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1 Introduction and summary

Supersymmetric quantum field theories (QFTs) placed in background fields provide a rich
laboratory for testing our understanding of quantum theories. The toolbox for studying
such theories has greatly expanded in recent years, leading to a cornucopia of exact re-
sults such as the nonperturbative computation of physical observables, nontrivial tests of
holography and other known dualities, and the discovery of many new dualities. In the
landscape of consistent supersymmetric QFTs, superconformal field theories (SCFTs) play
a distinguished role. Their enhanced symmetry offers greater calculational control and they
serve as anchors around which to structure our understanding of the renormalization group
(RG) flow. SCFTs in background fields will be the main objects of interest in this work.

Consider placing an SCFT on a curved manifold Md. If the manifold is equipped with
a conformally flat metric, superconformal symmetry is preserved (up to well-understood
anomalies in even dimensions). On a general curved manifold, however, both supersymme-
try and conformal symmetry are generically broken, which leads to a reduced computational
control. This can be remedied by employing a simple and powerful idea, due to Witten [1].
Loosely speaking, the basic observation is that for supersymmetric QFTs with a continu-
ous global R-symmetry one can turn on a background gauge field for this symmetry, and
tune its magnitude so as to cancel (part) of the curvature of the manifold. This procedure,
dubbed a topological twist, ensures that there is a particular covariantly constant spinor
defined on the curved background, which can be used as a supersymmetry generator.1

While Witten’s idea was originally used to obtain a topological QFT onMd, here we will
be interested in a different application, possible when the manifold has a product structure
of the formMd = Rp×Md−p, where Rp is flat Euclidean space andMd−p is a general curved,
smooth, compact, and orientable manifold.2 In this case one needs to perform a topological
twist on Md−p only, a procedure often referred to as a partial topological twist. Then, at
length scales much larger than the one set by Md−p, the effective dynamics is controlled by
a non-topological supersymmetric theory on Rp. This procedure can be interpreted as an
RG flow across dimensions, triggered by the local operators in the d-dimensional UV SCFT
which are turned on by the background fields implementing the twist. This procedure is
often applied in the literature to study specific QFTs, and has led to many new insights
into the physics of the resulting low energy p-dimensional theory, as well as to unexpected
dualities between this theory and a topological theory on Md−p; see [3] for a recent review
and further references.

If, in addition to a continuous R-symmetry, the d-dimensional SCFT in the UV has
continuous flavor symmetries, one is free to turn on background values for the corresponding
flavor gauge fields, without breaking any additional supersymmetry. While this freedom
often leads to a large and interesting zoo of p-dimensional SCFTs in the IR (see [4–15] for

1There are more general ways to place a supersymmetric QFT on a curved manifold; see for example [2]
for a systematic approach. In this work we focus on the topological twist.

2For concreteness, here we focus on QFTs in Euclidean signature, although the discussion is also valid
for Lorentzian theories, and we later switch between both signatures. We assume that Md−p is smooth and
compact, in particular there are no boundaries, punctures, or other defects, but it should be possible to
relax this requirement.
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a selection of recent references), it is clear that the details of such constructions depend
on the particular choice of UV SCFT and background flavor fields. In contrast, any QFT
has a stress-energy tensor which, for the SCFTs of interest here, sits together with the
superconformal R-symmetry current in a supercurrent multiplet. The universality of this
multiplet structure suggests that twisted compactifications involving only the metric and the
exact superconformal R-symmetry gauge field posses special properties, common to all d-
dimensional UV SCFTs with a given amount of supersymmetry. Indeed, as we demonstrate
below, this expectation bears out.

A main objective of this work is to establish universal properties of this class of RG
flows. We shall assume that the UV and IR theories at both ends of the RG flow are
interacting SCFTs. Since SCFTs do not exist in dimension greater than six, we take d ≤ 6.
Since we are interested in obtaining dynamical theories on Rp, we consider p ≥ 1, and
since no topological twist is required on S1 we take p ≤ d − 2. The tools we employ
to study this setup are general and non-perturbative. Since the construction is clearly
strongly dependent on the identification of the correct superconformal R-symmetry, we
make use of the various maximization/extremization principles which determine the exact
superconformal R-current [6, 7, 16, 17]. Another powerful tool we use, when both p and d are
even, is ’t Hooft anomaly matching. As we discuss in detail below, this allows us to establish
universal relations between conformal anomalies in the UV and IR theories. In the case of
3d SCFTs placed on Riemann surfaces (i.e., d = 3, p = 1) we use recent supersymmetric
localization results to identify a universal relation between certain supersymmetric partition
functions. Finally, another important weapon in our arsenal is the holographic duality. We
now proceed to present a short summary of the main results of our work.

1.1 Main results

Consider a d-dimensional SCFT with a continuous R-symmetry and, possibly, global fla-
vor symmetries. The corresponding currents organize themselves into supermultiplets of
the form:

{Tµν , JRµ , · · · } , {JFµ , · · · } , (1.1)

where Tµν is the stress-energy tensor, JRµ is the exact superconformal R-symmetry current,
and JFµ are flavor currents. The ellipsis stand for other possible bosonic and fermionic oper-
ators which depend on the number of supercharges and the dimension of spacetime. While
the stress-energy tensor multiplet is omnipresent in SCFTs, the flavor symmetry currents
depend on the specific theory under consideration. As described above, the topological twist
is implemented by giving the corresponding sources, {gµν , ARµ · · · } and {AFµ , · · · }, nontrivial
background values. This procedure triggers an RG flow which depends on the details of the
UV theory and in general requires a case-by-case analysis. The basic observation we make
here is that if the topological twist is implemented by turning on only background fields
which couple to the stress-energy tensor multiplet {Tµν , JRµ , · · · }, the resulting RG flow
exhibits universal properties. Based on this observation, we make the following definition:
Given a d-dimensional UV SCFT with a certain number of supercharges and continuous
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R-symmetry, placed on Rp×Md−p, we define the universal twist of the theory as the partial
topological twist on Md−p along the exact UV superconformal R-symmetry, preserving the
maximal possible number of supercharges. We note that for theories with a large amount of
supersymmetry there may be more than one universal twist and we discuss this in detail
below. For theories with rational central charges one may find constraints on the topology
of the compactification manifold Md−p due to Dirac quantization of the background gauge
field (see section 2.3).3

As is clear by now, the exact superconformal R-symmetry plays a crucial role in our
story. Upon a generic (non-universal) twisted compactification of the theory, the exact
R-symmetry of the IR SCFT may differ from the one in the UV, due to possible mixing of
Abelian R-symmetries with Abelian flavor symmetries along the flow. Although the precise
mixing may be determined by an appropriate extremization principle, the result depends
on the details of the theory and is thus not universal. In the case of flows between even-
dimensional SCFTs with a universal twist, however, one can show that there is no such
mixing along the flow.4 This in turn leads to universal relations between the conformal
anomaly coefficients, which we denote by the vector (a,~c), of the UV d-dimensional theory
and the IR p-dimensional theory of the form:(

ap
~cp

)
= U

(
ad
~cd

)
. (1.2)

Here U is a matrix that depends only on the topology of the compactification manifold,
Md−p, and the data specifying the partial topological twist, but is independent of the details
of the SCFTs at both ends of the RG flow. These relations are exact and do not rely on
the existence of a Lagrangian description of the UV or IR SCFTs.

We will argue that this universal behavior is not limited to RG flows between even-
dimensional theories and that similar universal relations exist for flows between theories in
various dimensions. For RG flows between odd-dimensional theories one cannot rely on ’t
Hooft anomalies but in view of the F -theorem [18] it is natural to search for universal rela-
tions between the round-sphere free energy of the UV and IR SCFTs. Although computing
free energies exactly is much harder than computing anomalies, we are nonetheless able to
show that the free energies indeed are related by

FSp×Md−p = uFSd , (1.3)

to leading order in N , in an appropriate large N limit. Here u is again a universal coefficient,
depending only on the topology of Md−p and the topological twist performed, but not the
details of the SCFTs. One example of such a universal flow between odd dimensions arises
from considering 3d N = 2 SCFTs compactified on a Riemann surface to a quantum
mechanical system. In this case (1.3) can be established by pure field theory methods,

3For theories with an Abelian R-symmetry the R-charges may be irrational, which renders the universal
twist impossible. These subtleties do not arise if the UV theory has a non-Abelian R-symmetry.

4There is a minor caveat in the case of 4d N = 1 SCFTs compactified on a Riemann surface, which we
discuss in section 3.2.1.
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by an analysis of the corresponding matrix models at large N [19] (see section 3.3). For
theories in other dimensions we will establish (1.3) using holography. It would be interesting
to establish these relations also in field theory.

As mentioned above, we assume that the RG flow from the SCFT in the UV ends at
an interacting SCFT in the IR. Whether this is actually the case is a nontrivial dynamical
question, difficult to establish by field theory methods alone. When the d-dimensional SCFT
admits a weakly coupled holographic dual, however, one can bring holography to bear on
this question. Indeed, one way to establish the existence of an interacting superconformal
fixed point in the IR (at least in the planar limit) is by constructing a supergravity solution
that explicitly interpolates between the UV and IR SCFTs. The holographic description
of twisted compactifications was first studied in the foundational work of Maldacena and
Núñez (MN) [20], which built upon results for D-branes wrapping calibrated cycles [21]
(see [22] for a review and further references). We exploit the same approach in our holo-
graphic analysis.

In this holographic setting, it is natural to ask what is the supergravity manifestation of
universal RG flows across dimensions. Consider the supergravity fields dual to the operators
in (1.1). These also organize themselves into multiplets, of the form

{gµν , ARµ , · · · } , {AFµ , · · · } , (1.4)

where the gravity multiplet contains the metric gµν and the graviphoton ARµ . The gauge
fields AFµ belong to vector multiplets.5 Since universal twists involve only operators dual to
the gravity multiplet, it is natural to expect that the dynamics of this multiplet is sufficient
to capture the corresponding universal RG flow. Indeed, one can restrict to this “minimal”
gauged supergravity theory6 in (d+1) dimensions and construct domain wall solutions with
a metric of the form

ds2
d+1 = e2f(r) ds2

Rp+1 + e2g(r) ds2
Md−p

. (1.5)

Here r is the “holographic” direction, and the metric is locally asymptotic to AdSd+1 for
large r (the UV) and approaches AdSp+1 × Md−p for small r (the IR). The solution is
supported by a nontrivial magnetic flux for the graviphoton through 2-cycles in Md−p. The
entire spacetime can be thought of as a magnetically charged BPS (p − 1)-brane living in
AdSd+1, interpolating between the SCFTd dual in the UV and the SCFTp dual in the IR.
We identify the black brane solutions corresponding to various twisted compactifications
in minimal gauged supergravity for (d + 1) = 4, 5, 6, 7 and describe them in detail in
section 4. In addition, we show that the field theory universal relations (1.2) and (1.3) are
correctly reproduced holographically. Although many of these supergravity solutions have
been found in the literature before, their field theory interpretation as universal RG flows
has not necessarily been appreciated.

To make contact with top-down constructions in string and M-theory we also emphasize
that these low-dimensional gauged supergravity theories arise as consistent truncations

5These are dynamical supergravity fields and coincide with the background metric and gauge fields in
the boundary field theory discussed below (1.1) only at the asymptotically AdS boundary.

6Note that by “minimal” here we mean that we consider only the theory containing the gravity multiplet
and no extra matter multiplets, not that the theory has the minimal number of supercharges.
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from ten- and eleven-dimensional supergravity. This means that it is possible to uplift the
universal holographic RG flows to string and M-theory. The choice of the internal manifold
determines the details of the particular SCFT being compactified. For instance, uplifting a
five-dimensional solution to IIB SUGRA with S5 as internal manifold describes a twisted
compactification of N = 4 SYM, while taking the internal manifold to be Y p,q corresponds
to a twisted compactification of N = 1 quiver gauge theories of the type discussed in [9].

The holographic perspective not only establishes the existence of the IR fixed point,
but also suggests universal relations among quantities for flows between even-dimensional
and odd-dimensional SCFTs of the form

ap = uaF FSd , FSp×Md−p = uFa ad . (1.6)

Here F is a free energy, a is a conformal anomaly coefficient, and uaF , uFa are again universal
coefficients, depending only on the compactification manifold Md−p and the topological
twist performed. These are nontrivial and powerful predictions that would be interesting
to establish directly in field theory, including finite N corrections. Finally, we should stress
that the supersymmetric black branes realizing these universal RG flows across dimensions
have a non-vanishing entropy. We compute these entropies in appendix B and observe
interesting relations with field theory quantities such as conformal anomalies and sphere
free energies.

The idea of universal RG flows common to a large class of SCFTs has appeared before,
both in a holographic [23] as well as in a purely field-theoretic context [24, 25]. In these
papers, however, the UV and IR theories live in the same number of space time dimensions.
Universal supergravity domain walls dual to holographic RG flows, similar in spirit to the
ones studied here, were also discussed in [7–9, 26, 27].

The rest of the paper is organized as follows. In section 2 we review some background
material on ’t Hooft and conformal anomalies and topological twists. Section 3 is devoted
to a study of twisted compactifications of field theories in various dimensions with a par-
ticular focus on universal relations among conformal anomalies. In section 4 we present
the holographic dual description of these universal twisted compactifications and discuss
universal relations among various quantities, such as conformal anomalies and free energies
from the holographic perspective. We conclude with a short summary and a discussion of
various open problems in section 5. In the three appendices we present our conventions on
characteristic classes, a short discussion on the relation between some of our results and
the entropy of extremal black branes, and comment on possible two-dimensional analogs of
the universal RG flow discussed in [25].

2 Generalities

We begin by reviewing some general background on anomalies in QFTs and basics of topo-
logically twisted theories. Readers familiar with this material may skip to section 3.

2.1 ’t Hooft anomalies

In even-dimensional QFTs, classical symmetries may become anomalous at the quantum
level. Quantum anomalies for local symmetries are forbidden in consistent QFTs. However,
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global (or ’t Hooft) anomalies are not only allowed, but are in fact robust physical observ-
ables containing exact information about the theory (see [28] for a pedagogical review). ’t
Hooft anomalies for continuous global symmetries are packaged efficiently in the anomaly
polynomial, Id+2, of the theory. This is a gauge-invariant (d+2)-form which is a polynomial
in characteristic classes for the global symmetries of the theory.

We will consider two-dimensional N = (0, 2), four-dimensional N = 1, and six-
dimensional N = (1, 0) theories, whose R-symmetry groups are U(1)R,U(1)R, and SU(2)R,
respectively.7 In addition, these theories generically also have flavor symmetries. The
anomaly polynomials are given by:

2d : I4 =
kRR

2
c1(FR)2 − k

24
p1(T2) + I flavor

4 , (2.1)

4d : I6 =
kRRR

6
c1(FR)3 − kR

24
c1(FR) p1(T4) + I flavor

6 , (2.2)

6d : I8 =
1

4!

(
α c2

2(FR)− β c2(FR) p1(T6) + γ p2
1(T6) + δ p2(T6)

)
+ I flavor

8 . (2.3)

Here cn(F) denotes the n’th Chern class of the corresponding bundle and pn(Td) denotes
the n’th Pontryagin class of the tangent bundle of the manifold on which the theory is
placed. See appendix A.1 for our conventions. The various coefficients multiplying these
characteristic classes encode the corresponding ’t Hooft anomalies for the energy-momentum
multiplet in the theory. For the theories considered here this multiplet always contains the
superconformal R-symmetry current. If the QFT at hand admits a Lagrangian description
these anomalies can be computed by one-loop Feynman diagrams with insertions of the
R-current and the energy-momentum tensor.

In the anomaly polynomials above we have not included anomalies for gauge symmetries
since in this work we only study consistent QFTs, where such anomalies are absent. Note
that we allow for gravitational anomalies since we are discussing QFTs and thus the metric
is treated as a non-dynamical background field. We have not given explicit expressions for
any flavor anomalies, either pure or mixed with R-symmetry or gravitational anomalies.
These are schematically encoded in the anomaly polynomial Iflavord+2 in (2.1)–(2.3). The
rationale for doing this is that these anomalies depend on the details of the theory and can
be ignored (under certain mild assumptions, to be discussed in section 3) for the purposes
of our discussion.

2.2 Weyl anomaly

Another important anomaly for our story is the Weyl (or conformal) anomaly, which cap-
tures the failure of the stress-energy tensor to be traceless when an even-dimensional CFT
is placed in a nontrivial curved background. Ignoring conventional normalizations the
anomaly has the form:

〈Tµµ〉 ∼ aEd +
∑
i

ciWi , (2.4)

7This formalism is also applicable for even-dimensional theories with more supersymmetry and we use
it extensively in this context in section 3.
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where Ed is the Euler density in d dimensions and the Wi are a set of local, independent,
Weyl invariants of the manifold on which the theory is placed. The number of indepen-
dent invariants of this type depends on the spacetime dimension. There are none in two
dimensions, one in four dimensions, and three in six dimensions.

In a superconformal theory, the stress-energy tensor and the superconformal
R-symmetry current sit in the same supermultiplet. As a consequence, the Weyl and
R-symmetry anomaly coefficients in (2.1)–(2.3) and (2.4) are related by supersymmetry
through Ward identities. In 2d (see for example [29]) and 4d [30] these relations are:

cr = 3kRR , cr − cl = k ,

a4d =
9

32
kRRR −

3

32
kR , c4d =

9

32
kRRR −

5

32
kR ,

(2.5)

where R denotes the exact superconformal R-symmetry.
In 6d there are three tensor structuresWi and thus three c-type coefficients (see e.g. [31]

and references therein for details). For theories with N = (1, 0) supersymmetry there is a
linear relation8 among the ci’s and thus the independent Weyl anomaly coefficients in 6d
can be taken to be a6d, c

(1)
6d , c

(2)
6d . The expression for the a-anomaly coefficient in terms of

R-symmetry anomalies was found in [33]. The expression for the c(1)
6d , c

(2)
6d coefficients was

recently determined in [34–36]. The result is given by the following formulae:

a6d =
2

7
(8α− 8β + 8γ + 3 δ) aT ,

c
(1)
6d =

256

7
(6α− 7β + 8γ + 4δ) aT , (2.6)

c
(2)
6d =

64

7
(6α− 5β + 4γ + 5δ) aT ,

where aT is the value of a6d for the free N = (2, 0) tensor multiplet.9 In the special
case of N = (2, 0) theories one has the relations [34], γ = β

4 and δ = −β which imply
that c(1)

6d = 4c
(2)
6d and there is only one independent c-type coefficient, which we take to be

c6d ≡
7c

(1)
6d

384 =
7c

(2)
6d

96 .10 The relations (2.6) for N = (2, 0) SCFTs then simplify to

a6d =
16

7

(
α− 9

8
β

)
, c6d = 4

(
α− 3

2
β

)
. (2.7)

For N = (2, 0) SCFTs in the ADE class one has

α = dGhG + rG , β = 4γ = −δ =
rG
2
, (2.8)

where dG, rG, and hG are the dimension, rank, and Coxeter number of the group G,
respectively, satisfying the group theory identity dG = rG(1 + hG). We note that for these
theories 4

7 ≤ a6d/c6d ≤ 1, the lower bound being saturated in the large N limit for the AN
and DN theories.

8As argued in [32] the relation imposed by supersymmetry is 6c
(3)
6d + c

(1)
6d − 2c

(2)
6d = 0.

9In [34] this was normalized to aT = − 7
1152

. Here we follow the conventions in [33] and set aT = 1.
10Compared to [34] we use the normalization c6d = 7

4
c so that the c-type coefficient for the free tensor

multiplet is 1.
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2.3 Topological twist

If a supersymmetric QFT in flat space is placed in a general background for the metric and
gauge fields, supersymmetry will be broken. It was recently understood how to systemat-
ically arrange the background fields in such a way that some amount of supersymmetry is
preserved [2]. Here we will specialize to one particular such way, introduced by Witten in [1]
and known as a topological twist. The basic idea can be summarized as follows. If the QFT
at hand has a continuous R-symmetry, one can turn a background gauge field, ARµ , that
couples to the R-symmetry current. One can then adjust the magnitude of the background
field so as to cancel the nontrivial part of the spin connection ωµ on the curved manifold.
Schematically, one tunes ARµ = −1

4 ωµ so that the generalized Killing spinor equation takes
the form

∇̃µ ε =

(
∂µ +

1

4
ωµ +ARµ

)
ε = ∂µε = 0 . (2.9)

The last equation in (2.9) admits a constant spinor solution on any spin manifold, implying
that some amount of supersymmetry is preserved in this nontrivial background for the
metric and R-symmetry gauge field.11 It is clear that this method for preserving some
supersymmetry can work only if the nontrivial part of the spin connection can be embedded
in the R-symmetry group of the QFT in flat space.12

The case of interest to us here is when Md is a product manifold of the form Md =

Rp ×Md−p, with Md−p a curved, compact, and smooth manifold. Then, the topological
twist is performed only along Md−p and thus at low energies (compared to the scale set
by the size of Md−p) one expects to have a physical, i.e., non-topological, supersymmetric
theory on Rp. This is known as a partial topological twist.13 An important point for
many of our constructions below is that this topological twist is naturally realized in string
or M-theory on the world-volume of D- or M-branes wrapping calibrated cycles in special
holonomy manifolds [21].

If, in addition to a continuous R-symmetry, the QFT at hand has a continuous flavor
symmetry, one can turn a more general background AR

′
µ = ARµ +

∑
i aiA

Fi
µ , where AFiµ

are background fields for the flavor symmetry and the ai are free parameters. Since, by
definition, the supersymmetry parameter ε is not charged under flavor symmetries, the
Killing spinor equation (2.9) is not modified by turning on background flavor fields and
the amount of supersymmetry preserved is unchanged. When the R-symmetry group is

11Here we have been schematic, omitting Lorentz and R-symmetry indices. If these are included one sees
that the cancellation of the spin connection by the background R-symmetry typically requires conditions
on the spinor such as being chiral in the two-dimensional case. Generally speaking the cancellation can
occur, at most, when acting on half of the components of ε and thus, at most, half supersymmetry can be
preserved in this way.

12We are being slightly imprecise here. In general, one needs to cancel only part of the spin connection on
the curved manifold if the spin connection after the twist admits covariantly constant spinors. For example,
on Kähler manifolds in four real dimensions one may cancel only the U(1) part of the U(2) = U(1)× SU(2)

structure group.
13In the original construction of Witten the manifoldMd did not necessarily have a product structure with

a flat factor and thus the resulting theory on the curved manifold was topological. Although interesting,
we do not consider such theories here.
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Abelian this freedom reflects the fact that the R-symmetry is ambiguous, as any linear
combination of a “reference” R-symmetry with Abelian flavor symmetries is again an R-
symmetry. Although one is free to choose any reference R-symmetry one likes, in the
case of SCFTs there is a preferred R-symmetry, namely the superconformal R-symmetry,
RSC , whose corresponding current belongs to the stress-energy tensor supermultiplet. This
unique R-symmetry can be determined by maximization/extremization principles in any
integer dimension in the range 1 ≤ d ≤ 4 [6, 7, 12, 16, 17]. For SCFTs it is thus natural
to take the superconformal R-symmetry to be the reference R-symmetry and write the
background field as:

ARµ = ARSC
µ +

∑
i

aiA
Fi
µ . (2.10)

It is then easy to understand why the universal RG flows across dimensions studied in this
paper are special; these correspond to setting ai = 0, i.e., the special choice of background
gauge field which extends only along the exact superconformal R-symmetry in the UV.
Although not the focus here, flows for generic values of ai are of course also interesting, and
lead to a plethora of RG flows across dimensions; see for example [4–9, 12, 37].

There is an important subtlety to keep in mind when performing topological twists.
For any gauge-invariant operator O in the theory one must impose the Dirac quantization
condition

1

2π
Tr

∫
C2

FR · O = nO , n ∈ Z , (2.11)

where FR is the background R-symmetry curvature for the background field (2.10) and C2

is any compact 2-cycle in Md. As a consequence, for the universal topological twist to
be well defined, the exact superconformal R-charge of all gauge-invariant operators in the
theory must be a rational number. This may not be the case in some theories with four
Poincaré supercharges, such as 3d N = 2 and 4d N = 1 SCFTs, in which case the universal
topological twist is ill-defined. Nonetheless, one can easily find an infinite number of such
SCFTs with rational R-charges, so this is not an important obstruction to discuss universal
properties of these constructions. For theories with rational R-charges the quantization
condition in (2.11) may lead to constraints on the topology ofMd−p and we shall discuss such
cases below (see table 1 and the discussion above it). As emphasized in [9], in such situations
one can circumvent these constraints on the universal topological twist by including flavor
magnetic fluxes ai, and adjusting them in a way consistent with (2.11). This procedure,
however, is theory-specific and thus not universal. In this paper we restrict ourselves to
SCFTs, and choices of manifolds Md−p, for which the quantization condition (2.11) is
satisfied when all flavor fluxes are set to zero. This excludes, in particular, theories with
irrational R-charges.

3 Field theory

As outlined in the Introduction, the main characters in our story are superconformal field
theories with a continuous R-symmetry, which we place on a manifold of the form Md =

Rp×Md−p with a partial topological twist onMd−p. In this section, we consider SCFTs with
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different number of supercharges and various values of d and p. Our goal is to extract some
physical information of the low-energy effective theory on Rp at the end of the RG flow.

For flows between even-dimensional SCFTs (both d and p even) the basic tools that
allow us to establish the universal relations (1.2) are anomaly matching and superconformal
symmetry. The calculation proceeds along the lines of the analysis in [4–9, 38, 39]. Since
this will be used repeatedly throughout this section, let us summarize the general strategy
before studying different cases. We start with a SCFTd with an anomaly polynomial Id+2.
Performing a partial topological twist on Md−p modifies the global symmetry bundles,
leading to a new anomaly polynomial Itwistedd+2 , which we then integrate over Md−p to arrive
at the Ip+2 anomaly polynomial of the p-dimensional IR theory

Ip+2 =

∫
Md−p

Itwistedd+2 . (3.1)

This equation determines the R-symmetry anomalies in the IR in terms of those in the UV,
encoding the ’t Hooft anomaly matching condition [40]. Assuming the UV and IR theories
are superconformal we can then use superconformal Ward identities at the two fixed points
to express the R-symmetry anomalies in terms of conformal anomalies. This ultimately
leads to the universal relations of the form (1.2) among IR and UV central charges.

For situations in which either d or p is odd, one cannot rely on anomaly matching,
making it harder to analyze the resulting RG flow. As argued in the Introduction, a natural
quantity to consider in the absence of anomalies is an appropriate supersymmetric partition
function, or free energy, of the CFT.14 This is a much harder task, not only because the
computation of such partition functions is technically more involved, but also because it is
not obvious how to approach such calculations in a universal way, i.e., without referring to
a specific theory. Some progress on this hard question has been made recently for twisted
compactifications of 3d N = 2 theories on a Riemann surface Σg (d = 3, p = 1) in the planar
limit. In this case one indeed finds a universal relation between the supersymmetric three-
sphere free energy, FS3 , of the UV 3d SCFT and a certain topologically twisted partition
function, FΣg×S1 , which is identified with a Witten index of the effective 1d theory in the
IR [19] (see also [42]). This relation has been established explicitly for a large class of quiver
gauge theories to leading order in N . We discuss this in more detail in section 3.3.

3.1 6d SCFTs

We begin our exploration of RG flows across dimensions from d = 6, the maximal dimension
in which an SCFT can exist [43]. We will consider theories with both N = (1, 0) and
N = (2, 0) supersymmetry.

3.1.1 N = (1, 0)

SCFTs with N = (1, 0) supersymmetry have eight real supercharges15 and an SU(2)R
R-symmetry. They may also have global flavor symmetries. The study of these theories

14See [41] for a somewhat related proposal on how to interpolate between CFTs in even and odd dimen-
sions.

15Here we count only real components of Poincaré supercharges. When we have a conformal theory there
is as usual the accompanying superconformal supercharges.
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has recently attracted much attention and a general formula for their anomaly polynomial
was derived in [44, 45]. The relation between ’t Hooft and Weyl anomalies imposed by
superconformal Ward identities was found in [33–36]. We now study these theories on
Riemann surfaces and on Kähler four-manifolds with a partial topological twist.

On Riemann surfaces. Consider a smooth Riemann surface Σg with holonomy group
U(1)Σ. There is a unique way to embed U(1)Σ into SU(2)R while preserving minimal 4d
N = 1 supersymmetry. At the level of line bundles, the topological twist amounts to the
replacement:

F (6d)
R → F (4d)

R − κ

2
tg , (3.2)

where tg is the Chern class of the tangent bundle to Σg, normalized as in (A.7), and the
coefficient −κ/2 is fixed by supersymmetry, where κ is the normalized curvature of Σg

defined in (A.6). In this example, the general procedure outlined above is as follows. We
implement the twist in the anomaly polynomial (2.3) by the replacement (3.2) and then
integrate over Σg to obtain:∫

Σg

Itwisted8 =
1

12
(g− 1)

(
2α c1(FR)3 − β c1(FR) p1(T )

)
+ Iflavor6 , (3.3)

where we have used (A.7). Comparing this to (2.2) we read off the resulting 4d ’t Hooft
anomaly coefficients

kRRR = (g− 1)α , kR = 2(g− 1)β . (3.4)

Many N = (1, 0) SCFTs have non-Abelian flavor symmetry groups and thus we will assume
that the U(1)R superconformal R-symmetry of the IR 4d theory is the same as the Cartan
subgroup of the UV SU(2)R preserved by the topological twist.16 With this identification,
we can use (2.5) to find the following expression for the 4d Weyl anomalies:

4d N = 1:

(
a4d

c4d

)
=

(g− 1)

32

(
9 −6

9 −10

)(
α

β

)
. (3.5)

Note that the 4d ’t Hooft and Weyl anomalies depend only on α, β and not on the purely
gravitational anomalies γ, δ. Recall that the 6d Weyl anomaly coefficients are given in
terms of ’t Hooft anomalies in (2.6). Since there are only three independent Weyl anomaly
coefficients in N = (1, 0) theories, but four R-symmetry anomalies, it is not possible to
invert the relations (2.6) to write (3.5) as a relation purely among 6d and 4d Weyl anomalies,
as in (1.2). It is possible to do so, however, in the case of N = (2, 0) theories, which
we discuss below. We note that requiring that the ratio a4d/c4d satisfies the Hofman-
Maldacena bound 1

2 ≤ a4d/c4d ≤ 3
2 imposes conditions on the values of α, β. We discuss

Hofman-Maldacena bounds in more detail in section 3.4.
If the SCFT at hand admits a suitable large N limit the pure R-symmetry anomaly

dominates over gravitational anomalies, i.e., α � (β, γ, δ) in (2.6) in which case the rela-
tion (3.5) becomes

c4d ' a4d ' (g− 1)
63

512
a6d . (3.6)

16It would be nice to put this statement on a firmer footing by analyzing the general 6d N = (1, 0)

anomaly polynomials of [44, 45].
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Assuming a6d > 0, a positive central charge in 4d is obtained only for g > 1. We will derive
this universal relation from holography in section 4.1.1.

Finally, we note that the universal relation in (3.5) is satisfied for the particular models
of twisted compactifications of six-dimensional (1, 0) SCFTs discussed in section 7 of [46];
see in particular equations (7.1) and (7.9) there.

On Kähler four-manifolds. Consider a Kähler four-manifold M4, whose holonomy
group is (contained into) U(2)s = SU(2)s ×U(1)s. We denote the first Pontryagin number
and the Euler number of M4 by P1 and χ, respectively. These can be written in terms of
the Chern roots t1,2 of the tangent bundle to M4 as

P1 =

∫
M4

(t21 + t22) , χ =

∫
M4

t1 t2 . (3.7)

To preserve 2d N = (0, 2) supersymmetry we turn on a background for the Cartan of the
6d SU(2) R-symmetry, proportional to the U(1)s spin connection.17 This amounts to

F (6d)
R → F (2d)

R +
1

2
t1 +

1

2
t2 . (3.8)

Making this replacement in the anomaly polynomial (2.3), using the relations in (A.4), and
integrating the twisted anomaly polynomial over M4 leads to the 2d ’t Hooft anomalies

kRR =
1

8
α (P1 + 2χ)− 1

12
β P1, k =

1

4
β (P1 + 2χ)− (2γ + δ)P1 . (3.9)

Thus, the central charges at the 2d fixed point are given by

cr =
3

8
α (P1 + 2χ)− 1

4
β P1 ,

cl =
1

4

(
3

2
α− β

)
(P1 + 2χ)− 1

4
(β − 8γ − 4δ) P1 .

(3.10)

The same result for the two-dimensional conformal anomalies was derived recently in [48]
(see in particular equations (2.36)–(2.37) there). As we shall see in section 4.1.1, the
holographic dual of this flow across dimensions exists only when the Kähler manifold is
negatively curved. In this case one has the following relation between the topological
invariants and the volume of the manifold:18

P1 + 2χ =
1

2π2
vol(M4) . (3.11)

Using this, together with the fact noted above that α � (β, γ, δ) in the holographic
limit, (3.10) becomes

cr ' cl '
21

256π2
vol(M4) a6d , (3.12)

to leading order in N . We will derive this universal relation holographically in section 4.1.1.

17One may also consider turning on a background gauge field proportional to the SU(2)s spin connection.
For 6d theories with only (1, 0) supersymmetry this results in a 2d theory with (0, 1) supersymmetry and thus
no continuous R-symmetry. Our anomaly matching procedure is thus not applicable and we do not consider
this case further here. For N = (2, 0) SCFTs this twist leads to a 2d theory with (0, 2) supersymmetry and
was studied in section 5.1 of [47] as well as section 6.3 of [7].

18See appendix H of [7] for a short summary on some relevant facts on four-manifolds.
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The twisted compactification of a 6d N = (1, 0) theory on a three-manifold is possible
by mixing the SO(3) ' SU(2) holonomy group with the SU(2)R R-symmetry. However, in
this case one does not expect to obtain a theory with a continuous R-symmetry in the IR
and we do not study this case here. For N = (2, 0) SCFTs, however, one is equipped with
an SO(5) R-symmetry group which allows for more general topological twists. We study
this next.

3.1.2 N = (2, 0)

General twisted compactifications of N = (2, 0) SCFTs on Riemann surfaces and on four-
manifolds were studied in [4, 5] and [7], respectively. Particular twists on Riemann surfaces,
which we identify here as universal twists, were studied in [20, 39]. Here we reproduce the
results in these references, emphasizing the universal aspects.

We will focus on two types of topological twists involving only an Abelian background
gauge field. The first is the universal twist of the N = (1, 0) theory described in section 3.1.1
but now applied to N = (2, 0) theories. This corresponds to twisting along the diagonal
combination of the Cartan SO(2)A×SO(2)B ⊂ SO(5)R. The second twist is possible only for
N = (2, 0) theories and preserves twice the amount of supersymmetry. It can be viewed as
decomposing the R-symmetry group in a block-diagonal form as SO(2)A×SO(3)B ⊂ SO(5)R
and twisting along SO(2)A.

On Riemann surfaces. We first discuss the universal twist of the N = (1, 0) theory,
applied to the N = (2, 0) case. This twist of the maximal theory on Σg was considered
by Maldacena and Núñez in [20] and we shall refer to it as the MN N = 1 twist. The
relation (3.5) holds in particular for N = (2, 0) theories, which using (2.7) can be written as

4d N = 1:

(
a4d

c4d

)
=

(g− 1)

384

(
105 −33

49 −1

)(
a6d

c6d

)
. (3.13)

This reproduces the central charges for the 4d N = 1 twisted compactifications of the ADE
N = (2, 0) theories derived in [5, 39].

The twist along SO(2)A on Σg preserves 4d N = 2 supersymmetry [20] (see also [49])
and we shall refer to it as the MN N = 2 twist. At the level of line bundles it amounts to
the replacement

F (6d)
RA
→ F (4d)

R0
− κ

2
tσ , F (6d)

RB
→ F (4d)

SU(2) . (3.14)

Performing the twist in the anomaly polynomial and integrating over Σg one finds:

4d N = 2:

(
a4d

c4d

)
=

(g− 1)

72

(
21 −6

14 −2

)(
a6d

c6d

)
. (3.15)

Again, this result is compatible with the results in [5, 50]. In the large N limit the relation
between 4d and 6d conformal anomalies becomes

c4d ' a4d '
7

48
(g− 1) a6d . (3.16)

We will derive this relation holographically in section 4.1.2.
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On Kähler four-manifolds. Applying the universal twist of the N = (1, 0) theory on
M4 to N = (2, 0) theories, the 2d central charges are still given by (3.10) which using (2.7)
can be written as

cr =
3

32
(7a6d − 3c6d) (P1 + 2χ)− 1

24
(7a6d − 4c6d)P1 ,

cl =
1

96
(35a6d − 11c6d) (P1 + 2χ)− 1

8
(7a6d − 4c6d)P1 .

(3.17)

This matches the result obtained in [7] for ADE theories (see equation (6.6) there and set
z = ε = 0, which corresponds to the universal twist discussed here).

The second twist, along SO(2)A, amounts to

F (6d)
RA
→ F (2d)

R0
+

1

2
t1 +

1

2
t2 , F (6d)

RB
→ F (2d)

R3
, (3.18)

and leads to a 2d (0, 4) theory with the following anomalies, derived in [7]:

2d N = (0, 4): cr =
7

12
(P1 + 2χ)(c6d − a6d) +

1

6
(P1 + 3χ)(7a6d − 4c6d) ,

k = cr − cl =
1

6
(P1 + χ)(7a6d − 4c6d) . (3.19)

As discussed in [7] these 2d SCFTs do not seem to admit a holographically dual AdS3

description at large N . One reason for this might be that the theory obtained in this way
does not have a normalizable vacuum, like the N = (4, 4) σ-model onto the Hitchin moduli
space discussed in [51].

Another possible twist on Kähler four-manifolds is to turn on a non-Abelian
R-symmetry background. This corresponds to identifying the U(2)s spin connection with
the U(2) ⊂ SO(4) ⊂ SO(5)R inside the R-symmetry group. This twist preserves 2d
N = (1, 2) supersymmetry and was studied in section 6.2 of [7]. We do not discuss it
further here.

On product four-manifolds M4 = Σ1 × Σ2 . When M4 is taken to be a product of
Riemann surfaces Σ1 × Σ2, with spin connections ω1,2, the holonomy group is reduced to
U(1)Σ1×U(1)Σ2 and there is an additional universal twist possible. We take both Riemann
surfaces to have negative curvature for simplicity. This was studied in [7]. The twist can be
defined by considering the Cartan SO(2)A×SO(2)B subgroup of the SO(5) R-symmetry and
identifying the spin connection ω1 with SO(2)A and the spin connection ω2 with SO(2)B
(or vice-versa). This is the twist studied in section 3 of [52]. This preserves 2d N = (2, 2)

supersymmetry and leads to a 2d theory with central charges (see equation (5.23) in [7])

2d N = (2, 2): cr = cl =
1

3
(g1 − 1)(g2 − 1) (14a6d − 5c6d) . (3.20)

Using the explicit conformal anomalies for the ADE series of N = (2, 0) theories one can
show that the 2d central charges are an integer multiple of 3 which suggests an interpretation
of the 2d theory as a nonlinear σ-model on a Calabi-Yau target space. In the large N limit
the central charges become

cr = cl '
7

4
(g1 − 1)(g2 − 1) a6d . (3.21)

We will reproduce this holographically in section 4.1.2.
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Other twisted compactifications on four-manifolds leading to 2d N = (0, 2) and N =

(0, 1) theories, and their supergravity duals, were studied in section 5 of [47] (see also [7]).

On five- and three-manifolds. The twisted compactifications of 6d N = (2, 0) theories
on the worldvolume of M5-branes on smooth five- and three-manifolds were discussed in [47,
53]. In the former case the whole SO(5)R R-symmetry group is turned on to implement the
twist, which leads to a superconformal quantum mechanics with a single supercharge (see
section 3.3 in [47]). In the latter case the twist is obtained by considering SO(2)×SO(3) ⊂
SO(5)R and twisting along SO(3), which leads to a 3d N = 2 theory (see section 3.1 in [47]).
These 3d theories were studied also later in [54].

Since we do not have anomalies at our disposal in 3d and 1d, we are limited in our abil-
ity to extract universal information about the RG flow across dimensions with field theory
techniques. However, the holographic dual description of these RG flows has been con-
structed in [47], showing that the IR fixed points exist, at least at large N . The AdS/CFT
dictionary then leads to a universal prediction which would be interesting to test directly in
field theory by computing the (partially) twisted partition functions ZS1×M5

and ZS3×M3

in the large N limit and comparing it to the Weyl anomaly coefficients a6d, c6d. We discuss
this further in section 4.1.2 below.

3.2 4d SCFTs

Here we consider 4d N = 1 and N = 2 SCFTs on a smooth Riemann surface Σg. In the
case of N = 1 theories there is only one possible topological twist, preserving N = (0, 2)

supersymmetry in two dimensions. In the case of N = 2 one may also consider twists
preservingN = (2, 2) andN = (0, 4). We also comment briefly on twisted compactifications
of theories with N > 2 as well as compactifications on 3-manifolds.

3.2.1 N = 1

The partial topological twist of N = 1 SCFTs on a compact Riemann surface was discussed
in some detail in [9], where an example of the universal relations discussed in this work
was presented. At the level of the R-symmetry bundle the topological twist amounts to
the shift:

F (4d)
R → F (2d)

R − κ

2
tg . (3.22)

Integrating the twisted anomaly polynomial Itwisted6 over Σg and comparing to (2.1) we read
off the 2d anomaly coefficients. Assuming 9kRRFi = kFi = 0 for all flavor symmetries Fi,19

one can show that the 2d trial central charge is extremized by the UV R-symmetry (see [9]
for details) and thus the IR and UV superconformal R-symmetries coincide and one finds
the relations

kRR = (g− 1) kRRR , k = (g− 1) kR . (3.23)

19This assumption is valid for many SCFTs and in even more theories to leading order in N , see [9] for
a number of examples.
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Using (2.5) this can be written as(
cr
cl

)
=

16

3
(g− 1)

(
5 −3

2 0

)(
a4d

c4d

)
. (3.24)

In the large N limit this becomes

cr ' cl '
32

3
(g− 1) a4d . (3.25)

Once again, a positive 2d central charge requires a negatively curved Riemann surface. We
derive this universal relation from holography in section 4.3.1.

3.2.2 N = 2

For N = 2 SCFTs there are more possibilities for twisted compactifications. The R-
symmetry group is SU(2) × U(1), and we denote the Cartan generators by R3 and R0,
respectively. A partial topological twist along R3 preserves 2d N = (2, 2) supersymmetry,
while a twist along R0 preserves N = (0, 4) supersymmetry. Following the terminology
in [55] we refer to these as the α- and β-twist, respectively. The twist performed for the
N = 1 theory in section 3.2.1 above is a particular combination of these, since when one
considers the N = 2 as a particular example of an N = 1 SCFT, the N = 1 superconformal
R-symmetry is given by the linear combination

RN=1 =
1

3
R0 +

4

3
R3 . (3.26)

We first discuss the α-twist. Since this corresponds to a twist along the Cartan of SU(2), it
breaks the R-symmetry to U(1)R3×U(1)R0 , with R3 becoming the vector R-symmetry and
R0 becoming the axial R-symmetry of the N = (2, 2) theory (see, e.g., appendix F in [56]
for details). The anomaly polynomial of the 4d theory is given by

I6 =
kR0R0R0

6
c1(FR0)3 +

kR0R3R3

2
c1(FR0) c1(FR3)2 − kR0

24
c1(FR0) p1(T4) , (3.27)

where we have used the fact that any trace with an odd number of R3 vanishes. The α-twist
amounts to the replacements:

F (4d)
R3
→ F (2d)

r + F (2d)
l − κ

2
tg , F (4d)

R0
→ F (2d)

r −F (2d)
l . (3.28)

Performing the twist in the anomaly polynomial (3.27) and integrating over Σg leads to the
2d ’t Hooft anomalies

krr = 2(g− 1) kR0R3R3 , k = 0 . (3.29)

Using the relations20

kR0R0R0 = kR0 = 48 (a4d − c4d) , kR0R3R3 = 2 (2a4d − c4d) , (3.30)

20These follow from (2.5) and (3.26), and using the fact that any trace with an odd number of R3 vanishes.
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which are valid for any 4d N = 2 SCFT, one obtains the 2d central charges

2d N = (2, 2): cl = cr = 3krr = 12 (g− 1) (2a4d − c4d) . (3.31)

It is interesting to note that the linear combination of 4d conformal anomalies, 4(2a4d−c4d),
appears in the Shapere-Tachikawa formula [57]

4(2a4d − c4d) =

r∑
i=1

(2D(Oi)− 1) . (3.32)

Here r is the complex dimension of the Coulomb branch and D(Oi) are the conformal
dimensions of the operators Oi which parametrize it. Therefore, one can rewrite the 2d
conformal anomalies in (3.31) as a sum of dimensions of Coulomb branch operators, cl =

cr = 3(g − 1)
∑r

i=1(2D(Oi) − 1). This clearly suggests a relation between the 2d (2, 2)

SCFT in the IR and the Coulomb branch of the 4d N = 2 SCFT in the UV. It would
be nice to understand this relation more precisely. Let us also note that if the 4d N = 2

SCFT admits a Lagrangian description in terms of a vector multiplet, with gauge group G
of dimension dG, then the 2d central charges (3.31) can be written as cl = cr = 3 (g−1) dG.

If the 4d N = 2 SCFT admits a large N limit (3.31) becomes

cl = cr ' 12 (g− 1) a4d . (3.33)

We will derive this holographically in section 4.3.2. Finally, we note that for g = 0 the
two-dimensional central charge in (3.33) is negative and has the same numerical value as
the central charge of the chiral algebra associated to the 4d N = 2 SCFT following the
procedure in [58].

We now discuss the β-twist, which amounts to the following shift of the U(1) R-
symmetry bundle:

F (4d)
R0
→ F (2d)

R − κ

2
tg . (3.34)

The SU(2) R-symmetry of the 4d theory is untouched and becomes an SU(2)R symmetry
of the 2d N = (0, 4) theory. The central charges of the theory can be computed from
an N = (0, 2) subalgebra, whose U(1) R-symmetry is generated by T = 2T3, with T3 the
Cartan of SU(2)R. This gives

2d N = (0, 4):

(
cr
cl

)
= 24 (g− 1)

(
2 −1

0 1

)(
a4d

c4d

)
. (3.35)

We note that the β-twist has been considered also in [56] and [59]. The expression in (3.35)
is the same as the one discussed in appendix A of [59] after setting α = 1 in that paper.

For 4d N = 2 SCFTs with a Lagrangian description it is easy to check that for the
α-twist, cr = cl is an integer multiple of 3 and for the β-twist cr is an integer multiple of
6, as expected on general grounds from the (small) N = 4 superconformal algebra, see for
example [60]. It is natural to conjecture that the IR 2d N = (2, 2) SCFT for the α-twist can
be described in terms of a nonlinear σ-model on a Calabi-Yau target space. It is certainly
desirable to find such a description explicitly.
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H0 H1 H2 D4 E6 E7 E8

GF — SU(2) SU(3) SO(8) E6 E7 E8

h∨ — 2 3 6 12 18 30

c4d
11
30

1
2

2
3

7
6

13
6

19
6

31
6

a4d
43
120

11
24

7
12

23
24

41
24

59
24

95
24

c
(α)
r = c

(α)
l

21
5 (g− 1) 5(g− 1) 6(g− 1) 9(g− 1) 15(g− 1) 21(g− 1) 33(g− 1)

c
(β)
r

42
5 (g− 1) 10(g− 1) 12(g− 1) 18(g− 1) 30(g− 1) 42(g− 1) 66(g− 1)

c
(β)
l

44
5 (g− 1) 12(g− 1) 16(g− 1) 28(g− 1) 52(g− 1) 76(g− 1) 124(g− 1)

c
(0,2)
r

166
45 (g− 1) 38

9 (g− 1) 44
9 (g− 1) 62

9 (g− 1) 98
9 (g− 1) 134

9 (g− 1) 206
9 (g− 1)

c
(0,2)
l

172
45 (g− 1) 44

9 (g− 1) 56
9 (g− 1) 92

9 (g− 1) 164
9 (g− 1) 236

9 (g− 1) 380
9 (g− 1)

Table 1. Flavor symmetries, dual Coxeter numbers, and 4d and 2d conformal anomalies for “rank
1” SCFTs.

As an illustration of our formulas we now consider the well-known “rank 1” 4d N = 2

SCFTs discussed, for example, around table 1 of [61]. These SCFTs are distinguished
by having a one-dimensional Coulomb branch of vacua and we summarize the results for
the two-dimensional central charges for the three universal twists we have studied so far,
namely the α- and β-twists discussed above as well as the universal (0, 2) twist discussed
in section 3.2.1, in table 1. Some comments are in order. First, note that for all theories in
table 1, except the H0 and H1 theories, c(α)

r = c
(α)
l is an integer multiple of 3 and c(β)

r is an
integer multiple of 6, as should be the case. Theories H0 and H1 should be treated more
carefully in view of the quantization conditions on R-charges discussed around (2.11). The
operator with lowest R-charge in the H0 theory has the value rH0 = 2/5 and the one in the
H1 theory has rH1 = 2/3. It follows from the quantization condition (2.11) that for the H0

theory the α- and β-twist are well defined only when (g − 1) is an integer multiple of 5.
For the H1 theory, by the same analysis, (g− 1) should be an integer multiple of 3. These
constraints then ensure that for the resulting 2d SCFTs, c(α)

r = c
(α)
l is an integer multiple

of 3 and c
(β)
r is an integer multiple of 6 as well. It is also curious to note the following

relations between the 2d conformal anomalies and the dual Coxeter number of the flavor
symmetry group of the four-dimensional theory:21

c(α)
r = c

(α)
l = (h∨+3)(g−1) , c(β)

r = 2(h∨+3)(g−1) , c
(β)
l = 4(h∨+1)(g−1) ,

c(0,2)
r =

2

9
(3h∨+13)(g−1) , c

(0,2)
l =

4

9
(3h∨+5)(g−1) .

(3.36)

We note, as a consistency check, that the relation (3.20) for compactifications from 6d to
2d can be obtained by first compactifying the 6d theory to 4d by the MN N = 2 twist (3.15)
on Σ1, and subsequently compactifying to 2d by the α-twist (3.31) on Σ2. Similarly, the 6d

21These relations are of course not obeyed for the H0 theory in table 1 since this theory does not have a
flavor symmetry.
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to 2d flow relation in (3.19) for the case when the Kähler manifold is a product of Riemann
surfaces can be obtained by composing the MN N = 2 twist relation (3.15) with the β-twist
result in (3.35).

Compactification on M3. One may consider the twisted compactification of a 4d N = 2

SCFT on a three-manifold with holonomy SO(3) ' SU(2) by turning a background gauge
field for the SU(2)R symmetry. This twist leads to a 1d supersymmetric quantum mechanics
with two real supercharges. Since we do not have anomalies at our disposal in 1d, we
cannot apply the procedure above and we are not able to say much about the properties
of the resulting 1d theory. However, for M3 = H3 the RG flow across dimensions can
be constructed holographically (see section 4.3.1), which corresponds to a magnetically
charged BPS black hole with an AdS2 near-horizon geometry in asymptotically locally AdS5.
This suggests that the quantum mechanical theory in the IR has an emergent conformal
symmetry, at least at large N . We comment further on this model in section 4.3.1.

3.2.3 Comments on N = 3 and N = 4 SCFTs

It has been recently observed [62–64] that four-dimensional theories with N = 3 super-
symmetry, but no N = 4 supersymmetry, can exist at strong coupling. These have a U(3)

R-symmetry, no flavor symmetries, and it can be shown that a4d = c4d [62]. The twisted
compactification of these theories on a Riemann surface was considered in [65]. Since the
R-symmetry group is contained in that of N = 4 SYM, and the ranks are the same, the
possible twists of N = 3 theories are contained in those possible for N = 4 SYM, studied
in [7]. Viewing an N = 3 theory as an N = 1 or N = 2 theory with additional flavor
symmetry, one can apply the twists discussed in sections 3.2.1 and 3.2.2. In particular, the
α- and β-twists of the N = 2 theory applied to an N = 3 theory lead to a 2d theory with
N = (2, 2) and N = (2, 4) supersymmetry, respectively. Since only the second twist pre-
serves exactly half the amount of supercharges, it is a universal twist of the N = 3 theory
in the sense defined in the Introduction.22 The resulting central charges are given by

2d N = (2, 4): cl = cr = 24 (g− 1) a4d , (3.37)

which is obtained by simply setting a4d = c4d in (3.35). Another twist preserving six
supercharges arises from taking U(3) = SU(3) × U(1) and twisting along the U(1). This
leads to a 2d theory with N = (0, 6) supersymmetry, U(3) R-symmetry, and central charges

2d N = (0, 6): cl = cr =
96

5
(g− 1) a4d . (3.38)

Note that one always obtains a 2d theory with no gravitational anomaly, cr − cl = 0, as a
consequence of the absence of gravitational anomalies in 4d N = 3 theories. For a discussion
of other twists of N = 3 theories see [65]. We refer the reader to [7] for general twists of
N = 4 SYM.

22Although the α-twist is regarded (in the sense used here) only as a universal twist of N = 2 theories,
of course it can also be applied to N = 3 theories and the central charges of the resulting 2d N = (2, 2)

theories are given by cl = cr = 12 (g− 1) a4d, which follows by setting a4d = c4d in (3.31).
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3.3 SCFTs in odd dimensions

Based on the results for flows between even-dimensional SCFTs described above, it is nat-
ural to ask whether analogous universal relations exist when at least one of the fixed points
in the RG flow is an odd-dimensional SCFT. Since there are no ’t Hooft and conformal
anomalies in odd dimensions, and in view of the F -theorem [18], one may look for uni-
versal relations involving an appropriately defined partition function, or free energy, of the
odd-dimensional SCFT.

The simplest case for which this can be explored by pure field-theoretic methods is
the case of three-dimensional N = 2 theories placed on a Riemann surface Σg. The two
quantities we wish to compare in this case are the S3 partition function of the theory before
compactification and the partition function on S1×Σg with a partial topological twist on Σg.
The former, which we denote by ZS3(∆I), was computed by supersymmetric localization
in [17, 66] and is a function of trial R-charges ∆I for the theory on S3. The latter, which we
denote by Z(yI , nI), was computed by localization in [67–69]. It is a function of background
magnetic fluxes nI specifying the topological twist and flavor fugacities yI and can be
interpreted as a twisted index of the 3d theory or a Witten index of the 1d low-energy theory.

Progress in understanding the relation between these quantities was made recently
in [12, 13, 19, 42, 68], which we summarize next. Supersymmetric localization shows that
both partition functions localize to a matrix model on the Coulomb branch of the theory.
Although the resulting matrix models appear to be quite different at finite N , it has been
observed that for a large class of Chern-Simons matter theories at large N the partition
functions are in fact intimately related as follows:23

FS1×Σg
(yI , nI) = (1− g)

[
FS3

(
∆I

π

)
+
∑
I

(
nI

1− g
− ∆I

π

)
π

2

∂

∂∆I
FS3

(
∆I

π

)]
, (3.39)

where we have denoted FS1×Σg
(yI , nI) ≡ −Re logZ(yI , nI) and one makes the identification

yI = ei∆I , subject to the constraints
∑

I nI = 2(1−g) and
∑

I ∆I = 2π.24 The observation
made in [19] is that many 3d N = 2 theories admit a universal topological twist,25 which
amounts to setting the flux parameters as nI = (1−g)

π ∆̄I , where ∆̄I are the exact R-charges
of the UV theory obtained by extremizing FS3 with respect to the ∆I , as instructed in [17].
One can then see that the twisted index (3.39) is also extremized for the same values of
∆I and thus the R-charges in the UV and IR coincide. Evaluating both sides of (3.39) for
these values of ∆I , nI , one thus finds the simple large N universal relation

FS1×Σg
= (1− g)FS3 . (3.40)

This is the first example we encounter of a universal relation of the form (1.3). It would
be interesting to determine the exact role of subleading orders in N in this relation. As

23This was first shown for Σg = S2 in [13], for a generic genus in the case of ABJM theory in [68], and
for a larger class of quiver theories and generic Riemann surface in [19].

24The constraint on
∑
I ∆I is rather subtle and requires a detailed large N analysis of the matrix model.

See [19] for a more detailed discussion.
25This is consistent only if the exact R-charges in the SCFT are rational. Although this is not a problem

for many 3d N = 2 theories, there are an infinite number of examples for which this issue arises. See [19, 42]
for a more detailed discussion.
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we discuss in section 4.4, this twisted compactification is described holographically by a
magnetically charged black hole in AdS4, whose entropy at large N is computed by FS1×Σg

.
This gives further motivation for studying subleading corrections to this quantity.

Let us comment on 3d SCFTs with N > 2. Clearly, all such theories can be viewed
as N = 2 theories and one can readily apply the results discussed above. However, as in
the case of the α- and β-twists of 4d theories discussed in section 3.2.2, one may wonder if
twisted compactifications with enhanced supersymmetry exhibit any universal properties.
For N = 3 SCFTs the R-symmetry is SO(3) and thus the only topological twist available
is the universal one. We note that if the N = 3 theory at hand admits a Lagrangian
description (and perhaps even more generally), the R-charges are rational and thus the
universal twist can always be performed for some appropriate value of the genus, g > 1. For
3d N = 4 SCFTs the situation is more interesting.26 These theories have SU(2)C ×SU(2)H
R-symmetry and thus admit more general topological twists on Σg. The N = 2 universal
twist preserves two real supercharges and amounts to turning on a magnetic flux along
the Cartan generator of the diagonal SU(2) subgroup of the R-symmetry group. There are,
however, two other twists which preserve four real supercharges and are obtained by turning
on a magnetic flux along the Cartan generator of either SU(2)C or SU(2)H . These twisted
compactifications were recently studied in [70]. One can then study the topologically twisted
index for both of these twists using the results of [67–69]. In order to make a connection with
the universal relations derived above, and ultimately with holography, we are interested in
the large N limit of these indices. It turns out, however, that the topologically twisted index
is trivial to leading order in N for both topological twists, i.e. the corresponding free energy
vanishes.27 It would certainly be interesting to explore these two twisted compactifications
further and understand whether the topologically twisted indices obey any type of universal
relation at finite N .

Let us briefly comment on the case d = 5. The only superconformal algebra in five
dimensions is F (4), with eight supercharges and an SU(2)R R-symmetry. The twisted
compactification of such SCFTs on a Riemann surface Σg by twisting along the Cartan of
SU(2)R leads to a 3d SCFT with N = 2 supersymmetry. The twisted compactification
on a three-manifold M3 by a non-Abelian twist along the full SU(2)R leads to a 2d SCFT
with N = (1, 1) supersymmetry. Finally, one may also consider the compactification on
a Kähler four-manifold, leading to supersymmetric quantum mechanical theories. The
holographic description of these RG flows across dimensions was considered in [71, 72],
which we discuss in section 4.2. While the partition function of 5d SCFTs on various five-
manifolds has been studied extensively in the literature, much less is known for partially
twisted compactifications.28 In view of the simple holographic relations between the UV and
IR free energies (or conformal anomalies in the case of M3) that we uncover in section 4.2,
it would be interesting to explore this further in field theory.

Finally, let us point out that for RG flows in which d is even and p is odd (or vice versa)
it is tempting to look for universal relations among free energies and conformal anomalies.

26We refrain from discussing SCFTs with N > 4 here.
27We are grateful to Alberto Zaffaroni for informing us of this result.
28See however [73] for a localization calculation of 5d theories on S3×Σg with a topological twist on Σg.
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While we have not studied this in field theory, and are not aware of any discussion in
the literature,29 the holographic analysis in section 4 provides evidence that such universal
relations exist at large N . This certainly deserves further study.

3.4 Comments on Hofman-Maldacena bounds

The Hofman-Maldacena (HM) bounds are bounds on the ratio a4d/c4d in four-dimensional
CFTs derived from energy positivity constraints. These were first proposed in [74] (see
also [57, 75]), and were recently proven in [76] using conformal bootstrap methods. For
supersymmetric theories these bounds read:

N = 1 :
1

2
≤ a4d

c4d
≤ 3

2
, N = 2 :

1

2
≤ a4d

c4d
≤ 5

4
. (3.41)

It is interesting to study how various values of a4d/c4d are mapped to six and two dimensions
by the RG flows across dimensions discussed above.

Consider first 4d N = 1 theories obtained by the twisted compactification of 6d N =

(2, 0) theories on a Riemann surface. The four- and six-dimensional central charges are
related by (3.13). One can further compactify to 2d by the universal twist preserving 2d
N = (0, 2) supersymmetry. The two- and four-dimensional central charges are then related
by (3.24). In figure 1 we show how various values are mapped across dimensions. We
observe that 6d ADE theories (shaded region) always lead to 4d N = 1 theories satisfying
the HM bounds, with the upper HM bound in 4d saturated when a6d/c6d = 1. Since the
value a4d

c4d
= 3

2 is associated to a free 4d N = 1 vector multiplet it is natural to conjecture
that six-dimensional N = (2, 0) SCFTs with a6d = c6d flow to a free gauge theory upon this
twisted compactification. Upon further compactification to 2d we note that the positivity
constraint cr ≥ 0 imposed by 2d unitarity requires a6d/c6d ≥ 3/7.30 Notice also that the
two-dimensional unitarity bound, cr ≥ 0, translates into the bound a4d/c4d ≥ 3/5 for 4d
N = 1 SCFTs. A free N = 1 chiral multiplet saturates the lower bound a4d/c4d = 1/2 but
we are not aware of any other unitary 4d N = 1 SCFT in the range 1/2 ≤ a4d/c4d < 3/5.
A natural question arising from this observation is whether one can use two-dimensional
unitarity, in combination with the universal RG flows from 4d to 2d, to derive a stronger
lower bound on a4d/c4d than the one appearing in (3.41), in the case of interacting theories.

Consider now 4d N = 2 theories obtained by twisted compactification of 6d N = (2, 0)

theories on a Riemann surface, whose central charges are related by (3.15). Once again,
we see that 6d ADE theories lead to 4d theories satisfying the HM bounds, with the upper
HM bound in 4d saturated when a6d/c6d = 1. Again this naturally suggests that a 6d
N = (2, 0) theory with a6d = c6d leads to the theory of a free N = 2 vector multiplet upon
this twisted compactification. One may further reduce to 2d, either by the α-twist (3.31),

29See [41] for a related but distinct discussion on the connection between conformal anomalies and sphere
free energies for theories in different dimensions.

30It is curious to note that this lower bound on a6d/c6d appeared also in [77] in a different context. We
also note that one may repeat our analysis for 4d N = 1 SCFTs arising from twisted compactifications of 6d
(1, 0) theories and their further compactification to 2d, in which case one finds α ≥ 0 for 2d unitarity. Since
these 6d SCFTs have three independent conformal anomaly coefficients it is less clear how to conjecture
possible HM-type bounds on conformal anomalies and we refrain from doing so.
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a
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Figure 1. Mapping of various values of a/c under (3.13) from 6d N = (2, 0) to a 4d N = 1

theory, as well as the flow from 4d to 2d obeying (3.24) and preserving N = (0, 2) supersymmetry.
Positivity of cr in 2d is mapped into the lower bound 3/7 in 6d.

5

14

4

7
1

1

2
1

5

4

0

a
6d

c
6d

a
4d

c
4d

cr

Figure 2. Mapping of various values of a/c under (3.15) from 6d N = (2, 0) to a 4d N = 2 theory.
The map to 2d, either by the α-twist (3.31) or the β-twist (3.35), relates the lower HM bound in
4d to the 2d unitarity bound cr ≥ 0 (cl ≥ 0 is automatically satisfied).

or the β-twist (3.35). In both cases the lower HM bound in 4d is mapped to cr = 0 in
2d, as shown in figure 2. This is very intriguing and suggests a relation between unitarity
in two dimensions and the bounds in (3.41). As noted in section 2.2, the 6d N = (2, 0)

ADE theories31 have conformal anomaly coefficients obeying 4/7 < a6d/c6d < 1. Upon the
N = 2 twisted compactification on Σg and using (3.15) this implies that 4d class S SCFTs
have central charges obeying a4d/c4d > 1. Note also that this class of 4d SCFTs arise from
M5-branes wrapping Σg and have well-known holographic dual descriptions [20, 50]. This
observation is in conflict with the recent results in [78] where the authors argued for a
positivity bound on the Gauss-Bonnet coupling in higher-curvature gravitational theories.
In particular, the results in [78] imply that for CFTs with a weakly coupled holographic
dual, such as the theories at hand, one should find a4d/c4d < 1. It would be interesting to
understand the reasons for this inconsistency.

31These are the only currently known N = (2, 0) SCFTs in six dimensions.
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4 Gauged supergravity

We now turn to the holographic description of the universal RG flows described in section 3.
As we have argued, when the topological twist involves only the stress-energy tensor multi-
plet the RG flow is universal and is not sensitive to the details of the particular theory being
compactified. General results in superconformal representation theory show (see for exam-
ple [79, 80] for a recent account) that the stress-energy multiplet for SCFTs in d = 3, 4, 5, 6

has an operator spectrum exactly dual to the fields in the gravity multiplet of a gauged
supergravity in one dimension higher. This suggests that the holographic description of
universal RG flows across dimensions should be captured entirely by the dynamics of the
gravity multiplet in the appropriate gauged supergravity. We refer to a supergravity theory
containing only the gravity multiplet as minimal gauged supergravity.32 Motivated by the
analysis of section 3, in this section we discuss supersymmetric solutions of minimal gauged
supergravities in 4, 5, 6, and 7 dimensions describing universal RG flows.

We impose the following conditions on the supergravity solutions. At asymptotic in-
finity the metric should approach an asymptotically locally AdSd+1 background, with an
Rp ×Md−p boundary. In the interior of the geometry there should be another asymptotic
region, where the metric approaches AdSp+1 ×Md−p. This is captured by an Ansatz of
the form

ds2
d+1 = e2f(r) ds2

Rp+1 + e2g(r) ds2
Md−p

, (4.1)

with the following asymptotics:

r →∞ : e2f(r) =
1

r2
, e2g(r) =

1

r2
, (4.2)

r → 0 : e2f(r) =
e2f0

r2
, e2g(r) = e2g0 , (4.3)

where r is the holographic direction, with the UV corresponding to r → ∞ and the IR
to r → 0, and f0, g0 are constants determined by the supergravity BPS equations. In
addition, there must be a nontrivial graviphoton gauge field ARµ , proportional to the spin
connection on Md−p. This gauge field flux, which is the holographic manifestation of the
topological twist, ensures that the solution preserves a certain amount of supersymmetry.
In theories with more than 8 supercharges, there are also scalars in the gravity multiplet
which generically also acquire a nontrivial radial profile as a function of r. The entire
supergravity solution can be viewed as a (p − 1)-dimensional BPS black brane in AdSd+1

carrying a magnetic charge under the graviphoton ARµ . We emphasize that the magnetic
charge of the black brane is fixed to a unique value by supersymmetry.33 Since for the
purposes of our discussion it suffices to focus on the AdSp+1 and AdSd+1 asymptotics of
the solution, we will not present the full interpolating domain wall explicitly.34

32This might not be standard terminology but we employ it here to emphasize that there are no other
multiplets apart from the gravity multiplet.

33Generalizations including general charges under additional vector multiplets (dual to flavor symmetries
in the field theory) are possible. However, these solutions will not be universal, as argued in the Introduction.

34The full radial dependence of the metric functions and possible scalar fields can be found analytically
in some examples but in general one has to resort to numerical integration of the BPS equations.
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The careful reader may have noticed a sleight of hand in our discussion. When one
performs the topologically twisted reduction in the field theory there is no guarantee that
the IR dynamics of the QFT will be governed by an interacting SCFT with a weakly coupled
holographic dual. We have allowed for this possibility in our discussion below, by allowing
the IR region of the gravitational domain wall to have a metric different from AdSp+1 and
studying the BPS equations in this more general setup. All such solutions, however, turn
out to be singular, suggesting that the corresponding twisted compactifications have some
“pathological” behavior in the IR. For instance, the IR theory could become free, have a
non-normalizable vacuum, or accidental global symmetries.

We should emphasize that there is a vast literature on constructing domain wall solu-
tions in gauged supergravity. An important vantage point on these solutions was offered by
the work of Maldacena and Núñez [20], where twisted compactifications of 6d N = (2, 0)

theories and 4d N = 4 SYM on Riemann surfaces were studied holographically, and shown
to correspond to supergravity backgrounds of the kind discussed above. Our main goal in
this section is not to find new supergravity solutions, but rather to collect and organize var-
ious backgrounds scattered throughout the literature, and to interpret them in the context
of the universal flows discussed in section 3. In particular, a crucial point in our story is
that these universal black brane solutions can be embedded in ten- or eleven-dimensional
supergravity in infinitely many ways (see section 4.5 for a more detailed discussion). This
is precisely the statement of universality of the solutions. Different embeddings of these
supergravity backgrounds in string or M-theory describe the twisted compactification of dif-
ferent SCFTs, but the universal relations for field theory observables discussed in section 3
always hold, regardless of the details of the SCFTs. This point of view not only establishes
the existence of RG flows across dimensions for a large class of SCFTs (at least to leading
order in N), but can also be a powerful tool in counting the microstates of infinite families
of black branes. This was made explicit for the case of black holes in AdS4 in [19], following
the approach of [12]. It is natural to expect that the observations made here will be useful
in generalizing these results to even larger classes of black branes in different dimensions.

Before describing the solutions of interest, let us collect some expressions for the holo-
graphic evaluation of central charges and free energies, which will be used repeatedly below.
For odd-dimensional AdS solutions the central charges of the dual even-dimensional CFTs
are given by [81, 82]:

cr = cl =
3LAdS3

2G
(3)
N

, a4d = c4d =
πL3

AdS5

8G
(5)
N

, a6d =
4

7
c6d =

3π2L5
AdS7

7G
(7)
N

. (4.4)

Here G(d+1)
N is the Newton constant in (d + 1) dimensions and LAdSd+1

is the length scale
associated with the given AdS vacuum. In the case of even-dimensional AdS solutions we are
interested in the renormalized value of the on-shell action, which is mapped holographically
to the free energy of the dual SCFT placed on a round sphere. In the case of AdS4 and AdS6

vacua one finds the following expressions for the sphere free energy (see for example [83]):

FS3 =
πL2

AdS4

2G
(4)
N

, FS5 = −
π2L4

AdS6

3G
(6)
N

. (4.5)
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One should not be bothered by the minus sign in FS5 since the “proper” monotonically
decreasing quantity under RG flow in an odd dimension d is conjectured to be given by
(−1)(d−1)/2 logZSd [18], where ZSd is the partition function on Sd and we define FSd =

− logZSd .
In the case of AdS2 vacua, describing the near-horizon geometry of BPS black holes,

the main quantity of interest will be the Bekenstein-Hawking entropy of the black hole. As
shown explicitly in [19] for black holes in AdS4 this is intimately related to the renormalized
gravitational free energy of the solution.35

Finally, all the solutions we discuss are locally asymptotic to the AdSd+1 vacuum of
the gauged supergravity theory. The length scale of this vacuum is set by the value of the
scalar potential of the theory at its AdSd+1 critical point, V |φcrit . This value in turn sets
the cosmological constant scale, which is related to the value of the gauge coupling constant
in the supergravity theory. In our conventions the radius, LAdSd+1

, of AdSd+1 is given by

V |φcrit = −d (d− 1)

L2
AdSd+1

. (4.6)

We choose a normalization in which LAdSd+1
= 1, thus fixing the value of the gauged

supergravity coupling constant to a particular value, as determined by (4.6).

4.1 7d supergravity

In this section, we provide the holographic description of RG flows from 6d N = (1, 0) and
N = (2, 0) SCFTs to lower-dimensional SCFTs by the twisted compactifications described
in section 3.1. The relevant supergravity theories are the 7d N = 2 gauged supergravity
of [84] (see also [85] for some details) and the 7d N = 4 gauged supergravity of [86],
respectively.

4.1.1 N = 2

The bosonic content of this minimally supersymmetric theory is the graviton, an SU(2)

graviphoton, a real scalar λ, and a three-form potential C3. In the solutions of interest the
gauge field is excited only along the Cartan of SU(2) and C3 = 0, in which case the bosonic
Lagrangian reads

L = R− 20 ∗ dλ ∧ dλ− V (λ) ∗ 1− e−4λ ∗ F ∧ F ;

V =
1

2
m2

(
−8e4λ − 8e−6λ + e−16λ

)
,

(4.7)

where m is the gauge coupling constant. The AdS7 vacuum of the theory corresponds
to the extremum of the potential at λ = 0, where it takes the value V |λ=0 = −15m2/2.
Comparing to (4.6) we set m = 2 in what follows to normalize LAdS7 = 1. Universal
holographic RG flow solutions in this theory were studied in [26, 27].

35It would be interesting to study this relation for more general AdS black holes/branes in various
dimensions.
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AdS5 vacua. We are interested in supersymmetric solutions of the form

ds2 = e2f(r)(−dt2 + dr2 + dz2
1 + dz2

2 + dz2
3) + e2g(r) ds2

Σg>1
,

F =
1

8
dvolΣg>1 .

(4.8)

Note the coefficient in the graviphoton field strength F (and thus the corresponding mag-
netic charge of the solution) is fixed, anticipating the constraint imposed by supersymme-
try.36 We focus on g > 1 since there are no regular solutions for g = 0, 1. To obtain the BPS
equations we note that when the gauge field points along the Cartan of SU(2), as in the
Ansatz above, the minimal theory can be obtained as a subsector of the U(1)2 truncation
of the 7d SO(5) maximally supersymmetric gauged supergravity.37 General RG flows in
this U(1)2 truncation were studied in [5]. We may thus borrow the BPS equations for an
Ansatz of the form (4.8) from this reference,38 which read

e−ff ′ = −2 e−f λ′ − e−8λ ,

e−fg′ = −2 e−f λ′ +
1

4
e−2g−2λ + e−8λ ,

e−fλ′ = −2

5
(e−8λ − e2λ) +

1

40
e−2g−2λ ,

(4.9)

where a prime denotes differentiation with respect to r. These equations describe the full
RG flow from AdS7 to AdS5 × Σg. At the AdS5 fixed point the metric functions take the
form (4.3), with

ef0 = e8λ0 , eg0 =
1

2
e3λ0 , e10λ0 =

3

4
, (4.10)

where λ0 is the value of the scalar field at the fixed point.
The 4d central charges associated to this solution are readily computed from (4.4),

giving:

a4d = c4d =
π e2g0+3f0 vol(Σg)

8G
(7)
N

=
63

512
(g− 1) a6d (4.11)

This result is in perfect agreement with the large N limit of the field theory calculation
in (3.6). This is a nice consistency check that the supergravity solution at hand is dual to
the universal RG flow across dimensions discussed around (3.6).

The entire solution corresponds to a BPS 3-brane in asymptotically locally AdS7, whose
entropy density is given in terms of IR field theory data by the general relation (B.6) and
can be expressed in terms of UV field theory data by the universal relation (4.11).

36This will be the case for all the solutions discussed in this paper.
37More precisely, the bosonic content of this truncation is two gauge fields A(1)

µ , A
(2)
µ , a three form

potential Cµνρ and two scalar fields λ1, λ2. To obtain the minimal theory one must set A(1)
µ = A

(2)
µ ≡ Aµ

and λ1 = λ2 ≡ λ. One can check, for instance, that the Lagrangian and supersymmetry variations obtained
in this way are consistent with those of [87].

38These can also be obtained from the BPS equations derived in [20].
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AdS3 vacua. The Ansatz in this case is

ds2 = e2f(r)(−dt2 + dz2 + dr2) + e2g(r) ds2
M4

,

F = −1

8
ωM4 ,

(4.12)

where ds2
M4

is a constant-curvature metric on a Kähler-Einstein manifold M4, with Kähler
form ωM4 , normalized such that

R(4)
µν = − g(4)

µν , (4.13)

where we took M4 to be negatively curved (only this case leads to regular supergravity
solutions). A solution of this form within 7d maximally supersymmetric supergravity was
found in [47] (see equation (4.12) there and recall we set m = 2). As argued above, for this
Ansatz the same BPS equations hold in minimal supergravity, which read:39

e−ff ′ = −1

5

(
4e−2λ + e8λ

)
− 3

160
e−4λ−4g − 1

10
e−2g+2λ ,

e−fg′ = −1

5

(
4e−2λ + e8λ

)
+

1

80
e−4λ−4g +

3

20
e−2g+2λ ,

e−fλ′ = −2

5

(
e−2λ − e8λ

)
+

1

160
e−4λ−4g − 1

20
e−2g+2λ .

(4.14)

At the AdS3 fixed point the metric functions take the form (4.3), with

e5f0 =
1

24
, e10g0 =

27

216
, e10λ0 =

4

3
, (4.15)

where λ0 is the value of the scalar field at the fixed point.
The corresponding 2d central charges can be computed from (4.4) and read:

cr = cl =
3ef0+4g0 vol(M4)

2G
(7)
N

=
21vol(M4)

256π2
a6d (4.16)

This result is in nice agreement with the large N limit of the field theory calculation
in (3.12).

The entire solution describes a BPS 1-brane asymptotic to AdS7, whose entropy density
can be expressed in terms of UV SCFT data by combining (B.5) and (4.16).

AdS4 vacua. The relevant AdS4 solution in 7d minimal supergravity was found in [88]
(see also the later work [53]) and preserves only two Poincaré and two superconformal
supercharges, i.e. the dual 3d SCFT has N = 1 supersymmetry. The universal nature of
this solution was also emphasized in [27]. We do not discuss this further here.

4.1.2 N = 4

The maximally supersymmetric SO(5) gauged supergravity of [86] is the relevant setting
for studying twisted compactifications of 6d N = (2, 0) SCFTs holographically. For topo-
logical twists involving an Abelian subgroup of SO(5) it is sufficient to restrict to the U(1)2

39These can also be obtained as a special case of the general flows studied in [7] (see equation (6.16) in
that reference and set λ1 = λ2 ≡ λ and z = 0).
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truncation of the SO(5) gauged supergravity with bosonic fields the metric, two Abelian
gauge fields A(1), A(2) in the Cartan of SO(5), and two real scalars λ1, λ2. This truncation
was studied in [87] (see equations (2.5), (2.12), and (2.13) there for the bosonic Lagrangian
and supersymmetry variations).

One may embed the 7d N = 2 gauged supergravity into the N = 4 theory, and the
solutions discussed in the previous section are also solutions of the maximally supersym-
metric theory, with the additional fields set to zero. From the field theory perspective this
corresponds to applying the universal twist of general 6d N = (1, 0) theories to the spe-
cial case of N = (2, 0) theories. In this section, we discuss additional twists possible for
N = (2, 0) theories and their gravity duals.

AdS5 vacua The solution describing the twisted compactification of the 6d N = (2, 0)

theory to a 4d N = 2 theory was first found by Maldacena and Núñez in [20]. For com-
pleteness, we reproduce the answer here, following the notation and conventions in [5]. The
Ansatz is

ds2 = e2f(r) (−dt2 + dr2 + dz2
1 + dz2

2 + dz2
3) + e2g(r) ds2

Σg>1
,

F (1) = −1

4
dvolΣ1 , F (2) = 0 .

(4.17)

At the AdS5 fixed point the metric functions take the form (4.3), with (see equation (3.8)
in [5]):

e2f0 = 2 e2g0 =
1

24/5
, e2λ

(0)
1 =

1

2
e2λ

(0)
2 =

1

23/5
, (4.18)

where λ(0)
1,2 are the values of the scalars at the fixed point.

Using (4.4), the corresponding 4d central charges read

a4d = c4d =
πe3f0+2g0 vol(Σg)

8G
(7)
N

=
7

48
(g− 1) a6d (4.19)

which exactly reproduces the large N field theory result (3.16).
The entire solution describes a BPS 3-brane in AdS7 and its entropy density is readily

expressed in terms of UV data by combining (B.6) and (4.19).

AdS3 vacua. The compactification on M4 = Σ1 × Σ2, with both Riemann surfaces of
negative curvature, preserving 2d N = (2, 2) supersymmetry is given by (see equation (5.26)
and appendix G of [7])

ds2 = e2f(r) (−dt2 + dr2 + dz2) + e2g1(r) ds2
Σ1

+ e2g2(r) ds2
Σ2
,

FA = −1

4
dvolΣ1 , FB = −1

4
dvolΣ2 .

(4.20)

At the AdS3 fixed point the metric functions take the form (4.3), with

e2f0 = e2g
(0)
1 = e2g

(0)
2 =

1

4
, (4.21)

and the scalars vanish: λ1 = λ2 = 0.

– 29 –



J
H
E
P
1
2
(
2
0
1
7
)
0
6
5

The corresponding 2d central charges, computed from (4.4), read:

cr = cl =
3ef0+2g

(0)
1 +2g

(0)
2

2G
(7)
N

vol(Σ1) vol(Σ2) =
7

4
(g1 − 1)(g2 − 1) a6d (4.22)

which exactly reproduces the field theory result (3.21).
The entire solution describes a BPS 1-brane asymptotic to AdS7, whose entropy density

is given in terms of UV data by combining (B.5) and (4.22).

AdS4 vacua. AdS4 vacua arising from M5-branes wrapping special Lagrangian 3-cycles
were found in section 3.1 of [47] (see also [53]). These describe the twisted compactification
of 6d N = (2, 0) theories on three-manifolds, discussed at the end of section 3.1.2. For M3

an Einstein space of negative constant curvature, there is an AdS4 fixed point, for which
the metric functions take the form (4.3), with

ef0 =
e4λ0

2
, e2g0 =

e8λ0

8
e10λ0 = 2 , (4.23)

where λ0 is the value of the only nontrivial scalar field at the fixed point.
The S3 free energy of the corresponding AdS4 solution follows from (4.5) and is given by

FS3 =
πe2f0+3g0 vol(M3)

2G
(7)
N

=
7 vol(M3)

96π
√

2
a6d (4.24)

where in the last equality we used (4.4). The entire solution describes a BPS 2-brane
asymptotic to AdS7, whose entropy density is given in terms of UV data by combining (B.8)
and (4.24).

AdS2 vacua. AdS2 vacua arising from M5-branes wrapping special Lagrangian 5-cycles
M5 were found in section 3.3 of [47]. These describe the twisted compactification of 6d
N = (2, 0) theories on five-manifolds discussed at the end of section 3.1.2. Regular solutions
to the supergravity BPS equations were found for S5 and H5 with an Einstein metric of
normalized curvature κ = 1 and κ = −1, respectively.40 The supergravity scalars vanish
and the metric functions are given by

e2f0 =
(2− κ)2

64
, e2g0 =

(2− κ)

16
. (4.25)

With this at hand the black hole entropy corresponding to this near horizon AdS2 solution
can be written as

SBH =
e5g0 vol(M5)

4G
(7)
N

=
7(2− κ)5/2 vol(M5)

3× 212π2
a6d (4.26)

where in the last equality we made use of (4.4). It would be nice to reproduce this result
by a field theory calculation.

40It is curious to note that this is the only example of a regular universal domain wall solution with a
positively curved metric on the compactification manifold Md−p.
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4.2 6d supergravity

There is a unique six-dimensional gauged supergravity theory with a supersymmetric AdS6

vacuum that can be constructed out of the gravity multiplet. This was done by Romans
in [89]. The theory has 16 supercharges and the AdS6 vacuum is invariant under the
supergroup F (4), which is also the unique superconformal group in 5d. The bosonic field
content of the theory is given by the graviton gµν , SU(2) gauge potentials AIµ, an Abelian
one-form potential Aµ, a two-index tensor gauge field Bµν , and a scalar φ. The two-form
“eats” the one-form Aµ and becomes massive, which can be implemented by choosing Aµ =

0. This bosonic content mimics precisely the bosonic operators in the energy-momentum
multiplet of 5d SCFTs. In particular, the SU(2) gauge field AIµ is dual to the R-current.
The fermionic field content is four gravitinos ψµ i and four gauginos χi with a symplectic
Majorana condition. To implement the topological twist of interest here we only need to
use the metric, the gauge field, and the scalar. Therefore we will set the two-form Bµν = 0

from now on. Using the conventions summarized in [72], the bosonic Lagrangian reads41

e−1L = R− 4 (∂µϕ)2 − e−2ϕ F I µνF Iµν − V (ϕ) ,

V (ϕ) =
1

2

(
m2 e−6ϕ − ḡ2 e2ϕ − 4ḡm e−2ϕ

)
,

(4.27)

where ḡ is the SU(2) coupling constant and m is a mass parameter associated to Bµν .
Depending on the signs of ḡ,m, or if any of these parameters vanishes, this Lagrangian
actually describes five different theories. Here we are interested in the case ḡ > 0,m > 0,
which corresponds to the theory labelled N = 4+ in [89]. Further setting ḡ = 3m the
theory admits an AdS6 vacuum with F (4) symmetry, corresponding to the extremum of
the potential at ϕ = 0 where it takes the value V |ϕ=0 = −10m2. Comparing this to (4.6)
we set m =

√
2 in what follows to normalize LAdS6 = 1.

Our main interest here is in the solutions of this F (4) gauged supergravity describing
the twisted compactification of 5d SCFTs on two-, three-, and four-manifolds, as briefly
discussed at the end of section 3.3. The corresponding AdS4, AdS3, and AdS2 vacua, which
we review below, were constructed in [71, 72]. We mostly follow the conventions in [72],
where the relevant BPS equations are written (see equations (5.12) there). We denote by
D = 5−p the dimension of the compactification manifold. The supergravity equations imply
the metric on this manifold should be Einstein, whose normalized curvature we denote by
κ. With this notation the BPS equations read

e−fϕ′ =
1

4

(
3eϕ − 3e−3ϕ − κD

6
e−2g−ϕ

)
,

e−fg′ = −1

4

(
3eϕ + e−3ϕ +

κ (8−D)

6
e−2g−ϕ

)
,

e−ff ′ = −1

4

(
3eϕ + e−3ϕ − κD

6
e−2g−ϕ

)
.

(4.28)

Next, we describe the asymptotic behavior of solutions to these equations for the relevant
values of D.

41Compared to [72] we have defined ϕhere = 1√
2
φthere and denote the coupling constant by ḡ instead of g.
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AdS4 vacua. The twisted compactification of a 5d SCFT on a Riemann surface to a 3d
N = 2 SCFT is described by a solution of the form

ds2 = e2f(r)(−dt2 + dz2
1 + dz2

2 + dr2) + e2g(r)ds2
Σg
,

F I =
2κ

3
√

2
δI3 dvolΣg .

(4.29)

Setting D = 2 in (4.28) one finds that for κ = −1 there is an AdS4 fixed point, with metric
functions of the form (4.3), with

ef0 =
2

3
e−ϕ0 , eg0 =

√
2

3
e−ϕ0 , e−4ϕ0 =

3

2
, (4.30)

with ϕ0 the value of the scalar field at the AdS4 fixed point.
The free energy on S3 of the 3d SCFT dual to this AdS4 vacuum is computed from (4.5)

by evaluating the on-shell action and reads

FS3 =
πe2f0+2g0 vol(Σg)

2G
(6)
N

= −8

9
(g− 1)FS5 (4.31)

This universal relation is a nontrivial prediction of supergravity which would be interesting
to derive directly in field theory.

The entire solution describes a 2-brane asymptotic to AdS6, whose entropy density is
given in terms of UV data by combining (B.8) and (4.31).

AdS3 vacua. The solution describing the twisted compactification on a hyperbolic three-
manifold M3 = H3/Γ was constructed in section 3.1 of [71] and is of the form

ds2 = e2f(r)(−dt2 + dz2 + dr2) + e2g(r)ds2
H3 ,

A1 = − 1

3
√

2

dx1

x2
, A3 = − 1

3
√

2

dx3

x2
, A2 = 0 .

(4.32)

where ds2
H3 = 1

x22
(dx2

1 + dx2
2 + dx2

3) is the metric on hyperbolic space, which we quotient by
an appropriate discrete group Γ. Setting D = 3 and κ = −1 in (4.28) one finds an AdS3

fixed point, where the metric functions take the form (4.3), with

ef0 =
1

2
e−ϕ0 , eg0 =

1√
6
e−ϕ0 , e−4ϕ0 = 2 , (4.33)

with ϕ0 the value of the scalar at the horizon.
This twisted compactification preserves 2d N = (1, 1) supersymmetry and thus we have

fewer technical tools to study the IR SCFT. However, we can compute holographically the
central charge of the 2d theory using (4.4) and find

cr = cl =
3ef0+3g0 vol(M3)

2G
(6)
N

= −
√

3

2

vol(M3)

4π2
FS5 (4.34)

where in the last equality we have used (4.5).
The entire solution describes a 1-brane asymptotic to AdS6, whose entropy density is

given in terms of UV data by the formulas (B.5) and (4.34).
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AdS2 vacua. AdS2 vacua were found in [72], corresponding to twisted compactification
of 5d SCFTs on four-manifolds M4. Since the gauge field in the supergravity theory is only
SU(2), this restricts the possible 4-manifolds one may consider. One option is for M4 to be
Kähler.42 Then, setting D = 4 in (4.28) the BPS equations dictate that κ = −1 and one
finds an AdS2 fixed point, where the metric functions take the form (4.3), with

ef0 =
1

3
e−ϕ0 , eg0 =

1

3
e−ϕ0 , e−4ϕ0 = 3 , (4.35)

with ϕ0 the value of the scalar at the horizon.
The entire spacetime is a BPS black hole asymptotic to AdS6, with entropy

SBH =
e4g0 vol(M4)

4G
(6)
N

= −vol(M4)

36π2
FS5 (4.36)

where in the last equality we used (4.5). This is yet another universal prediction from
holography which would be interesting to test with field theory methods, by comparing the
partition function on S1×M4 (with a universal topological twist on M4) and the partition
function on S5 at large N .

4.3 5d supergravity

We now proceed to study AdS3 and AdS2 vacua of 5d N = 2 and N = 4 minimal gauged
supergravity. These describe universal twisted compactifications of 4d N = 1 and N = 2

SCFTs on Riemann surfaces and three manifolds.

4.3.1 N = 2

This theory has 8 supercharges and bosonic field content the metric gµν and a U(1) gauge
field Aµ dual to the stress-energy tensor and the R-current in the dual 4d N = 1 SCFT.43

Here we follow the conventions of [7, 20] in which the Lagrangian reads (see equation (46)
in [20])

e−1L = R+ 12− 3

4
F 2
µν +

1

4
e−1εµναβρFµνFαβAρ , (4.37)

where the cosmological constant is normalized such that LAdS5 = 1.

AdS3 vacua. We are interested in BPS solutions of the supergravity theory with AdS5

asymptotics and near-horizon geometry AdS3×Σg. These describe the universal flow from
4d N = 1 SCFTs to 2d N = (0, 2) SCFTs discussed in [8, 9] and reviewed in section 3.2.1.

The Ansatz for the metric and gauge field are

ds2 = e2f(r) (−dt2 + dz2 + dr2) + e2g(r) ds2
Σg
,

F =
κ

3
dvolΣg ,

(4.38)

42Another option is for M4 to be a co-associative cycle in a non-compact G2 holonomy manifold, in which
case the metric has the same form; see section 5.1 of [72].

43This theory can be obtained from the well-studied STU model of gauged supergravity by setting the
vector multiplet fields to zero.
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and the resulting BPS equations read:44

e−ff ′ = −1 +
κ

6
e−2g

e−fg′ = −1− κ

3
e−2g .

(4.39)

The solution to these equations with the required asymptotics, which exists only for κ = −1,
describes a magnetically charged BPS black string in AdS5 and was discussed in [90]. The
entire domain wall solution preserves 2 real supercharges, which is enhanced as usual to 4
supercharges at the horizon.

For the purpose of computing the central charge of the IR 2d SCFT, we focus on the
AdS3 fixed point of (4.39), where the metric functions take the form (4.3), with

ef0 = 2 , e2g0 =
2

3
. (4.40)

The 2d central charges can then be easily be found to read

cr = cl =
3ef0+2g0 vol(Σg)

2G
(5)
N

=
32

3
(g− 1) a4d (4.41)

reproducing the universal field theory result in (3.25).
The entropy density of the black string can be written in terms of the data of the 4d

UV SCFT by combining (B.5) with (4.41).

AdS2 vacua. Since minimal gauged supergravity in 5d contains only a U(1) gauge field
and the holonomy group of a generic Riemannian three-manifold is SO(3), we do not expect
to find supersymmetric AdS2 vacua. However, it is possible to construct such vacua in the
5d N = 4 theory, which we review next.

4.3.2 N = 4

The 5d N = 4 gauged supergravity theory has 16 supercharges. The bosonic field content
is the graviton, gµν , SU(2)× U(1) gauge fields AIµ, I = 1, 2, 3, and Aµ, two antisymmetric
tensor fields B1,2

µν , and a scalar φ. This structure nicely corresponds to the one of the
stress-energy tensor multiplet in the dual 4d N = 2 SCFT. Depending on the values of
the U(1) and SU(2) gauge coupling constants g1, g2, respectively, there are three different
gauged supergravity theories and found in [91]. Here we are interested in the unique theory,
denoted by N = 4+ in [91], for which there is a supersymmetric AdS5 critical point.
In the notation of [91] this theory is obtained by setting ḡ ≡ g2 =

√
2g1. Here we are

interested in supersymmetric solutions of this theory which describe the topological twisted

44As noted above N = 2 gauged supergravity can be obtained by setting A1
µ = A2

µ = A3
µ ≡ Aµ and

φ1 = φ2 = 0 in the U(1)3 truncation of N = 8 gauged supergravity. Thus it is useful to make contact
with previous references on this well-studied model. Setting a1 = a2 = a3 = 1

3
and φ1 = φ2 = 0 in

equation (3.20) in [7] leads to the BPS equations in (4.39). These also coincide with equations (65-68)
in [20] after setting a = b = c = 1

3
and ϕ = 0.

– 34 –



J
H
E
P
1
2
(
2
0
1
7
)
0
6
5

compactifications discussed in section 3.2.2 and thus we set the two-form fields B1,2
µν to zero

to find the following bosonic Lagrangian45

e−1L = R− 1

2
(Dµφ)2 − e−

4φ√
6 FµνFµν −

1

2
e

2φ√
6 Fµν IF Iµν +

1

2
ḡ2

(
2e

φ√
6 + e

− 2φ√
6

)
. (4.42)

Normalizing the scale of AdS5 as LAdS5 = 1 requires to set the value of the potential at
the critical point φ = 0 to be V |φ=0 = −3ḡ2

2 = −12 and hence ḡ = 2
√

2. We use this
normalization from now on and for convenience define φ ≡

√
6ϕ.

AdS3 vacua. We are after a solution describing the universal flow from a 4d N = 2 theory
to a 2d N = (2, 2) theory. As discussed in section 3.2.2 this is obtained by a topological
twist along the Cartan of SU(2). Thus, we are after AdS3 solutions where only the gauge
field along the Cartan of SU(2) is turned on and the U(1) gauge field vanishes. The Ansatz
for the metric and gauge fields is thus

ds2 = e2f(r)(−dt2 + dz2 + dr2) + e2g(r)ds2
Σg
,

F I =
κ

2
δI3 dvolΣg , F = 0 .

(4.43)

The corresponding BPS equations read

e−ff ′ = −1

3
(2e−ϕ − e2ϕ) +

κ

6
e−2g+ϕ ,

e−fg′ = −1

3
(2e−ϕ − e2ϕ)− κ

3
e−2g+ϕ ,

e−fϕ′ = −2

3
(e−ϕ + e2ϕ) +

κ

6
e−2g+ϕ .

(4.44)

The solution to these equations with the desired asymptotics, which exists only for κ =

−1, was constructed in [91].46 At the AdS3 fixed point the metric functions take the
form (4.3) with

e2f0 = e2g0 =
1

24/3
, eϕ = 21/3 . (4.45)

The entire domain wall solution preserves 4 real supercharges which are enhanced to 8
supercharges at the horizon. The corresponding 2d central charges are given by

cr = cl =
3LAdS3

2G
(3)
N

=
3ef0+2g0 vol(Σg)

2G
(5)
N

= 12 (g− 1) a4d (4.46)

which nicely matches the large N field theory result (3.33). The entropy density of this
supersymmetric black string solution in terms of UV SCFT data is obtained by combin-
ing (B.5) and (4.46).

45We obtain this by setting all fermionic fields and antisymmetric tensor fields to zero in the Lagrangian
(2.14) in [91] and sending gµν → −gµν to change to a “mostly plus” signature. We have also rescaled the
scalar field φthere = 1

2
φhere and the SU(2) gauge field F Ihere =

√
2F Ithere.

46Setting x = 1
2
in [91] corresponds to turning off the U(1) gauge field, leaving a nontrivial gauge field

for the Cartan of SU(2)R only; see equation (4.5) in [91].
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We note that the BPS equations (4.44) coincide with the BPS equations describing the
twisted compactification of N = 4 SYM on a Riemann surface preserving 2d N = (2, 2)

supersymmetry, discussed in [20] (see equations (14)–(16) there).47 In that reference the
flow was described within the U(1)3 truncation of N = 8 supergravity, which consists of
the metric gµν , three Abelian gauge fields A1,2,3

µ in the Cartan of SO(6) and two neutral
scalars φ1 and φ2. The solution described above corresponds to a solution with A1

µ = A2
µ,

A3
µ = φ2 = 0, and identifying the remaining scalar φ1 =

√
6ϕ, in which case one can see

that the Lagrangians and supersymmetry transformations coincide.48 These results are in
harmony with the fact that the N = 4+ Romans supergravity theory can be obtained also
as a truncation of the 5d SO(6) maximally supersymmetric gauged supergravity of [92].

The twisted compactification corresponding to the β-twist discussed in section 3.2.2 is
realized in the N = 4+ supergravity by turning on magnetic flux for the U(1) gauge field,
Aµ, and switching off the SU(2) gauge field flux, AIµ. However, one can show that an Ansatz
with this field configuration leads to a singular supergravity flow solution which does not
flow to an AdS3 vacuum in the IR. This suggests that the dual 2d N = (0, 4) theory
in the IR has some pathology, for example an accidental symmetry or a non-normalizable
vacuum state.

AdS2 vacua. An AdS2 vacuum in 5d N = 4 minimal gauged supergravity was found [93].
This describes the twisted compactification of a 4d N = 2 theory on M3 = H3/Γ, with H3

three-dimensional hyperbolic space and Γ a finite subgroup of its isometry group. Since
the structure group of the three-manifold is SO(3), in order to implement the topological
twist one has to switch off the Abelian gauge field in the supergravity theory. The Ansatz
for the metric and SU(2) gauge field is

ds2 = e2f(r) (−dt2 + dr2) + e2g(r) ds2
H3 ,

A1 =
1

2
√

2
coshφdθ , A2 =

1

2
√

2
cos θ dν , A3 = − 1

2
√

2
sin θ coshφdν ,

(4.47)

where ds2
H3 = dφ2 + sinh2 φ (dθ2 + sin2 θ dν2). The corresponding BPS equations were

derived in [93] (see equation (56) there), which we reproduce here for completeness:

e−ff ′ = −1

2
eϕ−2g − 1

3
(2e−ϕ + e2ϕ) ,

e−fg′ =
1

2
eϕ−2g − 1

3
(2e−ϕ + e2ϕ) ,

e−fϕ′ = −1

2
eϕ−2g − 2

3
(e−ϕ − e2ϕ) .

(4.48)

As discussed in [93] (see equation (42) there) at the AdS2 fixed point the metric functions
take the form (4.3) with

e2g0 =
1

41/3
, e2f0 =

1

44/3
, e3ϕ0 = 4 , (4.49)

47These can also be obtained by setting a1 = a2 = −κ
2
and a3 = 0 in equation (3.20) of [7].

48One can check that setting A1
µ = A2

µ, A3
µ = φ2 = 0, and φ1 =

√
6ϕ in the Lagrangian given in

equation (46) in [20], it matches (4.42), assuming only the Cartan of SU(2) is excited and setting ḡ = 2
√

2.
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with ϕ0 the value of the scalar at the horizon. The domain wall solution which interpo-
lates between AdS5 and this AdS2 vacuum preserves two real supercharges (enhanced to 4
supercharges in the near horizon limit) and can be thought of as a BPS black hole with a
hyperbolic horizon. The black hole entropy is given by

SBH =
e3g0 vol(M3)

4G
(5)
N

=
vol(M3)

π
a4d (4.50)

It would be interesting to establish this universal relation using field theory methods.

4.4 4d supergravity

Here we discuss black hole solutions in four-dimensional gauged supergravity describing
the universal twisted compactification of 3d N = 2 and N = 4 SCFTs on a Riemann
surface. The field theory setting was briefly discussed in section 3.3 and we refer to [19] for
more details. The study of asymptotically AdS4 back holes has received renewed attention,
following the discovery of the 3d superconformal theories describing the worldvolume of
M2-branes and their AdS4 duals [94]; see [95–97] and references thereof. The interpretation
of some of these solutions as twisted compactifications of the ABJM theory was provided
in [12, 37] (see also [98] for earlier work), where the microsocpic entropy of these black holes
was reproduced using the supersymmetric index defined in [67]. In this section, we focus
on universal solutions describing the twisted compactification of a large class of 3d N = 2

theories. This was recently used in [19] as a tool to count the black hole microstates for
a large class of theories with M-theory as well as massive IIA duals (see also [99, 100] for
non-universal examples in massive IIA).

4.4.1 N = 2

We are interested in asymptotically AdS4 black hole solutions in minimal N = 2 gauged
supergravity preserving two supercharges. The near-horizon geometry is AdS2×Σg and the
entire solution describes the holographic RG flow from a 3d N = 2 SCFT on Σg to a 1d
superconformal quantum mechanics. Solutions in non-minimal gauged supergravity were
summarized in [12] where references to the extensive earlier literature on the subject can
also be found. The minimal theory is obtained by setting na = κ

2 ,
~φ = 0 , La = 1 in [12].

The Lagrangian reads
e−1L = R− 2F 2

µν − V , (4.51)

where V = −12ḡ2. Comparing to (4.6) we set ḡ = 1/
√

2 to normalize LAdS4 = 1.
The Ansatz of interest takes the form

ds2 = e2f(r) (−dt2 + dr2) + e2g(r) ds2
Σg
,

F = − κ

2
√

2
dvolΣg ,

(4.52)

and the BPS equations read

e−ff ′ = −1 +
κ

2
e−2g ,

e−fg′ = −1− κ

2
e−2g .

(4.53)
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For κ = −1 these equations admit a full analytic solution corresponding to the magnetically
charged black hole of [101, 102].49 The uplift of this solution to eleven dimensions, and its
interpretation as wrapped M2-branes on a Calabi-Yau five-fold, was given in [98], where
other interesting wrapped membranes solutions were also studied. The uplift to massive
IIA is provided in [19]. For κ = 1 one finds an IR singularity (see section 3.4 of [98]).

Setting κ = −1, one finds a regular horizon asymptotic to AdS2 × Σg and the metric
functions take the form (4.3) with

ef0 = e2g0 =
1

2
. (4.54)

The entropy of the black hole is given by

SBH =
e2g0 vol(Σg)

4G
(4)
N

= (g− 1)FS3 (4.55)

where in the last equality we used (4.5). This exactly reproduces the large N field theory
result (3.40), provided the identification SBH = Re logZS1×Σg

, as shown in [19] for this
class of solutions.50

It is worth highlighting the power behind the rather simple-looking universal rela-
tion (4.55). As we have argued on general grounds, this four-dimensional black hole can be
uplifted to ten- or eleven-dimensional supergravity in infinitely many ways, depending on
the choice of internal six- or seven-manifold; each uplift describes the twisted compactifica-
tion of a different 3d N = 2 SCFT. This fact, combined with the universal relation (4.5),
was recently used in [19] to arrive at a microscopic derivation of the entropy of this infinite
family of black holes in string and M-theory in the large N limit. Similarly, we expect
that the various universal relations derived in this paper will be useful in generalizing these
results to even larger classes of black branes in different dimensions.

Non-universal compactifications, i.e., corresponding to turning background flavor fluxes
in the SCFT, are described by black holes charged under additional vector multiplets.
Such solutions were first considered in [95] and studied further in a number of papers, no-
tably [96, 97] (see [12] for a more complete list of references). The field theory interpretation
of these black holes and a microscopic derivation of their entropy was carried out in [12, 37]
using the twisted index of [67]. The solution of the minimal theory can be seen as a special
case of these, obtained by setting the vector multiplets to zero.

4.4.2 N = 4

In this section, we investigate which twisted compactifications of 3d N = 4 SCFTs admit a
holographic description. These theories have an SO(4) ' SU(2)C×SU(2)H R-symmetry and
the compactification on Riemann surfaces was recently considered in [70]. The appropriate
supergravity is minimal N = 4 gauged supergravity [103]. This supergravity has sixteen
supercharges and bosonic content the graviton, an SO(4) gauge field, a dilaton, and an
axion. It can be obtained as an S7 reduction of eleven-dimensional supergravity [104].

49A generalization to include rotation while maintaining supersymmetry was also found in this reference.
50This was argued to hold more generally for a larger class of black holes with additional charges in [12].
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Following the notation in [104] we denote the two SU(2) gauge fields by A and Ã, the
dilaton by φ, and the axion by χ. Setting χ = 0 the bosonic Lagrangian is given by51

e−1L = R ∗ 1− 1

2
∗ dφ ∧ dφ− 1

2
e−φ ∗ F I ∧ F I − 1

2
eφ ∗ F̃ I ∧ F̃ I − V ∗ 1 , (4.56)

where I = 1, 2, 3 are SU(2) indices and the scalar potential is given by

V = −4ḡ2 (2 + coshφ) . (4.57)

We set ḡ = 1/
√

2 in what follows to normalize the scale of the AdS4 vacuum to LAdS4 = 1.
We are interested in solutions with gauge fields excited only along the Cartan of the

two SU(2)’s and thus we consider the following Ansatz:

ds2 = e2f(r) (−dt2 + dr2) + e2g(r) ds2
Σg
,

F I = − n√
2
δI3 dvol(Σg) , F̃ I = − ñ√

2
δI3 dvol(Σg) .

(4.58)

The BPS equations read:

e−ff ′ = −1

2
(e−

φ
2 + e

φ
2 ) +

e−2g

2
(n e

φ
2 + ñ e−

φ
2 ) ,

e−fg′ = −1

2
(e−

φ
2 + e

φ
2 )− e−2g

2
(n e

φ
2 + ñ e−

φ
2 ) ,

e−fφ′ = −(e−
φ
2 − e

φ
2 ) + e−2g (n e

φ
2 − ñ e−

φ
2 ) ,

n + ñ = κ .

(4.59)

These BPS equations can also be obtained as a truncation of the well studied U(1)4 STU
model of four-dimensional gauge supergravity by setting pairs of the four U(1) gauge fields
equal and two dilatons and all three axions to zero. This was analyzed in some detail
in [12].52

To determine the parameter space for which regular black hole solutions exist it suffices
to look at possible AdS2 vacua, where the metric functions take the form (4.3). Then, the
first two equations in (4.59) imply that φ = φ0 is a constant and we obtain the set of
algebraic equations

2 e−f0 = (e−
φ0
2 + e

φ0
2 )− e−2g0 (n e

φ0
2 + ñ e−

φ0
2 ) ,

0 = (e−
φ0
2 + e

φ0
2 ) + e−2g0 (n e

φ0
2 + ñ e−

φ0
2 ) ,

0 = (e−
φ0
2 − e

φ0
2 )− e−2g0 (n e

φ0
2 − ñ e−

φ0
2 ) .

(4.60)

Note that combining the last two equations it follows that

n = ñ =
κ

2
= − e2g0 . (4.61)

51We should note that the axion field χ is sourced by F ∧F and thus it is consistent to set it to zero only
if F ∧ F = 0. Since we are interested here in purely magnetic solutions, it is consistent to do so.

52To be precise, these match the BPS equations (A.27) in [12], setting L1 = L2 ≡ e−
φ
2 and L3 = L4 ≡ e

φ
2 ,

n1 = n2 ≡ n, and n3 = n4 ≡ ñ.
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Thus, an AdS2 vacuum is found only for a twist along the diagonal Cartan of SU(2)C ×
SU(2)H . This coincides with the universal black hole solution of the 4d N = 2 supergravity
theory discussed in section 4.4.1 but now derived as a solution of the 4d N = 4 minimal
supergravity. Indeed, one sees that the solution coincides with the solution (4.54) of the
minimally supersymmetric theory. The fact that there are no regular AdS2 vacua preserving
four supercharges is consistent with the fact that the topologically twisted index of the
corresponding N = 4 theory does not have an N3/2 scaling, as mentioned in section 3.3.

4.5 Uplifts to 10d and 11d

As emphasized throughout the paper, a crucial aspect of our story is the fact that the gauged
supergravity solutions presented above are universal. This manifests itself in two distinct
ways. On the one hand, they are solutions of the minimal gauged supergravity in a given
spacetime dimension with a given amount of supersymmetry, i.e., we have switched off any
possible matter multiplets. This is the simple holographic dual of the fact that in the SCFT
the universal partial topological twists discussed in section 3 involve only the stress-energy
tensor multiplet. On the other hand, these minimal supergravity solutions can be embed-
ded into string and M-theory in infinitely many distinct ways by using various consistent
truncation results in the literature. This is ultimately the core statement of universality of
these constructions. A particular embedding of the domain wall solutions described above
into string or M-theory describes the twisted compactification of a particular dual SCFT.
Since the relations between IR and UV field theory quantities that follow from these domain
wall solutions are insensitive to the particular embedding in higher dimensions, they hold
independently of the details of the SCFTs being considered.

Let us briefly describe how these embeddings into ten and eleven-dimensional super-
gravity are realized. It was shown in [105] and [106] that any supersymmetric AdS5 vacuum
of 11d or type IIB supergravity admits a consistent truncation to minimal 5d N = 2 gauged
supergravity. The same also holds for any supersymmetric AdS4 solution of 11d supergrav-
ity which can be consistently truncated to 4d minimal N = 2 gauged supergravity, as
shown in [106].53 Since there are infinitely many such AdS4 and AdS5 solutions we arrive
at the conclusion that the universal black string and black hole solutions presented in sec-
tion 4.3.1 and section 4.4.1 can be embedded in 10 and 11d supergravity, respectively, in
infinitely many ways. We note that this does not apply only to the usual Freund-Rubin
type solutions and one can also find realizations of the universal flows for warped AdS5 and
AdS4 vacua of IIB and 11d supergravity as shown explicitly in [8] and [42], respectively.
In [109] and [110] similar consistent truncation results were also derived for the minimal
5d N = 4 gauged supergravity discussed in section 4.3.2. In [109] it was shown that every
supersymmetric AdS5 vacuum of 11d supergravity which preserves 16 supercharges admits
a consistent truncation to the minimal 5d N = 4 gauged supergravity. The same holds
true for the AdS5 × S5 solution (and its orbifolds preserving with 16 supercharges) in type

53There is also an embedding of the minimal 4d N = 2 gauged supergravity in massive IIA supergravity
as discussed in [107, 108].
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IIB supergravity [110].54 The fact that supersymmetric AdS7 vacua with 16 supercharges
of type IIA and 11d supergravity lead to a consistent truncation to the minimal 7d N = 2

gauged supergravity of section 4.1.1 was shown in [26]. Finally, the solutions of Romans’
minimal six-dimensional supergravity theory discussed in section 4.2 can be embedded into
massive IIA or type IIB supergraviy using the results of [111] and [112], respectively. All of
these consistent truncation results for AdS vacua with 16 supercharges are nicely captured
by the recent analysis in [113]. It was shown in [113] that any AdSD solution of 10d or
11d supergravity admits a truncation to the respective minimal (i.e., containing only the
gravity multiplet) gauged supergravity in D dimensions.55

The upshot of this collection of supergravity results is that every d-dimensional SCFT
(for d ≥ 3) with a weakly coupled string or M-theory dual captured by a supersymmetric
AdSd+1 vacuum of 10d or 11d supergravity admits a consistent description in terms of
minimal gauged supergravity in d + 1 dimensions. This in turn implies that every such
SCFT also enjoys the universal RG flows across dimensions by a twisted compactification
on Md−p and the holographic description of this RG flow is in terms of the supergravity
domain wall solutions discussed in this section.

This observation is particularly useful in the case of flows between odd-dimensional
SCFTs. A simple example of this is the uplift of the AdS4 black hole solution of section 4.4 to
eleven-dimensional supergravity and to massive IIA supergravity, recently discussed in [19].
Using the universal relation (4.55) then leads to the microscopic counting of the entropy of
a large class of AdS4 black holes [19] both in M-theory and in massive IIA string theory. It
would be interesting to apply this approach to the microscopic counting of the entropy of the
various black brane solutions described in this work. This requires a detailed understanding
of the field theory quantity computing the corresponding entropy, which is currently lacking.
One example that might be interesting to study is the AdS5 black hole, with near-horizon
geometry (4.47) and entropy (4.50). In analogy to the AdS4 case a natural guess for the
field theory quantity that should capture its entropy is the partition function of a 4d N = 2

theory on S1×H3, with a partial topological twist on H3. We leave the exploration of this
interesting question for future work.

5 Discussion

We have established universal relations between physical observables in SCFTs with a con-
tinuous R-symmetry, connected by RG flows across dimensions. The precise flows are
triggered by a partial topological twist on a compact manifold along the exact UV super-
conformal R-symmetry. The underlying reason for this universality is the fact that the
deformation in the UV amounts to coupling the omnipresent stress-energy tensor multiplet
of the SCFT to background fields, namely a background metric and R-symmetry gauge
field, and switching off any possible couplings to flavor symmetry currents.

54We are not aware of any other AdS5 vacua with 16 supercharges in type IIB supergravity. If such
solutions exist it is reasonable to conjecture that they will admit a consistent truncation to the 5d N = 4

minimal supergravity theory.
55We note that the results in [113] are somewhat implicit and do not immediately lead to convenient

explicit uplift formulas from D to 10 or 11 dimensions.
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If the SCFTd in the UV admits a weakly coupled AdSd+1 gravity dual in string or M-
theory, and if the compactification manifold admits a constant negative-curvature metric, we
have provided ample evidence that the p-dimensional theory in the IR is also conformal and
admits a weakly coupled AdSp+1 dual. The gravitational description provides an explicit
realization of the RG flow across dimensions via a simple domain wall solution of gauged
supergravity, interpolating between the AdSd+1 vacuum in the UV and an AdSp+1 vacuum
in the IR. The universality of such flows is understood holographically by the fact that
these domain walls can be uplifted to string or M-theory in infinitely many ways.

Our results suggest various interesting questions and directions for future work. Clearly,
the most pressing and general question is how to find an independent description of the low-
energy p-dimensional SCFTs. We have defined these theories via a twisted compactification
of higher-dimensional theories. It would be valuable, however, to have a UV definition in
terms of a theory living in the same number of spacetime dimensions. This can be achieved
either through a direct definition of the CFT, e.g., by a nonlinear σ-model on a Ricci-
flat target manifold in the case p = 2, or via some p-dimensional asymptotically free UV
description that flows to the interacting CFT in the IR. The gold standard for this is set
by the N = 1 and N = 2 theories of class S and the 3d theories of class R arising from
M5-branes wrapping Riemann surfaces and three-manifolds, respectively — see [54, 114]
and references thereof. Perhaps the most accessible setup to generalize this success to
other dimensions is to focus on d = 4, p = 2, in particular the α- and β-twists of four-
dimensional N = 2 theories discussed in section 3.2.2 and holographically in section 4.3.2.
Some progress in this direction was made recently in [56, 115], but there is certainly more
to be understood, especially for theories in the large N limit.

When the RG flow is between even-dimensional SCFTs we have relied purely on field
theory methods, in particular the power of ’t Hooft anomaly matching and superconformal
symmetry, to derive exact, finite N , relations between quantities in the UV and IR theories.
As shown in section 4 these relations are reproduced holographically to leading order in N ,
thus providing strong evidence for the existence of such flows and IR fixed points. The
supergravity analysis, however, is not limited to flows between even-dimensional SCFTs
and we have used properties of various supergravity solutions to predict similar universal
relations when one (or both) of the SCFTs is odd-dimensional, in which case the appropriate
physical quantity is the round-sphere free energy. These relations, as currently stated in
section 4, are established only in the large N limit. It would be most interesting to study
whether this picture extends beyond the planar limit. Ideally, this could be approached
by an exact field theory calculation using supersymmetric localization on the appropriate
curved manifold as, e.g., the case of three-dimensional theories on Riemann surfaces [12,
13, 19]. It is likely that this can be generalized further by studying, for instance, suitable
supersymmetric partition functions of five-dimensional SCFTs with a partial topological
twist on Σg to reproduce the holographic prediction in (4.31) by pure field theory methods.
Similarly, it should be possible to study four-dimensional N = 2 SCFTs with a topological
twist on M3, with M3 an appropriate hyperbolic manifold, to reproduce the black hole
entropy in (4.50). An alternative approach to incorporating subleading corrections in N

would be to analyze the universal RG flows holographically, including higher-curvature
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corrections in gauged supergravity. Although a technically challenging problem in general,
this was addressed successfully in [116] for various domain walls interpolating between
AdS vacua corresponding to RG flows between even-dimensional SCFTs. It would be very
interesting to extend this approach to the various domain wall solutions described here. It
would also be interesting to study whether there are universal relations among other physical
observables in the p-dimensional and d-dimensional SCFTs, e.g., Wilson loop expectation
values or partition functions with other insertions.

A series of interesting questions relate to the choice of Md−p. As discussed, most uni-
versal RG flows we have studied, both in field theory as well as holographically, require
Md−p to be hyperbolic or negatively curved in order for the IR p-dimensional theory to
be unitary.56 We do not have an explanation why this must be the case in general and it
would be interesting to have a better understanding of this. In addition, the supergravity
solutions we constructed require the metric on the compact manifold Md−p in the IR to be
Einstein. From field theory considerations, however, it is clear that in the UV one should be
able to use any metric on Md−p, since we are performing a topological twist. Thus, holog-
raphy suggests that the RG flow across dimensions uniformizes the metric on Md−p. This
has been understood in some detail for Riemann surfaces in [117] and it would certainly be
very interesting to explore the interplay between holographic RG flows and uniformization
for higher-dimensional manifolds. The Einstein metric at the IR end of the RG flow may
still admit a moduli space of deformations compatible with the Einstein condition. These
moduli should correspond to exactly marginal couplings in the p-dimensional SCFT. This
is also clear from the gravitational construction of the holographic dual, where the moduli
of the Einstein metric onMd−p lead to massless scalar excitations on the AdSp+1 space dual
to the IR SCFT. This picture is well established for the case d = 6, p = 4 [4, 5, 39, 114] and
partially explored for the case d = 6, p = 2 in [118]. Additional exactly marginal deforma-
tions of the p-dimensional SCFT may be present if the d-dimensional parent theory admits
global, non-R, symmetries for which one can turn on flat connections on Md−p. Finally, let
us note that we have assumed throughout the paper that Md−p is smooth and compact.
It is natural to consider generalizations of this setup to allow for boundaries, punctures,
or other defects. It would be interesting to study whether there is a generalization of the
universal relations uncovered in this work in these more general situations.

As discussed at length above, the main reason behind the existence of the universal
RG flows across dimensions is that the partial topological twist triggering the RG flow is
performed using only background fields that couple to the universal stress-energy tensor
multiplet, which exists for all SCFTs with a continuous R-symmetry. The holographic
manifestation of this universality is realized by the fact that gauged supergravities always
admit a truncation to a universal sector including only the gravity multiplet. In addition,
these (d+ 1)-dimensional “minimal” supergravities arise as universal consistent truncations
from string and M-theory in infinitely many ways, that are distinguished by the choice
of internal manifold (and the fluxes through it) used for the reduction from 10 (or 11)

56An exception to this general rule is the case of 6d SCFTs on a 5-manifold at large N , as noted in
section 4.1.2. We have assumed throughout the paper that the UV d-dimensional theory is unitary.
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dimensions. This holographic perspective suggests that SCFTs with a holographic dual
enjoy a truncation of the OPE, at least at large N , for operators belonging to the stress-
energy multiplet. It would be very interesting to understand the mechanism behind such
an OPE truncation, as this could offer an explanation and organizational principle for the
plethora of consistent truncations in the supergravity literature.

A few other observations made throughout this work deserve further analysis. What
is the relation between unitarity of the IR p-dimensional theory at the end of the RG flow
across dimensions and the Hofman-Maldacena-type bounds for the parent d-dimensional
UV theory? Is there a Hofman-Maldacena-type bound on the four anomaly coefficients in
six-dimensional SCFTs?57

From all the examples of RG flows across dimensions studied here, it seems that to
obtain an SCFT with an AdS dual in the IR, the UV theory must also be conformal and
strongly interacting. We are not aware of any a priori reason for this to be the case, and it
would be interesting to find more general examples of RG flows across dimensions, where
the UV theory is not strongly interacting. In appendix B we observe intriguing relations
between field theory observables such as conformal anomalies and free energies and the
entropies of various supersymmetric black branes. It is desirable to put these on a firmer
footing and calculate the black brane entropies from a more rigorous field theory setting,
as done recently for supersymmetric black holes in AdS4 [12, 19]. Finally, it is natural to
wonder whether there is some notion of a “monotonicity theorem”, similar to the c-, a-,
or F -theorems for RG flows across dimensions. Based on the universal relations between
conformal anomalies and free energies studied in this work it is clear that simply comparing
the natural monotonic quantity in the IR p-dimensional SCFT with the one in the UV
d-dimensional SCFT is too naive. Perhaps one should search for a more refined definition
of a monotonic function along the RG flow which removes the explicit factor of the volume
of the compactification manifold Md−p.

It is clear that the universal RG flows described here provide a fertile area for exploring
the physics of supersymmetric QFTs and holography. We expect many further exciting
developments ahead of us.
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A Conventions and normalizations

In this appendix we review our conventions and normalizations and collect useful formulae
used throughout the paper.

A.1 Characteristic classes

The total Chern class of a vector bundle and the Pontryagin class of the tangent bundle
are given by (here we are following the conventions in [28], see also [120])

C(F) = det

(
1 + i

F
2π

)
= 1 + c1(F) + c2(F) + · · · ,

P (T ) = det

(
1− R

2π

)
= 1 + p1(T ) + p2(T ) + · · · ,

with F the field strength two-form, which we take to be antihermitian, and R the Riemann
curvature two-form. From this we find the following expressions for the first two Chern and
Pontryagin classes

c1(F) =
i

2π
TrF , c2(F) =

1

(2π)2

1

2

(
TrF2 − (TrF)2

)
, (A.1)

p1(T ) = − 1

(2π)2

1

2
TrR2 , p2(T ) =

1

(2π)4

(
1

8
(TrR2)2 − 1

4
TrR4

)
, (A.2)

where in the first line the Tr is over “gauge” indices in the fundamental representation and
in the second line the Tr is over tangent frame indices. Note that p1(T ) differs by a sign
from that used in [33] which explains the minus sign difference in β in (2.3) in comparison
to the expression in [33].

A useful property of characteristic classes is the splitting principle. The total Chern
and Pontryagin classes C(U) =

∑
i ci(U), P (E) =

∑
i pi(E), decompose under the direct

sum of vector bundles as

C(U ⊕ V ) = C(U)C(V ) , P (E ⊕ F ) = P (E)P (F ) . (A.3)

In particular, it follows from the second relation that the first and second Pontryagin classes
satisfy

p1(E ⊕ F ) = p1(E) + p1(F ) , p2(E ⊕ F ) = p2(E) + p2(F ) + p1(E) p1(F ) , (A.4)

and similarly for Chern classes. Given a decomposition of the tangent bundle as a sum of
complex line bundles with first Chern classes ei one has:

p1(T ) =
∑
i

e2
i , p2(T ) =

∑
i<j

e2
i e

2
j . (A.5)
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Finally we note that for a four-manifold which is a product of two Riemann surfaces Σ1×Σ2,
the integrated first Pontryagin class, P1, and the Euler characteristic, χ, are P1 = 0 and
χ = 4(g1 − 1)(g2 − 1).

A.2 Metric on Riemann surfaces

Throughout this paper we often consider smooth Riemann surfaces Σg of genus g. We
always put a constant curvature metric on these manifolds with the following explicit form

ds2
Σg

= e2h(x1,x2) (dx2
1 + dx2

2) , h(x1, x2) =


− log

1+x21+x22
2 for g = 0

1
2 log 2π for g = 1

− log x2 for g > 1

. (A.6)

The volume form dvolΣg ≡ e2h dx1 ∧ dx2 integrates to:∫
dvol(Σg) = 2πηΣ , ηΣ =

{
2|g− 1| for g 6= 1

1 for g = 1
. (A.7)

The normalized curvature of Σg is denoted by κ = {1, 0,−1} for g = 0, g = 1, and g > 1,
respectively. We note that with these definitions and using (A.7) one has the relation
κ ηΣ = −2(g − 1) for all g. Finally, tg denotes the first Chern class of the tangent bundle
of Σg, which in our normalizations integrates to

∫
Σg
tg = ηΣ.

B Entropy of black branes

All regular supergravity solutions discussed in this paper can be viewed as extremal (p−1)-
brane solutions in d+ 1 spacetime dimensions. The near horizon geometry is of the form:

ds2
d+1 = e2f0 ds2

AdSp+1
+ e2g0 ds2

Md−p
, (B.1)

where
ds2

AdSp+1
=

1

r2
(−dt2 + dr2 + dz2

1 + · · ·+ dz2
p−1) , (B.2)

and ds2
Md−p

is the metric on the compact horizon of the (p − 1)-brane. The field theory
interpretation of these (p − 1)-brane solutions is given by the universal RG flows across
dimensions discussed extensively in the main text. In particular, there is a p-dimensional
SCFT captured holographically by the AdSp+1 factor in the near horizon geometry. This
is the IR SCFT which arises from a d-dimensional UV SCFT via the RG flow across
dimensions. For p even, the conformal anomaly coefficients of the SCFT can be computed
holographically using (4.4). Another physically interesting quantity is the entropy density
of the black brane. To compute this we take the spatial coordinates on the boundary of
AdSp+1, zi, i = 1, · · · , p− 1, to have a finite range zi ∈ [0, li]. We can then easily compute
the Bekenstein-Hawking entropy per unit of spatial volume, V ≡ l1 × . . .× lp−1,58

s ≡ S

V
=

vol(M̃d−p) e
(p−1)f0

4G
(d+1)
N

=
e(p−1)f0

4G
(p+1)
N

, (B.3)

58We note that this is the spatial volume of the boundary of AdSp+1 and not that of the horizon Md−p.
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where ds2
M̃d−p

≡ e2g0ds2
Md−p

and in the last equality we used the relation between the
Newton constants in p+ 1 and d+ 1 dimensions,

1

G
(d+1)
N

=
vol(M̃d−p)

G
(p+1)
N

. (B.4)

Combining this with the formulae (4.4) for the central charges in a p-dimensional SCFT for
p = 2, 4, 6 we can write the entropy density of a (p−1)-brane in terms of the corresponding
Weyl anomaly coefficient:

s(D1) =
1

6
c2d , (B.5)

s(D3) =
2

π
a4d , (B.6)

s(D5) =
7

12π2
a6d . (B.7)

In the first line we defined c2d ≡ cr = cl, which is valid in the large N limit.
Similarly, for p = 3, 5 we can write the entropy density in terms of the corresponding

round-sphere free energy in (4.5) for the SCFTp, in the following way

s(D2) =
1

2π
FS3 , (B.8)

s(D4) = − 3

4π2
FS5 . (B.9)

We emphasize that the anomaly coefficients and free energies appearing in the entropy
densities (B.5)–(B.9) are those corresponding to the p-dimensional SCFT living on the
worldvolume of the (p − 1)-brane, i.e., IR quantities. The universal relations that we
have established in this work, however, allow us to relate these to UV quantities of the
d-dimensional SCFT, dual to the asymptotically locally AdSd+1 boundary.

Finally, we point out that the case p = 1, i.e., an AdS2 near horizon region, is somewhat
special since we do not have a microscopically well established AdS2/CFT1 duality. The
best understood setup is that of extremal black holes in AdS4 discussed in section 4.4.

C Universal RG flows in the same dimension

While the main focus in this work has been to uncover universal relations between SCFTs
connected by an RG flow across dimensions, it is important to note that there are also similar
relations for SCFTs living in the same number of spacetime dimensions. A particularly
simple relation between the conformal anomalies of 4d N = 2 and N = 1 SCFTs connected
by a specific universal RG flow was derived by Tachikawa and Wecht in [25]. Inspired by
this here we study the possibility of a similar result for 2d SCFTs.

Let us first revisit the main result in [25] from the perspective of our discussion. A
particular class of examples of 4d N = 2 and N = 1 SCFTs which are connected by the
RG flow of [25] are the MN N = 2 and MN N = 1 SCFTs discussed in section 3.1.2 above.
The relation between the anomalies of these two classes of 4d SCFTs can be obtained by

– 47 –



J
H
E
P
1
2
(
2
0
1
7
)
0
6
5

using the two universal relations, (3.13) and (3.15), of these anomalies to the ones of the
class of N = (2, 0) SCFTs in 6d. Using (3.13) and inverting the matrix in (3.15) we find
that the 4d N = 2 and N = 1 central charges are related by(

a4d

c4d

)
N=1

=
3

32

(
12 −3

−4 13

)(
a4d

c4d

)
N=2

. (C.1)

This is precisely the relation derived in [25].
We now ask whether the various theories obtained in 2d by twisted compactification

of 4d theories discussed in the main text could be connected by similar two-dimensional
RG flows. Consider the theories obtained by α- and β-twists discussed in section 3.2.2 and
the universal (0, 2) twist of section 3.2.1. Since for the α-twist the matrix relating the 2d
and 4d anomaly coefficients is not invertible we cannot apply the same procedure as above.
For the β-twist, however, the matrix in (3.35) is invertible and one can combine that with
the matrix in (3.24) to find the following putative analog of the Tachikawa-Wecht relation
in 2d: (

cr
cl

)
(0,2)

=
1

9

(
5 −1

2 2

)(
cr
cl

)
(0,4)

. (C.2)

The existence of a two-dimensional RG flow realizing (C.2), however, seems to be in conflict
with ’t Hooft anomaly matching of the gravitational anomaly k which requires (cr−cl)IR =

(cr−cl)UV, whereas (C.2) leads to (cr−cl) (0,2) = 1
3 (cr−cl) (0,4). Thus, one naively concludes

that such a flow can exist only for theories with cl = cr.
We also observe that, as discussed in section 3.2.3, for 4d N = 3 theories one can have

universal flows to 2d preserving N = (0, 6) and N = (2, 4) supersymmetry. Comparing the
central charges (3.37) and (3.38) to those obtained for the universal N = (0, 2) twist (3.24),
and using that a4d = c4d for 4d N = 3 SCFTs, one obtains the relations

c (0,2) =
5

9
c (0,6) , c (0,2) =

4

9
c (2,4) . (C.3)

Here we have denoted cr = cl ≡ c, which holds automatically for these 2d theories. The
second equation above is a special case of the relation in (C.2), applied toN = (0, 4) theories
with cr = cl. We also note that the β-twist, applied to N = 4 SYM leads to a 2d theory
with enhanced N = (4, 4) and central charge c (4,4) = 6(g − 1)dG, with dG the dimension
of the gauge group, while the universal (0, 2) twist applied to the N = 4 theory leads to
a 2d SCFT with central charge c (0,2) = 8

3(g − 1)dG, consistent with the second equation
in (C.3). See [7] for a detailed discussion of partial topological twists of N = 4 SYM.

We emphasize that although these relations among 2d central charges are suggestive, we
have not derived them by studying concrete two-dimensional RG flows realized in a specific
SCFT. It would be most interesting to explore this further and understand whether such
universal two-dimensional RG flows exist.
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