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ABSTRACT: In the AdS/CFT correspondence, bulk information appears to be encoded in
the CFT in a redundant way. A local bulk field corresponds to many different non-local
CFT operators (precursors). We recast this ambiguity in the language of BRST symmetry,
and propose that in the large N limit, the difference between two precursors is a BRST
exact and ghost-free term. This definition of precursor ambiguities has the advantage that
it generalizes to any gauge theory. Using the BRST formalism and working in a simple
model with global symmetries, we re-derive a precursor ambiguity appearing in earlier work.
Finally, we show within this model that the obtained ambiguity has the right number of
parameters to explain the freedom to localize precursors within different spatial regions of
the boundary order by order in the large N expansion.
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1 Introduction

The AdS/CFT correspondence is the most precise non-perturbative definition of quantum
gravity. A central problem is how local bulk physics emerges from CFT data. This ques-
tion has been studied extensively and is reasonably well-understood at large N, for small
perturbations around vacuum AdS [1, 2. In this limit, a bulk field ® at a point X is defined
by integrating a local CFT operator O over the boundary with an appropriate smearing
function K [3]:

P(X) = /dtddlx K(X|t, z)O(z) +O<Jb). (1.1)

This CFT operator can subsequently be time evolved to a single timeslice using the CE'T
Hamiltonian, which gives a non-local operator P in the CFT corresponding with the field
®(X) in the bulk. This type of operator is called a ‘precursor’ [4-6].

The study of precursors is fundamental to understanding a concrete realization of
holography. There are several unresolved questions one can ask, such as how to construct
precursors that correspond to bulk fields behind a black hole horizon. Here we focus on
two particular puzzles that are related to each other. At large N, bulk locality requires the
precursor to commute with all local CFT operators at a fixed time, while basic properties
of quantum field theory demand that only trivial operators can commute with all local
operators at a given time [7]. Another is that a local bulk operator corresponds with many
different precursors with different spatial support in the CFT, because the bulk field can
be reconstructed in a particular spatial region of the CFT as long as it is contained in the
corresponding entanglement wedge of that region.



Both of these apparent paradoxes can be resolved by requiring that different precursors
are not equivalent as true CFT operators [7]. In particular, the difference between two
precursors corresponding to the same bulk field seems to have no clear physical meaning,
and must act trivially some class of states. In what follows, we will refer to this perplexing
feature as the ‘precursor ambiguity’.

In [7] and [8] some progress was made in giving a guiding principle for constructing
the ambiguity between two precursors corresponding to the same bulk field. The former
approach recasts the AdS/CFT dictionary in the language of quantum error correction
(QEC). From this viewpoint, the ambiguity is an operator which acts trivially in the code
subspace of QEC, which in this case is naturally thought of as the space of states dual
to low-energy excitations of the bulk. The latter work, on the other hand, proposed that
gauge symmetry in the CFT can give a prescription to construct the precursor ambiguity.
Moreover, they claimed that the code subspace is the full space of gauge invariant states.

However, the claims in [8] were made in the context of a toy model with a global
symmetry, thought of as a gauge symmetry. Thus, it was not obvious how they would
generalize to a theory with a local gauge symmetry, for example Super Yang-Mills. One
way to get around this issue is to ask if there exists a formalism which will use a similar
language to express the precursor ambiguities, irrespective of whether the theory has a
local gauge symmetry or not. This has been an important motivation for this note and we
will show this can be done by utilizing the fact that any gauge symmetry can be extended
and recast as a BRST symmetry. The BRST formulation makes precise the way in which
gauge symmetry leads to precursor ambiguities.

Here, we elaborate on the formalism and leave applications to interesting gauge theories
for future work. The organization of this note is as follows. We start in section 2 by
describing the conjecture for precursor ambiguities in the BRST formalism. In section 3,
we perform a consistency check of our proposal and show that our approach nicely reduces
to an already identified precursor ambiguity in the presence of a global SO(N) symmetry [8].
In section 4 we show in a particular toy model how the precursor ambiguity obtained from
BRST symmetry has the right number of parameters to enable us to localize precursors in
the boundary of an entanglement wedge! order by order in 1/N. This is an independent
new result of this note which suggests that the precursors can be localized to higher order
in the 1/N expansion.

2 Proposal: precursor ambiguities from BRST

In most of the known examples of holography, the boundary theory has some gauge symme-
try. The presence of these ‘unphysical’ degrees of freedom renders the naive path integral
for gauge theories divergent. One approach to deal with these problems while covariantly
quantizing the gauge theory is the BRST formalism [10, 11]. The rough idea is to replace

'In this work, we restrict ourselves to cases where the entanglement wedge coincides with the causal
wedge. We expect that in a proper holographic model our results will extend to the entanglement wedge, but
the toy model used in section 4 is probably too simple to reproduce entanglement wedge reconstruction [9].



the original gauge symmetry with a global symmetry, by enlarging the theory and introduc-
ing additional fields. The additional fields are the auxiliary field and the ghost fields, which
are “unphysical”. This new rigid symmetry, the BRST symmetry, will still be present after
fixing the gauge. Since the generator of the BRST symmetry Q)prgr is nilpotent of order
two, we can construct its cohomology which will describe the gauge invariant observables
of the original theory.

The ambiguities in the precursors referred to in the introduction are “unphysical”
in that they do not change the correlation functions of gauge-invariant operators on the
boundary. One can imagine trying to quantify these unphysical parts of the precursors in
terms of the unphysical degrees of freedom in the enlarged gauge theory. In the BRST
formulation of the gauge theory, it is the BRST exact terms which are unphysical in this
sense. This motivates one to map the unphysical parts of the precursors to BRST exact
and ghost-free operators.

Thus, we propose that the natural framework to understand precursor ambiguities
is the language of BRST symmetry. In particular, we claim that if P, and P, are two
precursors in the large N-limit corresponding with the same local bulk field ®(X), then
P, — P, = O where

e O is BRST exact: O = {QgrsT, O},
e O does not contain any (anti-)ghosts.

By construction this leaves any correlation function of gauge invariant operators in arbitrary
physical states invariant

(Or-- 0 Op) = (01 - (O; + {QprsT, O)) - - On) (2.1)

since [@BrsT, O;] = 0 for a gauge invariant operator O;, and Qprsr|?) = 0 for a gauge
invariant state [1).

As an example, we will show in section 3 that in the case of N free scalars with a
global SO(N) symmetry, we can reproduce the results of [8]. That means, there exists an

operator O such that
{QBrsT, O} ~ LV AV (2:2)

where L is the generator of the SO(N) symmetry, and A% is any operator in the adjoint.
However, unlike the formulation in [8], the BRST formulation of precursor ambiguities is
well-defined for any gauge theory, making it possible to generalize it to interesting theories
like super Yang-Mills.

We would like to emphasize that even though BRST ambiguity is well-defined for any
gauge theory and even at finite IV, the notion of bulk locality only makes sense perturba-
tively in 1/N. In order to connect the abstract BRST ambiguity to concrete equivalences
between different CF'T operators, we need to make use of the large N expansion. Thus the
precursor ambiguity we find is valid within states where the number of excitations is small
compared to N.



3 BRST symmetry of IN real scalars

In this section we will apply the BRST formalism to a theory of N real scalars. The
Lagrangian for this gauge theory in the covariant gauge is given by

£

1 1 .
— () = SD"6'Dyés + S(BY) = B'O" A} — 0"¢"(D )" (3.1)

£:4

where the auxiliary field B can be integrated out using B = 0" Af,. We take the #" in the
fundamental representation of SO(N), while the ghost ¢*, anti-ghost ¢* and the gauge field
Af, are in the adjoint. The (anti-)ghosts are scalar fermion fields. The covariant derivatives
are given by
(D,c)* = Ouc® + g]“’bCAZcc (3.2)
and
(D,8)" = 0u9" —igAy(T")ij¢’. (3.3)
Note that Duqbi is real since the matrices (T'*);; are purely imaginary for SO(N). The field

strength F' is given by
Ff, = 0,A%L — 0,A% + gf** AL AC. (3.4)

Consider the following BRST transformations:
oA}, = €(Dye)”
Spd’ = igec™(T) ;¢

1
5Bca _ _igefabccbcc (35)
opc® = eB*
pB =0

where € is a constant Grassmann parameter. The Lagrangian (3.1) is invariant under the
these transformations, up to a total derivative:?

SBL = —e 0" (B(Dyc)?). (3.6)

3.1 The BRST charge

In order to compute the BRST charge, we start by constructing the Noether current asso-
ciated to this symmetry. Taking the boundary term into account, we get

5L
N~ __ 9% a( Dhe)a
J Earé(aﬂ%)éB%JrB (D*c) (3.7)

where the sum runs over all possible fields in the Lagrangian, and we use left differentiation
when dealing with fermionic variables. The BRST charge is then defined via

@BRST = /ddlx JO. (3.8)

2We thank Raimond Abt for pointing out this term.



Let’s start by computing the variations and defining the conjugate momenta

5(§f¢z) = —Du¢i It = _D0¢i [gbl(l,),nj(y)] _ 5ij5(d—1)(x —y) (3.9)
é(gfca) = (8“5)0 71-‘01 = (806)a {Ca(x)’ cha(y)} _ 5ab5(d—1)(l, o y) (3‘10)
5(;56“) = —(DFe)® e = _(DOC)a {&(x), Trg(y)} — gabs(d—1) (z — ) (3.11)

and finally for the gauge field

oL — _pHva np,l/Ba Iva = _FOV,a o nOl/Ba

5(0,A%) (3.12)
[Af (), 1" ()] = 6,6°* 617D (@ — ).
That gives the following Noether current
. 1
JH = (=P =0 B®) (Dye)" — igD" ' (T)i5¢ — 59(0"e") febechee, (3.13)
The BRST charge is then given by
_ y g 1
QBRST = /dd Lo 1% (Dye)® + igll'c®(T);;¢7 — igfabcwgcbcc
— /dd_ll‘ HO,aﬂ_g + Hi,a(aic)a _ gfabcHi,cAgca (314)
. i .a a“'_l abc__a b c
gl et (T%)yy¢) — Sgfemec’es.
We can define the generators of the SO(/N) transformations as the Noether currents asso-
ciated with the gauge transformations. The current has two contributions, one from the
Yang-Mills parts F2 and one from the matter part (D¢)?:
JrcrLlatter =ill' (Ta)ijqu ‘]gauge = fabcHi,bAg J = (Jr?latter + Jgauge) : (315)
This finally leads to the BRST charge:
d—1 a 7a 1 abc,_a b c 0,a,_a 7,a a
QprsT = [ d“ 'z | gc*JT —ggf moc’ct + 1% + I1%(0;0)® ) . (3.16)
This charge generates the BRST transformations (3.5) on the fields via

BPo = €[P0n, QBRST]+ (3.17)

and one can verify, using the Jacobi identity and [T, T?] = i f*°T°, that Qgrgr is nilpotent
when acting on the fields and their conjugate momenta.



3.2 Reduction to a global SO(N) symmetry

In order to connect with previous work on precursors [8], we are interested in degrading the
SO(N) gauge symmetry to a global symmetry. One crude way of accomplishing this, is by
setting the gauge fields A7, = 0 (and also B* = 0 since B* ~ 9" Af)). In this case, the ghosts
become quantum mechanical (position independent) and the BRST charge reduces to

1 . .
@BRST = /dfb“d_lgcaJa - igfabcﬂgcbcc JO =i ll"(T%);;¢ (3.18)

where the global SO(N) generator is given by L% = [ d4~ 1z J%(x).
Now consider an operator of the form 7¢ O and compute the anti-commutator with
the BRST charge:

1
{QBRST,w;iOd} = /dwd_lg{caJ“,ﬂ'gOd} - §gfabc{7r‘clcbcc,7rg(9d} (3.19)
=g / dzd=10%J* = gL*0* (3.20)

where we used that the generator of global SO(N) transformations rotates the operator
O as [J% O = f®°O°. This expression is BRST exact by construction, and ghost-free.
Adding this to a CF'T operator will have no effect whatsoever within correlation functions
in physical states. It is exactly the precursor ambiguity found in [8].

4 Localizing precursors in a holographic toy model

In the previous section, we used our proposal to compute the ambiguous part of the pre-
cursors as a BRST exact and ghost-free operator. This ambiguity can be viewed as the
redundant, quantum error correcting part of the precursors. Once it has been identified,
the physical information contained in the precursors becomes clear. In this section we will
study the particular ambiguity (3.20) in a toy model. We will show that this ambiguity
has the structure of an HKLL series, and that it contains enough freedom to localize bulk
information in a particular region of the CFT by setting the smearing function to zero in
that region.

4.1 The model

The model is a CF'T containing N free scalar fields in 1 + 1 spacetime dimensions:

N
1 i i
522—5 L OF O B (4.1)
i=1
It was first considered by [8] and refined in [9]. There is a A = 2 primary operator

0= 3qu5i OM¢' which we take to be dual to a massless scalar ® in AdSs,1. Note that this
CFT is weakly coupled, hence it will not have a ‘good’ gravity dual. While this model
has the right low- and high-energy density of states to be dual to Einstein gravity coupled
to matter in AdSj, the presence of higher spins in the bulk will render it non-local in the



sense that the effective bulk Lagrangian will be unbounded in the number of derivatives.
Also, the four-point function in the CFT will not have the right singularity structure [12].
However, we would expect the results based on parameter- and N-counting in this section
to remain true in a holographic model with an actual local bulk dual.

Following [8] and (3.20), the precursor ambiguity is given by L“ AY where A% is any
operator in the adjoint of SO(IN) and L% is the generator of global SO(NNV) transformations.
Note that we only kept the global part of the SO(IV) transformations by setting Aj;, = B =
0 in the full gauge theory discussed in section 3.

Expanding the boundary field ¢ in terms of left /right-moving creation and annihilation
modes, one can compute the generator of global rotations

3 dk [ o e
LY = / ok (aT;E; ol + afl ozﬁ) (4.2)

where the tilde denotes a right-moving polarization of the creation or annihilation modes
and any zero modes are left out. If there is no confusion what momentum a given mode
has, we will omit the subscript k.

4.2 Precursor ambiguity and bulk localization perturbatively in 1/N

The bulk field ¢ in global AdS3 can be constructed at large N by smearing quadratic
operators of the form O ~ aydy over a particular region of the CFT [3]:

d(X) = /d2mK1(X|x) O(z) +O(\/1N> (4.3)

where the smearing function K obeys the bulk free wave equation
DAd53K1 (X‘l’) =0. (4.4)

This procedure correctly reproduces the bulk two-point function. The precursor can be
obtained from (4.3) by time evolving the CFT operator to a single timeslice. Extending
the HKLL procedure perturbatively in 1/N will look schematically as follows [13, 14]:

@(X):/K10+\/1N /K20(9+O<Zb> (4.5)

where the expansion parameter is 1/ VN instead of 1 /N because we are dealing with a
vector-like theory [15].

In [9] it was shown that, at leading order in 1/N, the spatial support of the smearing
function K; (and hence the information of the bulk field) can be localized in a particular
Rindler wedge of the CFT due to an ambiguity in the smearing function. This freedom
can be understood by noting that the term O‘Z d}'@ can be added to O within two-point
functions since it annihilates the vacuum in both directions. While this two-parameter
family of freedom is enough to localize the bulk field at leading order in N, one can see that
it generically will be insufficient to set K5 to zero in particular region, because this requires

a four-parameter family of freedom. Since changing the smearing function corresponds with



picking a different precursor, we would like to identify the aforementioned freedom in the
smearing function with the precursor ambiguity. In what follows, we will explain how the
precursor ambiguity LY A% has enough freedom to localize bulk information order by order
in 1/N.

Start by considering the following quadratic (adjoint) operator

AY =af af . (4.6)

A possible ambiguity of the precursor will be given by L% Aéj . Normal ordering yields

S S < ol 4 atl d{j) off ]

N2 N2 2k
1—N) & _. 1 ozT L”oz
0= s, + i (47)
Nz VN N
1
~0+ —=00

VN

where O denotes an operator quadratic in the a’s and normalized by 1/ V/N such that
it is O(1) in N-scaling. Note that the Lh.s. of (4.7), by construction, is zero in physical
states (and hence can be added to the precursor without changing any of its correlation
functions).

The piece quadratic in the /s in (4.7) is exactly the ambiguity needed to localize the
precursor in the CFT to leading order in N, as was shown in detail in [9]. One can now
also see that one generically needs a four-parameter ambiguity if we want to be able to set
K> in (4.5) to zero in certain regions. Even though the term OO/+/N in (4.7) has the right
structure to fit in the HKLL series, it does not have enough freedom to set Ky to zero (it
has only 2 free parameters, while we need 4). It can be done, however, by constructing a
new operator which annihilates SO(NV)-invariant states and is quartic in the a’s:

Aff = A” — NA” ks Qg (4.8)
The ambiguity in the precursor to order \/Lﬁ is then given by L% Aflj . Normal ordering
yields
LY AY = LY AY + Ty + Tp (4.9)
where
T i gm Ta aI™am™ 4 (1 - N)allal o™ 4.10
4 —O‘k Ay, Oy Oy — Qg Gy g - o+ ( ) Q) Oy 0 O (4.10)

_ Ti tm ~j _j T Te tm ~j
g —O‘k O, Apy O, O, o, — oy Qp, Qg O, O‘k o,

, A (4.11)
sTe fi fm <) <] ~T7 fi Tm ~j

+ oy o ap oy O ak4 — oy Qg Qg o ak ak4
and repeated momenta are integrated over appropriately. By T, we denote the ambiguity
to quartic order in L% AJ and similarly with Ty to hexic order. As before, Ty and T scale
the same with respect to N in any gauge invariant state. Also they do not contribute in
three-point functions of the bulk field.



Again we find that all the terms nicely arrange themselves in the right structure of an

HKLL series 1

VN
where O schematically denotes an operator quadratic in the a’s and normalized by 1/v N

such that it is O(1) in N-scaling. The main difference with L% A;j is that the term quartic
in the a’s now gets a contribution from 7Ty, which does have four independent parameters,

1 . . 1
—LYAY ~ O+ 00+ =000 4.12

and hence has enough freedom to localize the smearing function K.

Doing so also introduced a term like a®. The connected piece of this will be down in
1/N relative to a*. If Ty fixes the ambiguity at order 1/v/N, Ty will contribute towards
fixing it at order 1/N. Thus, by choosing a proper operator A% we will be able to fix the
ambiguity in the precursor to any order in 1/N perturbatively.

We can now summarize how this recursive procedure works to localize bulk information
order by order in N. When the operator we want to smear Agj is quadratic, the ambiguity
in the precursor to the quadratic order is given by (1— N) oz,z diQ. These modes are labeled
by two different momenta. Since we are working in two spacetime dimensions, they are
able to fix all the ambiguity in the precursor up to quadratic level.

But fixing the quadratic level, introduces a quartic piece: aT}'ﬂ L4 07{;2. This piece has
insufficient freedom to localize the precursor up to 1/v/N effects. To fix the ambiguity to
the quartic level, one introduces a quartic ambiguity L Aff. This gives a piece Ty which
has four independent momenta and hence can now fix any ambiguity in the precursor up to
quartic order. However, doing so also introduced a hexic piece Tg. This hexic term makes
the precursor ambiguous to order six. We can repeat the procedure, smear a different A%
and then fix the ambiguity in the precursor up to order six.

Surprisingly, each term at a higher order is ﬁ relative to the current order. Hence,

this procedure can be carried out order by order in LN and thus fixes all the ambiguity in

the interacting HKLL series in this toy model. While it is not explicitly demonstrated in
this paper, a similar story should hold when the matter fields are in the adjoint.

One should note that, while the quadratic and quartic piece in the ambiguity (4.7)
(and similarly for the quartic and hexic piece in the ambiguity (4.12)) have the correct
‘naive’ N-scaling (o ~ Ni) to be arranged in an HKLL series, their real N-scaling is the
same. This means that neither term in (4.7) or (4.12) is smaller compared to the other.
For clarity, we will elaborate on this a bit more in the next section 4.3.



States Operators

- s g ;
W) = s alrall0) | 01 = ol L & /N

99) = Jyaky a1y | 0= of, d}, VN

[2) = < @l ol [0)

Table 1. States and operators used in demonstrating the N-scaling properties.

4.3 N-scaling

Within physical states, both terms on the r.h.s. of (4.7) will be equal and opposite. In
particular, they must have the same N-scaling (in contrary to what was claimed in [8]),
even though naive N-counting would suggest otherwise. In order to explicitly see that
both terms have the same N-scaling in SO(N)-invariant states, we pick the following three
states and label the operators as specified in Table 1.

In order to assign a N-scaling to O, one could check its two-point function. However,
since this operator has vanishing two-point functions, we investigate the three-point func-
tion and find that it goes like 1/yv/N. This justifies us to call assign an O(1) N-scaling
to O2. We will estimate the size of O; and Oy in the subspace spanned by the three
states above. Let us denote the matrix elements of an arbitrary operator O in the above
subspace as

(V1O11) (W1|OY) (1|Olab2)
O = | WT10Y1) W7|01%Y) (¥]|Opa)
(V2|O1) (2| O[Y) (1h2|Olib2)

Then we get the following matrix elements for O and O,

001 . (001
O, = 000 Oy=——1|000]. (4.13)
VN 010 VN o010

We can see that both the pieces in LY Aéj scale in the same way with respect to IV, as
expected. Naively, one could expect the part quartic in the o’s to be down to part quadratic
in the a’s by a factor 1/ V/N. For these particular operators that doesn’t happen, because
the disconnected piece in O; enhances its N-scaling.

Applying similar arguments to (4.12), we conclude Ts must have the same N-scaling
as Ty. Again, the reason why this does not agree with naive N-scaling, is due to the
contribution from the disconnected piece in T§.

,10,



5 Outlook

In this paper we have presented preliminary evidence that precursors are related to BRST
invariance and hence to the underlying gauge symmetry of the field theory. There are
several interesting follow-up directions to explore. One could for example study precursors
in the toy model in non-trivial states (such as thermal states), but more importantly,
one would like to generalize the construction to a proper gauge theory with local gauge
invariance. Perhaps the simplest example of a field theoretic precursor ambiguity is to
consider the field theoretic dual of the bulk operator one obtains by integrating a bulk field
over a symmetric minimal surface. Such operators were studied in [16, 17], and to lowest
order in the 1/N expansion in the field theory for a bulk scalar they are given by

(Ap—d)
_ d (y—§)2(£—x)2 ?
Qoey=c [ o (U=IESD) T o) (5.1

where the integral is over the causal diamond D(z,y) with past and future endpoints =

v)

and ¥y, and Ap is the scaling dimension of the primary operator @. The constant C' is a
normalization constant which at this point is arbitrary. The past light-cone of y and the
future light-cone of = intersect at a sphere B, which is the boundary of the bulk minimal
surface.

If the field theory is defined on S?~! xR, then there are two equivalent choices of causal
diamonds for a given symmetric minimal surface. Together, they contain a full Cauchy slice
for the field theory. Hence, there are two inequivalent boundary representations of the same
bulk operator, and the difference between these two is an example of a precursor ambiguity.
We would therefore like to conjecture that there exists an operator Y such that

_O2(f — )2 Lo-d
die (UZEEST) T o) (5.2)

{Y, @QBrst} :/D(

)

i EV2(E — 7)2 Eo=d B
- [ (UEEESE T 0@ voum. 63

D(z,y)

Here, the second complimentary causal diamond is denoted by D(Z, y) with past and future

endpoints z and y. It would be very interesting to construct an operator Y for which (5.2)
holds, and we hope to come back to this in the near future.
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