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DIRAC COHOMOLOGY FOR
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HECKE-CLIFFORD ALGEBRAS
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Institute for Mathematics
Universiteit van Amsterdam
Science Park 105-107, 1098 XG
Amsterdam, The Netherlands

K.Y.Chan@uva.nl

Abstract. In this paper, we study the Dirac cohomology theory on a class of algebraic
structures. The main examples of this algebraic structure are the degenerate affine Hecke—
Clifford algebra of type A,,—1 by Nazarov and of classical types by Khongsap—Wang. The
algebraic structure contains a remarkable subalgebra, which usually refers to Sergeev
algebra for type Ap_1.

We define an analogue of the Dirac operator for those algebraic structures. A main
result is to relate the central characters of modules of those algebras with the central
characters of modules of the Sergeev algebra via the Dirac cohomology. The action of
the Dirac operator on certain modules is also computed. Results in this paper could be
viewed as a projective version of the Dirac cohomology of the degenerate affine Hecke
algebra.

1. Introduction

Throughout this paper, we work over the ground field C. Let W be a Weyl
group. It is well known that W admits a non-trivial central extension

1—>Zg—>W—>W—>L

where W is a distinguished double cover of W. The projective representations
of W are linear representations of W which do not factor through W. Those
representations over C have been has been known for a long time from the work
of Schur, Morris, Read, Stembridge, and others [Mol], [Mo2], [Re], [Sc], [St].

The degenerate affine Hecke—Clifford algebra for type A, _1 (see Definition 4.2)
was introduced by Nazarov [Na] to study Young’s symmetrizers of the projective
representations of .S,,. The degenerate affine Hecke—Clifford algebra for other clas-
sical types was later constructed by Khongsap-Wang [WK]. Those algebras could
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be viewed as the projective counterpart of the degenerate affine Hecke algebra of
Lusztig.

The purpose of this paper is to establish Dirac cohomology theory for those
classes of algebras. We first single out the algebraic structure (see Section 3) that
is necessary to prove several important results for the Dirac cohomology, and then
we show that the degenerate affine Hecke—Clifford algebras considered in [Na] and
[WK] satisfy that algebraic structure. Our approach is an analogue of the one
recently developed for degenerate affine Hecke algebras by Barbasch—Ciubotaru—
Trapa [BCT] (also see a recent extension by Ciubotaru [Ci2]).

In more detail, let Hy be the associative algebra with certain important proper-
ties (see Definitions 3.1 and 3.3). The algebra Hy contains a remarkable subalge-
bra, namely Seg(W) (see again Definition 3.1), which is is the same as the Sergeev
algebra when W is of type A,,—1.) The Dirac type element in Hyy is defined as an
analogue of the one in [BCT] and has some nice properties. In specific examples
of Hy in Section 4, the Dirac type element can be viewed as the square root of a
certain Casmir type element (Theorem 4.23).

For an Hy-module (7, X), the Dirac cohomology is defined as

Hp(X) =kern(D)/(ker m(D) Nim (D)),

which is a Seg(TW)-module. One of our main results (Theorem 3.5) says that if X is
irreducible and Hp(X) is nonzero, then any irreducible Seg(W)-module in Hp(X)
determines the central character of X. This is an analogue to a statement for
Harish-Chandra modules called Vogan’s conjecture [HP]. A key step in the proof
of Theorem 3.5 is to establish a canonical algebra homomorphism from the center
of Hy to the center of Seg(W) (Theorem 3.4). In the case of the degenerate affine
Hecke—Clifford algebra of type A,,_1, this homomorphism is shown to map onto the
even elements of the center of Seg(W) via the study of the Dirac cohomology on
some modules (Corollary 7.21). The homomorphism indeed agrees with another
natural map arising from the Jucys—Murphy type elements (see more detail in
Remark 7.22), and hence the property of surjectivity has already been covered in
the result of [Ru].

For a Dirac cohomology in other settings (see, for example, [HP]), one may
apply the Dirac operator and Dirac cohomology developed in this paper to study
the representation theory of Hy,. More precisely, the action of the Dirac operator
provides information about the Seg(W)-module structure and central characters
of some Hy-modules (see Corollary 4.24 and Theorem 4.25).

We provide evidences that the Dirac cohomology can be useful in the represen-
tation theory by computing the action of the Dirac operators in several cases. In
Section 5, we consider some basic modules for all classical types and show that the
Dirac operator acts identically to zero on those modules. Those modules for type
A,,—1 were constructed and studied by Hill-Kujawa—Sussan [HKS]. In Section 7,
we go further for type A,,—; and compute the action of the Dirac type element
D on more interesting modules. We show that the Dirac cohomology of those
examples does not vanish, and this indeed coincides with the expectation from the
case of the degenerate affine Hecke algebra in [BCT]. While some computations
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can also be done for other classical types, the picture is more complete for type
A, _1 to date.

This paper is organized as follows. In Section 2, we review some properties
of superalgebras. In Section 3, we define a certain algebraic structure Hy and
develop the Dirac cohomology theory for Hy,. We provide examples of Hys in
Section 4 and compute the square of the Dirac operator. In Section 5 and Section
7, we consider the Dirac cohomology for some particular modules. In Section 6,
we review properties of Sergeev algebra which is needed for the computation of
Section 7.

Acknowledgment. The author would like to thank Dan Ciubotaru and Peter
Trapa for the suggestion of this topic and many useful discussions. He also thanks
Professor Weigiang Wang for his interest in the work and pointing out the reference
[Wa]. The author would also like to thank the referees for useful suggestions and
comments, and also thank one of the referees for pointing out the reference [Ru).

2. Preliminaries

2.1. Notation for modules

In this paper, all the algebras are associative with a unit over C. Let A be an
algebra. An A-module is denoted (w, X) or simply X, where X is a vector space
and 7 is the map defining the action of A on X. For a € A and = € X, the action
of a on x is written by 7(a)z or a.x.

Let B be a subalgebra of A. Define Ind“g to be the induction functor, i.e.,

Indg Y = A®3Y,

where Y is a B-module. The left adjoint functor of Indé is the restriction functor
denoted Resé.

2.2. Superalgebras and supermodules

A super vector space V' is a Zs-graded vector space V =V & V7. A super vector
subspace W of V is a subspace of V such that W = (W NVy) & (W NV;y). We say
an element a in Vy (resp. V1) has even (resp. odd) degree, denoted deg(v) = 0
(resp. deg(v) =1).

A superalgebra A is an algebra with a super vector space structure A = Ay ®.A;
and A;A; C Ay for i, j € Zy. A subalgebra C of a superalgebra A is said to be a
supersubalgebra of A if C = (AgNC) @ (A1 NC). A super ideal T of a superalgebra
A is an ideal of A such that Z = (Ao NZ) & (A NT).

For superalgebras A and B, a superalgebra homomorphism from A to B is an
algebra homomorphism with f(A;) C B; for i € Zs.

For superalgebras A and B, the super tensor product of A and B, denoted A®B,
is a superalgebra isomorphic to A ® B as vector spaces with the multiplication
determined by:

(a ® b)(a/ ® b/) _ (71)deg(b) deg(a')(aa/ ® bb/)7

where a,a’ € A and b,b’ € B are homogeneous elements.
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Let A be a superalgebra. An A-supermodule X is an 4-module with a super
vector space structure X = Xo @ X; and the property that A;.X; C X;;;, where
i,j € Zs. A supersubmodule Y of an A-supermodule X is a submodule of X such
that Y = (XoNY) @ (X1 NY). An A-supermodule X is irreducible if there is no
proper non-zero supersubmodule of X.

For an A-supermodule X = Xy ® X;, define a map 6 : X — X such that
d(v) =vif v € Xp and 6(v) = —v if v € X;.

Let Modgup(A) be the category of A-supermodules. The morphisms in the
category Modg,p(A) are the even homomorphisms between A-supermodules. Let
IT : Modsyp(A) — Modsyp(A) be a parity change functor. That means for an
A-supermodule, II(M) and M are isomorphic as A-modules, but have opposite
Zo-grading.

2.3. Relations between irreducible supermodules and irreducible
modules

Let A = Ay ® Ay be a superalgebra. Given an irreducible A-module (7,Y), we
construct a supermodule as follows. Let (7,Y) be an irreducible A-module such
that Y is identified with Y as vector spaces and the A-action on Y is determined
for any homogenous element a € A and for v € Y by

m(a)y = (—1)%& @ r(a)o.

Let (mx,,Xy) be an A-supermodule such that Xy = Y @Y as vector spaces
and the action of Aon Xy =Y @Y is as: 7x, (a)(v,v) = (w(a)v,7(a)v). Let
(Xy)o = {(v,v) € Xy :v=0} and let (Xy)1 = {(v,v) € Xy :v=—v}. Itis
elementary to check that Xy = (Xy)o @ (Xy)1 is an A-supermodule.

Lemma 2.1. Let Y be an irreducible A-module. Let Xy =Y @Y be an A-
supermodule with the supermodule structure described above. Then

(1) Xy is an irreducible A-supermodule if and only if Y and Y are non-isomor-
phic as A-modules.

(2) If Y andY are isomorphic as A-modules, then there is a supermodule struc-
ture on Y.

Proof. For (1), we first prove that if Xy is an irreducible A-supermodule, then
Y and Y are not isomorphic as A-modules. Suppose instead there exists an A-
module isomorphism f : Y — Y, and we will derive a contradiction. Recall that Y
is identified with Y as vector spaces and thus there exists a natural vector space
isomorphism 6 : Y — Y such that (—1)9°&(® 7 (a)f = r(a) for any homogenous
a € A. Then 0 o f satisfies the property that for any homogenous element a € A,

m(a)(8 o f)(z) = (~1)*# (@ o f)(n(a)z)

Then the map (f o f)? is an A-module automorphism of Y. Thus, by Schur’s
lemma and a suitable normalization, we may assume (6 o f)? is an identity map.
Then as vector spaces

Y =ker(fo f —1d) @ ker(f o f +1d).
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For e = 0,1, let
Ker. = {(v,(—1)v) € Xy : v € ker(fo f — (—1)°Id)}.

Then it is straightforward to verify that Kerg @ Ker; C Xy gives a proper super-
submodule of Xy .

We now prove that if Y and Y are not isomorphic as A-modules, Xy is an
irreducible A-supermodule. Suppose instead that there exists a proper supersub-
module M of Xy and we will get a contradiction. Let

M= {v €Y :(v,(~1)w) e Mn (XY)i}

for i € Z,, which are regarded as vector subspaces of Y. We first see that M° N
M?' = 0. Otherwise, there exists some nonzero v € Y such that (v,v) € M and
(v,—v) € M, and so (v,0),(0,v) € M. The irreducibility of ¥ and Y implies
M = Xy, contradicting that M is proper. Furthermore, the irreducibility of Y
implies Y = M° @ M! (as vector spaces). Define a map f : (m,Y) — (m,Y)
determined by f(v) = (—1)% for v € M (i € Zz). One can check that f is an
A-module isomorphism and so this gives a contradiction.

We now consider (2). By (1), Xy is not an irreducible A-supermodule. Let X’
be an irreducible supersubmodule of Xy. Then by the construction of Xy, X’
is isomorphic to Y = Y as A-modules. Then this gives a supermodule structure
onY. O

We can also start with an irreducible A-supermodule and decompose it into
irreducible A-module(s).

Lemma 2.2. Let X be an irreducible A-supermodule. Let § be a linear automor-
phism on X such that §(v) = (=1)%v for v € X; (i = 0,1). If X is not an
irreducible A-module, then there exists an irreducible A-submodule Y of X such
that

(1) 6(Y) is also an A-submodule of X and §(Y) =Y ; and

(2) Y and 6(Y) are non-isomorphic A-modules; and

(3) X =Y &4(Y) as A-modules.

Proof. (1) follows from a.0(v) = (—1)98(®)§(a.v) for any homogenous element
a€ Aand v €Y. (2) and (3) are (a reformulation of) [BK, Lem. 2.3]. O

Lemma 2.3. Let X and X' be irreducible A-supermodules. If X and X' are iso-
morphic as A-modules, then X and X' are isomorphic, up to applying the functor
I0, as A-supermodules.

Proof. Suppose X and X' are also irreducible A-modules. Then Xo, X3, X{), X1
are irreducible Ag-modules. Then either Xy = X or Xy = X| as Ap-modules.
Then either X = X' or X 2 II(X’) as A-supermodules.

Suppose X is not an irreducible A-module. Let X =Y @& 46(Y) and X' =Y’ @
0(Y”) be the decomposition of X into .A-modules as in Lemma 2.2. Without loss of
generality, we may assume Y = Y’ as A-modules. Let f : Y — Y’ be an .A-module
isomorphism. Then f also induces an A-module isomorphism f : 6(Y) — 4(Y”)
such that f = do fod. Then one can show that the map f® f is an A-supermodule
isomorphism by checking that the map preserves grading. In particular, we also
have II(X) = X as A-supermodules in this case. O
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Let Irr(A) (resp. Irrsup(A)) be the set of irreducible A-modules (resp. irre-
ducible A-supermodules). Let ~ be the equivalence relation on Irr(A): YV ~ Y if
and only if Y =Y’ or Y = Y’. Let ~p1 be the equivalence relation on Irrg,,(A):
X ~p X’ if and only if X = X’ or X =TI(X’).

Proposition 2.4. There is a natural bijection
Irrgup(A)/~n «— Irr(A)/~ .

Proof. Lemmas 2.1 and 2.3 define a map from Irr(A)/~ to Irrgup(A)/~n. Lemma
2.2 defines a map in the opposite direction. The two maps are inverse to each
other by Lemma 2.3. O

2.4. Central characters of supermodules

For a superalgebra A, let Z(.A) be the center of A. Note that Z(.A) is a supersub-
algebra of A. Recall that Z(A)g is the set of even elements in Z(A).

Proposition 2.5. Let X be an irreducible A-supermodule. For z € Z(A)o, z acts
on X by the multiplication of a scalar.

Proof. If X is an irreducible A-module, then the statement follows from (ordinary)
Schur’s lemma (for this case). If X is not an irreducible A-module, then we can
decompose X =Y ®4(Y) as A-modules as in Lemma 2.2. Then z acts on the two
modules Y and §(Y) by scalars, denoted A and X\’ respectively. Then for v € Y,

A+ N A=N
=", @)+, (v =6(v).

Note that §(v+d(v)) = v+(v) and so v+ 0(v) € Xy, and similarly v —5§(v) € X;.
Then since z is of even degree, A = \'. O

z.(v+6(v))

By Proposition 2.5, we can define the following:

Definition 2.6. Let A be a superalgebra. Let (m, X) be an irreducible A-super-
module. Define the central character x, to be the map from Z(A)q to C such that
X« (2) is the scalar of z acting on X.

The central character defined above is only for even elements in the center of a
superalgebra. However, the central character indeed determines the action of odd
elements in the center in the following sense:

Proposition 2.7. Let z € Z(A);. Let X be an irreducible A-supermodule. If X is
also an irreducible A-module, then z acts by zero on X. If X is not an irreducible
A-module, then z acts on the two irreducible A-submodules of X by two distinct
scalars /A and —v/\, where X is the scalar that 2> € Z(A)g acts on X.

Proof. For (1), suppose X is an irreducible A-module. Then by Schur’s Lemma,
z acts on X by a scalar denoted by A\. Meanwhile by Lemmas 2.1 and 2.3, X = X
as A-modules. This implies z also acts by —A on X as z is an odd element. Hence
A=0.

Now suppose X is not an irreducible .A-module. Then 22 is an even element in
the center and hence acts by a scalar, denoted A\. Then z acts on the irreducible
A-submodules of X by scalars VA and —v. O
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3. Dirac cohomology for Hw

3.1. Hw and a Dirac type element in Hy

Fix a real reflection group W. Let V be a representation of W. Fix a W-invariant
inner product on V. Let {a1,...,a,} be an orthogonal basis for V.

Definition 3.1. An associative algebra Hy = Hw (V) is said to have property
(x) if it satisfies the following properties. First Hy  is an algebra generated by
symbols f, (w € W), ¢; (i =1,...,n) and a; (i = 1,...,n) such that the map
from C[W] to Hw sending w to f, is an injection and the algebra has a natural
basis of elements having the form a%* ---akc$t .. ¢ f,, (k1,..., k, non-negative
integers, w € W, ¢; = 0 or 1). Again we shall write w for f,, for simplicity. Let
Seg(W) be the subalgebra of Hy generated by all w € W and ¢; (i = 1,...,n).
Furthermore, the generators of Hyy satisfy the following relations:

wa;w "t = w(ay), (3.1)

lai, 5] cic € Seg(W)  for i # j.

cja; = ajc;  for i # j, (3.2)
cia; = —c;a;, (3.3)
cic; = —cjc; fori#j and cf = —1, (3.4)
we; = w(ce;)w. (3.5)

Here w(a;) is the action of w on V. Furthermore, we identify the linear space
spanned by ¢; with V' via the map a; — ¢; and hence there is a natural action of
W on ¢;, and w(c;) represents such action of w on ¢;. Indeed, the algebra generated
by the those ¢; is isomorphic to the Clifford algebra on the vector space V', and
the subalgebra Seg(W) is the smash product of the Clifford algebra and the group
algebra of W.

Hw has a superalgebra structure with deg(c;) = 1, deg(a;) = deg(w) = 0
(i=1,...,nand w e W).

In the rest of this section, Hy denotes an algebra satisfying the property (x).
Define a Dirac type element D in Hyy:

D= i a;C;. (36)
i=1

The following two properties will be used several times:

Lemma 3.2.
(1) wD = Dw for any w € W;
(2) ¢;D = —Dg¢; for any i.

Proof. (1) follows from the fact that {a;} forms an orthogonal basis and property
(3.1). (2) follows from the properties (3.2), (3.3), and (3.4). O

Two homogenous elements hi, ho € Hy are said to supercommute if hiho =
(—1)des(h) deg(h2) o by for any homogenous w € Seg(W).
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Definition 3.3. The algebra Hy with the property (%) is said to satisfy the
property (xx) if for any h € Hyw such that h supercommutes with elements in
Seg(W), D?h — hD? = 0.

In the next section, we shall give examples which satisfy the algebraic structure

in Definitions 3.1 and 3.3. From now on, assume that Hyy satisfies the properties
() and (*x).

3.2. Relation between central characters for Hy and Seg(W)

Let d: Hw — Hw,
d(h) = Dh — (—1)3sMp D,

A relation between Z(Hw )o and Z(Seg(W))o is the following:

Theorem 3.4. For any z€ Z(Hw )o, there exists a unique element zZ € Z(Seg(W))o
such that

z— 2z €imd.

Let ¢ : Z(Hw)o — Z(Seg(W))o be the map that ((z) is such unique element Z in
Z(Seg(W))o. Then ¢ is an algebra homomorphism.

Our main result in this paper is the following, which says the central character
of an Hy-supermodule X is determined by the central characters of irreducible
Seg(W)-supermodules in the Dirac cohomology Hp(X). Here Hp(X) is defined
in the theorem.

Theorem 3.5. Let Hy be an algebra satisfying property (x) (Definition 3.1) and
property (xx) (Definition 3.3). Let (w, X) be an irreducible Hyw -supermodule with
the central character x. (Definition 2.6). Let the Dirac cohomology Hp(X) of X
be

Hp(X) =kern(D)/(ker m(D) Nim 7 (D)).

Then Hp(X) has a natural Seg(W')-module structure. Let (o,U) be an irreducible
Seg(W)-module with the central character x, (Definition 2.6) such that

Homgegw) (U, Hp(X)) # 0.

Let ¢ : Z(Hw)o— Z(Seg(W))o be the map in Theorem 3.4. Let x°: Z(Hw )o—C,

X7(2) = x0(¢(2))- (3.7)

Then x» = x°.

Since wD = Dw and ¢;D = —De¢; by Lemma 3.2, ker7(D) and kern(D) N
im7(D) are invariant under the action of Seg(WW). Thus Hp(X) has a natural
Seg(W)-module structure from the Hyp-module structure. The proofs of Theorems
3.4 and 3.5 are given at the end of the next subsection. Theorem 3.5 directly
follows from Theorem 3.4. Readers who only want to know how Theorem 3.4
implies Theorem 3.5 may jump to the end of the next subsection.
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3.3. Proof of Theorems 3.4 and 3.5

The proofs of the theorems basically follow from the ideas of proofs in [HP, Chap.

3] and [BCT, Sect. 4]. We provide some technical details for this specific case.
Let S</(V) be the vector space of polynomials of z1,...,x, with degree less

than or equal to j. Let H{;, be the vector space spanned by elements of the form

{pw :w € Seg(W),p € SSj(V)} .
Note that ’H%V - ’H%/V C ... gives a filtration for Hyy. Define
Hw = Hiv /My,

forr=0,1,... and Hy' = 0. Let Hy = @;‘;O Hiy. Note that #y has a natural
superalgebra structure from Hyy.

Let d; : Hyy — 7—[{;1 be the map induced from d and let d = @;’;0 d;. For
any element h € Hy, we still write h for its corresponding element in Hyy. Let
b = aic; (1 =1,...,n). Let B be the supersubalgebra of Hy, generated by all b;.
Note that d(B) C B. Let d be the restriction of d to B.

In the following lemmas, one can see that ker dl7 im dl, ker d, (ker dNim d)Se(W)
and so on are supersubspaces by using the fact that D is an homogenous element.

Lemma 3.6. As supersubspaces of B,
kerd =imd & C.

Here C is regarded as the C-subalgebra of B generated by 1.

Proof. Note that any element in B can be uniquely written as a linear combination
of elements of the form pb;, b;, ... b;, for0 < iy < ... <4, <nandp € C[b?,...,b2].
Note that D = Y7 | b;. Using the relations b;b; = —b;b; (in B) for i # j and

b?b; = b;b? (in B) for any i, j, one can see that the action of d is determined by
d (pbi,biy .- bi,) =23 (=162 by, by, by
k=1

where p € C[b?,...,b2].

In order to apply the known cohomology of the Koszul complex, we identify B
with Clz1,...,z,] ® A*C™ as vector spaces, where A®*C" is the exterior algebra,
via the linear isomorphism 1 from C[zy,...,2,] ® A*C™ to B determined by

n:p(@1, .. Tn) @ei, Ao Aeg, = p(b3, .. b2 by .. by,

where {e1,...,e,} is the standard basis of C"*. Then, by the above description

of the action of d/, the map n~ ! o d o 1 is a multiple of the differential map

in the standard Koszul resolution. Then the result follows from the well known
cohomology of the Koszul resolution. [
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Proposition 3.7. As supersubspaces of Hw,

kerd = imd @ Seg(W).

mi Mo €1

Proof. By the property (x) of Hy, a]™" a5 --almci' -+ csrw (my € Z>o, € €
{0,1} and w € W) form a basis for Hy. Then b7"*b5"2 ---b'nci -+ crw (my; €
Z>o, € € {0,1} and w € W) also form a basis for Hy . Then as linear vector
spaces, we may identify Hyy with B ® Seg(W) via the following map:

bbbyt et e w > BT D @ et - .

For any h € Hw, d(hw) = d(h)w for w € W and d(hec;) = d(h)c;. Then the map d
in Hyy is the same as d ®1d in B® Seg(W) under the above identification. Then
by Lemma 3.6, one has

kerd = ker(d ®1d) = (kerd ) ® Seg(W)
= (imd @ C) ® Seg(W) = imd & Seg(W). O

For any subspace H of Hyy, define H38W) to be the set of all elements su-

percommuting with elements in Seg(W). If we view Seg(WW) as a subalgebra of
Hyw, we could similarly define o)

3.7 implies the following:

for any subspace H of Hy . Proposition

Corollary 3.8. As supersubspaces of Hw,
(ker d)SeeW) = (im d)5°sW) @ Z(Seg(W)).
Lemma 3.9. As supersubspaces of Hw,
(ker d)5°8"W) = (ker d N im d)5%") @ Z(Seg(W)).

Proof. Tt is clear that Z(Seg(W)) and (kerd N imd)5°8(W) are subspaces of the
space (ker d)3"W) and thus (ker dNim d)S°¢") @ Z(Seg(W)) C (ker d)Ses(™). We
will prove another inclusion by induction on the degree of filtration of an element
in (ker d)Ses(W),

Let h be an element in (ker d)%°*8(W) such that h € Hi, and h & Hi;* for some
i. When ¢ = 0, HY), = Seg(W) and so the statement is clearly true. Now assume

1 > 0. Let h be the image of h in H;V Then by Corollary 3.8, h = d(hg) for

some unique ho in Himjl such that d(hg) € (’H;V)Seg(w). For any representative
hy € Hiy' of ho, let

R _ _
ho = 2n|W| Z Z Z (_1)k(ci1 Clk)wh6w 1(Ci1 "'Cik) L

k=141<...<ip weW

By the uniqueness of the element hg, hg supercommutes with any element in
Seg(W). This implies hyg is also a representative of hg. Furthermore, hg supercom-
mutes with elements in Seg(W) and d(ho) € (Hi )W), By the property (x*),
d*(ho) = 0 and so d(h — d(hg)) = 0. By the induction hypothesis, h — d(ho) €
(im d)5°eW) @ Z(Seg(W)). Hence, we also have h € (imd)5s"W) @ Z(Seg(W))
since d(ho) € (imd)S°#W). This completes the proof. [
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Lemma 3.10. (kerd)SeW) is a supersubalgebra of Hw and (ker d N im d)See()
is a two-sided super ideal of (ker d)Se(W),

Proof. Let 21,22 € (kerd)S#W). Then d(z;) = 0 and so Dz; = §(z;)D. Now
d(z122) = D(z122) — §(z122)D = (z122)D — §(z122)D = 0. Hence 2122 €
(ker d)Se8) . Hence (ker d)3°8(") is a subalgebra of Hyy .

We next show that (kerd N imd)S&"W) is a two-sided ideal of (ker d)Ses(").
Let 2z € (kerd)S#™) and 2/ € (kerd Nimd)3¢"). We have to show 22,2/ €
(kerd N imd)S¢W). Write 2’ = Dh — §(h)D for some h € Hy. Since d(z) =
Dz —4§(2)D =0,

22" = 2Dh — 26(h)D = D§(2)h — 28(h)D = D&(2)h — §(26(h))D € imd.

We also proved in the beginning that 2z’ € ker d and thus 2z’ € (ker dnim d)Ss("W).
The proof for 2’z € (kerd Nimd)%8") is similar. O

Proof of Theorem 3.4 Since z € Z(Hw)o C kerd>#"W) by Lemma 3.9, there
exists a unique Z € Z(Seg(W)) such that z — % € (kerdNim d)%*¢") C imd. Note
that Z is in Z(Seg(W))o since the decomposition in Lemma 3.9 is between super
vector spaces. Hence we have a map ¢ : Z(Hw)o — Z(Seg(W))o.

It remains to prove that ( is an algebra homomorphism. To see that { is an
algebra map, let z; € Z(Hw) C kerd>eW) (i = 1,2). Write z; = ((z;) + h; for
some h; € (kerd Nimd)%8"). Then 2120 = ((21)C(22) + ((21)ha + ((22)h1 +
hihy. By Lemma 3.10, 2122 — ((21)C(22) € (kerd Nimd)SeW). Thus ¢(2122) =
€(21)¢(22). This completes the proof. [

Proof of Theorem 3.5. By our hypothesis, there exists a non-zero element v €
Hp(X) such that v is in the isotypic component U of Hp(X). Let ¥ be a
representative of v in kerm(D). Now by Theorem 3.4 for any z € Z(Hw)o,
z—((z) = Da—4d(a)D for some a € Hy. Then m(z — ((2))v = 7(Da—§(a)D)v =
m(Da)v € im7(D). On the other hand, 7(z — {(2))0 = xx(2)v — (x+({(2))v +7')
for some v’ € ker (D) Nim7(D) and so (xx(2) — xo(((2)))v € imm(D). We also
have (xx(2) — xo(¢(2)))v € kerw(D) as v € ker (D). Thus x-(2)0 — x»(((2))v €
im7 (D) Nker (D). Since we choose v # 0, we can only have x.(z) = x,(((2)) =
X°(z). This completes the proof. [

4. Examples of Hy and their Dirac cohomology theory

Let W be a classical Weyl group and let R = R(W) be the root system associ-
ated to W. Let k : R — C be a function such that k(a;) = k(ag) if aq = w(ag)
for some w € W. We shall write k,, for k(a). For any « € R, let s, be the simple
reflection associated to a.

Let e1, ..., e, be the standard basis of R™. Let (, ) be the inner product on R
such that <6i, 6j> = 51]

4.1. Type A,,_1

Notation 4.1. Set W = W(A,—1) to be the Weyl group of type A, _1. The root
system R(A,_1) of type A,_1 is the set

R(An_l)z{ei—ejzlgi;éjgn}.
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Fix a set R of positive roots
R+(An,1):{€i76]‘ 1<i<j<n}.

We usually write @ > 0 for « € R (A,—1) and write @ < 0 for —a € RT(A,_1).
The set of simple roots A is

{ei—eix1:i=1,...,n—1}.

Since there is only one W-orbit for R(A,—1), we simply write k for k,, for any
a € R(A,_1). For i # j, let

o _)ei—¢gj if i<y,
i = {ej —e; if i>j. (48)

Thus «;; is always a positive root.
For a root @ € R(A,—_1), let s, be the corresponding simple reflection in
W (An—1). For simplicity, set s;; = sa,;-
Definition 4.2 ([Na]).The degenerate affine Hecke—Clifford algebra for type A,,_1,
denoted Hg}( A1)’ is the associative algebra with a unit generated by the symbols
{@:} 1, {ei}ly and {fu : w € W(A,_1)} determined by the following properties:
(1) the map from the group algebra C[W (A,—1)] =, cw(a, ,Cw to H%(Anq)
given by w + fy, is an algebra injection;
(2) ziz; = zjx; for all 4, j;
(3) wic; = cjx; for i # j and z;¢; = —c;x; for all i;
(4) cicj = —cje; for i # j and ¢ = —1 for all i
(5) fuwCi = cw(i)fuw for w € W(A,_1) and for all 4;
(6) fsiiTi—Tig1fo, i = k(=14ciciqr) foralli=1,...,n—1and f,, ., z; =
xj fs, ., for all i, j with i — j| > 1.
We later simply write w for f,,. The algebra has a superalgebra structure with
deg(c;) =1, deg(w) =0 for w € W(A,—1), and deg(z;) = 0.

For i # j, define c,,; as
Q(Ci—Cj) if’i<j7

Cayj = (4.9)
5 (Cj—Ci) if j <.

Let gaij = gij = sijcaij .
The superalgebra H%(Anfl) admits a PBW type basis:
Proposition 4.3 ([Kl, Thm. 14.2.2]). The set

{a™ - aymelt - crw i ma, .,y € Lo, €1, ..., 6, €{0,1},w € W(A,Z1)}

forms a basis for H%}(Anfl)'

The main statement of this subsection is Proposition 4.9, which says that
H%( A1) satisfies property (x) defined in Definition 3.1.
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Let 5o = sqcCqa. For later convenience, we also set s = 54,; = Sa;;Caiys Yi =
TiCi, Y = Yi + ‘éQ >izj Si,j and o = —yjc;. Note that C[W(A,—1)]” embeds into
H%(Anfl) via the map fo > 3.

The notations y, and x} will be used to define the Dirac type element in
H%( An1) and are inspired by the setting in the degenerate affine Hecke algebra in

[BCT].
Lemma 4.4.

(1) CiYj = —YjiCi fO’l" any iaj7'

(2) 5ijcr = —cksi; for any i, 7,k with © # j;
(3) ciy = —yjci for any i, j;
(4) For a € RT and w € S, ws,w™! = Sw(a) if w(a) >0, and Wiw ™t =

—g,w(a) if w(a) < 0.

The above lemma is elementary. We skip the proof.
We shall use the natural permutation of W(A,_1) on the set {1,...,n} below.

Lemma 4.5. Let w € W(A,,—1). Then

wyiw ™ =y = V2k Y Fp.
B>0,w=1(8)<0,(8,w(e:)) £0

In particular, for a > 0,

gayiggl F Ysa(i) = —\/2k Z gﬁ.
B>0,55"(8)<0,(8,5a(ei))#0

Proof. For w € W(A,_1), define l(w) = |{e; —e; € RT(An—1) : w(e; —e;) < 0}].
When [(w) = 1, w = s, for some a € A. We consider three cases. When
(e;, ) = 0, it is easy to see Sqa¥iSo — yi = 0. Now consider the case (e;,a) = 1. In
this case, we have

SaliSa = SaliCiSq
=2it16i+1 + k(=14 ¢iciy1)ciSa
= Tiy1Cip1 + K(—¢i + ciy1)sa
= Zit1Ci+1 + ksa(ci — cip1)
= yir1 + V2k5,.

For (e;,a) = —1, by using s,54S« = —S, and the computation in the case
(e;,a) = 1, we have
Sal¥i+1Sa = Yi + \/nga

We now use an induction on I(w). Assume l(w) = k for some k& > 1. Write
w = sqw’ for some simple reflection s, and w' € W(A,,_1) with [(w') = k—1. Set
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e =1if (a,w(e;)) # 0 and € = 0 otherwise. Then

— 12 /—
WY; W b= sow Yiw Lsq

= Saluw (i)Sa + V2k Z Sa88Sq  (induction hypothesis)
B>0,w"~1(B)<0,(8,w’(e:))7#0
= Ysquw' (i) T eV2k3, + V2k Z Ssa(p) (calculation for I(w) = 1)
B>0,w'~1(B)<0,(B,w(e:)) 70
= Ysow'(i) T eV2k3, + V2k Z S5.(8)
B>0,w'~1(B)<0,(sa(B),saw’(€i))#0
=Yu) + V2K > s

B>0,w=1(B)<0,(B,w(e:))#0

This proves the first assertion. The second assertion follows from the first one with
the equation that

§ayi§;1 = SaCali(—CasSa) = sa(ci)yisa = —S4YiSa. O
Lemma 4.6. Fori # j, [z}, 2}]cic; = yjy; + yjy; € Seg,.

1]

Proof.
viy; + Yy = (yz' + ézkzgi,k) (llj +kY? Z?l,j)
ki 1£]

+ (yj + \ékagz,j) (yi + \ézkzgi,k)
1] px
= Yiyj +Yvi + ézk(zgi,kyj +y; Zgi,k +yi Zgl,j + Zgl,jyi)
v v 1] 1]
(Y YA )
k#i l#j I#j i#k

= ézk( D Skl +yi Y ik Ty S5+ Zgl,jyi)

ki ki 1#j 1#j

+ 12 ( Z ZEMEM + Z Zgi,kgl,j)

1#£] ki I1#£] k#i

By Lemma 4.5, the term \éQ (Zk# Si kY Y5 Dokops Stk TYi Dy SLi T 14 §l7jyi)
is in Seg(W (A, —1)). This completes the proof. [

Lemma 4.7.

(1) wrlw™! = Thyi)s

K2
(2) ¢zl = —xje; and ¢z}, = xic; fori # j.
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Proof. For (1), it suffices to show when w = s, for some o € A. Fix an i. By the
definition of 2}, it suffices to show say)sa = y;a(i). We consider two cases. In the
case that (e;, ) =0, sq(ay;) > 0 for any j # i. Then $45; S0 = ;
j # 1. Thus, the last equality in Lemma 4.5 becomes

50 (5) for any

Sa¥isa' = vi+ égkzgz‘,sa(j) =i
J#i
In the case that (e;,) # 0, let k =4 — 1 or ¢ + 1 such that @ = «; ;. Then, by
Lemmas 4.4(4) and 4.5,

SaliSa' = Ys. (i) + V2KSa — \é?kga + \ézk Z S

JFik
=Yk + ‘ézkzgk,j
J#k
/
= Yk
For (2), it is straightforward from Lemma 4.4 and y} = z}¢;. O

Remark 4.8. The subalgebra of HS‘}( An_1) generated by the elements y; and s; ; is
the degenerate spin affine Hecke algebra of type A,,_1 defined in [Wan, Sect. 3.3].
(Other classical types for the degenerate spin affine Hecke algebra are established
in [WK, Sect. 4].) The degenerate spin affine Hecke algebra can be regarded as a
more elementary analogue of the degenerate affine Hecke algebra, and the notions
of y; can be regarded as the Drinfield presentation [Dr] under the analogue.

Proposition 4.9. The degenerate affine Hecke—Clifford algebra H%(Anfl) satisfies
the property (x) in Definition 3.1.

Proof. We set W in Definition 3.1 equal to W(A,,_1) and set a; in Definition 3.1
to be 2. Using Lemmas 4.6 and 4.7, one can verify relations (3.1) to (3.5) in Def-
inition 3.1. By Proposition 4.3 and expressions of x}, ()™ --- (a] )™ c{* - - cSrw
(my,....,mn €7, €1,...,6n € {0,1}, w € W(A,_1)) form a basis for H%(Anq)'
These verify the property (x). O

4.2. Type B,

For type B,,, we modify the original definition in [WK]. More precisely, the algebra
we considered in Definition 4.11 is a deformation of the algebra in [WK]. It is
not hard to do a similar modification for type A,,_1. The main reason for this
modification is to construct an explicit module in the next section, which cannot
be done in the original definition of [WK] (by our approach). Considering the
lack of existing literature for the representation theory of the degenerate affine
Hecke—Clifford algebra for other classical types, such examples may be interesting
and important.

Notation 4.10. Let W = W(B,,) be the Weyl group of type B,,. Let the set
R(B,,) of roots for type B,, be

R(B,)={xe;tej:1<i<j<n}U{fe;:i=1,...,n}.
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The roots +e;+e; (i # j) are long, while the roots +e; are short. Fix a set R*(B,,)
of positive roots:

RT(By)={eite;:1<i<j<n}uU{e:i=1,...,n}.
The set A of simple roots is
{ei—ei1:i=1,...,n—1}U{en}.

For i # j > 0, define «;; as in (4.8), define a; —; = e; + ¢; and define a; = e;. We
also define s;; = sq, ;, Si,—j = Sq,_; and s; = 5q,.

We have a natural embedding R(A,_1) C R(B,). and a natural embedding
W(An—1) C W(B,,) (i.e., the group W (A, _1) being the group generated by s; i+1
fori=1,...,n—1).

Definition 4.11. Let Ng, € C. Let H%(Bn) = H%(Bn)(k, Ng, ) be the associative
unital algebra generated by the symbols {x;};_,, {¢;i}i—, and {fy, : w € W(B,)}
subject to the relations of (3), (4), (5), (6) in Definition 4.2 and additionally,

(1) the map from the group algebra C[W(B,)] = @, cw,)Cw to H%(Bn)

given by w + fy, is an algebra injection;

(2) fonon = —cufo, and fo,ci = cifs, for i # n;

(3)

fsnxn + xnfsn = _\/Qkana
fsnxj —xjfs, =0 forj#n;

(4) zyz; — xjx; = Np,cjc; for i # j.
We shall again simply write w for f,.

When Ng, = 0, H%(Bn)(k7 Ng,,) coincides with the degenerate affine Hecke—
Clifford algebra of type B,, in [WK, Def. 3.9].

For Ng, # 0, while z; and z; does not commute for i # j, we still have
r?x; = xzjz?. The algebra H%(Bn) hence still has some nice properties such as
the commutation relations with intertwining operators (but we do not need this
in this paper).

For i # j > 0, define c,,; as in (4.9) and define

Cas_; = 42 (ci +¢j).

Set 5i,_j = 8i,—jCa; ;- We also set 5, = 5; = s;c;.

Since we have modified the original definition of the degenerate affine Hecke—
Clifford algebra for type B,, in [WK], we will give a proof for the existence of the
PBW type basis.

Proposition 4.12. The set
{x"™ - eapmelt - erw i ma, .,y € Lo, €1, .., 6, €{0,1},w € W(B,)}

forms a basis for H%(Bn).
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Proof. We follow the argument in [KI, Thm. 3.2.2]. We consider the algebra H
generated by {z;}, {¢;} and {Si’i+1}?:_11 U {sn} subject to the relations (3), (4),
(5), (6) in Definition 4.2 and the relation (2) (but not (1)) in Definition 4.18 (with
a trivial replacement of notations). We resolve the minimal ambiguities according
to the Bergman’s diamond lemma [Be]. For example, we may consider an ordering
§<ep<--<ep <@y <--- <1, where s is any simple reflection in W(B,,). This
induces a semigroup ordering on {(x;,¢;,8) (i = 1,...,n and s runs for all simple
reflections) from the length of words and the lexicographical ordering. Then one
checks that

(8i,i+1Ti41) T = (TiSiip1 — Kay oy (=1 4 Cigr164)) 2
= 48i,i41%; — Ko, 0 (—1 4 ciy1ci) 2
= T%it181i+1 T Kay 1 Ti(—1 4 cicir1) — Koy 0 (1 4 cigrci)a;

= X;Ti4+184,i+1
and

5i,i+1(93i+193i) = 5i,i+1(93i13i+1 + NBnCiCiJrl)
= 8 i+1%iTi+1 + NB,, Cit1CiSi it1
= Tip18ii41%i41 + Kay oy (—1 4 Cicig1) T + N, Cip16iSi,i41
= T 10iSii+1 — Kay 1 Tig1 (=1 + cip164)
+ Ko, (F1 4 cicip1)Tipr + N, Cip1€i8i,i41

= TiTi4154,i+1-

Similarly,
(Snxn)xj = (—xnsy — \/2kan)xj
= —TpSnT; — \/Qkanxj
= —TpT;Sp — \/Qkanxj
= —TjTpSn, — NB, CjCnSn — \/Qkanxj
and

sn(Tnx;) = s$pxjTn + Ng, Sncjcy
= T;5,%n + NB, SnCjcCn
= —T;TpSn — \/2kan9:j — Ng,, CjCnSn.
Similarly, for i > j > k,
(xizj)zy = xjz08 + Np, ciciTk
= x;TT; + N, Tjcrc; + N, CjciTy
= 1,7;%; + N, crcjx; + N, xjcrc; + N, cjcixy

= xpx;x; + N, cxcjx; + N, crpcixj + N, ¢;ciTr.
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The calculation for x;(x ;) is similar. Other minimal ambiguities can be checked
similarly.

Let Z be the two-sided ideal of H generated by the relations of W(B,) (e.g.,
§% = 1, $ii415i41,i4250,i41 — Sit+1,i428i,i+15i+1,i+2)- Then H|T = H%(Bn)- Let
‘P be the subalgebra of H generated by by x; and ¢;. It is straightforward to
check that (52 — 1)7) = 7)(52 — 1), (5i7i+15i+1,i+25i,i+1 — Si+1’i+28i’i+18¢+1,i+2)lp =
P(Si7i+15i+17i+25i’i+1 — 5i+1,i+25i,i+1 5i+1,i+2)7 and other similar equations. ThOSG
equations can also be deduced from Lemma 4.14 and its proof below. [

Lemma 4.13. For any root a > 0, ¢;Sq = —84C;.

Lemma 4.14.
wyiw_1 = Yw(i) + \/2 Z kocgoc-
a>0,w1(B)<0,(B,w(e;))#0

In particular, for « >0

Balifa +Ysu) = —V2 Y Kg3s.
a>0,55"(8)<0,(8,54(e:))#0

Proof. The relation s, + Znsp, = —V/2Ke implies sp¥yn — Ynsn = —v/2kacpn. The
latter equation is also equivalent to s, yn s, = yn + V/2k45,. The remaining proof
is just similar to the case of A,,_1 in the proof of Lemma 4.5. O

For i > 0, define y; = z;¢;.

vi=ui+ % Y, Kada. (4.10)
a>0,(a,e; ) #0

We also define y_; = y; and ¢’ , = yi.
There is a natural permutation of W (B,,) on the set {£1,...,+n}.

Lemma 4.15.
(1) For any w € W(B,,), wylw™! = y'iu(i)'
(2) Fori# j, yiy; + vjy; € Seg(W(B,)).
Proof. For (1), it suffices to check when w = s, is a simple reflection. It is the

direct consequence of the expression (4.10) for y;, Lemma 4.14, and the fact that
SaSaSa = —Sq. For (2), using the expression (4.10), we have

VI Y = iy Yyt [ Y Ka(yida +3ayi) + Y ka(yi8a + 3ay))
a>0,(a,e;)#0 a>0,(a,e;)#0
+3 Y. Kaks(SaSp + 555a).
a,B>0,{a,e;)#0,(B,e;)#0
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Since ¥y;y; + y;¥: = Ns,,, we only need to consider and show that the middle term

is in Seg(W(By,,)):
Z (yiga + gayi) + Z (nga + gayj)

a>0,{(a,e;)#0 a>0,(a,e;)#0
= (Z K, i kY5 + Y5 Z Ke, o Sik + Yi Z Ko, ;515 + Z kal,jgl,jyi)
ki ki 1] 14
+ ( Z Si,—kY; +Y; Z Si—k t Yi Z Sj—1+ Z 5]',71%)
k>0, ki k>0, ki 150,17 150,147

+ ko, (5iy5 + yj5:) + ka, (55vi + yisi)
which is in Seg(W(B,)) by Lemma 4.14. O
Proposition 4.16. The superalgebra H%(Bn) satisfies the property (x).

Proof. Let x}, = —yic;. We set W in Definition 3.1 to be W(B,,) and a; to be .
With Lemma 4.15, one can verify relations (3.1) to (3.5) in Definition 3.1 (also
see more detail for type A,,_1 in Section 4.1). By Proposition 4.12, H%(Bn) has a
PBW type basis. These show the proposition. [

4.3. Type D,

Notation 4.17. Let W(D,,) be the Weyl group of type D,,. Let the set R(D,,) of
roots for type D,, be

R(D,) ={£eite;:1<i<j<n}CR(B,).

Let RT(D,) = R(D,) N R™(B,) be a fixed set of positive roots. We shall again
write a > 0 for « € RT(D,,) and o < 0 for —a € R(D,,). The set of simple roots
is given by
A={e;—eir1:i=1,...,n—1}U{ep—1+en}.

Since there is only one W-orbit for R(D,,), we simply write k for k, for any
a € R(Dy).

We shall regard W (D,,) as the subgroup of W (B,,) generated by elements s; ;
and s; _; for 4,5 > 0. We shall also keep using the notations in Notation 4.10.

Definition 4.18. Let Np, € C. Let kP : R(B,) — C such that k®|zp,) = k
and k2 = 0 for any short root « in R(B,,). Let H%(Dn) = H%(Dn)(kv Np, ) be the
supersubalgebra of H%(Bn)(kB,NDn) generated by the elements w € W(D,) C
W(Bn)’ {"I"i}?:1 and {cl}"?:l

Remark 4.19. We can explicitly write down the commutation formula from the
algebra structure of H%(Bn). For example,

Sp—1,-nTn-1 + TndSn—1,—n = SnSn—1,nSnTn-1 + TnSnSn—1,nSn
= —SnSn—1,nTnSn + SpTn—-15n—1,n5n
= Sn(*snfl,nxn + xnflsnfl,n)sn
= sp(k(—14 cnen—1))sn
= k(—l + cn_lcn).
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This agrees with a relation in [WK, Def. 3.6]. When Np_, =0, H%(Dn)(k, 0) is
isomorphic to the degenerate affine Hecke—Clifford algebra of type D,, defined in
[WK, Def. 3.6]. (We remark that in [WK], their convention for ¢; satisfies ¢ =1

rather than ¢? = —1.)
We again define
vi=yi b kY Sa=uit kD 5+ Pk S (4.11)
a>0,(a,es)7£0 i i

Again, for notational convenience, set y’ ; = yi.
Lemma 4.20.

(1) ey, = —yci for any i, j;
(2) sa¥isa' =Yi. )i
(3) fori# j, yiy; + y;y; € Seg(W(Dy)).

Proof. Note that y, is defined as the one in (4.10) for type B,, in Section 4.2 since
we have k2 = 0 for any short root o € R(B,,). Then the results can be established
by Lemma 4.14 and by investigating the proof of Lemma 4.15. O

Proposition 4.21. The algebra H%(Dn) satisfies the property (%) in Definition
3.1.

Proof. This follows from HW(D ) forming a supersubalgebra of HW(B )(kB, Np,)
and Remark 4.19. O

4.4. Dirac element D

Let H = H%(A ) H%( B, OF HM}(D )- Using (3.6), the Dirac element D for H
is defined as

D=> zic. (4.12)
1=1

Using the expressions in Section 4.1, the explicit form of the Dirac element D is
as:

(1) Type A,—1 and Dy,:

D= lecl+\/22k sacaf2y1+\/22k Seu-

a>0 a>0
(2) Type B,:

D= Zyﬂr\/? > kaSat+ P D Kada

a>0, « long a>0, « short

In types A,—1 and D,,, we consider that all the roots are long.
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Lemma 4.22.

2
( E §a> = E gagg.
a>0,a long” «>0,8>0,5.(8)<0
a, long

The above equality is also true if we replace all the long roots by short roots.
Similarly, we also have

(Za)( Ta)+( Ta)( Tu)- T ww

a>0,a long a>0,a short a>0,a short a>0,a long” «>0,8>0,s5,(8)<0

where o and 3 run for all pairs of roots with distinct length.

Proof. We only prove for the first case, that is, the case of long roots only. It
suffices to show that
> Fad5=0.

a>0,8>0,54(8)>0
a,f long
Set R = {(a,8) € Rt x RT : 54(8) >0, and 3 are long}. Note that for any
(o, B) € R, either sg(a) > 0 or s, (g)(a) > 0. We define a map ¢ : R — R such

that
oo _ (57 Sﬁ(a)) if 85(0[) >0,
( 75) {(Sa(ﬂ)va) if Ssa(ﬁ)(a) > 0.

It is not hard to verify that ¢ is well-defined and is an involution. For «(a, 8) =
(o, B8"), one can also check that 5,53 + S Sg- = 0. Thus each term 5,53 in the
expression Za>0’ 350,50 (8)>0 SaSp can be paired with another one and get canceled.
This proves the expression is zero. [

By Proposition 4.9, Proposition 4.16, and Proposition 4.21, H satisfies the prop-
erty (x) and hence we can define Seg(W) to be a subalgebra of H according to
Definition 3.1.

We compute the square of the Dirac element D. This is an analogue of [BCT,
Thm. 2.11].

Theorem 4.23. Let H = H%(Anq)’ H%(Bn), or H%(Dn). Then
D? = Qy — QSeg(W)7
where

QH: :Z}l2
=1

Qsegwy = 5 D o, a)]|(B, B) | kaksFads.
a>0,8>0,s4(8)<0

)

Moreover, H satisfies the property ().



146 KEI YUEN CHAN

Proof. We only do for types A,_1 and B,, and the case for type D,, follows from
type B,,.
By Lemma 4.5 and Lemma 4.14, for any a > 0,

o (S + 50 2w ) = Vake X ksl ) (4.13)
1=1 1=1

B>0,54(8)<0
Now, by (4.13) and Lemma 4.22,

(zn:y +‘/22k [{a, @) |sa>
=1

a>0
=(Zyz) +“2Zyzzk o)+ ¥ 3 Kl |aa|sa2yl
i=1 = a>0 a>0
+ (Zk |aa|sa>
a>0

I
Hl\’)

Y kaksl{e, @)l[(8, 5)[5a3

1 a>0,8>0,54(8)<0

2

We can directly verify that Qy is in the center of H and Qgeg(1w) is in the center
of Seg(W). Hence, H has the property (xx). O

We obtain the following Parthasarathy-Dirac-type inequality. Examples satis-
fying the hypothesis of Corollary 4.24 below will be considered in Section 7 (see
Proposition 7.12).

Corollary 4.24. Suppose an irreducible H-module (7, X) satisfies the property
that X admits a non-degenerate positive-definite Hermitian form such that the
adjoint operator of w(D) is —m(D). For any irreducible Seg(W)-module (o,U),

Homgeg(w) (U, Resgeg oy X) # 0
only if
X () < Xo (Qseg(w))-

Proof. Let Ux be an U-isotypical component of X and let w € U. The corollary
follows from

0 < (D.u,D.u) = (u, —D2.u> = —(Xx (Qm) — Xo (Qseg(w))) (U, u). O
The conclusion of this section is a version of Theorem 3.5 in specific cases.

Theorem 4.25. Let H = H%(A ) H%(Bn), or H%(Dn). Let (7w, X)) be an irre-

ducible supermodule of H with the central character x. (Definition 2.6). Let D
be the Dirac element in H in (4.12). Define the Dirac cohomology Hp(X) as in
Theorem 3.5. Then Hp(X) has a natural Seg(W)-module structure. Suppose

HomSeg(W)(Uv HD(X)) 7£ 07
for some Seg(W)-module (o,U). Then x. = x°, where x° is defined as in (3.7).

Proof. This immediately follows from Theorem 3.5, Proposition 4.9, and Theorem
4.23. O
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5. Examples of non-vanishing Dirac cohomology

5.1. Construction of some modules

In this section, we construct some modules for the degenerate affine Hecke—Clifford
algebra of classical types.

In type A,_1, we follow the construction in [HKS, Sect. 4.1], which uses a
Jucys—Murphy-type element. For type B,, we use a slightly different approach.
The underlying idea of the construction is to first consider a Seg(WW)-module and
then try to extend the action to the entire degenerate affine Hecke—Clifford algebra.
However, we may not expect that this process always works, and indeed, we can
only do it for certain parameters.

Type A,—1: Let Cl, be the subalgebra of H%(Anfl) generated by all ¢;. Define
S~tW(An71) to be an I[-Hg[}(ATH1)—supermodule7 which is identified with Cl,, as vector

spaces and the action of H"” on Sth(Anfl) is determined by the following:

Ci.l = Cy, (514)
sa.1=1, (5.15)

where 1 is the identity in Cl,, and

;0= k( Z si,5(1— cicj)> .,

1<j<i<n

where v is any vector in Cl,, and the actions of s; ; and ¢;, ¢; are the ones defined in

(5.14) and (5.15). The notation S~tW(An71) stands for a Steinberg-type module as
it performs the role of Steinberg module in the degenerate affine Hecke algebra. It
is straightforward to check that the above actions define an H%( Anil)—module by

verifying the defining relations of H%( A1) Some details can be found in [HKS,
Prop. 4.1.1].

Type B, Let a be a long root in R(B,) and let 8 be a short root in R(B,). Set
Ng, = 2(n—1)k2+v/2k,kg. Let Cl, be the subalgebra of H%(Bn) generated by the
elements ¢;, which is isomorphic to the Clifford algebra. Let U(n) be an irreducible
supermodule of Cl,,. The actions of H%(Bn) on U(n)®U (n) are determined by the
following:

zi.(u@v) = —(—1)de/— 1(( alct+eat - +eim

+(n—i)e;) + “fkgci).u) ® (ci), (5.16)

$n-(u®@v) = (—1)%8W/1(c,.u) @ (¢n.v),

sij.(u@u) = (—1)dea)/ 1( \/2 >®(Ci\;20j.v>, (5.17)
ci-(u®@v) = (=1)%eW (4 @ ¢;.0). (5.18)

The above actions are indeed well defined:
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Proposition 5.1. For N, = 2(n — 1)k% + v2k.kg, the actions (5.16)(5.18)
above on U(n)®U(n) define an H%}(Bn)(k, Ng, )-module.

Proof. The computation is straightforward for verifying the defining relations of
H%(Bn). For example,

(84,i41%Ti — Tit1Sii+1)- (U @ V)
= = ka((=(n — i) + (n = D)cicir1)u) @ (=1 + cicit1)v)
+ 2ka(((n —i—2) — (n—i)ciciyr)u) @ (1 — cicigpr).v)
=kou® ((=1 4+ ¢icip1)v)
=ko(—1+ ¢icit1)-(u @ ).

Moreover, for ¢ < j, note that

(ka(cl + (6] —+ -4 Ci—1 + (n — Z)CZ) + \égklgci)
’ (ka(cl teat oot (n—Je)+ éQkﬁCj)

+ (ka(cl tet ot +(n—j)e) + éQkBCJ‘)

2
. (ka(C1 +e+-+e+(n—i)e)+ \g kﬁci)
= —2(i— 1)k + 2ka( — (n — i)k — V;kﬁ)
= —2(n — 1)k2 — V2k,kg

and hence ;2 —x;7; = (2(n—1)k2 ++v/2k,kg)cjc;. Other relations can be verified
similarly (and more easily). O

Denote the above H%(Bn)—module by S~tBn.

Type Dp: Set Np, = 2(n — 1)k%. Recall that H%(Dn) is a subalgebra of the
algebra H%(Bn)(kB, Np, ) (see kP in Definition 4.18). By checking the parameter
function, we have an H%(Bn)(kB,NDn)—module Stg, defined above. Denote by

S~tDn the restriction of §cBn to an H%(Dn)—module.

5.2. Dirac cohomology

We keep using the notation in Section 5.

Proposition 5.2. Set Ng, = 2(n—1)k2 +/2k, kg (with the notations in Section
5.1) and set Np, = 2(n—1)k?. Let H = HELI,H% (k, Ng,,) or Hgi(k, Np,). Let

X = SvtAnfl,gtBn or S~tDn be an H-module defined in Section 5.1. The Dirac ope-
rator D acts identically as zero on X. In particular, Hp(X) # 0.
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Proof. Type A,,_1: For v € S~tA

n—17

m(D)v = Z sij(1 — cicj)eiv +V2k Z Sa.v

1<j<i<n aER*
= Z ks;; (Ci — Cj).’U + \/21( Z Sq.U
1<j<i<n a€ER*
= (— \/2 Z kgji—‘r\/Qk Z ga).UZO.
1<j<i<n a€ERt

Type B,,: Recall that g‘cBn is isomorphic to URU as vector spaces in the notation
of Section 5.1. For u ® v € URU,

ok, 3 (7 ) ev—vak 30 (7 j;j.u)@z)

1<j<i<n

Type D,: Recall that H%(Dn) is a subalgebra of H%(Bn)(kB,NDn) (see the

notation of k? in Definition 4.18). The Dirac operator for H%(Dn) is the same as
the Dirac operator for H%(Bn)(kB, Np, ). Then the vanishing result follows from
the result for type B,,, which has just been proven. [

6. Sergeev algebra

The main purpose of this section is to review several results about Sergeev
algebra, which will be useful for computing the Dirac cohomology of some modules
for H%( An1) in the next section. Some results can also be formulated to other
types and one may refer to [WK, Sect. 2]. Starting from this section, we consider
type An—1 only and we shall usually use the notation S,, for W(A,,_1) (where S,
represents the symmetric group). Write R for R(A,,—1) and R for R*(A,_1).
Recall that A is the set of simple roots in R.
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6.1. The superalgebra C[S,]~

Let §n be the group generated by the elements 1,[},;1’2, ...ytn—1,n subject to the
following relations:

(tii41)? = 1,
(Tiisibisrize)® =1 fori=1,...,n—1,
tiivitjjer =ty jpatiapn  for |i—j| > 1,
¢t~i,i+1 =t~i,i+11/2 fori=1,...,n—1,

P =1.

Then §n is a double cover of S, via the map determined by sending %vai to the

transposition between ¢ and ¢ + 1, and ¢ — 1. We also sometimes write ¢4, ,,,

for t; ;41 if we want to refer to the simple root a;;+1. Denote by C[S,] the
group algebra of §n with a basis labeled as {e@ Tw e §n} Define C[gn]’ =

C[Sn]/(eyp + 1). We shall simply write w for the image of ez in C[S,]~. There is
a superalgebra structure on C[S,,]~ with deg(t,) =1 for all a € A.

Lemma 6.1. Given an S, -representation U and a C[S,]™ -module U’, there exists

a natural C[S,] ™ -module structure on U @ U’ characterized by

ta-(u@u') = (s4.u) ® (Za-ul)v

where « € A, u € U, and v’ € U'.

Define an equivalence relation on Irr(C[S,]™): U ~gen U’ if and only if U = U’

or U = sgn®U’ as C[S,,] -modules, where sgn is the sign representation of S,, and

the C[S,]~-module structure of sgn U’ is defined in Lemma 6.1.

Proposition 6.2. There is a natural bijection
IrTgup (C[Sn] ") /~m ¢ Tre(C[S,]7) /~vegn -

Proof. It suffices to see that the equivalence relation ~ in Proposition 2.4 is the
same as ~ggn. This follows from deg(to) =1 for all @ € A and definitions. O

6.2. Sergeev algebra
Definition 6.3. Recall that H%(An—l) is defined in Definition 4.2. The Sergeev
algebra, denoted Seg,,, is the subalgebra of H%( An1) generated by the elements
weW(A,_1) =S, and ¢; (i =1,...,n). In other words, since H%(Anq) satisfies
the property (), Seg,, is the same as Seg(Wa, _,) in Definition 3.1. We shall use
notations in Section 4.1 (e.g., So, Cay Sa)-

Let Cl,, be the supersubalgebra of Seg,, generated by ¢; (i = 1,...,n). There
exists a unique, up to applying the functor II, irreducible supermodule of Cl,,. Let

U(n) be a fixed choice of an irreducible supermodule of Cl,,. The dimension of
U(n) is 2"/? for n even and 2("*+1/2 for n odd.

The relation between subalgebras Seg,, and C[S,]~ is the following.
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Lemma 6.4 ([Kl, Lem. 13.2.3]). Seg,, is isomorphic to C[S,]~®Cl, as superal-
gebras.

Proof. Define a map:
So > o @ Cq (a€eA), ¢;—=1®c¢ (i=1,...,n).

One can verify that the map is an isomorphism. O

For any a € R*, define t, € C[Sn]™ such that s, maps to to ® o under the
map in the proof of Lemma 6.4.
Here is an analogue of Lemma 6.1:

Lemma 6.5. Given an S, -representation U and a Seg,,-module U’, there exists
a natural Seg,, -module structure on U @ U’ characterized by
Sa-(u@U') = (s0.u) @ (54.u'),
and
ci-(u®u') =u® (c.u'),
wherea € A, i=1,...,n,uc U, andu' € U’.

6.3. Relation between supermodules of C[S,]~ and Seg,,

Recall from [BK] (our formulation here is a bit different) a natural functor F :

F : MOdsup ((C[S;n]i) — MOdsup (Segn)7
X~ X®U(n).

The Seg,,-supermodule structure of X ® U(n) is characterized by
Sa.(z@u) = —(=1)%8@) (F,.2) @ (cau) (€ A),
ci.(zr@u) = (-1)*Dz @ (qu) (i=1,...,n).

It is straightforward to check that the above equations define a Seg,,-module. Next,
define

G : Modgyp(Seg,,) — Modsup((C[S’vn]_)7
Y — Homge, (U(n),Y).

)

The C[S,] -module structure is given by for § € Homq, (U(n),Y),
(ta.0)(1) = (5aca).0(u) (€ A).

Proposition 6.6 ([BK, Thm. 3.4]). The functors F and G form an adjoint pair,
i.e., there is a natural isomorphism

Homseg (F(U),U’) = Homgg ;- (U,G(U")).
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Furthermore, if n is even, GoF =1d and FoG =1d. Ifn is odd, Go F = 1d ® 11
and F o G =1d ® I, where II is defined in Section 2.2.

Let Ucy,, be a Seg,,-module defined by
Uay, = Indi?%:] triv = Seg,, ®c|s,, triv,

where C[S,,] is regarded as the subalgebra of Seg,, generated by the elements
fs, for all @ € A and triv is the trivial representation of C[S,]. In particular,
dime Ucy, = 27

We define a corresponding C[S,,|”-module Uspin as follows. If n is even, define
Uspin = G(Ucy,,). If nis odd, by [K1, Prop. 13.2.2] and [KI, Thm. 22.2.1], G(Uq,,) =

M & II(M) for some irreducible C[S,]~-module M. Then define Ugpin = M.
An immediate consequence of Proposition 6.6 is given below.

Lemma 6.7. F(Uspin) = Ucy, -

7. Spectrum of the Dirac operator for type A,,_1

We have seen the action of the Dirac operator on certain modules. In this
section, we will go further for type A,,—1 and compute the action of D on some
interesting H%(Anil)—modules. We shall see that Theorem 4.25 for H%(Anfl) has

interesting consequences. We shall write HS! for H%( An1) for simplicity. We keep

using the notations in Section 4.1 and Section 6.

7.1. Further notation for the root system of type A,,_1

A partition of n is a sequence of positive integers (ni,...,n,) such that n; >
ng > ... >n, and ny + -+ +n, = n. For a partition A = (n1,...,n,) of n, let
I,=A{1,...,n}\ {n1,n1 +na,...,n1 +---+n,} and let

A,\:{ei—ei_H ZiEI,\}.
Let V3 be the real span of Ay in R™ and let Rj\r =V\NRT.

7.2. Central characters for Hgl

The center of HS! plays a role in the following computations.

Proposition 7.1 ([Kl, Thm. 14.3.1]). The center Z(HS") of HS! is the set of all
symmetric polynomials in Cla?,z2,...,22]. In particular, any element in Z(HS")

rn
1s of even degree.

Definition 7.2. Recall that the central character x, : Z(HS!)o — C of an irre-
ducible supermodule (7, X) is defined in Definition 2.6. By Proposition 7.1, we
can also write y, : Z(HS!) — C.

For an element v = (a1,...,a,) € C", define x/, : Clz,...,27] — C such
that x/ (27) = a;. Define x, to be the restriction of x/ to Z(HSY). For the central
character x, of X, there exists a unique v € C", up to permutations of coordinates,
such that x. = x,. We may also say that v is the central character of X.

An HS'-module (7, X) is said to be quasisimple if any element in Z(HS') acts
by a scalar. In this case, v defined as above is still called the central character
of X.
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7.3. Induced modules

Let us recall a construction of some H$-modules in [HKS, Sect. 4], which is indeed
modified from the module of type A,,_1 in Section 5.1. There are also some similar

constructions of HS!-modules in [Wa, Sect. 4]. Fix a partition A = (ny,na, ..., n,)
of n. Let Sy be the subgroup of S,, generated by s;;41 for i = {1,...,n}\
{n1,m1 +na,...,n1+--+n,}. It is easy to see that Sy is isomorphic to S,, X

.. X Sp,. Let Hf\jl be the supersubalgebra of HS! generated by all w € Sy, 2;
(i =1,...,n) and ¢; (i = 1,...,n). Let Seg, be the supersubalgebra of H{!
generated by all w € Sy and ¢; (i = 1,...,n). Let Sty be an H{'module which is
identified with Cl,, as vector spaces and the action of Hf\n is characterized by:

c.l=¢ (i=1,...,n), sa.1=1 (sq € S)),

x;.0 = ( Z Si,j(l—CiCj)>.U (iznk+17...,nk+1),

ng—1+1<j<i<ng

where v is any vector in Cl,, and the actions of s; ; and ¢;, ¢; are the ones defined
n (5.14) and (5.15). It is straightforward to check that the above actions define an
Hfl—module by verifying the defining relations of Hfl. Some details can be found
in [HKS, Prop. 4.1.1].

Lemma 7.3. The element 22 acts on Sty by a scalar (i —ng — 1)(i — ng) where
k=0,....t—landi=nr+1,...,ngy1 -
Proof. Direct computation, or see [HKS, Prop. 4.1.1]. O

Define the Dirac-type element D) in H()\jl as

DA—Zyl—i-\/?k > Fa

ozERJr

Proposition 7.4. The element Dy acts as zero on the Hf\jl-module Svt,\.

Proof. Tt follows a similar computation of type A, _1 in the proof of Proposition
5.2. O

Define

X, = Ind St)\ = Hgl ®H§\” S~t)\ (7.19)

HC]
with the map 7, defining the action of HS! on X . Since Z(HS!) C Z(HS!), any
element of Z(HS!) acts by a scalar on Sty. With the definitions for X and Z(H$"),
we have that X is quasisimple (Definition 7.2). The central character of X can
be represented by
(LA =1),...on(m = 1), 11 =1),... 0 (n, — 1)) €R™.
~ ~ ~ ~
niterms n,terms

To compute the Dirac cohomology of the above induced modules, we need some
more information discussed in the next subsections.
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7.4. S,-structure and Seg,,-structure of (7w, X3)

We continue to fix a partition A of n. Recall that in Definition 4.2(1), HS! contains
C[Sn] as a subalgebra. Let (my,V = C") be the S,-representation such that
elements in §,, permute the coordinates.

Lemma 7.5. The restriction of Xy to C[S,] is isomorphic to

C[Sn] ®cysy) Resc (@N )

as C[Sy]-modules.

Proof. Note that the restriction of Sty to (C[S,\] is isomorphic to Resgg"%(@? V).
Then HS! gt Sty and C[S,] (8] Res(C (53] (@Z o A\'V) are isomorphic as C[S,,]-

modules. O

It is well known that we have the following C[S,,]-isomorphism:

C[Sn] ®c(s,] Ress (@/\ V) = ((C[Sn] N triv) ® @/\iV.

i=0
Here the module in the right-hand side is viewed as the tensor product of two
Sp-representations. The isomorphism is given by

w (A Av) = (W 1) (my(w)vy A« Ay (w)vy).

Note that the space ®7_, A"V can be identified with Cl,, via the map determined
by
€ N Neg. = Cjy -Gy

where {eq, ..., e} is the standard basis of V.= C". Thus X, = IHde

identified with, as vector spaces, ((C[Sn] ®c[Sy] trlv) ® Uq,, via the 1dentiﬁcation
in Lemma 7.5 and the above identification between &7 ; A’V and Cl,,. Then if we
translate the action of the subalgebra Seg, under the above identifications, then
we have:

StA can be

m(w)(w @1 @ ¢, ... ¢i) =ww @1® cy(iy) - - - Culiy)
(e @1@cy ...ci)=w @1Qcicyy ... ¢,

T

We have just proven that:
Lemma 7.6. As Seg,, -supermodules,

Cl

Resgﬂggn X = (C[Sn] ®¢ysy) triv) @ Uay,

where the supermodule in the right hand side has the Seg,, -supermodule structure
described in Lemma 6.5.

Recall that F is the functor defined in Section 6.3.
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Proposition 7.7. As Seg,, -supermodules,

Cl1
n

Reslglegn X = F((C[Sy] ®cys,) triv) @ Uspin),

where (C[S,] ®¢(s,] triv) @ Uspin has C[S,]™ -supermodule described in Lemma 6.1.
Proof. By Lemma 7.6, it suffices to show

(C[Sn] ®cisy) triv) @ Uct, = (C[Sy] ®csy) triv) @ Uspin @ U(n).

By Lemma 6.7, there is a Seg,-module isomorphism f from Uci, to F(Uspin) =
Uspin ® U(n). Then define a vector space isomorphism of Seg,,-modules

(C[Sn] ®(C[S)\] tI‘iV) X UCln — ((C[Sn] ®C[S;] tI‘iV) X Uspin (24 U(n)
determined by
(wel)@ (¢ ...c;, 1) > (w®1)® fleiy ... ®1).

Using the module structure described before Lemma 7.6, one can check the linear
isomorphism is Seg,,-equivariant. [

7.5. Hermitian form on (7w, X))
We continue to fix a partition A of n. In this subsection, we shall construct a Her-
mitian form on the HS-module (7, X) such that the adjoint operator of 7y (D)
with respect to such form is —mx (D). We will see this makes the computation for
the Dirac cohomology Hp(X) of those modules X much easier.

Recall that Seg, is a subalgebra of H!.

Lemma 7.8. There exists a Segy-invariant positive definite Hermitian form on
Sty.

Cl  ~
Proof. Since ResﬁsﬂggX Sty = Resgzgz Uci, as Segy-modules, it suffices to consider
the case when A = (n). Recall that Ucy, = Seg,, ®¢s,] triv in Section 6.3. Define
(-,+) :Uc1, xUc1, = Csuchthat for 1 <43 < - <ip, <mand 1< j; < -+ <
Js <m,

1 if{ila"'aiT}:{jlv"-vjs}v

CiiCin - Ci ®1,¢4,¢4, - cj. @1) =
(ciy iy i 7162 Js ) {() otherwise .

It is straightforward to check that (, ) satisfies the desired properties. [

We denote the Seg,-invariant Hermitian form on Sty in the above lemma by
;). Recall that X, = HS! ®por Sta. We define a bilinear form (-,-) on X
characterized by:

(W1 @ V1, Wa @ Va) = Sy 5y a5y (T (W5 Lwr o1, v2)

where wy,ws € Sy, and dy, 5, ,w.s5, = 1 if wiSN = w25\ and 6y, 5, w.s, = 0
otherwise.



156 KEI YUEN CHAN

Lemma 7.9. (-,-) defined above is a positive definite Hermitian form.

Proof. This follows from the property that (-, -), is positive definite and Hermitian.
O

We next compute the adjoint operator of 7y (D) with respect to (-, ). We begin
with some lemmas.

Lemma 7.10. For vy,vs € Sty, (D ®@wv1,1 ®vy) = (1@ 01, D @ vg) = 0.
Proof. For a € R\ R, one has

<§a ®’U1,1®02> =0.

With the equality
D:D)\“i’\/Qk Z gaa
oz>0,ozER+\R;r

one has (D ® v1,1 ® va) = (Dx.v1,v2)x. Then we have (D ® v1,1 ® v2) = 0 by
Proposition 7.4. The proof for (1 ® v1, D @ v9) = 0 is similar. O

Lemma 7.11. Suppose 31 # B2 and 1,32 € RY \ RY. Then sp,s3, & Sh.

Proof. In the following, we implicitly use several times the fact that any element
in Sy cannot send a positive root not in Ry to a negative root. If (81, f2) = 0,
then sg,s3,(82) = —f2 < 0. Since B2 & Ry, $8,58, ¢ Sx. If (B1,P2) = —1, then
$8,(B1) = P14+ B2 > 0. Moreover, sg,53,(88,(81)) = —f1 < 0. Since p1 + f2 ¢ Ra,
$g,58, € Sx. If (B1,P2) = 1, then either sg, (B2) > 0 or sg,(61) > 0. In the case

that 851(52) > 0, 551852(52) = —5g, (B2) < 0. Then since B2 ¢ Ry, 58,58, ¢ S
A similar argument by considering (sg, s3,) ! can prove another case. [

Proposition 7.12. The adjoint operator of wx(D) with respect to (- ,-) is —mx (D).

Proof. Tt suffices to show that
<D’(U1 X V1, W2 [ ’U2> = <’LU1 [ V1, 7DU}2 X 1)2>

for any wi,wy € S, and vy, vy € X . To this end, we consider two cases. Suppose
wlS,\ = UJQS)\. Then,

(Dwy ® v1,we @ va) = <w2_1Dw1 ®v1,1 ® vg)
= <Dw2_1w1 ®v1,1 ® vg)
(D @ (wy twy).v1,1 @ vg)

=0 (by Lemma 7.10).

Similarly, we also have
<’LU1 (24 V1, D’LUQ X 1)2> =0.

and so (Dwy ® vy, we ® v2) = (w1 ® v1, —Dws & va).
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Now we suppose that wiSy # weSy. Without loss of generality, assume that
wglwl is a minimal representative in wglwlSA.

(w;lwlD ®v1,1 ®ve) = <w2_1w1\/22k§a Q1,1 ®v2>
a>0

<1 ®v1,\/22k§awf1w2 ®U2>

a>0
—(1® vy, Dwy  ws @ v) + (1 @ vy, wi *waD ® vy)

+ <1 ® v1, V2 Zkgawflwg ®’U2>.
a>0

It remains to show

(1® vl,wflwgD ® v2) + \/2<1 ® v1, Z kgawl_lwg ® ’U2> =0.
a>0

By Lemma 7.11, there exists at most one 3 € RT \ Ry such that w; 'wsss € Sy.
If such 8 does not exist, then the two terms in the left-hand side of the above
equation are both zero and so the equation holds. If such unique ( exists, let
B = —w; 'wy(B). Note that 3’ > 0, otherwise w; 'wass & Sy. Then

(1I® vl,wl_lwgD ® va) + \/2<1 ® v1, Z kgawl_lwg ® v2>
a>0

= \/2k<1 ® Ul,wl_lwggﬁ ® vg)

+ V2k(1 @ v1, 3gwy ‘ws ® vy) (by definition of D and (-, -))
= —\/2k<1 ® vl,gg/wflwg ® va)

+V2k(1 @ v1, 3wy 'wy @ vg)  (by Lemma 4.4(4))
=0.

This completes the proof. [
Proposition 7.13. Let (7, X)) be the HS -module as in (7.19). Then

ker my (D) = ker 7y (D?)

and
ker m\ (D) Nimmy (D) = 0.

In particular, Hp(X)) = ker m\(D?).

Proof. Tt is clear that kermy(D) C kermy(D?). For v € kermy(D?), we have
(mx(D)v, —mx(D)v) = (mx(D?)v,v) = 0 by Proposition 7.12. Since (-, -) is positive
definite by Lemma 7.9, w5 (D)v = 0. This proves the first equation, ker 7y (D) =
ker my(D?). The equation kermy(D) Nim (D) = 0 follows from the first one.
U
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7.6. Dirac cohomology of X

Let P, be the set of partitions of n. One can attach an element in P,, to a point
in R™ via the Jacobson-Morozov triple. The map, denoted ®; : P,, — R" can be
explicitly described as:

(n1,na,...,np) = (—n1+1,—n1+3,...,n1—1,...,—n.+1,—n,+3,...,n.—1).
~ ~ - ~ ~ -
ni terms n, terms

There is another way to attach an element in P,, to a point in R™ via the central
characters of the modules X . This map, denoted &5 : P,, — R"™, is:

(n1,mg,...,n.) = (VA=D1,...,/(ni—=Dng,...,v/A=D1,...,/np(n.—1)).
N~ ~ - N~ ~ -
n1 terms n, terms

The first interesting computational fact is the following:

Lemma 7.14. For a partition A of n, |®1(\)| = |P2(N\)|, where |.| denotes the
standard Euclidean norm in R™.

Proof. This follows from the computation that

Uz

D (—ni+2k—1)" = i k(k—1) = ;(ni —Dni(ni +1). O
k=1 k=1

For each A € P,,, define a S,,-representation:

sen ).

where sgn and triv are respectively the sign and trivial representations of Sy, and
At is the conjugate of . It is well known that Wy exhausts the list of irreducible
representations of S,,.

Define

_ C[Sn] . c[s
Wy = (IndC[Sk] trlv) N (IndC[S

2 g S 1=
Qg - = 2K D talp €[S
a>0,8>0,s4(8)<0
Let Pt be the set of partitions of n with distinct parts. Recall that we
denote by Irrg,, C[S,]™ (resp. Irreup Seg,,) the set of irreducible supermodules of

C[gn]_ (resp. Seg,). Recall that the equivalence relation ~y on Irrg,p (C[gn]_ or
Irrgyp Seg,, is defined in Section 2.3.

Proposition 7.15 ([Cil, Part of Thm. 1.0.1] (also see [St])).There exists a bijec-
tion Wy : PYSt — Trrg,, C[S,]~ /~n such that for each partition X of n, there exists
a representative (o,U) € W1 (\) with the properties that

k2|0 (\)]? = XU(QC[§n]—)

and

Homc[gn], (U7 Wy ® Uspin) # 0.
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Proof. In [Cil, Thm. 1.0.1], the set Irr C[S,]™/~sgn is considered instead of the
set Irrgup C[Sp]~/~mn. By Proposition 6.2, there is a natural bijection between
Irr C[S,,] ™ /~sgn and Irrgyp C[Sy,] ™ /~m. Then one can now apply [Cil, Thm. 1.0.1].
O

Here is an analogue of Proposition 7.15. Recall that Qgeg  (i.e., Qgeg(w,
defined in Theorem 4.23.

Proposition 7.16. There exists a bijection Wo : Pﬁi“ — Irrgup Seg,, /~m such
that there exists a representative (o,U) € Wo(\) with the properties that

Kk’ |‘I)2()‘) |2 = XU(QSegn)

)8

and
Homsegn (U, F(W)\ (24 Uspin)) 7é 0.

Proof. Note that for an irreducible C[S,] -supermodule U, F(U) is either an ir-
reducible supermodule or the direct sum of two irreducible supermodules of op-
posite grading. Thus we could define Us(\) to be the unique equivalence class in
Irrgup Seg,, /~m containing the irreducible supermodule(s) in F'(U) for a represen-
tative U € ®;()), where ®; is defined in Proposition 7.15.

It remains to check those two properties. Recall that F(U) = U®U(n) and that
the action of Seg,, on F(U) is defined in Section 6.3. Then for u®u’' € U ® U(n),

Qseg, -(u@ u) = 2k? Z Sasg.(u®u’)
@,8>0,54(8)<0
= 2k2< Z t~at~5.u> ®u
@,8>0,5q(8)<0
Thus for any irreducible supermodule (¢/,U’) in F(U), X0/ (Qseg,,) = Xo (Q(C[§ - ).
Then combining this with Lemma 7.14 and Proposition 7.15, we have shown the

first property.
The second property follows from

Homgeg, (F(U"), F(Wx ® Uspin)) = Homgg - (U", G o F(Wx ® Uspin)) # 0,
where the last equality follows from Propositions 6.6 and 7.15. O

Lemma 7.17. For a partition A of n with distinct parts, there exists a represen-
tative U € ®y(N) such that

Cl

Homsgeg (U, Resgﬂgg Xx) #0.
Proof. This follows from
HCI
Homgeg, (U, Resgy, X)

= Homgeg, (U, F((C[Sy] ®c[s,) triV) @ Uspin))  (by Proposition 7.7)
D Homseg, (U, F(Wx ® Uspin))  (by definition of Wy).

The statement now follows from Proposition 7.16. O
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The following theorem states that the induced modules (7, X,) with A of dis-
tinct parts have non-zero Dirac cohomologies.

Theorem 7.18. Let A be a partition of n with distinct parts. Let (wy, X)) be the
HS -module defined in (7.19). Let Uy be the map defined in Proposition 7.16. Then
there exists a representative U in Wq(\) such that

Homsegn (U, HD(XA)) 75 0.

In particular, Hp(X)) is non-zero.

Proof. For a fixed A € P35t let U be a Seg,-module with the property in Lemma
7.17. Then there exists a non-zero vector v in the isotypical component U of X .
By Theorem 4.23, Lemma 7.3, and Proposition 7.16, 7x(D*)v = (X, (Qmc1) —
Xws () (Dseg, )0 = (K2[P2(N)|* — xw,(0) (Dseg, ))v = 0. Hence, v € ker(my(D?)).
By Proposition 7.13, v € Hp (X)) = ker my(D?). This proves the theorem. [J

The Dirac cohomology Hp (X)) also provides a way to realize irreducible Seg,,-
supermodules.

Corollary 7.19. For each of A € PIst there exists a unique irreducible Seg,, -
supermodule U, up to the equivalence of ~m, such that Homgeg (U, Hp(Xy)) # 0.
Let [Hp(X))] be an irreducible submodule of Hp(Xy). Then

e Seg, = | | {[Hp(X2), T([Hp (X))},
AePgist

where | | means the disjoint union.

Proof. For the first assertion, the existence has been proved in Theorem 7.18 and
we only have to prove the uniqueness. Let (¢/,U’) be an irreducible Seg,,-module
such that

HomSegn (U/, HD(X)\)) 7£ 0.

Then x,, = XUI by Theorem 4.25 and Theorem 7.18. On the other hand, by
Proposition 7.16, (o/,U’) is in ®3()\') for some X' € Pist. Then

Homsegn ([]/7 HD(X,\/)) 7é 0

and by Theorem 4.25 again, xr,, = X"/. Thus xr,, = Xx, and so A = X'. This
implies the uniqueness.

The second assertion follows from the first assertion and the bijectivity of ®o
in Proposition 7.16. O

Let K (HS!) (resp. K(Seg,)) be the Grothendieck group of finite-dimensional
HS-supermodules (resp. finite-dimensional Seg,,-supermodules). Then the Dirac
cohomology Hp induces a map, still denoted Hp, from K (HS') to K (Seg,,). Corol-
lary 7.19 implies the following:
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Corollary 7.20. The image of Hp : K(HS') — K(Seg,) has finite index in
K (Seg,,).

Recall that the algebra homomorphism ¢ : Z(HS') — Z(Seg,)o is defined in
Theorem 3.4. We also have:

Corollary 7.21. The map ¢ : Z(HS") — Z(Seg,,)o is surjective.

Proof. Tt suffices to show that dim(im () > dim Z(Seg,,)o. By Theorem 4.25 and
Theorem 7.18, for any partition A\ € P35t there exists (o5, Uy) € Irrgyp Seg,,, such
that x, = x?*. Since the central characters {xr, }, cpaise ATC linearly independent
over C, {x?*} Aepdist A€ also linearly independent. Then we have that dim(im () is

not less than the cardinality of Pist, Now the statement follows from the fact that
dim Z(Seg,,)o is equal to the cardinality of Irre,p(Seg,,)/~m, which is the same as
the cardinality of Pdist. [0

Remark 7.22. The author would like to thank Professor Weiqiang Wang for point-
ing out that there is a canonical surjective superalgebra morphism from HS! to
Seg,, K1, Rem. 15.4.7]. Denote the map to be ¢’. According to [Kl, Rem. 15.4.7],
the map ¢’ sends x; to the Jucys—Murphy type element

@)=Y 501 —cicy),

1<j<i

and ¢’ is an identity on Seg,,. It is straightforward to check that (D) = 0. By
considering

2=((2) + Dh+hD

and applying ¢’ on both sides, ¢’(z) = ((z). Hence ¢’ agrees with ¢ on Z(HS").
The author would like to thank one of the referees for pointing out that the map
¢’ has already been proven to be surjective in [Ru] as a special case. This in turn
gives another way to see that ( is surjective.
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