads
to an alternative proof of Proposition A.2.

Proposition A.2 immediately implies the following statement:
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Corollary A.4. For m € Z>1 we have:

_ Ai—N;
- (A -A x) +

(A.13) M1 P

Ami=1
(—1)mA™(1 — A= . plammlg g2y
m

m

In order to prove proposition 5.4 we need to go through some further
technical reasoning.
Denote:

Notation A.5.
U
(A.14) q := exp (—5) .

N. B.: This notation is internal for the appendix and has different meaning
than the q used in Section 3 in the context of Rosso-Jones formula.
Recall the well-known definition of the ¢-Pochhammer symbols:

Definition A.6. ¢-Pochhammer symbols are defined as follows:
(A.15) = [ [ ="
k=1

Now let us prove the following

Proposition A.7. For me Zx

] ex N ai -1 -wi C(ZUP) =
(A.16) [w™] exp <§1 i g(iub—1)>

(q1/2+pb/2>m (Q(:;bq,)) 201 ( —m_gpb. gpb+1= m7q’aq> ’

where o¢1 is the q-hypergeometric function

(A.17) 201 (a1, a2; b1 ;) 1= ) %xn '

Proof. Denote

(A.18) E(w) = exp (Z @ - L i) ) .
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Note that

(A.19) Cliwp) _ g2 — g2 _ Fo-mp 47 =1
Cliub™t) ¢ — g2 ¢ —1

Denote

(A.20) o:=pb.

Consider the case of positive integer o. In this case

C(zup) _ i(l-o)/2 4 — -~ q c (2 —o—1)/

Now (still in the case of o € Z~)

(A.22)
= _ al— 1 i Cliup)
- (Z (i qi(prail)/?,aiwi - i qi(2pa'1)/2wi)>
p=1 \i=1 ! i=1 ¢
=e N log (1 —wq®==1/2) —log (1 — (2p—0—-1)/2 )
(5 i (1m0 o) <1 (1= g 02))

Recall the g-binomial formula:

(@) 2 (69
With the help of this formula we get:

(wg =2, ) oo (wag /%, q)
(wq(+9)/2; q) oo (waq1=9)/2; q)

(A24)  E(w) =
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N @) e N
_;0 (4:9)s ;

Collecting the powers of w we get (m = s + r):

(A.25) E(w) = ) Z

O'

Tarqur(l 0)/2 )

0'

% Q)m*T froarqm(lJro)/Q,wm ]

m=0r=0 7 (q7 Q)mfr
Now note the following fact:
. . -1 1-—m. r
(A.26) (@ Dm—r _ (#0)m (y_lql_ P Q) (g) .
W Dm—r W @)m (@ 'g' ™) \2
This allows us to rewrite Z(w) as follows:
< 1+o)/2 (4~ q \ ")
(A27) E(w) = Z wmgm o)/ i Z a+1 — 0 q-a” .
m=0 r=0 r

Note that taking the coefficient in front of w™ and recalling the definition of
the g-hypergeometric function (A.17) allows us to immediately obtain the
proof of (A.16) for the case of positive integer o (since the above arguments
used this assumption).

Now let us relax the assumption on ¢ and denote

(A.28) z:=q° .
Recall from (A.11) that

(A.29)

o
&

[l
P18
S
3
—1s
—~
>/
|
>/I—‘
¥
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N
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oo
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I
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>
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= 2"2P(2)

where P,,(z) is some polynomial in z of degree < m.
Now consider the right hand side of (A.16). Let us denote it by O,,. It
is equal to

(A.31) 0,, = g1+o)2 (7 Dm i CTV U TS
(@ D)m 2 (0@ ™),

—m

Note that the sum actually runs until m since for » > m the factor (¢=; q),

vanishes. We have

)7“ (q_03 Q)m—T qfraarqm(lJra)/Z

(4%
(4.52) em_; (@G a)r (@ Dm—r

_ Z HZ:I(]‘ — qu_l) ?i;T(Z — ql_l)zr—m m/2 1, —r+m/2
= : . g™ a" z

= (4:9)r (4 Om—r
= 2""2Q (2),

where @Q;,,(2) is some polynomial in z of degree < m.

From the above we know that P,,(z) and Q,,(z) coincide for all values of
z = q° where o is a positive integer. This means that these two polynomials
of degrees < m coincide at an infinite number of distinct points (all these
points are distinct since ¢ = exp(u/b), and u is an arbitrarily small formal
parameter, while b is a fixed rational number). Thus, these polynomials
coincide, which proves the proposition. O

Suppose we have a function f(q,m, p). We can consider either f(e, m, p)
and Taylor expansion in powers of i, or f(1+ €, m, p) and Taylor expansion
in powers of € (in our case A = ub™!). These expansions either both have
the polynomiality property, or they both do not, in the following sense:

Lemma A.8. All coefficients of h-expansion of f can be represented as
a sum of two Jacobi polynomials with polynomial coefficients Poly;  and
Polys i, in m and p

(A.33) [W*]f(e",m, p) = Polyy k(m, p)Jn + Polyz 1(m, p) Jm-1

if and only if all coefficients of e-expansion of f can be represented as a sum
of two Jacobi polynomials with some other polynomial coefficients Poly,
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and J/Do\l/ka mm and p

(A34)  ["]f(1+e,m, p) = Poly, y(m, p)Jm + Polys j,(m, p)Jm1 ,
and moreover in that case the degree of Poly; (m,p) is no greater than the
degree of Poly, ;, and vice versa.

Proof. Indeed, every coefficient of h-expansion is a finite linear combina-
tion of the coefficients of e-expansion, where number of summands depends
neither on m nor p, from which the statement follows. OJ

Now let us look at the RHS of (A.16) and analyze the three factors in
it separately. Let us start with the first factor, (ql/ 2+pb/ Z)m.

Lemma A.9. For q = 1+e¢, the coefficient in front of € of the e-expansion
of (q1/2+pb/2)m s a polynomial in m and p of total degree no greater than
2k

Proof. Indeed

m © m+pbm
(A.35) ((1 + 6)1/2+pb/2) = Z e® ( lf: > ,
k=0

where each term is clearly polynomial, and the degree is evident. O

Let us proceed to the second factor in formula (A.16). We have the
following:

Lemma A.10. Forme Zx1,q=1+¢,

(@ @)m  T(m—pb) - & Polun (m
A3 G Tlm+ DT(—ob) (” 2, < Polun ’“) ’

i.e. modulo common non-polynomial factor coefficients of e-expansion of the
second coefficient are polynomials in m and p. Moreover, the total degree of
Polyy(m, p) is no greater than 2k + 1.

Proof. Indeed, it is easy to extract common non-polynomial factor

(A.37)

[0, - 1+ gy = (e (7))
50— () e (x (1))
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m w f —pb+i—1 1
[[2(=pb+i-1) = (Z’“‘O ¢ ( k+1 ) (pb+i1)>
[T, m i '
' [Ti%4 ZZO:O ek E+1 %

Let’s illustrate what happens by expanding the numerator up to second
order in e:

—pb+i—2 S G (=pb+i—2)(—pb+i—3)
(A.38) 1+ei:2172 te (; "

2-2

Ly (—pb+i—2)(—pb+j—2)) |

We clearly see that terms linear and quadratic ¢ are polynomial in m and
p. This follows from the fact that sums of the form

(A.39) i ik
i=1

are polynomials in m of degree k + 1, and from our ability to rewrite

m 2 m
(aa0) Y06 = (Zf@’)) -6y

1<j

The coefficient in front of €* in the whole expression is some finite sum (the
number of summands depends only on k£ and not on m or p) of similar
expressions and hence analogously is also polynomial in m and p. Since
expressions (A.39) have degree k + 1 in m and we see that in the coefficient
of ¥ the degree of p is at most k, the total degree of Polyy(m, p) is at most
2k + 1. O

Finally, let’s consider the expansion of the g-hypergeometric function.
It’s not simply polynomial, but instead it is a linear combination of the usual
hypergeometric function and its first derivative with polynomial coefficients.

Lemma A.11. Forq=1+e¢,

(A.41) [€¥] 21 (q‘m,qpb;qpb+1_m;q; a(J)

= Polyy r(m, p) 2F1(=m, pb; pb + 1 —m)(a)
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d
+ Polys p(m, p) -~ 2F1(=m, pb; pb + 1 —m)(a) ,
where Polyy i,(m, p) and Polyy 1,(m, p) are polynomials in m and p of total
degree no greater than 5k.

Proof. Consider the coefficient in front of z" in the definition of the g¢-
hypergeometric function (A.17). Analogously to Lemma A.10 its coefficient
in front of €* is the ratio of the ordinary Pochhammer symbols times a
polynomial in n, m and p:

Here Polyy(n, m, p) has total degree in m and p no greater than k, and its
degree in n is no greater than k + 1.

If we pretend for a moment that the argument of our g-hypergeometric
function is @ and not aq, we would immediately conclude that

(A.43) [€"] 201 (q_m, g™ g g a) =

d
Polyy(z—,m, p) 2F1(—m, pb; pb + 1 — m)(2)
dz zZ=a
The hypergeometric function oF}(a,b;c)(z) satisfies the hypergeometric
equation

2

d d
A.44 1—2)—F — 1)z| —F — abF =
( ) 2( Z)d22 +lc—(a+b+1)z] 7 ab 0,

which in our case takes the form

2

(A.45) a(l — a)%F +(pb+1—-—m)(1— a)%F + mpbF =0 .

So we see that we can eliminate all higher derivatives from the formula (A.43).
We apply this relation no more than k times (as the degree of Polyy(n, m, p)
in n is no greater than k + 1), and with each application the total degree in
m and p rises by no more than 2. Thus we see that the resulting polynomials
in the coefficients in front of the hypergeometric functions have total degrees
in m and p no greater than 5k.

One final observation is that aq instead of a in the last argument of 2¢1
does not spoil anything. It just results in a finite, m-, n- and p-independent
resummation of the polynomials Polyg(n, m, p), which preserves the bound
on the total degree. This completes the proof of the lemma. ]
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Recall the notation .J,, introduced in (5.5). Let us prove the following

Proposition A.12. We have:

(A.46) - (HI;TJF’E[’_)M) 2 Fi(—m, pb; pb + 1 — m)(a)
- (_1)qujm_l :
(A.47) Lim—pb) d o F1(—m, pb; pb +1 —m)(a)

I'(m+ 1)I'(—pbd) da
= (=)™ pb (Jp1 + Jin2) .

Proof. Let us start with proving (A.46). First note that

['(m — pb)

(A.48) b

m L(pb+1)
R vpr—

Then note that from the definition of Jacobi polynomials Py(,ff #) we have:

I'(pb+1)
C(m+1)I'(pb—m +1)
pleb=m=1)(1 _94) .

(A.49)

oF1(—m, pb;pb+ 1 —m)(a) =

Recall the following well-known relations for the Jacobi polynomials (see
e.g. [23]):

(A50)  PEII @) = P @) + P )
(A.51) (n+ o+ )PP (z) =

(n+ )PP (2) + <n + % + g + 1) (1 — z)Per ) () .

Also recall the three-term relation (5.6) proved in Proposition 5.3. With the
help of the aforementioned three relations we obtain (in what follows we

omit the arguments of the Jacobi polynomials for brevity, they are always
equal to 1 — 2a):

(A.52)
P'r()fbfm,*l) — Péfgzmyo) + P;yfbfmflzo)

(A.50)

= plebomb) y gpleb-m=Ll) | plpb-m-2.1)
(A.50)
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(As1) pb—1 ((m + 1) Jmsr + (2m 4 (m + pb +

+ (m—142(m+ pb)a)Jy—1 + (m+ pb—1)atnm_2))
(1—a)pb

= ——Jn_1.
(56) m

Combining (A.48), (A.49) and (A.52) we obtain the proof of (A.46).
Let us continue to the proof of (A.47). Recall the formula for the deriva-
tive of the hypergeometric function:

d
(A.53) Ta oF1(—m, pb;pb+ 1 —m)(a) =
b

Thus (also recalling the definition of the Jacobi polynomials)

I'(pb+1) d
A54 — oF1(—m, pb; pb + 1 —
(A.54) T(m+ 1)I(pb—m + 1) da > 1(=m, pbs pb+ 1 —m)(a)
I'(pb+1
= —pb (pb+1) oF1(—m+1,pb+ 1;pb + 2 —m)(a)

I'(m)C(pb — m + 2)

With the help of (A.50) we get

(A.55) YO — plb bl pleb ) g s

m m—2
Combining (A.48), (A.54), and (A.55) we obtain the proof of (A.47). O
Now we are finally ready to prove Proposition 5.4.

Proof of Proposition 5.4. Proposition 5.4 is a straightforward implication of
the results of Proposition A.7, Lemmas A.8-A.11, and Proposition A.12. [
A.3. Properties of the G-polynomials
Let us prove two certain properties of the polynomials G,lﬁ(p7 m) and G% (p,m)

(introduced in Proposition 5.4) stated in Propositions 5.5 and 5.6.

Proof of proposition 5.5. Note that the pole m~! in the RHS of (5.7) is com-
ing only from (A.46) and not from (A.47), while, at the same time, the only
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contribution to G% is coming from (A.47). Thus, GZ(p,m) is proportional
to m, and thus G3(p,0) vanishes.

Note that the LHS of (A.46) makes perfect sense for m = 0 and is
actually equal to 1 (since, as it follows straightforwardly from the definition,
9F1(0,cr, B;2) = 1 for any «, 3, and x). This implies that we have

. Jm—l 1
A.56 1 = .
( ) me0  m pb(1 —a)

In fact, the proof of Proposition 5.4 works perfectly well for m = 0 if one
replaces

Jm—l . 1
A.57 th ———
( ) b pb(1 —a)
and puts G3(p,0) = 0 in the RHS of (5.7). It is obvious that for m = 0 the
LHS of (5.7) is equal to dj . Thus we obtain (5.8). O

Proof of proposition 5.6. Let m € Z~1 in what follows. Consider the LHS of
(5.7). Let us introduce a piece of notation:

(A.58) S(z) :={((2)/z .

Note that the Taylor series of S(z) at z = 0 starts from 1 and contains only
even powers of z. With the help of this notation we rewrite the LHS of (5.7)
as follows:

(A.59) [u?Fw™] exp (i @’ 2_ 1 ! C(iup) ) —

= C(iub=1)
[u2kwm] ex i a'—1 w'ob S(zup)
Plai PYSGub—1) |
Let us denote the Taylor coefficients of S(z)~! as sy, i.e.
1 o0
A.60 =1 2
( ) 502) + kz_:l Sok?

Then we have

Sat—1  ; Cliu
(A.61) [u?Fw™] exp (2 ; ~w' C%z(ub@l))

i=1
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O 2

_ 02k, m a'—1 ; 14+0(p7)

= [u"w™] exp (; ; w' pb S(iub1)

e O
m

1 2
S(mub=1) +00)
— (@ — DB sy m® 4 O(p?)
Now consider the RHS of (5.7). From Proposition A.2 we have:
(A.62)

(1" L (G, m) 1 + G, ) i)

B(l—a) m m—1

- m(G}c(Pa m) (@™ —1) — Gi(p,m) (a™ ' — 1) )p +O(p?) .

From (5.7) we know that the RHS of (A.61) and the RHS of (A.62) must
coincide, i.e. for any m € Z~1 we have
(4.63) Gh(p,m) (@™ — 1) — G3(p,m) (a1 — 1)

= (1—a)B" s m** (@™ — 1) + O(p)

and thus for all m € Z~1 we have

(A.64) Gi(0,m) (@™ — 1) — GZ(0,m) (a™ ' = 1) =

(1—a)B sy, m?*(a™ —1) .

Here sg, are fixed constants that do not depend on a, and G}ﬂ(O,m) and

Gi(O, m) are fixed polynomials in m with coefficients depending on a.
Since functions a™~! — 1 and @™ — 1 are linearly independent over the

ring of polynomials in m with coefficients depending on a, the fact that we
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have equality (A.64) for all m € Z~; implies that
(A.65) G2(0,m) =0 .
Furthermore, we obtain that

(A.66) GE(0,m) = m**Gi(m) |

where é}g(m) is some polynomial in m.

Note that Proposition 5.5 implies that GL(p,m) and G3(p, m) are divis-
ible by m. Equality (A.65) furthermore implies that G%(p,m) is divisible by
p, which means that G%(m,m) is divisible by m?, which is exactly what we
wanted to prove regarding G2 (m,m).

Now for G}.(p,m) we have

~1
(A.67) GLip.m) = GL(O,m) + pCr (p,m) |

~1
where G, (p,m) is some polynomial in p and m. Since G}.(p,m) is divisible

~1
by m as noted above, Gy, (p,m) is divisible by m as well. This implies that
the second term in the RHS of the equality

(A.68) Gh(m,m) = GL(0,m) +mGy, (m,m)

is divisible by m2. Equality (A.66) implies that for k € Z> the first term
in the RHS of (A.68) is divisible by m? as well. Thus, for k € Zs; the
polynomial Gi(m,m) is divisible by m?. O
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