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ABSTRACT: We derive the partition function of 5d N' = 1 gauge theories on the manifold
Sg’ X g with a partial topological twist along the Riemann surface, 3. This setup is a
higher dimensional uplift of the two-dimensional A-twist, and the result can be expressed
as a sum over solutions of Bethe-Ansatz-type equations, with the computation receiving
nontrivial non-perturbative contributions. We study this partition function in the large
N limit, where it is related to holographic RG flows between asymptotically locally AdSg
and AdS, spacetimes, reproducing known holographic relations between the corresponding
free energies on S° and S3 and predicting new ones. We also consider cases where the
5d theory admits a UV completion as a 6d SCFT, such as the maximally supersymmetric
N = 2 Yang-Mills theory, in which case the partition function computes the 4d index of
general class S theories, which we verify in certain simplifying limits. Finally, we comment
on the generalization to M3 x X with more general three-manifolds M3 and focus in
particular on M3 = Xy x S 1 in which case the partition function relates to the entropy
of black holes in AdSg.
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1 Introduction and summary

There has been tremendous progress in obtaining exact results for supersymmetric gauge

theories in various numbers of spacetime dimensions. These computations typically involve

protected observables, which may be studied using non-renormalization theorems or, in the

case of partition functions on compact manifolds, the localization technique [1, 2]. These

results have opened new windows on quantum field theories and dualities between them.



Moreover, they have shown how theories in different dimensions are intricately interrelated.
Often, subtle properties of a theory, such as its dual descriptions or space of marginal
parameters, can become obvious when we embed this theory into a higher-dimensional
framework.

In this paper, we extend the list of exact observables by computing the partition
function of arbitrary 5d N' = 1 gauge theories on manifolds of the form M3 x X, i.e.,
a product of a three-manifold and a genus-g Riemann surface. We will focus mainly on
the case M3 = Sg, the “squashed sphere,” but we also discuss other cases. This is an
interesting observable for a variety of reasons. First, five-dimensional quantum field theories
are a fascinating arena with many counter-intuitive properties, and thus exact results can
lead to valuable new insights. Although 5d gauge theories are infrared trivial, in many
cases they are believed to arise as a relevant deformation of nontrivial UV SCFTs, which
we may probe by computing suitable quantities protected under RG flows. In particular,
there have been many such exact results for partition functions of these theories on closed
manifolds; see [3, 4] for recent reviews and many examples and references. These results can
be used to study interesting and subtle properties of these theories, such as the appearance
of enhanced global symmetries at the SCFT point [5]; see, e.g., [6]. Then we expect the
exact partition function on Sg X Y4 to lead to further probes into these 5d theories.

However, the observable Z 53 x5 in particular is interesting because of its various con-
nections to quantum field theories in other spacetime dimensions. In the remainder of this
Introduction, we briefly review some of these features and summarize our main results.

The higher dimensional A-model and 2d TQFT. The first important connection
is to two-dimensional QFT, and it is this connection which makes the computation of
the partition function possible. Specifically, the background we consider involves a topo-
logical twist along ;. Higher-dimensional theories compactified on ¥y with a partial
topological twist have been well-studied in recent years [7—13]. These computations can be
expressed as observables in a certain 2d topological quantum field theory (TQFT), namely
the topological A-twist [14] of the effective theory obtained by compactification of the
higher dimensional parent theory.

Here we take a similar approach, and study the effective 2d N = (2, 2) theory obtained
by compactifying a 5d A" = 1 theory on Mz x R2. As described in section 2, the result for
Mz = Sg’ takes the form of a sum over supersymmetric “Bethe vacua” of this 2d theory,!

Zgp iy (W)n = > M(a, v)H(a, ) (1.1)
UESBE
where the objects

8WS§ xR? 2mif

a]ji > ) H(u’ V) =e

are refered to as the “flux operator” and “handle-gluing operator,” respectively, and are

*Wes
3 S3xR2
S5 det L

ab  OugOup (1.2)

IT;(u,v) = exp (271'2'

built in terms of the effective twisted superpotential, ngsz, and the effective dilaton,

'Here v and n are, respectively, supersymmetric mass parameters and gauge fluxes for background
symmetries through 4, as we describe in more detail in section 2 below.



ngsz, controlling the low energy effective theory on the 2d Coulomb branch. Finally,
the set of supersymmetric Bethe vacua of the theory, Sgg, is defined as the solutions to
certain Bethe-Ansatz-type equations, which may be written as

Spg = {u | To() = exp (271'2'35(71)) =1, a= 1,...,7’@} /We . (1.3)

One novel feature of the five-dimensional computation, relative to lower-dimensional
setups, is that the effective action controlling the 2d TQFT includes nontrivial non-
perturbative corrections. That is, we may write the effective twisted superpotential as

¢ .
WSgXRQ(u’ Vs ’7) - E?;IW (’LL, v, 7) + ngssiRQ(uv 1/7’7) s (14)
and similarly for the effective dilaton §2 SEXR? In particular, these depend on the gauge

-1
—”(Lﬁ), with the perturbative piece dominating

coupling, gs, through a parameter v =
for small gs.

Let us first state our result for the perturbative contribution, for definiteness. Consider
a 5d N = 1 gauge theory with gauge group G, hypermultiplets in a representation R =
D, Ri, and with a 5d CS term corresponding to the gauge-invariant functional Trcg(-)
on the Lie algebra of G. Then we may write the various operators above to perturbative

accuracy as:

(ngrt)ma (errt)“i 2mila— 1Pt —miTres (mu?)+2miy Tr(mu) H sp(a(u) — Z'Q)—a(m)ﬂ—g

a€Ad(G)
a#0

< TT T o) + ppptmtnetente ), (15)

i pER;

which are expressed in terms of the double sine function [15, 16|, and we define
Q= %(b +b71).2 The above result is very reminiscent of the integrand of the S; partition
function of a 3d N = 2 theory [16], and we comment on this relation below.

However, as mentioned above, there are also non-perturbative contributions from in-
stantons. To compute these, we take a detour into equivariant localization on the space
SP x S2. This is an uplift of the S2 x S? partition function of [17], which receives contri-
butions from point-like instantons. This allows us to extract the non-perturbative contri-
butions to the effective action. We find that the full twisted superpotential and dilaton can
be written in terms of the Nekrasov-Shatashvili (NS) limit of the 5d instanton partition
function [18]. Namely, the latter has the following asymptotic behavior as we take one of
the equivariant parameters to zero [19]:

Zg2 o XRE gl (x — QQﬂiﬁ,y _ 627riz772 _ 62m':y)

—e<TE] —e2Ti€g

) ) 1 (1.6)
I7i wed o 5 5. QB (5 5 5. 0

— exp ™ g NS (U71/7’.}/7 61) T NN g (’U;,V,"%el)—f— (€2> .
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2To be precise, this result is expressed in the variables familiar from the S; partition function, while the
variables more natural for the A-model on Si x R? turn out to be % = iQ 'u,7 = iQ v, and ¥ = iQ 'y,
as we explain below.



Then we may write the full, non-perturbative twisted superpotential and dilaton of the
theory on Sg’ x R? as:

WS?XRQ(ﬂv 17’5/) @ NS (avﬂ/% _b2) + Qb_leS (ﬂvﬂ/?; _b_2) ’ (17)
Qaeee (0, 7,7) = QNG (4, 7,5 —0) + Q¢ (@, 7,5; —b72). (1.8)

Although in principle this gives the complete answer, in practice it is difficult to compute
the non-perturbative corrections in a useful form, and so we will mainly focus on various
simplifying limits where the instanton contributions can be explicitly characterized.

Finally, we comment that the form of (1.7) as a sum of two contributions is closely
related to the factorization of the SI‘? partition function of 3d N = 2 theories into two
holomorphic blocks [20], which are associated to the solid tori in the Heegard decomposition
of 3. Our result then naturally generalizes to the case of M3 x Yy for arbitrary lens
spaces, M3 = L(p,q). In section 5 we briefly comment on this generalization in the case
of Mz = 5% x S', with a topological twist on 52, and point out an interesting relation to
the 5d prepotential.

Large N limit and universal RG flows to 3d. As we discuss in detail in section 3,
the large IV analysis of the matrix model computing the Sg X ¥4 partition function reveals
an interesting structure. In particular, we will show that to leading order in N the twisted
superpotential W described above as well as the free energy, F' = —Relog Z, are specified
by the S° partition function of the same theory. In particular, we find the large N relation

Fsyy, = —g(g ~1)Q*F.(n)Fgs , (1.9)
where the function Fj(n) is given explicitly in (3.45) and generically depends on the theory
under consideration. The case of the universal twist, however, is special [21]. This corre-
sponds to a topological twist along the exact superconformal R-symmetry in the UV, in
this case the Cartan of SU(2)g, which amounts to setting n = 0. In this case, and setting
k = —1, the relation above becomes universal:

ni 8
i, = (0 - DQ*F (1.10)

These large N results have an interesting interplay with holography. Indeed, the relation
above was predicted in [21] (for the round sphere, @ = 1) to hold for any 56d N = 1
theory with an AdSg dual using properties of 6d supergravity. Our result is a field theory
derivation of this relation.

For nonzero flavor fluxes, the relation is no longer universal and one must consider
specific theories. The holographic description of the twisted compactification of the Seiberg
theory with flavor flux was recently constructed in [22]. Specifying the above formula to
this case we recover the results of this reference as well.

Similar universal relations hold for the case X4, x g, x St, which is described holo-
graphically by black holes in asymptotically locally AdSg. We discuss this case in section 5.



The interplay with holography goes both ways. While the twisted partition functions
can be computed exactly by the localization methods we describe, these are not always well
suited to answering dynamical questions, such as the existence of interacting fixed points
in the IR. The explicit construction of holographic RG flows such as the ones described
above then indicate the existence of interacting IR fixed points, at least at large V.

5d — 6d — 4d. One of the surprising features of QFTs in five dimensions is that
there are examples of 5d effective theories whose ultraviolet completion is not itself a 5d
QFT, but rather a 6d theory where one of the dimensions has been compactified on a circle,
Sé, with radius 5. Here one identifies, roughly,

B~gs. (1.11)

In particular, the KK excitations of this compactified theory, with action proportional to
71, can be naturally identified with instanton configurations in the low energy 5d gauge
theory. The prototypical example of this phenomenon is the maximally supersymmetric
N = 2 super Yang-Mills theory in 5d for a gauge group of ADE type, which is believed
to be equivalent to the S' compactification of the N' = (2,0) SCFT associated to the
corresponding Lie algebra.

Given the above discussion, we expect that the 5d partition function on Sg’ X Mg
computes the partition function of the corresponding 6d UV theory on Sg’ X Mg X Sé.
Then, compactifying the 6d theory on ¥ with flavor fluxes n, we may obtain a 4d theory,
Tz(jyd), and then we may also interpret this partition function as computing its Sg’ X Sé

n
partition function, better known as the “supersymmetric index”,? of this theory,

Zsg sy TN = Zgp, s (0,0, 1) [ Tiped] - (1.12)

Here the precise mapping of parameters is given in (4.7) below.
There has been much work on understanding the compactification of 6d SCFTs on
a compact Riemann surface, and the 4d N/ = 1 and N' = 2 SQFTs that one obtains
as a result. This began with the work of Gaiotto on the compactification of the A-type
N = (2,0) theory on a punctured Riemann surface, with a twist preserving N' = 2 su-
persymmetry in 4d, leading to the celebrated theories of class S [23]. Subsequently this
has been generalized in many directions, including compactifications of D and E-type
N = (2,0) SCFTs, compactifications preserving only 4d N' =1 SUSY [24, 25], and, more
recently, compactifications of 6d N = (1,0) theories, leading to new classes of 4d N =1
theories and dualities [26, 27]. Many of these 4d theories have the property that they do
not have known Lagrangian descriptions, and so more indirect methods are required for
studying their properties and computing observables, such as their supersymmetric index.
However, these 5d QFTs, which are believed to be low energy descriptions of the 6d
SCFTs on a circle, typically do have Lagrangian descriptions, and so we may, in principle,
directly compute their Sg’ x Y4 partition function by the methods outlined above. In

3More precisely, the partition function and index differ by an overall factor which can be identified with
the Casimir energy of the vacuum state of the theory on S x R.



practice, we will perform these computations in certain simplifying limits, namely, large
N, and large gauge coupling. By (1.11), the latter limit corresponds to large radius . In
the 4d index, the large § limit is dominated by the “Casimir energy” of the vacuum state
of the 4d theory quantized on Sg’. In these limits the instanton contributions are under
better control, and so analytic evaluation of the index is possible. In addition, in the case
of the maximal AN/ = 2 SYM theory, there is a special limit of parameters with additional
supersymmetry, and where the instanton contributions are greatly simplified, and we will
also be able to evaluate the index analytically in this limit. This turns out to be closely
related to the “Schur” [28] and “mixed Schur” [29] limit of the superconformal index.

In all of these cases, we will find strong consistency checks of our computations by
comparing to expected properties of the 4d index of the above theories. We stress that
our computation in principle gives a new approach to computing the index of 4d theories
without a known Lagrangian description. The form of the computation is in terms of the
2d TQFT dual to the 4d index of these theories, and so manifestly exhibits various 4d
dualities, such as S-duality.

Outline. The paper is organized as follows. In section 2 we provide the derivation of
the exact partition function by localization methods, as described above. In section 3 we
study the large N limit of the S;:’ X ¥4 partition function, its relation to the partition
function on S° in this limit, and discuss universal RG flows and holography. In section 4
we consider theories with a 6d UV completion and compute the 4d superconformal index
of theories obtained by reduction on the Riemann surface. Finally, in section 5 we discuss
the partition function on more general manifolds, including S? x S* x Y4, and discuss the
counting of black hole microstates in AdSg.

Note added. In the final stages of this work we learned about the work [30], which has
some overlap with our discussion in section 5.

2 Derivation of partition function on Sg’ X X

In this section, we derive the exact partition function of 5d A/ = 1 gauge theories on
Sg’ X Mg, with a partial topological twist on ¥;. We discuss different ways of carrying out
the computation, which are complementary to each other and offer different points of view
on this observable.

2.1 5d N =1 theories on curved backgrounds

Let us first review some basic properties of 5d N' = 1 supersymmetric gauge theories in
flat, Euclidean space, in preparation for studying them on curved backgrounds. The 5d
N = 1 Yang-Mills action can be obtained by dimensional reduction from 6d N = 1 on
R>!, and is given by [3]

1 1 1
S = ?Tr / d°x <2F‘“’FW +iAfPA — DPoD,o — Affo, AT] — 2D”Du> . (20)
5



Here F' = dA +i[A, A] is the gauge field strength, o is a real scalar, A; is the symplectic
Majorana gaugino, and Dy is an auxiliary scalar field. The indices I, J = 1,2 correspond
to the SU(2)g symmetry, and we impose the symplectic Majorana condition,

(AL)" = ergwAf, (2.2)

where a = 1, ..., 4 is the spinor index, which corresponds to the fundamental representation
of USp(4) = Spin(5).

As will be important below, these theories are closely related to 4d N = 2 theories,
which are obtained upon dimensional reduction, and as for 4d A/ = 2 theories their actions
can be written in terms of a holomorphic prepotential, F(A). In a notation adapted to
reduction to 4d, this can be written as

1 0?F oF
S=_—1I PO W'WI + / A 0Pz A= 2.3
in I“(z/a DAIDAI DA (2:3)
where W and A’ are the usual 4d N/ = 1 chiral superfields making up the 4d N = 2 vector
multiplet, and the complex scalar in the 4d vector multiplet can be identified with

a=As+io, (2.4)

where Aj is the fifth component of the 5d gauge field. Then the most general action in 5d
can be written in terms of a cubic prepotential [5, 31],

L 2 3
F(A) = 295 Tr A +6cTrA (2.5)

where g5 is the 5d gauge coupling, and the cubic term defines a 5d Chern-Simons term,
which may be included for certain choices of gauge group G.

In addition to the vector multiplet, we may include hypermultiplets. Their field content
consists of complex scalars q}“ and spinors ¥4, where I is the SU(2) g index, as above, and A
is a gauge or flavor index, for which we assume the matter is in a psueudoreal representation,
R = @, R;. These are taken to satisfy reality conditions,

(a7')" = Qape’qf, (v3)" = Qapw™pf . (2.6)

These give rise to 4d N/ = 2 hypermultiplets upon dimensional reduction. We may also turn
on background vector multiplets coupled to flavor symmetries, and including a background
value, m;, for the real scalar in these multiplets gives a supersymmetric real mass for hy-
permultiplets charged under this symmetry. Integrating out these massive hypermultiplets
gives rise to a simple correction to the prepotential (2.5) [5, 31],

1 2 1 3 3, 1 3
Feot = ETLA + cTr.A ——ZZ |p(A) + my] + 15 Z la(A)]
i peRo a€Ad(G) (2.7)
1 1
~ Stap A" A+ Coape AT APA +
where the latter expansion may be made for different asymptotic directions on the Coulomb

branch, and defines the effective gauge coupling and Chern-Simons terms which are gener-
ated there.



5d N = 1 supersymmetry on curved spacetimes. There has been much work on
placing 5d supersymmetric theories on curved spacetimes and computing their partition
functions by localization. Some examples include S° [32-34], CP? x S* [35], YP4 [36], and
S% x St [6]; see [3, 4] for recent reviews, and many additional references. In addition, max-
imally supersymmetric 5d Yang-Mills theory was studied on S3 x 4 in [37-39], although
our result appears to differ from theirs.*

To write supersymmetric actions on such manifolds, we can employ the philosophy
of [40] and consider a rigid limit of 5d N' = 1 supergravity. Such an approach was studied
in [41-43]. In particular, in [43] it was shown that we may define a supersymmetric back-
ground for a 5d N' =1 theory on any manifold, M5, admitting a transversally Hermitian
structure. This means we may write a metric on M5 of the form

ds3y = S*(dy + p)* + dsj . (2.8)

Here v is a coordinate generating an isometry of the metric, i.e., K = 9, is a Killing vector.
The transverse directions admit a complex structure, and dsi is a Hermitian metric. With
this structure, we may find solutions to the Killing spinor equations, which allow us to
write actions on Mj preserving some supersymmetry.

Let us note that the above classification is very similar to that of [44] for coupling 3d
N = 2 supersymmetric theories to three-manifolds. Namely, in that case the necessary
structure is a transversally holomorphic foliation. Then it is straightforward to check that,
given a three-manifold M3 with background gravity fields, we may define a supersymmetric
background on M3 x R? with

(6D = (BN ge, (2.9)

for any constant e. In particular, in the case where M3 is a Seifert manifold [44], we may
preserve one supercharge, (39 of R-charge 1 and another, f (3d)  of R-charge —1, and so
on M3 x R? we may preserve four supercharges.

Let us consider the algebra satisfied by the supercharges. First, in 3d, we have [44]

{6c,6cy = {8z.05) =0,
{6¢, 0} = =2l + ¢{(z — AH), (2.10)

where z is the central charge of the field being acted on, A is its R-charge, H is a scalar
in the background supergravity multiplet, and £ is the modified Lie derivative, which is
covariant under R- and central-charge symmetry gauge transformations, acting along the
Killing vector,

KM = (y*C. (2.11)

Returning to the 5d superalgebra, let us define §+ and 4+ as the transformations associated
to ( ® e+ and ( ® e, respectively, where we define e+ as the £1 eigenvectors of o3. Then,

4Specifically, we find additional contributions from instantons and fermionic zero modes relative to their
computation.



for example, we may compute

{61,0-} = (ere ) (—2iL+(((z—AH))+((() (e 0ie-) =0, (2.12)
{64,04} = (CO)(e40iey) =2i0, (2.13)
{61,0-} = (ere ) (—2Lk+({(z—AH))+(({) (e oies) = —2iL+(z—AH).  (2.14)

We can repeat this for the remaining supercharges. Then, if we identify @, =, Q_ = o,
Q, =04, and Q_ = d_, one can check that Q, and Q, generate the N’ = (2,2) superal-
gebra, with a central charge given by the operator

7 =2l + (- AH). (2.15)

In other words, the 5d N' = 1 theory compactified on M3 gives rise to an effective 2d
N = (2,2) theory, whose central charge is determined by the operator Z above, which
depends on the KK momentum along Mas, R-charge, and real mass parameters, which
contribute to the central charge, z.

Finally, to construct a background on the compact manifold, M3 x X4, we may perform
a partial topological twist along ;. From the 5d point of view, this amounts to turning
on a flux, g — 1, on ¥, for the background gauge field coupled to the U(1)r C SU(2)r
symmetry. From the point of view of the effective 2d N = (2,2) theory, this is simply the
topological A-twist [14]. We then expect the partition function to be an observable in an
appropriate 2d topological quantum field theory (TQFT), which constrains the form of the
answer. We review this structure in the next subsection.

In the rest of the paper, we will mostly focus on the case Mg = Sg’ .5 Specifically, we
will take the supersymmetric background of [45], which exhibits Sj as an S! fiber bundle
over the round metric on S?, i.e.,

ds3 = B (d) + a)? + Q3. . (2.16)

This preserves an SU(2) x U(1) isometry, and the Killing vector appearing in the superal-
gebra is K = 0y. Then, in this background we have H = %(b +b71) =iQ [44], and so the

central charge in the N' = (2,2) algebra (2.15) is
Z = =2iLy, + (2 + Ay — i
Lo, +(z+ 4y —iAQ) (2.17)
= —2iLy, +io,

which defines a variable, o, valued in the complexification of the Cartan subalgebra of the
flavor symmetry, which is a holomorphic combination of the background real scalar, z, and
component, Ay, of the background gauge field along the direction K, as discussed in more
detail in [11].

2.2 The 2d A-twist and Bethe Ansatz equations

As observed above, the supersymmetric background on Sg’ X X4, when considered along the
Y4 directions, takes the form of a 2d topological twist. Such setups, where a d-dimensional

5 . . . .
°We will return to consider more general lens spaces in section 5.



gauge theory is placed on a manifold of the form M _ x ¥, and subjected to a topological
twist along the Riemann surface, have been studied in many examples recently — see,

g., [7-13]. These works are related to the gauge-Bethe correspondence of [46], and can
be described as a “higher dimensional A-twist” [11].

On general grounds, we expect such an observable to be computed by an appropriate
2d TQFT, which tightly constrains the form the result may take. In fact, by studying
the effective action of the low energy theory compactified to 2d, we may express the full
answer in terms of two functions, the “effective twisted superpotential,” (o) and the
“effective dilaton,” ©(o), which are functions of the twisted chiral field strength multiplet,
>, associated to the 2d vector multiplet, V),

Y =—iD_DV=0+iV20 Ay —07A_)+V20107 (D —iFpp) +--- . (2.18)
Then the effective action can be written in terms of these objects as [7]

W(o )
S = /d%;\/g( 2F1281;V( o) +/~\“Abm + 2Q(U)R> +0(--). (2.19)

Here, 0 may denote both dynamical and background vector multiplets associated to the
gauge group, G, and flavor group, G, respectively, expanded in a Cartan basis. For the
rest of the paper, we set the notation

o = {ug, a=1,...,7¢q, vi, i=1,...,rq.}, (2.20)

defining the gauge and flavor symmetry parameters, v and v, respectively.

Using this low energy action, we may construct the partition function of this effective
theory on a Riemann surface X4 with the topological A-twist background, where we include
twisted masses v and background magnetic fluxes n for the flavor symmetry. We find [7, 11]

My gxsg W= Y i, v)"H(a, )", (2.21)
UWESBE
where

IT; (u,v) = exp <2m' 56)/\/

) 2
(u, u)), H(u,v) = 2™ HY) det W, v) , (2.22)

vy ab  Oug,Oup
which we refer to as the “flux operator” and “handle-gluing operator,” respectively, and

SpE is the set of supersymmetric “Bethe vacua” of the theory, defined by

SBE = {ﬂ | T4(t,v) = exp <2m'gzv(ﬂ, 1/)) =1, a=1,... ,Tg} /We, (2.23)

where we quotient by the action of the Weyl group, Weg, of G and discard any solutions
on which it does not act freely.
This result may often be alternatively derived by direct UV localization. There, one

arrives at an expression of the form

Zj{ du TL; (u, V)" T, (u, v) ™ H (u, v) e 2T 2WY) — (2.24)

VA
Ma- QXEQ( |WG‘ meAg Cik
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where we sum over gauge fluxes, m, in the lattice, Ag, of coweights of GG, and Cjx is the
so-called “Jeffrey-Kirwan contour” [47, 48]. Roughly speaking, we may define this contour
by removing a small neighborhood of any singularities or boundaries at infinity in the
integrand, leaving a non-singular region, M, of the complexified Cartan of GG, and then the
contour runs over those portions of OM with

sgn Im(9,W(u,v)) = —sgn(na) , (2.25)
where 7, is an auxiliary parameter valued in the Cartan of the gauge group. In addition,
we discard contributions from the neighborhood of points with enhanced Weyl symmetry.
Then, if we choose 7, x m, with a positive constant, one can check the sum over m, is a
convergent geometric series on the JK contour, and after performing it we find

1 1
du I1; (u, v)™ H

- —  H(u,v)%e 2w 2.26
el fo L=, gy M) (2.26)

ZMd72><Eg(V)n
The poles in this integrand are precisely at the solutions to (2.23) (appearing with mul-
tiplicity |Wg/|, which cancels the prefactor), and taking their residues we recover the for-
mula (2.21), demonstrating the equivalence of these two approaches. We refer to [11] for
more details on this argument and the JK contour.

Thus, to derive the partition function on My_» X X4 for general X, it suffices to com-
pute the effective objects, W(u,v) and Q(u,v), describing the low energy theory obtained
after compactifying on My_o, which in the case of present interest is Sg’. In the next
subsection we attempt to carry out this procedure directly by expanding the 5d fields in
KK modes on Sg’ . However, the result we obtain in this way turns out to encode only the
perturbative contribution to Z SE xSyt We then describe, in section 2.4, another approach
which captures the full non-perturbative twisted superpotential and dilaton.

2.3 Reduction on Sg’ and the perturbative partition function

Let us consider a 5d N’ = 1 theory on Sg’ x R2. As discussed above, this may be described
by an effective 2d N = (2, 2) theory with infinitely many fields, arising from the KK modes
on Sg’. We begin by describing this in the case of a free 5d N' = 1 hypermultiplet.

Hypermultiplet. To write the effective twisted superpotential and dilaton generated by
a hypermultiplet, we will first need to describe how its modes on Sg’ x R? decompose into
2d fields on R%. Recall that the dimensional reduction of a 5d hypermultiplet to three
dimensions is a 3d N = 4 hypermultiplet, or equivalently, a pair of 3d N' = 2 chiral
multiplets in conjugate representations. Thus, if we restrict to a point, x, on R?, the
field content of the 5d hypermultiplet on the three transverse directions is that of a 3d
N = 4 hypermultiplet. We may then understand the 2d field content by expanding this 3d
hypermultiplet in modes on Sg’.

Round sphere.  For simplicity, let us first consider the round sphere, b = 1. Following [49],
we may decompose a chiral multiplet on S? into modes via

¢= Z (bf,m,n}/f,m,na 7/): Z me/,nXZm'ﬂ_'_ Z %_,m,n/Xg_,m,nu F= Z Fé,m,nn,m,na

£m,n lm’ n Lm,n’ Lmmn

(2.27)
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where Y7, , run over the spherical harmonics on S3, with £ € Z>p and m, n € {—%, e %}
the angular momenta under the SU(2);, x SU(2)g = SO(4) isometry group, and similarly
for the spinor spherical harmonics, y*.5 Then these modes organize into the following
short and long 0d A = 1 multiplets of the action of the supercharges § and 6:

. +
short: {(b(,g,na ¢€7u;’n}a {71}&”21’n> FE,—ﬁ,n}v (2.28)

14

_ 4
long: {¢€,m,m ¢Zm+%,n’ tm+dn’ Ff,m—i-l,n} ) _5 <m< 9 (2'29)

We expect contribution from long multiplets cancels out of protected observables, and so
we will henceforth focus on the short multiplets.

For a 3d NV = 4 hypermultiplet, which consists of two 3d A" = 2 multiplets, ® and ®
in conjugate gauge and flavor representations, we may organize the short N'= 1 multiplets

into N = 2 chiral multiplets, for £ € Z>o and n € {—%, e g},
+ + - 7
q)eﬂl = {¢£7§7n7 w[,“Tl,n’ wﬁ,—HTl,n’ Févézn} ) (2.30)
- 7 T4 —
®,, = {gbz’é’n, we,“’Tl,n’q’bé,—%,n’ Fé,—ﬁ,n} . (2.31)

Then one can check that, for a hypermultiplet with R-charge 1 coupled to a background
gauge field with scalar &, one has

[6,8]@,, = ({+1£5) Py, . (2.32)

The above analysis was carried out at a single point, € R%. In general, we obtain
2d superfields @ztn(:z:) which, as discussed above, form multiplets of the 2d N' = (2,2)
superalgebra. Spéciﬁcally, it is easy to see that each mode gives rise to an independent 2d
chiral multiplet, and from (2.32) and (2.17), we can see that these chiral multiplets have
twisted masses

My, =L+1£6. (2.33)

In addition, we have modes which contribute long multiplets in 2d, which have unprotected
masses, and which do not contribute to protected observables.

We may now compute the effective twisted superpotential contributed by integrating
out this compactified 5d hypermultiplet. Recall that the contribution of a single 2d chiral
multiplet of twisted mass 7 is [50]7

Wi (172) = —%m_m@ogfn ). (2.34)

The full twisted superpotential from summing over all the short multiplets appearing
in (2.33) is

ngflg% (0) = ez: Zi:(f + )W (£+1) £6) = gp=1(5) . (2.35)
=0

5Specifically, there m’ and n’ take values in {—“Tl, e “’%}, representing the decomposition of the

spinors into representations @, (¢, £ + 3) ® (£ + 3, £) of SU(2) x SU(2).
"More precisely we should introduce a dynamical scale, p, and write the logarithm as log ( %)7 but this
would drop out of the computation below.
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After suitable regularization (see (2.42) below), this infinite sum may be explicitly evaluated
to give

1

. 1 . 1
2wL13(62ng) + 6'71112(627”0) + —0

)2 o (26% - 1). (2.36)

Gp=1(0) = —
Squashed sphere. The above computation is generalized in a straightforward manner to
Sg’ for general b by expanding the fields in spherical harmonics, following [45].8 One finds,

[5,0]0% = £+1+4L—£—l X5 (2.37)

’ In — b4 p—1 o In :
A more general R-charge, A, can be obtained by shifting, in our convention, & — ¢+1—A.
As above, each of these modes corresponds to a 2d chiral multiplet, with twisted masses

2(b—b71)

~+
—r+1
Mo =EF AT

nta. (2.38)

Then, the twisted superpotential obtained by integrating out these chirals reads
—
byp.U() 5 = & 2b—-b0"Y O\
WS3XR2 Z Z Z {+1+ Wn +o0 ) = gb(a) , (239)
=0,

which, after suitable regularization, defines a function g,(&). We regularize this sum as
follows. Note that, using e2™We2(5) — 5-1 e may formally write

emp<mm8%§))::fi fi

2 = 5,(—iQ7) , (2.40)
2

where we have defined
Q= (b +b ) (2.41)

and sp(x) is the double sine function [15, 16], which can be rigorously defined as a mero-
morphic function of . We may then set

1

g(6) = Sy /da log sp(—iQ0) . (2.42)
i

Next consider the effective dilaton. This depends on the choice of R-symmetry used

to twist the theory on the Riemann surface, ¥4, and the contribution of a hypermultiplet

will depend on its charge, r, under this R-symmetry. We stress that r, which is in general

8Here we find it convenient to use a slightly non-standard normalization of the scalar &. Our normaliza-
tion is related to the usual scalar, o, on S§ by 0 = —iQé&, where Q is as in (2.41). We will comment more
on this relation below.
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integer-quantized due to the nontrivial flux, g — 1, through ¥ for the R-symmetry back-
ground gauge field, is distinct from the R-charge appearing in the coupling to S3, which
we denote A, and which in general is a real number. Then the contribution of a single 2d
chiral multiplet to the effective dilaton is:

Qg2 (m) = —(r — 1) log m, (2.43)

and proceeding as above, we find:

Qs (6) = (r = D6(5). (2.44)

where we have defined 1
b(o) = 9 log sp(—iQ7) . (2.45)

T

Below it will often be natural to take r = 1, as this is the R-charge obtained by twisting
by the U(1)gr C SU(2)g symmetry appearing in the N’ = 1 superalgebra, and in this case
the hypermultiplet has vanishing contribution to the effective dilaton.

We now have all the elements we need to compactify the R? factor to ¥, using the 2d
A-twist. Namely, from (2.21) above we have, for a flux m on ¥,

hyp,U(1 2mi(g—1)Q -y —1)(g—1
2P (@) = H(E)m™ 0D — g (—iQ) DD, (2.46)

General gauge theory. It is straightforward to generalize this result to a set of hy-
permultiplets living in a representation R = @;R; of a gauge group G. As above we take
¢ — U and v for the gauge and flavor symmetry (real mass) parameters, respectively. Then
we have

Wl po(@.0) =D > anlp(@) + 7). (2.47)

i pER;

ngiw i, 7) =Y Y (ri — Dly(plit) + ), (2.48)

i pER;

where we have introduced masses 7; and R-charges r; for the hypermultiplets. In addition to
the hypermultiplets, we expect a contribution to the 2d A-model from the vector multiplets
and the classical action. For the former, we write

Sre@=— ) gla(@+1), (2.49)

acAd(G)
e (@ Z fal@) +1)
acAd(G
:—Z—log 2sin (mbQa(@)) 2sin (b Q)] . (2.50)
a>0

where the sums are over the set, Ad(G), of roots of G, and the primes denote that we
include only the non-zero roots in the sum. This can be motivated as follows. Given a
N =1 5d vector multiplet and an adjoint hypermultiplet of R-charge zero, we may give
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the latter an expectation value, without breaking R-symmetry, and completely Higgsing
the gauge group. At low energies this leaves no degrees of freedom for either the vector
or hypermultiplet and thus their contributions should cancel out in the partition function.
This leads to the expression above. We will also derive this by an alternate method in
section 2.4 below.

Finally, the classical contribution to W(u) and Q(u) can in principle be computed
directly, but we can also take a more indirect approach and compute them on the back-
ground S; x ¥g. The contribution of the Yang-Mills term was computed in [39], and we
may similarly evaluate the CS contribution and find:

ng‘ng _ ewiQQ’I‘rcs(mﬁ2)—27riQ2’ymﬂ7 (2.51)
where we defined? -
i

V= . 2.52

V= (2.52)

From this and the general form of (2.21), we can read off
i L o 1 ~ i
WS (1) = =5 Q%70 — Q*Tres(a%), Qg% = 0. (2.53)
Putting these pieces together, we arrive at the following result for the twisted super-
potential of a 5d /' = 1 theory

~ ~ h ~ ~ ssi ~
W§§§R2(u, v) = WS?;RQ( D)+ gg;Rg(u)+wg§;bRgal(u), (2.54)

and similarly for Qggriw, where, with foresight, we have labeled these as the perturbative
contributions, for reasons that will be clear below.

We may nevertheless proceed as in the discussion above in section 2.2 and write the
answer for the (perturbative) partition function on Sj x ¥,. Before doing this, it will be
convenient to define rescaled variables, which are normalized in a way which will look more

natural in the context of Sg partition function, namely,

w=—iQi, v=—-iQp, v=—iQ7. (2.55)

Then we can write the perturbative contribution to the Sg’ X Y4 partition function as

t 1 i 1
Zggrng Z Hper YHHPE (4, 1)0 (2.56)
UWESBE
where
Hpert u U H Sb +Vz Hpert H H Sb +Vz H Sb(Oé(’l:L)—iQ)_a
PER; i pER; a€Ad(G)’
ert 7“1 1 . 1 Q alog Hpert
HP H H sp(p(u)+1v;) H [2sin (rbov(u)) 2sin (7b~ ' a(u))] C}zbtg(')iub’
i pER; a>0
(2.57)

9The 5d Yang-Mills coupling naturally appears in a complex combination with the 5d theta angle, 654,

and we may naturally extend the definition of 4 as 4 = 2”21 + 95d. However, we will mostly restrict our

attention to 654 = 0 in this paper, and do not write the theta angle explicitly below.
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and
pert

M(a,v)=1, a=1,...,r¢ }/Wg. (2.58)

Alternatively, we may write this in terms of an integral over the JK contour, as in (2.24),
Zggifz ( ) ( ZQ) Z j{du Hpert(u V)n,Hpert(u V)maHpert(u I/) —2miQPert (u, 1/)

’WG| meAg

(2.59)

Alternative perspective: a direct sum of 3d theories. Before moving on to evaluate
the validity of this formula more closely, let us mention an alternative perspective on the
above result. Let us again return to the case of a single hypermultiplet on Sg’ X Xg.
Then, rather than expanding in modes on Sg, we may expand in modes on X,. After the
topological twist we expect many of the modes to cancel, with the number that remain
determined by the total flux felt by the chiral multiplet.

The 2d index theorem states that for a Dirac fermion, x, the difference in the number
of right- and left-moving fermionic zero modes on ¥, is given by

2jg—1] forg#1
'n?}% — n,)i = 7tX Ny, ne = ) (260)
1 forg=1

where t, is the charge of the corresponding fermion in the background F = T'dvol(%,),
T = § (Tr +m;Ts), where Tg 1 are the R-symmetry and other possible background sym-
metry generators, respectively, and k = {1,0,—1} for g = 0, 1, and g > 1, respectively.
Applying this to a fermion with R-charge (r — 1) and gauge charge 1, and denoting
m=m+ (r—1)(g— 1), with m an integer-quantized gauge flux, gives the reduction rule

|m| 3d chirals of charge 1 ~ for m > 0

. 2.61
|m| 3d chirals of charge —1 for m < 0 (2:61)

5d hyper of charge 1 — {

Thus, since each chiral multiplet contributes a factor of sp(u) to the Sl? partition function,
the latter may be written as (using also sy(—u) = sp(u) 1)

h r— -
220U () = sy DO (2:62)

which is precisely what we found in (2.46).

More generally, given a gauge theory, we may consider the effective 3d field content
obtained for each choice of flux, m € Ag, on the Riemann surface, 3X4. This matter content
describes an effective 3d NV = 2 theory, which we may denote TE(Z’C?1 Then we expect that,
schematically, the full 5d theory compactified on X x R3 can be written as a direct sum
of 3d theories

o0 = P 1. (2.63)
meAag

If we take this relation literally, then we may also compute the Sg’ X X4 partition function as

Zssn, = > Zgo [7’2(;”{21} . (2.64)

meAg
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We claim this is precisely the interpretation of the formula (2.59). Namely, each summand
in that formula takes the form of the integral of a product of double sine functions, and
such an integral describes the Sg’ partition function of a particular 3d A = 2 theory, which

o . (3d)
we claim is precisely 7'Eg,m.

2.4 Reduction to 4d and the instanton partition function

While the above two perspectives nicely complement each other, they also suffer from
an important shortcoming. In both approaches we considered the compactification of
the manifold from d = 5 to d = 2 (in the first case) or d’ = 3 (in the second). This
compactification can be viewed as studying the theory in a limit where the compactified
manifold is very small, and deriving the effective dynamics on the directions that remain
large. While this is valid for any finite relative size of the S§ and ¥, factors, owing to the
topological invariance along g, the strict limit relevant to the compactification may not
commute with the inclusion of non-perturbative effects, since in 5d these are associated to
codimension-4 field configurations, namely, instantons. As we will see below, instantons do
indeed modify the dynamics of the compactified theory, and are important for describing
the full effective twisted superpotential and dilaton which compute the SI‘? X X4 partition
function. In this section, we describe an alternative method, based on reduction to 4d,
which captures these non-perturbative contributions. We obtain a perturbative piece which
matches the result above but which is supplemented by an instanton contribution, which
we write below.

To start, let us consider a 5d N = 1 theory on R* x S'. This gives an effective 4d
N = 2 theory on R*, with towers of KK modes corresponding to the Fourier modes of S'.
For example, a 5d A/ = 1 hypermultiplet, ®, with real mass, m, gives rise to a tower of 4d
hypermultiplets, ®,,, with complex masses

My = im + As + 2, (2.65)
T

where r is the radius of S', and Aj is the holonomy of the background gauge field along
the S'. Below we will mostly work in units with » = 1, but it will sometimes be important
to keep it as a free parameter.

For the purpose of computing the Sg’ X Yg partition function, we may realize the Sg’
factor as an S' fibration over S2. Then the partition function on this five-manifold is
equivalent to a partition function on S2 x Y4, where we insert one unit of flux on S? for
the U(1) gx symmetry, corresponding to translations along the S! fiber.

For the rest of this subsection, let us restrict our attention to the case of Xj—o = 52,
so that the underlying four-manifold is S? x S2. The partition function of 4d N = 2 gauge
theories on this space was considered in [17], and so we may apply their results to gain
another perspective on our computation.

The 4d computation. Let us briefly review the computation of the partition function
on S? x §2, following [17]. Consider the following vector field on S? x S2, which generates
an infinitesimal isometry

v = 2€1(i1210,, — 12107, ) + 2€2(i220,, — 12203,) , (2.66)
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where z; are the complex coordinates on each S? factor. Then we may consider the equiv-
ariant deformation of the Donaldson-Witten topological twist on S2 x S? [1]. The partition
function can then be computed by equivariant localization, and reduces to a contribution
from the four fixed points of the U(1); x U(1)2 isometry above, namely, at the products of
the poles of the two S? factors. More precisely, one finds that the path integral localizes
to the locus

[@,®] = [F,®] = [F,®] =0, 1,F=id®, 1,D®=0, (2.67)

where ® and F are the complex scalar and field strength, respectively, in the N =
vector multiplet. The first conditions imply we may take ®, ®, and F in the same Cartan
subalgebra of the gauge group, G, with rank rg. The second and third then imply that we
may write, in this Cartan basis,

% =My w1 + My qWwo, b, = u, + %mmelhl + %mQ’QGQhQ, a=1,....rqg, (2.68)
where 1, € C parameterizes the allowed profiles of ®, m; , € Z label the GNO fluxes of the
gauge field on the two S? factors, and w; and h; are the volume forms and height functions,
respectively, on the two S? factors, i.e., w; = ﬁsin 0;d0;d¢p; and h; = cos#; in the usual
coordinates on S2. In addition, the path integral receives contributions from point-like
instantons localized at each of the fixed points.

Let us consider a 4d N = 2 theory with gauge group G and hypermultiplets in the
representation R = @;_; R;. Then the partition function is given by an integral over the
BPS locus above

Zsp s, Tmpms = 3 74 duH 2, s, (@9,70,7) (2.69)

myp,mo

Here 7 is the complexified gauge coupling, @ = (u,) and 7 = (7;) are complex scalar
parameters associated to the gauge and flavor symmetry, respectively, m; o and n; o are
the corresponding fluxes through the two S? factors, the index ¢ runs over the four fixed
points, ¢ € {nn,ns, sn, ss}, sitting at the north (n) and south (s) poles of the two spheres,
and we have defined

6(4)_ €1, f=nnorns (g) €s, £ =mnnor sn
L) —e, £=snorss . —€2, f =mnsorss (2.70)
1 1
i) =t + 3 (mmegﬁ) + mz,aeg)) R 5 <n1 et + ze§£)> :

Finally, ZR?I XR2, is the partition function on R* in the Q-background [18], which describes
the contribution in the local neighborhood of each fixed point. It can be decomposed as

~ ~ 1-1 ~ ~ ~ ~
Zi xie, (0, 7,7) = ZIg (,71) 2330, (0.9) 288 gp (0.9,7).  (2T1)

Let us analyze each of these pieces in turn. First, the classical contribution comes from
the Yang-Mills term, and is given by

~2
Zﬂ(i'alfssxlﬁgazl (@,7) = exp ( - WiTTl"u) : (2.72)
€1€9
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where we define Tr(@?) = K®a,iy, with K the Killing form. Taking the contribution
from the four fixed points using (2.70), we find

2P (0. )y = [[ 285055 (@) = e ST memae (2.7
l 1 €2

For the perturbative and instanton part, it is useful to first write the contribution

to the corresponding equivariant indices [34, 51]. The appropriate index for the vector
multiplet is that for the so-called self-dual complex, and for the hypermultiplet it is the
Dirac complex, where both are twisted by the vector bundle, V', in which the fields take
values. These can both be related to the index of the Dolbeault complex for V, ind(dy),

namely,
i61+52 e’Ll/ _|_ 67’“/
2 e —

2

1 + e’i(€1+€2)

indgait-qual = find(gv), indpirac = —¢€ ind(dy) . (2.74)
Thus, we first consider the Dolbeault index, ind(dy). This may be decomposed into a

perturbative piece and an instanton contribution,
ind(dy) = indpert(Ov) + indinst (') - (2.75)

The former can be written for an arbitrary representation R of an arbitrary gauge group
G as .

trp e
(eiel _ 1)(67:62 _ 1) :

The form of the instanton contribution is more subtle, and depends in a detailed way on

indpert (Oy) = (2.76)

the representation and gauge group, with explicit expressions typically known only for the
classical gauge groups. For example, for the adjoint representation of G = U(N), and
working in the k instanton sector, we have [34, 52]

_.€1+€2

indjus (Oy ) = —e " 2 (trN(eiﬂ)tr,;(ei¢)+c.c.)—1—(1—6_“1)(1—e_i€2)tradjk(ei¢), (2.77)

where ¢ are the equivariant parameters for the U(k) symmetry acting on the k-instanton
moduli space.

The 1-loop determinant in a given instanton background is given by making the formal
replacement,

ind = Zw)\e’\ — HA“’A . (2.78)
A A

Let us focus on the perturbative contribution first. Let us choose §; € {£1} so that
% | < 1 (we always assume ¢; € C\R). Then the natural expansion of the index of the
Dolbeault complex is (taking a charge 1 representation of U(1) for simplicity)

= 46y € 1291) +idqe 1o
indggt) (81/) — 5152 Z e +i01€1 (k1+ 3 1>+ 02 2(k2+ 5 2) 7 (2.79)
k1,k2>0

and so the corresponding 1-loop determinant is, using (2.78),

pert,U(1),0y ~ 1- 51 1- 52 0102
Zg» xR2, = H u+d1€r | k1 + O + 0262 | ko + 5 . (2.80)
51 €
k1,k2>0
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If we consider instead the Dirac complex, corresponding to a hypermultiplet, we find,
using (2.74)

er ~ 1 1
Zﬂggltx’%%)’hyp = H [ (U +d1€1 (/ﬁ + 2> + 0262 (k2 + 2))

k1,k2>0
] ] —6162/2
X <—1~L + 6161 <k1 + 2) + dg€9 <k‘2 + 2>> ] (2.81)

2
€29

Returning to 5’621 x SZ, we may use the above result to compute the contributions

from the four fixed points, identifying parameters as in (2.70). Let us assume now for
i€i

concreteness that |e*“| < 1. Then one finds many of terms in the infinite products above

cancel, and we are left with

~1/2
JU(1),hyp , ~ N -
ZgglrthE?Z) P (u)m1 me — ([uv €1, 62]m17m2 [—u; €1, 62]—m17—m2> (2‘82)

where we defined

1(jmy|-1) L(Imz|-1)
H (i + €1k + exhy)en(m)senima) (2.83)
ky=—1(|lm1|—1) ka=—3 (jma|—1)

—

[ﬂ‘7 €1, 62]m1,m2 =

We can simplify this using
[ﬁ; €1, 52]m1,m2 = [fL; €1, 52]—1111,—1112 = (_1)m1m2 [—fL; €1, 62]m1,m2 . (2‘84)
Then we find'°
t,U(1),hyp , ~ - _
ZggerSEQQ) @)y ma = [u§61v62]m11,m2 : (2.85)

We note for later convenience that in the limit of vanishing equivariant parameters,
€12 — 0, we have

(Im1]=1)/2

(G5 €1, €2)mymy — [T (@+eak)yetmom — grm (2.86)
e2—0 = (jma —1),2 €1—0

The perturbative contribution for a more general hypermultiplet is then computed by
1-loop,hyp [~ ~ N~ -1
Zgo g (0 D)y mma e = [ [ 11 [0(@) + 25 €1, 0] 00 s - (2.87)
i pER;

For the vector multiplet, a similar argument, using (2.74), gives

-loop,vecC s ~ ~ ~ 1/2
Zégl gz (Wmymy = H ([a(u); €1, €2]a(my)—1,a(mz)—1[(0); €1, 62]a(m1)+1,a(m2)+1)
L a€Ad(G)
= H [O[(ﬂ), €1, 62]a(m1)—1,a(m2)—1 [a(&), €1, 52]a(m1)+1,a(m2)+1 (288)
a>0

0Here we have chosen a convenient overall phase, which was ambiguous in the above infinite products.
We similarly fix several such phases below. It would be desirable to fix these phases more rigorously from
first principles, perhaps by careful consideration of the 4d 't Hooft anomalies and the 5d parity anomaly,
as discussed in [53, 54].
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Then the full perturbative contribution is

Zpert classical ( ~

~ ~ . 1-loop,vec / ~ 1-loop,hyp / ~
52, %52, (@ 7V?T)m17“1§m2’n2 = Z531x522 zZ zZ

Ty T )my my 52, %52, (@) my my 52, %52, (T 7)my ny5ma s

(2.89)

The full nonperturbative expression is obtained by including the contribution from the

remaining terms in (2.77), which correspond to the instanton contribution. The detailed

form of the instanton contribution will depend on the gauge group and matter representa-
tion, but has the general form

_ k) o
Z[ElgSthz (a, v, Z kZ]%Q xR2, (u,v), (2.90)
where we defined z = e?™7, the classical contribution from the instanton action, and

Zﬂ(é) gz 1s the contribution to the 1-loop determinant in the k-instanton background. For
exa;nple, in the U(N) case, it is given by integration over the U(k) equivariant parameters
appearing in (2.77), and can be expressed in some cases as a sum over N-colored Young
diagrams [18]. We will discuss an explicit example when we consider the 5d uplift below.

Putting these ingredients together, we may write
t . inst ~(0) ~(
ZS | X S2, (7, Ty my = ‘WG‘ Z fd Zggrxéﬂ u,v, >m17ﬂ1;m27ﬂ2 Z]Ezs xR2 (u( )7’/( )77')~

(& (£)
mip,mo V4 €1 €2

(2.91)

Uplifting to 5d. We may now uplift this result to our desired background, Sg x 52, by
applying this computation to the effective 4d N = 2 theory, T4 obtained by dimensional

5d), as outlined above.

reduction of our chosen 5d theory, 7

More precisely, our strategy will be to exhibit Sg’ as an S! fibration over the topo-
logically twisted S2. Let us first describe the case b = 1. Then it was shown in [11]
that the usual supersymmetric background on the round sphere is an S' fibration over the
topological A-twist background on the 2-sphere. Here we must include one unit of flux for
the connection fibering the S'. Then this background may be equivalently obtained by
considering the effective 2d theory obtained by dimensional reduction, which has a U(1) xx
global symmetry corresponding to translations along the S! direction, and inserting a unit
flux on S? for this global symmetry. We will employ the same strategy here, this time
with an additional S? factor in the geometry. In other words, we consider the effective 4d
N = 2 theory obtained by dimensional reduction along the S* fiber. Here we perform an
ordinary topological twist along each S? factor, which corresponds to the €1, eo — 0 limit
of the equivariant background discussed above. Finally, we must turn on a unit flux for
the U(1) ki symmetry along one of the S? factors.

In the case of a non-round sphere, b # 1, we will argue below that this can also be
exhibited as an S! fibration over S?, but now with a nonzero Omega-background on the
S? [55]. This will again fit into the framework described above, but now rather than taking
both €; and e to zero, we will keep a nonzero €1, specifically, we find that the appropriate
value is

=g=—>— (2.92)
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where r is the S! radius, which we will often set to 1 below. Note this vanishes when we
set b = 1. Thus, we arrive at the following schematic relation

TGd) ~ F(4d) . 1
ZS3><S2( )111 N2 15% 252 x 52 V, VKK = ; ’ (2'93)
ni,ny g =1ing,ne k=0

where 719 is the effective 4d theory. Here the arguments of the partition functions cor-
respond to the mass and fluxes for flavor symmetries. On the r.h.s., there is an additional
flavor symmetry, the U(1) gx symmetry corresponding to translations along S*, which we
have assigned a mass % and a unit flux on the first S? factor, which gives rise to the Hopf
fibration of S described above. We will also see in a moment that the flux n; can be
absorbed into a shift of 7, as expected since there is no nontrivial 2-cycle on S on which
to support a flux. We will also demonstrate that the partition function can be written in
terms of the 5d Nekrasov partition function, or more precisely, of the Nekrasov-Shatashvili
limit of this partition function.

Let us now make these statements more precise. As above, the integrand of the par-
tition function factorizes into contributions from the perturbative (classical and 1-loop)
piece, and the instanton contribution. First, the classical contributions on Sg’ X Yy were
already presented above in (2.51), and we may use that result in the present case, g = 0,
as well.

Next we have the perturbative and instanton contributions. To compute these, let us
return to the contribution to the Dolbeault index in 4d from a single fixed point, given
by (2.75),

ind(dy) = indpert (Ov) + indinst (Iy) - (2.94)

Then when we add a tower of KK modes with masses 7, n € Z, the index is modified to
ind® (9y) = eiTnind(év) , (2.95)
nez

and similarly for the vector and hypermultiplet indices. Then we expect that when we
construct the 1-loop determinants on R* x S, these will be related to those in 4d by,
schematically,

00 00 n i
Hlvl X%Q H A= Zﬂlp1 X%Q wgl = H H ()\ + ;) x H 2sin7r. (2.96)
neZ A A

This holds for both the perturbative contribution and the 1-loop contribution in an instan-
ton background, as discussed in [34] in the context of the S° partition function.

To see how this works in more detail, let us consider the perturbative contribution for
a single hypermultiplet. Recall that the perturbative contribution of the hypermultiplet
on R2 x RZ, is given by (2.81), namely,

er ~ 1 ].
Z]EQ tXIHJ{(Q)hyP = H [<u+5161 <k1 + 2) + do€9 (kzz + 2>>

k1,k2>0
1 1 —6162/2
X <—”L~L + 0161 (/ﬁ + 2) + 0o <k2 + 2>>:| . (2.97)
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The uplift to R?, x R2, x S! is then given by'!

T h - - n 1 1
Zﬁig t;%(gl);gf(U) = H H [(U + - + 01€1 <k1 + 2> + da62 (kz + 2))
v neZ ki,ka>0

1 1
X (—ﬂ -z + 0161 (k‘1 + ) + d2€2 <k‘2 + >>
r 2 2
1
2

= H [22’ sin |:7TT <ﬂ + 0161 <k1 + ;) + do€9 (k:g +

k1,k2>0

:|—(51(52/2
1 1 —5165/2
X 24 sin [71'1“ <—fL + 0161 <k1 + 2) + 969 <k2 + 2))” .

(2.98)
Note this is naturally a function of the parameters
T = 627ri1“117 4 = 627T’L'7‘67; . (299)
We will sometimes emphasize this by writing the 5d partition function as
ZRglx]Rngsl (z), (2.100)

where the meaning of the subscripts and arguments should be clear from context. Now we
may glue four copies of this function with parameters identified as in (2.70), and one finds
that the infinite product simplifies to

t,U(1),hyp, ~ 1
Zggfxség)xsﬁp(u)mhm = (z; ql’qg)mhmz ’ (2.101)

where the parameters are as in (2.99), and we have defined

3(m[=1)  3(jme[-1)

_ B _ sgn(mi)sgn(mz)
(J:;qlan)mhmz: H H ($1/2q1k1/2q2k2/2_$ 1/2ql k1/2c|2 k2/2> )

k= ko=
—3(jm1|=1) =3 (jma|-1)

(2.102)
This result may also be obtained by directly uplifting the perturbative contribution,

-1
t,U(1),hyp / ~ pert,U(1),hyp (~ T . n
Zp§r7271u m:H2272 U+ — :H U+ —;€1,€2
Selxsezxs ( )m17 2 = Sél><5’62 7/ my,mo r’ my,my
n

= (2301, 92) 1 my - (2.103)

The above computation represents the 1-loop determinant on the background Szl X
5522 x S', where the S appears as trivial product. We will return to this case in section 5
below, but our present interest is in the partition function on Sg’ x52. Then we must include
a magnetic flux for fields charged under the U(1)xx symmetry. Recall that the magnetic

"Here we fix the overall normalization arising from regularizing the product over n for later convenience.
As mentioned above, it would be interesting to fix this from first principles.
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flux enters the fixed point contributions on S?l X S€22 by shifting the eigenvalues by “£<.
Thus, including a unit U(1)gx flux, the perturbative contribution of the hypermultiplet
in (2.98) is modified to

pert,U(1),hyp /~\ - n nep 1 1
ZREI ><]R§2><§‘,1 (a) = H H [(u + - + 5 +01€1 <k‘1 + 2) 4 dg€9 <k2 + 2))

n€Z ki,k2>0

—5152/2
. n ne 1 1
X <—U — ; — 7 + d1€1 <k‘1 + 2> + d9€9 <k72 + 2>>:|
.. s 1 1
- H [21 Sin {7”“ <U + d1e1 (kil + 2> + da€2 <k2 + 2))}
k1,k2>0

] 1 —6182/2
XQiSin[Tr?: <—ﬂ+5161 <k1+2> + d9€s (k2+2>>]] ,

(2.104)

where we defined
r
F=— (2.105)
1+ %

This is the same function we obtained in (2.98) above, but now evaluated at the arguments
.1'/ — 627rifﬂ7 q’/L — 627Ti1:6i . (2106)

Now to construct the full Sg’ x S2 partition function, we must include the contribution
from the four fixed points, that is (writing this now as a function of = and the g;),

pert,U(1),hyp pert,U(1),hyp )
ZSS’XSZ( ) (@)ms my = Z]RQ(Z) ngg(aXSl(x( ), (2.107)
l 99 Ao

where the parameters at the four fixed points can be read off from (2.70) and (2.106), and
we find, for vanishing fluxes, and renaming e; — € as in (2.93),

2mi—4— 2mibQri
) e T2y =™ =g {=nnorns
= omi—zi o
e 1-5re, — 6271'7,[) Qra = {i’, E = SN OTr SS
2mi — o — 2o
0 e i = 2 = ¢ ¢ =mnnorns
q = o TEp
' e e — em2mib™? = ¢ =snor ss
. ) (2.108)
2m —7—— .
e ltgre, — p2mibQre ’ ! =nn
—2mi—4— .
q(f) e I+5rep — e—27rsz7"e , ! =ns
— . Te
2 €2W21—%reb _ eQﬂib_lQm’ ! = sn
—2mi—4¢ .
1—2 _ ,—2mib~1Qre —
e T = ¢ Qre 0 =gss
where we introduced the parameters
o o2 o ~ g
g=e 27ib . G=e 27ib . w= 627”bQTu, F = e2mb Qru’ (2.109)

and ) = %(b +b71) as usual. We can then introduce fluxes, as above, by shifting u® —

ul® + %(mlegé) + mgey)). We will describe the dependence on fluxes in more detail below.
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Perturbative contribution and holomorphic blocks. We now evaluate this pertur-
bative contribution for the hypermultiplet explicitly using two methods. First, we may
directly uplift the perturbative contribution on 52 X 8622, as in (2.103), but now including
the U(1) kx flux. We find

-1
,U(1),h; ,U(1),h;
Zg?:s?(l) YP(u)mth _ I I Z‘ggrisgl) YP( _}_7) _ | | [u+ “ep, € }
my+n,mz

neL neL m1 e, me

1

3 (jmi+n|-1)

2

B n —sgn(mi+n)mg
— [T 1II <u +o+ kleb) , (2.110)
nel k1=

—3(lmi4n[-1)

where we used (2.86) to take the € — 0 limit. Defining ¢ = |m; + n|, this may be further
rewritten as

o 31

£,U(1),h i+ —m —me

er ~

ZSSXSQ yp(u)m1,m2 = | | | | < o ijl oy > . (2.111)
=1 klzfé(zfl) r leb

Finally, after substituting the definition of ¢, and defining j = ¢ — 1+ 2k, k =0 — 1 — 2k,
which take values in Z>(, and comparing to (2.40), we see that

25 0P )y = 5 (—iQ(rT — )™ (2112)

We may take another approach to this computation which will give another useful
perspective on this partition function. Let us consider the contribution from the fixed
points ¢ = nn and £ = ns. We also take |q| = |e 2™°| < 1 for concreteness. Then one
finds the infinite products over ko in (2.104) reduce to a finite product, and we can take a
finite € — 0 limit,

e R e N,
w0 o \sin (77 ( u—i—eb(kl—— ) +eks)]
—5(lma2|-1)
sin[77 (G+ep (b + S +1))] | /2
1_>I (sm u+eb(k1—+§))]>

1 my —mo/2
o <((( EQ)H i ‘P)) , (2.113)

where q and z are as in (2.109), and we introduced the g-Pochhammer symbol

(z:0) = [] (1 - ") (2.114)

k>0

A similar argument for the contribution from the fixed points £ = sn and ¢ = ss gives

et Uy pert 0 [ (—a)"malgy )
Zas mixst iz v x5t : ! . (2.115)
2
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Then, using the relation [13, 20]

1/2,..
31,2022 - I (1?4 b2) (_q / x,q)

sp(irQu) = e2 — 'V — g (—irQu) ", (2.116)
(—a-1/2z;971)
where the parameters are as in (2.109), we again arrive at
ZPert,U(l),hyp _ Sb(—iQ(Tﬂ _ ml))mg ] (2‘117)

S3x 92

This method demonstrates that the partition function of the hypermultiplet naturally
factorizes into a contribution from the fixed points at the north and south poles of the S?
base of Sg’.

Note that the dependence on the flux m; can be absorbed into a shift of u, as expected
since the Sg’ factor cannot support a topologically nontrivial flux. Thus we will henceforth
set m; = 0, and rename the flux on S? by my — m. Then we see that this agrees with the
result (2.46) derived above by KK reduction, where in the present case we are implicitly
taking R-charge one for the hypermultiplet. We may also define, as in section 2.3, the
rescaled parameters

u=—iQra, v=—iQrp. (2.118)

We will sometimes work in terms of these parameters below.
It is straightforward to extend the argument above to a hypermultiplet in a general
representation, giving

7h 1
2t w Vmn = [T TT 5o (o) + 0270 (2.119)
i pER;

Similarly, for the vector multiplet we find

Zggl;tg?(u)m = [ 5 (=iQ(ra(@) — 1))"*™" 5, (=iQ(ra(@) + 1)) "™+
" (2.120)

= H sp (a(u) — iQ)t ™

a€Ad(G)

We note this perturbative piece precisely agrees with what we found by the naive KK
reduction of section 2.3. This confirms our claim that the previous computation only
reproduced the perturbative contribution to the Sg’ X ¥4 partition function, and missed the
instanton corrections. The latter can be seen in the present approach, and we will discuss
them below.

The factorization of the perturbative contribution noted above also holds for the gen-
eral hypermultiplet and vector multiplet in (2.119) and (2.120). This is closely related
to the factorization of the Sg’ partition function of 3d N = 2 theories into holomorphic
blocks [20]. It is therefore natural to expect that a similar approach as the one here applies
to the spaces L(p, q), x S? for arbitrary (squashed) lens space L(p,q), as such lens spaces
can be constructed by gluing two such holomorphic blocks. Indeed, we have seen this al-
ready in the case of S? x §? x S, and will return to this example in section 5 below. We
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also note that 3d holomorphic blocks have also appeared in 5d partition functions in other
contexts — see, e.g., [56, 57] — and it would be interesting to understand the relation to
their appearance here. As we will see in the next subsection, this factorization continues
to hold at the non-perturbative level.

Instanton contribution and the Nekrasov-Shatashvili limit. The argument above
extends to the 1-loop determinant of a general hypermultiplet or vector multiplet in a
general instanton background. Specifically, we may similarly uplift the contribution in the

background of point-like instantons on Rfl x R2 | which are now configurations supported

€2
on loops wrapping the S! factor. Thus, we may write

[e.e]
t k
Ty syes (0,0,2) = 285" o o (@0, 2) D2 e (wy) . (2121)
k=0

where Zﬁgrthz .51 18 the perturbative contribution from vector and hypermultiplets, and
q1 a2
(k)
ZRgl xR3, xS

the classical contribution to the instanton action, which is now integrated over S?,

, is the 1-loop determinant in the k-instanton background. We have also defined

- 211
_ 2miry ~
z=e , y=—-——7. 2.122
o (2.122)
This 5d instanton partition function was originally defined in [18], and plays an important
role in many of the 5d partition functions mentioned at the beginning of this section. We
see the same object controls the Sp x S? partition function.

To form the integrand of the Sg’ x S2 partition function, we take the product of the

contributions from the four fixed points,

{4 {4 l
B2, w1 (2@, y O 2Oy (2.123)
92

lime 0 [ | Zge
(£)
£ 9

where the arguments of the instanton partition functions at the four fixed points are z()

and qu), defined as in (2.108), and y© and 2(¥), defined analagously. Explicitly,
2RI = ¢ { = np or ns e?™QTY = 2 { =nnorns
yO = L 20 = P
6271'11) Qrv — 7, { = sn or §s 627”b Qry = zZ, { = snor ss
(2.124)

The expression (2.123) involves taking the limit of the instanton partition function
where one of the equivariant parameters is sent to zero. This limit has been widely stud-
ied, beginning with [19], and is known as the Nekrasov-Shatashvili limit of the instanton
partition function. As shown in [19], the leading behavior of the instanton partition func-
tion in this limit can be expanded as (considering the 4d case first)

1 1
Z]Rgl xR2, () — exp {27Ti <6WN5'(’&, €1) — 59]\[5(1], €1) + 0(62)) } , (2.125)
2

ea—0
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which implicitly defines functions, Wy (4, €1) and Qxgs (@, €2), which depend on the theory
under consideration.'? We may similarly define, for the 5d instanton partition function,
adapted to the notation above (and setting r» = 1 from now on),

ZRQ

qai1=e

27U 2miv — e27rw)

«R2 xSl (x:e ,Yy==¢€ , 2

a2

2mieq :e27ri62

(2.126)

(L d), - - - 5d)~ ~ ~
— exp {2m <WZ(VS) (a,0,%;€1) — QSVS) (a,7,%;€1) + O(e2) .
e2—0 €2
The notation we have chosen anticipates the role these functions will play as the twisted
superpotential and effective dilaton below.

Let us consider again the expression (2.123) in light of this expansion. If we again
consider the product of the £ = nn and ¢ = ns terms, we find (suppressing the dependence
on 7 and 4 from the notation)
xSl (€2ﬁibQ(a+%m€)> Z]R2

xR?_, .
q:¢3727”vb2 e—2miQbe

— exp {2m<Qb Wi (Qb (a + ;me> ,—b2) - %QE{?‘Q (Qb <u + ;nw) ,—b2>
le <Qb ( - ;me) ,—b2> - %Qf}? (Qb <a - ;me> ,—b2> + O(e)> }

— exp{QTri ( QbWNS (Qbii, —b?) — QY (Qba, —b2)> } (2.127)

Z]R2

a=e

xR2

1
e2miQbe )

(eZﬂibQ(fH- %me))

—2mib2

Similarly, the other two fixed points contribute

zmb—lQ(mlme)) ( 2m‘b—1Q(a+lme)>
ZRj:e—Qwib_Q XRzzme—leX ' (6 ’ ZRzze—zmb—Q XRj—Q'M’Qb_IeX t\° ’
— exp{Qﬂ'i( Qb D Qb i, —b2)— QE@?(QW@,—H)) } (2.128)

Putting this together, we see these objects behave in precisely the same way as we expect
the twisted superpotential and effective dilaton to behave in the context of the S? x S}
partition function. Thus it is natural to define

U 1 1 U _
Wspara(8:7,7) = o7 e (i, 7, 5; —b%) + = e (@, 7,7 —b72) (2.129)
Qa2 (11, 7,7) = QN (@, 7,7 —b%) + Q52 (@, 7,7 ~b?). (2.130)

Thus, we see the factorization of the perturbative contribution continues to hold at the
non-perturbative level. We can now write, e.g.,

Wes gz (U, 7, 7) = WSPESRZ (@, 7,7) + WeFyge (@, 7,7) - (2.131)

Then we have seen the perturbative piece is given by (2.54), and can in principle be
further factorized into W(Sd) pert(~, 7,7; —b%) and W(Sd) pert(~, 7,7; —b~2), although we do
not write those expressions here. The instanton contribution is thus determined implicitly
by studying the Nekrasov-Shatashvili limit of the instanton partition function.

12The notation here should not be confused with that of the fixed points at the north and south poles of
the S? factors, which we denote with lower case letters.

~ 98 —



Integration contour and Bethe sum. Having finally written an expression for the
integrand of the Sg’ x 82 partition function, we can now write the partition function itself
as an integral over a suitable contour and sum over gauge fluxes on 52, i.e.,

7TQ ~7~7~
Zgs 52 (0, F)n = 3 f{ dii T, (0, 7, 7)™ (@, 5, 7) e o spa2 @09 9 139)

meEAG Cik

!WGI

27Ti811a Ws3 < R2 (ﬁvi}f?)

2mi8p, W: a0,y
a(3.7.5) = R i S

(2.133)
We have so far not been careful to specify the precise contour of integration in the above
integral. However, it is natural to conjecture that this contour is such that, by a similar
manipulation as described above and in [11], we may evaluate this contour integral and
perform the resulting geometric series over m,, and obtain a “Bethe sum” formula,

Zg352(0,7)n = > (a7, 7)  H(w, 7,9) 7" (2.134)
1363]3}3
where Spg, is defined as in (2.23), and we have defined

2 ~ ~ ~
ezwmsg w2 (@7,9) 0 ng xR2 (% v,%)

H(@,7,7) = ab DOy

(2.135)

Finally, although the above formula has only been motivated for genus zero, it is very
natural to conjecture the generalization to arbitrary genus, g, using the general A-twist
formalism described above, namely,

Zgpssg @A =D Wil 7,3) " H (i1, 7,7)". (2.136)

ﬁESBE

In fact, this form is essentially determined by topological invariance on ¥4, which means
this observable must be computed by a 2d TQFT. This represents our result for the full,
non-perturbative partition function on Sg’ X Yg.

Summary. We have computed the Sg X g partition function by two methods. First,
we performed a naive reduction to 2d, leading to the perturbative result for the twisted
superpotential in (2.54). However, this missed the contribution of instantons, and we then
recovered the full non-perturbative result by a reduction to 4d, where we conjectured the
answer is expressed in terms of the Nekrasov-Shatashvili limit of the instanton partition
function, as in (2.129). From the twisted superpotential (and effective dilaton), we may
then construct the full S3 x Xy partition function as in the general discussion of section 2.2,
leading to the formulae (2.56) for the perturbative partition function, and (2.136) for the
non-perturbative result.

While the latter method in principle gives the complete answer, in practice the instan-
ton contributions may be difficult or impossible to compute analytically. For the remainder
of this paper, we will therefore consider various simplifying limits in which their contri-
bution is suppressed, or otherwise under control. Specifically, it is well-known that their
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contribution is subleading in N when we take a large NV limit, and in the next section we
consider this limit in several examples, utilizing only the perturbative contribution to the
partition function. In the following section, we will specialize to theories which we expect
to have a 6d UV completion. For such theories we will argue that in the limit of large
gauge coupling, corresponding to large radius of the emergent S' direction, the instantons
contribute a simple factor to the partition function, which can be interpreted as computing
the Casimir energy in this limit. Finally, in the special case of the maximal 5d /' = 2 SYM
theory, we will see there exists a limit with enhanced supersymmetry, where the instanton
contribution is very simple.

3 Large N limit and holography

In this section, we study the large IV limit of the Sg’ x Yg partition function for a large class
of 5d quiver gauge theories. We distinguish two classes of quivers; those leading to an N%/2
scaling of the free energy and those leading to an N3 scaling. The latter class of theories
(which are expected to have UV completions as 6d theories on a circle) are discussed
in detail at finite N in section 4. For the former class, we find that the matrix model
determining the partition function exhibits an interesting structure at large IV, becoming
closely related to the matrix model determining the S° partition function [32, 33, 58-60].
Precisely, we will establish the large N relations

> aeG Ca — ZpEchﬁPﬁp
ZpGRCP (1 - ’73)

oo 3/2
4Q? ZpERCP(l - Vg) Fes
27w ZpERCP S

FSEng = —6m(g—1) ( > WSSX]RQ )

WS?X]R2 =

where the sum ) is over the vector multiplets and ) p is over various hypermultiplets
and F is the free energy of the theory on the corresponding manifold.'® Thus, although
the matrix models computing the partition functions on S° and on SI‘? X Y4 are distinct at
finite N, they are closely related at large N.

As we discuss in detail below, the universal twist n, = 7, = 0 is special [21]. This cor-
responds to a topological twist purely along U(1)g C SU(2)gr. Combining the expressions

above it follows that!*

univ 4Q2 univ 8 2

SEXR2 = ﬁFsﬁz SSXZB :_g(g_l)Q FS5’ (32)
for any 5d N' = 1 theory with a universal twist on ¥ at large N. The second relation
above for Q = 1 is in agreement with the supergravity prediction of [21], valid for the
compactification of any 5d N' = 1 theory with a universal twist. We will discuss holography

in section 3.4.

13Gee sections 3.1 and 3.3 for notation and details.
4 As shown in section 3.3, for this class of quivers Y _ ca = >, ¢p and the universal relations follow.
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Useful formulas. Before we proceed to the computation, let us collect the relevant results
of section 2 for ease of reference. For a general theory with gauge group G and hyper-
multiplets in gauge representations Ry, and collecting the terms from (2.56), (2.57), the
perturbative partition function is given by

Z?Erxtzg = > =1 ] sla(@) —i@) " T [T s (p(@) + )0, (3.3)

UWESBE acAd(G)’ I p€eRy

where H denotes the Hessian contribution to the handle-gluing operator in the second line
of (2.57) and we have written the flavor flux as n; = ay(g — 1), with 7 integer-quantized.
The Bethe equations are given by
pert
8WSI?><R2
Ouy,

Spe = @ | (@) = exp | 2mi (@) =1, a=1,...,rq ¢ /Wag, (3.4)

with the twisted superpotential (2.54), given by

Wi () = WG (@, 9) + Y > an(p(@) + 1) = D gv(a(@) +1), (3.5)
I p€eR; «

where the classical contribution is given in (2.53), and for the theories considered in this
section the Hessian contribution, H, given in (3.3) is subleading in the large N limit. Since
instanton corrections are suppressed at large N, and to avoid clutter, in the remainder of
this section we shall always omit the label “pert.”

To study the large N limit, we will need the following asymptotic behaviors:

2
a(i+7) = + <—112Q2a3 + %Qgﬂ{ﬂ - % [H64Q - Q*1—-» )} a> . (3.6)
(a4 v) — 1%2 (;2 -+ 1711) : for Tm (@) — oo, (3.7)

where we have assumed that 7 € R and || < 1, and took the principal branch. We note
also the expansion

sp(z) — et (¥ 307 5) , for Re(z) — £o0. (3.8)

3.1 Seiberg theory and its orbifolds

The Seiberg theory [5] (see also [31]) consists of a single 5d N' = 1 vector multiplet in
the adjoint of the gauge group Sp(N) ~ USp(2N),'> Ny < 8 hypermultiplets in the fun-
damental representation of the gauge group, and one hypermultiplet in the antisymmetric
representation (see figure 1). The global symmetry of the theory is SO(5) x SU(2)g X

15Since the terminology regarding symplectic groups differs in the literature, let us clarify the one followed
here. The group of real 2N x 2N matrices U such that UTQU = Q, with Q2 = —1, is denoted Sp(2N,R).
The group of such complex matrices is denoted Sp(2N, C). If one adds to the later the condition that U is
unitary, one obtains the group USp(2N) = Sp(2N,C) N U(2N), also denoted Sp(N). It is useful to know
that SU(N) x U(1) C USp(2N) C SU(2N).

~ 31—



\
Nf—Q |
/

Figure 1. The 5d Seiberg theory. The node represents a USp(2N) gauge group, the solid
line Ny hypermultiplets in the fundamental representation and the dashed line an antisymmet-
ric hypermultiplet.

SU(2)ar x SO(2N¢) x U(1)top.'® The antisymmetric hypermultiplet transforms as a dou-
blet of SU(2) s and as a singlet of SO(2Ny). We turn general flavor fluxes along the Cartan
of SU(2)ar and SO(2Ny), denoted iy and 0y, I =1,..., Ny, respectively.

The fundamental representation of USp(2/N) has weights +e;, where e; are unit vectors
of R¥. The antisymmetric representation has weights +(e; — e;) and +(e; + ;) with i < j.
The adjoint has the same weights as the antisymmetric and also +2e;. Then, the twisted
superpotential (3.5) reads

Wasme == > > [oo(1 % (@ — @) + go(1 £ (@ + @y)) Zgb 1+ 23)
+ i<y

+Z Z gb I/AS:I: j))+gb(ﬁASi(ﬂi+a1))]

1<j

+ Z I ACETOR (3.9)

I=1 £ %

where we have omitted the classical piece VVCI&SSlcal since one can check that it is subleading
in N. To analyze the large N behavior of thls quantlty we follow the approach introduced
in [61], replacing

i —iN“z, ) - N/dxp(a:), (3.10)

where a > 0, z is a continuous variable of order O(N?), and p(z) is the eigenvalue density,

normalized as [ dx p(z) = 1. Using the large @ expansion (3.6) and then going to the

continuum variables, we have!”

Q?N“ﬁﬂ/dxp ) af?

—fQ( )N%a/ dwdy p(@)p(y) (5 +y]+ o —yl) . (311)
y<zx

8 — N
Wes g = (8 —Ny)

For this function to have a nontrivial saddle at large N requires both terms to be of the
same order in N and hence o = %, which we set in what follows. We note that, to this
order in NV, only the mixing parameter for the antisymmetric hypermultiplet, 744, is visible
while the parameters for the fundamental fields, 7y, are not. We also note there has been

The U(1)40p is a topological symmetry which together with the SO(2N;) is expected to combine into
an enhanced En, 11 at the conformal fixed point [5].

"Due to the structure of roots and weights for USp(2N) and SU(2N), only the real part of gy(z) con-
tributes from the expansion (3.6) and Wes gz is real. The same holds for ¢(z) appearing in the free energy.
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a cancellation of the nonlocal cubic terms |z + y|> among the vector multiplet and the
antisymmetric hypermultiplet. The same cancellation occurs for the free energy of this
theory on S® [62]. In fact, by a simple rescaling of the coordinates

2
T3 1-ig (3.12)

and a corresponding inverse rescaling of p to preserve its normalization, we have'®

2

Was g2 & ———
SbXR 277T

(1= 16" [TESRD N2 [ pta) o

SN [ dndypla)p) (ol + o= ul) [ (313)

We note the quantity inside the brackets is precisely the free energy functional of this
theory on S° (see eq. (3.4) in [62]). Thus, we find the simple relation

4Q? 5 \3/2
WSSXRQ = 277 (1 — V%S) Fss . (314)

Since this is a functional relation in the eigenvalue density p(x), extremization of the
Bethe potential is equivalent to the extremization of Fgs. As shown in [62] the saddle
configuration is given by

2|z 3
=22 -2 3.15
pla) = 25 e (3.15)
with z € [0, z,] and at the extremum
927 N5/2
Fgs = _IV2NTE (3.16)
5./8 — Ny

Now let us evaluate the free energy on Sg’ X Yg in this Bethe vacuum. Taking the loga-
rithm of (3.3) for this theory it is easy to see that the Hessian is subleading in this vacuum
and only the flux operators contribute, which using the expansion (3.7) and vacuum (3.15)
becomes

8 . N
Fgsys, = —§(g — 1)Q*(1 — fipirag) /1 — 744 Fes - (3.17)

As we will show in section 3.3 the relations (3.14) and (3.17) are not particular to the
Seiberg theory but can be generalized to a large class of quiver gauge theories. This is
rather nontrivial as it requires a number of special cancellations in the Bethe potential.
We note that relations analogous to these hold for 3d A/ = 2 theories on S! x Yg; in that
case the relations are among the topological twisted index, corresponding Bethe potential,
and the free energy on the round S3 [63, 64].

Before discussing the general case we prove these relations for orbifolds of the Seiberg
theory.

18We have used the symmetry of the integrand to replace fy<z dxdy — %fd:cdy, where now both
integration variables x,y are integrated over their full domain.
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Figure 2. The 5d quiver gauge theories of discussed in [65]. Black nodes represent SU(2N) gauge
groups and white ones USp(2N) gauge groups. Solid lines denote bifundamental hypermultiplets
and dashed lines hypermultiplets in the antisymmetric representation. In addition, at any given
node, a, one may have Ng number of fundamental hypermultiplets, which we have not depicted.

Orbifolds. These theories are obtained as Z, orbifolds of the Seiberg theory discussed
above and consist of linear quivers with SU(2N') nodes, in addition to USp(2N) nodes [65].
There are three classes of quivers: class (A) for n = 2k + 1 odd and; (B), (C') when n = 2k
is even, shown in figure 2. The Seiberg theory corresponds to class (A) with k& = 0.

Analyzing each class separately one finds that the Bethe equations for each quiver can
be obtained from the following Bethe potentials:'?

k—1
W = =Wy, + ZWW +ZWBF((1 at1) + Wags, + ZNf WE, , (3.18)
a=1 a=0 a=0
k—1 k—1
WE =W+ Wi + Wi + > War, 0 + ZNf Wr, | (3.19)
a=1 a=0 a=0
k—1
ZVW + ZWBF(a atry T Was, +Was, + ZNf WE, , (3.20)
a=1
where each term is given by
Wiy == Y (g1 (@ — @) + g1 + (@ + @))] Zgb (1 + 24
+,i,j<i
WW:—2Z [gp(1 £ (@' — @) + go(1 £ (@ + @))] Zgb 1+ 2a%)
+,4,5<1
WaFy =2 [9(Pap) (@ — @) + go(F(a) * (@ + 1)) +Zgb Playp) T 200°)
+,1,7<1
Was =Y [gp(Das £ (@ — @) + gy(as (@' +@))] ,
4,0, <i
Wr =Y gyl(ip £1'). (3.21)

To write the above expressions, we start with fundamental weights in the R2Y basis subject
to the constraint S22 @4 = 0 for SU(2N) group and @' = —a™N*+ with i = 1,..., N for

19T0 avoid clutter we denote ngxﬂ@ = W in what follows.
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USp(2N) group, as explained in [62]. To extremize the Bethe potentials, we chose the

same Ansatz for @’s corresponding to different nodes, i.e., &% = @'. The final result in

a =

terms of @’ then follows for all representations straightforwardly. The continuum limit now
follows as before with @ — iN'/2z and using the large @ expansion (3.6). Let us work
out the coefficients of different terms at various orders of N in W) (ignoring overall signs

and factors):

O(N7/?) with |z+y|?:14+2k—2k—140=0,
O(N*/?) with |z|*:8+8k—8k+0—3,Nf =8—Ny,

2 2 2
O(N®/?) with |z+y]: <1+§Q >+2/€ <1+§Q >—222;é <1+4Q QQ(l_ﬂ(ga,aH)))

-
(1447
6

—@2<1—ﬂisk>) +0=Q% (245 (20— 00)) +(1-7hs) ). (3:22)

where we defined Ny = >, N%. Note that the field content is such that the terms at
O(N7/?) cancel leaving the expected terms at O(N°/2) to be dominant. This happens for
classes (B) and (C) as well as can be easily checked. In fact, for all the three classes, the
cubic term has the same coefficient as the Seiberg theory and only the coefficient of the
nonlocal linear term changes depending on the precise matter field content. Repeating the
same extremization procedure done for the Seiberg theory for each class, we obtain the
following Bethe potentials:

3/2
k—1 ~2 ~2
W(A) _ 4@2 Za:o (2(1 - V(a,a-‘rl))) + (]' - VASk) F(A) (3 23)
2T 2k + 1 55 7 ’
3/2
k—1 ~9
i _ AQ? [ o (20 = o)) #) (3.24)
27T 2k 557 '
3/2
k-1 ~2 ~2 ~2
2 (> (20 =70, ,q) ) + (1 = 74g,) + (1 = 74g,)
W(©) — 4Q) 1 ( (a,a+1) ) ! k Fég), (3.25)

27w 2k

where F é?’B’C) =n32F Sgiberg [62]. The free energy calculation is similar to what was done
for the Seiberg theory. We turn on flavor fluxes for all the U(1)(4,441) and U(1) s global
symmetries of the quiver theories. This leads to the following free energies

2k+1—SFLoR P art) — RS, T
F& = —6r(g—1) a0 Mot Haat) R4S 45, W, (3.26)
SEx g k—1 ~9 52
(200 (2072, ) ) 0= 7,))
2k—YFlog .\
Féflz — _6r(g—1) 2 _a=020a,a+1)P(a,a+1) WB) (3.27)
b0 k1o —p2
Za:O( ( V(a,aJrl)))
2k—S"F 194 7 —fiug ag, —NAS, TAS
C a= a,a+1)Y(a,a+1 ]
Fij i, =—6m(a—1) et AR SR W@, (3.28)

(Zht (2072, 1)) + (1= +(1- 7))
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We note that for the universal twist, i = 7 = 0, the formulas above reduce to W = 27” R 55
and Fgs,s = —6m(g — 1)W for all classes of orbifolds. We will see this observation

generalizes to a large class of quivers with an N®/2 scaling in section 3.3.

3.2 Extremization

We recall that when Z SE x5, is viewed as direct sum of 3d theories, the fugacity parameters
U are associated to the 3d R-charge, A = 1 — I, of the 3d N' = 2 chiral fields obtained
by reduction of the hypermultiplets on Y. Since the theory is topological on ¥; we can
shrink it to zero size and Fgs,y, = Fgs coincides with the free energy of the 3d effective
theory on Sg’. In view of F-maximization [66, 67] it is thus natural to propose that in order
to obtain information about the 3d IR fixed point (assuming such fixed point exists), the

fugacities must be set to those values extremizing the free energy:2°
8F53 by}
— b, (3.29)

v,

Carrying this out for each class of quivers leads to a coupled set of quadratic equations
with two sets of solutions:

aBO) _ (A B,C)

vy 4% o (1 =\ /14802, C)) (3.30)
where we defined

k—1
ﬁ%A k+1 ( 2 (a,a+1) + ﬁ1245k> ) (3.31)

a=0

1

B 7]{; (Z 20 aa—l—l)) (332)
ﬁ%C) 2% (Z 2“ (aat1) T s, + “Ask> : (3.33)

We emphasize the index I in (3.30) runs over all antisymmetric and bifundamental hyper-
multiplets in the corresponding quiver, and not fundamental ones.?! Plugging the solutions

back into F (4, ’C) gives the common formula

Ry pe) — 1)3/2( 1+8n(ABC)i1)

3/2
482, oy = 1F |1+ 872, .o

Depending on the values of the flavor fluxes, one of the roots in (3.30) may be discarded

(A,B,C) 8 ‘/i

2y _ 2
FSSXEE - _§(g_1)Q

F(A,B,C)

B (3.34)

by the requirement |77| <1 (i.e., 0 < Ay < 2), which we have assumed.

20We are assuming there are no accidental flavor symmetries in the IR.
21 Just as in the Seiberg theory, the fugacities for all fundamental fields are not visible at this order in N
and thus are not fixed by extremization.
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Note that for the universal twist n = © = 0 this reduces to (3.2) for all classes.
For non-universal twists the relation among free energies depends on the theory under
consideration. Specifying (3.34) for the case of the Seiberg theory with a nonzero flux for
its SU(2) s flavor symmetry matches the supergravity result recently found in [22] where
the relevant supergravity solution was constructed.

3.3 General quivers

Consider a 5d quiver gauge theory with a number Ny, and Ny, of symplectic and uni-
tary gauge groups, respectively, and matter fields in the fundamental, bifundamental,
antisymmetric, or adjoint representations of the gauge groups. The perturbative Bethe
potential (3.5) receives contributions from all these fields, but the scaling with N of each
contribution depends on the particular weights of the representations. We recall that for
USp(2N) gauge group, the fundamental representation has weights +e;, where e; are unit
vectors of RY. The antisymmetric representation has weights £(e; — e;) and £(e; + €;)
with ¢ < j. The adjoint has the same weights as the antisymmetric and also £2e¢;. For
U(N) gauge group the fundamental has weights e;, the antisymmetric +(e’ 4+ ¢/) and the
adjoint +(e; — e;) with @ < j. We refer to weights with two nonzero entries as “nonlocal
weights” as in the continuum limit they lead to nonlocal terms in the Bethe potential.
Since a given representation may have both kinds of weights we introduce the continuum

22

notation p(u) — p(z,y) for the nonlocal terms and p(u) — p(z) for the local ones,” and

similarly for the roots «(u). With this notation, using the expansion (3.6) and rearranging
the various terms that appear, the Bethe potential reads

_ L e 140 2
W__iQ AN za:Na dzxp(z)x

) (82 [ astyotorot) [ L xate P~ 5L N o)
—|—N/dxp(x) [C?N3a|a(x)|3— 1+§Q2Na|a(:c)l]>

- % > (N2 /dxdyp(m)p(y) [?N?’“\p(az Y|P~ (1%@2 -Q%(1 —53)) N p(z,y) !]

o [ o) [ Fneipop-(FiE-@ra-a)nlpwl] ). e

We see that the various terms have different scalings in N: 1+2«, 2+ 3,24+, 1+3a, 1+a.
In order to have a nontrivial saddle at large N both a quadratic and linear term in the
eigenvalue density must appear at a given order in N. Although in principle there seem to
be six cases, demanding « > 0 there are in fact only two scalings that provide a nontrivial
saddle point:

(I 2+a=1+3a= a=1= N2 Higher order to cancel: N232=7/2

(I) 24+ a=1+2a=a=1= N? Higher orders to cancel: N2+32=5 and N1+3a=4

22We denote the weights by boldface in order not to be confused with the eigenvalue density p. We will
switch to normal font in expressions we get after the integration is done.
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In each case the cancellation of higher orders is required to avoid a trivial saddle point,
which would otherwise render the large N method used here inapplicable. We consider
each case in turn.

(I) Theories with N5/2 scaling. We assume the generic quivers have USp(2N) and
SU(2N) gauge groups,®* with Ny, Ny, number of vector multiplets corresponding to respec-
tive gauge groups and Naq, Nas, Npr, Ny number of hypermultiplets in the adjoint, anti-
symmetric, bifundamental and fundamental representations of given gauge groups, respec-
tively. Setting o = § in (3.35) the cancellation of nonlocal cubic terms at O(N 7/2) requires

<an— cp)/dxdyp W) (lz+yP +|z—yP) =
= =Y ¢, =0, (3.36)
a P

where ¢, and ¢, are numerical constants for each vector and hypermultiplet that appear
when collecting all the contributions to the integral shown above. For instance, cj, = 1,
¢y, = 2 for each vector multiplet in the quiver and caq = 1, cas = 1, cpr = 2, ¢y = 0 for
each hypermultiplet. Thus, a constraint is imposed on the number of various fields present
in the theory. We have already seen an example of such a relation for type (A) quiver theory
in (3.22), where Zp ¢p = 142k = Nys+2Npp, which is also equal to ) _ , co = Ny, +2Ny, for
this quiver. Thus, the Bethe potential for these theories with an N%/2 scaling is given by2*

W = N5/2)? [é/dxp (Zla - ;!p(fﬂ)?’)
_ ;/dxdy p(@)p(y) > (1—57) ’P(%?/)‘]

p
_]\f5/2Q2[(13 (ZC ZC)/d%p )|3§‘|3
1
—52 (-7 )/dwdyp( )p (y)(!w+y|+|x—y|)]. (3.37)
p

Here ¢/, and c;, are another set of numerical constants appearing when collecting all the
contributions to the local |z|> term. These are in general different from the c’s, for exam-
ple, ¢y, = ¢y, =8, cyy =8, dyg =0, cgp = 8, ¢4 = 1, assuming the same set of gauge

groups as before. After the rescaling z — % > Cp (1 — 173) x (and corresponding inverse

rescaling of p), we have

4Q? 3/2 8N, — Ny) [%
Q(Zcpl— R e

- 9% /Ox drdyp(z)p(y) (|Jz +y| + ]z —yl) |, (3.38)

231t should be possible to study quivers with different ranks but we do not consider this here.
**We note that due to (3.36), the —2(1 + 4Q?) part in the terms of order N*** in (3.35) also cancels.
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where we defined N, = Ny, + Ny — Ngag — Npr. By comparison with the free energy
functional on S° for the same theory, it follows that

4@ (S,e -\
W= 57 ( £ S5 Fgs (3.39)

with Fgs = (Zp cp) 3/2F556iberg, which is extremized for

() 2|z| 3
xT) = , Ty = ———— .
P r? V2(8N, — Ny)

We now evaluate the on-shell free energy. Taking the logarithm of (3.3) one can see

(3.40)

that the Hessian part of the handle-gluing operator does not contribute to leading order in
N and one finds?

(3.41)

Co — c N, U
Za Zp f’gp 14 W,
chl) (1 _VP)

FSSXZE = —6m(g — 1) (

which using (3.39) can also be written as

(3.42)
Finally, extremizing with respect to the fugacities gives
it = ;{’2 (1 /11 8ﬁ2) , (3.43)
where 1?2 = (Zp cp)fl ( >0 c,n2) and evaluating at the extremum,
8 V2|2 =17 (VIH s +1)
Fgsuny = —§(9 -1)Q* | + Fgs . (3.44)

3/2
482 — 17 V1 +8ﬁ2(

Since Fgs is negative and Fgs should be positive, we see that for g > 1, the solution with

+ sign should be chosen above and for g = 0, the solution with — sign. This sign then
suggests the introduction of , the normalized curvature of Xy defined below (2.60), by
rescaling n, — %”, giving

a2 — ,%2‘3/2 (\/Iiz +8n2 — ﬁ)

3/2

8 , [ V2

Foguz, = gla-1)@Q
K ‘4&2 — K2+ KrVK?+ 8ﬁ2)
One can also make sense of the above expression for k = 0 (as in [22] for the Seiberg
iy
27

Fgs . (3.45)

theory) by considering the limit % — —4m, n, =
8M2./4

— gQ n2F55 .
25 Although in principle one may worry that exponentially subleading/diverging terms in H of the form

exp (FN%z) may contribute, to leading order in NN these are of the form H ~ exp (ZZ Oyi W) and thus
H =~ 1 when evaluated in the Bethe vacua of the theory.

resulting in the relation Fosysy, =
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Figure 3. A simple class of 5d quiver gauge theories with free energy scaling as N3. Black nodes
represent SU(2N) gauge groups, a line connecting two nodes denotes a bifundamental hypermul-
tiplet, and the line ending on the same node denotes an adjoint hypermultiplet. No fundamental
hypermultiplets are allowed in this case.

(IT) Theories with N3 scaling. Setting a = 1 in (3.35) and requiring the cancellation
of nonlocal cubic terms at O(N®) gives the same constraint as before, i.e., (3.36). The
cancellation of local cubic terms at O(N?) leads to the additional condition

dd=> ¢ =0. (3.46)
a p

The constraints (3.36) and (3.46) together mean no cubic terms (either nonlocal and local)
survive in the expansion of the function g;. For pure U(N) or SU(N) theories, this con-
straint simply becomes Ny = 0. The maximal 5d N' =2 SU(N) SYM is such an example.
Another known example is class Sg; circular quivers consisting of k SU(N) gauge groups
and k bifundamental hypermultiplets. The maximal theory is obtained for kK = 1 when the
bifundamental multiplet turns into an adjoint one. We also note a linear quiver with k
SU(N) gauge groups and k — 1 bifundamentals, and an additional adjoint matter on one
node (see figure 3) satisfies (3.36) and (3.46). An example with USp(2N) group is the
Seiberg theory with Ny = 8 or E-string theory. In addition, all the three classes of orbifold
theories studied above with N; = 8 also give rise to N 3 scaling of the free energy.

3.4 Holography

On general grounds, we expect the gravity dual of a 5d SCFT on S? x ¥, with a partial
topological twist on ¥; to be given by a supersymmetric solution interpolating between
asymptotically locally AdSg at infinity (with an S3 x £y boundary) and an AdSs x ¥
geometry for small values of the radial coordinate.?® In the case of a universal topological
twist (n = 0) it was argued in [21] that such a solution, originally found in [68, 69], is given
by an extremal 2-brane solution in minimal 6d F(4) gauged supergravity, with metric of
the form

ds* = 21 (—dt? + dz? + dz3 + dr?) + QQQ(T)dS%g , (3.47)

which is supported by a nontrivial magnetic flux for a U(1) C SU(2) graviphoton on X
and a nontrivial scalar ¢(r).2” The interpolating solution, which exists only for g > 1,
preserves four real supercharges and can be found numerically. As the radial coordinate
goes to r — oo the metric is locally asymptotic to AdSg with unit radius and as r — 0 it

26The holographic solutions described here correspond to the case of a round 3-sphere Sp_;.
2T This supergravity theory [70] has 16 real supercharges and bosonic field content: the graviton g,., an
7
SU(2) gauge potential Ai, an Abelian one-form potential A,, a massive two-index tensor gauge field B,
and a scalar field ¢.

40 —



is of the form AdS, x g, with sizes e2f(r) = %223/23*3/2 and e29(r) = 21/23-3/2 and the
free energy given by [21]

8
FaaSw, = g @1 Fs, (3.48)

where Fgs is the free energy of the 5d field theory on S°. The crucial point, emphasized
in [21], is that upon uplift to massive ITA on topologically S*, the solution (3.47) describes
the twisted compactification of any 5d N' = 1 theory with a gravity dual and thus (3.48)
holds for any such compactification.?® Indeed, this is corroborated by our field theory
results; setting @ = 1 for the round S3, k = —1, and n, = 0 in (3.45) we see this exactly
matches (3.48). The existence of this holographic flow is thus strong evidence for the
existence of a large class of 3d SCFTs arising from compactification of 5d A/ = 1 theories,
at least at large N, for the universal twist. We emphasize that the free energy of these 3d
theories scales as N°/2 rather than the more standard N3/2 or N®/3 scaling of 3d theories
with gravity duals.

The general result (3.45) suggests that a larger class of such holographic flows should
exist, whose endpoint is described by a discrete family of 3d SCFTs labeled by the integers
n, for each 5d parent theory. The simplest example is the Seiberg theory with a nonzero flux
for the Cartan of SU(2),s. The explicit holographic RG flow in this case was constructed for
Q@ = 11in [22]. Indeed, specifying (3.45) for this case exactly matches the supergravity result
(see eq. (1.1) in [22]). It would be interesting to construct the analogous holographic RG
flows for the orbifold theories considered in detail in section 3.1, which now have a number
of flavor symmetries visible at large N and whose free energy is given by (3.34). In general,
one should be able to do this for arbitrary values of ), which would be interesting.

These holographic checks give strong support for the existence a novel class of 3d
SCFTs. The results of this paper provide a method for computing the exact partition
function of such theories, in principle at finite N.

4 5d theories, 6d SCFTs, and the 4d index

As reviewed in the Introduction, some 5d gauge theories are believed to be low energy
descriptions of certain 6d SCFTs compactified on a circle, Sé. The radius of the 6d circle
is related to the 5d gauge coupling constant by
2
B=5 (4.1)
where A is a numerical factor which depends on the specific theory under consideration. The
prototypical example of this phenomenon, which we will discuss in detail in section 4.1,
is that of the maximally supersymmetric Yang-Mills theory in 5d with an ADE gauge
group, which is expected to have a UV completion as the circle compactification of the
corresponding N = (2,0) SCFT. There are also other examples of this phenomenon with
N = (1,0) supersymmetry, including theories obtained by orbifolding the maximal theory,
and the E-string, which uplifts to the 6d E-string theory.

%See also [71] and [72] for similar discussions in other dimensions.
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Eidj\/':(l,o) on S} x B4 xsa

4d N :(Li) 5dN =1
Zszxsy[Ts, ] Zss x5, [TCY)]

g

Figure 4. The partition function of 4d N = 1 class S theories on S} x S}g from the partition
function of N = 1 gauge theories on S} x ¥j. The precise relation is given in (4.3) with the
mapping of parameters in (4.7).

When one computes protected observables in these 5d theories on a compact manifold,
M5, one generally expects that these may be interpreted as observables in the “parent”
6d theory on Mjy x S’é. Indeed, this philosophy was applied in the case of Mjy being
the squashed five-sphere to study the superconformal index, or S° x Szla partition func-
tion [34, 35], as well as other examples; see [4] for a review. In the case of the Sj x g
partition function, we expect this to compute the partition function of the 6d SCFT on

S3 X By x Sé. (4.2)

This leads to another perspective on this object, as follows. By compactifying the
parent 6d N = (1,0) theory on the Riemann surface instead leads to a class of 4d offspring
theories labeled by the compactification manifold, ¥4, and flavor fluxes, n, which we
denote here by 7'2(402. Then our computation can be interpreted as giving the partition

g
function of these 4d theories on S} x Sé (see figure 4), i.e.,

Zgsws, (V) {T(Sd)] = Zspxsy (a4 1) {,TE(jdn)] : (4.3)

The latter is closely related to the 4d supersymmetric index as [73]
Zss sy (0, ) = e PECimrTyg(p, g, o). (4.4)

where the 4d index may be defined as a trace in radial quantization [74, 75],

Tia(p. g, 1) = Te(~1)F e P pikia=F gh=ia=3 T ™™ (4.5)

i
where j; and js are Cartan generators for the SO(4) = SU(2); x SU(2)5 rotation symmetry,
and F; run over a basis of the flavor symmetries. The quantity Fcasimir, t0 which we will

return to more detail in section 4.2.1, is the Casimir energy of the 4d theory quantized
on Sp [73].

2In the general case the Riemann surface may contain nontrivial punctures, which we do not consider
in this work. These should appear as local defect operators in the TQFT on X,.
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The identification of parameters to those appearing naturally in the S,‘j’ X S}g partition
function is [45, 76]

p=e2MQTIE QT 2mQ T BiiQ) (4.6)

where v; are the effective real mass parameters on Sj. Using (4.1) we find these are related
to the parameters of the Sg’ X Yg partition function by

1,-1 —1y—1.—1 N—10—1(, 1;
p= 27rb)\ 7 q:eQTrb Ay ’ uzeQmA 1% (Vl-‘r’LQ)’ (47)

where v = —297%?. To summarize, this chain of reasoning leads us to identify

4d — - 4d)
ZSSXZQ (Va ’7)11 [T(5d)] = ZS?XS}B (p7q7,uf) [7‘2(972] =e€ ﬁEcaSImlrI4d(p7 q, ) [T( i| . (48)

In this section, we study this relation in more detail. Although in principle this is
an exact result, valid for any choice of parameters appearing in (4.8), in practice we are
only able to compute the Lh.s. in certain simplifying limits, where the contributions from
instantons are under control. We first consider in detail the case of the maximal, N' = 2
SYM theory. Due to the extra supersymmetry, this admits a limit where the instanton
contribution is very simple, and the partition function can be computed exactly. Then
we study the partition function in the “Casimir limit,” 8 ~ g52 — oco. Although naively
the instantons are important in this limit, we find their contribution can be explicitly
characterized.

4.1 The 5d N = 2 Yang-Mills theory

Let us start by considering the Sg’ X Yg partition function for the maximally supersymmetric
5d N = 2 Yang-Mills theory with simply laced gauge group G.3° We will often specialize to
the case G = SU(N) for concreteness, but will keep the discussion general when possible.
This theory contains an adjoint hypermultiplet, acted on by an SU(2) z flavor symmetry,3!
for which we include a mass v and flux n. Then the Sg’ X g partition function of this
theory can be written as a sum over Bethe vacua as

Zsss, =Y Hl(i,v,7) L (a,v,7)". (4.9)

’LLESBE

These operators can be constructed out of the twisted superpotential
=2 [~ o~ = =2/~ ~ ~. 12 =2/~ ~ ~ -2
WﬁéxR2(uaV77) = 7W]j\\I[S (u’lj”y; —b )+7_W]/\\/[S (u,y’fy; —b )7 (410)

in the notation of section 2.4, and similarly for the effective dilaton. We may alternatively
decompose this into a perturbative and instanton contribution,

U N=2, _ N=2inst /~ ~ ~
WS3><R2 (U, v, ’Y) = WSSXRI;ert( v 7) + WSSXR;nSt(u’ v, 7) ? (411)

39 As mentioned in section 2.1, this computation was also considered in [37-39], where they also observed
a relation to the Schur limit of the 4d index. Below we clarify the precise relation of this observable to the
4d index of certain 4d A’ = 1 SCFTs.

31Specifically, we have SU(2)r x SU(2)r C USp(4), where the latter is the full R-symmetry group for
this theory, and SU(2) g is the 5d N’ = 1 R-symmetry.
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and we may write an explicit expression for the first term, as in section 2.3:

= T ~ o~ o~ ]-~ ~ ~ ~ ~ ~
Weas " (@,7,9) = 57K Vit + Y gla(@+9)— Y gla(@+1), (412)
acAd(G) a€Ad(G)!
—%. In general it is difficult to evaluate the non-perturbative contribution
analytically. However, we will describe some simplifying limits below.

where 4 =

To see what the Sg X X4 partition function of this theory corresponds to in 4d, we
recall that the 6d UV completion of this 5d theory is the ' = (2,0) theory compactified
on a circle of radius

B = 95" (4.13)

2
In other words, (4.1) holds with A = 1 in this case. The compactification of the 6d SCFT
on a Riemann surface with a topological twist gives rise, in general, to a class of 4d N' =1
SCFTs, which were described as the Ay_1 case in [25]. The specific theory depends on the
choice of R-symmetry used to perform the twist. If we mix the U(1)r C SU(2)r symmetry
used to perform the topological twist on ¥; with the maximal torus of the SU(2)r flavor

symmetry with a coefficient f1, this is equivalent to inserting a flux,3?

n=n(g—1), (4.14)

on Yg4. In the special case

=

= +1, (4.15)

the twist preserves N' = 2 supersymmetry in 4d, and gives rise to the theories of class
S [23]. Let us denote the theory for general choices of flux, n, by ’TE(;M“)

As a special case of the 4d-2d correspondence, we may relate the index of this 4d
theory to the partition function of a suitable 2d TQFT [77, 78]. Then it is clear from
the logic above that this TQFT is precisely the A-twist of the effective 5d N' = 2 theory

compactified on Sj. In other words, we have

d
Zs3x s} [7-2();12} = Zgixs,(V)n {T(Sd)} 7 (4.16)

where the r.h.s. may be interpreted as a TQFT living on ;. In particular, in writing the
r.h.s. as a sum over Bethe vacua, as in (4.9), we exhibit this TQFT structure explicitly.

While we expect the relation (4.16) to hold for general parameters, it is in general
difficult to evaluate the Sg’ X X4 partition function explicitly due to the nontrivial instanton
contributions. Thus we first consider a special limit, where their contribution simplifies
significantly. We will see this limit turns out to be related to the “Schur limit” of the 4d
N = 2 superconformal index [28]. We then briefly comment on the general case.

321n [25] the parameter we call i was denoted by z.
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The Schur limit. Let us first consider the perturbative contribution to the (ungauged)
partition function in more detail. Using (4.12), and working in terms of the untilded

variables, we have33

ZNZZ’pert(u, VY )mn = 2V K Puamy H sp (o(u) + I/)a(m)Jrn

S3xBg
a€Ad(G)
< I se(aw) —iQ) ™+, (4.17)
acAd(G)’
Now let us consider the limit3* .
= %(b—b‘l). (4.18)
Then, using the following identities of the double sine function,
sp(z) = sp(—z) 7", (4.19)
iy 1 iy
i _ — - 4.2
% (x—i— 2b > QCosh(ﬂbix)Sb (x 2b > ’ (420)

we find the perturbative contribution simplifies to

N=2 pert
ZSSXEQ (U, Va ’Y)m,n

_ eQm'wK“buambbfnTc H [2 sinh (ﬂ.ba(u))]lfgfn [2 sinh (ﬂ-b*la(u))] 1=g+n . (4.21)
a>0

where we simplified the Cartan contribution of the adjoint hypermultiplet using s,(v) =
sp(5(b—b71)) = b~1. In particular, we see the dependence on the gauge flux m, and hence
also the perturbative Bethe equations, are very simple.

Next, we consider the instanton contribution, which can be written as

./\/—:2,' t /\/’:27' t
nglegns (U, V,Y)mpn = H ZRQ(Z) ;rEQ(e) %51 (m(é)’ y(4)7 Z(e)) : (4.22)
4 a1 a2

Here the parameter, y(*), for the flavor symmetry is given by, using (2.108),

by (£ n/2 n1/2 (pn/2
0 _ e?m® qg) = —qﬁ) qé) { = nnor ns (4.23)
v omb—1y (02 =12 on/2 .
e qs =—q ds { = snorss

Let us now specialize to the case G = SU(N). Then we note the following simplification
of the instanton contribution to the Nekrasov partition function of the N' = 2 theory:

N'=2,inst - +1/2 . #
ZRﬁlxR§2xsl (w,y = —(q102) ,z) RO (4.24)
N=2inst N —1y£1/2 .
ZRglxR§2x51 (a:,y = —(@maz ") 72) =1. (4.25)

33Here we recall the product with the prime includes only the non-zero roots, while the unprimed product
includes all roots.

34Tn [79] this limit of the S§ partition function was shown to correspond to the dimensional reduction of
the Schur limit of the supersymmetric index.
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This is derived in appendix B, and was also noted in the context of the S° [34] and
CP? x S' [35], partition functions. Then we see that if we set n = 1 we have

1n; Z —
ZQQX; st (u,y =5(b—b 1),7>
mmn=1

=2,ins 012 _(p1/2
- H Zy Q;ng)xsl <x(@’y(e) - _qg) qg) ’Z(£)>
92

R
3
{=nn,ns qg )

it -1/2 (p1/2
« H ZN2 t x5t <m(f),y“):—q¥) qgf) ’Z(z)>

{=sn,ss

1
- (4.26)

where we recall from (2.124) that

Z(nn,ns) —2mby 7 Z(sn,ss)

g2 (4.27)

I
Ny
I

=z =€

Similarly, for n = —1, we have

N'=2inst i -1 1
Z u,v=—(b—"> ),’y) = ———. (4.28)
SdXS2 < 2 mun=—1 77(2)2(N_1)

On the other hand, we expect the instanton contribution to the integrand of the Sg x 5?2
partition function to be equal to

e—QFiQinst (Hiynst)ﬂ (HianSt)ma ] (4'29)

Equating these expressions for n = +1, we deduce that (up to a sign)

2miQinst )N*l (7 N-—1 HinSt _ 77(2)]\[_1 HinSt =1 (4 30)
e =n(z n(z) , o= W7 o =1. )

The last relation also implies that there is no instanton contribution to the Hessian deter-
minant appearing in the handle-gluing operator.

It will be convenient to rewrite the n functions appearing in the handle-gluing and flux
operators to relate them to the index parameters in (4.7),

p= 627"’_”’, q= e2m I (4.31)
Namely, using the modular properties of the n functions, we have

n(z) = ne”>™) = (by) " (@) = ()" n(q)
—omb—ly 1 — 1 1 -
n(z) =n(e ™) = (b7 1) (™) = (7)) (4.32)
We may now write the full, non-perturbatively complete operators for the Sg’ X Y4 partition
function in the limit (4.18). We have

o - e%MKabub o — 17(p)N_1 2 sinh (ﬂ'b_loz(u))
a — v —

’ n(q)N-1 oo 2sinh (mbo(u)) ’ (4.33)
H=n(p)N n(@)V ! H [2sinh (rbav(u)) 2sinh (rb~ o (u))] -

a>0

(4.34)
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Note that the Hessian determinant contributes a factor of ¥N~1, which precisely cancels
against the factors of v from (4.32), and similarly the factor of b=(N=1 from the Cartan
component of the adjoint hypermultiplet precisely cancels the factors of b from (4.32).
It is now trivial to write the solutions to the Bethe equations, 1I, = 1, which are
given by
g =y Kt =771, neZ = Nel,, (4.35)

where A, = K{;}lnb runs over the coroot lattice of G as we vary over n® € Z. Without loss
of generality, we may restrict to coroots in the interior of the fundamental Weyl chamber,3?
or equivalently, those which can be written as § + A, for A a dominant coroot, and § the
Weyl vector of G. Then the set of Bethe vacua is

Sop = { 4 =771 +d0) | AeAL}. (4.36)

It remains to compute the partition function by evaluating the flux and handle-gluing
operators at the above Bethe vacua. First we observe

H 2sinh (Wba(ﬂo‘))) = l_I(pO‘(M";)/2 — p@OFI/2y — v (p) dim,, Ry, (4.37)
a>0 a>0

and similarly
[ 2sinh (Wb_la(ﬂ()‘))) = V(q)dimy Ry, (4.38)
a>0
where R) is the representation with highest weight A, where we have identified the coroot
and weight lattices using the Killing metric, and dim, R is the “quantum dimension” of a
representation R of G. Here we have made the identification to the parameters of the 4d
index in (4.31). Finally, V(p) is the polynomial (here we specialize again to SU(N), but
the generalization is straightforward)

N-1

_ (B —a)(N=b) _ (_1\N(N-1), —5N(N2-1) L i\N—i
Vip)= det pi (-1) p iz Hl(l )N (439)

Putting this together, we see that the S§ x Xy partition function for the N'= 2 SU(N)
theory, in the limit (4.18), is given by

zggj;g <y = %(b - b‘l))n = Y I (a)"H (@)

UWESBE
_ V(p)dimp(Ry)\ "0 (V(g) dimg(Ry) )" °
_AgA:;( n(p)N-1 ) < n(g)N-1 ) '

(4.40)

35Those on the boundary of the Weyl chamber will lead to Bethe vacua with enhanced Weyl symmetry,
which we are instructed to discard.
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4d interpretation. As described above, we expect this observable to compute the 4d su-
4d)
g '

the limit (4.18) corresponds to setting the fugacity p corresponding to this flavor symmetry
in 4d as

perconformal index of the theory TE( Specifically, using the map (4.7), we can see that

L=np. (4.41)

In the case of N' = 2 class S theories, u is usually referred to as t, and is the fugacity for
the U(1), symmetry in the 4d N' = 2 algebra. This limit of the index was first studied
for the N = 2 class S theories in [28], where it was referred to as the “Schur limit” of the
index. It was later generalized to the 4d N/ = 1 theories corresponding to a more general
choice of flux, n, in [29], where it was referred to as the “mixed Schur index.” The general
result they found for the 4d index can be written in our notation as

1

Lia(p, ) [To ] = <P112N(N2‘”V(p))_fl<qHN(NQ‘”V(Q)Y?
P en (psp)N 1 (g;q)N—1

> dimy(Ry) " dimy (Ry) ™%,
AeAS
(4.42)

where the sum is over representations, Ry, of SU(N), labeled by weights A, p and ¢ are the
parameters of the index, and

li=g—14n, lbo=g—1—n. (4.43)

Comparing to (4.40), we see these agree for general choices of genus g and flux n, up to an

overall factor of3¢
(B ) (MR ) 40
Using (4.6), we may rewrite the powers of p and ¢ appearing here as
—o (MG NR) S (NOGRNR)
p q =e€ ;
ECasimir = 27Q " (N(N; D + NQZ 1) (61 + £ab™1) . (4.45)

As we show in appendix A this prefactor precisely matches the Casimir energy of the 4d
theory (see (A.20)) and thus we precisely recover the expected relation (4.4) between the
Sg’ X Y4 partition function and the 4d index of these 4d N = 1 theories. This serves as
a strong consistency check of our calculation. We discuss the Casimir energy for general
parameters and more general theories in section 4.2.1.

General parameters. Above we considered the partition function in a very special limit
of parameters, where it drastically simplified, leading to an explicit evaluation formula. A
natural and (as far as the authors are aware) open question is to compute the 4d index of
class S theories for more general choices of the parameters, and in particular, find the dual
TQFT that describes it.

36The terms proportional to % in the exponents arise due to the relation between the Dedekind eta

function and the g-Pochhammer symbol, i.e., n(q) = qi (g;9).
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In principle the results derived above imply that the answer to this question is con-
trolled by the Nekrasov-Shatashvili limit of the 5d instanton partition function of the
maximal N' = 2 SYM theory. That is, the TQFT in question is governed by the twisted
superpotential

WS (01,7,7) = ngjﬁge”(a, 7,7) + WAbf =208t (5 5. 7) | (4.46)
Then the equations determining the supersymmetric vacua of the effective 2d theory, and
hence the states of the 2d TQFT, are given by solving the Bethe equations,
(2T Ou WL @) _ 1, a=1,....rq. (4.47)
By the gauge-Bethe correspondence, it is known [19] that the vacuum equations associated
to the NS-limit of the instanton partition function are equivalent to the Bethe equations
of a certain integrable system. In the case of the 5d N' = 2 theory, this system is a
quantization of the relativistic Calogero-Moser system, also known as the Ruijsenaars-
Schneider (RS) model [80]. The relation between the 4d index and this integrable system
was already pointed out in [81], where they observed that the indices of class S theories
are naturally eigenfunctions of certain difference operators associated to the RS model.
We expect this relation can be naturally understood in the above framework. Moreover,
it would be interesting to explore whether the perspective above allows one to practically
compute the 4d index of non-Lagrangian class S theories, which is a long-standing open
problem.?” We hope to return to this in future work.

4.2 5d N =1 theories

We now consider the case of N' = 1 theories with a 6d /' = (1,0) UV completion. We
consider two known examples in detail. The first example is a set of 5d circular quiver
gauge theories whose UV completion is a Zj orbifold of the 6d Ay_1 theory, and which
give rise, upon compactification of the 6d theory, to the 4d theories of class Sy [84]. The
second example is the Seiberg theory in the special case Ny = 8, whose UV completion
is the so-called E-string theory [5, 85]. The twisted compactifications of these two classes
of theories were considered in [26] and [27], respectively. Then, as for the maximal theory
above, we expect that the Sg X ¥4 partition function of these 5d theories computes the 4d
index of the corresponding 4d theories.

We also expect the Sg’ X Yg partition function of these 5d theories, and therefore the
supersymmetric indices of the corresponding 4d theories, to be related to an appropriate
integrable system, through the gauge-Bethe correspondence for the Nekrasov-Shatashvili
limit of the 5d instanton partition function [19]. Indeed, a connection of the corresponding
4d models to integrable systems was observed in these two examples, namely, to a gener-
alization of the RS model discussed in [84, 86-88] for the class Sy case, and to the wvan
Diejen model in the E-string case [89]. It would be interesting to use the computation

3"There has been some partial progress via various indirect methods, such as constructing Lagrangians
with reduced supersymmetry which flow to these non-Lagrangian class S fixed points; see, e.g., [82, 83].
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above to shed more light on the connection between these gauge theories and integrable
systems. As in the N' = 2 case discussed above, this requires a detailed understanding of
the instanton corrections to the partition function.

In the present work, we will limit ourselves to a simplifying limit where we may evaluate
the S§ x ¥, partition function analytically. Specifically, we will consider the partition
function in the strong coupling limit, g5 — oo. Although naively in this limit we expect
the contributions from instantons to be large, we will see that in fact their contribution in
this limit can be simply characterized, and so we may compute the leading behavior of the
partition function analytically.

We first study the general behavior of 5d theories with 6d completions in the strong
coupling limit in section 4.2.1. We then describe the instanton corrections arising in this
limit, and in the process conjecture a general condition for 5d theories to admit such 6d
completions in section 4.2.2. Finally, we compute the Sg X ¥4 partition function this limit
for the A/ = 2 theory, as well as two examples mentioned above, and compare to the
corresponding 4d computations, in section 4.2.3.

4.2.1 Casimir energy

We begin by showing that for generic theories with a 6d UV completion, the strong-coupling
limit g5 — oo of the partition function exhibits the behavior

95li—r>noo ZS?XZQ ~ 6_5ECasimir ’ (4.48)
where [ is the radius of the 6d circle, related to g5 via (4.1). The quantity FECasimir
appearing here has the following interpretation. In theories with a 6d UV completion, the
limit g5 — oo corresponds to the 8 — oo limit of the 6d partition function on Sg’ X Xg X Sé.
Since in this limit the partition function is dominated by the vacuum state, ECaSimir denotes
the vacuum energy of the 6d theory quantized on Sg’ X Yg. Equivalently, by shrinking ¥4
to zero size, it also corresponds to the Casimir energy of the 4d theory thus obtained,
quantized on Sg.

On the other hand, this Casimir energy can be independently computed from the
anomaly polynomial, Ig, of the parent 6d theory (see appendix A for details) by performing
the topological twist, integrating over the Riemann surface, and applying the method of
equivariant integration of [90], i.e.,

ECasimir:// IEt;WiSted- (449)
eJy

For consistency, the two quantities obtained from (4.48) and (4.49) should coincide:
ECasimir = FCasimir- We have already seen an example of this in (4.45) for the Schur limit.

In the case of N’ = 1, however, to make the computation feasible we limit ourselves to
the perturbative partition function in (4.48). Thus, we expect the Casimir energy extracted
from there to differ from the exact result (4.49). Nonetheless, the difference can be easily
characterized. Namely, decomposing Ig = Ig frec + I8 int, Where Ig frce is the contribution

— 50 —



from all the free multiplets in the tensor branch of the theory, and Ig;n; is the remaining
part, each term gives a corresponding contribution to (4.49).

Then, we will find that the perturbative result matches exactly the latter and thus, for
consistency, the instanton contribution must be given by the former:

fpert _ twisted Finst _ twisted
ECasimir - // IS,int ) ECasirnir - // IS,free . (450)
3 Zg £ Eg

The analogous observation for the case of S was already made in [90], suggesting a deeper
understanding of this fact. We now proceed with the explicit computation.

Computation of the Sg’ X X4 partition function in the g5 — oo limit. To study
this limit, it will be useful to go to the Bethe sum formulation of the partition function. Let
us consider a general 5d theory, with gauge group GG and hypermultiplets in a representation
R =@, R; of G.3® Then recall the Bethe equations are given by

Mo = 5 T syo(w) + )™ T spla(w) —iQ) I vy = 1. 5
pER; a€Ad(GY '

wher i ntribution from instantons, and we r
here IT* is the contribution fro stantons, and we recall

2@

’)/:
93

) (4.52)
Then the limit (4.48) corresponds to taking v — 0, so we consider the solutions to (4.51)
in this limit. More precisely, we expect the partition function to be divergent in this limit,
so we are interested in the solutions which contribute to the leading divergence.

Let us first ignore the contribution of the instantons. Then we see that, for any
solutions at finite u, the exponent in the first factor of (4.51) becomes negligible as v — 0.
Then we expect these solutions to have a finite contribution to the partition function as
~v — 0. Since we are interested in extracting the leading divergence in the limit (4.48), we

instead look for solutions at large u, scaling with v~

. These can arise due to competition
between this exponential factor and the double sine functions in (4.51).
Since we are working at large w, it will be useful to recall the expansion of the double

sine function, as in (3.8),
sp(z) — % (7 +30Q°3) for Re(x) — o0, (4.53)

where @ = 1(b+b~!). At this point we must determine the sign of p(u) for each weight
p. Without loss of generality we may take w to lie in the fundamental Weyl chamber.
For certain representations, such as the adjoint, this fixes the sign of p(u) for all weights
p. In this case we will call a weight “positive,” and write p > 0, if p(u) > 0 for u
in the chosen fundamental Weyl chamber, generalizing the notation for weights of the
adjoint representation. For general representations, we may need to say more about the

38Here we do not include a bare 5d Chern-Simons term, as one does not generally appear in 5d theories
with 6d UV completions.
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region where u lies before making this split into positive and negative weights, but we will
not consider such representations here.? We also restrict to representations that are self
conjugate, and then we may group the weights into pairs, (p, —p), where p > 0. Then let
us define, for a general such representation R of G,

1 1
CHE= 3D 00t Ch=5> 0" (454)
p>0 p>0

For example, for R = Ad, the adjoint representation, C4, = 6%, where ¢ = % Y om0 ¢ is the
Weyl vector of the group.

With this background, and using (4.53), we may approximate the L.h.s. of the Bethe
equations by

. 1 1
I, 2 exXp {2m (ny“bub + Z (C%:cubuc + Cj, <1/¢2 + gQQ — 6)>
)
abc a 2 2 1

Generically, the term quadratic in « will dominate the first term at large w, and then the

1

solutions will not scale with v+ as v — 0. However, suppose we consider a theory with

field content such that*?
cir =Y cHe=o, (4.56)

then (4.55) simplifies to (after using v = —iQD)

. a a ~ 1+4Q2 a 1 +4Q2
Ha, u?o exp {27TZ (’)/K bUb + Z:CRZ <Q2(1 — 1/12) — 6> +CAd <6 .

(4.57)
The solutions in this limit are then found by setting the exponent equal to —27in®, n® € Z,
and we have

(n _ o 14+4Q? 1+ 4Q? .
) ~ —y 11@;,(20}’% (Q2(1 -} - 6Q> +Chy <6Q> +n ) (4.58)

and we indeed find the expected scaling with y~!. Here we must choose the n® such that u
lies in the interior of the fundamental Weyl chamber, as in the Schur limit discussed above.

So far we have ignored the contribution of instantons to the Bethe equations. As we will
argue in section 4.2.2 below, we expect these to have a subleading contribution at large u,
and so we assume now that we may ignore their contribution in the Bethe equations above.

39For example, for the fundamental representation of SU(N), specifying we are in the fundamental Weyl
chamber, with u; > ... > un does not specify the sign of all u;; there are still N —1 regions in this chamber
where the separation into positive and negative weights are distinct.

40We note the same relation can be derived from the conditions (3.36) and (3.46) discussed in section 3
as the condition to obtain N® scaling of the free energy.
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It now remains to evaluate

Zspxsy = D MHli,v,7) i, v, )" (4.59)

uESBE

at the Bethe vacua (4.58). Since we are interested in extracting the leading divergence as
v — 0, we will look for the vacuum which has the dominant contribution in this limit. As
before, we first consider the perturbative contribution

HP (0, v, y) 8 1Hpe“(u v, )% = (HPert)el H H sp(p(a) + v;)™ Hsb —iQ)'~
i pER; acAd(G)’
(4.60)
where .
1 Olog I
HP'' = det — —2"% 4.61
a,eb 271 ouy, (4.61)

Expanding these at large u using (4.53), we find (defining n; = g"j as in the previous

T
subsection)

’Hpert(u, V)g—lng)ert (’LL, V)ﬂi ~ (,YTGK)Q_l exp {4772'(9 — 1) ( - Z ’LQCEzﬁlﬁl + ZQCﬁd> ua} ,
i
(4.62)
where we have used

HPe™ det yK® =K~ K =det K?. (4.63)
a,

For v — 0, the contribution from the Hessian factor is subleading, and we may approximate
the contribution from the Bethe vacuum, (4.58), as

HPr (™) 1, 4) IR (0, v, 7)™ A exp { —d4mi(g—1)y " Ka

2 2
(Zi@Cﬁﬁﬂﬁz‘Q%) <ZC%1' <Q2(1ﬂf) 1+§Q > +Ch, <1+§Q ) +nb) } .

i (4.64)

The final step is to determine the vacuum, @™, which has the leading contribution to the
Bethe sum. Recall that we assume u lies in a fundamental Weyl chamber, and so we may
choose the n® to take u arbitrarily large within this chamber. For concreteness, let us take
the basis, e, of the Cartan to be dual to the fundamental weights, so that c®e, spans the
interior of the fundamental Weyl chamber as we take ¢* > 0. Then we see that, in this
basis we must impose

Im [(g — 1)7_1Kab< — Z iQC%iﬁiﬂi + zQCZd>} >0, a=1,...,rqg; (4.65)

i

otherwise, by taking an appropriate n® large we can arrange the r.h.s. of (4.64) to be
arbitrarily large, and we do not find a well-defined v — 0 limit.
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With this assumption, we can see the dominant contribution comes from taking the
n® as small as possible, while keeping u in the fundamental Weyl chamber. In the basis
above, this is achieved by setting n® = 0, and so we finally arrive at the leading behavior
of the partition function,

ZpeizSS %0 exp {471'(9 - 1)’7_1Kab< o Z Qcﬁzﬁlﬁl + QC?M)
i

§
(ZCR (@a-5m - 1+64Q2>+cfzd (11%@2))} (4.66)

Given the relation (4.52) and identification (4.1) we see this has the expected behav-
ior (4.48). Specifically, we find

Egzrsgmlr - 471')\(9 - 1) < Z CR nsz + CAd)

<ZCR (@a-m- ) e (). wen

where the label “pert” denotes that this has been computed using the perturbative ap-
proximation to the Sg’ X Y4 partition function. We turn to consider the instanton contri-
butions next.

4.2.2 Instantons, the 5d prepotential, and a 6d uplift condition

So far we have ignored the contribution of instantons in the above analysis, and only used
the perturbative approximation to the partition function. We argue that these have a
subleading contribution to the twisted superpotential in the regions of large u. Therefore
we expect they will not modify the analysis of the Bethe solutions obtained using the
perturbative twisted superpotential above.

To motivate this claim, note that taking large u is equivalent to exploring the asymp-
totic region of the Coulomb branch, where we expect the theory to be weakly coupled,
and dominated by the perturbative calculation. In fact, we claim that the large u be-
havior of the twisted superpotential, which controls the flux operator I, appearing in the
Bethe equations, is related to the effective 5d prepotential, F.g, which is known to be
perturbatively exact. Namely, using (4.53) we may write

i) | = F QU+ O (4.68)
This means the behavior of the perturbative twisted superpotential of the theory at large
@ is given by*!

WS o (@,7,7) = —*Q2~~2+Zng W)+7)— Y gela(@)+1)

i pER; aeAd(G)’

i@ <g5 ~S Y Y@ty > |a<a>\3)+0<ra\>.

i pER; aeAd(G)
(4.69)

“'Here we assume Im (@) < Re(i), so that we may approximate £ in (4.68) as |a.
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But the quantity in parentheses is precisely the effective prepotential of the 5d theory [5], as
in (2.7). A similar relation was noted for the integrand of the S partition function in [62].
Given that the prepotential of a 5d theory does not receive non-perturbative corrections,
it is then natural to make a similar assumption for the large |a| behavior of the twisted
superpotential, and hence for the Bethe equations.

In light of the relation above, the condition (4.56) can be equivalently phrased by
saying that, in the notation of (2.7),

Cabe = 0, (470)

i.e., the effective CS term vanishes for every direction in the Coulomb branch of the 5d
theory. As we saw above, when this condition is satisfied, we find the partition function has

1'as v — 0, which is the expected Casimir behavior

a leading divergence with log Z ~ v~
of a theory with an emergent circle of radius 8 ~ y~!. Thus we may conjecture that the
condition (4.56) (or equivalently (4.70)) is the relevant condition for the 5d theory to admit
a 6d UV completion. We will see in examples below that this is indeed satisfied in several
examples where a 6d UV completion is expected to exist. It would be interesting to explore
this conjecture further.

In addition to the Bethe equations, we did not include instanton contributions when
substituting the Bethe solutions into the sum over vacua in (4.59). In fact, we will see
below that these do have a nontrivial contribution, but they can be explicitly characterized

in terms of free fields of the 6d theory as already mentioned above (4.50).

4.2.3 Examples

Let us now consider some examples of the Casimir energy computation in 5d theories that
are believed to admit a 6d UV completion.

Maximal theory. We begin with maximal 5d N' = 2 super Yang-Mills with gauge
group G, consisting of an N’ = 1 vector and an adjoint hypermultiplet, with mass ©. In
this case (4.66) gives

~ T -1 a1 =23
Zrgesy =00 { 30~ 07 hada(1 - )1 - %)0°). (a.71)
where we used 1
KaChaCha = Kapd?" = = hede (4.72)
where dg and hg are the dimension and dual Coxeter number of GG, respectively. For
example, for G = SU(N), we have

K,0%6° = %N(NQ —1). (4.73)

Using (4.52) and (2.41) we thus have

2
gs ~ o~
log Zs, 53 ~ _72; g(g —1)N(N? —1)(#* - 1)(ap — 1)Q*. (4.74)
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2
Now, with the identification 8 = §> (i.e., A = 1) we see that the partition function has the
expected behavior (4.48), with

EPet = T D)N(N? - 1)(5% — 1) (A5 — 1)Q2. (4.75)

Casimir

w

This may be compared to the exact Casimir energy, computed from the anomaly polynomial
of the 6d theory in appendix A.1. As discussed there, separating the contribution from
free fields to the anomaly polynomial and the remaining part one can write Fcasimir =
Epert + Enon-pert, with

Epert z//Z Igvisted — g(g —1)N(N? —1) (¢ — 1) (Re — 1)Q?, (4.76)
€/ 2g

Enov-pert :// Ifyisted — %(g — 1)(N —1) (1 + fie + 2fie (€ — 1)Q?) , (4.77)
e JXg

where € is the parameter controlling the mixing of R-symmetry with the flavor symmetry
acting on the (adjoint) hypermultiplet; see (A.3). We see that identifying 7 = ¢, the
perturbative localization calculation (4.75) coincides with (4.76). Thus, for consistency,
the instanton contribution to the partition function should match the remaining free field
contribution (4.77), as claimed at the beginning of section 4.2.1. Next, we provide more

examples of the same phenomenon.

Class Sy Theories. These theories have k SU(N) vector multiplets and & bifundamental
hypermultiplets, forming a circular quiver [84]. Let us assume that all the u,’s have the
same solution. In this case each bifundamental contribution to the BAE is essentially that
of an adjoint in which case we simply obtain k times the contribution of maximal theory

in the Casimir limit,

g5 mk?

—5. 3 (@ DNV = (1 = 7)(1 - w)Q*. (4.78)

log ZngSg ~

Again, identifying © = ¢ and the 6d radius with A =k, i.e.,

g2
_ 95 4
-2 (1.7

we see that the perturbative Casimir energy reads

spert  _ Lkz(g — NN = 1)(1 = £2)(1 — 7e)Q?, (4.80)

Casimir 3

which precisely matches (A.30). Thus, we see that the missing instanton part (A.31) is
again identified with the contribution of free fields to the anomaly polynomial (A.32).
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E-string. Next, we consider the 5d E-string theory, a 5d N' =1 USp(2N) theory with
Ny = 8 fundamental hypermultiplets and an antisymmetric hyper. First we will need to
compute the quantities C“bc and C§, for the various representations. We find, working with

u = (uq), a =1,..., N, in the fundamental representation
L
=Y (ua)?, R=F
1 2 a=1
3 3
C%’Cuaubuc = 9 . ((ua +up)” + (Uua — up) )v R=AS (4.81)
a<
N
1 1
3 D (v + ) + (v —w)?) + 3 > (2u,)’, R=Ad
a<b a=1
( N
1
- Ug, R=F
2 a=1
1 N
Chta = { 5 > (e +uwp) + (ua —w)) =Y (N —a)ug, R=AS (4.82)
a<b N a=1
> (N —a+1)u,, R=Ad
a=1

Then note that
cobe = cq + 8 cge, (4.83)

and thus (4.56) is satisfied precisely for Ny = 8 fundamental hypers. In this case, plugging
these into (4.66), we have

8
Zs x5y 7, €XP {M(g— Dy Kap (— > Chir, —cz,sﬁa+cgd> Q

=1

(ZCF (@a-- T e (-5 8 )aeh, (H5E ))}

(4.84)

We may simplify this using
Chq =Chs +2C%, (4.85)

which gives

Zzgxsg vio exp {4#(9 — 1)y 1Ky <ZCF < ) +Chq (1 — tw)) Q
(Z ch <Q2 —?) — f(1 +4Q )) + Q% (1 — 52)> } . (4.86)

We may further expand this, using

1 1

1
KaCoCl = gN, KauC%sChs = 1—2N(N —1)(2N —1), KuCiChe= gN(N -1),

(4.87)
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which yields

1 8 ]_ 1 1
Zzgxsg 7§Oe>(p 47r(g—1)7—1Q SNME_l <4_ﬁi,;i> (Qz (2_17]2> _8>
1 8 1 1 1
+N(V-1) ;_1 <<4—ﬁﬂ7¢> Q* (1-7*)+(1—ap) (Q2 (2—17?) _8>> (4.88)

41 N(N—-1)(2N—1)(1—i7) Q? (1—52))

12

The result of the anomaly polynomial calculation for the case of two flavor fluxes is given
in (A.37) and (A.38). To compare with that calculation, we set ¥ = ¢, U1 = e, 1) = fig
with all other nj—y g = D=2 g =0 in (4.88) to get

EPt = (g — 1)\

Casimir

%N(N - 1)Q* (1 -¢?) <§(2N —1)(1 —ne)+ (2 — ﬁEsE)>

N | —

+-N(Q*(4—e%) —1) (N—1)(1 —fie) + (2 - ﬁEsE))] . (4.89)

which matches (A.37) provided A = 2. This means the 6d radius is identified, as in [90],
to be
g
=== 4.90
g5 (4.90)

Thus, once again, the instanton part (A.38) missing from the above calculation is identified
with the contribution of free fields to the anomaly polynomial (A.39).

Summary. We have argued that computing the Sg’ X Y4 partition function for theories
with a UV completion as 6d N' = (1,0) theories is equivalent to computing the Sg x St
partition function (or index, up to the Casimir energy), of the corresponding 4d N' = 1
theories obtained by compactification of the 6d theory on ¥,;. We have checked this explic-
itly for the case of 5d maximal SYM and the corresponding 4d N =1 and N = 2 class S
theories of [23-25] in the mixed Schur limit, finding perfect agreement with [29]. We then
considered examples of 5d A/ = 1 theories. In this case we do not have an explicit handle
on instanton contributions and we limited ourselves to computing the partition function
asymptotically on the Coulomb branch, where instanton contributions are suppressed and
the partition function is expected to be dominated by the Casimir energy, which we ex-
tracted. We find an exact match with an independent calculation of the Casimir energy
from anomaly polynomials, up to the expected instanton corrections which, for consistency,
should be identified with the contribution of free fields to the corresponding 6d anomaly
polynomials, as noted in the case of S® in [90].
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5 Twisted partition function on S% x S' x ¥, and AdSe black holes

Although the main focus of this paper has so far been the partition function on Sg’ X Xg,
we observed in section 2.4 that there is a natural generalization of the above computation
to M3 x X4 for M3 a general lens space, L(p,q), using the factorization of the twisted
superpotential into “holomorphic block”-like contributions, as in (2.129). In this section
we briefly consider the simplest example, that of the space M3 = S? x S, corresponding
to the topological index in 3d [8].

After writing the result for the partition function on S? x S! x ¥y according to the
above framework in section 5.1, we conjecture a natural generalization for the partition
function on g, x ¥4, X S1, which we claim is valid perturbatively, and so also in the large
N limit. Based on this conjecture, we reproduce in section 5.2 the microscopic entropy of
an infinite class of black holes in AdSg.

5.1 Partition function on S2 x S x DI

Let us first consider the case where M3z corresponds to the “refined” topological index,
531 x S, with a fugacity q; for the angular momentum.*?> Then we may build the integrand
of the full 51?1 x 82 x S1 partition function by including the contribution of the 5d Nekrasov
partition function at the four fixed points, as in (2.123), namely,

i 0 @O O
l%];[ZRjgé)xR2(z)><Sl(x Yz )7 (51)

a2

where now the parameters can be identified by a straightforward modification of the argu-
ment leading to (2.108), giving

<e>m1/2q<z>m2/2

x(ﬂ) _ 627ri12q1 5 ’

-1

® qi, { =nnorns
q~, {=snorss (5.2)

q = _ .
2 e 2mie ’

0 g2mie , ¢ = nn or sn
! =nsor ss

Then, using (2.126) and arguing as before, we find that the twisted superpotential control-
ling the partition function on Sgl x S x %, is given by
o ) (-, 1 _ 1 -
Wsczll %« S1xR2 (u, v, 7)1111,111 = WNS U+ 51‘(1161, v+ 511161,"}/; €1
) . (5.3)
5d) [ ~ _ -

+ W](VS) <u T pMieL V= 5 ;s —€1> )

and similarly for the effective dilaton, Qg2 g1 (W, 7,%)mini- An important difference

from the Ss’ case is that the dependence on the fluxes, my,ny, on Sgl cannot be absorbed

42The subscript “1” denotes this S? sits as the first factor in the manifold, to avoid confusion below.
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into a shift of 4 and 7. As a result, we obtain a direct sum of 2d theories indexed by the

gauge flux, m; € Ag. Then we may write the full partition function as*?

ZS?,l XS1xEy (7, :5/)\’117‘12 = Z Z 1L (u, 7, :7)&21%1%(&’ v, :Y)g:l,lnl ) (5.4)

MEAG GESBEM, n,

where we must sum over the 2d theories labeled by the gauge fluxes, m; (as well as the
flavor fluxes, n;), whose vacua are given by

SBEm1,n1 - {ﬁ ‘ Ha(ﬁa Da:y)ml,ﬂl = 1}/WG7 (5'5)

and, e.g.,
. 270, Wa2 o g1 g2 (87,7 )my,n
IL,(0, 7, %) mym, =€ Sy x5 xE v (5.6)
and similarly for the other operators.

Let us now focus on the unrefined limit, q; — 1, corresponding to the ordinary A-twist
background on S2. We first discuss the perturbative contribution to the partition function
in this limit. For a single hypermultiplet, we have, by taking the €; » — 0 limit of (2.101)
using (2.86),

pert,U(1),hyp / ~ _ . -1 _ _mimgs(a
Zga gt (@mymo —61112{1)0 (T301,92)pymp = € 25(®), (5.7)

where we introduced a function

o : - U
s(@l) = miti+ Lig (270 + = o @ 2

2 m . (5:8)

The perturbative contribution for a general hyper and vector multiplet can be obtained
similarly. Equivalently, these can be obtained as in section 2.3 by reduction on ¥4 to a 3d
theory on S? x S'. In either case, we find the perturbative approximation to the integrand
of the % x S1 x 3 partition function is given by

o ..~ T —s(a(a [a(m1)+1—g][a(m2)+1]
ZE?xtSIng(% V,'Y)mmu;mgmz = ptr(mims) H (e (e( )))
acAd(G)'

X H H (es(ﬂ(ﬁ)+f/)>[p(m1)+”l][ﬂ(m2)+n2] |
I peR;

(5.9)

where the index I runs over the hypermultiplets in the theory, in gauge representations
Rj. Then the perturbative partition function is given by the integral formula

1
t ~ ~ ~ t ~ o~ o~
Zggl;yng (VfY)nl;ng = Z W du Zggl;zgxgl (@, 7, ’Y)m1,n1;m2,n2 . (5.10)
mp,me€AG Cix

“3Here we denote the fluxes on ¥, with a subscript “2” to distinguish them from those on Sgl.
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Equivalently, we may write this as a Bethe sum associated to the 2d theory obtained by
compactification on S2 x S! as in (5.4), where now, to perturbative accuracy,

Hpert( v &)mlynl = zmla H (e_S(a(u ) e H H ( S(p(u +V))[ pmrmie )

acAd(G) I peR;
L Tp(ma) ]
H?ert(&,ﬂ,’?)ml,m — H (es(P(U)-‘rV)) 1 1 ’ (511)
pER
N\ —a(ma)
Har ) =[] (e @) T H @ D
acAd(G)
where HB", = det, o 8ub (T, 7,4 )my.my i the Hessian factor.

5d prepotential and the Bethe equations. We can gain another perspective on this
calculation, and characterize the instanton contributions, by observing the leading behavior
of the Nekrasov-Shatashvili limit of the twisted superpotential in the € — 0 limit [19],
5d) /~ ~ ~
W](VS)(U U,7;€)

€

fR‘lXSl(aaﬁa:Y)—i_"' ) (512)

A | =

0

4R

where Fray g1 (@, v,7) is the effective prepotential of the 5d theory compactified on a cir-
cle [91]. Then we have, from (5.3), that the flux dependence of the twisted superpotential
on S? x St x R? is governed by the 5d prepotential, via

Wa2y 51 xR2 (aa v, :Y)nu,m = ehino W52 x S1xR2 (av v, :V)ml,nl
1

8.7:R4X51 ('17,, I?,’Ny) 8FR4><5’1 (ﬂ’ 57,-7) (513)

:mlﬂ a/& +n171 a]; _|_
a 1

We can see this dependence on the fluxes explicitly at the perturbative level. For
example, for a hypermultiplet, we have

N ; i - 1 . i 1. -
Zggrxt;é(xyfyp(u)mlm = eQmmlmQaﬁw(“), w(a) = Wng(e%ZU) + ﬂu(u +1)(2u+1),

(5.14)
where w(@) is the perturbative contribution to the effective prepotential of a 5d N =
1 hypermultiplet. Then we indeed observe that the dependence on fluxes for the full
perturbative contribution is governed by the perturbative prepotential

Fots(@,0,9) =38+ Y w(p(@) +or)— Y w(o(@). (5.15)

I peR; a€Ad(G)

Namely, one can check that the gauge flux operator in (5.11) is given by

R (@, 7, 3 )y g = €XD {27m' <m1,baﬁaaubfp§jsl (i, 7, %) + 11,105, 0, Fous 1 (@, 7,7 ) } ;
5.16)
and similarly for the flavor flux operator.
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We expect that the instanton corrections to the S? x St x Y4 partition function are
given by replacing the perturbative expression for the prepotential above by the full, non-
perturbative result, as discussed, e.g., in [91]. However, we will not require these instanton
corrections when we consider the large N limit below, and leave a detailed discussion of
them to future work.

Before moving on to discuss the large N limit, let us conjecture a generalization to
the perturbative result above where S? is replaced by Yg, (and correspondingly we rename
Yg — ¥g,). This can be motivated as in section 2.3, by reducing the theory on Xy, and
considering the ¥, x S ! partition function of the resulting theory. This leads us to propose

N 2 ' Zs(a(in ) [@(m)+1=g][a(mz)+1—g2]
ggltng2><sl (uay77)m1,nl;m2’n2 = Zt (m1m2) H e ( ( )))
a€Ad(G)
s(p(@)+D) [p(m1)+n1][p(mz)+n2]
<1111 (e ) . (5.17)
I peR;

Since the reduction to 3d gave us the correct perturbative contribution to the 1-loop de-
terminant in the genus zero case, it is natural to conjecture the same holds here. However,
we do not have a direct localization derivation of this claim, nor do we make any claims
about the non-perturbative contribution.

5.2 A large N conjecture and AdSg black holes

In this final section, we propose a conjecture on the large N behavior of the partition
function (5.17), motivated by holography and the entropy of black holes in AdSg.

AdSg black holes. On general grounds, we expect the gravity dual of a 5d N/ = 1
SCFT on My x S* with a topological twist on My to be given by a supersymmetric solution
interpolating between asymptotically locally AdSg (with an My x S! boundary) and an
AdSy x My geometry for small values of the radial coordinate, i.e., an extremal black hole in
locally AdSg. Such a background was considered in 6d F'(4) minimal gauged supergravity
in [69], with metric of the form

dsdy = 2T (—dt® + dr?) + 2 ds? (M) (5.18)

and a nonzero flux for the graviphoton through 2-cycles in My, which is Kahler. Since the
graviphoton is the only nontrivial 1-form potential, and is dual to the R-symmetry of the
field theory, it was argued in [21] that such a background should describe the IR behavior
of generic 5d N’ = 1 theories with AdSg gravity duals, with a universal topological twist
on My. Taking My = X4, X Xg,, a product of two negatively curved Riemann surfaces, i.e.,
g1 > 1, g2 > 1, the Bekenstein-Hawking entropy of the black hole reported in [69] can be

written as**

4
SBH = —§(91 — 1)(92 — 1) Fss y (519)

where Fgs is the free energy on S° of the UV 5d SCFT.

“However, see the comment at the end of this section, which was added in v2 of this paper.
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A large N conjecture. In light of the recent success in accounting for the microscopic
entropy of AdS, black holes from 3d twisted partition functions, initiated in [92] and
followed up in [63, 64, 72, 93-96], it is natural to ask whether the entropy of AdSg black
holes is similarly captured by the 5d partition function, i.e., Sgy = log Z, « g1, which can
be addressed with the results presented here for the case My = Xy, x Xg,.

The basic observation we make is the following. Recall that in section 3, we argued
the dominant vacuum contributing to the Sg’ X g partition function was determined by
extremizing the Bethe potential, ng «r2- In the present case (and specializing first to
g1 = 0), we can also attempt to extremize Wgz, g14g2, however, in this case we have seen
the twisted superpotential and vacuum equations depend on the flux, m;, through S2.
Then we must also extremize over this choice of flux. Given the form of (5.16), which
implies this flux dependence is controlled by the prepotential, we will conjecture that at
large N the dominant vacuum is found by extremizing the prepotential, Fgay g1, itself. As
we discuss below, this leads to the expected behavior of the partition function at large V.
To fully justify this would require a detailed analysis of the matrix model (5.17) and the
corresponding vacua arising from performing the double sum over magnetic fluxes my, mo
and the contour integral over the Coulomb branch. This is an interesting problem, which
lies beyond the scope of this paper.

Let us evaluate the prepotential in the large N limit, where it is dominated by its
perturbative contribution. Then we simply need the expansion

Co| =

w(iz+v)~ —=(1420) z|z| +1 (—112]2]3 + leCg‘Z|) for Re|z| > 1, (5.20)
where we defined Cj = ¢ + (1 + 7).

Let us consider the Seiberg theory (the extension to the orbifold theories is straightfor-
ward). The manipulations are very similar to those of section 3 and thus here we are more
concise. Adding the contributions to the prepotential (5.15) from the vector, antisymmetric
and fundamental hypers (with corresponding real masses, which we denote by 7y = —Aj),
and using the Ansatz u; — iN“z for the eigenvalue distribution we see that o = % is
required to have a nontrivial extremum, hence an N2 scaling of the prepotential, and

the classical term in (5.15) is subleading. After a convenient rescaling of the coordinate,
T — %\/A 4s(1 — Agg)z, and corresponding inverse rescaling of the density p, we find

or 49 (8 — N
BT = N2 (A1 = 24 [ S [ o

gZT/dagdyp(vc)p(y)(Ia:+y\H:z:yy) . (5.21)

where all integrals run from 0 to z*. Note that to this order in N this depends only on
the real mass A g for the antisymmetric field, but not on the one for the fundamental
fields and that the quantity inside the brackets is precisely the free energy functional on
S® for the theory, with saddle point configuration (3.15). An analogous calculation can be
done for the (A, B, C) orbifolds of the Seiberg theory, with the same conclusion. Given the
similarity of the discussion in section 3 for Sg X Yg this leads us to conjecture, as mentioned
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above, that at large N the partition function is dominated by the eigenvalue distribution
that extremizes the 5d prepotential.

Next, to determine the value of the partition function on the eigenvalue distribution
above, one should determine the dominant contribution in different gauge flux sectors,
mi,mo. Let us now observe that the zero gauge sector, m; = my = 0, reproduces the
r.hes. of (5.19). Indeed, setting ny = ny = 0 in (5.17) for the universal twist, performing
the rescaling of the coordinate mentioned above (5.21), and evaluating the zero gauge flux
partition function on the configuration (3.15), we obtain*®

T

log Z3% S5, xst oro — 301~ (g2 — 1)/ Aas(l — Aus)

X N5/2/dxdyp(x)p(y) (lz +yl + [z —yl)

= Se - Do - DA~ Bas) oo (5:22)

Then, extremizing this expression with respect to the real mass parameter (or fugacity,
Ayg), as in [92], sets Ayg = %, with value at the extremum

_ 4
log Z§~ 0 s, st oro = “9(@1 — o2 —1) Fs, (5.23)

which coincides with the r.h.s. of (5.19).

Comment added in version 2. In light of the new paper [97], noting that the black
hole reported in [69] needs to be corrected,*® and, correspondingly, its entropy (5.19), we
discuss how the results above relate to this observation. To summarize, the main points
emphasized in v1 (and which are unchanged in v2) are as follows:

a) We have proposed that the eigenvalue configuration dominating the large N behavior
of the partition function is obtained by extremizing the 5d prepotential, and showed
(after appropriate rescalings) that this coincides with the configuration extremizing the
free energy of the same theory on S°.

b) Evaluating the partition function on this extremum, and keeping only the zero gauge
flux sector, reproduces the entropy of the AdSg black hole described in [69].

Due to the exact match of (5.23) with (5.19), this suggests that the zero gauge flux sector
completely accounts for the entropy of the black hole described in [69], as noted in v1 of this
paper on the arXiv. However, as mentioned above it was recently pointed out in [97] that
the background of [69] may not be valid, as it assumed the vanishing of the two-form gauge
field, B,,, = 0, which is inconsistent with the equations of motion. Instead, it was shown

“*Here we used the expansion s(z) ~ —n|z| for z real and large, |z| > 1. Additionally, as in the case of
the S§ x ¥, partition function, we expect the contribution from the Hessian determinant to be subleading
at large N, which we assume.

46We thank Minwoo Suh for sharing this result with us prior to publication.
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that by solving for By, from the equations of motion, that the corrected supersymmetric
solution has twice the entropy [97]:

8
Spi = —glo1 — ez — 1) Fes - (5.24)
Indeed, we note that this new result is consistent with first reducing from 5d to 3d via the
universal relation F 3% g, = *%(91 — 1)Fgs of section 3 and then reducing from 3d to 1d
via the universal relation Fy g1 = —(g2—1)Fgs discussed in [72]. Then, composing these

two relations leads to Fy x5 xs1 = (g1 —1)(g2 — 1) Fgs, consistent with (5.24) and the
expected identification S = log Zzgl X Xg, X S1-

Assuming this new solution to be correct, the zero gauge flux sector (5.23) then ac-
counts for only half the entropy of the corrected solution. Thus, it seems that to account
for the full entropy one must also include contributions from non-zero gauge flux sectors.
An interesting proposal on how to do so is discussed in [30] and, indeed, following the pro-
cedure described there one obtains the remaining half of the entropy, matching (5.24) and
clarifying an initial numerical mismatch. It would be interesting to have a first-principles
understanding of this proposal purely in field theory.

6 Outlook

In this work, we have considered five dimensional NV = 1 gauge theories and computed
their exact partition function on various manifolds with partial topological twists using
localization. As discussed, this is a fruitful vantage point from which we can also access
the physics of field theories of various dimensions, from 1d up to 6d, arising at either the
IR or UV end of RG flow. There are a number of possible directions for future work.

As discussed in section 2, one can consider partition functions on M3 x ¥y with more
general M3s. Our formalism already suggests the result for Mg a lens space, and we
discussed the example of S? x S in section 5, but in principle one can consider arbitrary
Seifert manifolds [13]. It would also be interesting to better understand the relation of
our computation to partition functions on more general five-manifolds considered in the
literature, such as S°, CP? x S!, §* x S!, and YP9, as well as studying new geometries.
For example, Y4 is topologically an S! fibration over S? x S?, and may be related to our
results by introducing a suitable “fibering operator,” as in [11-13].

For a given M3, the partition function of the 3d theory obtained by reduction on ¥ is
computed by an appropriate 2d TQFT, in what may be called a “3d-2d correspondence.”
We described these 3d theories as a direct sum of ordinary 3d theories in section 2.3, however
the full, non-perturbative computation suggests they are something more exotic. The
results of section 3, in particular (3.34), suggest that a large class of novel 3d N' = 2 SCFTs
exist, arising as the IR fixed point of the orbifolded Seiberg theories in 5d, compactified on
a Riemann surface. These are labeled by the discrete flavor fluxes n and their free energy
scales as N2 It would be worth investigating whether some of these theories can be
understood purely in terms of simpler building block three-dimensional theories, analogous
to Ty theories for four-dimensional class S.
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The results of section 4 provide a new method for computing the superconformal in-
dices of non-Lagrangian theories in 4d, by Lagrangian methods in 5d. Our results coincide
with those which have been previously computed and in principle provide a powerful tool
to compute superconformal indices of these theories, for which very few methods are cur-
rently available. In practice, the feasibility of this calculation will depend on whether the
instanton contribution is explicitly computable. Conversely, in cases where the 4d theory
is Lagrangian, the exact 4d index is computable, and so gives a prediction for the Sg’ X Yg
partition function, which we may use to help characterize the instanton contributions. We
may similarly compute the generalized indices of these 4d theories [12, 98] by studying
the M3 x ¥4 partition function for more general M3. Another obvious generalization is to
include punctures on the Riemann surface, which correspond to insertions of local defect op-
erators in the TQFT, and give access to more general 4d theories. Finally, this computation
gives a new entry in the gauge-Bethe correspondence dictionary [19], and it would be very
interesting to understand in more detail and generality the relation between 4d compacti-
fications of 6d theories and integrable systems, as discussed in some examples in section 4.

The results of section 5 and their relation to entropy of black holes in AdSg deserve
a better understanding. On the field theory side, one should rigorously extend the exact
computation of the S§? x Xy X S partition function to the case Vg, X gy X S1, including
instanton corrections. It would also be interesting to have a first-principles understanding
on the proposed conjecture that the dominant eigenvalue distribution at large N is given
by that extremizing the 5d prepotential. On the supergravity side, it would be interesting
to construct extremal black hole solutions with an AdSs x ¥, X Xy, near-horizon geometry,
for generic g1 2 and flavor fluxes. In particular, nonzero flavor fluxes may allow for solutions
with go = 0, in which case we have provided an expression for the full non-perturbative
partition function, determined implicitly by studying the Nekrasov-Shatashvili limit of the
twisted superpotential. This could allow for precision tests of the ideas presented here,
including subleading corrections to the black hole entropy.

We plan to return to some of these questions in future work.
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A Casimir energy on S; x X, X S}

Here we provide some general formulas for the Casimir energy for the 4d theories obtained
by twisted compactification of 6d N = (1,0) theories. The expression is obtained by
twisting the 6d anomaly polynomial, Ig, integrating over the Riemann surface to obtain
the anomaly polynomial of the 4d theory, and then using the results of [90, 99], i.e.,

ECaSimir_// I§WiSteda (Al)
eJXg

where fzg is a regular integral over the Riemann surface, f€ is an equivariant integral. We
give an explicit expression below (namely (A.8)) for a rather general 6d ' = (1,0) theories
and consider in detail the examples of the 6d N' = (2,0) theory, its orbifolds, and the
E-string theory. As discussed in section 4.2.1 this quantity matches with the one extracted
from the corresponding Sg’ X Yg partition function.

We begin by assuming the untwisted 6d anomaly polynomial is of the form*”

1
Iy = EkAABBCQ(A)Cz(B) + EAACy(A)p1 (TM) + k1p1 (TM)? + kopa(TM) . (A.2)

Here A, B run over all global symmetries of the theory (both R-symmetry and flavor
symmetries), Cy are their corresponding second Chern classes, and k4488 = EBBA4 the
anomaly coefficients. p;2(T'M) are Pontryagin classes for the tangent bundle 7'M, and
k1 o are the corresponding gravitational anomaly coefficients.

Performing a topological twist on ¥4 by U(1)g C SU(2) and a generic U(1) p subgroup

of the flavor symmetry amounts to the replacements

o) = — (Cu(R) ~ S )

2
Co(F) — — (n; ty+er C1(R) + Cl(F)> +)Ci(Gy),

(A.3)

where the sum over j is over all simple commutants of U(1) g in the full flavor group, and ep
controls the amount of mixing of the R-symmetry with the flavor symmetry along the flow
to the IR. We now implement the twist (A.3) in g and integrate over the Riemann surface,
normalized as fzg tg = %VOI(EE) =ny, withny =2|g—1|forg#1and ny =1 for g =1,
to obtain a six-form anomaly polynomial. Comparing this to the anomaly polynomial for
a 4d theory,

k k
Iy = = Cu(R) = SECL(R)pr (TM) + - (A4)

where ellipses denote contributions involving the flavor symmetries, we read off the 4d
R-symmetry anomaly coeflicients:

krrr = 12(g — 1) kPP qeqeh k= 48(g — 1) k**f4ea, (A.5)

where we have defined eg = ig = 1 to write the expressions in a compact form.

4"This is a rather generic 6d anomaly polynomial which contains all the cases we consider below. If any
of the flavor symmetries is Abelian, as will be the case for Sy theories, one may use Ca2(F) = —Cy(F)2.
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We may now use these to compute the Casimir energy of the 4d theory on Sg’. Recall
this is generally given in terms of the R-symmetry anomaly coefficients by [90, 99, 100]

(w1 + w2)3

A6
s (A.6)

1 1
E imir — — —
Cas 24kR (w1 +w2) + 48(kRRR kr)

where wy 2 are the squashing parameters of the S3, which in our conventions are given by

2mh 2mb~!

A w2 = ;
Q Q

Plugging the anomaly coefficients (A.5) into (A.6) then gives the desired expression

wy = Q= %(b+ b1y, (A7)

. 1 R .
Ecasimir = 87(g — 1) k‘AAnAGA + 16m(g — 1) (4 kAABBnAEAEQB — k:AAnAEA) Q2. (A.8)

This represents the full Casimir energy for the theories at hand. It can be viewed as the
Casimir energy of the 6d ' = (1,0) theory, quantized on S§ x ¥4 or as the Casimir energy
of the 4d theory obtained by reduction on X4, quantized on Sg.

As we discuss in the main text, this should coincide exactly with the expression derived
from the non-perturbative partition function on Sg’ x Yg. However, since in practice we can
often only evaluate the perturbative part explicitly, it is convenient to decompose this as

ECasimir = Epert + Enon—pert ; (Ag)

where EP is, by definition, the quantity extracted from the perturbative Sg X g partition
function and E"°"Pert i the remaining part. As we shall show below, in all the examples we
study the remaining part is due to the contribution to the 6d anomaly polynomial from free
multiplets. That is, decomposing Ig = Ig int + 18 free Where Ig free is the contribution from all
the free multiplets in the tensor branch of the theory and Ig i, is the remaining part, we find

pert __ twisted non-pert __ twisted
E - // IS,int ’ E - // I8,free : (AlO)
eJXy e JXg

The analogous observation for the case of S® was already made in [90].#® The new examples
we provide suggest there should be a deeper understanding of this fact, which we do not
address here.

A.1 5d maximal theory and class &

The simplest example is 5d /' = 2 SYM theory, consisting of an A/ = 1 vector and a hyper-
multiplet in the adjoint representation of the gauge group G. This theory is believed [101]
to correspond to the 6d N = (2,0) theory on a circle S}, with radius

g?
_ 9% A1l
p=%, (a11)

48To avoid possible confusions, we emphasize that the computations in [90] lead to the Casimir energy of
the 6d theory on S x S° instead of the 4d Casimir energy computed here.
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with g5 the gauge coupling constant of the 5d gauge theory. The anomaly polynomial of
the 6d (2,0) theory is given by

NM
Iy = rAs(1) + dahg 200 (A1)
where Ag(1) is the anomaly polynomial of one free tensor multiplet,
1 1
A1) = 5 (1) = paTI) + § (V) —u(TIOR) . (A1

and dg, rg, and hg are the dimension, rank, and dual Coxeter number of the group G,
respectively, and TM and N M refer to the tangent and normal SO(5)g bundles, respec-
tively. To evalute the full Casimir energy we first write (A.12) in (1,0) language we take
SO(5)r D SU(2)r x SU(2)1, and use the relations

pI(NM) = =2(Co(L) + C2(R)), pa(NM) = (Co(L) — Ca(R))?. (A.14)

Then, comparing the anomaly polynomial to (A.2) we read off the corresponding anomaly
coefficients, and using these in (A.8) gives
T

ECasimir = 6(g —1)(N —1)(1 + fie)
v (A.15)
+ g(g —1) (e — 1) (N = 1)[N(N + 1)(fie — 1) + fe] @,

where we have specified G = SU(N) and used dg = N> —1,r¢ = N—1,hg = N. We wish
to compare this to the quantity extracted from the 5d localization computation. With this
in mind, let us split the quantity above into the two pieces:

T

g(g —1)N(N? — 1) (€ — 1) (fie — 1)Q?, (A.16)

[ron-pert _ %(g o 1)(N _ 1) (1 4 fie 4+ 2f1e (62 _ 1)@2) . (A.17)

Epert —

As discussed in the main text one can easily check that the perturbative Casimir en-
ergy matches the contribution from the last term in (A.12), while the remaining non-
perturbative part is entirely due to the free part,

[ron-pert _ (N _ 1) //E A'éWiSted(l) . (A18)
€ g

In general, we expect instantons in the 5d computation to contribute rg | fzg Afwisted (1),

Mixed Schur limit. As we discuss in the main text, a special value for the fugacity is
given by the mixed Schur limit:
b—b!
€= ———.
b+0b1
In this limit, the perturbative and non-perturbative contributions to the Casimir en-
ergy (A.16) and (A.17) simplify to

(A.19)

Epert 71']\7(]\7;—1) ((g —1—= n)b + (g -1+ n)b—l) s
¢ % (A.20)
Jgnon-pert _ E( — ) ((g —1- n)b + (g — 1+ n)bil) s

Q 12
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where we have used the definition n = n(g— 1). Note the values n = +(g — 1), for which 4d
supersymmetry is enhanced to A/ = 2, are special. In this case, as we discuss below, the
full Casimir energy is proportional to the central charge of the associated 2d chiral algebra,
in the sense of [102].

Chiral algebra (or Schur) limit. We consider for concreteness n = g — 1. Recall for a
generic 4d N = 2 theory the Casimir energy is given by (see (4.36) in [90]):

1 o0+ wy + w9)? o(o? — w? — w2
Ecasimir = §<C4d — 2a4q) ( ) + (C4q — Q4q) ( ) ; (A.21)
w19 W12

where 0 = 7 — w; — way, with v, o fugacities for SU(2)g x U(1),, respectively, and we have
set all flavor fugacities to zero. The “chiral algebra limit” corresponds to setting v = ws

and hence o = —wj, which gives the simple expression
w2 w2

Ecasimir = 5 C4d = —5 C2d; (A.22)

where in the second equality we used the chiral algebra relation coq = —12¢44 [102]. Thus,

in this limit the Casimir energy of the 4d N/ = 2 theory is proportional to the central
charge of its corresponding 2d chiral algebra.’® To write this explicitly for the maximal
theory on Y; with no punctures, recall®”

1
Cyaq = f(g — 1)7“@(1 + 2hg(1 + hg)) ,

5 (A.23)
a4q = ﬁ(g — 1)7”@(5 + Shg(l + hg)) ,
and thus
EPt — g~ Draha(l + ha)bt provpert — T (o 1y.op7T A.24
3Q(9 Jraha(1+ ha)b™ ™, 6Q(g ra (A.24)

For G = SU(N) these are a special case of (A.20) with n =g — 1. For n = 1 — g the roles
of b and b~! are exchanged.

A.2 Class S theories

These are a class of 4d A/ = 1 theories which arise from the twisted compactification of Zy,
orbifolds of the maximal 6d Ay_; theory [26]. For general values of k and N the theory
has an SU(k)p x SU(k). x u(1)s flavor symmetry. Before twisting the anomaly polynomial

“9We note a similar relation was found in eq. (3.21) in [90] for the Casimir energy of the 6d theory on
the squashed S°.
0See, e.g., [25], where their parameter z is identified with @ here.
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of the 6d theory is given by"!

k?f Ca(R)* ~ N(ligl)Cz(R) (4Cs(R) + p1 (T M)

(AR _ pTA) <TM>2>

Iy =

48 48 * 192

Tp1(TM)? — 4ps(TM ))
5760 (A.25)
1 , 1 23 , 29

— | = — TM TM)" — TM

(3o + ORI (M) + o (PM)? = {22pa(r1) )

Nk? 5  Kk2N(N?-1) k2N3
s PG T 2
- kz[(l,O)hyper + IS(Fb,C) )

where Ig(Fp ) denotes contributions involving at least one of the SU(k), or SU(k). sym-

#(0 = 1) (OB + ORI (M) +

CQ(R)01(8)2 + 01(8)4

metries. Since we do not turn background fields for these symmetries, we may ignore
these terms in what follows. To identify the parts encoding the perturbative and non-
perturbative terms in the Casimir energy it is convenient to recall the anomaly polynomial
for a (1,0) tensor multiplet (see, e.g., eq. (2.3) in [26]):

1

1 29
I(l,()) tensor — ﬂ02(R)2 + Z8CQ(R)p1 (TM) +

(TM)? - @pg(TM) . (A.26)

9
57607

and for a free half-hypermultiplet charged under U(1), as"?

1 1 Tp1(TM)? — dpo(TM
Haomper = 57 C1(8) — 2 Cr(2pa(ra) LTI oy
and finally
1 1 Tp1(TM)* — 4ps(T M)
I(l,O)Vector = _ﬂCQ(R)2 - 47802(R)p1(TM) - 5760 : (AQS)
In terms of these combinations (A.25) takes the following form
IS = (N - 1) [I(l,O)tensor + (kz - 1)1(1,0)Vector + kQI(l,O)hyper]
(02(R> + 01(8)2)2 (A.29)

E’N(N? -1
+ ( ) 2

We note this has a very similar form to (A.12).5 Indeed, from the 5d localization calcula-
tion we find the perturbative part of the Casimir energy arises entirely from the terms in
the second line of (A.29), and is given by

2
wk A
EPert — ?(g —1) (¢ = 1) [N(N? = 1)(fie — 1)]Q?, (A.30)
Note that compared to eq. (2.1) in [26] we have a sign difference in the C2(R)C1(s)? term. Also, we
have subtracted the contribution from k2 hypermultiplets so that for k = 1 this matches the expression

used in (A.12) for the maximal theory.

%2Here we have taken the anomaly polynomial for a free half-hypermultiplet in the doublet of SU(2)z
(see, e.g., (1.5) in [103]) and set C2(L) = —C1(s)>.

%Indeed, in the special case k = 1, U(1)s is enhanced to SU(2); with Ci(s)®> = —C>(L) and the
contribution from the (1,0) tensor combines with that of the hyper into that of a (2,0) tensor to form the
combination Ag(1) = I(1 0)tensor + L(1,0)hyper-
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while the remaining part,
non-pert _ %(g —1)(N = 1) (2 = K + Ehe + 2k%he (¢ — 1)Q7) (A.31)
arises from

oot (V1) [ (e + 0 - DI + T ) - (A

We thus see once again that the instanton correction to the Casimir energy is encoded
in the 6d anomaly polynomial of free fields.

A.3 E-string theory

This is the 5d Seiberg theory in the special case Ny = 8. The twisted compactification of
this theory on a Riemann surface was considered in [27]. The anomaly polynomial before
twisting reads [103]°4

Ip = ]\éspg(NM) + ]\;e(NM)A4 +N (Ai - pz(NM)) + (N -1)45(1),

24
1 1 Tp1(TM)? — dpo(TM
I(1,0)nyper = ﬂC’2(L)2 + E@(L)pl (TM) + 1 )5760 2(TM) ;
1 1
A4 = Z <p1(NM) + p1 (TM) + 1502(E8)> . (A33)

To write the anomaly polynomial in the form (A.2) we use the relations (A.14) and
e(NM) = Cy(L) — C2(R), which gives

N(4N? 4+6N +3 N —1)(4N%2 —2N +1
1y = L ozimy + BT Loz

24
N(N? —1) (N —1)(6N + 1)
48
- MONE5) o Rypy () +
- TC2(R)C2(E8)248 + ]ZO p1(TM)C2(Eg)248 + 55—

S NOEED oy micun) +
18 WCQ(L)C2(ES)24S
N(N +1)
Tp1(TM)? — 4py(TM)
5760

Co(L)p1 (T M)

2
E,
7200 C2(Fs)2a

+ (30N - 1) - I(l,O)tensor . (A34)

This anomaly polynomial coincides with the one in [27], apart from the contribution
I(1,0)tensor from a free tensor which we have included. We now perform the twisted re-
duction on the Riemann surface following this reference. In addition to the R-symmetry
flux there are nine possible Abelian flavor fluxes; eight along the Cartan of Eg and one for
the Cartan of SU(2)z. For simplicity we consider only two flavor fluxes, picking a generic

*Here we follow the conventions in [90] and we have included an additional contribution from a (1,0)
tensor in the O(1) part to complete Ag(1l). This is done so that for k¥ = 1 this anomaly polynomial
matches (A.12) for the maximal theory.
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U(1)r C Eg and one along U(1), C SU(2). Twisting amounts to

o) — (O (R) ~ 5t)”

n -
CQ(E8)248 — —fl <2E tg+6E Cl(R) +Cl > +dEng2 (A.35)

i 2
Co(L) — — (2 tg +eCi(R) + 01(L)> )

where ¢ = 2¢dp,, with dg, = 30 the Dynkin index for the fundamental of Eg and & is
numerical constant that depends on the choice of U(1) ¢ inside Eg. The sum over j is over
all simple commutants of U(1)p in Eg. See [27] for details.

To write things in a compact form, let us write the anomaly polynomial in the form

k k
I= RgRR C2(R) + Lg“ C2(L) + krrrs, Co(R)Ca(L)

k
+ kpp Co(L)p1 (T M) + kg Co(R)py (TM) + ~LLEE

é’/
k kee k
+ R?,EE Cao(R)C2(Eg)2a8 + — & P p (T M)Co(Es)24s + E?EE C3(Es)24s

+ k1 pr(TM)? + ko po(TM) . (A.36)

Co(L)Co(LEg)248

The coefficients for the E-string theory are easily read off by comparing this expression
o (A.34). We subtract the contribution of the free fields from the full expression (contin-
uing the pattern from above) to get

EP — (g —1)|N(N - 1)Q*(1 — 62)(2(2N —1)(1 —ne) + (2 — figeg))
+N(Q*(4—ef) —1) (N —1)(1 —fie) + (2 — figeg)) |, (A.37)

where we defined ng = ﬁﬁE, €p = ﬁe g. This exactly matches the perturbative result

derived in the main text. The remaining piece,
Enon-pert _ %(g —1)(N = 1) (1 + fie 4 2fie(? — 1)Q?) , (A.38)

is given by the free fields
et (V1) [ (8 + T ) (A.39

and must be generated entirely due to instanton corrections in the 5d partition function.

We have thus shown by explicit computation of the perturbative piece that the instan-
ton corrections to the 4d Casimir energy arise from the free anomaly polynomial of the 6d
theory in all the examples we have considered (for class S, class Sk, and the compactifi-
cation of the E-string theory). It would be interesting to have a better understanding of
whether this is always the case and, if so, the reason behind this.
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B Instanton partition function for ' =2 U(N) and SU(N) SYM

Here we consider the instanton partition function for the maximal SYM theory with gauge
group U(N) or SU(N). This consists of an adjoint vector multiplet (as always) and an
adjoint hypermultiplet, which we assign a mass . Then, taking into account the extra
factors needed to pass between the Dolbeault, self-dual, and Dirac complexes, we may
write the total equivariant index for the fields of this theory as, first in the 4d case,

- (@, 7) 1 + eilerte) jate e e tradj(em)
_ = _— — 2 — -
mdgq N=4(U, V 5 € 9 (eicr — 1)(ei2 — 1)
. € +e . . . .
R (trN( ) tri (') + c.c.) + (1 —e")(1 — e ") trag; (e“b)),

(B.1)
where ¢; are the equivariant parameters.
We are interested here in the 5d case, and for this we need to incorporate the KK modes,
n, as in section 2.4. One additional subtlety is that, for the Dirac complex determining
the hypermultiplets, the quantization of the KK momenta are shifted by n — n + % [34].
Then we find®®

. o i [(L4elate) gieg e e traqj(e™®)
S

61+62

—et (trN( ) trz (€' + c.c.) + (1 — e ) (1 — e7"2) traq; (ei‘b)).
(B.2)

where we write the equivariant parameters as q; = 2™, as in section 2.4.

Let us consider in more detail the instanton contribution, which comes from the second
and third terms inside the second parantheses in (B.2). Using the rule (2.78) to pass
from the equivariant index to the 1-loop determinant, and integrating over the equivariant
parameters for the U(k) instanton symmetry, we may write the contribution to the partition
function from the k instanton sector as

P 1 <sin (mr(7 + 5= + €_)) sin (7r(7 + 2— —€)) sin (27rre+) K
k =
)

k! \ sin (m‘(ﬁ + o+ eq)) sin (77 (7 + 5 — €1)) sin (7re) sin (7re
i sin 7r7"uZ ¢a+u+ ) (TI'T’(Z qba—u—%))
/d ¢HH sin (77 (; — ¢o¢+€+))81 (

i=1 o T (% = o = €+)) (B.3)

H sin (77(¢a — ¢p + U+ o= +€-)) sin (77(¢a — ¢p + 7 + % —€_))

by sin (77(¢a — ¢+ 7+ o= +€4)) sin (77(¢a — P+ 7+ &= —€4))
sin (77(¢a — ¢p + 2€4)) sin (77(¢a — ¢p))

sin (77 (o — ¢ + €1)) sin (7r(pa — ¢ + €2))

where we have defined €1+ = %(61 + €9), and the prefactor is the contribution from the
Cartan components of the adjoint representation of U(k). This is integrated over a suitable

55In this appendix we find it convenient to keep the factors of r, the radius of the S* fiber, explicit. To
compare with the formulas in the main text one may set r = 1.
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contour. As mentioned in section 2.4, the result can be expressed as a sum over N-colored
Young diagrams, Y;. Namely, we have [34, 52]

Zn= Y Zg, (B.4)

Y, |Y|=k
with
H H sin (nr(Eij + 7+ 5= — e4)) sin (7r(Ejj — 7 — 5 — €4)) (B.5)
521y, sin (mrE;j;) sin (7r(E;; — 2€4.)) ’
where we have defined
Eij = 1; — uj — e1hi(s) + ea(vj(s) + 1), (B.6)

where h;(s) is the horizontal distance from the box to the right side of the Young diagram,
and v;(s) is the vertical distance to the bottom.
Let us note some simplifying limits of this instanton partition function. First, if we set

~ 1 Tiry
ve=de -5 9 Y= ™ = —(qra2) /2 (B.7)

one can check from (B.5) that Zy = 1 for all Y, and so the full instanton partition function
is given by

Zﬁ@Sthz N (a:,y = —(q192) %2, ) Z Z (B.8)

k=0 ¥V |¥|=k
This is simply the generating function for the N-colored Young diagrams, which can be
expressed in terms of the g-Pochhammer symbol,

28 s (220 = —(@a2)*1/%, ) o (2) 7. (B.9)

The precise coefficient depends on the detailed normalization of the instanton measure, and
it is not known how to fix this from first principles. In [34, 35] it was found that the appro-
priate normalization is such that we obtain the Dedekind eta function, 1(z) = z1/?4(z; 2),
and we will make the same assumption here. Then

ZﬁgthZ xSt <:c,y = —(q1€I2)i1/272> = 77(2)_N~ (B.10)
Next, consider
_ 1 -
p=—gde e y=—(ng)T (B.11)

Then we can see the prefactor in (B.3) vanishes, and so Z; = 0 for k£ > 0, implying
25 e o (my = —(maz )2 2) = 1. (B.12)

Both of these identities remain true if we shift 7 — o + f, ¢ € 7, as this is a symmetry of
the partition function.

In the SU(N) case, we expect the above identities to remain true, however we need to
strip off the overall U(1) contribution from above, and find that N — N — 1 in (B.10).

— 75 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1]

2]

E. Witten, Topological Quantum Field Theory, Commun. Math. Phys. 117 (1988) 353
[INSPIRE].

V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824] [INSPIRE].

J. Qiu and M. Zabzine, Review of localization for 5d supersymmetric gauge theories,
J. Phys. A 50 (2017) 443014 [arXiv:1608.02966] [INSPIRE].

S. Kim and K. Lee, Indices for 6 dimensional superconformal field theories, J. Phys. A 50
(2017) 443017 [arXiv:1608.02969] [INSPIRE].

N. Seiberg, Five-dimensional SUSY field theories, nontrivial fized points and string
dynamics, Phys. Lett. B 388 (1996) 753 [hep-th/9608111] [INSPIRE].

H.-C. Kim, S.-S. Kim and K. Lee, 5-dim Superconformal Index with Enhanced En Global
Symmetry, JHEP 10 (2012) 142 [arXiv:1206.6781] [INSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Bethe/Gauge correspondence on curved spaces, JHEP
01 (2015) 100 [arXiv:1405.6046] [INSPIRE].

F. Benini and A. Zaffaroni, A topologically twisted index for three-dimensional
supersymmetric theories, JHEP 07 (2015) 127 [arXiv:1504.03698] [INSPIRE].

C. Closset and H. Kim, Comments on twisted indices in 3d supersymmetric gauge theories,
JHEP 08 (2016) 059 [arXiv:1605.06531] [INSPIRE].

F. Benini and A. Zaffaroni, Supersymmetric partition functions on Riemann surfaces, Proc.
Symp. Pure Math. 96 (2017) 13 [arXiv:1605.06120] INSPIRE].

C. Closset, H. Kim and B. Willett, Supersymmetric partition functions and the
three-dimensional A-twist, JHEP 03 (2017) 074 [arXiv:1701.03171] [INSPIRE].

C. Closset, H. Kim and B. Willett, N' = 1 supersymmetric indices and the four-dimensional
A-model, JHEP 08 (2017) 090 [arXiv:1707.05774] INSPIRE].

C. Closset, H. Kim and B. Willett, Seifert fibering operators in 3d N = 2 theories,
arXiv:1807.02328 [INSPIRE].

E. Witten, Topological sigma models, Commun. Math. Phys. 118 (1988) 411.

N. Kurokawa, Multiple sine functions and selberg zeta functions, Proc. Japan Acad. A 67
(1991) 61.

N. Hama, K. Hosomichi and S. Lee, SUSY Gauge Theories on Squashed Three-Spheres,
JHEP 05 (2011) 014 [arXiv:1102.4716] [NSPIRE].

A. Bawane, G. Bonelli, M. Ronzani and A. Tanzini, N = 2 supersymmetric gauge theories
on 8% x 8% and Liouville Gravity, JHEP 07 (2015) 054 [arXiv:1411.2762] [NSPIRE].

N.A. Nekrasov, Seiberg- Witten prepotential from instanton counting, Adv. Theor. Math.
Phys. 7 (2003) 831 [hep-th/0206161] [INSPIRE].

— 76 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF01223371
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,117,353%22
https://doi.org/10.1007/s00220-012-1485-0
https://arxiv.org/abs/0712.2824
https://inspirehep.net/search?p=find+EPRINT+arXiv:0712.2824
https://doi.org/10.1088/1751-8121/aa5ef0
https://arxiv.org/abs/1608.02966
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.02966
https://doi.org/10.1088/1751-8121/aa5cbf
https://doi.org/10.1088/1751-8121/aa5cbf
https://arxiv.org/abs/1608.02969
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.02969
https://doi.org/10.1016/S0370-2693(96)01215-4
https://arxiv.org/abs/hep-th/9608111
https://inspirehep.net/search?p=find+EPRINT+hep-th/9608111
https://doi.org/10.1007/JHEP10(2012)142
https://arxiv.org/abs/1206.6781
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6781
https://doi.org/10.1007/JHEP01(2015)100
https://doi.org/10.1007/JHEP01(2015)100
https://arxiv.org/abs/1405.6046
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.6046
https://doi.org/10.1007/JHEP07(2015)127
https://arxiv.org/abs/1504.03698
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.03698
https://doi.org/10.1007/JHEP08(2016)059
https://arxiv.org/abs/1605.06531
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.06531
https://arxiv.org/abs/1605.06120
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.06120
https://doi.org/10.1007/JHEP03(2017)074
https://arxiv.org/abs/1701.03171
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.03171
https://doi.org/10.1007/JHEP08(2017)090
https://arxiv.org/abs/1707.05774
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.05774
https://arxiv.org/abs/1807.02328
https://inspirehep.net/search?p=find+EPRINT+arXiv:1807.02328
http://dx.doi.org/10.1007/BF01466725
http://dx.doi.org/10.3792/pjaa.67.61
http://dx.doi.org/10.3792/pjaa.67.61
https://doi.org/10.1007/JHEP05(2011)014
https://arxiv.org/abs/1102.4716
https://inspirehep.net/search?p=find+EPRINT+arXiv:1102.4716
https://doi.org/10.1007/JHEP07(2015)054
https://arxiv.org/abs/1411.2762
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.2762
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/0206161
https://inspirehep.net/search?p=find+EPRINT+hep-th/0206161

[19]

[20]

[21]

[22]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

N.A. Nekrasov and S.L. Shatashvili, Quantization of Integrable Systems and Four
Dimensional Gauge Theories, in Proceedings, 16th International Congress on Mathematical
Physics (ICMP09), Prague, Czech Republic, August 3-8, 2009, pp. 265-289 (2009)
[DOI:10.1142/9789814304634_0015] [arXiv:0908.4052] [INSPIRE].

C. Beem, T. Dimofte and S. Pasquetti, Holomorphic Blocks in Three Dimensions, JHEP 12
(2014) 177 [arXiv:1211.1986] [INSPIRE].

N. Bobev and P.M. Crichigno, Universal RG Flows Across Dimensions and Holography,
JHEP 12 (2017) 065 [arXiv:1708.05052] [INSPIRE].

1. Bah, A. Passias and P. Weck, Holographic duals of five-dimensional SCFTs on a
Riemann surface, arXiv:1807.06031 [INSPIRE].

D. Gaiotto, N = 2 dualities, JHEP 08 (2012) 034 [arXiv:0904.2715] [INSPIRE].

F. Benini, Y. Tachikawa and B. Wecht, Sicilian gauge theories and N = 1 dualities, JHEP
01 (2010) 088 [arXiv:0909.1327] [INSPIRE].

I. Bah, C. Beem, N. Bobev and B. Wecht, Four-Dimensional SCFTs from M5-Branes,
JHEP 06 (2012) 005 [arXiv:1203.0303] [INSPIRE].

1. Bah, A. Hanany, K. Maruyoshi, S.S. Razamat, Y. Tachikawa and G. Zafrir, 4d N =1
from 6d N = (1,0) on a torus with fluzes, JHEP 06 (2017) 022 [arXiv:1702.04740]
[INSPIRE].

H.-C. Kim, S.S. Razamat, C. Vafa and G. Zafrir, E-String Theory on Riemann Surfaces,
Fortsch. Phys. 66 (2018) 1700074 [arXiv:1709.02496] [INSPIRE].

A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, The 4d Superconformal Index from
g-deformed 2d Yang-Mills, Phys. Rev. Lett. 106 (2011) 241602 [arXiv:1104.3850]
[INSPIRE].

C. Beem and A. Gadde, The N =1 superconformal index for class S fized points, JHEP 04
(2014) 036 [arXiv:1212.1467] INSPIRE].

S.M. Hosseini, I. Yaakov and A. Zaffaroni, Topologically twisted indices in five dimensions
and holography, arXiv:1808.06626 [INSPIRE].

K.A. Intriligator, D.R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56
[hep-th/9702198] [INSPIRE].

J. Kéllén and M. Zabzine, Twisted supersymmetric 5D Yang-Mills theory and contact
geometry, JHEP 05 (2012) 125 [arXiv:1202.1956] InSPIRE].

K. Hosomichi, R.-K. Seong and S. Terashima, Supersymmetric Gauge Theories on the
Five-Sphere, Nucl. Phys. B 865 (2012) 376 [arXiv:1203.0371] [INSPIRE].

H.-C. Kim, J. Kim and S. Kim, Instantons on the 5-sphere and M5-branes,
arXiv:1211.0144 [INSPIRE}.

H.-C. Kim, S. Kim, S.-S. Kim and K. Lee, The general M5-brane superconformal index,
arXiv:1307.7660 [INSPIRE].

J. Qiu and M. Zabzine, 5D Super Yang-Mills on YP¢ Sasaki-Einstein manifolds, Commun.
Math. Phys. 333 (2015) 861 [arXiv:1307.3149] [INSPIRE].

T. Kawano and N. Matsumiya, 5D SYM on 3D Sphere and 2D YM, Phys. Lett. B 716
(2012) 450 [arXiv:1206.5966] [INSPIRE].

- 77 —


https://doi.org/10.1142/9789814304634_0015
https://arxiv.org/abs/0908.4052
https://inspirehep.net/search?p=find+EPRINT+arXiv:0908.4052
https://doi.org/10.1007/JHEP12(2014)177
https://doi.org/10.1007/JHEP12(2014)177
https://arxiv.org/abs/1211.1986
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1986
https://doi.org/10.1007/JHEP12(2017)065
https://arxiv.org/abs/1708.05052
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.05052
https://arxiv.org/abs/1807.06031
https://inspirehep.net/search?p=find+EPRINT+arXiv:1807.06031
https://doi.org/10.1007/JHEP08(2012)034
https://arxiv.org/abs/0904.2715
https://inspirehep.net/search?p=find+EPRINT+arXiv:0904.2715
https://doi.org/10.1007/JHEP01(2010)088
https://doi.org/10.1007/JHEP01(2010)088
https://arxiv.org/abs/0909.1327
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.1327
https://doi.org/10.1007/JHEP06(2012)005
https://arxiv.org/abs/1203.0303
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.0303
https://doi.org/10.1007/JHEP06(2017)022
https://arxiv.org/abs/1702.04740
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.04740
https://doi.org/10.1002/prop.201700074
https://arxiv.org/abs/1709.02496
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.02496
https://doi.org/10.1103/PhysRevLett.106.241602
https://arxiv.org/abs/1104.3850
https://inspirehep.net/search?p=find+EPRINT+arXiv:1104.3850
https://doi.org/10.1007/JHEP04(2014)036
https://doi.org/10.1007/JHEP04(2014)036
https://arxiv.org/abs/1212.1467
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.1467
https://arxiv.org/abs/1808.06626
https://inspirehep.net/search?p=find+EPRINT+arXiv:1808.06626
https://doi.org/10.1016/S0550-3213(97)00279-4
https://arxiv.org/abs/hep-th/9702198
https://inspirehep.net/search?p=find+EPRINT+hep-th/9702198
https://doi.org/10.1007/JHEP05(2012)125
https://arxiv.org/abs/1202.1956
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.1956
https://doi.org/10.1016/j.nuclphysb.2012.08.007
https://arxiv.org/abs/1203.0371
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.0371
https://arxiv.org/abs/1211.0144
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.0144
https://arxiv.org/abs/1307.7660
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.7660
https://doi.org/10.1007/s00220-014-2194-7
https://doi.org/10.1007/s00220-014-2194-7
https://arxiv.org/abs/1307.3149
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.3149
https://doi.org/10.1016/j.physletb.2012.08.055
https://doi.org/10.1016/j.physletb.2012.08.055
https://arxiv.org/abs/1206.5966
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.5966

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

Y. Fukuda, T. Kawano and N. Matsumiya, 5D SYM and 2D q-Deformed YM, Nucl. Phys.
B 869 (2013) 493 [arXiv:1210.2855] INSPIRE].

T. Kawano and N. Matsumiya, 5D SYM on 3D Deformed Spheres, Nucl. Phys. B 898
(2015) 456 [arXiv:1505.06565] INSPIRE].

G. Festuccia and N. Seiberg, Rigid Supersymmetric Theories in Curved Superspace, JHEP
06 (2011) 114 [arXiv:1105.0689] [INSPIRE].

Y. Pan, Rigid Supersymmetry on 5-dimensional Riemannian Manifolds and Contact
Geometry, JHEP 05 (2014) 041 [arXiv:1308.1567] [INSPIRE].

Y. Imamura and H. Matsuno, Supersymmetric backgrounds from 5d N = 1 supergravity,
JHEP 07 (2014) 055 [arXiv:1404.0210] [INSPIRE].

L.F. Alday, P. Benetti Genolini, M. Fluder, P. Richmond and J. Sparks, Supersymmetric
gauge theories on five-manifolds, JHEP 08 (2015) 007 [arXiv:1503.09090] [InSPIRE].

C. Closset, T.T. Dumitrescu, G. Festuccia and Z. Komargodski, Supersymmetric Field
Theories on Three-Manifolds, JHEP 05 (2013) 017 [arXiv:1212.3388] [INSPIRE].

Y. Imamura and D. Yokoyama, N = 2 supersymmetric theories on squashed three-sphere,
Phys. Rev. D 85 (2012) 025015 [arXiv:1109.4734] [INSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Supersymmetric vacua and Bethe ansatz, Nucl. Phys.
Proc. Suppl. 192-193 (2009) 91 [arXiv:0901.4744] [INSPIRE].

L.C. Jeffrey and F.C. Kirwan, Localization for nonabelian group actions, Topology 34
(1995) 291.

F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic Genera of 2d N' = 2 Gauge
Theories, Commun. Math. Phys. 333 (2015) 1241 [arXiv:1308.4896] [INSPIRE].

N. Drukker, T. Okuda and F. Passerini, Fzact results for vorter loop operators in 3d
supersymmetric theories, JHEP 07 (2014) 137 [arXiv:1211.3409] [INSPIRE].

E. Witten, Phases of N = 2 theories in two-dimensions, Nucl. Phys. B 403 (1993) 159
[hep-th/9301042] [INSPIRE].

J. Gomis, T. Okuda and V. Pestun, Ezact Results for 't Hooft Loops in Gauge Theories on
S%, JHEP 05 (2012) 141 [arXiv:1105.2568] INSPIRE].

N. Nekrasov and S. Shadchin, ABCD of instantons, Commun. Math. Phys. 252 (2004) 359
[hep-th/0404225] [INSPIRE].

C.-M. Chang, M. Fluder, Y.-H. Lin and Y. Wang, Spheres, Charges, Instantons and
Bootstrap: A Five-Dimensional Odyssey, JHEP 03 (2018) 123 [arXiv:1710.08418]
[INSPIRE].

C. Closset and M. Del Zotto, to appear.

C. Closset, S. Cremonesi and D.S. Park, The equivariant A-twist and gauged linear
o-models on the two-sphere, JHEP 06 (2015) 076 [arXiv:1504.06308] [INSPIRE].

F. Nieri, S. Pasquetti and F. Passerini, 3d and 5d Gauge Theory Partition Functions as
g-deformed CFT Correlators, Lett. Math. Phys. 105 (2015) 109 [arXiv:1303.2626]
[INSPIRE].

S. Pasquetti, Holomorphic blocks and the 5d AGT correspondence, J. Phys. A 50 (2017)
443016 [arXiv:1608.02968] INSPIRE].

— 78 —


https://doi.org/10.1016/j.nuclphysb.2012.12.017
https://doi.org/10.1016/j.nuclphysb.2012.12.017
https://arxiv.org/abs/1210.2855
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.2855
https://doi.org/10.1016/j.nuclphysb.2015.07.018
https://doi.org/10.1016/j.nuclphysb.2015.07.018
https://arxiv.org/abs/1505.06565
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.06565
https://doi.org/10.1007/JHEP06(2011)114
https://doi.org/10.1007/JHEP06(2011)114
https://arxiv.org/abs/1105.0689
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.0689
https://doi.org/10.1007/JHEP05(2014)041
https://arxiv.org/abs/1308.1567
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1567
https://doi.org/10.1007/JHEP07(2014)055
https://arxiv.org/abs/1404.0210
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.0210
https://doi.org/10.1007/JHEP08(2015)007
https://arxiv.org/abs/1503.09090
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.09090
https://doi.org/10.1007/JHEP05(2013)017
https://arxiv.org/abs/1212.3388
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.3388
https://doi.org/10.1103/PhysRevD.85.025015
https://arxiv.org/abs/1109.4734
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.4734
https://doi.org/10.1016/j.nuclphysBPS.2009.07.047
https://doi.org/10.1016/j.nuclphysBPS.2009.07.047
https://arxiv.org/abs/0901.4744
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.4744
http://dx.doi.org/10.1016/0040-9383(94)00028-J
http://dx.doi.org/10.1016/0040-9383(94)00028-J
https://doi.org/10.1007/s00220-014-2210-y
https://arxiv.org/abs/1308.4896
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.4896
https://doi.org/10.1007/JHEP07(2014)137
https://arxiv.org/abs/1211.3409
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.3409
https://doi.org/10.1016/0550-3213(93)90033-L
https://arxiv.org/abs/hep-th/9301042
https://inspirehep.net/search?p=find+EPRINT+hep-th/9301042
https://doi.org/10.1007/JHEP05(2012)141
https://arxiv.org/abs/1105.2568
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.2568
https://doi.org/10.1007/s00220-004-1189-1
https://arxiv.org/abs/hep-th/0404225
https://inspirehep.net/search?p=find+EPRINT+hep-th/0404225
https://doi.org/10.1007/JHEP03(2018)123
https://arxiv.org/abs/1710.08418
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.08418
https://doi.org/10.1007/JHEP06(2015)076
https://arxiv.org/abs/1504.06308
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.06308
https://doi.org/10.1007/s11005-014-0727-9
https://arxiv.org/abs/1303.2626
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.2626
https://doi.org/10.1088/1751-8121/aa60fe
https://doi.org/10.1088/1751-8121/aa60fe
https://arxiv.org/abs/1608.02968
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.02968

[58]

[63]

[64]

[65]

[68]

[69]
[70]

J. Kallén, J. Qiu and M. Zabzine, The perturbative partition function of supersymmetric 5D
Yang-Mills theory with matter on the five-sphere, JHEP 08 (2012) 157 [arXiv:1206.6008]
[INSPIRE].

H.-C. Kim and S. Kim, M5-branes from gauge theories on the 5-sphere, JHEP 05 (2013)
144 [arXiv:1206.6339] [INSPIRE].

G. Lockhart and C. Vafa, Superconformal Partition Functions and Non-perturbative
Topological Strings, JHEP 10 (2018) 051 [arXiv:1210.5909] [INSPIRE].

C.P. Herzog, I.R. Klebanov, S.S. Pufu and T. Tesileanu, Multi-Matriz Models and
Tri-Sasaki Finstein Spaces, Phys. Rev. D 83 (2011) 046001 [arXiv:1011.5487| InSPIRE].

D.L. Jafferis and S.S. Pufu, Ezact results for five-dimensional superconformal field theories
with gravity duals, JHEP 05 (2014) 032 [arXiv:1207.4359] [INSPIRE].

S.M. Hosseini and A. Zaffaroni, Large N matriz models for 3d N = 2 theories: twisted
index, free energy and black holes, JHEP 08 (2016) 064 [arXiv:1604.03122] [INSPIRE].

S.M. Hosseini and N. Mekareeya, Large N topologically twisted index: necklace quivers,
dualities and Sasaki-Einstein spaces, JHEP 08 (2016) 089 [arXiv:1604.03397] [INSPIRE].

O. Bergman and D. Rodriguez-Gomez, 5d quivers and their AdSe duals, JHEP 07 (2012)
171 [arXiv:1206.3503] [INSPIRE].

D.L. Jafferis, The Ezxact Superconformal R-Symmetry Extremizes Z, JHEP 05 (2012) 159
[arXiv:1012.3210] [INSPIRE].

C. Closset, T.T. Dumitrescu, G. Festuccia, Z. Komargodski and N. Seiberg, Contact Terms,
Unitarity and F-Mazimization in Three-Dimensional Superconformal Theories, JHEP 10
(2012) 053 [arXiv:1205.4142] [INSPIRE].

C. Nunez, 1.Y. Park, M. Schvellinger and T.A. Tran, Supergravity duals of gauge theories
from F(4) gauged supergravity in siz-dimensions, JHEP 04 (2001) 025 [hep-th/0103080]
[INSPIRE].

M. Naka, Various wrapped branes from gauged supergravities, hep-th/0206141 [INSPIRE].

L.J. Romans, The F(4) Gauged Supergravity in Siz-dimensions, Nucl. Phys. B 269 (1986)
691 [INSPIRE].

F. Benini, N. Bobev and P.M. Crichigno, Two-dimensional SCFTs from D3-branes, JHEP
07 (2016) 020 [arXiv:1511.09462] [INSPIRE].

F. Azzurli, N. Bobev, P.M. Crichigno, V.S. Min and A. Zaffaroni, A universal counting of
black hole microstates in AdSy, JHEP 02 (2018) 054 [arXiv:1707.04257] INSPIRE].

B. Assel, D. Cassani and D. Martelli, Localization on Hopf surfaces, JHEP 08 (2014) 123
[arXiv:1405.5144] [INSPIRE].

J. Kinney, J.M. Maldacena, S. Minwalla and S. Raju, An Index for 4 dimensional super
conformal theories, Commun. Math. Phys. 275 (2007) 209 [hep-th/0510251] INSPIRE].

C. Romelsberger, Counting chiral primaries in N = 1, d = 4 superconformal field theories,
Nucl. Phys. B 747 (2006) 329 [hep-th/0510060] [INSPIRE].

O. Aharony, S.S. Razamat, N. Seiberg and B. Willett, 3d dualities from 4d dualities, JHEP
07 (2013) 149 [arXiv:1305.3924] [INSPIRE].

- 79 —


https://doi.org/10.1007/JHEP08(2012)157
https://arxiv.org/abs/1206.6008
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6008
https://doi.org/10.1007/JHEP05(2013)144
https://doi.org/10.1007/JHEP05(2013)144
https://arxiv.org/abs/1206.6339
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6339
https://doi.org/10.1007/JHEP10(2018)051
https://arxiv.org/abs/1210.5909
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.5909
https://doi.org/10.1103/PhysRevD.83.046001
https://arxiv.org/abs/1011.5487
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.5487
https://doi.org/10.1007/JHEP05(2014)032
https://arxiv.org/abs/1207.4359
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.4359
https://doi.org/10.1007/JHEP08(2016)064
https://arxiv.org/abs/1604.03122
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.03122
https://doi.org/10.1007/JHEP08(2016)089
https://arxiv.org/abs/1604.03397
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.03397
https://doi.org/10.1007/JHEP07(2012)171
https://doi.org/10.1007/JHEP07(2012)171
https://arxiv.org/abs/1206.3503
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.3503
https://doi.org/10.1007/JHEP05(2012)159
https://arxiv.org/abs/1012.3210
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.3210
https://doi.org/10.1007/JHEP10(2012)053
https://doi.org/10.1007/JHEP10(2012)053
https://arxiv.org/abs/1205.4142
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.4142
https://doi.org/10.1088/1126-6708/2001/04/025
https://arxiv.org/abs/hep-th/0103080
https://inspirehep.net/search?p=find+EPRINT+hep-th/0103080
https://arxiv.org/abs/hep-th/0206141
https://inspirehep.net/search?p=find+EPRINT+hep-th/0206141
https://doi.org/10.1016/0550-3213(86)90517-1
https://doi.org/10.1016/0550-3213(86)90517-1
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B269,691%22
https://doi.org/10.1007/JHEP07(2016)020
https://doi.org/10.1007/JHEP07(2016)020
https://arxiv.org/abs/1511.09462
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.09462
https://doi.org/10.1007/JHEP02(2018)054
https://arxiv.org/abs/1707.04257
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.04257
https://doi.org/10.1007/JHEP08(2014)123
https://arxiv.org/abs/1405.5144
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.5144
https://doi.org/10.1007/s00220-007-0258-7
https://arxiv.org/abs/hep-th/0510251
https://inspirehep.net/search?p=find+EPRINT+hep-th/0510251
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://arxiv.org/abs/hep-th/0510060
https://inspirehep.net/search?p=find+EPRINT+hep-th/0510060
https://doi.org/10.1007/JHEP07(2013)149
https://doi.org/10.1007/JHEP07(2013)149
https://arxiv.org/abs/1305.3924
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.3924

[77]

[78]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

A. Gadde, E. Pomoni, L. Rastelli and S.S. Razamat, S-duality and 2d Topological QFT,
JHEP 03 (2010) 032 [arXiv:0910.2225] [INSPIRE].

L. Rastelli and S.S. Razamat, The Superconformal Index of Theories of Class S, in New
Dualities of Supersymmetric Gauge Theories, J. Teschner ed., Mathematical Physics
Studies, pp. 261-305, Springer, Cham (2016) [DOI:10.1007/978-3-319-18769-3_9]
[arXiv:1412.7131]

S.S. Razamat and B. Willett, Down the rabbit hole with theories of class S, JHEP 10
(2014) 99 [arXiv:1403.6107] [INSPIRE].

S.N. Ruijsenaars, Elliptic integrable systems of calogero—moser type: a survey, in The
proceedings of Workshop on Elliptic Integrable Systems, pp. 201-221 (2004)
[http://www.math.kobe-u.ac.jp/publications/rlm18/13.pdf].

D. Gaiotto, L. Rastelli and S.S. Razamat, Bootstrapping the superconformal index with
surface defects, JHEP 01 (2013) 022 [arXiv:1207.3577] [INSPIRE].

A. Gadde, S.S. Razamat and B. Willett, ”Lagrangian” for a Non-Lagrangian Field Theory
with N' = 2 Supersymmetry, Phys. Rev. Lett. 115 (2015) 171604 [arXiv:1505.05834]
[INSPIRE].

P. Agarwal, K. Maruyoshi and J. Song, A “Lagrangian” for the E; superconformal theory,
JHEP 05 (2018) 193 [arXiv:1802.05268] [iNSPIRE].

D. Gaiotto and S.S. Razamat, N' = 1 theories of class Sy, JHEP 07 (2015) 073
[arXiv:1503.05159] [INSPIRE].

E. Witten, Small instantons in string theory, Nucl. Phys. B 460 (1996) 541
[hep-th/9511030] [INSPIRE].

K. Maruyoshi and J. Yagi, Surface defects as transfer matrices, PTEP 2016 (2016) 113B01
[arXiv:1606.01041] [INSPIRE].

Y. Ito and Y. Yoshida, Superconformal index with surface defects for class Sy,
arXiv:1606.01653 INSPIRE].

J. Yagi, Surface defects and elliptic quantum groups, JHEP 06 (2017) 013
[arXiv:1701.05562] INSPIRE].

B. Nazzal and S.S. Razamat, Surface Defects in E-String Compactifications and the van
Diejen Model, SIGMA 14 (2018) 036 [arXiv:1801.00960] [INSPIRE].

N. Bobev, M. Bullimore and H.-C. Kim, Supersymmetric Casimir Energy and the Anomaly
Polynomial, JHEP 09 (2015) 142 [arXiv:1507.08553] [INSPIRE].

N. Nekrasov, Five dimensional gauge theories and relativistic integrable systems, Nucl.
Phys. B 531 (1998) 323 [hep-th/9609219] [INSPIRE].

F. Benini, K. Hristov and A. Zaffaroni, Black hole microstates in AdSy from
supersymmetric localization, JHEP 05 (2016) 054 [arXiv:1511.04085] [INSPIRE].

F. Benini, K. Hristov and A. Zaffaroni, Ezxact microstate counting for dyonic black holes in
AdS}, Phys. Lett. B 771 (2017) 462 [arXiv:1608.07294] [INSPIRE].

A. Cabo-Bizet, V.I. Giraldo-Rivera and L.A. Pando Zayas, Microstate counting of AdS,
hyperbolic black hole entropy via the topologically twisted index, JHEP 08 (2017) 023
[arXiv:1701.07893] [INSPIRE].

— 80 —


https://doi.org/10.1007/JHEP03(2010)032
https://arxiv.org/abs/0910.2225
https://inspirehep.net/search?p=find+EPRINT+arXiv:0910.2225
http://dx.doi.org/10.1007/978-3-319-18769-3_9
https://arxiv.org/abs/1412.7131
https://doi.org/10.1007/JHEP10(2014)099
https://doi.org/10.1007/JHEP10(2014)099
https://arxiv.org/abs/1403.6107
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.6107
http://www.math.kobe-u.ac.jp/publications/rlm18/13.pdf
https://doi.org/10.1007/JHEP01(2013)022
https://arxiv.org/abs/1207.3577
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.3577
https://doi.org/10.1103/PhysRevLett.115.171604
https://arxiv.org/abs/1505.05834
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.05834
https://doi.org/10.1007/JHEP05(2018)193
https://arxiv.org/abs/1802.05268
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.05268
https://doi.org/10.1007/JHEP07(2015)073
https://arxiv.org/abs/1503.05159
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.05159
https://doi.org/10.1016/0550-3213(95)00625-7
https://arxiv.org/abs/hep-th/9511030
https://inspirehep.net/search?p=find+EPRINT+hep-th/9511030
https://doi.org/10.1093/ptep/ptw151
https://arxiv.org/abs/1606.01041
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.01041
https://arxiv.org/abs/1606.01653
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.01653
https://doi.org/10.1007/JHEP06(2017)013
https://arxiv.org/abs/1701.05562
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.05562
https://doi.org/10.3842/SIGMA.2018.036
https://arxiv.org/abs/1801.00960
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.00960
https://doi.org/10.1007/JHEP09(2015)142
https://arxiv.org/abs/1507.08553
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.08553
https://doi.org/10.1016/S0550-3213(98)00436-2
https://doi.org/10.1016/S0550-3213(98)00436-2
https://arxiv.org/abs/hep-th/9609219
https://inspirehep.net/search?p=find+EPRINT+hep-th/9609219
https://doi.org/10.1007/JHEP05(2016)054
https://arxiv.org/abs/1511.04085
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.04085
https://doi.org/10.1016/j.physletb.2017.05.076
https://arxiv.org/abs/1608.07294
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.07294
https://doi.org/10.1007/JHEP08(2017)023
https://arxiv.org/abs/1701.07893
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.07893

[95]

[96]

[97]
[98]

[99]

[100]

[101]

[102]

[103]

S.M. Hosseini, K. Hristov and A. Passias, Holographic microstate counting for AdSys black
holes in massive IIA supergravity, JHEP 10 (2017) 190 [arXiv:1707.06884] INSPIRE].

F. Benini, H. Khachatryan and P. Milan, Black hole entropy in massive Type ITA, Class.
Quant. Grav. 35 (2018) 035004 [arXiv:1707.06886] [INSPIRE].

M. Suh, D4-branes wrapped on supersymmetric four-cycles, arXiv:1809.03517 [INSPIRE].

T. Nishioka and I. Yaakov, Generalized indices for N'= 1 theories in four-dimensions,
JHEP 12 (2014) 150 [arXiv:1407.8520] INSPIRE].

B. Assel, D. Cassani, L. Di Pietro, Z. Komargodski, J. Lorenzen and D. Martelli, The
Casimir Energy in Curved Space and its Supersymmetric Counterpart, JHEP 07 (2015) 043
[arXiv:1503.05537] [INSPIRE].

A. Arabi Ardehali, J.T. Liu and P. Szepietowski, High-Temperature Expansion of
Supersymmetric Partition Functions, JHEP 07 (2015) 113 [arXiv:1502.07737] [INSPIRE].

M.R. Douglas, On D =5 super Yang-Mills theory and (2,0) theory, JHEP 02 (2011) 011
[arXiv:1012.2880] [INSPIRE].

C. Beem, M. Lemos, P. Liendo, W. Peeclaers, L. Rastelli and B.C. van Rees, Infinite Chiral
Symmetry in Four Dimensions, Commun. Math. Phys. 336 (2015) 1359 [arXiv:1312.5344]
[INSPIRE].

K. Ohmori, H. Shimizu and Y. Tachikawa, Anomaly polynomial of E-string theories, JHEP
08 (2014) 002 [arXiv:1404.3887] [INSPIRE].

~ 81 —


https://doi.org/10.1007/JHEP10(2017)190
https://arxiv.org/abs/1707.06884
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.06884
https://doi.org/10.1088/1361-6382/aa9f5b
https://doi.org/10.1088/1361-6382/aa9f5b
https://arxiv.org/abs/1707.06886
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.06886
https://arxiv.org/abs/1809.03517
https://inspirehep.net/search?p=find+EPRINT+arXiv:1809.03517
https://doi.org/10.1007/JHEP12(2014)150
https://arxiv.org/abs/1407.8520
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.8520
https://doi.org/10.1007/JHEP07(2015)043
https://arxiv.org/abs/1503.05537
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.05537
https://doi.org/10.1007/JHEP07(2015)113
https://arxiv.org/abs/1502.07737
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.07737
https://doi.org/10.1007/JHEP02(2011)011
https://arxiv.org/abs/1012.2880
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.2880
https://doi.org/10.1007/s00220-014-2272-x
https://arxiv.org/abs/1312.5344
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5344
https://doi.org/10.1007/JHEP08(2014)002
https://doi.org/10.1007/JHEP08(2014)002
https://arxiv.org/abs/1404.3887
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.3887

	Introduction and summary
	Derivation of partition function on S**(3) (b) x Sigma(g)
	5d N=1 theories on curved backgrounds
	The 2d A-twist and Bethe Ansatz equations
	Reduction on S**(3) (b) and the perturbative partition function
	Reduction to 4d and the instanton partition function

	Large N limit and holography
	Seiberg theory and its orbifolds
	Extremization
	General quivers
	Holography

	5d theories, 6d SCFTs, and the 4d index
	The 5d N=2 Yang-Mills theory
	5d N=1 theories
	Casimir energy
	Instantons, the 5d prepotential, and a 6d uplift condition
	Examples


	Twisted partition function on S**(2) x S**(1) x Sigma(g) and AdS(6) black holes
	Partition function on S**(2) x S**(1) x Sigma(g)
	A large N conjecture and AdS(6) black holes

	Outlook
	Casimir energy on S**(3)(b) x Sigma(g) x S**(1)(beta)
	5d maximal theory and class S
	Class S(k) theories
	E-string theory

	Instanton partition function for N=2 U(N) and SU(N) SYM

