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Spread of entanglement for small subsystems in holographic CFTs
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We develop an analytic perturbative expansion to study the propagation of entanglement entropy for
small subsystems after a global quench, in the context of the AdS/CFT correspondence. Opposite to the
large interval limit, in this case the evolution of the system takes place at time scales that are shorter in
comparison to the local equilibration scale and, thus, different physical mechanisms govern the dynamics
and subsequent thermalization. In particular, we show that the heuristic picture in terms of an
“entanglement tsunami” does not apply in this regime. We find two crucial differences: First, that the
instantaneous rate of growth of the entanglement is not constrained by causality, but rather its time average
and, second, that the approach to saturation is always continuous, regardless of the shape of the entangling
surface. Our analytic expansion also enables us to verify some previous numerical results, namely, that the
saturation time is nonmonotonic with respect to the chemical potential. All of our results are pertinent to

CFTs with a classical gravity dual formulation.
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I. INTRODUCTION

Understanding the generation and spread of entanglement
in quantum systems for generic out-of-equilibrium configu-
rations is a topic of great interest and currently one of the most
challenging problems connecting quantum information and
statistical physics. If the system is prepared in a pure state, it
will remain forever in a pure state due to unitarity. However,
finite subsystems seem to thermalize as a consequence
of ergodicity.' A useful order parameter in these situations is
the entanglement entropy S, which is defined as follows. We
can imagine a Cauchy surface that divides the entire system
into two subsystems, A and its complement B, so that the total
Hilbert space factorizes as H,oy = Ha4 ® Hp.> On the other
hand, the state of the system is completely specified by its
density matrix p, a self-adjoint, positive semidefinite, trace
class operator. The entanglement entropy of a region A with
its complement B is then defined as the von Neumann
entropy Sy = —tr[ps logp,], where p, = trglp] is the
reduced density matrix of the subsystem A. Due to its
nonlocal character, entanglement entropy could, in principle,
reveal quantum correlations not accessible to other observ-
ables constructed from any subset of local operators O;.

“kundu@cornell.edu
ijedraza@uva.nl

"Tf we consider a finite region in a system of infinite size, the
number of degrees of freedom outside the region is much larger
than in the inside. Therefore, in a typical excited pure state, the
reduced density matrix for the finite region is approximately
thermal [1].

Notice that there can be multiple Cauchy surfaces resulting in
the same partitioning of the Hilbert space. More concretely, this
partition is specified by the (future) Cauchy horizon rather than
the Cauchy surface itself [2].
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The simplest dynamical process in which we could study
the spread of entanglement is a global quench. To describe
this process, we can consider the Hamiltonian (or the
Lagrangian) of the system, denoted by H, (or L), and add
a time-dependent perturbation of the form

HA:Ho—Fﬂ([)éHA —>Li:L0+/1(l‘)OA. (11)
Here A(r) corresponds to an external (tunable) parameter
and H, (or O,) represents a deformation of the theory by
an operator of conformal dimension A. Let us now imagine
that the perturbation is sharply peaked, i.e. A(7) ~ 6(¢), so
that the quench is instantaneous. In this case, the process is
effectively described by the injection of a uniform energy
density at t = 0 and the subsequent dynamics is dictated by
the original Hamiltonian H,. In a remarkable paper [3],
Calabrese and Cardy showed that for (1 4+ 1)-dimensional
CFTs as well as for some lattice models, entanglement
entropy for a large interval of length £ = 2R grows linearly
in time,

AS,(1) = 2ts¢q,

1 <R, (1.2)

and then saturates abruptly at 7 = ¢, = R. Here, AS, (1)
denotes the difference of the entanglement entropy from
that of the initial state (which is assumed to be the ground
state of Hy), and s, is the thermal entropy density of the
final state. As explained in [3], these results can be easily
understood in terms of causality applied to left- and right-
moving EPR pairs of entangled quasiparticles emitted from
the initial state. However, it is not clear if such a simple
interpretation could be valid more generally, in particular,
in systems with strong interactions between the pairs,
which are ubiquitous in real-world many-body systems.

© 2017 American Physical Society
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The discovery of the AdS/CFT (or holographic) corre-
spondence [4-6] opened the possibility to tackle the
problem of entanglement propagation from a fundamental
point of view. This remarkable correspondence has already
been very useful in addressing problems of strongly
coupled dynamics in various models, ranging from under-
standing aspects of quantum chromodynamics (QCD) to
condensed matter-inspired systems [7,8]. In this context,
global quenches (as the ones described above) are com-
monly modeled by a collapsing shell of matter in an
asymptotically AdS geometry. See [9—11] for early works
on this topic. These gravity solutions have recently been
employed to study the growth of entanglement after a
global quench both in (1 + 1)-dimensional CFTs as well as
in higher-dimensional theories. For large subsystems, it
was found that the evolution of entanglement exhibits a
universal linear regime

ASA(t) = VESeqAst,

foat > 1> . (1.3)

In this formula, v is interpreted as a velocity for entan-
glement propagation, which depends on the number of
spacetime dimensions d according to

_ A (da-2\F
E=Na—2\2a-1)) ="

and Ay is the area of the entangling region’s boundary
Y = OA. The linear growth (1.3) was first observed numeri-
cally in [12,13] and analytically in [14—16] and was later
generalized to various holographic setups in [17-41].
Generally speaking, f, scales like the characteristic size
of the region f, ~ £ while f,, is a local equilibration scale,
which scales like the inverse of the final temperature
fioe ~1/T. In d =2, one obtains vz =1 as in [3], so
entanglement propagates as if it were carried by a free
streaming of particles moving at the speed of light. This
suggests that interactions might not play a crucial role in the
growth of entanglement entropy; however, recent inves-
tigations have shown that this picture fails to reproduce
other holographic and CFT results, e.g. the entanglement
entropy for multiple intervals [42—44]. Further evidence
comes from the results in higher-dimensional theories.
In [45] it was shown that in free streaming models

(1.4)

d—1
free __ [T]

Eoovary

which is smaller than the holographic result (1.4) for d > 3.
This implies that the amount of entanglement generated in
these simple models cannot account for the result in
strongly coupled theories, so interactions must play a role.
Given the simplicity and universality of Eq. (1.3), Liu and
Suh proposed a heuristic picture for the spread of entangle-
ment which they called “entanglement tsunami” [15,16]
(see Fig. 1). According to their interpretation, the quench

(1.5)
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FIG. 1. Pictorial representation of the “entanglement tsunami”
for a subsystem A. The entanglement is carried by a wave that
starts from the its boundary X (depicted in red) and propagates
inwards at a constant speed vp. The shaded region has been
covered by the tsunami wavefront (depicted in orange) and is now
entangled with the region outside of A. The white region is
currently not entangled but it will become at a later time.

generates a wave of entanglement that propagates inward
from the boundary of the subsystem A, with the region
covered by the wave becoming entangled with the outside
B. They further conjectured that after local equilibration
is achieved, ¢ > 1/T, the instantaneous rate of growth
defined as

1 ds,
R(1) = —
( ) Squz dt

(1.6)

is always bounded by the tsunami velocity, i.e.
R(r) < vg. It is important to emphasize that, in spite
of its name, vy is not actually a physical velocity so
a priori it is not obvious that it must be bounded by
causality. More recent works have shown that for large
subsystems this is indeed the case [45,46]. The authors of
[45] proved it using the positivity of mutual information,
while [46] used inequalities of relative entropy with
respect to a thermal reference state. Thus, if the con-
jecture on the maximum rate of growth is true, we can
conclude that max[R(r)] < 1.

For small subsystems, the situation is much less under-
stood. In this case £ < 1/T $0 ty < .- The evolution of
the subsystem and its thermalization take place before local
equilibration is achieved and it is not clear if the growth of
the entanglement should satisfy a simple law like (1.3).
Furthermore, since this linear behavior was one of the main
assumptions of [45,46], the bound on the maximum rate for
the entanglement growth does not apply in this regime.3
Indeed, later in this paper, we will show that this is actually
the case: besides the strict large interval limit, max[R(7)] is
not necessarily constrained by causality. We will further
show that for small subsystems, the linear regime (1.3)
is absent and thus, the heuristic picture in terms of a
entanglement tsunami breaks down. This is indeed

3 Another assumption of [45] that is not valid for small
subsystems is the fact that mutual information with the vacuum
part subtracted is not generally positive definite. This can be
easily checked from the analytic result of mutual information for
small regions, e.g. [47,48].

086008-2
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expected: in this regime, the characteristic wavelength of
the thermal excitations Ay, ~ 1/7T is much larger than the
size of the system, so a model of local interactions within
the entangling region cannot possibly account for the
growth of entanglement and its thermalization. Finally,
we emphasize that our results for the growth of entangle-
ment in the limit of small subsystems apply only for
instantaneous global quenches in CFTs with holographic
duals. More generally, we expect the precise growth of
entanglement in this regime to be sensitive to the details of
the theory and the quench itself.

This paper is organized as follows. In Sec. II, we study
the spread of entanglement for large and small intervals
based on the analytic result for holographic CFTs in
(1 + 1) dimensions. Along the way, we point out crucial
differences in the corresponding behaviors and motivate a
more systematic study for the propagation of entanglement
for small subsystems in other holographic theories. In
Sec. III, we introduce the holographic models of global
quenches that we employ in the rest of the paper: non-
equilibrium states of CFTs dual to a collapsing AdS-RN-
Vaidya geometries in (d 4+ 1) dimensions. The motivation
for studying these solutions is twofold: on one hand, it will
allow us to analytically explore theories in higher dimen-
sions, so we will be able to draw more general conclusions.
On the other hand, it will give us the possibility of
explaining the behavior reported in [20,32], namely that
for near-thermal quenches (7 > u) the saturation time
decreases with increasing chemical potential. As men-
tioned in these works, understanding this peculiar behavior
may be of great relevance from a phenomenological
perspective, in particular for the physics of the strongly
coupled QGP. In Sec. IV, we explain the approximation
scheme that we use for small subregions and we perform an
explicit leading-order computation for two representative
boundary regions: the strip and the ball. In Sec. V, we
analyze in detail the different regimes of thermalization and
we compare with the corresponding results for large
subregions. We specialize to three different regimes: an
initial quadratic growth, a quasilinear growth, and the
saturation. In Sec. VI, we discuss some general properties
of the spread of entanglement for entangling surfaces of
arbitrary size, namely, the universality of the initial growth
regime, and a general bound on the average velocity,
vy = (R(r)), which is obtained from bulk causality.
Finally, in Sec. VII, we give a brief summary of our main
results and close with conclusions.

II. PRELIMINARIES: SPREAD OF
ENTANGLEMENT IN (1+1)
DIMENSIONS

Remarkably, for holographic CFTs in (1 4+ 1) dimen-
sions, the result for the evolution of entanglement entropy
after a global quench is known in a closed form [17,18].
This will allow us to explore, as a first example, the

PHYSICAL REVIEW D 95, 086008 (2017)

different regimes of the spread of entanglement for both,
large and small subsystems.

We will consider the entanglement entropy of a boundary
segment of length # = 2R and introduce dimensionless
variables,

t =2xTt, [ = 22TR, (2.1)

where T is the final temperature after the quench. In the
final state, entanglement entropy in a (1 + 1)-dimensional
CFT is given by [49]

c R c sinh [
=-1 — =1 = A 2.2
SA 3 Og<€> +3 0g< 1 > Svac =+ SA’ ( )

where c is the central charge of the theory and ¢ is a UV
regulator. Notice that we have isolated two contributions:
the entanglement entropy in the vacuum, S,,., and the
difference of entanglement entropy between the thermal
state and the vacuum, AS,. It is also useful to study the
large and small interval limit of AS,. For [ > 1, we obtain

cl
ASA = ? = SquA, (23)
where s¢, is the thermal entropy density,
wcT
seq = T R (24)

and V, = £ = 2R is the “volume” of the region A. In this
limit, entanglement entropy reduces to thermal entropy
and, thus, satisfies the first law of thermodynamics,

d(AE
( A) =T, (25)
d(ASa) |,
where AE, = £V, is the energy contained in region A, and
T2
&= ”C6 (2.6)

is the energy density of the (1 + 1)-dimensional CFT.
Importantly, in this limit, the entanglement entropy is an
extensive quantity since it scales with the volume of the
system V4. On the other hand, for small intervals, I <« 1,
we have

_ cl? B T
18 18

In this limit, the entanglement entropy also sati4sﬁes a first
law like the relation for excited states [50,51],

AS, (2.7)

d(AE,)
d(ASs)|,

= Tenu (28)

“Such a law is not expected to apply for generic time-
dependent configurations, but it is likely to hold if the system
evolves adiabatically.

086008-3
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where, again, AE, =&V,, and T, is the so-called
“entanglement temperature.” For (1 4 1)-dimensional
theories, T, is given by

3
at’
Since T, is independent of the temperature, we can
formally write

Ten = (29)

AE, €&V,
Tent TC[lt

AS, = = 5eqVa- (2.10)

Here, we have defined soq = AS,/V4 = &/T¢p in analogy
to (2.3). However, notice that in the limit of small subregions
Seq 18 not expected to be equal to the thermal entropy density.
In particular, since 7'y (and therefore s.,) depend on 7, the
entanglement entropy is not extensive in this case.

Let us now study the time dependent setup. The
evolution of the entanglement entropy after a global quench
can be written as follows [17,18]

Sa(t) = Syac + ASA(1), (2.11)

where S,,. is the entanglement entropy in the vacuum and

c sinh t
AS,(t) = =1
alt) 30g<Is(I,t)>

is the change in entanglement entropy following the
quench. The function s(L,t) is given implicitly by

(2.12)

[ V1—s?
=
+110g<2(1 +V1=s2)p*+2sp—V1 —s2>
2 20+ V1 —sD)p* —=2sp—V1-52)
(2.13)
with
Loty by L L=V (2.14)
P=3 2 \sinh?t T £Vl — 52 '
Equation (2.12) applies for any given [ as long as
t <ty =1 (2.15)
At t =t one finds that s = 1, p = coth I, and
ASA(ta) = ASeq = SeqVa- (2.16)

For t > tg,, AS, remains AS,y. Unfortunately, Eq. (2.13)
cannot be inverted analytically, so in order to extract the
explicit time dependence of AS,(t) for t < t, and fixed [,
one must proceed numerically. Before doing so, let us make

PHYSICAL REVIEW D 95, 086008 (2017)

some important remarks. For any given [, we can easily
compute the time-averaged entanglement velocity:

1 AS,

- 1 SquA o R
 SeAs Af N

—=1.
SquZ Lsat Lsat

vg® = (R(1))
(2.17)

Since the maximum growth of entanglement is bounded by
its average, max[R(r)] > v, one might wonder if this
inequality is strictly saturated so that max[R ()] = 1 for any
value of [ or, instead, max[R (7)] > 1 exceeding the speed of
light.5 Indeed, we will argue below that the maximum growth
of entanglement generally exceeds the speed of light and it
is only in the limit [ — oo that one finds max[R(7)] — 1.

In order to prove this claim, it suffices to focus on the
early growth regime (for a fixed value of [). In the limit
t <« t, one finds [16]

2

AS,(H) =S oty = 2mgr 4

3 (2.19)

Therefore, at early times, the instantaneous rate of growth
increases linearly:

2r&t
=2

R(1) (2.20)

Seq

Since, in this regime, R(7) <1, it is clear that the
maximum rate should satisfy max[R(7)] > 1 in order to
have an average v © = 1. This is true for any finite value of
[. The strict limit [ — oo is peculiar; in this case, most part
of the evolution is linear and R(z) is effectively constant
R = 1. We can understand this as follows: as explained in
[15,16], one of the relevant scales that govern the regimes
of thermalization is the local equilibration scale, #;,. ~ 1/T.
For t <« 1,,. the growth of entanglement is quadratic but
for t Z 1, (once the system has reached local equilibrium)
the evolution is indeed approximately linear. Moreover, in
(1 + 1) dimensions, this linear behavior persists all the way
to the saturation time, where the entanglement equilibrates
discontinuously. Altogether, the nontrivial dynamics of the
system takes place over the time span ¢ € [0, t,,, = R] or,
equivalently, x = /1., € [0, 1]. In the strict limit [ — oo,
it — 00 and therefore xi. = f1oc/ta — 0. Thus, in this
limit the entire evolution is effectively linear. For small
intervals, [ < 1 and t, < ., SO a linear approximation
fails.

*We emphasize that R(¢) is not actually a velocity, so it is not
obvious that it must obey causality.
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(a) Evolution of entanglement entropy for TR = 102. For this choice of parameters Xo. = fjc/fsac = 107> < 1 and the growth

of entanglement is approximately linear. (b) Instantaneous rate of growth for TR = 10%. We observe that R(¢) > 1 for x,c < x €
[0.015,0.858] which contradicts the conjectured bound on max[R(¢)]. However, in the strict limit [ — oo, R(0 < 1 < ty,) — 1 (and

becomes discontinuous at both = 0 and ¢ = 7).
ASA/ASeq
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(a) Evolution of entanglement entropy for TR = 1072, For this choice of parameters Xjoc = f1c/%sa = 10> > 1 and the growth

of entanglement deviates from a linear behavior. (b) Instantaneous rate of growth for TR = 1072. Our numerical results suggest a

maximum rate of max[R(¢)] = 3/2.

To add further evidence in support of these statements,
we can explore numerically (2.13) and study the evolution
of entanglement entropy in the appropriate regimes. In
Fig. 2, we show the results for AS,(7) and R(7) in the large
interval limit. For the plots we chose TR = 10? so that
Xioe = toe/tsat = 1072 < 1. As we can observe, the evo-
lution in this case is well approximated by a straight line,
and the instantaneous rate of growth R(r) approaches
vy ® = 1. However, R(¢) marginally exceeds this value for
Xjoe < X €[0.015,0.858] so the conjectured bound on
max[R(7)] is violated for large but finite intervals. We
also observe that as we increase the size of the region, R(7)
becomes discontinuous both at t =0 and ¢ = 7, in the
strict limit [ — oo. This agrees with the results of [15,16]
which show that, for large intervals, the approach to
saturation exhibits a critical behavior akin to a first order
phase transition. In Fig. 3, we consider the small interval
limit. Here we chose TR = 1072 so that ;.. /t = 10% > 1.
The evolution in this case deviates from a linear behavior,
which suggests that the heuristic picture in terms of a
“entanglement tsunami” fails in this regime. The instanta-
neous rate of growth R(7) clearly exceeds the average vy ©
in a good portion of the evolution: it starts off at zero,
reaches a maximum max[R(z)] > 1, and goes back to zero

at t = t,. This indicates that the approach to saturation is
generally a second order transition, rather than a first order
transition, and it is only in the limit I — oo that the
discontinuous behavior manifests. Our numerical results
suggest a maximum growth of max[R ()] = 3/2.°

III. HOLOGRAPHIC MODELS OF GLOBAL
QUENCHES IN HIGHER DIMENSIONS

A. Action and equations of motion

Given the previous evidence, it is natural to ask if a
similar behavior is also present in global quenches in higher
dimensions. Here, we will consider specific models in the
context of AdS,.;/CFT, where CFT evolves from the
vacuum of the theory to a state at finite temperature and/or
chemical potential. The starting point is the (d + 1)-
dimensional Finstein-Hilbert action with a negative cos-
mological constant coupled to a Maxwell field and an
external source,

6Regrettably, we were not able to extract this value directly
from (2.12)—(2.13). However, we will show in Sec. V B that this
is indeed the exact value for the maximum growth in d =2
dimensions.

086008-5
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S =80 + kSexts (3.1)
where S, is given by
So = % <1 / dx\/=g(R - 2A)
8zGy 2
—% / ddﬂx\/—_gF,wFﬂ"), (3.2)
and A = — d<2dL_zl).7 In the above k is a constant and S, is

the action of the external source, which we do not specify.
This action leads to the following equations of motion:

1
gaprﬂFav =+ Zg/,wFaﬂFaﬂ

— 167G\ kT, (3.3)

1
R/w - E (R - 2A)g;u/ -

0,lv=99" 9 F,) = 82Gy Vklg.  (3.4)
We are interested in dynamical solutions that interpolate
between pure AdS and a charged AdS black hole. However,
before presenting these solutions, we will first study the
static black hole solutions that are dual to the final state of
the quench.

B. Static solutions: AdS-RN

In the absence of sources (7' =0, JZ, = 0) there
is a family of two-parameter black hole solutions to
(3.3)—(3.4) known as the AdS-Reissner-Nordstrom black
holes [52,53]. For d > 3, the solutions are the following:

1 a2
ds? = (— flz)d? + 25 4 dx2> ,

f(z)
RS INCEC )
A= 0(z? =27, (3.5)

where M is the mass of the black hole and Q is the charge.
Here, 7z denotes the location of the horizon which is given
by the smallest real root of f(z) = 0. The dual theory is a
CFT that lives in d spacetime dimensions and is charac-
terized by a thermal density matrix in the grand canonical
ensemble, p = e‘/’(H‘”"), where ¢ is the total charge. The
temperature of the dual theory can be identified as the
Hawking temperature of the black hole,

_d (=20
 dnzy d(d-1) ’

1 d

T=——"—
4 dz

f(2)

iH

(3.6)

"From here on, we will set the AdS radius to unity L = 1. Itcan
be easily restored via dimensional analysis whenever necessary.

PHYSICAL REVIEW D 95, 086008 (2017)

while the chemical potential is given by

p=1imA,(z) = 0z, (3.7)
7>
For d = 2, the solution takes the following form:
1 dz?
ds> = — | —f(2)d* + ——~+d 2),
o =g (e s
flz) =1=-Mz> + Q*°7*log z, (3.8)
A, = Qlog(zy/2). (3.9)

Charged solutions in d = 2 (as the one above) have peculiar
properties: the fall-off of the fields is slower than the
standard case and identification of the source and the VEV
are subtle [54] (see [55] for a different proposal, based on
alternative boundary conditions). To avoid these issues we
will only focus on charged solutions in d > 3 and consider
the neutral case in d = 2.

It is convenient to write down the metric (3.5) in the
following form,®

f)=1- e(i>d +(e—1) <i>2(d_1), (3.10)

IH iH

where zy denotes the position of the horizon and ¢ is a
constant proportional to the energy density £ [48]. In this
parametrization, the temperature and chemical potential are
given by

2d—-1)—-(d—-2 1 d—1
p_2d=V=(@=2e 1 fa-n
drzy zu \ (d=2)
(3.11)
and can be inverted to obtain
2d
ZH = d2 > k)
4;;T[1 /1454 %)}
2b
e=a-— s (3.12)
T+ /1454 ()

Here, a and b are constants that depend only on spacetime
dimensions:

(3.13)

We will also define an effective temperature T (T, u),
which will play a crucial role:

8Notice that (3.10) also includes the BTZ black hole, which is
found by setting d =2 and ¢ = 1.

086008-6
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d T d? u?
Tgr=——==|1+4/1+=—— (5. (3.14
T dnzy 2[ +\/ T 2ab <T2>} (3.14)

From the definition, it follows that 7 interpolates between
TyrxT and Ty xp as one goes from u/T <1 to
u/T > 1, so it effectively serves as a measure of the
dominant scale in the theory. Specifically, for u/T < 1,
we have that

&L ut

T =T|1+——| = Ol=1]l- 3.15
o="] vz () vo(m)) o

In the opposite limit, we find
ud(d—-2) [ 2n a (T) <T2>]
Tef = — e |1+ —(=]+0|=]]|.

" om2dd—1) | d-2V2b\u w

(3.16)

Finally, we can express the various thermodynamic
quantities solely in terms of 7. and e. For instance, the
temperature and chemical potential can be now written as

- <2(d— 1) - (d - 2)8) -

d
(d-2) d )’ )
Similarly, the energy, entropy and charge densities are
given by
d—1 ArT o\ ¢
€= ( (dzrgl) ( - eff) g (3.18)
162G d
1 47Z'Teff d-1
=— , 3.19
= 2o ( ! (3.19)
and
(d - 2) (d - 1) 477Teff d-1
= (e-1)|—— . (3.20)
32600 \[([d=2) d

respectively. Together, they satisfy the first law of thermo-
dynamics d€ = Tds + udp.

C. Collapsing solutions: AdS-RN-Vaidya

Time-dependent solutions to (3.3)—(3.4) describing the
formation of a charged black hole have been studied in a
number of works, e.g. [20,21]. The metric in this case is
given by the AdS-RN-Vaidya solution’

"The AdS-RN-Vaidya solution in d = 2 have the same issues
as the static AdS-RN, hence we will only consider charged
solutions in d > 3. The form of (3.22) is valid in d = 2 provided
that g(v) = 0.
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ds> = Ziz(—f(z, v)dv? — 2dvdz + dx?), (3.21)
flz,v) =1=m(v)z? + (d(_dzf)ql(;})zzz(d‘”, for d > 3,
(3.22)

and is sourced by a (d + 1)-dimensional infalling shell of
charged null dust, T}' ~ k,k, with k*> = 0. The explicit
form of the vector field A,(v) will not play any role in our
discussion, so we will not transcribe it here. The metric
(3.21) is written in terms of Eddington-Finkelstein coor-
dinates, so that » labels ingoing null trajectories. This
variable is related to the standard ¢ coordinate through

dz
f(z,v)

The mass m(v) and charge g(v) are two functions that
capture the information of the black hole formation.
On physical grounds, m(v) and g(v) should interpolate
between zero in the limit ¥ — —oo (corresponding to pure
AdS) and a constant value in the limit ¥ — oo (correspond-
ing to an RN-AdS black hole). The final values should not
give rise to a naked singularity but, other than that, the mass
and charge functions are in principle arbitrary.lo

One might wonder whether such a solution could be
obtained from an actual collapse in asymptotically AdS
space, i.e. for a specific source S.,. Indeed, interesting
steps in this direction were given in [56]. In this paper, the
authors studied a collapse of a massless scalar field in the
so-called “weak field expansion.” For fast quenches, and at
the leading order in the perturbation, the solutions they
found take the form of a Vaidya geometry (3.21), with a
particular form of the metric that depends on the scalar
profile. In the dual field theory, this corresponds to a global
quench by a marginal operator, where the corresponding
coupling is the small parameter in which the perturbation is
carried out. Thus, at least in this approximation, the results
of [56] validate the phenomenological studies based on
Vaidya backgrounds from a first principle computation.
This approach was employed in [32], to the case of scalar
collapse coupled to a Maxwell field.""

Before proceeding further, let us parametrize the solution
in a slightly different way. Instead of using the functions
m(v) and g(v) we will rewrite f(z,v) in terms of the
apparent horizon zy(v) and an auxiliary function &(v)
according to

dv = dt —

(3.23)

"®However, there are stronger constrains on m(v) and g(v)
if we want to respect strong subadditivity in the boundary
theory [21].

"It is also worth emphasizing that the thin-shell limit of the
Vaidya solution is in perfect agreement with numerical simu-
lations of scalar collapse [57,58].
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) =1-e) =)+ ey - ()

fz,vzl—ev(—)—i—ev—l(—) .
2 (v) zu(v)

(3.24)

This expression is the equivalent of (3.10) now in the time

dependent scenario, assuming that we upgrade 7' — T(v)
and g — u(v). Here we are defining the function 7T'(v) as

2(d—=1)—=(d-2)e(v)
4z (v) )

(3.25)

However, strictly speaking, the function 7'(v) can only be
identified with the physical temperature in the limits
v - —o0 and v — oo, which correspond to the initial
and final states, respectively. Away from these two limits,
the system is out-of-equilibrium and the thermodynamics is
not well defined. Similarly, the function x(v) is defined as

_ U fd-n
W) = s \/(d_2)< (0) = 1),

We can identify two special cases:
(1) Thermal quench: in this case u(v) =0 which
means &(v) = 1.
(2) Extremal quench: in this case 7(v) =0, which
L _2(d-1) 12
implies £(v) = =75
It will also prove useful to define the function

15t (8]

(3.27)

(3.26)

d  T(v)

= drzy(v) 2

Ter(v)

which interpolates between the initial and the final effective
temperature (3.14).

1. Instantaneous quenches: thin shell limit

We will work in the limit where the mass and charge
functions change instantaneously: m(v) = MO(v) and
q(v) = Q0(v), respectively. This can be achieved by
considering an infalling shell of null dust with infinitesimal
thickness, which is referred to as the thin shell limit.
Naively, one might think that a thin shell would lead to an
instantaneous thermalization of the field theory observ-
ables, since in this case T'(v) = TO(v) and u(v) = pu6(v).
This statement is true for one-point functions of local
operators, e.g. one finds that (T, (¢)) ~ (Ths)6(r). On the
other hand, nonlocal observables such as two-point

"This case is often referred to as an electromagnetic quench
[13]. For d =3, due to the electric-magnetic duality, this is
equivalent to turning on a magnetic field in the dual CFT.

PHYSICAL REVIEW D 95, 086008 (2017)

functions and entanglement entropies actually take finite
time before reaching equilibrium so they provide a more
complete information of the thermalization process.

In the thin-shell limit, the function f(z,v) acquires the
general form

f(z,v) =1-0(v)g(2),

where zy and ¢ are related to the final temperature and
chemical potential according to (3.12). It will be useful to
expand (3.28) and define the following two kind of
quenches:

(1) Near-thermal quenches (7T > u):

(d=2)d*u*\ (4xTz\?
=11
9(2) ( T d
(d=2)d%2  [4aT7\2d)
1622(d— )T2 \ d

(3.28)

i
+ O(W)' (3.29)
(2) Near-extremal quenches (7' < u):
2(d —2)4! 272d'?T
o) = gz ' -y
(d —2)%=3 | dr(d —1)'/2T
- dd—Z(d_ 1)d—1 d1/2ﬂ
T2
x (uz)d=1 4 (9(—2). (3.30)
i

In both cases, we have only kept the leading order
corrections to the thermal and extremal quenches, respec-
tively. Physically, the main difference between these two
processes is the nature of the relevant excitations: in the first
case the evolution of the system is dominated by thermal
fluctuations, while in the second case it is driven by
quantum fluctuations.

IV. EVOLUTION OF ENTANGLEMENT ENTROPY
A. General considerations for AdS-RN-Vaidya

We are interested in computing entanglement entropy
in the boundary CFT. In the context of the AdS/CFT
correspondence, entanglement entropy of a region A is
computed by means of the Ryu-Takayanagi prescription
[59], according to which

1 .
Sy = Wmm [Area(T'y)], (4.1)

N

086008-8



SPREAD OF ENTANGLEMENT FOR SMALL SUBSYSTEMS ...

where GE{,HU is the bulk Newton’s constant and I’y is a

(d — 1)-dimensional surface in the bulk such that
dI'y = OA = Z. This proposal has been generalized to
time dependent backgrounds in [60]. In this case,

1
SA = W CXt[AI‘Ca(FA)], (42)
where the condition for minimal surfaces is now replaced
by extremal surfaces.
We will compute the entanglement entropy for two
representative boundary regions:
(1) A (d — 1)-dimensional strip of width Z, specified by

N
x—x] 2727
2NN
e L R SO .
X € 272:|7 l ’ 7d ( 3)

with Z| — o0. The corresponding extremal surface
I', is invariant under translations in the transverse
directions, x| . Therefore, without loss of generality,
we can parameterize it with two functions, x(z) and
v(z), satisfying the following boundary conditions:

(4.4)

The area of this surface is given by the following
functional:

Area(T'y) = A(r) = /z* dzL,
0

E;ﬁ

Zd—l x/2 —f(l), Z)Ua _ 21]/’

(4.5)

where Ay =2¢472 is area of two (d-—2)-
dimensional hyperplanes. The constant z, here is
defined through x(z,) = 0.

(ii)) A (d — 1)-dimensional ball of radius R, specified by

I"ZEZ)C? <R.
i

(4.6)

In this case it is convenient to write the dx2 in (3.21)
in spherical coordinates:
2 _ 3.2 2902
dx” = dr” + r=dQy_,. (4.7)
The corresponding extremal surface I' is invariant
under rotations. Therefore, without loss of generality,

we can parameterize it with two functions, r(z) and
v(z), satisfying the following boundary conditions:

PHYSICAL REVIEW D 95, 086008 (2017)
r(0) =R, 0(0)=r. (4.8)

The area of this surface is given by the following
functional:

A@:/hﬂﬁ
0

Azrd_z
£ Ew\/}’lz —f(U,Z)UIZ —27)/, (49)
<

where Ay = 277 R?/T'[%] is area of a (d —2)-

dimensional spherical cap of radius R. The constant z,,

here is defined through r(z,) = 0.
We could go on and derive the equations of motion coming
from (4.5) and (4.9). However, these equations are gen-
erally highly nonlinear so in practice one must proceed
numerically. Our goal here will be to develop perturbative
techniques in order to extract the explicit time dependence
in various regimes of interest.

Before doing so, let us discuss the thin shell regime,
where f(v,z) is given in terms of a step function as in
(3.28). The shell itself is located at » = 0 and is moving
towards the interior of the bulk. The regions v < 0 and
v > 0 correspond to a pure AdS geometry and an AdS-RN
black hole, respectively. A pictorial representation of the
situation is given in Fig. 4. One way to proceed is to
consider the regions » < 0 and » > 0 independently and
then match the solutions across the shell, see e.g. [15,16].
However, the analytical solution for » > 0 is not known
exactly so in practice one ends up expanding the solutions
and picking up the relevant leading contributions. In
particular, the work of [15,16] focused on the limit of
large subsystems, where the main contribution comes from
the near horizon portion of the geometry. Here, we will
consider a different approximation technique that is valid in
the opposite regime, namely, for small subsystems.

B. Perturbative expansion for small subsystems

Besides the theoretical motivation presented in Sec. II,
understanding the different analytical corners of the ther-
malization process is also interesting from a phenomeno-
logical point of view. One practical motivation is to shed
light on the fast equilibration of the quark gluon plasma
(QGP), produced at ultrarelativistic heavy-ion collision
experiments such as RHIC and LHC. In [20,32], it was
noticed that in the limit of small subsystems, for near-
thermal quenches (7 > u) the saturation time decreases
with increasing chemical potential and thus the systems
thermalizes faster. On the other hand, as we increase the
size of the entangling region (in comparison to 1/7) this
behavior becomes less pronounced and eventually the
saturation time starts increasing with the increase of
chemical potential indicating that different physics take
place at the two regimes of thermalization. Of course, these
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T2 = 2
// \\4—-‘
p T4 N AdS
Sy T
v=20 4 \\ 4 \ \\‘\
, ;
’ \\\

LAdS-RN

(a)
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Z = 24

(b)

FIG. 4. Extremal area surfaces in a thin shell Vaidya geometry for two different geometries: (a) the strip and (b) the ball. The shell
(depicted in red) moves at the speed of light and eventually collapses into a black hole. The entanglement entropy of region A grows as
time evolves until the corresponding extremal surface I'4 grazes the shell at v = 0. From this point on the whole surface lies entirely in
the AdS-RN portion of the geometry so the entanglement entropy saturates to its final value.

conclusions were based entirely on numerical calculations.
We would like to understand this behavior better, using an
appropriate approximation scheme.

In order to compute the leading behavior of the entan-
glement entropy we proceed in the following way. Consider
the functional L[¢(z); 4] for the extremal surfaces, where
¢(z) denote collectively the set of embedding functions,
{x(z), v(z)} for the strip or {r(z), v(z)} for the ball, and A
is a dimensionless parameter in which the perturbation will
be carried out, i.e. 1 < 1. We can expand both £ and ¢(z)
as follows:

Llp(2):4) = LO[p(2)] + LD [h(2)] + O(22).

$(z) = 9O(z) + 29 (2) + O(2). (4.10)
In principle, the functions ¢ (z) could be obtained by
solving the equations of motion order by order in A.
However, these equations are, in general, highly nonlinear
so in practice it is very difficult (and in most cases
impossible) to obtain analytic results. The key observation
is that at first order in 4,"

Aonsrlh(2)] = / dzLOBO (2)] + 2 / dzL0 [P0 (2)]

(n M}
+’1/ 4ehi () [d28¢i/(z) Obi(2) o

. (4.11)

Therefore, we only need ¢(”)(z) to obtain the first correc-
tion to the area. In our particular case, the expansion
parameter is taken to be A~ (T.x¢)" (for some n > 1),
where 7 is the characteristic length of the entangling region.
Now, according to the UV/IR connection [62—-64], the bulk
coordinate z maps into a length scale in the boundary
theory. In particular, since the extremal surface reach a
maximum depth of z,, then it is natural to assume that
¢ ~z,. On the other hand, the effective temperature is
related to the inverse of the apparent horizon Ty ~ 1/zy

BTo our knowledge, this observation was first made in [61].

so, from the bulk perspective, having T.7 < 1 is equiv-
alent to z,/zy < 1. Fortunately, in order to study this limit
we just need the near boundary region, which is nothing but
AdS plus small corrections. In the exact limit 4 — 0 we
expect to recover the embedding in pure AdS, which is
known analytically.

C. Explicit computation at leading order

1. The strip

Let us now make the above derivation more explicit.
Since z, is actually the upper limit of integration
in (4.11), we can first change to a new radial coordinate
y = z/z, € [0, 1]. The combination z,/zy appears only in
f(v,z), which can now be expanded as

F(0,y) = 1= 0(v)ey <Z>d + O(Z> e

ZH ZH

(4.12)

At zeroth order in z,/zy, we get f(v,z) =1 and the
spacetime is pure AdS, as expected. The leading correction
is of order (z,/zy)? so in the field theory we expect
corrections in A ~ (T.#)?. Expanding the area functional
for the strip (4.5), and going back to the original z variable,
it follows that

£0) — % X2 — 0 =20,
<
2
£ = s 2700) (4.13)

225 VX =0 =20

We also need the embedding functions at zeroth order
{x(2),v(z)}. For f(v,z) = 1 the spacetime is static so all
extremal surfaces lie on a constant-¢ slice, #(z) = 1.
Equation (3.23) then yields

v(z) =1-z (4.14)
Plugging (4.14) back into £, we obtain the standard

area functional in empty AdS, which has the known
solution [65]
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1 d 3d -2 7\ 2(d-1)
X2F1[5’2<d—1>’2<d—1>’<z> ]
(4.15)
with
N ARTRLE
_+ (4.16)

Mg

The zeroth-order contribution to the area is time-indepen-
dent and includes all UV divergences. Here we are
interested in the time-dependent part only, so we will focus
on the quantity

AA(r) 1
AS(0) = =t =y [ ALOBOG) +-oe
4Gy 4Gy

(4.17)

where AA(f) = A(t) — Aags and the dots denote higher-
order terms in A."* Note that with this subtraction AS, ()
naturally starts from zero in the infinite past. Evaluating the
leading-order term of (4.17) on shell leads to

A Zs
= 872)/ dz0(t — 2)z\/ 1 = (z/z,)24V.
24 Jo

ASA(1)
8G1(\7+1 d

(4.18)

In order to evaluate this integral, it is convenient to define a
new variable £ = ¢t — z. With this substitution, the integral
in (4.18) becomes

1= [ deon-oy/1- (- o/l

Let us consider the following three cases,
(1) 0 <t < z, and (iii) z, < £:
(i) Since both limits are negative and 6(¢ < 0) =0,
then

(4.19)

1 t<0,

I1=0. (4.20)

(i1) The lower limit is negative so we can replace it by
Zero:

= [(dete-0\/1- 16— ayzpe

t
—/ dzz\/1 = (z/z,)*4Y),
0

(4.21)

“In Appendix A we compute the first sub-leading term in this
expansion.
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{ 2(d-1)
; dfl (]}

(iii) Since both limits are positive and 6(& > 0) =1,
we get:

1F
212d

\/_F[d11]zz
=3+ REL

(4.23)

Ty
0

Notice that this last expression is independent of time, so
in this approximation the saturation time is given by

Tt

2] (4.24)

Tt = 24 =

Altogether, the leading correction to the entanglement
entropy can be expressed as

ASA(1) = ASeg{[0(2) = 01 — 1) F (t/ 1) + O(1 = 100) }
(4.25)
where AS,, is the final value of the entropy,
r 2A
ASe, = VATl Ase o (426)
16(d+ 1)U [ ]ZHG
and F is given by:
dtl 1,2
2F[ = D@D )} [ 1 — y2(d-1)
VAl

+

d-1 (1 1 d
- - - (d-1)
2 <2’d—1’d—1’x )] (4.27)

By definition the function F satisfies that F(0) = 0 and
F(1) =1, so in this range its average rate of change is
(dF(x)/dx) = 1. With this result, we can now compute the
instantaneous rate of entanglement growth,15

'SA comment on the normalization of (4.28) is in order: similar
to (2.10), here soq = AS.q/V4 refers to the equilibrium entan-
glement entropy (rather than thermal entropy) after the quench in
a volume V4. For small subsystems, the entanglement entropy of
excited states obeys a first-law like relation AE, = T, AS,,
where T, is the so-called entanglement temperature [50,51].
Therefore, in this limit seq = Seq/V4 = Ten, Where € is the
energy density of the final state.
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() = d(AS)) V4 dF
a SquZ dt - AZtsat dx
2(d + DA T
_A )1 [2("“)1] [2<d">]x\/1—x2<d—1>. (4.28)
T )

where x =1t/t, and the time-averaged entanglement
velocity:

avg Va \/EF[Z(dd—l)]
0T = (R() = A= 2
»lsat F[m]
1, d=2,
B 0.5991, d =3, (4.29)
-~ ] 04312, d=4, '
0, d — 0.

In the above, we have used the expressions for the strip,
VA = fi_Qf and AZ = Zfi_Z.

Before analyzing in detail the different regimes of (4.25),
let us first briefly comment on some generalities. In
Fig. 5(a), we plot the evolution of entanglement entropy
for some sample parameters. In general, we observe a
qualitatively similar behavior for the entanglement entropy
as the numerical results of [20,32]. Howeyver, at this level of
approximation f., ~ £ so it is clear that our result does not
capture the nonmonotonic behavior with respect to u/T
obtained in these references. In particular, for our plots we
have chosen to keep £T.; = fixed so it is clear that the
change in saturation time is entirely due to the variation of
T as we increase p/T, which is always monotonic.
We will come back to this point in Sec. V C, where we
explicitly compute the leading corrections to the 7. In
particular, we will show that the first correction is enough to
observe the expected behavior reported in [20,32]. In (b)
we plot the instantaneous rate of growth (4.28) as a function
of x = t/t. For d = 2 we get exactly the same curve as in
Fig. 3, with a maximum of max[R(7)] = 3/2, so we can
view it as a consistency check of our perturbative method.
For d > 3 the maximum rate is always below the speed of
light and decreases monotonically as we increase the
number of dimensions. We will discuss this point in more
detail in Sec. V B.

2. The ball

The computation for the ball is very similar to the case
of the strip, so we will only sketch the main few steps.
Expanding the area functional (4.9) it follows that

d-2
£0) — R‘L:E; — P2 — 2 — 20/,
Z
d-2,/2
£ Ay zr' "0 0(v) (430)

2Rd_2z?, /P2 )2 — 2y
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We also need the embedding functions {r(z), v(z)} in pure
AdS. For the case of the ball v(z) is still given by (4.14) but
r(z) now takes the form of a spherical cap [65]

r(z) = /22 — 2%,

Again, we are interested in the difference of entanglement
with respect to pure AdS, so we focus on the £!) piece
only. Evaluating this term on shell leads to:

R=z,. (4.31)

eAgzii_z

Ay (1) = —22E
8GR

/)Z* dz0(t — 2)z[1 — (z/z.)47 .
(4.32)

which resembles (4.18) and can be evaluated in a similar
way. The upshot of the calculation is

ASA(I) - ASeq{[Q(I) - 6(1‘ - tsat)]g(t/tsat) + e(t - tsat)}7

(4.33)
where
fa = 2. = R, (4.34)
ASe, = RiAze (4.35)
8(d+ 1)z G+
and G is given by:
Gx)=1-(1-x2)7. (4.36)

We can also compute the instantaneous rate of change of
the entanglement growth,

Vi dF _(@d+1) e
= — = 1— 2,
RO = a -

(4.37)

where x = t/t, and the time-averaged entanglement
velocity:

1, d=2,
, 1% 1 5., d=3,
avg A 2
1} —_—_— L — 4-38
E AEtsat -1 %, d= 4, ( )
0, d— oo.

In the above, we have used the expressions for the ball,
V=227 R T[S (d - 1) and Ay = 227 R /T[4,

The behavior of these observables is qualitatively similar
to the case of the strip. In Fig. 6, we plot the entanglement
growth and the instantaneous rate of change for some sample
parameters. For the entanglement growth curves in (a) we
have keep RT . fixed so the saturation time is monotonic in
1/ T. We will compute the first correction to z, in Sec. V C.
From the curves in (b) we observe that: (i) the instantaneous
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FIG. 5.

plots we have fixed T = 107! so that the approximation is valid and we have set the overall factor Az /4Gy

(a) Evolution of entanglement entropy for a strip in d = 3 and /T = {0, 2,5, 10} from bottom to top, respectively. For the

@+ _ . According to

(4.24), the saturation time scales as ty, ~ £ which, for our particular choice of parameters, translates into ty ~ 1/T.s. Both, the
differences in final entropies and saturation times become more pronounced as we increase the number of dimensions, but the behavior
is qualitatively similar. In (b) we plot the instantaneous rate of growth for R(x) for d = {2, 3,4, 5} from top to bottom, respectively. We
observe that the maximum rate growth only exceed the speed of light for d = 2, and decreases as we increase the number of dimensions.

AS, R
L4F
1.2F
0.015F
1.0f
0.010f 08¢
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0.2
002 004 006 008 0.0 0.12' 02 0.4 06 08 10"
(@) (b)
FIG. 6. (a) Evolution of entanglement entropy for a ball in d = 3 and u/T = {0,2,5, 10} from bottom to top, respectively. For the
plots we have set RT . = 107! and Ay/ 4G§Gl+1) = 1. In (b) we plot the instantaneous rate of growth for R(x) for d = {2, 3,4, 5} from

top to bottom, respectively. Again, the maximum rate growth only exceed the speed of light for d = 2.

rate of growth does not exceed the speed of light for d > 3
and (ii) R — 0 as x — 1 so the approach to saturation is
continuous. All these behaviors are likely to hold for more
general entangling surfaces.

V. REGIMES OF THERMALIZATION

Let us now analyze in more detail our results for the strip
(4.25) and the ball (4.33) specializing to the different
regimes of thermalization. Specifically, we will focus on
three distinct regimes: the initial quadratic growth, an
intermediate quasilinear growth and the saturation.

A. Initial quadratic growth

The initial growth regime is dominated by the behavior
of F(x) or G(x) for x <« 1. Expanding these functions
we get

d+ 1)L
( ) [Z(d—l)] 2+ (’)(xzd),

VAT

X)) =

(5.1)

and

1
G(x) = 3 (d+1)x* + O(x4), (5.2)
respectively. In both cases, the early time growth of the
entanglement is given by

A
ASy(1) = —=

—_— 2 DEEE
= 16z;’,G1(\?+1)t +-ee (5.3)

The fact that Eq. (5.3) applies for both, the strip and the

ball, suggests a universal behavior at early times; we will

comment more on this below. We can also express this

result in terms of the physical data 7 and yu. The general

expression is a little cumbersome so, for the sake of

simplicity, we will only consider the following two limits:
(1) Near-thermal quenches (T > u):

Az 4717T d
sy =—e ()
66\ d

d*(d=2) (u\?
1 = e 2
(1R (5) o)

(5.4)
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(2) Near-extremal quenches (T < u):
As 2(d =2)1yd
16G1(\;1+1> dd/Z(d _ l)d/Z—l

N C L S P
(d—1)"2p

AS,(1) =

(5.5)

This last result includes the extremal case, for

which 7' = 0.
We can also verify that our results agree with the ones
presented in [15,16] for large subsystems. This is another
clear indication that in the early growth regime the
evolution of entanglement is independent of the size
and shape of the entangling region as long as 7 < t.
Furthermore, the absence of additional geometric quantities
such as Z or R in the expression (5.3) (besides Ay itself)
implies that the quadratic growth behavior AS ,(¢) ~ 1> may
be entirely fixed by symmetries (more specifically, con-
formal symmetry). We will confirm these claims explicitly
in Sec. VI A.

B. Quasilinear growth

For large regions, entanglement entropy exhibits a
universal intermediate regime [15,16]

AS,(1) = vpsegAst, o > 13> e, (5.6)
where 5., is the entropy density of the final state,
Seq = ASeq/ V4, and vy is the so-called “tsunami velocity.”
The local equilibrium scale 7. is given by the position
of the horizon #,, ~zy, which can be rewritten as
fioec ~ 1/Tess. Of course, in this limit, the physics differs
drastically from the regime we are focusing on: entangle-
ment entropy approaches the thermodynamic entropy and
the main contribution to the extremal surfaces comes from
the interior of the bulk geometry. Another crucial difference
is that for small subsystems we cannot really talk about
“local equilibrium” before the entanglement entropy
reaches saturation. We will, nevertheless, attempt to make
a comparison between the two regimes and point out the
main similarities and differences.

Let us begin by reviewing more explicitly the results of
[15,16] for the charged case. In these papers the authors
found that for large subsystems

Ve di2<<l _Z(ddi 1)>MTU - u))%’

47ZZH T T
u= = .
d Teff

(5.7)

The parameter u lies in the range 0 < u < 1 and decreases
monotonically from its Schwarzschild value u =1 to
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u=0, as the u/T is increased from zero to infinity.
Given the dependence of (5.7) on u this implies that
turning on a nonzero chemical potential always slows
down the evolution. Let us study more closely the
small-u/T and large-u/T limits of (5.7). For small u/T
we get that, at leading order

1, d=2,
d < d-2 >d;¢11 0.6874, d =3,
v = —_— | — =
E d—2\2(d-1) 0.6204, d =4,
1/2, d — oo,
(5.8)
while for large /T (and d > 3) we get
2 (T

The fact that vg — 0 when the quench approaches
extremality implies that the linear growth regime no longer
exists. This was indeed observed numerically in [13]. In
this case, the linear growth regime is replaced by a
logarithmic growth regime.

Let us now go back to the case of small subsystems. Our
results for the strip (4.25) and the ball (4.33) indicate that in
this case the evolution is nonuniversal. More precisely,
since the normalized rate of change R(r) is different in
these two cases, we can conclude that the equilibration
process for small subsystems strongly depends on the shape
of the entangling region. Moreover, since the growth of
entanglement is not strictly linear in either case so we
cannot define a velocity in the sense of (5.6). Instead, we
will define a quasilinear regime based on the maximum rate
of growth of the entanglement entropy:

max —

1 d(ASy)
v = max[R(7)] s di

(5.10)

=T max

A few comments are in order. First note that this would be
natural way to define an analogue of the tsunami velocity
Vg SINCe at =t

ASA(1) = ASy(tmax) = VE™5eqAs (1 = tinax) + O — Ty ).
(5.11)

so the quadratic corrections to the rate of change of the
entanglement entropy vanish. However, since this linear
behavior is instantaneous we argue that the heuristic
picture for the entanglement growth in terms of a wave
propagating inwards from the boundary % does not hold in
this regime. This is indeed expected, since for small
subsystems the spread of entanglement takes place at
timescales that are shorter in comparison to the local
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equilibration scale #;,.. Second, the value of v3** generally
depends on the shape of the entangling region, so the
Eq. (5.11) is nonuniversal. For the strip, and at leading
order in 7T, we find that

¢ dF

max __

E o opgedx| .

X=Xmax

(5.12)

where F(x) is given in (4.27). The first derivative of F is
given by

dF  2(d+ )55
dx VAl i
It first increases linearly, reach a maximum at some X,

and then decreases all the way to zero, at x = 1.
The maximum is attained at:

V11—

2Ad=1) - (5.13)

&*F 1
_zzoquax:_l’

5.14
dx 2(d-1) ( )

and is given by

dF 4(d - 1)°T 3]

2(d=1)
dx X=X max \/EdZ(d;d—l)r [ﬁ}

The expression for fy, is given in (4.24). Putting all
together we find that for the strip

(5.15)

2(&1)1"[ (dl_l)]r[ﬁ]
%9 d - 21
_Joo464,  d=3, (5.16)
) 07046, d =4, '
z/d -0, d- .

We can follow similar same steps for the case of the ball. At
the end of the computation, we find that in this case

max (1+d)(d_1)%
E = 4972
3, d=2,
0.7698, d=3,
_ (5.17)
0.5413, d=4,
1/vVed -0, d— oo,

giving a lower maximum rate in comparison to the strip.
On the other hand, it is interesting that for small subsystems
the maximum velocity v3** (and more generally, the
instantaneous rate R(r)) is independent of T and pu,
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contrary to the large interval result (5.7). Thus, we can
say that vg** is independent of the state, whereas vg is
1ndependent of the entangling region. Comparing the two
quantities, we can also observe that the maximum rate of
change of entanglement entropy can be faster in the UV for
d <4 (d <3 for the ball) as long as u/T < 1, but it is
generally slower in higher dimensions. For u/T > 1, the
maximum rate is always faster in the UV.

It is remarkable that v7** can in some cases exceed the
value of the tsunami velocity v, which had been previously
proposed as an upper bound for the rate of change of the
entanglement entropy [15,16]. However, we should bear in
mind that the physics in these two scenarios is completely
different. Specifically, the bound proposed in [15,16] seems
to apply specifically to the growth of entanglement after
local equilibration has been achieved, in the strict limit of
large subsystems. More recently, the authors of [45,46]
showed that vy is actually bounded by the speed of light,
ie. vg <1, even though vy is not actually a physical
velocity. Here, we argue that v (and more generally
R(¢)) is not constrained by this bound, even though for
holographic models the violation only appears for (1 + 1)-
dimensional theories. On the other hand, it seems reason-
able to assume that for general d, the total equilibration
time 7, must be at least the light-crossing time of region A,
so the average entanglement velocity v © must be bounded
by the speed of light, v%® < 1. For the case of small
subsystems this bound holds for both, the strip (4.29) and
the ball (4.38). For large subsystems it is valid in general,
given that in this limit vy < v%® <1 (e.g. for a strip
vp = vR° and the inequality is saturated, but for a ball
vp < vy °). We believe that vy ® represents a more honest
comparison between entangling regions of different sizes.
Indeed, if we compare the results of v%° for small
subsystems (4.29), (4.38) with those for large subsystems
(5.8), (5.9) we can reach a more universal conclusion for
the process of thermalization: in average the UV degrees of
freedom equilibrate at a slower rate than the IR degrees of
freedom when the evolution is governed by thermal
fluctuations (u/T < 1) but at a faster rate if the evolution
is driven by quantum fluctuations (u/7 > 1). This con-
clusion is more robust than the one reached for vp*
because it is independent of the number of dimensions
and the shape of the entangling region A.

C. Approach to saturation

For large subsystems, the authors of [15,16] found that
the equilibration of the entanglement entropy depends
quite generally on the shape of the entangling region,
the spacetime dimension d, and the final state. For the strip,
in particular, it was found that for general d >3 the
transition is quite abrupt: the first derivative of AS,(7) is
generally discontinuous at ¢ = 7, in analogy to a first-
order phase transition. For small subregions, this stage can
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be studied by expanding F(x) or G(x) around x = 1. For
the strip we find that the saturation resembles that of a
continuous (second-order) phase transition with

ASA(t) - Seq & (tsat - t)y, Y = % (518)
However, it differs from the mean-field behavior y = 2 of
standard thermodynamic transitions. It is worth emphasiz-
ing that the phase transition observed for large subregions is
due to an abrupt exchange of dominance of extremal
surfaces at t =t The origin of this feature is well
understood since the earlier numerical studies of [17,18]:
it is due to the multi-valuedness of z,(¢) near the saturation
time, which in turn leads to a swallow-tail behavior of the
entanglement entropy. For small regions, however, the
leading contributions come from the pure AdS embedding,
which has a unique value of z,(¢), regardless of the
temporal evolution. We expect this multivaluedness to
appear at some point once we include higher-order cor-
rections in £7 ..

The case of the ball is a little more subtle. In [15,16] it
was found that, for RT . > 1, the same discontinuous
behavior also appears for d = 3 aslong as /7 > 1. On the
other hand, for general d > 4 the approach to saturation is
continuous, and is characterized by a nontrivial scaling
exponent

d+1
ASA(t) - Seq x (tsat - t>y’ V=—"5""

(5.19)
The same exponent applies for d = 2, while for d = 3 and
u/T <1 it was found that AS, (1) — Seq o (fea —1)*
log(ts, — 1), marginally avoiding the mean-field exponent
y = 2.1 Surprisingly, for RT.; <1 we find that the
formula (5.19) applies for all values of d and u/T!
Similar to the case of the strip, the fact that the saturation
is continuous is just a consequence of the fact that for
RT . < 1, z, is uniquely determined from the AdS
embedding, and this is true regardless of the shape of
the entangling surface. The curious feature here is the
increasing value of y with respect to the number of
dimensions d, e.g. the second derivative of AS, (¢) becomes
continuous for d > 4 and so on. This behavior can already
be observed from the plots in Fig. 6(b).

Another feature of our result concerns to the saturation
time f, itself. At the leading order of approximation, we
find that t,,, = z, is independent of the temperature 7" and
chemical potential x. This is indeed expected because
these results have been derived with the zeroth-order
embedding, which does not contain information about
the state. However, as we will show below, the first

"For the cases in which the saturation is continuous, the
authors of [15,16] referred to the stage prior to saturation as the
“memory loss” regime.
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correction to the saturation time is enough to verify the
numerical behavior observed in [20,32].

Before doing so, let us comment on the case of large
subsystems. For the case of the strip the saturation is
discontinuous and the linear growth behavior (5.6) persists
all the way to 7. In this case one finds that

Vs £
Vg = = + O
E AZtsat 2tsat ( )

(5.20)

Inverting Eq. (5.20) gives the following expression for the
saturation time at leading order:

I
— 0
fa =5+ o).

(5.21)
The fact that vy decreases monotonically in u/T leads
always to an increase in 7. In order to study its explicit
dependence with respect to y = u/T, it is convenient to
define

(0)

tsat

= limtg(y). (5.22)
I—)O

and normalize the result for 7, in units of t§22 [20,32]. Let
us consider the small x/T limit. In this case, we find that

tt<_°§ —1+6(d) (%)2 +0(¥)4, (5.23)
where
o(d) = d(ld6;22) K 2(';__210%_1 - 1} >0, (5.24)

So, the saturation time increases with increasing u/T, as
expected. For the case of the ball (whenever the saturation

is continuous) it is found that [15,16]
P 27ZZHT
E=Na-1

(5.25)

R -2
d T logR + O(R?),

f = —
Woep Am

At leading order, we find a similar expression as in (5.23)
(with a subleading term of order O(log R/R) — 0), where
in this case

d(d - 2)?

) =Hu- e

> 0. (5.26)

Again, the saturation time is found to increase with
increasing chemical potential.

Let us now go back to the case of small subsystems.
In the thin shell approximation, the saturation time #, is
given by the time at which the vacuum extremal surface
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grazes the shell at v = 0 (see Fig. 4). This observation is
intuitive: for t > f,, the whole extremal surface lies entirely
in the portion of the geometry described by an AdS-RN
black hole and, therefore, the entanglement entropy has
reached equilibrium. At the leading order in 7. (or
RT.), we have that v =¢—z so v =0 implies ¢ = z.
This is the origin of the 6(t — z) function appearing in
(4.18) and (4.32). The integrals are then evaluated from 0 to
Z, so at the end of the computation one naturally obtains
st = Zx, independent of T or p. There are two corrections
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of order O(z%*!). These corrections can be directly
computed from (3.23). On the other hand, z, as a function
of Z (or R) is modified as one consider corrections to the
embedding above pure AdS. The full computation is
explicitly carried out in Appendix B. For the strip, the
final result reads'”:

B 1~ (x(d)(TE)? + O(T2)24) (%)2 N 0@4’

that have to be taken into account at the next order. One one (5.27)
hand, the translation between the Eddington-Finkelstein
coordinate v, the boundary time 7 and z receives corrections  where
|
K(d) . (d - 2)2d—5ﬂ(d—4)/21—~[2<d1_1)}d(r[ﬁ}r[‘i_ﬂl] - 21_‘[2((1[?_11)]1—‘{2(;_1)]) -0 (5 28)
(d+ Dd* 2 T
[

Togfzther with Eq. (5.23), this result conﬁrms'the numerical ASA(1) = i EAsP + -+ (6.1)
findings of [20,32], namely that for small regions and small d—1

values of 4/ T the saturation time decreases as we increase
u/T while, for large intervals, the saturation is delayed as
we increase u/T.

VI. OBSERVATIONS FOR ENTANGLING
SURFACES OF ARBITRARY SIZE

A. Universality of the quadratic growth regime

The fact that the initial growth regime (5.3) shows no
dependence with the size or shape of the entangling region
suggests that this behavior may be universal. Via dimen-
sional analysis, we can infer that in a quadratic growth
regime, the coefficient of the > must be given by the area of
%, Ay, times a dimensionless coefficient that may depend
on the shape of Z. It is easy to see that this coefficient is
indeed independent of X. For 1 < 1, the shell is very close
to the boundary so the relevant contribution comes from the
near boundary portion of the geometry. Since, all extremal
surfaces intersect the boundary of AdS at right angle
(regardless of the shape of X), the leading contribution
at early times for the change in AA(r) is simply Ay X z.(1)
(where z.(t) is the position of the shell at time 7) times a
conformal factor that may only depend on z.(f). This
proves that Ay is the only dependence of X in the early time
regime. In addition, since the leading correction from AdS
near the boundary has a factor of z;¢ ~ To¢ ~ £ then, by
dimensional analysis, it follows that the time dependence in
this regime must be 7> (see Fig. 7).

A direct calculation of the early-time growth for a
general X was done in [16] and the final formula can be
written in terms of the energy density as follows:

"In Appendix B we discuss some subtleties in the computa-
tion for case of the ball.

Indeed, we can verify that with our formula for the energy
density (3.18) and the high and low effective temperature
expansions (3.15)—(3.16) we can recover the appropriate
early time growth for near-thermal and near-extremal
quenches (5.4)—(5.5).

B. Bound on the saturation time

In this section, we will provide a bound on 7 in
different corners of the space of parameters, specializing
to the case of the strip. In order to obtain the bound, we
compute the time #3,, at which there is a solution which lies
fully in the back hole region. If the saturation is continuous
then %, = t,, but for discontinuous saturation one finds
that £, <ty [15,16], so it provides a lower bound. From
Eq. (3.23), it follows that

. dz

0o fG)

We also need the function z,(¢). Fortunately, at ¢ = ¢}, the
entire surface lies entirely in a static AdS-RN background,
so the problem is time-independent. In order to obtain
z,(¢), we use the fact that for the strip we have a
conservation equation (since the area functional does not
depend explicitly on x):

S p—
tsat -

(6.2)

1
Sl -1

Thelrngore, from the boundary condition (4.4) it follows
that

X(z) =+

(6.3)

For the ball we do not have a conservation equation, so we
cannot use the same methodology.
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Z = 2

PHYSICAL REVIEW D 95, 086008 (2017)

FIG. 7. Computation of the entanglement entropy growth at early times. All extremal surfaces intersect the boundary of AdS at right
angle (regardless of the size or shape of %), so the leading contribution is simply Ay X z.(#) (where z.(t) is the position of the shell at
time ) times a conformal factor that may only depend on z.(¢). The leading correction to the geometry near the boundary comes with a
factor of z;,d ~ T% ~ E. Via dimensional analysis, this fixes the initial time dependence to be 7.

(6.4)

Za dz
A V@ /22D ~ 1]

This last equation must be solved and inverted to obtain
2.(£). Now, following [66], we can formally write (6.2) as
double sum:

o (=1)ke" k(e — D)FT[n + 1]
Fat = Z*;Z +nd+(d 2)k)[k+ 1]0[n —k + 1]

7.\ nd+k(d-2)
X<;> (6.5)
Z{H
Similarly from [48], we can write (6.4) as
n— n d(n+k+1)-2k
e 9) DELELAI e
d—1 n=0 k=0 F[l +n— k]F[k + I]F{W}
7.\ nd+k(d=2)
X (—*> : (6.6)
iH

In the following we will use these expansion to compute the
saturation time in various regimes.

C. Small subsystems

For ¢T . < 1 we expect continuous saturation. In this

omrame g (5 o)
(6.7)

while

zzfibif&[“%< F%ﬁ£1f11ﬂ

(=) ol=) ] -

This last equation can be inverted perturbatively to
obtain

L Tzl
SN g
5 [ ~ el 5 g <£>d
2d+l<d+ 1)”d/zr[ZEij—ll)]F[Z(dd—l)}dJrl ZH

(6.9)

2(d-1)
+o<é) }
iH

Therefore, at the leading order, we obtain

lsat = M [1+ €2, (d) (¢ Tetr) + O(¢T o)),
D ATl
(6.10)
where, 7(d) is the following numerical factor:
d d/2_1_1d
) = )
d(d + I)F[W]d
2= —lr[ ]F[ 2d—1 ]
2a-1) (w)>
- <0. (6.11)
( VAl lyin]

Let us now consider different regimes of the above
saturation time. In the limit 4/7 < 1 we obtain

dz(d =2) ()2
1 = : 6.12
X < + 162 (T + ( )
which can be rewritten as
2
Fsat = t§23 [1 - K(d)(fT)d (%) 4. ] )
AT

[0 [2([1—1)] 6.13)

sat =W,

The constant «(d) is given in (5.28) and is positive.
Therefore, the saturation time decreases with the increase
of chemical potential.
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A similar result can also be obtained in the limit
u/T > 1. From (6.10) it follows that, for 7 = 0:

-0 _ M=)

tia =5 == 4 1
= T i)

2(d = D)z, (d) [ d/*(d=2)\4

g {1 " (d-2) (47z(d— 1)1/z> W)d}
(6.14)

Now, for u/T > 1 we obtain
_ 30 o(d) [ d/(d-2)\*"!
Tsat = Foat |:1 B 2(;— 1) <4ﬂ'<d— 1)1/2)
T

x (Mf)d(;) + .- ] ' (6.15)

Since 7,(d) is negative, the saturation time increases with
the increase of temperature.

D. Large subsystems

The limit £7T . > 1 corresponds to z, — zy. In this case
the saturation can be discontinuous in some cases SO £,
provides a lower bound for the actual saturation time 7,
[15,16]. It is easy to check that in this limit both # and
15, diverge. However, we can define a combination of £
and £, which is finite as we let z, — zy:

[y
Fat — 4 m
_ /z* dzl 1 B \/m ! ],
0 f(z) (d - 2)5 \/f(Z)[(Z*/Z)Z(d_l) — 1]
(6.16)
where
_ Z(d - 1)
~d=2 (6.17)

Before we proceed, a few comments are in order: the right-
hand side of (6.16) is finite in the limit z, — zz and hence
we can write

. (d—1)
Foat = f( 2(d-2)s

,(d, 8)d
, 6.18
+ 47TTefff ( )

where,
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1 1
Tz(d,&) :A dx |:f(x—ZH
2(d -
( —

)
(d-1) 1
d—2)o _ '
3\ [ Gez)l (126 — 1
(6.19)
Secondly, the limit & — 0 (or T = 0) appears to be singular.
Indeed, in this case fj, is no longer linear in ¢ and is
expected to grow at a faster rate [13]; we will consider this

case separately. Before doing so, let us consider the case
u/T < 1. For p = 0 we have

«(0) d—1 i
a =\ K[I+O<KT>}

Now, for u/T <« 1 we obtain

e (1) o) o(7) ]
(6.21)

(6.20)

@=$+

which increases with the chemical potential. Notice that
(6.21) is the result that we obtained for the case of the ball
(5.26). This suggests that (6.21) gives the actual saturation
time for all shapes, provided that the saturation is continu-
ous.” Also note that Eq. (6.21) is different from the actual
saturation time (5.23), which tells us that the saturation is
discontinuous for strips of length £ > 1/T .

Finally, let us consider the 7= 0 case. Assuming that
z, = zy(1 —€) with € < 1, it is easy to show that in this
case

oo d 1 (3d —5)loge +3
U 4nT oy |d(d = 1)e 3(1-d)d

. (d)] ,
(6.22)

where 73(d) is the finite integral

o) = [l L"(xle) "

3d(x—1) —5x+2]
3(d = 1d(x=1)* |5
(6.23)

Similarly, in this limit one can also show

Let us assume that tzslo ) is known for a specific shape. Since
the first correction in y/7 is independent of Z, the result at this
order should be independent of the precise definition of 7, i.e. it
can be taken as a characteristic length scale of the subsystem.
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2d 2 2
= [ 2, V2, 7(d))|,
4nTes [(d - 1)Vdye (1-d)Vd
(6.24)
where 7,(d) is another finite integral
1 1
T4(d) :/ dx
0 Ly Fza) 1/ — 1)
: (6.25)
V2d(d=1)(1=x)*?] _~ '
Therefore, at the leading order,
d
(6.26)

€= 27T2(d - 1)2{2Teff2

and hence

C ald =Tt (d=2)/a(d = Ddut®
fsat = 2d = 8d . (627)

Therefore, in this limit £, increases with the chemical
potential. Our result (6.27) is also consistent with the
numerical results of [13] regarding the fast growth of the
saturation time with respect to the length 7.

E. Bound on the average velocity from
bulk causality

Let us now discuss the average velocity in more general-
ity. In Sec. VB, we showed that v%*° is a better quantity
to consider when comparing results between entangling
regions of different sizes. We further conjectured that, even
though v can exceed the speed of light, v% ¢ should be
constrained by causality. In the limit of large regions vy =
v5 ¢ so the bound derived in [45,46] is directly applicable.
For small regions the bound seems to be satisfied at least for
the strip and the ball so it is very likely that

vpt <1 (6.28)
holds more generally. Here, we argue that such a bound is a
direct consequence of bulk causality. To see this, consider
the formula for the average velocity:

avg VA
v e (6.29)
For the case of the strip, the ratio V4 /Ay = £/2 = tyjgp is
equal to the light-crossing time from X to the interior of the
region A. So, in order to decide if (6.28) is satisfied or not we
have to compute 7, and compare it with fep. Quite
generally, we find that
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. d Zx
—Z > / dz = Ze = tlight' (630)
o f(2) 0

The first part of this equation comes from the definition of
15 (6.2) which gives us a bound on the saturation time #,.
At t = 13, there is an extremal surface which lies fully in the
back hole region, for which v > 0. The shell is located at
v = 0 and is moving at the speed of light; however, due to
the redshift factor f(z) < 1, we obtain that 7%, > z,. The last
part of Eq. (6.30) comes from a comparison of the extremal
surface I'y and the causal wedge =, associated to A [67].
In this paper it was found that the causal wedge =, always
lies closer to the boundary than the extremal surface I',,
S0 7, > 75> highi- Putting everything together, then, we
conclude that for the strip vz ° < 1. For other geometries
(6.30) is still true but the ratio V, /Ay may vary. For finite
subsystem, the volume-to-area ratio is maximized for
the case of the ball, for which V,/Ay =R/(d—-1) =
tight/ (d — 1).%° Therefore, 3¢ < 1 still holds. For convex
strips the volume-to-area ratio is maximized for the case
of the rectangular strip, which we already consider. Finally,
for concave strips the ratio can be higher but these
are considered as large subsystems so, again, v ° < 1.
This conclude our proof of (6.28).

Loar = t:al =

VII. CONCLUSIONS

In this paper we developed new analytical tools to study
the thermalization of entanglement entropy after a global
quench in the context of the AdS/CFT correspondence. We
focused on the limit of small subsystems, for which no
previous technique was available in the literature, and
found some surprising results.

In Sec. II, we began our investigation by exploring the
known analytical results for (1 4 1)-dimensional holo-
graphic CFTs, focusing on the different regimes of interest.
We pointed out that the conjectured bound on the maxi-
mum rate of growth for the entanglement entropy only
holds in the strict limit of large intervals, but is violated
otherwise. In particular, we found that max[R(z)] — 1 as
we let [ — oo but it generally exceeds the speed of light for
intervals of finite size. We also observed that the linear
growth regime is smoothed out as we reduce the size of the
system, suggesting that the interpretation in terms of a
“entanglement tsunami” is no longer valid. In Sec. III, we
introduced holographic models of global quenches in
higher dimensions: CFT states dual to a collapsing
AdS-RN-Vaidya geometry. We specialized to the thin shell
regime, which is valid for instantaneous quenches. In
Sec. 1V, we computed perturbatively the evolution of
entanglement entropy after the quench focusing on two
different entangling surfaces: the strip and the ball. At this

This is a consequence of the isoperimetric inequality,
see e.g. [68].
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point, it became clear that (i) the violation of the inequality
max[R(r)] <1 is only present in (1 + 1) dimensions,
(i) the initial and final stages of the evolution are always
smooth, and (iii) the evolution in the intermediate regime
depends on the shape of the entangling region but is
insensitive to the final state of the quench.

In Sec. V, we studied more in detail our results for the
strip and the ball in different regimes of the thermalization
process. For the early time regime, the evolution turned out
to be independent of the entangling region and in agree-
ment with the results for large subsystems. This observation
led us to conjecture that the evolution in this regime is
universal and completely fixed by symmetries. In the
intermediate regime, we found a nonuniversal quasilinear
growth regime with a maximum rate of growth v®* that
depends on the shape of the entangling region. The
maximum rate is found to be higher for small intervals
in d <4 (strip) or d <3 (ball) as long as u/T < 1, but is
lower in higher dimensions. For /7T > 1 the maximum
rate is always higher for small intervals. We pointed out that
the average velocity v © is a better parameter if we are to
compare results for entangling regions of different sizes.
We found that, in average, the UV degrees of freedom
equilibrate at a slower rate when the evolution is governed
by thermal fluctuations (1/T < 1) but at a faster rate if the
evolution is driven by quantum fluctuations (u/7T > 1).
This conclusion is more robust than the one for vp*
because it is independent of the number of dimensions and
the shape of the entangling region. Moreover, as we proved
in the last section, v © is actually constrained by causality.
The approach to saturation is found to be always continu-
ous and is characterized by a nontrivial scaling exponent
that depends on the number of dimensions and the shape of
the entangling region. We explain this by arguing that, at
the leading order, z, is uniquely determined by the
embedding pure AdS. However, for large subsystems z,
may be multi-valued near the saturation time, leading to a
discontinuous behavior. We also computed the leading
correction to 7y, and confirmed the nonmonotonicity with
respect to p/T observed numerically in [20,32].

In Sec. VI, we made some general remarks about
entangling surfaces of arbitrary size. We started by giving
a simple argument to explain the universality of the initial
quadratic growth regime. The physical picture is the
following: all extremal surfaces intersect the boundary of
AdS at right angle (regardless of the size or shape of the
entangling region), so the leading contribution at early
times is simply Ay X z.(t) (where z.(t) is the position of
the shell at time #) times a conformal factor that may only
depend on z.(¢). The leading correction to the geometry
near the boundary comes with a factor of z§; ~ £, which in
turn fixes the initial time dependence to be >. Later in the
same section, we gave a simple recipe for computing a
bound on the saturation time in different regimes of interest.
Using this method, we were able to study the saturation
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time in various limits and to corroborate its nontrivial
dependence with respect to the chemical potential. At the
end of the section, we provided a proof for a bound on v}
based on bulk causality. We believe that this bound should
hold more generally, as long as the theory is relativistically
invariant.

There are various open questions and a number of
possibilities for the extension of this work. The most
urgent one is to investigate possible bounds on »3** and
vy ¢ from the field theory perspective, i.e. generalize the
analysis of [45,46] for entangling regions of arbitrary size.
In particular, the interacting models of [45] seem a good
staring point for this investigation. Another interesting
possibility is to consider the case of (1 + 1)-dimensional
CFTs at large central charge, where the conformal block
expansion has proved to be an efficient tool [44]. Moving to
the realm of holography, we can consider gravity duals of
theories with different symmetries. Of particular interest are
the nonrelativistic theories with Lifshitz scaling and/or
hyperscaling violation [27,28], which have recently gained
attention in the context of AdS/CMT. We can also consider
CFTs on a sphere; interestingly, charged solutions in global
AdS have been shown to exhibit a very rich entanglement
phase structure [69,70]. Finally, we can use the techniques
developed here to study the thermalization of other field
theory observables after a global quench, e.g. two-point
functions [71], Wilson loops [18], and other entanglement
related quantities such as mutual information [72-74],
causal holographic information [22] and holographic com-
plexity [75]. We hope to return to some of these problems in
the near future [76].
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APPENDIX A: PERURBATIVE COMPUTATION
AT NEXT-TO-LEADING ORDER

Based on the expansion given in (4.11), we expect that
the first correction due to the corrected embedding will
appear at order (O(4%); this is indeed expected since this
correction arises from the combination of both ¢!) and
L), which are of order O(4). However, due to the
particular form of the metric (4.12), we can see that the
second correction to the functional £ is actually of order
O(2*72/4) > O(A?) for any finite d. Therefore, at this order
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of approximation, the correction to the embedding is still
negligible and we can still use the solution for pure AdS!

The computations are very similar to the ones presented
in Sec. IV C, so we will only sketch the main few steps,
specializing to the two geometries in consideration, the
strip and the ball.

1. The strip

Expanding the area functional (4.5) to the next-to-
leading order, we get

 (e=DAx  N20(v)
- 2 2(d—1) 72 2 _ 9y (A1)
25 xc =" =20

£(2-2/d)

Evaluating it on shell, this yields the following contribution
to the entanglement entropy:

(e —1)As

(2-2/d)
ASS ) = —— T e
8G}(\7+1)Zz(d 1)

X AZ* dz0(t — 2)z9 "\ /1 = (z/z,)?4D),
(A2)

The integral in (A7) is reminiscent of the one appearing in
(4.18) and can be evaluated in a similar way. The final
result can be written as follows:

AS&Z_ZM)(I) - Asgl_z/d){[e(t) =0t — te)]

X j:(t/tsat) + 9(1‘ - tsat)}’ (A3)
where AS(2 2/4) i given by
(2- Z/d) ( - 1)\/7F[ ] f (8_ 1)
ASeq s (A4
8d(2d— nr [ 3(d= ]ZH Gy
and
= T
(d— DT
d-1
x[ 1 — X200 4 p oF
1 d 3d-2
Z (d=1) ) 1, A
x <2’2(d— ) 2d-1)"" )] (A5)
2. The ball

Expanding the area functional (4.9) for the ball, we get

(e— DAy z7'r=2020(v)
2Rd_2zil<d_l> P W ’

Lo — (A6)
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Evaluating it on shell leads to the following contribution to
the entanglement entropy:

(e = Azl
d+1 _2 2(d-1
8G1(V+ )Rd 2ZH( )

) AZ* dz6(1 — )z 1 = (z/2.)"] 7.

AS/&Z_Z/d)(t) _

(A7)
Finally, performing the integration, we obtain
A5,1(42—2/(,!)( f) = AS(z 2/d)
x{[0(t) = 0t = 1t2)]G(/ te) + Ot — t0) }.
(A8)
where in this case
Asgé—z/d) — _ \/Er[d}RdAZ(g - 1) (A9)
2d+31’*[2dT+1]ZiI(d—l)G§\7+l)
and
24 x I [24EL d—1d d+2
= a [ : ]2 1\ = A~ i 7x2 . (AIO)
/mdU[d] 2 2 2

APPENDIX B: FIRST CORRECTION
TO THE SATURATION TIME

Let us start by considering Eq. (3.23). In the black hole
portion of the geometry,

a2
o f(2)

z 7\ 4 2\ 2(d-1)

:t_/ dz’[1+s<—) +o<_> ]
0 iH ZH

e z\4 7\ 2(d-1)

v=t [1+<d+1> () *O(z) }

Thus, evaluating at v =0 and z =

v=1-—

(B1)

Z,, We get

e 2 \4 2\ 2(d-1)
toar = 2o | 1 — o= . (B2
T [ +(d+1) <ZH) - (ZH> } (B2)

Let us now compute the corrections to z,. In the following,
we will specialize to the two cases in consideration, namely,
the strip and the ball.

1. The strip

In order to find the corrections to z,(¢) we have to solve
the equations of motion that come from (4.5) at next-to-
leading order. Fortunately, since at t = £, the entire surface
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lies entirely in the black hole portion of the geometry, we
can consider solving the problem in a static AdS-RN
geometry. For the strip, we have a conservation equation
since the lagrangian does not depend explicitly on x:

(Z/Z*)d_l
F@)y/1= 2/

The embedding is even with respect to x — —x so without
loss of generality, we will consider the (—) sign in (B3) (this
corresponds to the x > 0 portion of the embedding).
Evidently, all the corrections over AdS come from the
f(z) term so we can expand all terms as in (4.12). More
specifically, we consider

(B3)

X(z) =+

(B4)

f()—l—e( )c:dw(cw-)

iH

and

x(z) = x0(2) + x4(2)¢4 + O(gD),

and at the end we set { — 1. Plugging (B4) and (B5) back
into (B3), we get the following equations at leading and
next-to-leading order:

(BS)

o= T (g
1 - (Z/Z*)z(d_l)
and
e d-1
x(2) :_2<ZZH>d (z/z) ’ (BY)

1= (2/2)0

respectively. The solution for x((z) part is given in (B8),
namely

oty (] o

For now we do not assume any relation between ¢ and z,.
Since x((z) already satisfy the boundary condition (4.4),
we have to solve (B7) subject to the constraint x,(0) = 0.
The solution is the following:

xq(2) A N A
¢ 2(d + 1)z, Z4

1 1 d
_2F] ~ ) )
2d-1d-1

() w
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Next, imposing that x(z,) =0, we get the following

2 (d— I 2(d— (ZH)d

(B10)

This equation can be inverted perturbatively to obtain

L Thgl¢
2yl
[ gy
25+ Da PTG \an

+ (’)(é) z(d_l)} (B11)

Plugging (B11) into (B2), we can easily get the first
correction to f. After some algebra, we finally arrive
at (5.27).

2. The ball

We can repeat the same steps for the case of the ball in
order to get the corrections to z,(R). However, in this case,
we do not have a conservation law so we have to solve a
second order differential equation. Again, we use (B4) and
expand the embedding as

r(z) = ro(2) + ra(z)¢4 + O(G24-D).

At the end, we restore { — 1. At the leading order, the
equation of motion is

(B12)

@ - ey -
~ 2(‘12; D ey - (‘:OZZ?) =0, (B13)

and the solution is the standard spherical cap (4.31),

(B14)

This solution satisfies the IR boundary condition,
ro(z,) = 0. For now we do not assume any relation
between z, and R. The equation of motion for the second
term is

— 2 2 _ 2
i) = R ) g )
4((d - 4)R? + (d +2)22
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which has to be solved subject to the constraint r4(z,) = 0.
The solution is the following:

e (2742 — (22 4 2
ra(z) = < ( ) .
iH

2(d+1)y/22 = 2

Finally, imposing that r(0) = R, we arrive at

e [z.\¢ 2.\ 2@-1)
Rz |1+ (&) ft0o(% . (B17
‘ [ d+1 <ZH> <ZH> } (BI7)

(B16)
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which can be inverted to obtain

e R\ ¢4 R\ 2(d-1)
L, =R|1- — o — . B18
¢ [ d+1 (ZH> " (ZH> } (B18)

Unfortunately, if we plug (B18) into (B2), we find that the
leading correction to ¢, cancels out, so we have to go even
higher order. At the next level, we could not find an analytic
solution for r5(4_1)(2).
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