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The present paper is about Bernstein-type estimates for
Jacobi polynomials and their applications to various branches
in mathematics. This is an old topic but we want to add
a new wrinkle by establishing some intriguing connections
with dispersive estimates for a certain class of Schrodinger
equations whose Hamiltonian is given by the generalized
Laguerre operator. More precisely, we show that dispersive
estimates for the Schrodinger equation associated with the
generalized Laguerre operator are connected with Bernstein-
type inequalities for Jacobi polynomials. We use known
uniform estimates for Jacobi polynomials to establish some
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new dispersive estimates. In turn, the optimal dispersive decay
estimates lead to new Bernstein-type inequalities.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

To set the stage, for a, B> —1, let w(®?) (z) = (1 — 2)*(1 4+ 2)” for 2 € (~1,1) be a
Jacobi weight. The corresponding orthogonal polynomials P,EO"B), normalized by

PR (1) = ("*a) _(atDa (L.1)

n n!

for all n € Ny (see (1.21) for notation of Pochhammer symbols and binomial coeffi-
cients), are called the Jacobi polynomials. They are expressed as (terminating) Gauss
hypergeometric series (1.22) by [42, (4.21.2)]

Py(ba,ﬁ)(x): F<_n7n+a+ﬁ+1'1_x>
P,Sa’ﬂ)(l) 251 a+1 2 ’

They also satisfy Rodrigues’ formula [42, (4.3.1), (4.3.2)]

eI E) ()T e
= an)! (1—a)” (1+x)—5$—nn (1—2)*t"(1 + )t} (1.4)

/\

Note that, by (1.3), pL?) (z) is for given n a polynomial in x, o and 8. Thus, if we don’t
need the orthogonality relations of the Jacobi polynomials, then we are not restricted by
the bounds «, 8 > —1.

The (squared normalized) L? norm of PP s given by [42, (4.3.3)]

Fla+B+2) P () ()
20 T (a + DI(B+1) | #)Fwr (@) da

_nta+B+1 (a+1),(8+ 1), (1.5)
S 2nta+B+1 (a+B+2),n! T T

Jacobi polynomials include the ultraspherical (Gegenbauer) polynomials [42, (4.37.1)]

(2M)n (A-L.A-1

PV (z) == s 2 (), (1.6)
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where A > —1/2 (for A = 0, one needs to replace (1.6) by a suitable limit, see [42,
Eq. (4.7.8)]), and the Legendre polynomials

1 n
Pa(e) s= PL/A(w) = POO(w) = 5

2 _ 1\n
= g g (@ = 1 (1.7)

We shall denote the corresponding orthonormal polynomials by pSf“"’) for Jacobi, p£f )

for Gegenbauer, and p,, for Legendre polynomials.
The Rodrigues formula (1.4) immediately implies

P () = (<1 PP(), (1.9
and hence
P o) = o (M) =y B D (19)

It is well known that the absolute value of Péa’ﬁ )

of the interval [—1,1]

attains its maximum at the endpoints

max |P,(L“’ﬂ)(:1c){ = max ’Pfta’ﬁ)(x” = (n—l—max(a,ﬂ))’ (1.10)
ze[—1,1] rze{—-1,1} n
if max(a, ) > —1/2 (see [42, Theorem 7.32.1]).
The asymptotic behavior of Jacobi polynomials for large n is rather well understood
(see, e.g., [42, Chapter VIII]), however, almost all these formulas are not uniform in «
and . The main focus of the present paper is on uniform estimates for

(1—2)*(1+2)°| P> (z)| (1.11)

on the whole segment of orthogonality [—1,1] with some a > 0 and b > 0 (which might
depend on « and f3). Historically, the first result of this type is Bernstein’s inequality’
for the Legendre polynomials ([42, Theorem 7.3.3])

(1= )4 Py ()] < ——

~ /r@n+1)

(the refined version (1.12) was proved in [4], see also [37]). The constant /2/7 in (1.12)
is sharp. Moreover (see [42, Theorem 12.1.6]), the following expression

z e [-1,1], (1.12)

! In order to avoid confusions with the Bernstein inequality for (algebraic) polynomials in the unit disk
(max|; <1 |P'(2)] < n - max|; <1 |P(z)|, where n is the degree of P), throughout the text “Bernstein’s
inequality” should read as “Bernstein’s inequality for Legendre/Gegenbauer/Jacobi polynomials” meaning
the uniform (weighted) estimate for the corresponding family of orthogonal polynomials.
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(1 - )4\ fw@d(2) plP(a) (113)

asymptotically equioscillates between —\/2/—7r and \/2/—7r when n tends to infinity (the
latter holds for a wider class of orthonormal polynomials) and hence a lot of effort
has been put in proving the estimates for (1.11) with @ = § + % and b = g + i.
Thus, for ultraspherical polynomials the corresponding estimates can be found in [42,
Theorem 7.33.2] (the case A € (0, 1), see also [38] for a refinement), [36] (the case A > 0)
and [14] (the case A > 1). In the nonsymmetric case, let us mention [8], [13] and the
recent papers [20], [30], [31]. Let us also mention that it was conjectured by Erdélyi,

Magnus and Nevai [13] that

max (1- 2V Jw@) (z) |ple? (z)] < Cmax(1, (ja] + [B)4) (1.14)

ze(—1,1

for all n € Ny and «, B > —1/2. Notice that a weaker bound O(max(1, (a? + 52)'/4))
was proved in [13, Theorem 1]. On the other hand, the Erdélyi-Magnus—Nevai conjecture
(1.14) was confirmed for all n € Ny and «, 8 € (—1/2,1/2) in [8] (with a sharp estimate
of the error term, see also [15]) and for all n > 6 and «, 8 > (1++/2)/4 in [30], [31] (see
also [20]).

The estimates for (1.11) with a # § +i and b # g—l—% are much less studied, however,
they are important in many applications. Let us mention only a few of them. First
of all, ultraspherical polynomials arise in quantum mechanics as spherical harmonics.
More precisely, the L2 normalized spherical harmonics, which are eigenfunctions of the
Laplace-Beltrami operator on the sphere S?, are given by (cf. [42, (4.7.35)])

(=)™ e . (m+1/2)
Y (0, ) = e sin™ (0 cos(f)), 1.15
if m € {0,...,1}. Therefore, (1.11) provides uniform weighted L°° estimates on eigen-

functions of the Laplace-Beltrami operator on S2. In particular, the following inequality
was established in [6, Theorem 1]:

max |z M/6(1 — 22)m/2H/6| pm /D) (1) < C (n +m + 1)V/E, (1.16)
xe(—1,

with some C' > 0, which does not depend on n, m € Ny. Moreover, (1.16) and Krasikov’s
estimates [31] were employed in [6] and [40], respectively, in order to obtain bounds
on the number of samples necessary for recovering sparse eigenfunction expansions on
surfaces of revolution.

The next example is also widely known. More precisely, Jacobi polynomials appear
as coefficients of the so-called Wigner d-matrix (see Theorem 4.2). Thus Bernstein-type
estimates imply uniform bounds on a complete set of matrix coefficients for irreducible
representations of SU(2) (see [20] and Section 4 below). Furthermore, these inequali-
ties play a very important role in the study of simple Lie groups. Namely, the Bern-
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stein inequality and the Haagerup—Schlichtkrull inequality (see (4.10) below) were used
in [35] and [18], [19], respectively, to study the approximation property of Haagerup and
Kraus [17] for connected simple Lie groups.

Finally, our interest in the estimates of the type (1.11) comes from the so-called
dispersive estimates for discrete Laguerre operators

1+« VvV1+a«a 0

V14 o 3+« 22+ )

HO( = 0 2(2+a) 5+a . 5 o > —1, (1.17)

acting in ¢2(Np). Explicitly, H, = (h%‘}n) with 1), = 0 if [n —m| > 1 and

n,meNy

hglo‘% =m+1+a, A

n,n-+

L =h =V r D+ 1+a), neN.

It is a special case of a self-adjoint Jacobi operator whose generalized eigenfunctions are

), explaining our name for (1.17).

precisely the Laguerre polynomials LsLa

The operator H, features prominently in the recent study of nonlinear waves in (2 +
1)-dimensional noncommutative scalar field theory [1,2,16]. The coefficient a in (1.17)
can be seen as a measure of the delocalization of the field configuration and it is related
to the planar angular momentum [2]. In particular, & = 0 corresponds to spherically
symmetric waves and it has attracted further interest in [7,32-34]. As this operator
appears as the linear part in the nonlinear Klein—-Gordon equation [7] and the nonlinear

Schrodinger equation
ih(t,n) = Hoto(t,n) — [ (t,n)[*7¢(t,n), o €N, (t,n)€ Ry x Ny, (1.18)

investigated in the recent work of Krueger and Soffer [32-34], dispersive estimates play a
crucial role in the understanding of stability of the soliton manifolds appearing in these
models (for further details see [7,16,32-34]). It turns out that the required dispersive
decay estimates for the evolution group e '*#« lead to Bernstein-type estimates for
(1.11) (see [27] and Sections 67 below). All these connections are mathematically very
appealing and we hope that this note will stimulate further research in this direction.
In conclusion let us briefly outline the content of the paper. In the next section we
introduce discrete Laguerre operators and briefly review their spectral properties. In
Section 3, we present a connection between discrete Laguerre operators H, and Jacobi
polynomials. More precisely, we show that the kernel of the evolution group e« can be
expressed by means of Jacobi polynomials (Theorem 3.1). This result establishes a con-
nection between uniform estimates for (1.11) and dispersive estimates for the evolution
group e*f« In Section 4, we review the connection between irreducible representations
of SU(2) and Jacobi polynomials. The latter, in particular, implies the estimates for
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(1.11) with @ = § and b = g when a, 8 € Ny (see (4.8) and (4.9)). In Section 5, we

prove the following Bernstein-type estimate

5/2

1

( 42f$> ’P£a7ﬂ)(x)‘<(n+a>, zel-1,1], (1.19)
n

itg>0and a>p— 3]
Finally, Bernstein-type inequalities enable us to prove the decay estimates for the

evolution group e«

, which we discuss in Section 6. First of all, using the known
Bernstein-type inequalities, we prove the decay estimates of order O(t~!) (Theorem 6.1)
and O(t~1/2) if a > 0, however, with a better behavior of weights ¢ (Theorem 6.3). On

the other hand, the new inequality (1.19) enables us to show that

14«
2

- 1
—itH, _
™ 1 (o) st (o) = <—1+t2> , teR, (1.20)

1/2
for all @ > 0, with the weights o, given by o, = {("}%) / tn>0 (see Theorem 6.5).
We finish our paper with some further comments on new Bernstein-type inequalities
and certain parallels between dispersive estimates for discrete Laguerre operators and
one-dimensional spherical Schrédinger operators (see Section 7).

Notation. R and C have the usual meaning. Also write Ry := (0,00), N := {1,2,...}
and Ng := NU{0}. By T is denoted the classical gamma function [39, (5.2.1)]. For z € C
and n € Ny

_Ja@+1)--(z+n-1), neN n+z\  (z+1),
(2)n = {17 o ( . ) — (1.21)

denote the Pochhammer symbol [39, (5.2.4)] and the binomial coefficient, respectively.
Notice that for —z ¢ Ny

(x4 n) n+x\  T@+n+1)

n ) T@+)ln+1)"

Moreover, the above formulas allow to define the Pochhammer symbol and the binomial
coefficient for noninteger z, n > 0. Finally, for —¢ ¢ Ny the Gauss hypergeometric
function [39, (15.2.1)] is defined by

a’b > a b
2F1( . 52) - kzzo ((g:k)'k (2] <lorelse —aor —beNy).  (1.22)


http://dlmf.nist.gov/5.2.E1
http://dlmf.nist.gov/5.2.E4
http://dlmf.nist.gov/15.2.E1
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2. Spectral properties of the discrete Laguerre operators

We start with a precise definition of the operator H, associated with the Jacobi matrix
(1.17). For a sequence u = {uy, }n>0 we define the difference expression 7,: u — Tou by
setting

(Ta)n == V/n(n+ ) up_1+ 20+ 1+ Q)u, +/(n+1)(n+ 1+ @) upi1, (2.1)

where u_; := 0 for notational convenience. Then the operator H, associated with the
Jacobi matrix (1.17) is defined by

Ha: Dmax — éQ(No) s

2.2
U — ToU (2:2)

where Dpax = {u € £?(No)| 7ou € £2(Np)}. The spectral properties of H,, are well known.
For the sake of completeness we collect them in the following theorem and give a short
proof.

Theorem 2.1. Let o« > —1. Then:

(i) The operator H, is a positive self-adjoint operator.
(ii) The spectrum of Hy is purely absolutely continuous and coincides with [0, 00).
(iii) The Weyl function and the corresponding spectral measure are given by

me(z) = ! / e dA =eFE144(—2), z€C\]0,00)
o = F(@ T 1) N 2 - 1+a s ) ’
0
Ig, (A) _
dpa(N) = =——"=e A%\, AER 2.
pold) = e AL, AER, (23)
where Ep(z) = zP~! f:o e 'tPdt denotes the principal value of the generalized

exponential integral [39, (8.19.2)].

Proof. (i) Self-adjointness clearly follows from the Carleman test (see, e.g., [3], [43,
(2.165)]). Nonnegativity as well as item (ii) immediately follow from (iii), so let us prove
(iii). Notice that the orthogonal polynomials for H, are given by

Pon(z) = (U_EBLZL;O‘)(Z), n € N, (2.4)
where
n o 1/2
alm) =200 = (") 25)


http://dlmf.nist.gov/8.19.E2
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and L are the Laguerre polynomials [42, Section 5.1]

L (2) .
7):11:1( ) Z;) kk' : (2.6)

The recurrence formula for the Laguerre polynomials [42, (5.1.10)] implies that u :=
{Pu,n(2)}nen, satisfies (tqu), = zu, for all n > 0. Furthermore, the polynomials L&

satisfy the orthogonality relations [42, (5.1.1)]

oo

/L (AL (Ve A d) = <” j; 0‘) Surs 1,k € N, (2.7)
0

a—|—1

Therefore, (2.7) and (i) imply that dp, is the spectral measure of H,, that is, H, is
unitarily equivalent to a multiplication operator in L?(R ., dp, ). It remains to note that
the corresponding Weyl function is the Stieltjes transform of the measure dp, (cf. e.g.
[43, Chapter 2]). O

Remark 2.2. The operator H,, when restricted to £2(Ny), can be seen as occurring in a
discrete series representation of the Lie algebra sl(2,R). First define operators A, X, Y
on this linear span by

Aty = 204 a4 Dtn, Xup =/ (n+1)(n+a+ 1) tni1, Yy = /n(n+ @) tn_;.
They satisfy the commutator relations
[A, X]=2X, [AY]=-2Y, [X,)Y]=-A
Now consider the skew-hermitian operators
Jo=X=-Y, J;:=

i(—A+X+Y), J_:=31i(A+X+Y)=1iH,.

L = 1
2! 2!

They form an sl(2,R) triple:
[Jo,J+] =2J4, [Jo,J-]=—-2J_, [Jg,J_]=Jo.

Thus we have a representation of the Lie algebra sl(2, R):

1 0 0 1 0 0
<0 1>%J0, (0 O)HJJF, <1 O)%J_.

In particular, ((1) 701), which spans the Lie subalgebra of the subgroup K := SO(2)
of sI(2,R), is mapped in this representation to iA. If we compare with [24, Section 7],
which builds on [5, Section 3|, we see that this representation, when exponentiated to
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a unitary representation of the Lie group SL(2,R), is a so-called discrete series repre-

sentation D7 of SL(2,R) for o € Ny, and otherwise, for real o > a similar

3(atl)
representation of the universal covering group of SL(2,R) (see [41]).

1
-3

3. The evolution group e~ tHa

In this and the following sections we look at the one-dimensional discrete Schrodinger
equation

ip(t,n) = Hab(t,n), (t,x) € R x Ny, (3.1)

associated with the Laguerre operator H, defined in the previous section. We begin by
establishing a connection between the discrete Laguerre operators and Jacobi polynomi-
als, which follows from the fact that the Laplace transform of a product of two Laguerre
polynomials is expressed by means of a terminating Gauss hypergeometric series.

Theorem 3.1. Let o > —1. The kernel> of the operator e 1"« s given by

e Ha(n,m) = e Ho (m, n)

1 t+i\"/ t \"" oa(m) (-1
= plom=n) 2
(1 +it)l+e (t—i) <t—i) oa(n) " <t2+1 (32)

for all n, m € Ng.

Proof. Similar to the case o = 0 (see [27]), one gets by employing Stone’s formula (cf.,
e.g. [44, §4.1])

- ( n+m 3 AT ( (@) N
Tt = ! La AL (Ne ™ A%dN (3.3
e (nm) = e [ e (Ve (33)
0

for all n, m € Ny. It follows from (3.3) that every element of the kernel of the operator
e~ *Ha ig the Laplace transform of a product of two Laguerre polynomials. Then using
[12, (4.11.35)] and [39, (15.8.7)] together with Euler’s transformation [39, (15.8.1)], after
lengthy but straightforward calculations one arrives at (3.2). O

Remark 3.2. It is interesting to mention that the unitarity of e~
orthogonality relations for the Meixner polynomials [39, (18.20.7)]

« is equivalent to the

M, (x;8,¢) == 2F1(n’ 717; 1- Cl) - (3.4)

B

2 In analogy with the (integral) kernel of an integral operator we speak about the (summation) kernel of
a summation operator acting by a matrix.


http://dlmf.nist.gov/15.8.E7
http://dlmf.nist.gov/15.8.E1
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Namely,

n!

< (B)n

M, (z; B, c) = PPh (20 — 1), (3.5)

and then equation (3.2) reads

—itH,, 1 —it n+m t2
° (n,m) = ( ! ) M, (m;a—i— 1, —> . (3.6)

Ta(m)oa(n)  (L+it)+o \1+it 1122

It remains to note that the orthogonality relations are [39, Table 18.19.1] (with positive
weights if 5 >0 and 0 < ¢ < 1)

n!

(B)ncn 5nk:-

(1-¢)” Z (ﬁ);cx M, (z; B, ¢)My(x; B, ¢) =

=0

(3.7)

Remark 3.3. We continue Remark 2.2 and assume, for convenience, that o € Ny, so that
we can refer to [24, Section 7]. In the realization of the discrete series representation
given there, a K-basis [24, (7.16)] is given in terms of Laguerre polynomials and the
K-K matrix elements [24, (7.20)] are in terms of Meixner polynomials. This provides a
further explanation of the observations in Remark 3.2.

The next result provides recurrence relations for the kernel of e'*He .

Corollary 3.4. Let o > —1 and n < m. Then

. 1 1 i+t _
e_‘tH‘*(n—i— 1,m+1) :\/(m—i— Jm+1+a)it e_‘tH"(n,m)

(n+1)(n+1+a) i—t
n+m+a+2 t
Vin+)(n+1+a)i—t
n+m+o+2 1

TVt Dmt D 1t

Jr\/(n—i—a—i—1)(m—&—1—|—o¢) i"'te—itHa

e itHa(n m4+1)  (3.8)

—itHao 41 (

n,m)

(n+1)(m+1) it (n,m). (3.9)

Proof. Using the recurrence relations for Jacobi polynomials (see [42, (4.5.4)]):

. ntadtl nta+f+21-x
P @) = g P @) - = 5 R @)
_2n+ a:f +21 "2' L plesBth) (z) — ijlpéa’ﬁ)(x)v
n n

straightforward calculations complete the proof. O


http://dlmf.nist.gov/18.19.T1
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We collect some special cases explicitly for later use.
Corollary 3.5.

(i) In the case n =0 we have

N 1 —it \"" [(a+1)
itH, _ m
e (0,m) = AT <1+it> R m € Np. (3.10)

(ii) In the case n =1 we have for m € N

: 1 —it \"M 1+ )2—m [(a+2)m
—itH m
*(I,m) = .o (311
€ ( ) m) (1 + it)1+a (1 + lt) t2 ’ITL' ( )
(iii) In the case n = m we have
i 1 t+i\™ t2—1
—itHq — a,0
e mmﬂﬂ+WH“Q—J R%)@“J>,mENU (3.12)

Proof. Just observe

P () =1, PV () = —m e+ (m 414+ )T

Let us also mention the following estimate.

Lemma 3.6. If « > —1 and B+ n € Ny, then

1—=z (a+1)/2 14+ B2
2 2

for all x € [-1,1] and n € Ny.

o T(n+a+DD(n+p8+1)\"?
Rgm@”(ﬂn+mﬂn+a+ﬂ+n) (3.13)

Proof. Noting that [e~ ! (n,m)| < 1 for all t € R since e~ "« is a unitary group on £2,
after the change of variables
2 —1

x=ux(t) := ot t €[0,00), (3.14)

in (3.2), we arrive at (3.13). O

Remark 3.7. The estimate (3.13) is of course weaker than (4.8) (see below), however,
it holds for a larger range of parameters. Furthermore note that Lemma 3.6 is also a

consequence of (3.7) and (3.5).
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It is not difficult to see that the weighted ¢! — ¢ estimates for the evolution group
e~ tHa are closely connected with Bernstein-type estimates for Jacobi polynomials. In-

deed, taking absolute values in (3.2) we get
14+«

—itH Oa (m) 1 ? £ e (a,m—n) -1
o P\
|e (n7m)| oa(n) <1—|—t2 1+1¢2 " 241

for all t € R. With the rough inequality #2/(1 + ¢?) < 1 one immediately obtains the
following estimates.

. (3.15)

Lemma 3.8. Let o« > —1. Then

(1635 e e (nm)| < {5 n) mene (3.16)

forallt € R, and

lim (1+ %)% |e e (n,m)| = 00 (n)oa(m) (3.17)

t—+oo

for every fixred n, m € Ny.

Proof. The standard estimate (1.10) applied to (3.15) gives (3.16). Moreover, (3.15)
together with (1.9) implies (3.17). O

Lemma 3.8 indicates a decay of order O([t|~(1T)) for e~ (n, m) if one uses weighted

spaces. In fact, we shall show in Section 6 that for « > 0 the optimal weights for this
decay are given by (2.5). Let us only record the following special cases which can be
established directly from Corollary 3.5.
Corollary 3.9. Suppose o > 0.
(i) In the case n =0 we have for all m € Ny
(1+ %)% |e ™= (0,m)| < 0u(m), teR. (3.18)

(ii) In the case n =1 we have for all m € Ny

(1+2) 5% oo (1,m)| < 54(1)aa(m), tER. (3.19)
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(iii) In the case n = m € Ny we have
(1+2) 5% [e He (m,m)| < ga(m)?, teR. (3.20)

Proof. (i) and (iii) are immediate from Corollary 3.5. This works for (ii) as well if o >
|m — 1| or if m = 0. Otherwise we use for (ii) the new variable z = t2/(1 + t2), so that
(ii) is equivalent to

ma [fn(@) S 140, fu(e) =25 ((m+1+a)s —m)

Notice that
i) =24+ a)z—1
and hence

max |fi(z)] =max(—1,1+a)=1+«.
z€[0,1]

For m > 1 one computes
m— - 1
() = " (T((m—l— l4+a)z—m)+ (m+1 —|—a)x>.
Therefore,

max | f ()| = max ([ fm (0)]; [fm (D], [fm(20)]) = max(|fm(z0)], 1+ )

where

m(m —1)
(m+1D(m+1+a)

o —

Moreover,

m—1

_2m m(m — 1) ’

() () =

for m > 2 since the sequence {(;;%5)™ }m>1 is strictly decreasing. O

We finish this section with another representation for the kernel of the evolution group.
Define the following functions



T. Koornwinder et al. / Advances in Mathematics 333 (2018) 796-821 809

NN 1 it —1/2\"
Fa (1) = (1/2 +it)l+e <it+1/2> ’ (3.21)
and
@1 s (kta—1Y (it—1/2\"""
Gt = 1/2+itk2=0< k ) (it+1/2) ’ (3:22)

for all n € Ny and ¢ € R. Note that the right-hand side of (3.22) involves the truncated
binomial series [11, Section 2.5.4]

" () —n,a
Z k Zk = 2F1 ’ 2]
k! -n

k=0

Theorem 3.10. Let F\™) and G be given by (3.21) and (3.22). Then

—itH, _ n+m Ua(ﬂ) «@ «@
o~ tHa (n, m) = (—1)"+ ) (F,g >*G§n>)(t), (3.23)

oa(m

where (f % g)(t) = 5= [ f(x)g(t — z)dx is the convolution of f and g.

Proof. Notice that by [12, (4.11.28)]

I'(n+1) Vi i ( o 1 it —1/2\"
AL (N)e M AN\ = = F{)(t
Tnta+l) /e 12 +it) o \it +1/2 n (1),
0

and by [12, (4.11.27)]

o0

. _ 1 & (k+a-—1\ [it—1/2\""

it 1 () X2y = G@ ).
/e m (A7) = 1/2+nsZ k it +1/2 G’ ()
0

It remains to note that the Fourier transform of a product of two L' functions is equal

to the convolution of their Fourier transforms. O
4. Irreducible representations of SU(2) and Jacobi polynomials

The theory of representations of Lie groups provides a unified point of view on the
theory of basic classes of special functions. In particular, the connection between irre-
ducible representations of the special unitary group SU(2) and Jacobi polynomials is
widely known. In this section we give a brief account of this connection (for a detailed
discussion we refer to [25], [45, Ch. III], [46, Ch. 6]). First, recall that a group homomor-
phism ¢ : G — GL(H) of a group G into a group of all invertible linear transformation
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GL(H) on a finite dimensional complex linear space H is called a representation of G
(by linear operators). The dimension of H is called the degree of the representation p.
A linear subspace H C H is called invariant with respect to the representation o of G if
o(g)H C H for all g € G. A representation g is called irreducible if {0} and H are the
only invariant subspaces.

In order to construct an irreducible representation of SU(2) of degree d € N one needs
to consider the space H4 of homogeneous polynomials of degree d — 1. Set [ := (d —1)/2.
The inner product on Hy is defined by the requirement that the normalized monomials

2] 1/2
ng(m,zQ):(l k) Ak ke {1, -1 +1,...,1-1,1}, (4.1)

form an orthonormal basis.
The group SU(2) consists of all 2x 2 unitary matrices of determinant 1. It is immediate
to check that each A € SU(2) has the form

4= (—CZ ab*> ol + o =1, (4.2)

where z* denotes the complex conjugate of z, and hence SU(2) is homeomorphic to the
unit sphere S? in R*. Moreover, A admits the following decomposition

_ _( cos(0)el9t¥)  _sin(p) (%)
A= A<¢; 97 30) - (sin(@) efi(¢7<p) COS(@) e,i(dﬂﬂp)

(% ) () ) (0 o) mA00040.0.040.0)
where ¢ € [0,7), 6 € [0,7/2] and ¢ € [0,7) are determined uniquely by
cos(f) =la|, arg(a) =¢+¢, argb)=7+¢— o,
if ab # 0. Now define a linear operator gq(A) € GL(H4) by
0d(A): f(z1,22) = flazy — b 22,bz1 + a* 23). (4.3)
It is straightforward to check that o4 is well defined.

Theorem 4.1. The mapping oq: SU(2) — GL(Hg4) is an irreducible unitary representation
of degree d of SU(2).

The proof of this result can be found in [45, Section IT1.2.3] (see also [25]). It turns out
that the matrix representation of p4(A) in the basis (4.1) (the so-called Wigner d-matrix)
can be expressed by means of Jacobi polynomials. Indeed, introduce the function
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g?”@ﬂz(Nn+nnn+a+ﬁ+lvhm(1;€yﬂ<l+x>wz¥WW@~G@

F'n+a+I'(n+B+1) 2
Clearly, {g(a A) }neNO is an orthogonal system in L?(—1,1) and by (1.5)
1
/ng )|*de = ZEEEEIT (4.5)

—1

Moreover, comparing (4.4) with (1.5), we get

1/2
2
@By [ 2 (v,8) (@8) (). 4.
g () (%+a+6+1) wed(2) plf?(x) (4.6)

Now we are ready to state the connection between g4 and Jacobi polynomials (see [45,
Section IIL.3.9]).

Theorem 4.2. Let A = A(¢,0,¢) € SU(2), d € N and g4 be given by (4.3). Let also
Il=(d-1)/2andk, je{-1l,—-1+1,...,1—1,1}. Then for allk >0 and |j| < k

0a(A)kj = (0a( A, vfl),, = e 2 ETIDg(MIMD) (co5(20)). (4.7)

Since g4(A) is a unitary matrix and k + j € Ny in the formulation of Theorem 4.2, we
immediately conclude that

gt (2)] <1 (4.8)

for all z € [-1,1], a, B € Ny and n € Ny. An analytic proof of a refined version of (4.8)
can be found in [20] (see inequality (20) on p. 234).

Lemma 4.3 (/20]).

(o) (n+1)(n+a+p+1)\"
&) < ((n+a+1)(n+ﬂ+1)>

forallxz € [-1,1], o, B € Ny and n € N.

Remark 4.4. Surprisingly enough we were not able to find the estimates (4.8) and (4.9)
for noninteger values of @ and 8 in the literature. Numerically both seem to be true for
noninteger values of a and .

Let us also mention the following Bernstein-type inequality obtained recently by
Haagerup and Schlichtkrull in [20].
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Theorem 4.5 ([20]). There is a constant C' < 12 such that

C
1 22\ W/Ag(@8) ()| < 1.1
|( =) e (1:)|_ Von+a+p+1 (4.10)

forallx € [-1,1], a, B > 0 and n € Ny.
A few remarks are in order.

Remark 4.6.

(i) The optimal value for the constant C' in (4.10) is not known.
(ii) The decay rate n~'/% in (4.10) is optimal as o and 3 tend to infinity. However, for
fixed o and 3, the decay rate is n=/2 as n — oo (see (1.12)).
(iii) It was observed in [20] that (4.10) implies the following interesting estimate for the
matrix entries of g4(A)

|sin(260)['2[0a(A(¢, 6, 9))jk| < Cd™*,

which provides the uniform decay d—'/4 for the matrix coefficients, where d is the
dimension of the representation gg.

5. Uniform weighted estimates for Jacobi polynomials

The main aim of this section is to prove the following inequality.

Theorem 5.1. The Bernstein-type estimate

<1"2‘93)B/2 ‘R(La,ﬂ) (x)‘ < (n—ga) x € [~1,1], (5.1)

holds for alln € Ny, 8> 0 and o > 8 — | 3], where | .| is the usual floor function.
Equivalently, in terms of Meixner polynomials (3.4), we have

c(”+’”)/2‘Mn(m;ﬂ,c)‘ <1, T >n, (5.2)
where 0 < c<1and f>x— |z]+1.

The proof is based on the product formula for biangle polynomials. More precisely,
let

B = {(z1,22)|0 < a3 <ay <1} (5.3)

be the parabolic biangle. Following [21,22], let R$ﬁ #) denote the Jacobi polynomials
normalized by R%a’ﬁ)(l) =1, that is,
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(a,8)
Py
PEA)

For a, 8 > —1 and n,k € Ny such that k£ < n, define the parabolic biangle polynomials
(see, e.g., [10, §2.6.1] and [23, §3.3], however, with a different notation)

RO (wy,a2) = ROV 22y — 1) - 2} PRPP (22/y/71),  (w1,22) €B. (5.5)

Clearly, these functions are polynomials in 27 and x5 of degree n. Moreover, for fixed
« and [ they are orthogonal with respect to the measure

(1 —21)%(zy — 23)P dz1ds.

For certain values of o and (8 the parabolic biangle polynomials have an interpretation
as spherical functions for a Gelfand pair (K, M), where K is a compact group and M
is a closed subgroup. For these values of the parameters, the general theory of spherical
functions on Gelfand pairs yields the existence of suitable product formulas and related
hypergroup structures. The product formula in the general case was established in [26,
Thm. 2.1]:

Theorem 5.2. Let a« > f+1/2 > 0. Let also 0 < |za| <1 <1 and 0 < |ya| <1 < 1. If
(x1,22), (y1,y2) € B\{(0,0)}, then the parabolic biangle polynomials satisfy the following
hypergroup-type product formula:

Ryp (27, 2) - RyY (U, y2) = / ROUE, BG)dp® (ry, 1, ¥, 3),  (5.6)
IxJ3

where I =[0,1], J = [0, 7],

D = D(x,y;r, ) = xy + (1 — 2°)'/2(1 — y*)'/*rcosp,
E = E(z1,y1;71,%1)
2
= (zyf + (1 —aD) (1 — y)rf + 201 (1 — 2) V2 (1 — )/ ?ry 0051/11)1/ ,

D(x1,y1571, 1) T2 Y2 >
G:D 7-D _a_;la 717 9
(E(l'l,yl;rlﬂfll) (171 1 1/12) ¥s

and
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e Dt )
) = Ny (D)

dp®P (1, b1, o, ) = dmP =2 (1h3) - dmP =2 (1hg) - dm™P+3 (r, 1)

(sin ) d(61)(r) dp,

are positive probability measures.
Before proving Theorem 5.1, we need the following simple fact.

Lemma 5.3. Let X be a compact topological space and Xy a dense subset of X. Suppose
that ¢ € C(X,R) such that for each x,y € Xq there is a (positive) probability Borel
measure [z, on X with the property that

mmmmzjﬁwmm¢a. (5.7)

X

Then

max |¢(z)| < 1. (5-8)

Proof. Let M := maxyex |¢(x)| > 0. Then, from (5.7) we see
8@ = 6(2)6(0) = [ 6(:) duna(z) <M. @ € Xo
X

Since ¢ is continuous and Xy is dense in X, we infer M? < M, that is, M <1. O

Remark 5.4. In the context of hypergroups Lemma 5.3 is well known as an inequality for
bounded characters on a commutative hypergroup, see for instance the paper by Dunkl
[9, Prop. 2.2(2)].

Proof of Theorem 5.1. Using the product formula and Lemma 5.3, we immediately con-
clude that

|Rz£(x%,x2)| <1, (z1,22) € B, (5.9)
forall k <nand a > f+1/2 > 0. By (1.10) and (5.4) we know
R @2/ vam)| <1, (a1,22) € B\ {(0.0)}
for all k € Ny and 8 > —1/2, and hence we conclude (replacing 5 + 1/2 by 3)

z+1 k/2
2

(n—k+a

ok ) z€[-1,1], (5.10)

P (@) <
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for all kK <n and a > 8 > 0. Since n € Ny is arbitrary, we can replace n — k by n € Ny.
Moreover, choosing /3 € [0,1) and noting that k € Ny is arbitrary, we finally end up with

[B]/2
(5) lremel < (110), wet

n

which holds for all n € Ny and o > 8 — | 8]. Since (x +1)/2 <1 for all x € [-1,1], this
completes the proof. O

Remark 5.5. In fact, [26, Thm. 2.1] gives (5.6) also for the case (x1,z2) = (0,0) or
(y1,92) = (0,0), with a somewhat simpler measure on the right-hand side. Hence we
might have worked with a version of Lemma 5.3 without the restriction to a dense
subset.

We would like to finish this section with the following remark. We have two more
proofs of Theorem 5.1, however, for a smaller set of parameters o and 3. More precisely,
using the addition formula for disk polynomials [22], one can prove (5.1) for all & > 0
and § € Ny. The third proof is based on (4.8) and hence inherits the restriction « and
B € Np. It uses the Sonin—Pélya theorem? [42, footnote to Theorem 7.31.1] and leads to
the following result:

Theorem 5.6. Inequality (5.1) holds for all indices o, B for which (4.8) holds.

We firmly expect that (4.8) holds for all 2 € [—1,1] and «, 8 > 0, which in particular
would imply (5.1) for all a, 8 > 0.

6. Dispersion estimates for the evolution group e~ *H«

It turns out that Theorem 3.1 (see also (3.15)) establishes a connection between
Bernstein-type inequalities and dispersion estimates for the discrete Laguerre operators

H,. In this section we shall present some ¢! — ¢>° decay estimates for the evolution
itH.

group e~ "’ based on Bernstein-type inequalities from the previous sections.
First, notice that (3.15) can be rewritten in terms of the function g,(la’ﬁ) introduced
in (4.4):
‘e—itHa (n m)’ — 1 g(a,m—n) 2 -1 m>n (6.1)
’ " 2+1) = :

V14 t2

Hence the estimate (4.8) immediately implies

3 In the literature Sonin is also written as Sonine.



816 T. Koornwinder et al. / Advances in Mathematics 333 (2018) 796-821
Theorem 6.1. Let o € Ng. Then the following estimate

: 1
e iH < ——, teR, (6.2)

g1 s poo s

holds. Moreover, in the case a = 0, the inequality can be replaced by equality.

Proof. To prove the last claim it suffices to note that

1
V1412

le™ 0 f[p1 e > [0 (0,0)] =
forallt e R. O
Remark 6.2.
(i) The case o = 0 was proven in [27]. Using a different approach, a weaker estimate in

the case a = 0 was obtained in [33].
(ii) Using Lemma 4.3 (see also (4.8)), we get the somewhat stronger estimate

—itHa(

I (4 D)(m+a+rn)
"7m)’<m<<m+1><n+a+1>) ’

which holds for all m > n, o € Ny and ¢t € R.

E

Conjecture 6.1. We conjecture that (4.8) as well as Lemma 4.3 hold true for all o, 8 > 0
and consequently Theorem 6.1 holds for all « > 0.

Applying the Haagerup—Schlichtkrull inequality (4.10) to (6.1) we obtain another
estimate, which holds for all « > 0:

Theorem 6.3. Let a > 0. There is a positive constant C < 6v/2 such that the following
inequality

C‘t|71/2

4 L E— 6.3
vn+m+a+1 (6.3)

holds for all n, m € Ny and t # 0.

Remark 6.4.

(i) The estimate in Theorem 6.3 provides only a t=1/2 decay, however, it gives an
(n +m)~* decay of the matrix coefficients.
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(ii) Let us also mention that the Erdélyi-Magnus—Nevai conjecture (1.14) would imply
the following estimate

_)1/4
nym)| < C (a+|m—n|)

~ V) (n+m A a4+ 1) t#0. (64)

The latter shows that on diagonals, i.e., when m — n = const, the decay of the

—1/2

matrix elements is n as n — oco. However, it does not improve (6.3) when m—n

tends to infinity.

The estimates (6.2) and (6.3) provide a non-integrable decay as t — co. However, in
order to establish stability for soliton type solutions to nonlinear equations it is desirable
to have an integrable decay in t. As we mentioned in Section 3, we expect a decay of
order O(|t|~(*®)), however, in weighted spaces. To this end let ¢ = {o(n)},>0 be a
positive sequence. Consider the weighted ¢P spaces equipped with the norm

||u||zp( _ {(ZnENO U(n)|u(n>|p>1/p, pel,o0),
o) SUP, en, a(n)|u(n)|, p = 0.

Of course, the case 0 = 1 corresponds to the usual ¢P(0) = ¢P spaces without weight.
Specifically we will work with the weights o, (n), given in (2.5), and consider the weighted
spaces ¢1(o,) and £>°(o1). Notice that

ne/2
oa(n) = m(l +o0(1)), n— oo. (6.5)

Theorem 6.5. The following equality

1+o

. 1 2
—itHq _
e Nl gy st oty = <—1 n tz) , tER, (6.6)
holds for all a > 0.

Proof. First of all, noting that e« (0,0) = (1 +it) =1~ (see Corollary 3.5(i)), we get
1ta
—itH, > 1 2 R
le™ o sy 2\ 752)  » TER
The converse inequality

1+

2
) , teR, n,m e Ny, (6.7)

|efitHa (m m)| 1
oa(n)oe(m) = (1 + 2
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follows from the Bernstein-type estimate (5.1). Indeed, by (3.2), it suffices to consider
the case n < m. Using (3.15) and making the change of variables (3.14), we get

m—n

(1+e2) 7 e (n )| _ <”+O‘>1 (Hm) ’ Pem @) (©8)

Ta(n)oa(m) n 2

However, by (5.1), the right-hand side is less than 1, which completes the proof. O

Remark 6.6. An inspection of e~ "o (n, m) with n = m = 1 (see the proof of Corol-
lary 3.9) shows that (5.1) is no longer true for @ < 0. However, we expect that the

following estimate
Je e oo = O] ~0F), £ o0,
holds true for all « € (—1,0).
7. Conclusions
7.1. A hunt for Bernstein-type inequalities

The main aim of this paper was to prove dispersive decay for the evolution group
e "Ha Tt turned out that this problem is closely related to Bernstein-type inequalities for
(1.11) and, in particular, has led us to new Bernstein-type inequalities (5.1) and (3.13).
In fact, the search for an optimal decay in ¢ or in m and n for the kernel e~ (n m)
leads to a wider class of Bernstein-type inequalities. More precisely, recall the change of
variables (3.14) and let n € [0,1+ «], v > 0 be fixed. Then (6.8), after substitution of

(2.5), can be rewritten as

. t2 %
(1+t2)g‘e_ltH"(n,m)| ( > =

1+1¢2
( ) m—n+v 1+a—n (71)
To(m 1+ 2 1—x 2
«@ P(oz,mfn)
s () () e,
for all n < m. Let 0 = {o(n)}n>0 be a positive weight. Noting that
le™™ e | p (@) (o-1y = sup a(n)~" e e (n,m)| o(m) 7",
n,meNy
we conclude that the dispersive decay estimate
e o || g1 gy e (o-1y) < C(L+12) 772, teR, (7.2)

would follow from the Bernstein-type bound
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(1 ; x) B (1 J; x) SR ‘Péa,mfn) (2)| < Co(n)a(m) % (7.3)

for all n < m and = € (—1,1). Clearly, the latter is a uniform weighted estimate for

(1.11) with a = HD‘TW and b = 5;”’. In this respect let us mention that our Theorem 5.1

gives rise to 7 = 1 + « and v = 0; the estimates (4.8)—(4.9) correspond to the case n =1

and v = 0; the Erdelyi-Magnus—Nevai conjecture (1.14) and the Haagerup—Schlichtkrull
inequality (4.10) correspond to n =v = 1/2.

7.2. 1-D spherical Schrodinger operators

Let us finish this paper by comparing our results with the recent study of dispersive
estimates for the one-dimensional spherical Schrédinger operators

2 I(l+1 1
RESY

H = -
! dz? 2 - 2

acting in L?(R,) (H; denotes the Friedrichs extension if [ € (—1/2,1/2)). In the free
case [ = 0, one has

e ™l i, )y pooryy = O T3),  t— oo,

It was shown in [29] (see also [28]) that [[e™ | 1100 = O(|t|71/2) as t — oo for all
[ > —1/2. On the other hand, considering weighted L' — L estimates, one can improve
the decay in ¢ for positive [ > 0 [28,29]:

—itH;

e =O(|t|7"Y?), t— oo,

||L1(]R+;J;l)—>L°°(]R+;z_l)
Since « in (1.17) can be seen as a measure of the delocalization of the field configuration
and it is related to the planar angular momentum [2], our dispersive decay estimates
(6.2) and (6.6) can be viewed as analogues of the above mentioned results for spherical
Schrodinger operators from [28,29].
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