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ABSTRACT: We introduce a method to compute one-loop soft functions for exclusive N-
jet processes at hadron colliders, allowing for different definitions of the algorithm that
determines the jet regions and of the measurements in those regions. In particular, we
generalize the N-jettiness hemisphere decomposition of ref. [1] in a manner that separates
the dependence on the jet boundary from the observables measured inside the jet and
beam regions. Results are given for several factorizable jet definitions, including anti-kr,
XCone, and other geometric partitionings. We calculate explicitly the soft functions for
angularity measurements, including jet mass and jet broadening, in pp — L + 1 jet and
explore the differences for various jet vetoes and algorithms. This includes a consistent
treatment of rapidity divergences when applicable. We also compute analytic results for
these soft functions in an expansion for a small jet radius R. We find that the small-R
results, including corrections up to O(R?), accurately capture the full behavior over a large
range of R.
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1 Introduction

Exclusive jet processes, i.e. those with a fixed number of hard signal jets in the final state,
play a crucial role in the Large Hadron Collider (LHC) physics program. Many important
processes, such as Higgs or W/Z boson production or diboson production, are measured in
different exclusive jet bins. Furthermore, jet substructure techniques have become increas-
ingly important both in Standard Model and in new physics analyses, and the associated
observables often exploit the properties of a fixed number of subjets. Theoretical predic-
tions at increasingly high precision are needed to match the increasing precision of the
data. Compared to color-singlet final states, the presence of jets makes perturbative QCD
calculations more challenging and the singularity structure more complicated. Further-
more, a fixed number of jets is imposed through a jet veto, which restricts the phase space



for additional collinear and soft emissions, and generates large logarithms that often need
to be resummed to obtain predictions with the best possible precision.

Soft Collinear Effective Theory (SCET) [2-5] provides a framework to systematically
carry out the resummation of logarithms to higher orders by factorizing the cross section
into hard, collinear, and soft functions, and then exploiting their renormalization group
evolution. Schematically, the cross section for pp — N jets factorizes for many observables
in the singular limit as

N

B.By [ [ 7

=1

on = Hy ® SN, (1.1)

where the hard function Hy contains the virtual corrections to the partonic hard scatter-
ing process, the beam functions B, contain parton distribution functions and describe
collinear initial-state radiation. The jet functions J; describe final-state radiation collinear
to the direction of the hard partons, and the soft function Sy describes wide-angle soft
radiation. The resummation of large logarithms is achieved by evaluating each component
at its natural scale and then renormalization-group evolving all components to a common
scale. For an interesting class of observables, the jet and beam functions are of the inclusive
type and do not depend on the precise definition of the jet regions. They are known for
a variety of jet and beam measurements, typically at one loop or beyond [6-20]. Hard
functions are also known for many processes at one loop or beyond (see e.g. ref. [21] and
references therein). In this paper, we focus on determining the soft functions that appear
for a wide class of jet algorithms and jet measurements. The resummation at NLL’ and
NNLL requires the soft function at one loop. Compared to the beam and jet functions,
the perturbative calculation of the soft function generally requires a more sophisticated
setup, since it depends not only on the measurements made in the jet and beam regions,
but also on the angles between all jet and beam directions and the precise definition of the
jet boundaries.

N-jettiness [22] is a global event shape that allows one to define exclusive N-jet cross
sections in a manner that is particularly suitable for higher-order analytic resummation.
The calculation of the one-loop soft function for exclusive N-jet processes using N-jettiness
has been carried out for arbitrary N in ref. [1]. There, N-jettiness is used both as the
algorithm to partition the phase space into jet and beam regions and as the measurement
performed on those regions. To simplify the calculation, the version of N-jettiness used in
ref. [1] was taken to be linear in the constituent four-momenta p’,

2 m (2 m (2
thrust-like N-jettiness: Tn = me{ dm " Pi } Zmln{n P } . (1.2)

This is essentially a generalization of beam thrust [23] to the case of N jets. In eq. (1.2)
the sum runs over the four-momenta p!' of all particles that are part of the hadronic final
state, and the minimization over m runs over the beams and N jets identified by the
reference momenta ¢y, = E,nh, or lightlike vectors ny, = (1,7,,), where E,, is the jet

energy. The directions n,, for the beams are fixed along the beam axis and for the jets are



predetermined by a suitable procedure. Finally, the Q,, or p,, = Qn/(2E),) are dimension-
one or dimension-zero measure factors. The minimization in eq. (1.2) assigns each particle
to one of the axes, thus partitioning the phase space into IV jet regions and 2 beam regions.
This definition of N-jettiness depends only on the choices of jet directions 71, and measure
factors pn,, which determine the precise partitioning and in particular the size of the jet
and beam regions. For the cross section with a measurement of 7y, the Ty — 0 singular
region is fully described by a factorization formula of the form in eq. (1.1) with inclusive
jet and beam functions [22, 23]. As Ty — 0, different choices of jet axes often differ only
by power-suppressed effects in the cross section.

N-jettiness can also be used more generally as a means of defining an exclusive jet
algorithm, which partitions the particles in an event into a beam region and a fixed number
of N jet regions [22, 24]. Here particle ¢ is assigned to region m for which some generic
distance measure d,,(p;) is minimal. These regions are defined by

region m = {particles i : where dp,(p;) < d;(p;) for all j #m} . (1.3)
This partitioning can be obtained from a generalized version of N-jettiness defined by

Tn({Aim}) = me min{di(p;), .., dn®s), da(pi), dp(ps) } - (1.4)

Here the d,, jet measures depend on pre-defined jet axis f,,, while the beam measures d,
and dp are defined with fixed beam axes along +2. Infrared safety requires that all particles
in the vicinity of the axis nl, = (1,7,,) are assigned to the respective mth region. More
precisely the measures have to satisfy dp, (p;) < d;(p;) for all j # m in the limit p}' — E;nf,.
Different choices of the d,, correspond to different N-jettiness partitionings, and include
for example the Geometric, Conical, and XCone measures [1, 22, 25-27]. The measure in
eq. (1.2) corresponds to taking pridm,(pi) = (Mm - pi)/pm. The two beam regions can be

combined into a single one by defining the common beam measure

do(p;) = min{da(pi), dp(pi)} - (1.5)

Given a common beam region with a single beam measure dy(p;), we can always divide
it into two separate beam regions for n > 0 and 1 < 0 by taking for example d,(p;) =
[1+ 6(=mi)]do(pi) and dy(pi) = [1 + 0(n;)]do(pi)-

Constructing a full jet algorithm requires in addition to the partitioning an infrared-safe
method to determine the jet axes n,,. This could be done by simply taking the directions
of the IV hardest jets obtained from a different (inclusive) jet algorithm. For a standalone
N-jettiness based jet algorithm, the axes can be obtained by minimizing N-jettiness itself
over all possible axes,

Tv = min Ty({fm}), (1.6)

N yeeey AN

as in refs. [24, 27].
For the calculations in this paper, we consider a very general set of distance measures
for determining the partitioning into jet and beam regions as in eq. (1.4), and a different set



of fairly general infrared safe observables measured on these regions. We explore and com-
pare properties of different jet partitionings in section 2.2. For the measured observables
we consider the generic version of N-jettiness variables, 7™ given by

T = 3" flnis 6) pri- (1.7)

i€ region m

Here, n;, ¢;, and pr; denote the pseudorapidity, azimuthal angle, and transverse momentum
of particle 7 in region m. The dimensionless functions f,, encode the angular dependence
of the observable and in the collinear limit behave like an angularity, see section 2.1. When
considering a single beam region we have a common beam measurement 70 = 77(@) 4 77®),
Earlier analytic calculations of N-jettiness cross sections have all been done for the case
where the observable and partitioning measure coincide, f,, = d,,, in which case the total
N-jettiness used for the partitioning is equal to the sum over the individual measurements

TN = Zm T(m)

The exact definition of the axes 7, is irrelevant for the calculation of the soft function.
For our purposes we can therefore separate the jet-axes finding from the partitioning and
measurement, and we will assume predetermined axes obtained from a suitable algorithm.
However, one should make sure to use recoil-free axes [11] for angularities to avoid SCETs-
type perpendicular momentum convolutions between soft and jet functions. This is ensured
if one defines the axes through a global minimization as in eq. (1.6).

In this paper, we determine factorization theorems, which describe the singular per-
turbative contributions in the Ty — 0 limit for these generic versions of N-jettiness. We
then establish a generalized hemisphere decomposition for computing the corresponding
one-loop soft function. We carry out the computations explicitly for a number of interest-
ing cases. As underlying hard process we consider color-singlet plus jet production, and we
discuss results for generic angularities as jet measurements. For the beam measurement we
discuss different types of jet vetoes, including beam thrust, beam C parameter, and a jet-
pr veto. We also discuss different partitionings, including anti-k7 [28] and XCone [27, 29].
We find that the one-loop soft function can be written in terms of universal analytic con-
tributions and a set of numerical integrals, which explicitly depend on the partitioning and
observable (i.e. the specific definitions of the d,, and f,,). We show that fully analytical
results can be obtained in the limit of small jet radius R. Furthermore, we show that the
small-R expansion works remarkably well for the soft function even for moderate values of
R, if one includes corrections up to O(R?).

The rest of the paper is organized as follows. In section 2, we discuss in more detail the
generalized definition of N-jettiness, jet algorithms, and relevant factorization theorems.
In section 3, we discuss the generalized hemisphere decomposition to calculate the one-
loop soft function. In section 4, we discuss the explicit results for the case of single-jet
production. We conclude in section 5. Details of the calculations are given in appendix A
and appendix B, and results for dijet production are discussed in appendix C.



2 Jet measurements and jet algorithms

In this section, we discuss the general properties we assume for the jet measurements and
for the jet algorithms (partitioning). We consider the cross section for events with at least
N hard jets in the final state with transverse momenta p%7m>1 ~ p% ~ @, where () denotes
the center-of-mass energy of the hard process. In section 2.1 we define the generalized form
of N-jettiness measurements, in section 2.2 we discuss and compare different jet algorithms,
and in section 2.3 we present the form of the factorization theorems for different choices of
jet and beam measurements.

2.1 Generalized N-jettiness measurements

Assuming a partitioning of the phase space into N jet regions (m = 1,...,N) and two
beam regions (m = a,b), the observable that we will study is defined in each region m by
the sum over all particle momenta (but excluding the color-singlet final state),!

T =" TM@m) with T () = fou(mi, éi) pr- (2.1)
1€ regionm
Here n; and ¢; denote the pseudorapidity and azimuthal angle of the particle i. The
associated jet and beam axes are normalized lightlike directions, and are given in terms of
these coordinates by

cosh 1, oS ¢, Sin ¢y, sinh nm) , nt, =(1,0,0,%1). (2.2)

"m>1 7 o nm(

The f,, in eq. (2.1) are dimensionless functions encoding the angular dependence of the
observable. To satisfy infrared safety, we require that 7™ — 0 for soft and n,,-collinear
emissions, implying in particular that

lim fo(ni,¢i)e”™ =0, lLm fy(n, ¢i)e™ =0, lim fm>1(mi, ) =0.  (2.3)
1;—>00 i —>—00

Ni—Nm,Pi—>Pm

For definiteness we will consider the case that the asymptotic behavior of 7™ in the
vicinity of its axis is given by an angularity measurement, which holds for all common
single-differential observables, i.e.,

pi'—E;nk, Bm 1— BTm

Cm (nm 'pi) 2 (ﬁm ' pi) ’ (24)

with 8, > 0 and some normalization factors ¢,,. Defining v = 5, = [, this is equivalent to

T (p;)

fa(niv ¢l) T]i‘)‘x’; Ca 6(1_7)77i 3 fb(nia ¢z) T]i‘)jw Cp e_(l_’Y)?h' )
B
i:¢i m1¢m — 2
Fz (e 00) " e 2eoshm) T = ) + (00— )] T (25)

We will discuss several examples in sections 3 and 4. The behavior of f,,, determines whether
the associated collinear and soft sectors are described by a SCET1-type or SCET-type the-
ory. The case v = 3,, = 2 corresponds to the standard SCET] situation with a thrust-like
measurement 7™ (p;) ~ 1, - p;.

"We consider only cases without unconstrained phase space domains, i.e. no regions with nonzero area
in (n, ¢) coordinates where f, = 0.



2.2 Jet algorithms

Given a set of jet and beam axes {n,, }, the partitioning of the phase space into jet and beam
regions is determined by the distance measures d,,(p;). As shown in eq. (1.3), particle i is
assigned to region m if dp,(p;) < d;(p;) for all j # m, i.e., when it is closest to the mth axis.

For m > 1, the distance measures d,,(p;) = dn (R, nm,p%m, i, i) can depend on the
jet size parameter R and the jet transverse momentum p%’m. In section 2.3, we will show
that for Ty < p:JF and for well-separated jets and beams and sufficiently large jet radii,
the differential cross section in the 7(™ can be factorized into hard, collinear, and soft
contributions. This requires a jet algorithm which exhibits soft-collinear factorization, such
that m-collinear emissions are sufficiently collimated to not be affected by different distance
measures dj,, and do not play a role for the partitioning of the event. Furthermore, the
recoil on the location of the jet axes due to soft emissions is power suppressed for the
description of the soft dynamics.? Thus the partitioning of soft radiation in the event
can be obtained by comparing the distance measures d,, for soft emissions with respect to
N + 2 fixed collinear directions independently of the axes finding and the jet and beam
measurements.

We consider the following examples of partitionings for comparisons of numerical
results:

I: Conical Measure (equivalent to anti-kr for isolated jets) [24]:

R?
do(pi) =1, dm>1(pi) = 73" (2.6)
II: Geometric-R Measure [25]:
D 1 R2
d i) — e_lm|, dm i) — [ - Pi == an . 2.7
o) 21(p1) pr(Bymm) pri pr(R,nm) 2 coshi, &7)
III: Modified Geometric-R Measure [27]:
1 N * Di 1 R?
do(pi) = ———— . dyps1(pi) = - im_ (28
olpi) 2coshn; >1(1) pc(Rymm)pri - pe(R,mm) 2coshny, (2:8)
IV: Conical Geometric Measure (XCone default) [27]:
2 cosh Ny (M, * Ps Rfm
dop) =1,y () = 2O ) (2.9)

R? pr; R2 "’

where p; and pc are discussed below, and the distances in azimuthal angle and rapidity
are given by

Rim = /(i = 1m)? + (61 — 6m)?,
Rim = /2 cosh(n; — ) — 2 cos(d; — dm) - (2.10)

2Note that for angularities with 8,, < 1 the recoil due to soft radiation does matter for the description

of the collinear dynamics [11].
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Figure 1. Jet regions (in the limit 7y < p7.) in the n-¢-plane for different partitionings for R = 1
and different 7,, = 0,1,2 (top row) and 7, = 0 and different R = 1.2,0.8,0.4 (bottom row). The
conical measure, which is equivalent to anti-k7, is shown in yellow, the geometric-R measure in
light blue, the modified geometric-R in blue dashed, and the conical geometric measure (XCone
default) in red dashed.

Since these measures only depend on 7; and ¢;, we can obtain explicit jet regions in the n-¢
plane. The jet regions for an isolated jet with R = 1 at different jet rapidities and different
R at central rapidity are shown in figure 1. For small R all distance metrics approach
a conical partitioning, which means in particular that the deviations from this shape are
suppressed by powers of R.

For isolated jets the conical distance measure includes all soft radiation within a dis-
tance R in n-¢ coordinates from the jet axis into the jet. Thus, in this case the soft
partitioning is equivalent to the one obtained in the anti-k7 algorithm [28], which first
clusters collinear energetic radiation before clustering soft emissions into the jets (allowing
thus for soft-collinear factorization [30]). As explained above, the algorithm for the jet-axes
finding is irrelevant for the description of the soft dynamics and the soft function depends
only on the soft partitioning with respect to fixed collinear axes. Thus, the soft function
for anti-kr jets and N-jettiness jets with the conical measure are identical for isolated jets.

For overlapping jets, the anti-k7 and N-jettiness partitionings differ. The distance
metrics in the anti-kr algorithm between soft and the clustered collinear radiation depend
also on the transverse momenta of the jets, which starts to matter in the singular region
Ty < p‘% once two jets start to overlap, i.e. for Ry, < 2R. In this case, anti-kp assigns soft
radiation in the overlap region to the more energetic jet, while the N-jettiness partitioning



[T T L T T ] [T T T T T
2r ] 21
L (3, py3)=(1.2,1) ] [ (3, pys)=(1.2,1)
1r L] - 1 °
L (n71, $71) = (0,0) ] [ (1715 1) = (0,0)
oF ° — 0 °
[ o [ .
F (725 P2) 4 F (725 Pr2)
-1r =(—1.3,—0.5) _ -1 —(—1.3,-0.5)
r Conical Measure ] r anti—kr
-2 R=1.0 7 -2r R=1.0 T
I l l l 1] Lol ! ! ! !
-2 -1 0 1 2 -2 -1 0 1 2

Figure 2. Partitioning (in the limit 7 < p#.) for three overlapping jets with p%’l = 219%’2 = 4p%}3
and R = 1 with distance > R between their axes. The N-jettiness partitioning with the conical
distance measure is shown on the left and the anti-kp partitioning on the right.

remains purely geometric. This is illustrated in figure 2, for three jets with different trans-
verse momenta that share common jet boundaries. When the distance between two clusters
of energetic collinear radiation drops below R, anti-kp clustering will merge these into a
single jet, while the N-jettiness partitioning still gives two closeby jets, thus exhibiting a
very different behavior.

The (modified) geometric-R measures in egs. (2.7) and (2.8) have the feature that
PTidm(pi) ~ Ny, - p; is linear in the particle momenta p;, as for the pure geometric measure
in eq. (1.2) from which they are derived. The geometric- R measure was first used in ref. [25]
to study the jet mass for pp — H +1 jet, taking advantage of the fact that the soft function
for this type of measure was computed in ref. [1]. The parameters p, (R, ny) and pc(R, nm)
are determined by requiring the area in the n-¢-plane for an isolated jet with rapidity 0,
to be TR?, i.e. by solving

T [e.e]
[ a6 [ anoldotn) = dulp. . 0)] = . (2.11)
—m —0o0
The solution for p in terms of 7, and R can be computed analytically in an expansion for
small R, which gives

1+tanh |9, | 2R N2, |nml Nm
_ p2irtanhlinm| i _ [1_Tn _ Mm| Im 2
pr(R,mm) = R 5 1+ - O(R — [mm]) |1/ 1— 55 arccos + O(R?) ¢,

2
pc (R, 1m) = R2{1 - RT (1 — 3tanh®n,,) + O(R4)} . (2.12)
Note that the kink at 7, = 0 leads to O(R) corrections for p; for |n,| < R. The full R
dependence is obtained numerically. In figure 3, we show p, and pc as functions of R for
Nm = 0 and as functions of n,, for R = 1.
Compared to the conical measure the shapes of the jet regions are more irregular for
the geometric-R measures, as seen in figure 1. In particular the beam thrust measure in
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Figure 3. Behavior of p.(R,n;) and pc(R,n;) for the geometric-R and modified geometric-R
measures as functions of R at ny = 0 (left panel) and of n; for R =1 (right panel).

eq. (2.7) has a cusp at n = 0 due to the absolute value in the beam distance measure, which
is not present for the smooth beam C-parameter measure in eq. (2.8). Furthermore, we also
see a distortion from the circular shape for large jet rapidities towards an elongated shape,
which is common to both measures since their beam distance measures become identical
in the forward region.

Finally, the conical geometric measure was introduced in ref. [27] and corresponds to
the XCone default measure. It is designed to combine the linear dependence of prid,,>o0(pi)
on the particle momenta of the geometric measures with a nearly conical shape, as can be
seen in figure 1. One can show that deviations from the circular shape are only of O(R?)
and still independent of the jet rapidity, since the distance measures in eq. (2.9) only depend
on the differences with respect to the jet coordinates. The jet area is 7R? up to very small
corrections of O(R%), which reach only ~ 1% even for large R = 1.2.

2.3 Factorization for different observable choices

In this section we display the form of the factorized cross section for pp — L+ N jets, where
L denotes a recoiling color-singlet state, with generic observables in the limit Ty < p%. The
observables can be categorized according to their parametric behavior close to the jet and
beam axes into SCET-type and SCETy-type cases. For notational simplicity we assume
that the same observable is measured in each jet region (which asymptotically behaves
like eq. (2.4) with 8 = Spn>1). We will mainly focus on the properties of the relevant soft
function, which also encodes all dependence of the singular cross section on the distance
measure used for the partitioning.

The scaling of the modes in the effective theory follows in general from the con-
straints on radiation imposed by the N-jettiness measurements 7™ in eq. (2.1) with
m = a,b,1,..., N, the jet boundaries determined by the distance measures in eq. (2.21)
and potential hierarchies in the hard kinematics. We work in a parametric regime with
T <« p% and without additional hierarchies in the jet kinematics (which corresponds
to a generic SCET setup), i.e. assuming hard jets with p%m ~ @, large jet radii R ~ 1,
well-separated collinear directions n; - n,, ~ 1, and nonhierarchical measurements in the



different regions 7(!) ~ 70" The parametric scaling of the collinear and soft modes is
then given by

4 2
. . J 2 2
N p-collinear: pﬁa’b ~pr (A, LA g, s

4 2
Ny >1-collinear: P~ pt (AP, LAB ),
soft: P~ ph (A2 0202, (2.13)

where we adopt the scaling A2 ~ Ty/ p% and give momenta in terms of lightcone co-
ordinates p* = (n - p,n - p,p1)n with respect to the lightcone direction n = (1,7) and
n = (1,—n). The properties of the factorization formulas depend on the values of 5 and
~v and the resulting invariant mass hierarchies between the soft and collinear modes. If
B,7v # 1 the associated collinear fluctuations live at a different invariant mass scale than
the soft modes, leading to a SCET-type description. Otherwise at least one collinear
mode is separated from the soft modes only in rapidity, giving rise to a SCET-type the-
ory involving rapidity divergences for the individual bare quantities and a dependence on
an associated rapidity RG scale v in the renormalized quantities [16, 31]. Being fully dif-
ferential in the hard kinematic phase space @y and all N-jettiness observables 7™, the
factorization formulae for the four cases with 8,7 =1 and 3, # 1 read:?

A) v#1, B #1 (SCET| beams and SCET] jets): (n € a,b,1,...N)

d K q) An Afi m
dT(a()j..(.éV7)'(N) - /(Hdkn> e 5 (@) 5 ({7 = cunkin . k()
N
X W;Y_lBa (Wg_lkaa La, /j“) W[’)Yile (wl’)y*lkbv Lp, ,LL) H w?iljj(wfilkj’ M) ’
j=1

(2.14)

B) v =1, 8 #1 (SCETy beams and SCET] jets):
dT?UK(qZ\;)— /(Hdk )t [HN@N, )§fv<{’r<m> — ek}, {nm}, {dm}, i, :)}
e N L G ) Hwﬂ L) M) (2.15)
C) v#1, =1 (SCETy beams and SCETy; jets):

dT?aK((I)cJIV; /(Hdk >t1"|:HN((I)N7 )553({7(”1) _kam}’{"m}’{dm}’“’:)]

N
X W) B (W] ki Ty i) w) T By (w) " ey, s 1) H <J’”’ )

(2.16)

3We do not include effects from Glauber gluon exchange here. For active-parton scattering their pertur-
bative contributions start at O(a2) [32, 33] and can be calculated and included using the Glauber operator
framework of ref. [34]. For proton initial states the factorization formulae also do not account for spectator

forward scattering effects, since the Glauber Lagrangian of ref. [34] has been neglected.
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D) v=1, 8 =1 (SCET beams and SCETy jets):

d’riz()ff.((.bcjlv%zv) - / (1; dk”) o [ﬁfv (@, 85 <{T(m) el ) (e :>]

<ka7xavﬂ7 >Bb(kb7$baﬂy )HJ ( i s ) (2.17)

In egs. (2.14)—(2.17) the hard function H N encodes the hard interaction process for the
partonic channel

ka(qa)kin(qn) = k1(q1)k2(q2) - kN (gn) + L(qr), K = {kKa,Kp; k1,..., 68} (2.18)

in terms of the massless (label) momenta ql, = wmni,/2, which satisfy partonic (label)
momentum conservation

hrd=d+ -+ dy+df (2.19)

where ¢4 is the total momentum of the recoiling color-singlet final state. The z,; and label
momenta for the initial states are defined via

n' n'
b b
qh = wap ; = 24 pFem ; (2.20)

The jet functions J,,>1 and beam functions B,, B describe the final-state and initial-
state collinear dynamics, respectively, and §]”§, denotes the soft function. H N and §]’§[ are
matrices in color space. The ¢, are the normalization factors of the observable as defined
in eq. (2.4). Due to the requirement 7" <« p7. the collinear modes do not resolve the jet
boundaries, such that the jet functions are of the inclusive type and have been computed
at one-loop in ref. [11] for arbitrary values 8 > 0.* Note that in the jet functions, for cases
C and D (8 = 1), a rapidity regularization in close correspondence to refs. [16, 31] leads to
an additional dependence on the scale ratio v/wy,.

The factorization for the pure SCETy case, for § = v = 2, is well studied in the
literature [1, 22] and has been applied to phenomenological predictions for single-jet pro-
duction [25]. Also, both cases A and B have been studied in ref. [27] (with the focus on
B = 2). In this work, we present for the first time cases C and D, and we will focus on
those in the following discussion. These represent a generalization of the previous cases,
and assume that the jet and beam axes are insensitive to effects due to mutual recoil or to
recoil from soft emissions.

The recoil of the jet axis due to collinear radiation can be relevant for § > 1 (see
e.g. ref. [35]), but as discussed in ref. [27], is avoided by properly aligning the jet axes.
For 5 < 1, the jet axis can in addition recoil against soft radiation, leading to nontrivial
perpendicular momentum convolutions between the jet, beam, and soft functions for recoil-
sensitive axes (see e.g. refs. [11, 36]). Recoil-free jet axes avoiding this issue can be defined,

4For 3 = 2 they have been computed before in refs. [6, 7, 9].
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e.g., through a global minimization of N-jettiness,

Ty = min Z Z 70 ()

N1y MN
i m=a,b,l,....N

= min > D" fulmé)pri [ 0di(pi) = dm(pi)) - (2.21)

N L, N I#m
Other sets of axes deviating by only a sufficiently small amount, i.e. by an angle < \2/8,
yield the same result up to power corrections.

The measurement in the beam region requires a separate discussion, as the beam axes
are fixed by the collider setup. However, one can still avoid transverse momentum convo-
lutions by making a less granular measurement of the jet energies or transverse momenta,
with a procedure analogous to the one discussed in ref. [27]. Momentum conservation in
the direction transverse to the beam implies

N
WP = Do+ Pry = G+ D P (2.22)
m=1

where pr ,, is the transverse component of the m-th jet momentum, so that measurements
of the jet transverse momenta (or of the pr of a recoiling leptonic state) within a bin
size Apd > ]9%)\2/7 for v > 1 and Apd > pA? for v < 1 allow one to integrate over the
unresolved transverse momenta and eliminate residual transverse momentum convolutions.
This leads to the appearance of the common beam functions which are known at one-loop
for y =1 and v =2 [12-15].

The soft function, which we are primarily interested in here, depends on the measure-
ments 7™ in the different regions, the angles between any collinear directions n; - ny,, and
the distance measures d,, involving the jet radius. If either a jet or beam measurement is
SCETy; type, it also involves a dependence on the rapidity renormalization scale v besides
the invariant mass scale u. The (bare) soft matrix element is defined as

S5 (ke fu} L) = (O[T () TT 60w — T0) Vul{ru})]0) (2.23)

Here 7™ denotes the operator that measures 7™ on all particles in region m, i.e.

%(m)’Xs> = Z T(m)(pz) H e[dl(pz) - dm(pz)] ’Xs> . (2'24)

1€Xs l#m

The color matrix }A/,i({nl}) is a product of N + 2 soft Wilson lines pointing in the collinear
directions ng,np, n1,...,ny. For a given partonic channel, each of these is given in the
color representation of the associated external parton with the appropriate path-ordering
prescription. In the following, we use a normalization such that the tree level result for §]"i,
is diagonal in color space, §X,(O) =1n][,, 0(km).

The full one-loop soft function for processes with at least one final state jet is so far only
known for specific cases. In ref. [1] it has been computed for the thrust-like N-jettiness with
B =~ = 2 using them simultaneously for the measurement and partitioning as in eq. (1.2).

- 12 —



(a) (b) (c) (d)

Figure 4. One loop contributions to the soft function with multiple collinear legs. The vertical
line denotes the final-state cut. Diagrams (a) and (b) vanish in Feynman gauge and dimensional
regularization, while (c) and (d) lead to eq. (3.2).

In ref. [37] the one-loop soft function for angularities with # > 1 in eTe™ collisions has
been calculated also for a common measurement and partitioning. In the following we
will extend these calculations to arbitrary angularity measurements (including jet mass)
and jet vetoes (including a standard transverse momentum veto) at pp-colliders with the
separate partitionings as described in section 2 (including the anti-kp case). At one loop,
our results with a global measurement in the beam region are identical to those for the
corresponding jet-based vetoes.

3 General hemisphere decomposition at one loop

The Feynman diagrams for the computation of the one-loop soft function are displayed in
figure 4. The virtual diagrams vanish in pure dimensional regularization and the real radia-
tion contribution associated with only one collinear direction vanish in Feynman gauge due
to nf = 0. Thus the one-loop expression is given as a sum over real radiation contributions
from different color dipoles each associated with two external hard partons,

S (ko } b {dm}) = STy - T Si({km . {dim}) (3.1)
1<J
with 4,5 = a,b,1,..., N and
eEy?ye [ di v\ ni-n;
Sij({km}, {dm}) = _292( Amr ) /(QW)d (2170) m
x 216 (p?) 0(p°) F({km}, {dm},p) - (3.2)

We have included a factor to account for the regularization of possible rapidity divergences.
Since (v/(2po))" — (v/7;-p)" for p* — (71;-p)nt' /2, the common expressions for the rapidity
regularized jet and beam functions can be used. By contrast, naively applying the Wilson
line regulator in refs. [16, 31| for every single collinear direction would give the factor

n n’
v v 2 pt(ngp) v >n 1
T X| 7/ — — — . 3.3
(!m-p—nz“m) (|nj'p—nj'l)!) (ni'l) |72 - |/ (33)

=

n
2
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The additional factor |7; - 71;|~"/2 leads to different finite O(n°) terms, which would lead to
a hard function that differs from the standard MS result, and hence we chose not to use this
regulator here. While refs. [16, 31] chose the spatial ps-component for the regularization,
in particular to preserve analyticity properties for virtual corrections, we choose here to
only introduce a regulator for real radiation corrections, for which the energy component is
suitable.® This is related to a moment of the exponential rapidity regulator used in ref. [39].

The function F' incorporates the phase-space constraints on the single soft real emis-
sion. In terms of the N-jettiness measurements 7™ (p) with given distance measures
dm(p) for m =a,b,1,... N it reads

F({km},{dm},p) = > 6(km — T (p)) [ [ 6(k1) 0(di(p) — din(p)) - (3.5)
m l#m
To compute the integral in eq. (3.2) for arbitrary (one-dimensional) measurements and
a general phase-space partitioning we generalize the hemisphere decomposition employed in
ref. [1]. Our method is based on the fact that the full (IR, UV, rapidity) divergent structure
of the soft function contribution S;; is reproduced using arbitrary (IR safe) measurements
T®, TG that asymptotically satisfy eq. (2.4), and using arbitrary distance measures
{Jk}, with the only requirement that emissions in the vicinity of the axes n; and n; have
to be assigned to regions ¢ and j, respectively. Having found a combination of measures
that allows for an analytic calculation one can then compute the mismatch to the correct
measurement and phase-space partitioning in terms of finite (numerical) integrals.
The most straightforward choice to enable an analytic calculation with the same sin-
gular structure as the full result is to employ directly angularities as measurements in the
regions 4, j which are defined by thrust hemispheres, i.e. to use

~ Bi _Bi ~ Bj _B
TO(p) =i (ni-p) 2 (Ri-p)' "2, TY(p) =cj(n;-p) 7 (Ry-p)'~ 3 (3.6)
with the distance measures
~ n'L . p ~ n s . p ~
di(p) = Pt dj(p) = Jp ; dgzig(p) =00, (3.7)
7 J

We have included factors p;, p; to allow for the possibility of nonequal hemisphere regions ¢
and j, which we will exploit in section 4 to analytically calculate the result in the small-R
limit. Taking into account the difference to the actual jet boundaries and measurement,
we decompose the measurement function F' for the dipole correction S;; as

F({ki}, {di},p) = Ficj({ki},p) + AFici({ki},p) + Fi<i({ki},p) + AF;<i({ki}, p)
+ Z F‘Z'T({kl}7{dl}7p)v (38)

m=a,b,1,....N

SRapidity regulators that only act on the real radiation contributions have been used earlier in the
literature [38] (the regulator we use for our multi-jet situation differs from theirs). An alternative would
be a rapidity regulator for the dipole that preserves analyticity and hence can be used for both real and

n
vn; - nj

—_ ] . 3.4

(2|m-p—nj~p\> (34

This regulator does not have an obvious interpretation as coming from the soft Wilson lines.

virtual corrections in S;;, of the form
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with all indices distinguishing separate beam regions a,b and

Ficj({ki}.p) = 6 (ki — TD(p)) 0 (njp]p - mplp) g5(kl)7
AFc({la).0) = [o(k = TOW) - (ks = TO@)] 0 ("2 = "2 ) T o).
Pj Pi 1

Fij({k}. {dn}.p) = [8(ki = TO @) a(ky) = 8(k; = TV (9) 3(ks)|

<0 (2 ") 0000 - i) TT 06t - i) o).

FI'9 ({ky}, {dn}, p) = [5(km — T (p)) 6(k:) — 6 (ki — T (p)) 5(’%)}

9 <npp _ "pp> 6(di(p) — dm(p)) ge(dl@) — () 6(1)

+ (i ¢ j). (3.9)

The terms Fj<i, AFj;, and Ffj in eq. (3.8) are defined in analogy by replacing i <> j
in these expressions for Fj.;, AF;.; and Fi;. A specific example for this hemisphere
decomposition is illustrated in figure 5.

The Fiq denote the measurement of 7 in the hemisphere 4, which can be computed
analytically and encodes all divergences. The measurement contribution AFj.; is present
if 7( is not identical to the angularity 7). It corrects for this mismatch within the hemi-
sphere boundaries and therefore does not depend on the final partitioning. Since 7 and
T yield the same collinear and rapidity divergences and also the soft divergences cancel
in the difference of the two IR-safe observables this is a finite correction. The remaining
pieces Fj; correct the measurement with the hemisphere boundaries to the actual partition-
ing given in terms of the distance measures {dy}. Here the superscript m indicates that the
measurement of 7™ instead of 7 or 7U) needs to be performed in the associated phase
space region where d,,, is minimal. For m = ¢ and m = j this corresponds to the boundary
mismatch corrections between the regions ¢ and j. The only singularities in the phase
space mismatch regions are soft IR divergences which cancel between two IR safe measure-
ments, such that the corresponding correction to the soft function is also finite and can be
calculated numerically in terms of finite (observable and partitioning dependent) integrals.

We decompose the contribution of the j dipole to the soft function in direct corre-

spondence with eq. (3.8)

Sij({’ﬁ}? {ne}, {dn}) = §i<j({kl}7 <§z‘j)+ASi<]’({kl}, gij)+§j<i({kl}7 §ij)+ASj<i({k‘l}, §z’j)
> SH(k} Ada} ). (3.10)

m=a,b,1,....N
where the terms on the right-hand side distinguish between two beam regions with separate
measurements.
The expressions for the individual terms follow by replacing the measurement
F({ki},{dn},p) in eq. (3.1) by the corresponding term in eq. (3.8). The hemisphere correc-
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analytic _ finite -

= T (@) + - 7@
Fi<j ) AF1i<j }
analytic _ finite -

Fj<i AFj<i

ﬁnite finite

A
[iile e

\ \

Figure 5. Illustration of the hemisphere decomposition of the measurement function in eq. (3.8)
into analytic contributions containing all divergent corrections. The remaining finite corrections
accounting for the mismatch in measurement or partitioning can be computed by numerical inte-
grations. The color of the filling indicates which variable is measured. For simplicity we illustrate
a case where the correction Ffj vanishes.

tions to the soft function S’Kj and S’j<i have been calculated analytically for 8; = 2 in [1].
For 3; # 1 the result has been given in ref. [37] in terms of a finite numerical integral. The
latter can be evaluated analytically and vanishes for p; = p;. This yields the bare result

SPEY (), 4 5k{ ﬁ(ki)—ill ﬁ(k> 3.11
i<j ({ l} S]) 4 51 H ! M§z<] ! ﬂ§i<j E,szi<j 0 M§i<j ( )

+5(k¢)[%—%2—(61-—2)(5,5—1)9(%& )m (Z“ )]m( )}

€ j j

with the rescaling factor §;<; given in terms of the angular term 5;;, with

Bi

_ Di . . n; - N 1 — cosb;; . niny 1+ cosb;;
§i<j—ci<p_;5ij> T &= 12 = > L = 12 L= 5 <. (3.12)
The plus distributions £,, are defined as
O(y) In"
La(y) = [M} : (3.13)
Yy +
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For 8; = 1 the computation is carried out in appendix A which gives the result

B ks 8 ki 1 v P
SfBl 1 2 Sl Oés 5 { ( i ) . L ( v > |: —|—1H< l§7, >:|
i<j ({ki}, 845 H e G ne; 0 wnei ) |Ln ny pj ’

l7ﬁz
2
+5(kz-)[4—22+1 ( Pigs )++9<”“ 1>ln2<p:§]>]
ne € e \p\p 6 Pj Pj
+0(®, e)} . (3.14)

The hemisphere results §j<i are given by simply replacing i <> j in eqgs. (3.11) and (3.14).

We will now explicitly display the corrections to the hemisphere results in egs. (3.11)
and (3.14) in terms of finite integrals that can be computed numerically. Depending on
the specific partitioning and N-jettiness measurement, different integration variables can
be appropriate, e.g. the rapidity n and azimuthal angle ¢ in the lab frame (i.e. coordinates
with respect to the beam axis) or the relative rapidity 1’ and azimuthal angle ¢’ in a
boosted frame where the collinear directions n; and n; are back-to-back. The former is
usually more convenient for the conical (anti-k7) distance measure in eq. (2.6) since the
integration boundaries are just circles in the n-¢ plane, while the geometric measures in
egs. (2.7)-(2.9) involve naturally the momentum projections n; - p, n; - p for which the
variables 7/, ¢ are usually more practical (see refs. [1, 37]). For definiteness we use here
beam coordinates, since our general N-jettiness measurements for pp — N jets in eq. (2.1)
and also the distance measures in egs. (2.6)—(2.9) are displayed in terms of those, and
since our main focus will be the anti-kr case. First we write the momentum projections in
egs. (3.2), (3.6) and (3.7) as

ng - p = pr 9k(n, ), g - p = pr 95 (1, ¢) (3.15)
with
9a(n,®) = go(n, ¢) =e™ ",
gb(n, ¢) = go(n,¢) =€,
h m) m
G0 (0, §) = — (n = UCO)SMCOS((b ém) ,
h m - ¥m
Gmso(n,0) = — (n+ncol;n(:s(¢ Pm). (3.16)

Keeping only the e-dependence in the phase space integration of eq. (3.2) which is required
to regulate the soft singularities, we can write the correction terms as

s 2 d i
ASicj({ki}, 3i5) = —%Mz /0 f@ /_ﬂdé/ U o ng](m ¢)AFi<j({kl}>p) + O(e),
(3.17)

and similarly for Sj7. We can then use that

u%/j’jﬁge [6(ki) 6 (km — prfm(n, ) — 8(ki — prfi(n, ) 0(km)]

T

— (k) ico(";’j) - i,co(’;) 5(km) — ln<m) 5(ki) 5(km) + O(e) . (3.18)
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To obtain the correction AS;; we replace in eq. (3.18) kp, — ki, frm — fi=c g?’/Q Zl bil2

giving

ASici({ki}im) = == Dy (fis313) [T 6(k0) (3.19)

l

in terms of the angle dependent integral I ;; which depends only on the observable T
(via f;) and the angle §;;,

fissliodi) == /-wdqb/_ood”l <ci[gi<n,¢>1ﬁi/2 [92(77,¢>)]15i/2> 9:(1:0) 95 (1, 9)
9i(n, @) gi(n, ¥)
><«9( .’ ) > : (3.20)

Similar expressions appear also in ref. [40] in computations of soft corrections for general
event shapes in eTe™-collisions. Finally, the non-hemisphere correction Sij can be written
as (see also refs. [1, 37])

(i Aands) = 2 [o0) Lo (%) = Lo (2 ) )| 1, (a5 TT stk

H l#i,m
+ 175 ({di}, fis fms 845) Hé(kz)} + (i ¢ 4), (3.21)
l

in terms of the integrals I§’; (and I7".), which depends on the partitioning and the angle

0,71 .
8ij, and the integrals I, (and I7";), which in addition depend on the measurements 70

(7'(]')) and T(™). These are given by

31] ;
IOlj({dl} Sl]) /Trdqb/ ¢)g](777¢)
w <93(777 ¢) _ ) [T 6 (@i dm(n,9)),  (3.22)

Pi I£m
() i i) = 22 [ a6 [~ dnln(@?((”’ )))gi(n,qb)lgj(w

xe(gﬂ(g‘b gil )H9d177¢ n(n,6)).  (3.23)
J Pi l#m

The above expressions allow for a determination of the N-jet soft function at one-
loop for arbitrary measurements and distance measures. In practice, evaluating these
integrals can be quite tedious, since the phase-space constraints can lead to slow or unstable
numerical evaluations. For the one-jet case and distance measures we consider next we solve
for the integration limits allowing for fast and precise numerical integrations.
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4 L + 1 jet production at hadron colliders

4.1 Setup

As a concrete example for the comparison of numerical results we discuss the case pp — L+1
jet. Choosing ¢y = 0 without loss of generality the lightcone direction of the jet is given by

nf; = (1,ny) = (1 ,O,tanhnj> , (4.1)

"coshny

In this case we partition the phase space only into a single jet and a beam region and the
observable is given by

= Ta(pi), for dp(pi) <dj(pi),
[ Z{ Ti(pi),  for dy(ps) < dp(p;). (4.2)

1

For T3 = T and 7; = TW we use the parameterizations in eq. (2.1) to specify the
observable. As jet observables we consider angularities defined by

Angularity TJ’B : fﬁ(nia ¢i) = RiBJ (43)

where R;; denotes the distance of the emission ¢ with respect to the jet axis as defined
in eq. (2.10). Among these is for § = 2 the observable 7}5:2(1)1-) = 2coshn(ny - p;) cor-
responding directly to the measurement of the jet mass, m% ~ p‘%’]}ﬁ :2, as exploited in
refs. [25, 41, 42]. In contrast to eq. (3.6), which is the more common definition in ete™
collisions, we have defined the angularities in a way which is invariant under boosts along
the beam direction and corresponds to the measurement for the Conical Geometric case
in ref. [27] with the specification 7 = 1 (including the XCone default and the Recoil-Free
default). For § =1 the definition in eq. (4.3) also corresponds to the default way to study
N-subjettiness [26].
As measurements of the beam region observable (or jet vetoes) we discuss

beam thrust 75 (y=2): fE(n) = el 7

1
C- t 2 =2): Cn) =
parameter Tg (v ) fe(n) 2coshr’
transverse energy 757 (y=1): fB'(m)=1. (4.4)

These choices include both SCET-type observables (beam thrust and C-parameter) and
SCETqi-type observables (transverse energy). Thus, with the various choices for 75 and
T7, we cover all possible combinations of observable types for which the factorization was
discussed in section 2.3.

4.2 Computation of the soft function

The color space for the soft function S} with three external collinear directions is one-
dimensional and we write the one-loop expression in analogy to eq. (3.1) as

SEO ({k;}. {dj},ns) = T - T Sap({ks}, {dj}n0) + Ta - T Sas({ks ), {dy Yo m)
+ Ty - TS ({k;}, {d;}.ns), (4.5)
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where Sp; can be inferred from S,; due to symmetry,

Sb]({kj}a {dj}7 77J) = SaJ({kj}v {dj}a _nJ) . (46)
For a pure gluonic channel x = {g, g; g} the color factors are

C
Ta-Tb:Ta-TJ:Tb-TJ:—7A, (4.7)

while for the channel k = {g, ¢; ¢} (and in analogy for its permutations)

Ta'Tb:Ta‘TJ:—%, Tb‘TJ:%—CF, (4.8)
The expressions for the Feynman diagrams of the corrections Sy, and S, are given by
eq. (3.2) with N = 1.

Following the hemisphere decomposition in section 3, for the beam-beam dipole cor-
rection S, the full hemisphere corrections, i.e. without considering the jet region, can be
computed analytically for the measurements in eq. (4.4). Thus the contributions Fa<b,
Fb<a, AF,, and AF,., in eq. (3.8) can be represented by a single function th‘)le encod-
ing the full measurement of the beam region observable 7p in the whole phase space. We
therefore write the measurement function F' as®

F({k;}Ad;}, 1) = FE™°({k;},p) + F({k;}, {d;},n7,p) ,
Fgre({k;},p) = 6(kp — prfe(n)) 8(ky),

i ({kj}, {dY,m.p) = [5(7?3) 6(ky—prfin,¢)) — (ks —prfa(n)) 5(1@)]
x 0(dp(n) —di(n,9)) (4.9)
which is illustrated in figure 6. The analytic corrections S(Vlvbhde corresponding to thde can

be easily obtained from egs. (3.11) and (3.14) (and using eq. (3.20) for the C-parameter),
see also e.g. refs. [16, 43, 44],

{
S () = 0t {200 (22) = 2o (22 1 [ 5 < 2ok + 000
oo B 2) BB )
+6(kp) [8 - g + % 111(:) + 7;2} +om, e)} (4.10)

5Compared to section 3 we perform here the decomposition for a single beam region.
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Figure 6. The hemisphere decomposition adapted to the case of a beam-beam dipole (i = a,
j =b). The circle indicates the jet region defined by dg(p) > d;(p).

The remaining correction S&]b due to the angularity measurement in the jet region is of
O(R?), i.e. the jet area, and is given by

st @ hom) = 2Bt o) ~o(2) = Leo(%2) ste)
1L}, (o) 806 3 |

ol =+ [ o [ ano(antn) ~ dstn. ).

Rttt} (30 =+ [ a6 [~ anw(HDY o(dnto) - astnn). @)
™ J - —o0 /B (77)
If)], o corresponds just to the jet area in the 7-¢ plane and is identical to R? for the conical
and the geometric- R measures, while for the conical geometric measure there are deviations
of O(RY).

In order to compute the integrals for the beam-jet dipoles, one can follow the hemi-
sphere decomposition as presented in section 3 which yields numerical corrections of O(1)
and logarithmically enhanced terms for small R. However, we will present here a more
efficient adaption of this decomposition exploiting the fact that for the measurements con-
sidered in this section the soft function can be computed analytically in an expansion in
terms of the jet radius R. As already discussed in ref. [42] this provides a fairly good
approximation for not too large values of R. In the following we will compute numerically
only deviations from these results, such that the numerical integrals will scale with powers
of R thus avoiding large cancellations for R < 1.7

First, we can choose in eq. (3.9) the parameter p; such that for R < 1 it yields a
conical shape for the jet region with an active area wR?. In this limit all distance measures
considered here lead to the same partitioning as shown in figure 1 with deviations being
suppressed by R. Using eq. (3.16) the associated condition for the parameter p; reads for
the aJ-dipole (with p, = 1)

' ) RZ
d dno ) | = gR2. 4.12
[ oo [ amolosern - i <o (412

"We have checked that the numerical results from the two alternative decompositions agree.
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Expanding the phase space constraint in the small- R limit gives an analytic relation for p 7,

o 1+ tanhn;

ps(R) = pf[1+OR)] with pff = R* ——

(4.13)
The soft function corrections due to the measurement of angularities in the jet hemisphere
can be computed analytically. If the corrections due to the measurement of the beam
region observable in the beam hemisphere can also be computed analytically, all remain-
ing numerical corrections will be automatically small for R < 1. This is the case for the
transverse energy veto, where eq. (3.14) provides an exact hemisphere result for arbitrary
p. However, for a general veto (including beam thrust and C-parameter) we have not ob-
tained an analytic hemisphere result. To avoid large numeric corrections from the term
AF,jin eq. (3.9), we can instead decompose the hemisphere measurement function Fy. s
into a piece without constraints due to a jet region and its measurement, calculated ana-
lytically in ref. [42], and a subtraction term in the jet hemisphere (with the measurement
of the beam region observable), which can be computed in a series expansion in R. For
the correction S,y we thus write F' as

F({ki}, {dn},ns.p)
= Fucy({ks}, RBonysp) + Frea{ks}, Rongop) + Y Fay({ki}, {dn}, 00, p)

m=J,B
= FEhOIe({kl}vp) - F‘(]B<a({kl}a Ranva) + FJ<a({kl}7 R7 77J7p)
+AFJB<LL({kl}aRa 77J7p) + Z Zl]({kl}a{dnhn‘]ap)a (414)

m=J,B

where

Fre({ki},ns,p) = 6 (kg — prfen)) d(ks),

Fia{ki} Rong,p) =6 (ks = prfa(n—ns)) 0(ky) 9<na P n;ép> :
J

FJ<a({kl}7 R7 nJ:p) - 5(k3) 5(kJ - prJ(% ¢)) 9(”& P n;Rp> ’
J

AF7 ({ki}, Ryng,p) = [5(1€B —prfe(n—mn1)) —6(ks —prB(U))} o(ky)
ol o, nip
9( ©PTTR > ’
FB (K}, {dn}ns,p) = [5(7613 —prfe()) d(ks) — 6(kg) 6(ky — prfi(n, ¢))}

< 0(ds(n, 6) — d(n)) e<na p- T "’) ,

Py
Fl (Ui} Adu}msp) = [(k5) 6 (ky = prf(n, @) = 6(kn — prfa(m) (k)]
< O(an(n) = o 6) 6 (" < nap). (415)
J
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Here the expanded measurement of the beam region observable in the jet region is denoted
by Tg = prfe(n —ns) with

Fetn=ns) = fang) e =L oy en. (4.16)

pr

The corresponding decomposition of the soft function is given by

SaJ({kl}v{dn}anap) = WhOIG({kl} nJ,P ) g?<a({kl} 77J)+SJ<a({kl}vRv77J)

+AST ({ki}, Rony) + Z oy Lk {dn}ima) (4.17)
m=J,B

where each individual term is given by replacing the measurement F({k;},{d,},p) in
eq. (3.1) by the corresponding term in eq. (4.14). This decomposition is illustrated in
figure 7. We now discuss the different pieces in turn, giving the associated results.

The term th"le corresponds to the measurement of the beam observable within the
complete phase space without constraints due to the jet region. In the context of pp — L+1
jet this correction was calculated in [42] for the measurements in eq. (4.4) and denoted by
Sp therein.® The bare corrections are given by

ST ({k} ) = 4; 5(kJ){1677J 9(—77.]); Loy <k;f) +6(kp) {—8767‘] 0(=n.)
L) 30| + 010}
SOl C () ) = 4;5(/<;J){81n<1 + tznh ”J> L (k;f) +8(kp) [_4 ln(Htanhn‘]>

€ 2
+ 4 Lis <1+ta;h77J> +21n? (W) — 81In%(2coshny) — 2;:]
0},
Su T ({ki}, ) = 5(k:J){; Lo <ku) [i LA 81H<U€_nj>:|
-3

L () T vowa ) (118)

+6(kp) [
The measurement of the beam region observable leads to a different divergent behav-

ne €

ior for radiation collinear to the jet axis than for the jet measurement. This requires the
computation of the analytic piece —Ff@ (in the jet hemisphere) to correct for this mis-
match. For its calculation we employ a measurement 7z which is linear in the momentum
component n, - p and identical to the beam observable 7p in the vicinity of n; (i.e. for
n — ny), see eq. (4.16). In dimensional regularization the associated correction gives just

8For an energy veto at e*e™ collisions the associated “inclusive” correction to the one-loop soft function
has been first computed in [45]. For pp — dijets also the correction from the jet-jet dipole can be calculated
for a pr-veto [46].
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Figure 7. The general adapted version of the hemisphere decomposition for the case of a beam-jet
dipole (¢ = a, j = J). The first line represents terms which can be calculated analytically, while
the second and third line contain finite, numerical corrections which vanish in the small R limit.

the result for the hemisphere contribution in [1] (with an appropriate rescaling factor),

- s S8R kR _é R kpR
Srcalthul Bong) = 0 5(kJ){NfB("7J) El(MfB(”U)) e 1 fa(ns) £O<MfB(77J))

2
+ L% - %] 5(k3)} . (4.19)
The term Fj., corresponds to the measurement of the jet observable in the rescaled jet
hemisphere. The results for the angularities defined in eq. (4.3) can be obtained analytically
from the hemisphere results in eqgs. (3.11) and (3.14) and a finite correction coming from
eq. (3.20). The latter accounts for the difference of the boost invariant jet angularity in

eq. (4.3) from the generic definition in eq. (3.6) and is calculated in appendix A. In total
we obtain

k 4 1 k
B#1 J 4 J
Sz kit Rony) 4 ﬁ 1 {uRﬁ T (uRﬁ_l) R EO(,uRﬁ—1> (4.20)
92 2
e

SEZA({k}, Ron) = (@){2 L (ﬁ) (M) R en( )] e
)

— 2B -1)(B—2)0(R— 1)ln2R) +0(6)},
I w)n 2pcoshny

i
4 2 4 2
(— - 5+- (L)J_ +20(R — 1)1n2R)

o ;

€ € 2p coshny

O(n, e
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The analytic contributions in the small R limit are given by

Sas({ki}, Rong) = Sy79°({ki} na) + STea({}, Rong) + Ssca({ki}, Rong) + O(R™?)
(4.22)

where the displayed terms are O(R?) corrections and depend only logarithmically on R.
They are independent of the specific partitioning (jet definition), and for R < 1 yield
the full result up to power corrections. In the context of an effective theory for a small
jet radius the soft radiation is factorized into different types of soft modes [42, 46-48].

th(’le applies to wide-angle soft radiation, which does not resolve the

The measurement
jet region but depends on the Wilson line of the jet. The corrections §?<a and Sj<,
correspond to the results for the matrix elements of “soft-collinear” and “collinear-soft”
modes, respectively, in the nomenclature of ref. [47]. These are boosted and constrained
by the jet boundary. In the limit R < 1 the beam-jet dipoles give the same results,
Sag = Spy, and the Wilson lines from the beams a and b fuse giving a total color factor
Ty (Tq+Ty) = —T7 [41].

The measurement corrections AFJB@,
analytically, but are again finite corrections that allow for a numerical evaluation. The term

FB oy and F(;] 7 can be in general not computed

AF JB< o corrects the subtraction in the jet hemisphere from the measurement in the beam
region with fp to the correct observable fp. As in section 3 we can write this correction
in terms of an integral in 7-¢ coordinates,

Qs
AS§<a({k’i}7 R, 77J) = ? AIEaJ(fBa R, 77J) 5(k3) 5(kj) ’ (423)

with

e e fp(ns) nj-p
A0 aJ(fB’R n) = / d¢/ COSh (n—my)— cosgbln( enfp(n) >9<na-p—p§>

R+1
ZQ(R—l) |:/0 dxhl(fB,nJ,x)—i—/R ) dth(fB,R,nJ,ﬂf):|
R+1 -
+0(1-R) /1 daha(fs Rony.a), (1.24)

where we have defined the integration variable x = €"~" and

2 fB(n1)
hl(fBaT/J’x) - |l’2 _ 1| ln(xfB(T]J +1D$>)

r—1] [(1+2x)?— R?
z+1\| R?—(z—1)2

h2(fBaRa77J7$): ll_iarCtan<| hl(vanJa ) (425)

This correction depends also only on the specific shape of the hemisphere for a given value
of R, but not on the general partitioning. Since the full integrand does not exhibit singular
behavior close to the jet axis (i.e. for n — 1y and ¢ — 0), it scales with the jet area for a
smooth measurement in the beam region, i.e. Alf(u is O(R?).”

9We have checked numerically that for the transverse momentum veto with fg(n) = 1 the integral

Alfa‘] vanishes for R < 1 and gives —41n? R for R > 1 as implied by the full analytic hemisphere result in
eq. (3.14).
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The terms FZ oy and FEL] ; correct for the difference between the actual jet definition
(through the partitioning) and the employed jet hemisphere with scaling parameter p}}.

Their contribution to the soft function directly corresponds to eq. (3.21). Sf] is given by

800 o) = {18, b [30h) 120 22) = Lo (B2 1)

+IECLJ({dn},{fn},ma(kB)é(kJ)}, (4.26)

where the relevant integrals depend now on the specific distance measures and are given by

el
Baslddom) = = [ a0 [~y o C (1.27)

x 0(ds(n,¢) — dp(n)) 9<R2€T”777 — 2cosh(n —ny) +2cos QS) ,

gt (b = 5 [ [~ an g S m(Jo )

x 0(dy(n,¢) —dp(n)) 9<R26”J*’7 — 2cosh(n —ny) +2cos (Z)) .

In analogy, S”

o7 s given by

Sttt honn) = S g b [300) S0 () = Lo (B2 ) sa)

oo\
+fi’,ax{dn},{fn}mJ>6<kB>a<kJ>}, (4.28)

with
Bastdndn) = 5- [ o [~ an B0 (1.29)

x 0(dg(n,d) — d;(n)) 9(2 cosh(n —ny) — 2cos ¢ — R2€77J—T]) 7

e="J fi(n, ¢)
Il aJ({d } {fn} 77]) / d¢/ COSh 77 nJ) — cos ¢ 1n<fB(777¢)>

x 0(dg(n,d) — d;(n)) 9(2 cosh(n —ny) — 2cos ¢ — R2€77J—T]> _

These integrals scale individually as O(R), but yield in total O(R?) contributions, as ex-
plained in appendix B.2.1° We will discuss in appendix B how the numerical evaluation
of these integrals can be carried out efficiently by explicitly determining the integration
domains. While a full analytic calculation of these does not seem feasible in general, it
is possible to compute them in an expansion for R < Ry (where Ry denotes the generic
convergence radius where the expansion breaks down). We calculate the terms at O(R?)
in appendix A.2. Such an expansion has been also applied in [49, 50] for the inclusive
jet mass spectrum where it was found that O(R*) corrections have a negligible impact for
phenomenologically relevant values of R.

'0This holds only for a smooth measurement in the beam region. For the beam thrust veto and |s] < R
the resulting total correction is of O(R) due to the kink at n = 0.
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4.3 Summary of corrections

To give a transparent overview of all corrections we display in the following the structure
of the full (renormalized) soft functions for all combinations 8 # 1, 8 =1 and v = 1,2.
Since egs. (3.11) and (3.14) encode the full u- and v-dependence of the soft function,
one can directly read off the counterterms for the soft function absorbing all 1/e- and
1/n-divergences. These result in the well-known one-loop anomalous dimensions for the
associated soft function defined by

d K K K
M@‘gl ({k1}7 {dl}v N7, 1, V) - /dk/BdeT’YSl({kl - k;}? Ny, K, V)Sl ({k;}7 {d2}7 nJ, K, V)?

d
v St(kid Aditng, pv) = /d’f%d/ffr’ygl,u({ki—ké},M)Sf({k’é}, {di},ns,pv). (4.30)

The v-anomalous dimension is only present for 8 = 1 or v = 1. The explicit one-loop
expressions for all cases read

k(1) . _ag(p) s 11 kg
Yoy 1z ({Ki}s g5 1) = = QFO{TJB 1;50 p 6(kp)

(T (’“j)é (T2 - T§>nJa<kJ>5<kB>},

r(1) A a(p) 1 1 kg
751757&177:1({]%}:77&%”— e QF{ T3 1 P d(kp)

—(T? + T?) ln<:>+(T —T?)7 }5(&])5(1@)},

K k
(kb m) = QFO{(T2 +1t .co( j) (k)

<2,ucosh77J> +(Ta - Tg)m] 5(kJ)5(kB)}7
1 980 8(ks) (k) { (12 + T3+ T (2 )

r(1
755,1)3:1,7:1({]{71}7 TIJ? /’L7 I/)

+ T?] In(2 coshny) + (T2 — T3) nJ} : (4.31)

for the p-anomalous dimensions with I'g = 4 being the coefficient of the one-loop cusp
anomalous dimension. The v-anomalous dimensions are given by

K Qg k

’st,lg,ﬁyél,y:l({ki}’ 1) = 4( ) 2T (T2 +T}) — £0< 5) §(ky), (4.32)
K Qg k

’7583,5:1,y:2({ki}a p) = 4( ) 2Ty T — 50( MJ> d(kp),

A0 oGk ) = 28 o {(Ti £ Ly (’jf) 5(hy) + T3 2 .co( - ) 5<k3>} .
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For g # 1 and v = 2, i.e. SCETy jet and beams, the renormalized result for the
one-loop soft function reads

Q
»

v

SE G o (Ui {dih 4;){T Tb[llfﬁl (’“j)a(m)

+sab,B<{di},m>(;co ) 51~ 2o (’jj)é(kB))+sab,5<{dz-},{ﬁhm)é(@)&kﬂ
ey | o 2 (B2 o) + #£1<kj>6<kﬂ

1

k
+ sq7,8({di}, n7) L J

6(ky) + sass({di}sns) i Lo (u) 6(kp)

5
=5 =

N
5
<
S S— N P

+ saJ,(S({di}’ {fl}a 77J) 4

—

kr) (kB)] +Ty- Ty [UJ < —UJ} } : (4.33)

For 8 # 1 and v =1, i.e. a SCETT jet and SCETy beams, the result reads

P (ke A ng v )—0‘4( ){T Tb[m/:l <kj)5(kJ)—f£0<kB) n(”)5<kj)

S:‘i(l
7 [

+sab3<{d}m( o (2002 20(52) 80k ) s L3 60k 00|

)
SR IO A
+ Sas,8({di}, 1) 50 k;f) 6(ky) + sass({di}ns) — ﬁo(ﬁj) 6(kp)
+ sarslldh ()10) 8000 8ke) | + T T s &5 | ], (1.34)

For 8 =1 and v = 2, i.e. a SCETY; jet and SCET| beams, the result reads

S ok Ay ) = 2 {Ta T, [15 “ (?) (k1)
E2) a0 ) +suna . i) 00) 80 80|

e m
i < Jo-36(3) i) 2 ()

+ sas,8({di}, 1) (ﬁf) 6(ky) + sass({di}ns) — ﬁo(ﬂ) 6(kp)
1)

+ sarslldh ()10) 8000 8he) | + T T s &5 | ], (435)
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For 8 =1 and v =1, i.e. SCETy; jet and beams, the result reads
K s 16 k
Sl,(Bl)zl,'y:l({ki}v {di}ana H,y l/) = a4S:L) {Ta . Tb |: »C1 (f) (k]) —- — LO( p ) ln('u) 5(/€J)
+ sann({di}, 1) (150(’23)5(@) — o )6<k3>> + sans (1}, {fi} ) 6(@)6(@)}

+Ta.TJ[ .Cl(]jj) S(kp) — Mz:o(’jﬁ 1n<2uc(;’shm> 5(kp) + -~ Ll(kj) 5(ky)

= 2o (Z2) (2 80) + sasnded ) % £0(%2) 60ks) + 50 (i) 1 £0(22) 8(kn)
t suna({dih, {£ikns) 3(k) 6(1@)] LT, T, [m " —m} } | (4.36)

Using the analytic results in egs. (4.10), (4.18), (4.19) and (4.20) the coefficients of the
distributions are given by

sab.({di},n7) = 413 ({di}, ) ~ 4R?,
7T2

sava({di}, 5. £7.00) = =5 + 41w ({di}. . 7. 1)
sabs({di}, 1§, £7.11) —w2+4ffab<{d} 5. £5.m1),
sabs({di}, F55, F7m0) = — +4fl (i}, FE ] na)
sasB({di}, ms) = ( ns+InR) —AIF, ;({di},ng) + 415 oy ({di}, i) |

)

) =

SaJ,J({di}> nJ —8In R + 4IO aJ({d } TU) 4Iél,aJ({di}7 77J) )
sass({di}, [5, 15, m5) = —4Lig (e 21 + 49310(ns) — 0(—n))]
™

+2In® R[28 — (B —2)0(R —1)] + 8|ns|In R — " ﬁaﬁ#

+4AIIBiaJ(f§7R7nJ)+4 Z IlrtLaJ({di}vfgvf?sz)a
m=B,J

1+tanhn; o (14+tanhny

Lhanhy o Lbtonhg

5 5 )+47]3—|—81an1&(2 coshny)

SaJ,(s({di}) fg, f§7 77]) = 4L12(

+2m2R[28 — (8- 2)0(R —1)] — ~ [4 + % 5@51]

6 8
+4AIEQJ(f§aRanJ)+4 Z I{Y,Zaj({di}afgaffan])v
m=B,J
pr P 2 w? B
SaJ,ﬁ({di}va 7f]777J):2/81n R[2_9(R_1)] +€ 2_ﬁ5’8¢1
+4 Z I ({di}, f o f ), (4.37)

m=B,J

where dg+1 = 1 for 8 # 1 and zero otherwise. The numerical integrals I(]] o and I b are
defined in eq. (4.11), IB ', and IP "oy are defined in eq. (4.27), IJ oy and I{ o are defined in
eq. (4.29) and AIEQJ(fB,R ns) is given in eq. (4.24).

As one can see from eq. (4.37) the soft function contains Sudakov double logarithms
In R and lne” which deteriorate the perturbative expansion of the soft function for a
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Figure 8. The coeflicient s, s for the various distance measures and with the small R results
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Figure 9. Same as figure 8, but for R = 1 as function of 7.

small jet radius and forward jets and may require an all-order resummation. This can
be achieved by additional factorization of the soft function in the framework of SCET
theories as discussed e.g. in refs. [42, 47, 48, 51-53].

4.4 Full numerical results

We now compare the contributions to the soft function, shown through plots of the various
coefficients sqp, Sq of the distributions defined in eq. (4.37). Our main focus is on the jet
mass measurement (5 = 2) but we also show a few results for a jet angularity measurement
with 8 = 1 in figure 13. We consider the various partitionings described in section 2.2 and
beam region observables in eq. (4.4).

The contributions from the beam-beam dipole s,; s are shown in figure 8 for n; = 0
and |ns| = 1 as a function of R, and in figure 9 for R = 1 as function of 7. The results
deviate from the O(R) result away from R = 0, in particular also for the phenomeno-
logically relevant values R ~ 0.5. However, including the O(R?) corrections, the analytic
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Figure 10. The coefficients s, ;5 and s, s for the various distance measures and with the small
R results. These are independent of the specific measurements in the beam and jet regions. Shown
are sqgp for ny = —1,0,1 in terms of R (left), 4.5 for ny = 0 as function of R (middle) and for
R =1 as function of 7 (right).

contributions agree very well with the exact results for central rapidities even for values
as large as R ~ 1. These O(R?) corrections are the same for all distance measures, which
explains why they behave very similar, and they are enhanced by logarithms of the jet
radius, as can be seen from egs. (A.15) and (A.22). For the transverse momentum beam
measurement with a conical anti-kr jet (red curves in the right panels of figures 8 and 9),
there are in fact no higher order R corrections beyond O(R?) for Sap,s- Otherwise, the
next corrections are O(R?) except for the beam thrust case with || < R where they are
O(R?) due to the kink at 7 = 0. This explains the larger deviation between the analytic
O(R?) beam thrust result and the exact result for 7; = 0 as seen in the top-left panel
of figure 8. At large jet rapidities there are sizable differences between the geometric-R
measures and the conical (and conical geometric) measure, which is due to the different jet
shapes illustrated in figure 1.

Results for the beam-jet dipole coefficients s, p and s, s are shown in figure 10 and
these coefficients are independent of the measurements in the beam and jet regions. For
central rapidities both coefficients differ very little between different distance measures.
Away from n; = 0 there are noticeable differences between the geometric-R, modified
geometric-R and conical (anti-k7 and XCone) measures, as can be seen in the right panel
of figure 10. In figure 11 we plot s, for ny = —1,0,1 as function of R and in figure 12 for
R =1 in terms of ny. Once again results are shown for the beam-thrust, C-parameter and
pr-measurements and § = 2. Compared to the beam-beam dipole, the coeflicients are not
any more symmetric in 17 <+ —ny. Furthermore, the O(R?) corrections are not universal
for different partitionings, which can lead to sizable deviations for R ~ 1, especially for
forward jets. This is clearly visible for s, s, as shown in the right panel of figure 10,
or e.g. for s,75 with 7y = 1 shown in the middle row of figure 11. The analytic results
including O(R?) corrections that are shown correspond to the conical partitioning. The
difference with respect to the exact result is very small up to values of R ~ 2 for all
measurements in the beam region, suggesting that the effective expansion parameter is
R/Ry with Ry > 2. For the geometric-R measures the corresponding O(R?) corrections
(not shown) are also close to the full results for R < 1, but deviate much stronger for large
values of R.
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Figure 11. The coefficient s,;s for the various distance measures and with the small R results
for beam thrust (left column), C-parameter (middle column) and pp (right column) for a jet mass
measurement (8 = 2) for n; = 0 (top row), n; = 1 (middle row) and n; = —1 (bottom row) as
function of R.
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Figure 12. Same as figure 11 but for R = 1 as function of 7;.

In general, the results for anti-k7 and XCone jets are almost identical for isolated jets
and reasonable values of the jet radius, as expected from the very similar shapes displayed
in figure 1. This will be different when the distance between jets becomes less than 2R, as
illustrated in figure 2. Furthermore, since the shape of isolated anti-k7 and XCone jets is
invariant under boosts along the beam axis, the results for the corresponding soft function
coefficients sqy B, Sab.s, SaJs> Sas,g and 5475 do not depend on the jet rapidity when using
the (boost invariant) pp-measurement in the beam region.
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Figure 13. The coefficients sup,5 (top row) and s,;5 (bottom row) for a jet angularity with 5 =1,
for the various distance measures and with the small R results for a pr jet veto in the beam region,
for n; = 0 in terms of R (left column) and for R =1 in terms of n; (right column).

For different values of 5 the qualitative behavior looks similar. To illustrate this, we
display the coefficients sq, 5 and 5,75 for 8 = 1 and the pr-measurement in figure 13. The
most noticeable differences between the distance measures are again between the (modified)
Geometric-R and the conical measures away from central rapidity.

5 Conclusions

In this paper we worked out a general setup to calculate one-loop soft functions for exclusive
N-jet processes at hadron colliders. This method applies to any jet algorithm that satisfies
soft-collinear factorization, and for generic infrared- and collinear safe jet measurements
and jet vetoes, as long as they reduce to an angularity in the limit where they approach
the jet/beam axis. The soft function is calculated using a hemisphere decomposition of the
phase space, extending the approach that was used in ref. [1] to calculate the N-jettiness
soft function. The divergences are extracted analytically, such that numerical computations
only arise for the finite terms.

We also demonstrated how the method works in practice, providing explicit expressions
for single jet production pp — L+ 1 jet for several cases: angularities as jet measurements,
beam thrust, C-parameter, and transverse momentum as jet vetoes, and anti-kr and XCone
as jet algorithms. We optimized our method by expanding the finite corrections in the jet
radius R, obtaining a fully analytical result in the limit R <« 1. It turns out that the
remaining (numerical) contributions are rather small, even for relatively large values of R,
thus improving the stability.

With the soft functions discussed in this paper, one can calculate resummed cross-
section at NNLL or NLL’ accuracy for exclusive jet processes at the LHC. This same
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soft function also enters in jet substructure calculations, see e.g. the 2-jettiness calculation
of ref. [54], and the subtraction techniques could prove useful for other jet substructure
calculations as found in ref. [52].
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A Analytic contributions for pp — L + 1 jet

In this appendix we collect some details about the analytic calculation of several soft
function corrections for pp — L+1 jet discussed in section 4. We discuss the jet hemisphere
correction to the soft function for angularity measurements in appendix A.1, and compute
the analytic results for the O(R?) terms of the soft function coefficients in eq. (4.37) for
anti-k7 in appendix A.2.

A.1 Hemisphere soft function correction

We perform the calculation of the jet hemisphere correction for the boost-invariant angu-
larities defined in eq. (4.3), i.e. Sg<y in eq. (4.17). It is given by the integral

278\ d4 g M
sJ<a<{kl},p,nJ>——2(“ )g/ ( P L on6(p2)0(p°) Frca({km}s ps 10, D),

47 2m)4 (ng-p)(ny-p)
(A1)
with the size of the hemisphere adjusted by the parameter p and the measurement given by
nj-p
Frca{km}, p.ny,p) = 0(ky — PTRg) 9(% p— P ) d(ks), (A.2)

in analogy to eq. (4.15). Here R; = Rss denotes the distance of the soft emission with
momentum p* with respect to the jet direction in azimuth-rapidity space as defined in
eq. (2.10). Let us define the momentum projection py along a generic light-like direction
ny and the angular distance between two light-like directions 3;; as

n; - N 1 — cos 0;;

Dk =Nk P, 8ij = 5 = 5 ) (A.3)
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For any ij-dipole, the gluon four-momentum can be decomposed as

Di pPj
o I Il
V=55, - 25, " tPL (A4)
with the integration measure given by

1—2¢
d4—2e

p= 2§ZJ dpi dpj dpLij dQQ_QE . (A5)

The boost-invariant jet angularity can be expressed in this basis, by first writing

pTRg = (2p; cosh nj)ﬁm(pT)lfﬁ/z, (A.6)
and then substituting
N L UL RN (A7)
q Pl

The function G(q, ¢) is given in general by

1 1
A oA 2 ~ A 2
- . $1:8n;
g(q7 gb) _ (sa] SaZ 2 _9 Safsazqcos ¢> <§b] tfb’L 2 _9 bf bZQCOS(QS—Agbij)) .
Sij Sz'j Sij Sij
(A.8)

Here ¢ is the azimuthal angle in the two-dimensional L;;-space, and A¢;; is the difference

in azimuth (with respect to the beam axis) between the dipole directions ¢ and j. Thus
the jet angularity can be written as

prR = pr, a7 1 (G(q, )P/ (2coshn,) P2 (A.9)
Let us specialize to the case ¢ = a and 7 = J. The hemisphere phase space is given by

Hemisphere J < a: (g0 —q), qo= /P Sas, (A.10)

with 8,7 = e /(2coshny). For the case § > 1, dimensional regularization regulates all
the divergences. Using the basis of eq. (A.4), after the trivial integrations and changing
variable from py to ¢, eq. (A.1) reads

Sy<a{ki}, piny) = —

292 p2e7®\ © (2coshny)Be 5k
(27)3—2¢ A k1+2e (kp)

q0
/ A, / 1%(51 [G(g, )] *. (A.11)

Performing the integrals and expanding in e,

as 6(ks) [ 8 k) 41 ky
SJ<(Z({]{:Z} Ps 77J) 4 6 1 |: rB—1 El(/.l/?“’g_1> - E/J,T'B_l £0<Mrﬁ_1>

7T2

+8(ky) (32 o e R VCE 2)1) + (’)(e)] : (A.12)
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where 7 = (2coshn; e~ p)'/2 and

1 (" [®d
- o /0 L ooshn; G(a. )] = 0(r = ) (A.13)

Setting p = p%(R, 1) as defined in eq. (4.13) yields r = R and thus the result in eq. (4.20).
For the case f = 1, one can see from eq. (A.11) that an additional rapidity regulator
is needed as ¢ — 0, which can be chosen to be (v/2p°)7, as discussed below eq. (3.2).
Following a similar procedure, one obtains the result of eq. (4.21).

Alternatively, one can get the hemisphere soft function for boost-invariant angularities
by adding the finite correction in eq. (3.20) to egs. (3.11) and (3.14), which correspond to
the standard angularities in ete™-collisions defined in eq. (3.6). Using the same variables
defined above, one gets

411,J<a:_2(5_2)/w dqs/qodqqln[ 2coshy G(q, ¢) ]
o

T 1+ e217g2 — 2em7 g cos ¢

RenJ RenJ
=26-2)|0(R-1)In*’R-20 ———— —1 ) In? ([ —— ) |. Al4
@ ){ (-1 R (2cosh77J ) ! (20081177.1)} (A1)

By adding this correction to eqgs. (3.11) and (3.14), with ¢; = (2coshn;)?~1, one recovers

again the results in egs. (4.20) and (4.21).

A.2 Corrections at O(R?)

Here we outline the analytic calculation of the soft function corrections in eq. (4.37) at
O(R?) in the small jet radius expansion. A similar computation has been performed in
ref. [50] for a jet mass measurement in dijet processes close to the kinematic threshold. We
give the results for a conical (anti-k7) jet with the measurement of arbitrary jet angularities
and general smooth jet vetoes (including in addition the beam thrust case).

First, we consider the contributions from the beam-beam dipole. Here the O(R?) cor-
rections are the leading contributions that account for the jet region. Since the deviations
between the jet boundaries for different partitionings are in addition power suppressed by
the jet radius all sets of distance measures discussed in section 2 lead to the same result at
O(R?). The term Sqb,B i eq. (4.37) corresponds to the jet area giving s, p = 4R?. The
coefficient sqp s is given by the integral in eq. (4.11), which yields at O(R?)

Sabs = i/_oo dAn/_7r d¢ <§1n[(A77)2 + ¢2] — lnfB(nJ)> 9<R2 _ (An)2 o ¢2) + O(R4)
_2R? [ﬁ(z mR—1) - 21nfB(nJ)} +ORY. (A.15)

In fact, for conical jets and a transverse momentum veto, i.e. fg(n) = 1, any higher order
corrections in R vanish, so that eq. (A.15) provides already the exact one-loop result for
this case.
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Next, we discuss the contributions from the beam-jet dipole, which in general differ
for different partitionings. The corrections for real radiation inside the jet region can be

written as
() _ _ O 2e VT 1 1) ) _ )
SaJ - _%e’YEGH F(% . 6) kL1]+26 |:IaJ,R<<1 + (IaJ - IaJ,R<<1) ) (A]‘G)
N
where [ é‘PR «1 denotes the leading small-R result at O(1) and AT C(L”p contains all corrections

which are suppressed by the jet size. The latter term can be expanded in € and is given up
to O(e) by

1 o s
A1) =~ [~ ann [ a6 0ldntn + An) - dss + B, 6. R) (A.17)

eAn 2
X [(coshAn —cos¢  (An)?+ (;52>
49 <6A77(§ In[2 cosh An—2cos¢| —Insin¢|) BIn[(An)*+¢?] —21n|¢|>}
€ — .

cosh An—cos ¢ (An)2+¢?
Expanding the integrand in R yields for conical jets
1 7 B
AR —R|-+e[=—Z4+(B-1)ImR+m2)|. A.18
The corrections for real radiation inside the beam region can be similarly written as
(B)_ @ 2e VT 1 B (B) _ /(B)
S — _T;evEeM Er(l iy ]f%;zf [ ot R T (I, — IaJ,R<<1)-‘ . (A.19)
2
N

Here AIélj) acts as a subtractive contribution inside the jet region and is given by

1 o0 K
AL =~ [ any [ 46 0ldnts + A) — dstns + A0, 0. )

e B 9
X [(coshAn —cos¢ (An)z n ¢2)
n 26<€A77(1I1 fe(n) —Injsing|)  2(In f(ns) — IHW\))] | A20)

cosh An — cos ¢ (An)2 + ¢?
Expanding the integrand in R yields for conical jets and a smooth function fp(n)

L (O 25+ 50 (Fpon)\
2" (6 I R-+n fis (1) + fe(ns) <fB(77J)> i 2)]

AL — R

(A.21)

Using eqgs. (A.16), (A.18), (A.19) and (A.21) the soft function coefficients at O(R?) for the
beam-jet dipole contributions read for anti-kp jets

(kr) (k) 2
SanJ oR2) _SafB oR2) —R%,
2
(k7) 2 B 2fp(ns) + fe(ns) (fé(m))
s =R InR—=—1n — + A.22
0l oy = T | PR =5 ~Infi(m) F50n) i) | A
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Since the beam thrust veto has a kink at n = 0, eq. (A.22) does not fully determine all
power suppressed terms up to O(R?) if [n;| < R. In this case the next-to leading correction
is of O(R) and the additional contribution with respect to eq. (A.22) reads

16R
As =0(1—|x|) { [\/1 22 +|z|(In(2|z])— )arccos|x]—’x2‘ C12<arccos(1—2:c2)>]

i 47TRQ [77 (6(—z)—6(z))+3z\/1—22+arcsin(z) — 2z|z| arCCOS|$|)] +O(R3)} ’

2
(A.23)
where x = 17 /R and the Cly(#) = Im|[Liz(e™)].

Results for jet regions from a different partitioning can be obtained by considering
deviations from the circular jet shape in addition. For the conical geometric distance
measure in eq. (2.9) corresponding to a XCone default jet the results at O(R?) are the
same as for the conical measure (i.e. for an anti-kr jet).

B Numerical evaluation of soft function integrations

We discuss the numerical evaluation of the boundary mismatch integrals [ J and [ [z] ; in

q. (4.27) for pp — L + 1 jet. To compute them efficiently we need to determine the
integration bounds. These depend on the relations between the distance measures dg(p)
and dj(p) and between the projections n, -p and ny-p/ps used for the analytic calculation
of the hemisphere results. We discuss here the explicit boundaries only for the most
important case, the conical (anti-k7) measure. For the geometric measures (including the
conical geometric XCone measure) one can follow a strategy similar to [1] using coordinates
based on the lightcone projections n, - p and ny - p. Furthermore, we also explain why the
integrals encoding the corrections to the small R limit give only a moderate numerical
impact, even for sizable values of the jet radius.

B.1 Integration bounds for the conical measure

For the conical measure the integration boundaries can be most easily obtained in beam
coordinates 7, ¢. The conditions from the measurement functions in eq. (4.15) read

FB . R?<(An)?>+¢®> and pye " coshny < e>"(cosh An — cos @),
FJ 0 R2> (An)?+¢? and pye " coshny > e2"(cosh An — cos ¢). (B.1)

We use the value p; = ,01} in eq. (4.13), which eliminates the dependence on the jet rapidity
ny (in favor of the jet radius R) in the second relation and leads to integrals which are power
suppressed in R. (The computation for arbitrary p; can be carried out similarly.) The
associated hemisphere mismatch regions are displayed in figure 14. For F C;] 7 the integration
boundaries read

/OO dAnfr dp0(R® — (An)* - ¢) 0 (";;f — N ~p>
oo —r J

Themi (1) R2—(An)? R VR2—(An)?
:/ dAn/ d¢+/ dAn/ dop+(p < —¢), (B.2)
Ul Phe n 0

o(R) hemi (A7,1) hemi (1)

hemi
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Figure 14. Tllustration of the phase space misalignment between the hemisphere jet region with
ps = p% (blue, dashed) and a conical jet area (red, solid) for n; = 0 and R = 0.5, 1. 0 1.5. The
areas which do not overlap correspond to the integration domains of the integrals IZ, and I,
respectively.

where we have defined

An _ R2 A
o (an. 1) = avccos( U e~ ). (m3)
and n9(R) is the solution of the transcendental equation
max 2
[0 (R)? + [$hemi (n0(R), R)]” = R*. (B4)

For Ff] we get

/OO dAnfr dgo((An)? + ¢* — R*) 0 (na p— "J]'f)

Py

-R ¢hen)1(1(A"77R) nO(R) ¢hme?;1(i(A777R)
— (R <1) / dAn/ d¢+/ dAn/ do
Mremi (R) 0 —-R /R2—(An)?

L O(R. >R [ A ws [ aa e & d)¢ nO(RdA e (S0t )dqb
> >1 n / + / ] / + /
() R N/z=roe

max

/ A / Taot [ W aan [ do A ¢hemimm )d¢
o[ o [ asn | +f ”/
—o0 0 -R VR2—(An)? (R) R2—(An)?

+ (¢ —9), (B.5)

+6(R > Ry)

where we have defined
Mhemi(R) = In(1 = R), n(R) =1In(R — 1), (B.6)
and R, ~ 1.28 is the solution of the transcendental equation
Ne(Rr) = =Ry (B.7)

With these explicit limits the integrals can be evaluated efficiently.
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Figure 15. Illustration of the phase space misalignment between the hemisphere jet region with
ps = p (blue, dashed) and a conical partitioning (red, solid) for n; = 0 and R = 0.5,1.0, 1.5 in the
boosted frame where the jet and beam a are back-to-back. The areas which do not overlap scale as
the integrals [ fJ and [ [1] 7, respectively. The black dotted lines indicates the analytic result for the
conical measure at O(R). The associated corrections to the coefficients $4.7.7, S48 correspond to
the areas between the dashed and solid curves.

B.2 Power suppression of boundary integrals

We have seen in figure 14 that for a small jet radius the jet region from the hemisphere
decomposition with p? and the actual conical partitioning largely overlap giving small
results for the non-hemisphere corrections. However, for R ~ 1 the areas in the n-¢
plane begin to differ very significantly, which might suggest that the associated corrections
become very large in this regime and the results for the small R-expansion do not provide
a good approximation. As we have seen in section 4.4 this turns out not to be the case
since the deviations of the jet areas in the beam coordinates are not representative for the
size of the associated corrections. Instead it is more meaningful to compare the jet areas
in the boosted frame where the jet and beam direction are back-to-back and soft radiation
from the beam-jet dipole aJ is uniform in the respective rapidity-azimuth coordinates 7, gg
The associated transformation rules between the sets of coordinates are explicitly given in
ref. [37]. In figure 15 we display the jet regions in these coordinates for the conical measure
(red) and for the hemisphere decomposition with p; = pf for different values of R. The
areas which do not overlap correspond directly to the integrals I(fa ; and Ié{ o Tespectively,
while Ifa ; and Ii{ oy are (logarithmic) moments in these regions. These are individually
of ~ O(R), which can be also confirmed by an analytic expansion indicated by the black,
dotted line. In total the contributions from F f] and F (;7 ; cancel each other at this order
leading to a net contribution to the soft function of O(R?).!

For the corrections Sag,B and Sq,7 in eq. (4.37) this is obvious since only the difference between the
two mismatch areas in figure 15 enters. For the correction sqjs this holds for measurements which are
continuous functions in 7, ¢ due to the fact that at leading order in R the integrands are constant in
these areas.
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C Analytic corrections for pp — dijets

Beyond single jet production, pp — dijets is another process of phenomenological rele-
vance for measurements like jet mass. The full computation of the associated soft function
corrections for arbitrary jet and beam measurements and partitionings can be carried out
following the hemisphere decompositions discussed in sections 3 and 4. Here we compute
the analytic corrections for pp — dijets (ji,72) in a small R expansion up to terms at
O(R?), whereas the full R dependence can be determined numerically but now including
a jet-jet dipole. For definiteness and simplicity we consider conical jets with a jet mass
measurement (i.e. angularity in defined in eq. (4.3) with 8 = 2) and a pr jet veto. For

generic R < /2 we can write the renormalized one-loop soft function as!?

40 o2 (a3 s
+ sab,B(R) ( < >5 (k) —£0<IZ>5(/€B)5(’€2)—Co<lf>5(k3)5(kl)>

+ Sabs(R) 0(kp) 6(k )5(/@)} + Ty - To [ Ly (M) O(k2) 6(kp) + — p £1 (%) d(k1)d(kp)

+ s12.5(R, Arpia) (ico ’Z) (ko) + £0<’jj>5(k1)>5(k3)
+ s12,5(R, Ami2) ! 50<kj> 6(k2) + s12,5(R, A7712)5(k1)5(k2)5(k3)]
T, Tl{ < )5( )3 (ko) +> ﬁl(kM )5(k1)5(k2)—8£0(M)ln(Z)é(kl)é(kg)

+ 8a1,1(R) Lo </Z1> d(kp) 0(k2) + sq1,2(R, Ani2) ; Lo (Z) 5(kp) d(k1)

4 sars (R, Anno) ; Lo ("”f) 5(k1) 8(ks) + sa1.5(R, Ana) 8(kis) 8(ky) 5(1@)]

+ Ty - Ty [Anm — —Anm] + Ty - T2 {(klyk%nl) — (@Jﬂﬂh)}

+ T, Ty [(kl, kaymi, Ama) — (ka, k1,12, —A?’]12>:| } , (C.1)

where Anio = 11 — 1y is the difference between the rapidities of the two jets and
Ry = Ry = R < 7/2. The replacements in the last line are always with respect to the
terms with the color factor T, - T;.

The contributions from the beam-beam dipole are equivalent to the case of single
production given in eq. (4.37) and appendix A.2, i.e.

2
sapB(R) = 4R* + O(RY),  saps(R) = —% +4R*(2InR—1) + O(RY). (C.2)

2For R < /2 (i.e. as long as the jet regions do not share a common boundary) the measurements and
partitioning are invariant under boosts along the beam axis, such that this correction mainly depends on
the relative rapidity of the jets Ani2 and the jet radius. Since the rapidity regularization breaks boost
invariance, there is, however, also a residual dependence on the individual jet rapidities appearing in s41,5.
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Figure 16. The full coefficients sq1,2 (top) and s,1,5 (bottom) together with the small R for conical
(anti-kr) jets for a jet mass measurement (8 = 2) and a pr veto, for Anja =1 in terms of R (left)
and for R =1 in terms of An;o (right).

The contributions from the beam-jet dipoles are also closely related to the ones for
single production given in eq. (4.37) and appendix A.2 with the difference that starting at
O(R?) there is now also a correction due to emissions into the phase space region of the
second jet, which concerns the coefficients s41 2, 541, and s,1 s and can be easily computed
analytically in analogy to appendix A.2. We get

s41.1(R) = —8In R — R? + O(R%), (C.3)
2 e_Anl2 4
SG/LQ(R, A?’]lQ) = —R 27% + O(R ),
cosh <T>
2 eiAn12 4
sa1,5(R,n, Amz) =8I R+ 80+ R* |14+ —————~| + O(R"),
cosh? (%)
e—Am2

5a16(R, Anz) =4I’ R(2—0(R — 1)) + R*(2InR — 1) |1+ + O(RY).

cosh? (—Agu )

We demonstrate in figure 16 that including the terms up to O(R?) gives a very good
approximation of the full results, even for R ~ 1.

The only remaining ingredient is the correction from the jet-jet dipole. The leading
small-R results have been computed in ref. [46], which we have reproduced.'® The O(R?)

13Reference [46] considers a pr-veto with a rapidity cutoff ne.;. For the jet-jet dipole the effect due to
TNeut is power suppressed in 1/eut, while for the other dipole contributions it leads to different results than
those given above.
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Figure 17. The full coefficients si2 g (top) and s125 (bottom) together with the small R results
for conical (anti-k7) jets for a jet mass measurement (8 = 2) and a pr veto, for An;2 =1 in terms
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corrections can be computed following appendix A.2. This gives

A
s12.7(R, Ania) = —81n R — R? tanh? % +O(RY), (C.4)

A
8127B(R, A7]12) = —161n<2 cosh %) — 28127J<A77127 R) N

A’Ihg 2 7'1'2
5 ) + 2(Ani2) 3

s12.6(R, Aniz) = 161n? R — 81n? (2 cosh

+ R? {2(2 In R — 1) tanh? A;m} +O(RY.

In figure 17 we compare the full numeric results for these coefficients to the analytic ex-
pressions. Again the small R expansion provides an excellent approximation of the full
result for the jet-jet dipole contribution. Together with the findings for the beam-beam
and beam-jet dipole corrections this indicates that keeping terms up to O(R?) is likely
sufficient for phenomenological purposes.

We remark that for jet vetoes which are not boost invariant, all of the dipoles, in
particular also the jet-jet dipole, depend on the individual jet rapidities. For multijet
processes or an additional recoiling color singlet state the soft function depends in addition
on the separation of the jets in azimuth. The analytic computation for these cases is
significantly more involved.
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