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Quadratic transformations for orthogonal polynomials
in one and two variables

Tom H. Koornwinder

Dedicated to Masatoshi Noumi on the occasion of his sixtieth birthday

Abstract

We discuss quadratic transformations for orthogonal polynomials in one and two vari-
ables. In the one-variable case we list many (or all) quadratic transformations between
families in the Askey scheme or ¢-Askey scheme. In the two-variable case we focus, after
some generalities, on the polynomials associated with root system BCs, i.e., BCs-type Jacobi
polynomials if ¢ = 1 and Koornwinder polynomials in two variables in the g-case.

1 Introduction

Whenever we have a system of orthogonal polynomials {p,} in one variable with respect to an
even orthogonality measure p on R, then we can write po, (7) = ¢n(22), pong1(z) = 27, (2?) with
{gn} and {ry} systems of orthogonal polynomials on R>( with respect to orthogonality measures
which are immediately obtained from p. These mappings from {p,} to {¢,} and {r,} are called
quadratic transformations. For quite some multi-parameter families of orthogonal polynomials
in the Askey scheme and the g-Askey scheme such quadratic transformations can be given

explicitly. Very well-known are the quadratic transformations for Jacobi polynomials connecting

atl
{PT(LO"Q)} with {P,(L ’iz)}. Since all such polynomials can be expressed as (g-)hypergeomnetric

functions, their quadratic transformations are equivalent to certain quadratic transformations
for terminating (g-)hypergeometric functions.

The first aim of this paper, in Section 2, is to survey many (maybe all) instances of quadratic
transformations in the (¢-)Askey scheme, and how they are related by the limit arrows in those
schemes. While the quadratic transformations for Askey-Wilson polynomials were already given
in the Memoir [I] by Askey & Wilson, some of the other quadratic transformations given below
may occur here for the first time, in particular the ones on the discrete side of the (¢-)Askey
scheme.

Quadratic transformations occur also for orthogonal polynomials in several variables as soon
as the orthogonality measure is invariant under the transformation x; — —z1 of the first vari-
able x1. This sounds like a trivial generalization of the one-variable case, but this reflection
map already takes some unexpected form when we look for quadratic transformations within
multi-parameter families of special orthogonal polynomials in two variables. For the systems
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associated with root system BC5 the deeper explanation for the existence of the quadratic trans-
formations is the isomorphism between the root systems By and Cs, both of which are contained
in 302

These quadratic transformations in the two-variable case will be discussed in Section 3. For
BCs-type Jacobi polynomials they go back to Sprinkhuizen-Kuyper [18], while they may be new
for Koornwinder polynomials. We will also argue that quadratic transformations for orthogonal
polynomials associated with BC), cannot occur if n > 2, at least not in the simple form as for
n =1 and 2.

The paper concludes in Section 4 with a discussion how quadratic transformations can be
helpful as heuristics for extending results to a larger realm of parameters, and with mentioning
some possible work which would be a natural follow-up of this paper.

Conventions For definition and notation of hypergeometric and ¢-hypergeometric series see [4].
Throughout we will assume that 0 < g < 1.

2 The one-variable case

2.1 Ordinary polynomials

Let {p,(z)} be a system of monic orthogonal polynomials on R which are orthogonal with respect
to an even (nonnegative) weight function w(z) = w(—z) = v(2?). Then p,(—z) = (=1)"p,(z).
Put

Gn(2?) = pon(x),  Tp(2?) i= 27 pon g (2). (2.1)
Then (see [3, Ch. 1, §8]) {gn(x)} and {r,(x)} are systems of monic orthogonal polynomials on
[0, 00):
e the ¢, with respect to weight function x_%fu(az),
e the r, with respect to weight function xév(x)

Note that from (2.I]) we have, for any xo € R on which the p, do not vanish, that

Qn(iEZ) _ Pan(T) T‘n(JE2) _ 20 Pant1()
an(23)  ponlmo) " rn(zd)  zponti(zo)’

(2.2)

The identities (2.2)) remain valid for arbitrary normalizations of the py,, ¢, 7.

As a slight variant of the above, let {p,(x)} be a system of orthogonal polynomials on [—1, 1]
which are orthogonal with respect to an even weight function w(z) = w(—xz) = v(22? — 1). Let
xo € R such that p,(z¢) # 0 for all n. Let g,(z) and r,(x) be polynomials of degree n such that

(20 — 1) _ pon(z)  ra(20® 1) _ zopanti(2)
G223 —1)  pan(x0)’ (20§ —1)  zpanta(zo)

Then {¢,(x)} and {r,(z)} are systems of orthogonal polynomials on [—1, 1]:
e the g, with respect to weight function (1 + :E)_%U(l‘),
e the r,, with respect to weight function (1 + x)%v(:n)



Example 2.1. Jacobi polynomials

« n a (Oé—l—l)n —n,n—l—a—i—ﬂ—i—l
PP () = (-1)" PP (—w) 1= " oy ot 13(1-2)

are orthogonal on [—1,1] with weight funnction (1 — z)*(1 + z)® (a,8 > —1). So we have
quadratic transformations (see [20, Theorem 4.1])

P(O!7Oc) P, 057—%) 9 2 1 P(ava)( ) P((X?%) 2 2 1
2n (33): n (22 ) mt1\¥) _ Thn (22 ) (2.3)

o, a_l o, o 1
PV pletd) Pt (1) Pl ()

Example 2.2. Laguerre polynomials

Ly () 22(0427!1)" 1F1< —n >

oz—l—l;x

T

are orthogonal on [0, 00) with weight function z%¢~* (a > —1), while Hermite polynomials

Hy(z) = (22)" 2F0<_%n’ __%(n -b ; —x_2>

T

are orthogonal on (—o00,00) with weight function e~ ?. So we have quadratic trnansformations

(see [20] (5.6.1)])

1

Hop(z)  Ln?(2?) Hap11()

Hj,(0) L;% (0) ’ H;,, 11(0)

These are limit cases of (Z.3]) by the limits [6 (9.8.16), (9.8.18)].

(2.4)

8
~ |
S| Sl

—~

8

Do
~—

—~
(=)
~—

Remark 2.3. In connection with (ZI) and (22]) we had weight functions w(z) = w(—z) =
v(2?). Then du(z) := w(x)dzr is an even measure on R and dv(z) := 23:_%1)(3;) dx is the
pushforward measure v = ¢,u on R>g with ¢: z +— 22: R — R>q. In general, the quadratic
transformations (2.I)), (2:2) remain true if the p,, are orthogonal polynomials with respect to a
(positive) even measure on R, the ¢, are orthogonal with respect to the measure v = ¢, on
Rzo, i.e.,
/ p(y)dv(y) = / p(z?)du(z) for all polynomials p,
R>o R

and the 7, are orthogonal with respect to the measure z dv(z) on R>p. Similar remarks will
apply to other quadratic transformations. This becomes in particular relevant in examples
involving discrete mass points or g-integrals.

2.2 Symmetric Laurent polynomials

As a further variant of the above, with w(z) a weight function on [—1, 1], we substitute z =
%(z + 271 so that z runs from —1 to 1 on the upper half unit circle if  runs from —1 to 1 on

3



the interval [—1,1]. Let A(z) be a real-valued weight function on the upper half unit circle such
that

wz)=w(i(z+2z71) = jZ_Aii)l .
Then . ;
| t@u@de=it [ fere)am %,
-1 (&

where the contour C' is the upper half unit circle starting at 1 and ending at —1. Now suppose
that A(z) = A(—2z7') and put

A :=AGE) =A(=z"Y) (2] =1, 0<argz < 7/2). (2.5)
Equivalently, w(x) = w(—z). As before, put
v(22% — 1) := w(z) = w(—x).

Then 9
_ _ i~
w3+ ) = o3+ 78) = 2 K
Hence
14 L1(,2 —o\\—%. (1/.2 -2y} _ o3 21 A2
(143 +27)) Po(5(" +27) =22 57— AR,
—9\\ % _ _1 _ 27 ~
1+ 32 +2))20(3(%+27%) =2"2(1+2H) (1 +2 2)mA(z2)
Thus, with z = (2 + 271),
_1 1 2t~
(I1+z) 20(z) =22 po A(z),
1 1 _1 2~
(14+2z)2v(z)=2"2(14+2)(1+=2 )z—z—l A(z).

We arrive at the following result. Let {p,(z)} be a system of symmetric (i.e., invariant under z —
271) Laurent polynomials which are orthogonal on C' with respect to the measure A(z)z"1dz,
where A satisfies (Z0). Let zp € C such that p,(z9) # 0 for all n. Let ¢,(z) and 7,(2) be
symmetric Laurent polynomials of degree n such that

L) Pnle) Tl _ (0 + 2 VPania(2)
0(@)  Poalz0) Ta() (2t Dnsa(z0)

Then {g,(2)} and {7,,(z)} are systems of symmetric orthogonal Laurent polynomials on C:
e the ¢, with orthogonality measure A(z)z~'dz, N
e the 7, with orthogonality measure (1 + 2)(1 4+ 27 1)A(2)z " dz.
If we go back to Example 2] then, with the above notation and up to constant factors,
1

P(2) = PO (e +27), Tle) = PTG +E), T = AV (),
Alz)=(2-22—272)2, A(z) = (2—2—2z1)Fs,



Example 2.4. Recall Askey-Wilson polynomials [I], [6l §14.1], which we write as monic sym-
metric Laurent polynomials:

1
P,(z) = P,(z;a,b,c,d|q) := ] pn(%(z—l—z_l);a, b, c,d|q)

(abedg™=1;q

_ (ab,ac,ad; q)y s g "q
a a™(abedq™1;q), e

"“labed, az, az”

l ; q,q> . (26)

ab, ac, ad
Here P, (z) is invariant under permutations of the parameters a, b, ¢,d. Observe that

1
(abedg™ ' q)n

(ab,ac, ad; q)p
a™(abcdg™ 15 q)n

Py (a;a,b,c,d|q) = . pa(3(a+a")a,b,c.d|q) =

1 -1 —-n ,n—1 -1
Dn(5(2 +2 ) abed,az,az
Puly(zt2")) 4¢3<q 1 ;q,q> (2.7)

pn(3(a+a 1)) B ab, ac, ad

Assume that a, b, ¢, d have absolute value < 1 but do not have pairwise products equal to 1,
and that non-real parameters occur in complex conjugate pairs. The polynomials P, (z) are
orthogonal on the upper half unit circle C' with respect to the orthogonality measure A(z) 2! dz,
where

(2% @)oo
(az,bz,cz,dz | @)oo

AR =AL(2)A (=Y, Ap(e) = Ap(za,be,d]g) =

Since Al a2 12 2| )
Alz:a.b. —a.—b = A 2. 2b2 1. — 2y _ 207,07, —q,—q" | q
(Z7a7 , —a, IQ) (Z ,a~, ) ) QI(]) (1+22)(1+Z_2) )
we have:
P2TL(Z; a, bv —a, —b | q) = PTL(Z2; CL2, b27 _17 —q | q2)7 (28)
P2n+1(2; a, b7 —a, _b7 q) = (Z + Z_I)PN(Zz; a’27 b27 —q, _q2 ’q2)7 (29)

or, in the normalization (Z.7]),

pgn(x;a, bv _a7_b|Q) _ pn(23§2 — 1;&2,b2,—1,—q|q2) (2 10)
p2n(%(a+a_l);av b,—(l, _b|q) pn(%((LQ—|—a‘2);a2,b2,—1,—q|q2) 7 '
pont1(wia,b,—a, ~biq) 22 pp(22° — 1;0% V%, —q, —¢*| ¢%) (2.11)

p2n+l(%(a + a_l); a, b7 —a, _b7 q) B (CL + a_l)pN(%(a2 + a_2); a’27 b27 —q, _q2 ’ q2) ‘

Formula (210) is given by Askey & Wilson [1, Section 3.1] in terms of g-hypergeometric
functions, but similarly derived as above (a,b below different from a, b above):

a? qb2 c. —d a2 qb2 2. 2 .
’ (gl . — ’ 9 ) . 519
4¢3<qaby_qabycd7q,q> 4¢3<q2a2527cd7chaq 4 ) (2.12)



when both sides terminate. The identity (2.12]) can also be obtained from Singh [17, (22)] (see
also [4, (3.10.11)]) by applying Sears’ transformation [4, (2.10.4)].

While we arrived at (2.12]) in the terminating case a = ¢~ ", the identity holds also in the
terminating case ¢ = ¢~". Then a resulting identity for Askey-Wilson polynomials is

1 1
Py(z;a,b,q%, —q2 | q) = Pa(2;a,qa,b,qb| ¢?). (2.13)

This relates two different ways of writing continuous g-Jacobi polynomials as Askey-Wilson
polynomials, see [I], (4.20)] or [4, (7.5.26)]. Formula ([2.I3)) also follows by observing that

A(z;0,b,q2,—q2 | q) = A(z;a,qa, b, gb| ¢°).

The quadratic transformation (Z.I1I) can be written in terms of g-hypergeometric functions

a?,qb?, c, —d c—d qa?, 0,2, &%,
) s G . _ =% s ,c°, ) -
4¢3<qab,—qab,cd’q’q> 1—Cd4¢3<q2a2b2,q26d,ch7q , 4 > ( )

when both series terminate. For ¢ = ¢~ the resulting identity for Askey-Wilson polynomials is
again (2.13), with a and ga interchanged in the parameter list on the right-hand side. Hence,
if ¢ = ¢~ then (2I4]) follows from (2.12]) by applying Sears’ transformation to the right-hand
side of (2.12)).

With ab = ¢®*! formulas (Z.10), Z1I) give a two-parameter g-analogue of (Z3)). Indeed if
a = ag, b = b, in 2ZI0), ZII) such that a,b, = ¢! and a, — 1 as ¢ 1 1 then the quadratic
transformations (ZI0), (ZI1I]) have the quadratic transformations (23] as limits for g 1 1.

The quadratic transformations (Z.10]), (2.11]) remain valid for less constrained parameter val-
ues by analytic continuation. In the case of orthogonality involving additionally a finite number
of mass points (see [0, (14.1.3)]) we may still give a proof of (Z10), (ZII) by orthogonality in
view of Remark 23]

There are various noteworthy special cases of the quadratic transformations (2.10), 2III).

as

For b = q%a we get continuous ¢-Jacobi polynomials on the left-hand sides and continuous
g-ultraspherical polynomials on the right-hand sides. For b = 0 we get Al-Salam-Chihara poly-
nomials on the left-hand sides and continuous dual g-Hahn polynomials on the right-hand sides.
For a = b = 0 we get continuous g-Hermite polynomials on the left-hand sides and Al-Salam-
Chihara polynomials (in this context also called continuous g-Laguerre polynomials) on the
right-hand sides. See [6] Ch. 14] for details about the mentioned families of orthogonal polyno-
mials.

2.3 Further examples of quadratic transformations in the ¢-Askey scheme

First we discuss some limit cases of the quadratic transformations (2.10]), (2.11) for Askey-Wilson
polynomials, where we stay in the continuous part of the ¢-Askey scheme.

Example 2.5. For big ¢-Jacobi polynomials [6, §14.5]

-n n+1ab ac—lx
Po(z;a,b,¢,d;q) = Po(gac ™ z;a,b, —ac™'d; q) = m(q 4 )

qa, —qac—1d

6



and little g-Jacobi polynomials [6, §14.12], [12] §2.4]

—n’ n—i—lab L —1)" b;
polw;a,b;q) = 2¢1<q i ;q,qx>, Palg 7Y a,b:q) = 1( )1 Widhn 515
qa g2 b (ga; g)n
there are the quadratic transformations
2., -1 2.2
Pon(z;0,a,1,15q) = Pol07, 0% ) (2.16)

pn((qa)~2:q71 0% ¢?)
qaz pn(a?;q,a% ¢%)

Popii(z;a,a,1,1;q) = . 2.17

il )o@ T 0. ) (247

These were earlier given in [12, (2.48), (2.49)]. They are limit cases of (2.10), (2.11]) by the limit

formulas [9, (6.2), (6.4)].

The orthogonality relations for big and little g-Jacobi polynomials are given by ¢-integrals.

In view of Remark 23] the quadratic transformations (ZI6]) and (ZI7)) can be obtained in a

straightforward way by comparing the g-weights for the polynomials involved. The relevant
observation is that, with w(z) = v(2?) and polynomials p, we have

1 [e’9)
/O p() o) dpr = (1— ) S pa™) () ¢*

k=0
= (1= p((d")) w(d") ¢" = (1+4q) /Olp(:vz) w(z) dg.
k=0
Example 2.6. For discrete g-Hermite I polynomials [6, §14.28]
7" 50 <q_n6x_l 4, —q$>

and the little g-Laguerre polynomials (or Wall polynomials) p,(z;a; q) = pn(x;a,0;q) [0, §14.20]
([2I5) with b = 0) there are the quadratic transformations

hon(z3:9) = (—=1)"¢"" Y (q;¢*)n, pu (2471 62), (2.18)
hons1(z1q) = (—1)"¢"" V(g% ¢*)n 2 (2% 43 6*). (2.19)
These are limit cases of (2.16]), (ZI7) by the limit formula [I3] §14.5]

ho(;5q)

lim a™" P,(z;a,a,1,1;q) = q" hyp(2;q).

a—0

The quadratic transformations (ZI8]), (ZI9]) immediately imply quadratic transformations
[13, §14.21] connecting discrete g-Hermite IT polynomials [6, §14.29] and ¢-Laguerre polynomi-
als [6l §14.21] because these two orthogonal polynomials can be expressed as i~ "hy,(ix;q 1)
and const. p,(—z;¢"%;¢~') in terms of discrete g-Hermite I polynomials and little g-Laguerre
polynomials, respectively. Note that both families of orthogonal polynomials have non-unique
orthogonality measures, see for instance [2]. Quite probably these last quadratic transformations
are limit cases of rewritings of (Z.16]), (ZI7) which can be interpreted as quadratic transforma-
tions for pseudo big g-Jacobi polynomials [5, Prop. 2.2].



Next we turn to the discrete part of the ¢-Askey scheme.

Example 2.7. On top there is a quadratic transformation between g-Racah polynomials (see
[6 §14.2])

n+1

—n

caBq" g7, yogm T )
; q7 q n - 07 17 e 7N b
aq, Bdq,vq ( )

Ru(q™ " + 764" 0, 8,7,8 | q) := 403 <q

where aq or 3dq or vq is equal to ¢~. It reads, with N € {%, 1, %, S
Ron(q V"2 — ¢ N 20,0, 22, 1] )

= Ry(q 22N 4 22N a2 g7 g2V 2 72 Y (n=0,1,..., [N +1]). (2.21)

Indeed, as a function of ¢~ >~ -3 ¢ N =3 the polynomials on the left-hand side of (2.21]) are
orthogonal on the points q_m_N_% — qx_N_% (t=—-N-— %, —N + %, o, N+ %) with respect to
the weights
(6" + 4 (a®¢%; qz)x—l-N—l-% (a®g%; qz)—x+N+%
(

@) pinst  (@%50%) oyl

—z—N-3% m—N—%)2

while the polynomials on the right-hand side are orthogonal on the points (¢ q
(z running over —N — %, —N+ %, e —% or 0) with respect to the same weights. These weights
are positive if —1 < qa < 1.

In terms of ¢-hypergeometric functions (2.2I]) can be written as

q—2n’ a2q2”+1, q—ac—N—%7 _qx—N—% '
4¢3 IN—1 34,4

qo, —qo, q_
—2n .2
q , o q
= 403
< q*a?,q

q g

—2N-1
)

2n+1 —2x—2N-1 2x—2N-1 5 o
)
_9N 54,4 ) )

q

which is the case a = ¢, b = ¢"a, c = q_x_N_%, d= qx_N_% of 212).
Similarly, from (2.I4]), we have the quadratic transformation

e N_1 _N_1 _oN—
Roni1(¢7 N72 — ¢ N =2:0,0,¢ V72 ~1]¢q)
q_m_N_%_qx_N_% 20—2N—-1 , 20-2N-1, 2 IN—2 —2N-2| 2
R Ry(q 2 2N 272N ha? g7V 2 V2 %), (2.22)

where N € {%, 1, %,} and n = 0,1,...,[N]. Formula ([2Z:22]) can also be proved by orthogo-
nality.

The special case a = 0 of (221 and (Z22]) gives quadratic transformations involving dual
g-Krawtchouk polynomials [6, §14.17] and dual g-Hahn polynomials [6, §14.7].



Remark 2.8. The quadratic transformations (2.16]), ([2I7) involving big and little g-Jacobi
polynomials can be obtained as limit cases of (Z2I) and (Z22]). For this we need the following
special case of the limit formula [IT], (2.2)] from g-Racah polynomials to big g-Jacobi polynomials:

_oN_ P, (z;a,a,1,1;q)
li R -1 _.. 2N -2 1 _ n\d, W, W, L, L, )
Ngnoo ( Haad ’ |q> Pn(—L(l, (1,1,1;(])

We need also a limit formula from g-Racah polynomials to little g-Jacobi polynomials, not yet
observed in [11]:

_ 0 ta;b,a;q)
li —N-— 1 N pn(

(2.23)
This is obtained from the limit formula (straightforward from (2.20)))

—n bn+1 ) -1
lim Ry(¢ *a;a,b,q7 N 15qN|Q)—3¢1< 0T ;q,b_15_1w>
N—o0 qa

combined with [4] (IT1.8)] and (Z.TIH)).
Furthermore, the quadratic transformations (2.18)), (2.19]) can be obtained as limits of the

cases o = 0 of (22I]) and (222)).

Example 2.9. Rather non-standard quadratic transformations for g-Racah polynomials can be
obtained by another specialization of (212]) and (2.14):

" q—2n7q—2(N—n)—17q—w7_,qu—i-l'q . = 4¢3<q—2n7q2n—2N—17q 2z 7,},2q2gv—l—2 q2 q2>
N, —q¢ N, vq o a2 vq,v¢? o)y

(2.24)

=9 g 1—q

—2n , 2n—2N-+1 —2x 2 2x+2
q ,q
X 403

q‘QN,’y’qg,'yqﬁ b q2> - (225)
Here N is a positive integer and n = 0,1,...,N. For 2n < N (2.24)) is valid for all x € C.
However, by the subtlety of passing to a lower parameter ¢~ in (ZI2)) or (ZI4)), formula (Z24)
is only valid for x = 0,1,..., N if 2n > N. Similarly, (225 is valid for all z € Cif 2n +1 < N,
but only valid for x =0,1,...,N if 2n4+1 > N.
By substitution of (2.20) in ([2:24) and (2:25]) we obtain quadratic transformations for g-
Racah polynomials:

q—2n—17 q—2(N—n)7 g, _,qu—i-l ‘ B T ,qu—i-l
4¢3 _N N 14,49 | =

Ro(q72 + 72 272 g7ty y | qz)

_ JRonla™ —’yq N 1,q‘N‘1,%—1\q) (2n < N), (2.26)
R2N 2n+1( —7q N_lvq_N_17/77_1|q) (27’L>N),



x+1

—x

q ~ —7q R(—2:c+,72 2x+2q2N—2q77|q2)
1—’Yq ) ) )
_ R2n+1(q - ’Yq N luq_N_17’Y7_1 ‘ q) (271 + 1 S N)7 (2 27)
Ron—on(q™ _,qu+1 NNy, ~1]g) (2n 41> N).

Both in (2:20) and (2.27)) the identities corresponding to the first case of the right-hand side are
valid for all complex y := ¢~ — y¢® ! (then ¢72* + 42¢***2 = y2 + 2y¢). But the identities
corresponding to the second case of the right-hand side are only valid for x =0,1,...,N.

By [6], (14.2.2)] the ¢g-Racah polynomials on the left-hand side of (2.26]) are orthogonal on
the set of points ¢~2% 4+ 72¢***2 (x = 0,1,..., N) with respect to the weights

_ g@N+De L+ ¢y (7, 6% %)
T+qy (%% ¢%).

(2.28)

These weights are positive if ¢~ < v < ¢~V =2, Inspection of the positivity of the coefficient of
Pn—1(x) in [0, (14.2.4)] for n = 1,..., N gives the same constraint on . Again by [0, (14.2.2)],
the g-Racah polynomials on the right-hand side of (2.26]) are orthogonal on the set of points
¢ % —~¢"™ (x=0,1,...,N) with respect to the weights w, given by ([Z28)). This is compatible
with (2:26]), but on the other hand (2:26]) can be proved from this equality of weights only if
2n < N. Similar remarks can be made about (2.27]).

If we put forn =0,1,...,2N +1

Ri, (v +2qviq N2, a7 v,y | dP) (n even),
pn(y) = 2

(L=70) "'y Ry (® + 207072V 7%, 0,771 ¢%)  (n odd)
then p,(—y) = (—1)"pn(y) and the p, are orthogonal on the set of points +(¢=% — v¢**!)
(for x = 0,1,...,N) with respect to the weights w, given by (2.28]). For n < N the explicit

expressions for the p, as polynomials of general argument are given by the first cases of the
right-hand sides of (2.26]), (Z21]), but the expressions for n > N will be more complicated.

2.4 Further examples of quadratic transformations in the Askey scheme

First we discuss limit cases for ¢ 1 1 of the quadratic transformations in the continuous part of
the Askey scheme.

Example 2.10. Between Wilson polynomials [6 §9.1]

Wa(x2;a,b, ¢, d) Wo(x2;a,b, ¢, d) 7 <—n,a+b+c—|—d—1,a+ix,a—z’:ﬂ 1>
= ak3 ;

W, (=a?;a,b,¢,d) - (a+b)n(a+c)nla+d)y, a+ba+ca+d

and continuous Hahn polynomials [6l, §9.4]

pn(z;a,b,a,b) n!pn(z;a,b,a,b) (—n,n—|—2Re(a—|—b)—1,a—|—z’$>
= = = 3k i1

a
pn(ia;a,b,a,b)  i"(a+@)n(a+ b a+a,a+b
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there are the quadratic transformations

_ T 1
p2n($7 a? b7 Ci? b_) Wn(x27 CL, b7 217 O) , (229)
p2n(zaa a, b,a, ) Wn( a=;a, ba 570)
p2n+1(‘r7 a, b7 a7 5) . an(x27 a, b7 %711) (230)

pont1(ia; a, b, @,b) N iaW,(—a?;a,b, 3,1) ’

where a,b € R or b = @. This follows by comparing the orthogonality relations [6, (9,1,2),
(9.4.2)] with each other.

In fact, (229) and (230) are limit cases of the quadratic transformations (2.10), (211 for
Askey-Wilson polynomials by the limits

(1= 32(1 = )% 4% ¢% 4% q% | q)

1‘11?11 (1 — q)?m = Wn(ﬂj‘, a,b,c, d)
and
iy Pr(c0s 6 —a(1 — g)sin g1 "€, g"e', g, gbe % | q)

= (—2sin¢)" n! p,(z;a,b,a,b) (0< ¢ <m).

There are corresponding limit cases of (2.12]) and (2.14):

2a,2b+ 1,c a,b—l—%,c,d
F 1) = 4F 1), 2.31
K 2<a+b+1,c+d > ! 3<a+b+1,%(c+d),%(c+d+l) (2:31)
2a,2b+1,c d—c a—l—%,b—i-l,C,d
1) = F: ;1 2.32
K 2<a+b+1,c+d > d+ect 3<a+b+1,%(0+d)+1,%(0+d+1) (2:32)

which are valid whenever both sides terminate.
Also note that (2:29]) and ([2.30) have the quadratic transformations (2.3]) as limit cases. This
follows by [0, (9.4.15)] and the limit (extension of [, (9.1.18)])

i Wn(%(1—$)t2;a,a+1—a,c+it,ﬁ+1—c—it)
im

{00 t2np)

= Pl ().

Example 2.11. Between continuous dual Hahn polynomials [6] §9.3]

Sn(x2;a,b,c) —n,a+ir,a —ix 5
- 7 = ;1 Sn —a; ,b, — b n n»
Sn(—a%a,b,¢c) ~ PP\ a+bat+e )’ (=a%a,b,¢) = (a+b)nla+c)

and Meixner-Pollaczek polynomials [6, §9.7]

AN _ : ' ,
Pn)\ (‘Tv ¢) — 2F1< n, A+ ZLZ'; 1— e—2z¢> 7 Pr(z)\) (i)\; ¢) _ (2)\)n em¢7
PV (ix; 0) 22 !
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there are the quadratic transformations

P2(Z (l‘, %ﬂ-) Sn($27 a, 2,0) (2 33)
Py (ia; m)  Sn(—0%a,3,0)
2n+1(xa %ﬂ-) $Sn(l‘2, a, %, 1) (2 34)
2n+1(Zaa %ﬂ-) ZaSn(—CL 5 @y 2 1)

These are limit cases of (2.29) and (2:30) by the limits [6 (9.1.16), (9.4.14)] Furthermore, (2.33))
and (2.34)) have the quadratic transformations (2.4]) as limit cases by [6, (9.7.15)] and the limit

i 2nla23a,b,¢)

a—00 a™n!

= LM L(z). (2.35)

For the proof of (2:35]) compare the recurrence relations [6, (9.3.5), (9.12.4)] with each other.
Next we turn to the discrete part of the Askey scheme.

Example 2.12. On top there is a quadratic transformation between Racah polynomials [6]
§9.2]

- L, - §+1
Ry(z(x+v+6+1)0a,8,7,0) = F3< nn+a+pB+1,—z,x+y+6+ ;1>

a+1,8+6+1,v+1
(a+1lorf+d+lory+1=—-N;n=0,1,...,N)

and Hahn polynomials [0, §9.5]

—n,nt+a+pf+1,—=x

n(x;0, B, N) = 3F:
Qnl@;a, B, N) 32< a+1,-N

;1> (n=0,1,...,N).
It reads

Qu(z+N+1ia,0,2N+1) =R, (2 — (N +3)%a,—1,-N-1,-N - 1)

(Ne{}1,3,..}, n=01,...,[N+3]). (2:36)

Indeed, as a function of x the polynomials on the left-hand side of (2.36]) are orthogonal on the
points x = —N — %, —N + %, o, N+ % with respect to the weights

(@+1)y,1 +:c(o‘ + 1)N+——m
(N+§+@(N+§—@!’

while the polynomials on the right-hand side are orthogonal on the points z? (z running over
—N — 2, —N + 2, ceey —% or 0) with respect to the same weights.

12



The quadratic transformation (2.36)) is the case a = —n, b =n+a, ¢ = —x — N — %,

d=x— N — 1% of formula (Z3I). By specialization of ([Z32)), also as a limit case for ¢ 1 1 of
(222]), we have the quadratic transformation

2N +1—-2z

1. —
Q2n+1($—|—N—|—§,Oé,Oé,2N—|—1)— ON + 1

Rn($2 - (N+ %)2;04—1_17%7_]\7_ 17_N_ 1)
(Ne{3,1,2,..}, n=0,1,...,[N]). (2.37)

The quadratic transformations (2.3 for Jacobi polynomials can be obtained as limit cases

of (230) and ([237).
Example 2.13. Quadratic transformations involving Krawtchouk polynomials [0, §9.11]
—Nn,—T _
Kn(z;p,N) = 2F1< Y P 1)
and dual Hahn polynomials [6], §9.6]

—n, — 541
Ru(a(z +7+08+1);7,6,N) := 3F2< n,—x,7+7+0+ _1>

vy+1,—-N ’

are given by

1
Kgm(ﬂj‘—l—N;%,2N) = %Rm(x%_%y_%’]\[)’ (238)
2/m
1 (%)m 2 11
K2m+1(x+N;§72N) == NN+ l) T Ry (27 — L;5,5, N — 1), (2.39)
2 m
1
Kgm(x+N+1;%,2N+1):( ](V2)m1) Ry(z(z+1);—3,3,N), (2.40)
“N-D.
3
Koms1(z+ N+ 112N +1) = (_N(z)rln) - (x+ D Ru(z@+1); 4, L N).  (241)
2 m

They can be proved by orthogonality, they are limit cases of (2.36) and (2.37]), and they have
the quadratic transformations (2.4)) involving Hermite and Laguerre polynomials as limit cases.

2.5 The (¢-)Askey scheme of quadratic transformations

Let us summarize the quadratic transformations for families in the (g-)Askey scheme. In the
g-case we have:

la Askey-Wilson (Z10), (211
1b ¢-Racah ([2:21)), (2.22)
2 big g-Jacobi to little g-Jacobi ([2.16), (2.17)

13



3a Askey-Wilson (2.10), 2.I1)) for b= 0

3b ¢-Racah (221)), (Z22) for « =0

4 discrete ¢g-Hermite to Wall (2.18)), (2.19)
5 Askey-Wilson ([2.10), @II) fora=b=0

The transformations la and 1b in g-hypergeometric form are related by analytic continuation,
similarly for 3a and 3b. The limit arrows between the various cases are as follows.

la 1b
LN
3a, 2 3b
LN
5 4

In the case ¢ = 1 we have:

la continuous Hahn to Wilson ([2:29), (2:30)

1b Hahn to Racah (2.36), (2.37)

2 Jacobi (Z3))
3a Meixner-Pollaczek to continuous dual Hahn ([2.33), (2.34)

3b Krawtchouk to dual Hahn (238])—-(2.41])
4 Hermite to Laguerre (2.4))

The transformations la and 1b in hypergeometric form are related by analytic continuation,
similarly for 3a and 3b. The limit arrows between the various cases are as above, except that
the case 5 is missing. There are limits for ¢ 1 1 from the g-cases to the corresponding ¢ = 1
cases. The ¢-case 5 also has a limit to the ¢ = 1 case 4.

3 The two-variable case

3.1 General polynomials

For an analogue of (2] in two variables we generalize the proof of Theorem 10.1 in Sprinkhuizen [18§].
We will work with monomials 2™ !y (m,l € Z, m > 1> 0) with a dominance partial ordering

(m,l) < (n,k) iff m<n and m+1<n-+k.

Let w(z,y) be a (nonnegative) weight function on a domain Q C R? such that

/ 2™ Yyl w(z,y) dedy < oo for all m, 1.
Q

14



Let py k(x,y) be polynomials of the form

pn,k(x7 y) = Z chxm—lyl’ Cn,k 7é 07 (31)
(m )< (n,k)
such that
/pmk(x,y) xm_lylw(x,y) dedy =0 if (m,l) < (n,k). (3.2)
Q

We call the polynomials py, i (z,y) dominance orthogonal polynomials. For convenience we as-
sume that they are monic, i.e., ¢, = 1in B1)). Thus p, x(x,y) and py, i (x, y) with (n, k) # (m,1)
are orthogonal on Q with weight function w(z,y) if (n,k) and (m,!) are related in the partial
ordering <, but the orthogonality will usually fail if (n,k) and (m,1) are not related in this
partial ordering, except for very special  and w(z,y), as will occur for cases related to root
systems.

Now suppose that Q is invariant under (z,y) — (—z,y), and also w(z,y) = w(—=z,y). Then,
by B2), pni(—z,y) = (—1)"_kpn7k(x,y), and in BI) ¢,y = 0 if n — k and m — [ do not have
the same parity.

Put

V= {(5,0") | (e,9) €9} and w(e,y) i=wly2a) ((@ye). (3:3)

Proposition 3.1. Let ¢, ;(z,y) and ry, i (x,y) be dominance orthogonal polynomials on ' with
respect to weight functions y_%fu(a:,y) and y%fu(az,y), respectively. Then

G, %) = Dok t(2,9), 2T k(Y, ) = Prarr1n—i(T,Y). (3.4)

Proof We have o
Potknkl@y) = Y ey
(i.) < (n+h,n—k)

where only terms with i — j even occur. So we can substitute ¢ — 7 = 2] and i + j = 2m,
Ci,j = Cpyy- Then (i,7) < (n+k,n — k) iff (m,1) < (n, k). Hence

/ —1,.21
pn+k,n—k($7y) = Z Cm,lym T

(m,[)<(n,k)

Y

while from (B:2)) we have
/ Prhn—rk(y2,2) ey vz, y)y "2 dedy =0 if  (m,1) < (n,k).
Q/
This settles (B.4) for gy . A similar proof can be given for ry, . O

In particular, let Q be the region

Q:={(z,y) eER* |1 —2+y,1 +x+y,2* -4y > 0}. (3.5)
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Then [B.3) and (3.5]) yield that
Y ={(z,y) eR? |yy—dz,(1+2)* —y >0} = {(3z,1+z+y) | (z,y) €Q}.  (3.6)

So if Q is given by (B5) then, by ([B.6), an affine transformation respecting the dominance partial
order of monomials maps Q' onto 2. Thus we can formulate a variant of Proposition [3.1] which
again generalizes the proof of Theorem 10.1 in Sprinkhuizen [18]:

Proposition 3.2. Let Q be given by [BA). Let the pyx(z,y) be monic dominance orthogonal
polynomials on Q with respect to a weight function w(x,y) = w(—=z,y). Define v(x,y) on Q by
v(2y, 2% — 2y — 1) = w(z,y).

Let gnx(z,y) and ryk(z,y) be dominance orthogonal polynomials on Q with respect to weight

functions (1 +x + y)_%v(:n, y) and (1 +x + y)%v(:n, y), respectively. Then

27" k(20,22 — 2y — 1) = prskm_i(2,y), (3.7)
27",k (2y, 22 — 2y — 1) = Pkt 1a—k(T,Y). (3.8)

If the p, x(x,y) in the above Proposition are not monic but satisfy p,x(2,1) # 0 (which
probably is implied by the dominance orthogonality) then we can replace (3.1), (8.8]) by

G k(Cy,2® =2y — 1) pryra—i(z,y)

— , 3.9

Qn,k(27 1) pn—l—k,n—k(za 1) ( )

l‘?"n,k(Qy, x2 - 2y - 1) _ pn+k+1,n—k($a y) (3 10)
2rn,k(27 1) pn—i—k—i—l,n—k(Za 1)

In further variants of these results, to be discussed below, we will formulate results in a
normalization as in (33), (BI0). If the assumption corresponding to py x(2,1) # 0 would fail
then formulations in terms of monic polynomials would still be true.

3.2 Symmetric polynomials

In Proposition replace z,y by &,7, and next put £ = x + y, n = zy. Then we can rephrase
this proposition in terms of symmetric polynomials in x,y. For this purpose make the following
observations.

e The map (z,y) — (&,7) is a diffeomorphism from
A={(z,y)| -1<y<z <1} (3.11)
onto Q given by (B.). Furthermore d¢ dn = (x — y) dz dy.
e Let n > k. Then, for certain a;, b; with ag = by = 1 we have

[ (k)]
@+y)" Fay)t = > a iy My,
=0
[ (k)]

xnyk_’_xkyn — Z bi(x_i_y)n—k—%(xy)k—l—i.
=0
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pE&m =D ami™ ' (3.12)

(m,[)<(n,k)

for certain a,,; with a, j # 0 then

plz+y,zy) = Z by s (2™y' + zly™) (3.13)
(m,1)<(n,k)

for certain by, ; with b, # 0. Conversely, any symmetric polynomial given by the right-
hand side of (BI3]) can be written as p(x + y, xy) for some polynomial p(&,n) of the form

B.12).

Now let W (x,y) be a weight function on A and let P, y(x,y) be symmetric polynomials of
the form of the right-hand side of (3.13) with b,, ;, # 0 such that

/APmk(x,y)(xmyl + 2ly™W (z, y)(z —y)dedy =0 if (m,1) < (n,k).

We call the polynomials P, ;(x,y) dominance orthogonal symmetric polynomials. Observe that
the polynomials p,, 1(&,n) are dominance orthogonal on Q with weight function w(¢,n) iff the
polynomials P, i(z,y) := pnr(z + y,xy) are dominance orthogonal on A with orthogonality
measure W (z,y)(z — y) dz dy, where W (x,y) := w(z + y, xy).

Now we can rephrase Proposition as follows.

Proposition 3.3. Let the P, j(x,y) be dominance orthogonal symmetric polynomials on A with
respect to a measure W (z,y)(x—y) dx dy, where W(x,y) = W (—y, —x). Define a weight function
V on A by

Viey + (1 —22)3(1 —y?)2,2y — (1 - 22)2(1 — 4?)7) = W(z,y). (3.14)

Let Qy 1x(x,y) and Ry, i(x,y) be dominance orthogonal symmetric polynomials on A with respect
1

to measures (1 + x)_%(l + y)_%V(x,y)(m —y)dxdy and (1 +x)2(1+ y)%V(az,y)(az —y)dz dy,
respectively. Then

Quiloy + (1= a2 = y")2 oy = (1= a2 (1= 9")8) _ Punrasl®y) g0
Qn,k(L 1) Pn-l-k,n—k(l? 1) ’ ‘
(@ + ) Ruplay + (1 —2®)3(1 - y?)2,ay — (1 — 223 (1 — y*)3) _ Parrinr(z,y) . (3.16)

2R, x(1,1) Potis1n-k(1,1)
if Poi(1,1) # 0 for all n, k, or the same identities without denominators for monic polynomials.
On passing to trigonometric coordinates ([3.I5]) and (B.16]) can be rewritten as
Qn k(cos(01 — 03),cos(61 +602)) Py n—k(cosbi,cosby)

= : 3.17

Qn,k(ly 1) Pn—l—k,n—k(l: 1) ( )

(cos 01 + cos O2) Ry (cos(01 — 0a),cos(01 +02))  Priry1,m—k(costy,cosba) (3.18)
2R, x(1,1) Poykirn-k(L,1) 7 '
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Example 3.4. In the notation of Proposition let

w(€,n) = wapq(&n) = (L= E+n)* A+ E+ ) (E —4n) (@, 8,7 > —1, a+7,B+7 > —3),

and put p, (1) = pi’f”(& ,m) for the corresponding dominance orthogonal polynomials on

the region 2 defined by ([B.5). These polynomials, nowadays known as Jacobi polynomials for
root system BCb, were first studied in [7] and subsequently in [I8]. It follows from [7, (3.14)]
and [18] Theorem 8.1] that these polynomials, even if they are defined as dominance orthogonal
polynomials, still satisfy full orthogonality, and that they are nonzero at (2,1) by the explicit
value [I8] (7.3)].
Since
wv,O,a(2777 52 —2—1)= 4awa,a,v(£y ),

we have

'\/7_170{ y Oy '\/7176“ SOy
Pk (n,€ =20—1)  ppi, o (&m)  Ep 2 (20 =2 —1)  piih (& n)
_l - a7a7ﬁ/ ? l - a7a77 N
p:;,k 2 ,a(2’ 1) pn+k,n—k(27 1) QPZ’J?’Q(Q’ 1) pn+k+1,n—k(27 1)
(3.19)
These quadratic transformations were first given by Sprinkhuizen [I8 Theorem 10.1]. They can
be conceptually explained by the fact that By and Co, while special cases of BC, are isomorphic

root systems.
Equivalently, in the notation of Proposition B.3] let

W(a,y) = Wapy(2.y) = (1 —2)*(1 = y)* (1 +2)° (1 + ) (z — y)»
and put P, ;(z,y) = PS ’kﬁ"y(:n, y) for the corresponding dominance orthogonal symmetric poly-
nomials on the region A. Then

_1
P;Z:k 2% (cos(61 — ), cos (61 + 62)) P (cos 1, cos )
_1 o, Q7Y ?
Pro7(1,0) Poikn—r(1:1)

1
(cos by + cos 92)PZ”,€2 “(cos(B, — 03), cos(0; + 6)) P i (cos 01, cos )
1 Q7Y
275 PETa )

3.3 Symmetric Laurent polynomials

Let Sy be the symmetric group in 2 letters and W := S x (Z3)? (the Weyl group of BCs). These
groups naturally act on Z2. For A = (A, \2) € Z? and = = (z1,22) € C? put 2 := xi‘lxg‘? Put

my(x) = Z xH, my(z) := Z zH (A > X2 >0).

peES2A HEWA
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For certain a,, b, with ay,by # 0 we have
ma(3(z1 420, 52+ 2 1) = Y auim(z1, 29),
p<A

A(z1, 22) Zbum“ % z1+21_1),%(22+22_1))-
<A

Let W(z,y) be a weight function on the region A given by (B.I1]). Let
I = {(z1,22) € C? |[21] = |22l =1, 0 < argz < argzy < m}. (3.20)

Then (z1,22) — (3(z1 + 2, $(z0 + zz_l)) is a diffeomorphism from I onto A. On I' define a
weight function A(z1, 22) such that

8A(21, 22)

(1 — 27 DN — 2y e+ 2y =2 — 23 h)

Wi+, (e +2") =
Then
/ flz,y) W(x,y) (z—y dxdy—/f % Zl+Zl_1),%(22+Z2_1))A(21,22)2——.

Hence, if the P, y(x,y) are dominance orthogonal symmetric polynomials on A with orthogo-
nality measure W (z,y)(x — y) dx dy and if

pn,k(zla z2) = n,k(%(zl + zl_l)v %(z2 + z2_1))

then the p, 1(21,22) are dominance orthogonal Ws-invariant Laurent polynomials on I'" with
weight function A(z1,22), i.e., we have for certain ¢, ; with ¢, j # 0 that

Pnk(21,22) = Z Cm M1 (21, 22) (3.21)
(m,))<(n,k)
such that
- dz1 dz .
/pn,k(zljzz)mm,l(zl,@)A(Z1,Z2) S =0 if (m,l) <(n,k).
A 21 =2

Call the polynomials p,, 1(21, 22) monic if ¢, =1 in (B.21]).
Now we can rephrase Proposition [3.3] as follows.

Proposition 3.5. Let the p, i(z1, 22) be dominance orthogonal Wa-invariant polynomials on I'
with respect to a weight function A(z1, 22), where A(z1,22) = A(—z3 ', —271). Define a weight
function A on T' by

A(zlzg,zlzz_l) = A(z1, 22).
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Let g, (x,y) and ry ,(z,y) be dominance orthogonal Wa-invariant polynomials on I' with respect

to weight functions A(z1,29) and (14 21)(1+ 27 1) (1 + 29) (1 + 25 D) A(21, 22), respectively. Then

Gni (2122, 2125 1)  Pntkn—k(21,22)

= , 3.22

(L 1) oL D) (8.22)

(21 + 21—1 + 20+ 22_1)7‘n,k(212’2, 212’2_1) _ pn+k+1,n—k(217 2’2) (3 23)
4Tn,k(17 1) pn—l—k—l—l,n—k(la 1) ' '

if pnk(1,1) # 0 for all n, k, or the same identities without denominators for monic polynomials.
Example 3.6. In the notation of Proposition let

A(z1,22) = Alzr, 221 g, tra, boeod) = Ay (21, 22) A (27 27 ),
where

(231 @)oo (23 @)oo (212,212 '3 @)oo
aZlabZhCZl’le;Q)oo (a227b2276227d22;Q)oo (152:122,75,21,22_1;q)oo7

A+(21, 2’2) = (

and put py, (21, 22) = Pnk(21, 22; ¢, t; a, b, ¢, d) for the corresponding dominance orthogonal Wo-
invariant monic Laurent polynomials on the region I' defined by (8.:20). These polynomials are
the two-variable case of the n-variable Koornwinder polynomials [8], [14], which are associated
with root system BC,,. These polynomials are fully orthogonal [§]. Now observe that

A(Zlu 2254, ta a, —a, qéa _q%) = A(21227 2122_1; q27 CL2; tu qt7 _17 _q)

Hence, by Proposition 3.2 we have for n + k even that

D=

1 _

Pn,k(zlyz%q)t;av —a,q2,—q ) = P%(n+k)7%(n_k)(zlz2az122 1;q27a2;t7qt7_17_Q)7 (324)
1 1 -1 -1
Pn-i—l,k(Zh z2:q,t;a,—a,q?, _qz) = (Zl + 22+ 21 + ) )

X P%(n+k),%(n—k)(zlz27 ZIZQ_I; q27 a2; t) qtv —-q, _q2) (325)

3.4 Failure of quadratic transformations in the n-variable case if n > 2

There are no straightforward analogues in n > 2 variables of Propositions and B3l Indeed,

symmetric polynomials in z1, . .., , invariant under z; — —x; (¢ = 1,...,n) correspond to poly-
nomials in e, ..., e, (the elementary symmetric polynomials in z1,...,z,) which are invariant
under ez;—1 — —ezi—1 (i = 1,...,[3(n +1)]). If n > 2 then this last involutive linear transfor-

mation has more than one eigenvalue unequal to 1. Therefore, by Stanley [19, Theorem 4.1] (a
theorem going back to Shephard & Todd [16]), there do not exist n algebraically independent
invariants for this involution if n > 2.
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4 Discussion of results and further perspective

4.1 New results suggested by extrapolation from very few data

In all examples of quadratic transformations within multi-parameter families of special orthog-
onal polynomials in one or two variables we start with a subfamily depending on less than the
full number of parameters, and then there is an even degree case and an odd degree case giving
rise to two systems of orthogonal polynomials for which one of the parameters takes two special
values, say —% in the even case and % in the odd case. Thus formulas and other results already
known for the system with which we started give results for these parameter values i% which
can be tentatively extrapolated for more general values of the parameter.

Example 4.1. Consider the quadratic tranformations (23]) for Jacobi polynomials. They map
from the Gegenbauer case of parameters (o, ) to the Jacobi cases (o, £1). The Gegenbauer case
is easier than the general Jacobi case, so (2.3) may be helpful as a start to derive from known
results in the Gegenbauer case yet unknown results in the general Jacobi case. For instance, for
a system of orthogonal polynomials {p, } it is remarkable to have a lowering formula of the form

(0@ pa(6(a))) = M) p-a(9(a).

For Gegenbauer polynomials such a formula does exist (see [10] (3.3)]):

i 2\in p(a,Q) - _ 2\ L (n—1) pla,a) -
dx ((1—1_3:)2 Pn <m>>_(n+a)(1+$)2 Pn—l \/1_1_—3:2 ) (41)

but probably not for general Jacobi polynomials. But let us see what we get for («, i%) by
quadratic transformation of ([AI]). First we have to iterate (4I]) once. Then apply ([2Z3]). We

obtain
d? o (-1 (T2 =1
~Z (a np®T2 i
dx? <( +7) <x2+1>> z2+1
 2d (@b (22 =1 ) (22 —1
o = - 1 2\n Pn ’2 .
<dx2+a:da:> <( +) <x2+1>> z2+1
Then the straightforward extrrapolation

& 28+1d 2 2 -1 _ r? -1
i - 1 n p(a,f) —4 1422\ 1P(a,ﬁ)
<dx2 + x da:> <( +at)" By <a:2 + 1>> (nta)(n+6) (1+27) n—1

-1 2 1
«n+aXn—%M1+x%”*R&1”(m >,

«,

ol

dn+a)(n+3) 1+t PT(L

can indeed be proved, see [10} (4.4)].

Example 4.2. In this example we again have a result obtaiend by quadratic transformation,
now valid on a two-dimensional subdomain of a three-dimensional parameter space, but still can
make a meaningful guess how to extrapolate.
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The BCy-type Jacobi polynomials pzlf 7 (€,m) given in Example3.4l have an explicit expansion

[15, (6.11)] (with different notation following [I5, (3.3)]) in terms of polynomials

1-141
(=4t pi) (2735 ) g<i<m<n, I<k). (4.2)
(1-E&+n)2

The polynomials ([4.2]) can be recognized as Jack polynomials in two variables and the mentioned
expansion was seen in [I4] Section 11.2] as a limit case of Okounkov’s binomial formula for
Koornwinder polynomials in two variables. Now by (B.I9) and parity we have a quadratic
transformation

_1
Pt _p(&m) = const.p, 27 (=2n,6% — 27— 1). (4.3)
We can explicitly expand the right-hand side of (43]) in terms of polynomials
1
£m+lP7§1a_7?) <%> , (44)

and thus this is also an explicit expansion for the left-hand side of ([@3]). The other quadratic

transformation in (3.19) gives a similar result for pzfl;llm_k(f ,n) (with 2™+ in (Z4) replaced
m+l+1)

by z . This suggests, and is indeed confirmed in [I5] Section 7], that pgf "7(¢,7) has a nice
expansion in terms of the polynomials

émpl(ocﬁ)<1"£77> O<m—1<n—k m+l<n+k), (4.5)

which can be considered as a two-parameter extension of the Jack polynomials in two variables.
In fact, by [I5, Theorem 7.7], the polynomials (£.2)) and (43]) are limit cases of pg’g’ﬁ’(f ,n)
for § — oo and v — o0, respectively.

4.2 Further perspective

In the one-variable part of this paper we gave a quite extensive treatment of quadratic transfor-
mations between families in the Askey and g-Askey scheme. Similar treatments should be given
in the two-variable case. On the one hand we have orthogonal polynomials in two variables
which are products of two polynomials from the (¢g-)Askey scheme and an elementary function,
of which the orthogonal polynomials on the triangle involving products of two Jacobi polynomi-
als are a well-known example. Quadratic transformations for such polynomials can be derived
by suitable substitutions of quadratic transformations for polynomials in one variable. On the
other hand there are the orthogonal polynomials associated with root system BC5. By work of
various authors a large part of the (¢-)Askey scheme has now been realized for BCy. It can be
expected that corresponding schemes of quadratic transformations can also be given in the BCy
case.

Finally it would be interesting to do further explicit work for Koornwinder polynomials in
two variables analogous to the ¢ = 1 case treated in (3.2]) and extending [I4, Section 11.1].
Analogous to Example for ¢ = 1, the quadratic transformations (3.:24]), (3:25]) may be helpful
for making a start in such work.
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