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ABSTRACT: We study the Rényi and entanglement entropies for free 2d CFT’s at finite
temperature and finite size, with emphasis on their properties under modular transfor-
mations of the torus. We address the issue of summing over fermion spin structures in
the replica trick, and show that the relation between entanglement and thermal entropy
determines two different ways to perform this sum in the limits of small and large interval.
Both answers are modular covariant, rather than invariant. Our results are compared with
those for a free boson at unit radius in the two limits and complete agreement is found,
supporting the view that entanglement respects Bose-Fermi duality. We extend our com-
putations to multiple free Dirac fermions having correlated spin structures, dual to free
bosons on the Spin(2d) weight lattice.
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1 Introduction

Entanglement entropy [1-3] has become a powerful diagnostic tool for a variety of phe-
nomena in quantum theory (see for example refs. [4-6]). Very important progress in our
understanding of entanglement arose from the proposal [7] of holographic entanglement
entropy, which has beautifully linked the study of entanglement to gravity and thermody-
namics (for example, the recent work of ref. [8]).

To define entanglement we break up the degrees of freedom into two disjoint sets A
and B. The density matrix of the full system is taken to be p. Define the reduced density
matrix in the region A as ps = trpp, obtained by tracing out the degrees of freedom in
region B. Then the entanglement entropy is defined as:

Sp = —trpalogpa . (1.1)

A more general quantity called the Rényi entropy is often studied. This is defined as:

Sp = 1 i - log trp’y (1.2)
where n is a positive integer. Besides being a diagnostic on its own, the Rényi entropy can
sometimes be used as a trick to compute the entanglement entropy. This happens when
Sy can be unambiguously continued to arbitrary real values of n. Then it is easily verified
that the limit lim,—,1 5, = Sp. The advantage of focusing on Rényi entropy is that it can
often be computed using the replica trick [9-12]. For this, one constructs “twist fields” and
computes their correlation functions using relatively standard procedures in CFT. The



twist correlators determine a quantity called the “replica partition function” Z,,, in terms

of which the Rényi entropy is:
1 Zn

S, = log 22 .
"T1on %7y

(1.3)

Entanglement and Rényi entropies have been computed for a wide variety of quantum
field theories but they tend to have the problem that either (i) they are very universal,
depending on limited information about the QFT (in which case they are not a very useful
diagostic), or (ii) they are extremely hard to compute. In class (i) one has conformal field
theories at finite temperature or in a finite space, with a single entangling interval, for
which the entanglement entropy depends only on the central charge. However when the
temperature and spatial size are both finite, there is a finite space with multiple entan-
gling intervals, the same theories do not exhibit such a level of universality and therefore
this situation is more interesting. The case of multiple intervals at zero temperature was
investigated in refs. [13-16]. At finite temperature and finite size (i.e., on a Euclidean
torus), only a few explicit computations exist and these apply to free field theories of
bosons or fermions. The results for the Rényi entropy are found to depend sensitively on
the spectrum of operator dimensions and not just the central charge. To date, explicit
computations have been carried out only for the free Dirac fermion [17, 18] and a pair of
free scalar fields [19-21]. There are also some general results about the universal thermal
correction in generic 2d CFT’s [22, 23]. Quantum corrections to such entropies have been
addressed in the holographic context in refs. [24, 25].

Once we are on the torus (defined by the inverse temperature § and the system size
L), the issue of modular invariance naturally arises. Early computations including those
in [17, 18], obtained the Rényi entropy for free Dirac fermions in a fixed spin structure
(which could be any of (—,—), (+,—), (—,+) but not (+,+)). The computation made use
of local Bose-Fermi equivalence to construct the twist field and compute its correlators,
then manually restricted the bosonic sum to obtain a fixed fermion spin structure. The
results are not modular-invariant and therefore do not respect Bose-Fermi duality. This
brings into question whether Rényi and entanglement entropies are properties of a QFT
independent of its presentation, or depend on the specific fields used to define the QFT.

This point is discussed in ref. [16]' which makes a strong case that entanglement should
depend only on the theory rather than on its presentation. The consistent definition of
a CFT incorporates modular invariance as a fundamental property and this provides a
valuable constraint on its operator content, partition function and correlators [26, 27].
Motivated by this viewpoint we revisit the previous computation of Rényi entropy for
free fermions, performed using the replica trick, and examine whether a modular-invariant
replica partition function Z,, exists satisfying all the desired properties. In order to achieve
modular invariance one needs to perform a sum over spin structures (i.e. over anti-periodic
and periodic boundary conditions in both the spatial and thermal directions) [26].

The replica trick involves extending the original theory to an n-fold copy and per-
forming a twist-field computation on this copy. The presence of fermion spin structures

"We thank Shiraz Minwalla for bringing this work to our attention.



introduces, quite literally, a new twist on the problem — one has to decide whether the spin
structures are correlated or uncorrelated across replicas. To get some physical input into
which one is correct, we appeal to the universal relation between entanglement and thermal
entropy first noted in ref. [17]. We find a perhaps surprising result: for free fermions, this
relation holds only if we choose two different ways of summing in two different limits: for
a small entangling region one must consider uncorrelated spin structures, while for a large
one (close to the size of the entire space) one has to completely correlate spin structures
across replicas. The correct formula for a general size of the entangling region must in-
terpolate between these two extremes, and we speculate at the end about how this could
come about.

It is known that for large intervals, the replica trick requires a correlation between
states on different replicas, as was originally evident from the work of [22]. In a beautiful
series of works, this relation has been developed further and a formal proof been provided
for the entanglement-thermal entropy relation [20, 28]. Our computation can be seen as a
verification of these ideas in the specific context of fermion spin structures. In ref. [21] the
proof has been explicitly verified for the free-boson partition function. We confirm that our
result agrees with that of the above reference in the special case of radius R =1 (in units
where o = 2), where the free boson is known to be equivalent to a free Dirac fermion.
This provides strong evidence, for the first time, that Bose-Fermi duality is respected by
entanglement entropy on the torus.

Both the ways of summing over spin structures that we use lead to a replica partition
function that is modular covariant rather than invariant. Under modular transformations of
the torus, it transforms into itself with a prefactor. As a result the Rényi and entanglement
entropies acquire an additive contribution upon modular transformations. We will see that
the covariance arises from the fact that twist field correlators are involved: correlation
functions in CFT are modular covariant rather than invariant, and the precise prefactor
that we find agrees with the general expectation. We verify that the Rényi entropy for
a compact free boson at radius R, originally attempted in [19] and recently corrected in
ref. [21], is also modular covariant with the expected prefactor.

Next we turn our attention to more general free 2d CFT’s. The CFT of two Dirac
fermions with correlated spin structures is equivalent to a pair of bosons compactified
at radius R = /2 (this is the self-dual value under T-duality). We compute the Rényi
entropies for this theory for small and large intervals and find modular-covariant answers
that satisfy the thermal entropy relation. This is then repeated for theories of multiple
correlated Dirac fermions. These are CF'T’s of arbitrarily large central charge d that are
not direct sums of simpler CFT’s. The bosonic duals are given by multiple free bosons
compactified on the weight lattice of Spin(2d) with a specific background B-field [29].
We use the weight-lattice structure to construct a twist field, and compute its two-point
function. Incorporating the sum over spin structures in the two relevant limits provides
the replica partition function in these limits and confirms the arguments made above. We

conclude with some observations and speculations about future directions.



2 Free Dirac fermion and modular invariance

Consider a CFT whose partition function on a rectangular torus of spatial size L and
Euclidean time extent (3 is Z1(L, ). As mentioned above, the Rényi entropy .S, associated
to a spatial region A running from 0 to ¢ is defined as:

Sp = 1 i - log tr p} (2.1)

where p,4 is the density matrix obtained by tracing out the degrees of freedom outside

A. This can be evaluated using the replica trick, which we briefly summarise here. One

extends the original torus to an n-fold cover with branch cuts along spatial intervals from

0 to £. This can equivalently be thought of as a single copy of the original torus with the

insertion of “twist fields” labelled o) at the endpoints of the entangling interval. Here k
n—1

ranges from —”Tfl to "5~ in integral steps. The job of the twist fields is to introduce a

phase factor ¢“%" on the free fermion field, which we denote D(z), as it goes around the
twist field:

ok(z,2)D(w) ~ (z — w)n (2.2)
and the opposite phase on the anti-holomorphic conjugate fermion:
o4(2, 2)D(®) ~ (2 — @) . (2.3)

The twist fields can be shown to satisfy >, Ay = o (n — %) in any CFT, where ¢ is the
central charge.
One can then show that [9, 12]

n—1

2

trph= [ (on(t,0)0_1(0,0)). (2.4)

—_n—1
k= 2

It is convenient to think of the product of un-normalised correlators as defining the “replica
partition function”

Zn= 1] Ziox.0)o-1(0,0)) = J] «or(t,0)o_1(0,0)) (2.5)
k=—n=1 k=—n=1

2 2

where Z; is the ordinary partition function of the theory (without insertions), and we use
{(---) to denote un-normalised correlators. It follows that:

trp’h = —~ (2.6)

from which the Rényi entropies are easily obtained.

Consider a Dirac fermion with a single entangling interval of length ¢. This theory con-
sists of two Majorana fermions with correlated spin structures. Labelling the holomorphic
parts of the Majorana fermions as 11, 12 we make the Dirac fermion D(z) = 11 (z)+its(2).



The local operators of dimension (4,3 ) arising from this are: D(2)D(z), D'(2)D(z),

D(z)DY(2), DT (2)D(z). This theory has the modular-invariant partition function:

1 6, (0]7) |?
ZDirac = — E . 2.7
. 2 v=2,3,4 77(7-) ( )

For future use we define:

Zl [m] =

2m
3 6.,(0l7) (2.8)

v=2,3,4 n(7)

NN

where the subscript 1 refers to the ordinary partition function (this will later be replaced
by n for the nth replica partition function). This is the ordinary partition function for m
Dirac fermions with correlated spin structures. In this notation the single Dirac fermion
has ordinary partition function Z;[1].

For the replica partition function of the same theory, the following result? was obtained
in ref. [17]:

4A 2
e AR
< k( ) ) —k(07 0)) - 1(%|T) 9[/(0|7_) . (29)

Here A} = %, v = 2,3,41is a fixed spin-structure on the torus corresponding to boundary
conditions (4, —), (—, =), (—, +) respectively,® and 7 = z% For the (+,+) spin-structure
the result would formally be the same but with v = 1. Subsequently the above results
were re-derived in ref. [18], where it was observed that the 2-point function in the (+,+)
spin structure is divergent due to the vanishing of 6;(0|7). Importantly, the entanglement
entropy following from the computations in refs. [17, 18] satisfies the relation proposed in
ref. [17], based on holography, relating its small and large-interval limits to the thermal
entropy of the same system.

Despite meeting all the other physical requirements, the above result raises a puzzle.
As emphasised in ref. [16], entanglement entropy should be a feature of a definite quantum
field theory and independent of the presentation of that theory. If so, in a theory where
Bose-Fermi correspondence holds, one should obtain the same result in both bosonic and
fermionic formulations. A free fermion with a single spin structure is not dual to the
theory of free bosons, rather it is the modular-invariant free fermion partition function
(and correlation functions) that can be compared with those of the boson theory. In this
spirit, we propose that Rényi entropy be computed by performing a sum over all four spin
structures in the replica partition function Z,,, and dividing by a corresponding quantity
in the absence of replicas. In principle there is more than one way to do this, and this
point will be central to our discussion.

Let us review the calculation of [17] for the Dirac fermon theory. To compute the
correlators of fermionic twist fields on the torus in this theory, these operators are first
identified with (non-local) operators in a free boson theory using the fact that a Dirac

2In their conventions, L = 1 and ¢ is denoted by L.
3The first entry labels the spatial boundary condition and the second, the boundary condition in Eu-
clidean time.



fermion is equivalent to a free compact boson of radius R = 1 (in our conventions o/ = 2,
so T-duality acts by R — % and R = /2 is the self-dual radius). At a general radius R,
the free compact boson has vertex operators labelled by integers (e, m):

Ocm(2,2) = Ve (2)Vem(2) (2.10)

where
(2.11)

of conformal dimension:

— 1 /e mR\? 1 (e mR\ 2

The OPE’s between the chiral parts of the vertex operators are given by:
m; R)
Ve+e/’m+m/(2§) . (213)
For the special value R = 1, the compact boson is equivalent to a Dirac fermion. The
fermion field has (A, A) = (2 , % ) and is given, in bosonic language, by O . In ref. [17]
the fermionic twist fields are identified as:

e | mR i’
VE,m(Z)Ve/Vm/(O) ~ Z(E_'_ 2 )(

o = O, 2k

(2.14)

for k = =251 ... 221" These operators have (A,A) = (%, %) Since the winding

number m for these operators is not an integer, they are not included in the set of local
operators of the theory. This is expected, since twist operators are mutually non-local with

the physical fields of the theory. One has the OPE’s:

Op 2 (2,2) Vio(w) ~ (z = w)w,  Op 2 (2,2) Vio() ~ (2 =) (2.15)
as desired. Now we only need to compute:
<<007%(Z,2>007_%(0)>> . (2'16)
For this we use the general result (see for example ref. [30]):
(o) [
_ T
(Oem(z,2)O—¢,—m(0))) = : 7 (2.17)
0. (zI7)
1

§ q2A ! ! QA e \m! e47ri(oce/,m/ae,mz—o’ce/ym/deymé)
T 4 '

With (e,m) = (0, %) and R = 1, this reduces to:

2k2
0 (0|7) | ™ ridLe
(O 22, )0, (0)) = [ AT} qu%m Phem ¢
R g
» (2.18)
RIAURIE X;Zﬁzum%w
ndin| *27 WP




An important point to emphasise here is that in this approach one has to use free bosons to
represent fermionic twist fields. These do not introduce a phase on the boson, instead they
shift the free boson ¢ appearing in ¢ = €' by sending ¢ — ¢ + 2“’“ which is the k/n’th
multiple of its natural period 27 (because R = 1). Correspondlngly one has ¢ — ¢ — 2”’“
(here ¢, ¢ are the holomorphic and anti-holomorphic parts of the scalar field respectlvely).
The bosonic representation is used only as a tool to obtain the correlators of the fermion
twist fields.

At this point, we need to decide how to take the product over replicas. The most
straightforward way would be to just take the product of the above result over all k. In
this way the spin structures are summed over before we carry out replication. Hence the
spin structure on one replica of the torus is uncorrelated with that on any other, leading

to what we call the “uncorrelated replica partition function” Z}:

n—1
T2
Zy(L.pi0) =[] (0g 2 (220, _2(0))
k=L
L1y n \ (2.19)

AU H 130 16, GE )1

01(£7) taa 2 P

- 2

There is another way that one can take the product. First isolate the contribution to
eq. (2.18) corresponding to a given spin structure v € 1,2,3,4. This simply corresponds
to picking out the function 6,. Next, take the product of this term over all replicas and
finally sum over spin structures. In this way the spin structure on each replica of the torus
is the same. We call this the “correlated replica partition function” Z:

1
0|
01(zI7)

v=1f— n

1
Z5(L,B:0) = 5

Notice that the two types of replica partition functions coincide at n = 1:

150,16, 2
2p = 75 = 7, = L 2= % 007) (2.21)
2 In(7)]

which is the ordinary modular-invariant partition function of a Dirac fermion (the contri-
bution from v = 1 actually vanishes in this case). We also observe that as £ — 0 (and
generic n), the two types of partition function are quite different:

AN S AN
Z3(L. B:6 — 0) ~ <L> (2 Zylln |(T)<|2| ) )

g (n_f) 1 01/ 0,7_ 2n
ZZ(L,6;€—>0)N<L) 22 ’1?7|<T)<’27|1 )2

The second factors in the two cases are the ordinary partition functions of n Dirac fermions

(2.22)

cs\»-t

with, respectively, uncorrelated and correlated spin structures [29].



In principle we can consider several more variations in which we correlate and sum over
the spin structures on various subsets of the n replicas, and let them remain uncorrelated
across replicas. Such quantities are also modular covariant as one can verify. For the
moment we restrict ourselves to these two “extreme” cases and will comment about the
intermediate cases later on. We could also consider variations in which we sum over a subset
of the spin structures in a correlated fashion and the remaining ones in an uncorrelated
fashion. However, for modular covariance it is essential to sum over all spin structures in a
symmetric way. Hence this possibility is not covariant and we will not consider it further.

Returning to the two replica partitions described above, we can define two Rényi

entropies:
1 zZy
Sy, =1 1 &
e N VAL (2.23)
e 1 z |
S, = lim log

n—=11—n (Zl)n '

The denominators are the same because, as we pointed out earlier, the two types of partition
functions coincide at n = 1.

Clearly we would like to know which one of these (if any) is the correct Rényi entropy
of the modular-invariant free Dirac fermion theory. Before addressing this question, which
turns out to be quite subtle, let us establish a few properties of the two quantities Z)} and
Z¢. First of all, they can be compared to the non-modular-invariant result of ref. [17] for
the replica partition function:

1 1 —
=) T

e AL [ e oo
"0 AL e
2
and the corresponding Rényi entropy:
v)

1 I

S® = log DI (2.25)
1—-n (le’ )

This makes sense only for the spin structures 2, 3,4, since Zfl) vanishes and the Rényi
entropies in this spin structure are correspondingly ill-defined. Notice that the expressions
in eq. (2.23) are not made from linear combinations of the ratios in eq. (2.25).

Let us now check the modular transformation properties of the expressions in eq. (2.19)
and eq. (2.20). This transformation exchanges the two cycles of the torus. We also have
a branch cut along the horizontal axis, which under this transformation becomes a branch
cut along the vertical axis. Thus the transformation acts as f +» L and ¢ — i/, where we

have used the identification 7 = ity = 2% and z = %. This permits us to use:

z
Haﬁ <7’

with the usual dictionary: 611 — —61,019 — 02,000 — 03,001 — 04. Applying this to the
second term in eq. (2.19) or eq. (2.20), one finds that even though the two expressions are

]. i71'22

- 2) = s eint e g (226)

T



different, they pick up the same multiplicative factor:
et (n=3)(£)" (2.27)
From the first term, which is common to both expressions, we get a corresponding factor:
e Z(n-1)(4) (2.28)

which cancels the previous one, as well as a factor:

rfs(n=w) . (2.29)
Thus at the end, one has:
g\ ()
zegnio= (1) " s, (2.30)

We see that even after summing over spin structures, the replica partition functions are not
modular invariant, but rather modular covariant — they acquire a multiplicative pre-factor.
This factor vanishes at n = 1, so Z; is indeed modular invariant as it must be.

The origin of the pre-factor lies in the fact that the replica partition function Z,, is
not a partition function at all, but rather a correlation function — of twist fields. On the
torus, the two-point function of a field ¢(z,z) of conformal dimension (A, A) transforms
as (for this and other standard results in CFT, see for example ref. [30]):

(0( g g) 0.0) | =ler 4 dPESio 000 (231

ct+d
From this it is easy to verify that the product of twist-field correlators should transform
precisely as we have found above. Indeed, since the dimensions (A, A) of twist fields
satisfy the universal relation:

Zk: Ay = 234 <n - i) (2.32)

one expects that for every CFT of central charge ¢ the analogous result will hold with:

Z(B, L; it) = <5> §(n=%)

. Zn(L, ;1) . (2.33)

In what follows, we will explicitly verify this in all known cases.
One still has to physically understand the impact of this modular covariance on the
Rényi entropy S,,. Under eq. (2.33), one finds that S,, that transforms as:

B

S, (8, L) = —C(”Gj;l) log - + Su(L, 8) . (2.34)

The additive term survives in the limit n — 1, therefore it even appears in the entanglement
entropy. Now we know that the entanglement entropy always contains a non-universal ad-
ditive constant (see for example ref. [12]), and one can take the point of view that this con-
stant simply changes under modular transformations. Such an interpretation is supported
by the fact that the additive term is independent of the length ¢ of the entangling interval.



Alternatively, we can modify the prescription for computing the replica partition func-
tions (in both uncorrelated and correlated cases) by multiplying them by an overall factor
that renders them modular invariant. This is done as follows (importantly the factor is

Zn = (i) ) Zy . (2.35)

We have put in a dependence on ¢, the central charge, which is equal to 1 in the present

independent of £):

example. One expects that the replica partition function for every CFT, after multipli-
cation by the above factor, will be modular invariant. From the discussion above, such a
modification of Z,, can be achieved by re-normalising all the twist fields as:

Ag

O — 'ZB—J O (2.36)

using the fact that >, Ay = £&(n — 1).

n
Returning now to the Dirac fermion, the two Rényi entropies, defined as:

~1,C

- 1 "
u,c _ 1 2.
S =1 log AL (2.37)

will satisfy:
Swe(B, Lyil) = S°(L, B; €) . (2.38)

It follows that the entanglement entropies obtained by taking n — 1 in the above will also
be modular invariant.

In the following subsection we address the question of which one of Sy}, S5 is the correct
Rényi entropy of the theory. From now on, we will not be very careful to insert the prefactor
above or to distinguish between modular covariant and modular invariant expressions at
each stage, since this insertion is /-independent and can always be carried out at the end.

3 Relation to thermodynamic entropy

In ref. [17], the result eq. (2.24) was used to provide evidence for the conjecture, based on
holography, that the entanglement entropy satisfies:
lim (SE(L - SE(E)) = S (3.1)
£—0

where S is the thermodynamic entropy of the theory:

Sip = 5288/3 (—; log Zl> : (3.2)
We will use this as a guide to determine which of our modular-invariant definitions of
the replica partition function, Z} or Zf, is correct. As emphasised in refs. [22, 28], we
can simply use the low-temperature expansion for this purpose. Note that the overall
factor that we removed from the replica partition function to render it modular-invariant
is independent of the interval size ¢ and therefore drops out of eq. (3.1).

,10,



Consider now the small-¢ behaviour of the candidate Rényi entropies. From eq. (2.22)
we see that in this limit, Z2 — (Z1)" but Z¢ /4 (Z1)" (upto an overall power of ¢). It is a
physical requirement that for small intervals (equivalent to a very large spatial size L) the
replica partition function should indeed tend to (Z;)" times the given power of £. On this
criterion, the correct Rényi entropy for small ¢ should be S} and not S;.

Next consider the large interval limit, £ — L. In this case, it has been predicted on
general grounds [22, 28] that the replica partition function should tend to Zj(n7), i.e. the
ordinary partition function on a torus with n times the original modular parameter, apart
from the same power of ¢ as in the ¢ — 0 case. Moreover it has been shown that this
behaviour (together with the correct ¢ — 0 behaviour) ensures that eq. (3.1) holds. Let us
subject our Z and Z¢ to this test. We start with the latter. From eq. (2.20) one sees that:

1

1 s = |9 (£ yT 2
Zy(t— L) =3 ( ) Z 11 . (3.3)
v=1f— L
We may now apply an identity involving 6-functions after fractional shifts [31]:

n—1

: k (1— )"
H ) 9” (ﬁ B Z H ' q2pn
ket

|0, (nz|nT)]|. (3.4)

This is easily derived using the product representation of #-functions. It is important that
the above relation is true for the three spin structures v = 2, 3,4 with no relative factors.
The fourth spin structure v = 1 does not matter because we have to put z = 0 in the above
equation, and #1(0|7) = 0. Using the above relation, we find:

1 (n=) 10, (0|nT)|?
YA L)=—-
n(t= 1) 2( ) Z ()2

_ (/{i) ) Zu(n7).

Thus we see that for a large interval, Z¢ becomes equal to Z;(n7) upto the standard power

(3.5)

of ¢, as desired. However, if we repeat the analysis for Z}; then this is not the case. With
this function we would find cross-terms between 6-functions of different spin structures, for
which an identity like eq. (3.4) does not hold. We thus have clear evidence that as { — L,
the correct replica partition function should be Z; and not Z}.

Hence we are led to propose that the correct modular-invariant partition function for
the free Dirac fermion theory is Z}! at small ¢ and ZS at large . Let us now verify that
this proposal precisely satisfies eq. (3.1). We have:

i (Se(2 ) = $p(0)) = i o (1

=0 n—1 (T))”
B B\ BZ(%) (3.6)
~oai () - 20
= St -
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Thus our proposal satisfies the relation to thermodynamic entropy. Notably, the final
steps work out just as in the general proof of ref. [28] (see their eq. (11)) but here we
have used explicit f-function identities to obtain them. The fact that spin structures are
uncorrelated/correlated for small/large intervals is a nice mathematical verification, in a
special class of models, of the general principles put forward in refs. [22, 28]. The key
conclusion for us is that neither S} nor S can be the correct Rényi entropy for all values
of ¢. This naturally raises the question of what is the general answer that interpolates
between these two limits, a point to which we will return at the end.

As noted above, in addition to the fully correlated and fully uncorrelated replica parti-
tion functions, one can write down other candidate quantities in which the spin structures
are correlated within subsets of the total set of replicas and uncorrelated among different
subsets. It is straightforward to check that such quantities do not behave correctly in
both the limits considered here, in other words as £ — 0 they do not give (Z1)" and as
¢ — L they do not give Z;(nf). They are therefore not useful candidates to describe the
limiting behaviour of the Rényi/entanglement entropies. However, as we will suggest in
the concluding section, they could play a role for intermediate values of /.

4 Compact bosons

The replica trick can be applied for free bosons as well. Recall that the partition function
for a single free boson at radius R is:

In(T
o (4.1)
SO LD WS
= 5D _qF q 2
In(T)? < -
where in the second line we have specialised to real ¢ = e™""2.
For the replica partition function, one considers twist fields 7, with k =0,1,--- ,n—1
satisfying:
k - _k
Te(z,2)p(w) ~ (z —w)n,  Ti(z,2)p(w) ~ (2 —w) n (4.2)
and one has:
n—1
Zn = [ {Ta(z, ) T-1(0,0))) . (4.3)
k=0

An important part of the computation of this quantity was carried out in ref. [19] for a
pair of free bosons compactified on a square torus of size R. The result is the product
of a quantum and a classical part. It is rather implicit, involving integrals of products of
fractional powers of #-functions which appear in the construction of cut differentials on the
torus. Unfortunately the classical part of their answer, which carries all the R-dependence,
is not invariant under R — % so it does not satisfy T-duality. In ref. [21] this classical
part has been corrected and takes a different form that possesses manifest T-duality.
Accordingly we will analyse the replica partition function obtained in the latter refer-

ence and compare it with our proposal regarding modular invariance. We adapt it to our
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notation, which includes setting o/ = 2, and to the case of a single free boson. The latter
just involves taking the square root of their answer, which is particularly simple since it is
presented as a perfect square. We write the answer as a product of four factors:

2
2u(8) = 20022 200 23 ) (4.4
Only the last two factors, which form the classical part of the answer, depend on the
compactification radius R. T-duality invariance is already manifest at this stage. Here,

n—1

1 1
7(1) —
n(7)*" 11 (Wi (k,ns £ 7))

k=0
1 1
/ s(n=%)
7(2) _ 91(8‘7) (4.5)
01(£I7)
n—1 ) n—1
3 B 7 R? W (k,n) o0k
ZOR) = 2 e | = 2 [y | 2o (o820 =05 iy
mJ = )=

Here Wi and W# are integrals of the cut differentials over the different periods of the torus:
4 ! £\ ke
k n
Witk p1r) = [ dz onGelry O Bon (- 7)o (2= i)

W2(k, n; %17) - /0 iz 6y(3|7) <z - i@oﬁ) g (z - (1 - D £\T> .

The answer eq. (4.4) is normalised such that Z; is indeed the usual partition function of
the theory. To check this, observe that for n = 1,k = 0 one has W} = 1,W2 = —ir.
Hence:

1
AL
n(7)[?
7% =1
R? m? R?
ZB(R) = > exp (—7T272m2) _ zm:q 2 (4.7)

Agreement with eq. (4.1) is immediate.
We would now like to investigate the modular transformation of eq. (4.4). To this end,
we note the following results:

1 S\ L
n(=2) = (=inEn)
¥4 1 1 _ink(q_k ¢
Wi (koms 51— 2) = e E 0w (k,n;LIT> (4.8)
(01— 7) _, ~=260107)
o (2] - 1) 01(|7)
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The first and third of these are well-known, while the second was shown in eq. (B.41) of
ref. [19] (unlike the very subtle issue of the g-expansion of W2, this result is straightforward
to derive). From the above, it follows that under a modular transformation,

W22(k:,n)
Wll(k,n)

Wll(k:,n)
Wg(k,n)

(4.9)

Following this with a multi-variable Poisson resummation as in ref. [21], we find that:

2 1y 28 (SN WR(kn) |2 2
29(RiZ] = 2) = T (go Wflgkn; ) 29 527)
(2.2 1y R (R e 10
20(5:3] - 1) - 5 (T wiem] ) 2o (mieh)
Thus the product transforms as:
n—1
29w 29(3) - (g %E:Z; >z<3><R> 79(3) (4.11)
Putting everything together, we find that:
Z, <R; 2|- i) = | $ ) Zo (R 2r) (4.12)

Thus, it is modular covariant with the expected prefactor (see eq. (2.33)).

The general expression for Rényi entropy eq. (4.4) is rather complicated and it has
proved difficult to extract explicit results from it. However, in ref. [21] the limits as ¢ — 0
and ¢ — L have been extracted and the results correspond (upto the usual powers of £) to
(Z1(7))™ and Zi(nT) respectively, where by Z; we mean the expression in eq. (4.1). This
of course depends on R, and for R = 1 it coincides with the free Dirac fermion partition
function. It follows from this and our previous analysis that our fermion replica partition
function, in the regimes where we know it (small and large ¢) coincides precisely with that
of the boson theory at R = 1. It is amusing that the boson theory “knows” about the
switchover from uncorrelated to correlated replicas within the single, though complicated,
function in eq. (4.4). We expect there to be a similar fermion partition function that
interpolates between the small and large-£ regimes. It should somehow involve an admixture
of correlated /uncorrelated replicas, as we discuss in the last section.

5 Other free-fermion CFT’s

It is interesting to try and extend the previous calculation to free-field CFT’s that are not
direct sums of the Dirac CFT. Recall that in the above calculation we had to use both the
fermionic formulation of the Dirac CFT (to identify the right free field to replicate) and also
the bosonic formulation (to identify the twist field and compute its correlation function).
For multiple Dirac fermions with correlated spin structures, the partition function is not
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simply a power of the single-Dirac partition function. Correspondingly, the bosonic dual
is not made up of copies of the R = 1 free boson. Indeed in bosonic language it is not
the product of any number of independent bosons but rather a set of bosons compactified
on the weight lattice of the algebra Spin(2d) with a specific background B-field turned

n [29]. We start with the relatively simple case of Spin(4)~ SU(2)x SU(2) and then go
on to a general Spin(2d) lattice. Calculation of the Rényi entropy will again require use of
both the fermion and boson descriptions of the theory. In each case, the twist field must
be constructed using lattice vertex operators and their correlation functions computed in
the theory of lattice bosons. We will again find answers for the replica partition function
at small and large ¢ and verify their modular properties.

5.1 Two correlated Dirac fermions

The theory of two Dirac fermions with correlated spin structures has the ordinary partition
function [29]:

1 16, (0]7)|*

Z2=s ) S (5.1)

2,2« o)l
We would like to find its replica partition function. Let us examine the fundamental fields
and physical operators in this theory. We have two Dirac fermions that, following the
notation of ref. [30], we call D;(z) and Dy(z). By definition they possess hermitian conju-
gates DZT (z), i = 1,2, that are also holomorphic. Combining with their anti-holomorphic
counterparts, we have 16 physical operators of dimension (% , % ), namely:

D;D;,D!D;, D; D}, D D! (5.2)

where 7.7 run independently over 1,2 (had the spin structures of D, Do been uncorrelated
we would only have had the subset with i = 7). This ¢ = 2 theory can be bosonised into two
compact bosons ¢1, ¢9 that are orthogonal to each other and compactified at the self-dual
radius, which in our conventions is R = /2. Thus their periodicity is:

¢ — ¢ +2V2m. (5.3)

If we denote the two left-moving bosons as ¢;(z) and the right-moving ones as ¢;(Z), then
the allowed vertex operators in this theory are:

6%(6j+mj)¢j(Z)e%(ek_mk)(gk(z) (5'4)

where the indices j, k are independently summed over 1,2. In terms of these bosons, the
free Dirac fields are represented as:

Di(z) = eVE¥eva?, Ds(z) = evi¥leT Va2 (5.5)

“In this part of the discussion there is some potential for confusion: the multiple fermions can have
correlated /uncorrelated spin structures, which is part of the definition of the theory, while the replica
partition function can also have correlated /uncorrelated spin structures across replicas as was discussed in
previous sections.
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The Hermitian conjugates have the same expressions but with ¢ — —¢, while the anti-
holomorphic conjugates have ¢; — ¢; without any change of sign on i. The 16 local oper-
ators obtained after combining left- and right-movers correspond to all pairs of orthogonal
vectors of (length)? = 2 in the unit 2d square lattice:

(ei;mi) = £((1,1);(0,0)), £ ((1,-1);(0,0)), £((0,0);(1,1)), +((0,0);(1,-1)),
+ ((170); (07 1))7 + ((17 0); (07 _1))7 + ((07 1); (170))7 + ((07 1); (_170)) :
(5.6)

In order to compute the replica partition function we need to find the twist fields which
satisfy eq. (2.2). On inspecting eq. (5.5), we see that the monodromy induced by the twist
field is:

i i 2mik b i
eﬁ¢1€ﬁ¢2 _ €T€ﬁ¢1€ﬁ¢2

2mik

eﬁqﬁle—ﬁ@ N eTeﬁqﬁle_ﬁ%.

Thus it must leave the boson ¢o inert, while it shifts ¢; by a fraction % of its period:

2/ 2rk
¢ — o1+ S (5.8)
We see that the twist field is:
o = eV2ind1o—V2indr (5.9)

%k. Remarkably this is the same operator that plays

In other words, it corresponds to (9(()1
the role of the twist field in the ¢ = ’1ntheory of a single Dirac fermion — however, in the
present case it is evaluated at R = v/2 rather than R = 1. Due to the change of radius,
it has conformal dimension on ok = ,%, which is twice that in the single-Dirac case. This
ensures that ), Ap = 53 (n — %n) with ¢ = 2, as required.

To calculate its correlator we may use eq. (2.17) and make the appropriate change in

radius, to get:

%
oy(0|7) | ™ 1
(O 2 (2,2)0 _2:(0))) = |
0% 0= Or(£r)| In(m)]
X Z qQ(Ael,ml+A62,m2)q—2(561,m1+Ae2,m2) e47ri%61 (510)
e1,m1;e2,m2
% 4 ke
e [ 1S 6l
01(£|7) 2 In(7)[*
The last line follows by the change of variables:
1 1
e1==Mm1+no+ng+ng), mp==(ni+ng—n3—ny)
: 2 (5.11)
1 1 ’
62:§(n1—n2—|—n3—n4), m2:§(n1—n2—n3+n4).
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The n; can be all integers or all half-integers. Moreover, the sum of all the n; is constrained
to be even. Upon implementing these two facts, the sum in eq. (5.10) splits into four parts,
one corresponding to each spin structure. In this way we recover the last line of eq. (5.10).

We now have to take the product over replicas. As before, we can do this after or
before summing over spin structures. The results are then:

l(n,%) n—1
o | 0500 | [ LZealbGrnr
"Ll ALz e
- 2
%(n_l) 4 n;l » A (512)
PN EES s § iCAl
"oy (L)) 24 L ol

2

We again propose that the first result gives the correct Rényi entropy as £ — 0 while the
second one is correct when ¢ — L.

As emphasised at the beginning of this section, the above partition functions do not
directly follow from the single Dirac case. The reason is that one needs a bosonic dual theory
in order to write the twist field. For two Dirac fermions with correlated spin structures,
the bosonic dual is two copies of the R = 1/2 compact boson. Interestingly the twist field
that we found was not symmetric in the two bosons, depending only on one of them. We
will see below that this pattern repeats for multiple correlated fermions, dual to bosons on
Spin(2d) weight lattices.

It is straightforward to demonstrate that under modular transformations the above
replica partition functions satisfy:

v)
Z;’LLC(B7L) =7 Zu’C(Lvﬁ) (513)
which precisely agrees with our expectation.

5.2 Multiple correlated fermions and lattice bosons

For d > 3, the theory of d free Dirac fermions with correlated spin structures is dual to a
specific compactification of d free bosons on a target-space torus:

T¢ = RYTy (5.14)

where T'y is the root lattice of Spin(2d) (this can be achieved by starting with a rectangular
torus and choosing a suitable constant metric and B-field). In this case the d different
bosons are not orthogonal to each other, while the fermions have correlated spin structures,
so on both sides of the Bose-Fermi duality we are dealing with CFT’s that are not direct
sums of simpler ones.

The ordinary partition function is well-known and has been derived directly within the
free fermion representation as well as from the free boson picture [29]. It corresponds to
Z1|d] in terms of the definition in eq. (2.8). We would like to construct the replica partition
functions for these theories. As in the previous examples, this will be possible only by using
features of both the fermionic and bosonic descriptions together.
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The first step in doing this is to identify the (% , % ) operators in terms of the bosons.

As in the case of two Dirac fermions, we have the operators:
D,Dy, DDy, D,D}, DI D} (5.15)

where p,q = 1,2, ---d. In the free boson theory, let Ar be the root lattice and Ay, be the
dual weight lattice. Then the vertex operators are:

Oy g = 0160 (5.16)

where w!, w' € Ay and w'—w’ € Ar. Elements of the weight lattice can be parametrised as:

1 .. : 1,
_ Jf}.
20

w' = —=g"vj, w' = (5.17)
where v;, ; are integers and g% is the inverse of gij which is the half the Cartan matrix of

V2

Spin(2d). For the difference to lie in the root lattice, we must require that %(vl — ;) =

v/2n; where n; are integers.
The 2-point function of scalar fields is:

¢i(z,2)¢(2', 7)) = —gijlog|z — 2. (5.18)

Hence the conformal dimension of the above operators is (A i, Agi) = & (gijw'wd, g;jwiw?).
Thus to reconstruct the fermion operators, we must look for pairs of points of unit length
in the weight lattice that differ by an element of the root lattice. If &; are the d simple
roots of Spin(2d) and Xt are the fundamental weights then:

ai-dj, g7 =2X N, (5.19)

One also has the dual relation:
(A)p(@i)g = dpq (5.20)
which will be important in what follows. Here p, ¢ label the individual components of each

vector, and the sum is over the vectors (not components).
For the conformal dimensions, we have:

1 1
Ayi = §gi]~wzw3 = Zg”vivj. (5.21)

Therefore to find operators of dimension (% , % ) we must look for sets of integers v; for which:

g7viv; =2. (5.22)
From eq. (5.20) it follows that:
g” (@3)p(dj)g = 20pq (5.23)
hence the possible v; are given by:
o = (@)p, p=1,2.d. (5.24)
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For the anti-holomorphic part we start by picking it independently from the same set:

1—,1,(‘1) = (d;)q. However, we need to ensure that %g"j (v](-p ) _ 17](-(1)> is v/2 times an integer.
This is guaranteed by the fact that
1. - I = o o
2597 (7 = 07) = 507 (@)~ (@) = VAR~ (F)e)  (5:29)

which is indeed in the root lattice. We conclude that the fermion operators are given in
bosonic language by:

Dp(2)Dy(2) = Opq = 0@ '91(2) it 16:(2) (5.26)

where w(P)? = \/E(X’)p
We can now look for the twist field, an operator oy, satisfying eq. (2.2). This induces
a monodromy:

27mik

ok Dp(z) = e n Dpy(z) (5.27)

corresponding to a shift:
2rk

w?i(z) = wigi(z) + =

(5.28)

This in turn will be induced by a shift ¢; — ¢; + 277(1-(@ where {i(k) is a constant vector
satisfying:

w®ic® % (5.29)
for all p. Recalling that the last weight of Spin(2d) is A(4) = (% ) % AT % ), we easily find
that the shift is given by:

¢® = */3]“(0,0, ,0,1). (5.30)
Thus the twist field only acts on the last scalar ¢4. Indeed, it takes the form:
o = Optii ¢ty = &6 #i(2)gmic6i(2) (5.31)

where one must keep in mind that ¢ = i Cj(k). To check that this is correct, compute
the OPE with D) (z) to find:

Uk(Z)@iw(p)i¢i(Zl) N (Z _ Z’)C(k)igijw(p)j _ (Z . Z/)w(p)idk)i _ (Z . z/)% (532)
The crucial test of our twist field is whether it has the desired conformal dimension.

We have:

A = & gy (Wic® — ,gagi( ><j( ) _ — g, (5.33)
2 2 n
Using g% = 2A(4) . \(@) = % we get Ay = % from which it follows that:

_n—1
k= 2

d |
Y A= (n-- 34
oh 24(” n> (5:34)
ko

as desired.
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It remains to calculate the two-point function of each o and thereby the replica
partition function. Recall that the ordinary partition function for these theories is:

25 = ‘Qd Z ¢“'q"

w, WEAy

w—wEAR (5‘35)

1 1

- 0,(0|7))%?
2d

2 T2 234

where, as usual, w? = gijw'w’ and similarly for w2,

The equivalence between the first
and second lines of the above equation is the statement of Bose-Fermi equivalence between
lattice bosons and multiple fermions with correlated spin structures. To demonstrate this,
one starts with the observation that for Spin(2d), Aw = Ar ® Ay ® Ag ©& A¢c where
Ay s c are the lattices obtained by shifting Az by a fundamental weight in the vector,
spinor and conjugate spinor representations respectively. Now we split a generic vector
w € Ay into two classes: those that lie is Agp U Ay and those in Ag U A¢. In the former
set we can write w' = /2 > np(xi)p for arbitrary integers n,, while in the latter set
w' = /2 > p(np + : )(Xl)p where n,, are again arbitrary integers. We similarly write @’ =
\/izp mp(xi)p and W' = \/izp(mp + %)(X@)p in the two respective cases. Finally, the
restriction w —w € Ap is implemented by inserting a projection operator that causes both
w and w to lie in A or in Ay (in the first set) or both to lie in Ag or in A¢ (in the second
set). In this way we end up with the four Jacobi f-functions 6, (0|7),v = 1,2, 3,4, of which
01 vanishes for familiar reasons.
For the un-normalised two-point function of twist fields, we find instead:

2dk2
0,(0|7) | ™ 1 2_ 02 il (witwi)c(H)
{on(z,2)0-r(0) = | 27— " g™ Moy (W - (5.36)
Wl TR 2
w—wEAR

Now we have

2k

g’ + )¢ = w4 ) = Y2 4

k
= Hz:(anrm,,), w, € Ap UAy

(5.37)
P
== (mp+mp—1), wweAsUAc.
=1
It follows that:
2 2d
. 1 161(0|7) Yoy [0(22 7))
(on(z,2)o_,(0)) = = | v= , (5.38)
2 |60:(£|7) In(r )\”

Taking the product over k£ outside or inside the sum over spin structures gives us, respec-
tively, the uncorrelated/correlated replica partition functions. As in the previous cases,
under a modular transformation the replica partition function is covariant with the ex-
pected prefactor.
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6 Conclusions

The principle of modular invariance has been consistently useful in understanding confor-
mal field theory. Here we have applied it to the study of Rényi entropies of free Dirac
fermions and found that one can define more than one modular-covariant replica partition
function. Our proposal is that the uncorrelated version, taking the product over repli-
cas performed after the sum over spin structures, defines the correct Rényi/entanglement
entropy as £ — 0 while the correlated version, taking the product over replicas before sum-
ming over spin structures, defines the correct entropies as £ — L. We verified that in this
way the holographically predicted relation to thermal entropy of ref. [17] is satisfied. Com-
paring with results in the literature for free compact bosons, we showed that Bose-Fermi
duality holds in the small and large-interval regimes.

It is clearly of importance to obtain the correct modular-covariant replica partition
function at arbitrary values of £. For a generic positive integer n one can write a variety of
partition functions as follows. Consider the set S = {k1, ko, -+ , k,} where k; = —%4+i—1.
Suppose that for a fixed value k; and a fixed spin structure v, we have a replica partition
function Z,(f)(k:i). Partition S into subsets Si,S2,--- having m; elements of S in the jth
set. Now we can define the replica partition function:

4
ZFS T =TT ] 29 k) | - (6.1)

i \w=1kesS;

Clearly the fermion spin structures are correlated within each subset S; but uncorrelated
across different subsets. It is straightforward to verify that each of these is modular covari-
ant, with a prefactor that can be eliminated as in eq. (2.35). A particular case is when each
subset S; contains a single element k;. In this case we find the uncorrelated replica parti-
tion function Z which we have argued is the correct one as ¢ — 0. Another particular case
arises when there is a single subset, the entire set S. In this case one finds the correlated
replica partition function Z; which is correct as £ — L. All other cases lie somewhere in
between. Therefore we conjecture that the full replica partition function of the free Dirac
fermion is a linear combination (with ¢-dependent coefficients) over all partitions:

Zn= Y as,. /L) Z55] (6.2)

all partitions

The physical intuition is that as the branch cut of length ¢ expands from 0 to L, the
degree of correlation among replicas steadily increases. The coefficients ¢ must be such
that only the terms corresponding to Z}}, Z; contribute at ¢ = 0, L respectively. It will be
interesting to pursue this direction and try to determine the coefficients.

This discussion strongly suggests that the modular-invariant replica partition function
for free fermions is a very complicated quantity (in striking contrast to the one for a single
spin-structure, which is relatively simple and very explicit for all £). From this point of
view it is encouraging that the free boson result of ref. [21] is also very complicated! After
all, the two are supposed to be equal on putting R = 1 in the latter.
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A possible application of the above ideas is to understand entanglement in more general
conformal field theories, which at finite temperature and finite size remains largely an
open problem. All the techniques used so far have been based on free field theory. In
this context, it may be mentioned that minimal models and other CFT’s do have free-
field representations with a screening charge [32] and their modular-invariant partition
functions and correlators are quite well-known. It may be possible to determine replica
partition functions for these theories, or at least their limiting behaviours for small and large
intervals, using a combination of the free field representation and several physical principles
including the relation to thermal entropy and the requirement of modular invariance.
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Notation and conventions. Our 2d theories are defined on a circular space of length
L. The size of the interval over which we compute the Rényi entropy is denoted ¢. The
numbers R; describe the radii of the scalar field variables. We use conventions where T-
duality is implemented by R — % and hence the self-dual radius is R = /2. The number of
replicas is denoted n and used to calculate the nth Rényi entropy. The modular parameter
T

is ¢ = €™ and the finite temperature case is described by 7 = z% where 3 is the inverse

temperature.
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