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1 Introduction

Understanding the space of consistent conformal field theories (CFTs) is of great impor-
tance since this would provide insight into a classification of the possible phases of quantum
field theories. One can hope that this hard problem becomes more manageable if one intro-
duces additional symmetries, such as supersymmetry or conformal symmetry, to restrict
the class of possible theories. In two spacetime dimensions there is a further simplification
since the conformal group is infinite-dimensional. Despite this favorable circumstance, the
classification of two-dimensional superconformal field theories (SCFTs) is far from com-
plete. Therefore it is important to understand the space of consistent two-dimensional
SCFETs and to sharpen our tools to study such theories. The goal of this work is to provide
evidence for the existence of a novel class of 2d SCFTs with N/ = (0,2) supersymmetry
which arise from the twisted compactification of 4d SCFTs on a Riemann surface, and to
employ a variety of techniques to understand their physics.

Two-dimensional CFTs are also very interesting for a different reason. Gravity in
three-dimensional asymptotically AdS space is one of the simplest toy models for quantum
gravity — see for example [1]. Thus constructing and classifying possible AdSs solutions of
string theory, and understanding their holographic duals, is of great importance to uncover
the structure of quantum gravity in three dimensions. Besides, gravitational theories in
AdSs3 also provide good laboratories to test and explore the AdS/CFT correspondence in
detail — in fact such a setup was the precursor of holography [2]. These two alternative
vantage points provide further motivation for the work presented here.

Our goal is to study four-dimensional superconformal field theories (SCFTs) with
N =1 supersymmetry compactified on a Riemann surface with a partial topological twist.
The main tools we use are anomalies, c-extremization, and holography. The basic idea
is simple and dates back to the work of Witten [3]. On a general curved manifold su-
persymmetry is generically broken because there are no covariantly-constant spinors. If
however the supersymmetric QFT at hand has a continuous R-symmetry, one can turn
on a background field for it which cancels the spin connection on the curved manifold.
This procedure of preserving supersymmetry on curved spaces is called the “topological
twist.” We will be interested in studying 4d N = 1 theories on R? x >y where X4 is a
smooth Riemann surface of genus g. Since the 4d theory has a U(1) g R-symmetry and the
structure group of X, is SO(2), we can generically preserve N = (0, 2) supersymmetry on
R? and thus, at energies below the scale set by the size of the Riemann surface, we have
a 2d supersymmetric field theory. These 2d theories are the main subject of our work. In
particular, we will argue that generically they will be superconformal and, by using the
anomalies of the 4d theory, we will be able to calculate the anomalies of its 2d “offsprings.”
An interesting generalization is possible if the 4d theory has continuous flavor symmetries.
Then supersymmetry is preserved even when one turns on background magnetic flux on the
Riemann surface for these symmetries. In this way from a single 4d SCFT one can obtain
a multi-parameter family of candidate 2d theories labeled by the genus of the Riemann
surface and the choice of background magnetic flavor fluxes. Since the magnetic flux on a
compact Riemann surface must be appropriately quantized, this leads to a discrete family



of theories. While anomalies provide a powerful calculational tool, they are not always
well-suited to answering dynamical questions, thus in general it is hard to rigorously argue
that the 2d SCFTs in question actually exist. One possible approach to remedy this sit-
uation is to employ holography and construct explicit AdS3 vacua which are holographic
duals to the SCFTs of interest. This is often possible if the parent 4d theory has itself a
holographic dual description as we demonstrate explicitly.

These general ideas were made very concrete in [4-8] where they were applied to the
case of 4d N = 4 SYM theory.! Here we argue that the setup is much more general and pro-
vide evidence for this claim by analyzing in detail the Y79 family of superconformal quiver
gauge theories [11]. Using the knowledge of the 't Hooft anomalies for these theories, we
calculate the central charges of the 2d theories obtained from them upon twisted compact-
ification on R? x Yg. An important role in this analysis is played by c-extremization [7, 8],
which is a tool that allows us to unambiguously determine the superconformal R-symmetry
in two dimensions and thus the correct conformal anomalies. The reason we choose this
class of theories is that they have explicit AdSs; holographic duals, constructed in [12].
This provides us with the reasonable expectation that the 2d SCFTs will also have weakly-
coupled duals in type IIB supergravity. This expectation indeed bears fruit and we are
able to construct new explicit warped AdS3 x,, M7 solutions of IIB supergravity which are
dual to the 2d SCF'Ts of interest.

A novel phenomenon that arises from the study of this class of field theories is that
the R-symmetry generically mixes along the RG flow not only with usual mesonic flavor
symmetries, but also with the baryonic flavor symmetry available in all Y4 quivers. This
is rather surprising from the supergravity perspective because, unlike mesonic symmetries,
the baryonic symmetry does not arise from isometries of the metric, but rather from the
RR 4-form potential on a topological three-cycle.

Finally, we should point out that the AdSs solutions we construct can be thought of
as the near-horizon limit of BPS black strings in five dimensions. The entropy density
of these black strings is related to the central charge of the dual 2d CFT and thus our
successful match of the supergravity and field theory central charges can also be viewed as
a microscopic counting of the degrees of freedom of the black strings.

The ideas and techniques discussed in this paper are similar to the ones employed by
Maldacena-Nufiez in [6] as well as in the more recent literature [7, 8, 13-15], see also [16, 17]
for relevant recent work. The supersymmetric AdSs solutions of IIB supergravity we find
have only 5-form flux turned on. These backgrounds fall under the classification of [18] and
indeed some of our solutions have been studied previously in [19-25].2 More recently, AdS3
solutions arising from string and M-theory have also been analyzed in [26-31] (see also [32]
for related work). On the field theory side there have been interesting constructions of
2d N = (0,2) SCFTs and dualities between them by employing compactifications of a
higher-dimensional SCFT in [33-38].

We begin our exploration in the next section with a brief review of the YP? quiver
gauge theories and we then proceed to compactify these theories on a Riemann surface and

!See also [9] and [10] for related work on four-dimensional A= 1 and N = 2 theories, respectively.
2Many of our solutions are actually “T-dual” to M-theory solutions in [20].



study the system at low energies. We also discuss a universal feature of RG flows connecting
4d N '=1and 2d N = (0,2) SCFTs. As an illustration of this general result, in section 2.4
we consider the 4d N = 1 SCFTs arising from D3-branes at del Pezzo singularities. In
section 3 we switch gears and discuss the construction of explicit AdS3 solutions of 1IB
supergravity, which are holographic duals to the 2d SCFTs of interest. We conclude in
section 4 with a short summary and a number of directions for future work. In the various
appendices we present technical details which pertain to the construction and analysis of
the supergravity solutions discussed in section 3.

2 Field theory

2.1 YP49 quivers

Let us first summarize some of the salient features of the Y?¢ family of four-dimensional
N = 1 superconformal field theories. We will follow the notation and conventions of [11] and
take the coprime integers p, ¢ to satisfy p > 0 and 0 < ¢ < p. The theories are quiver gauge
theories, with 2p nodes each representing an SU(NV) gauge group. The matter fields are in
chiral multiplets and transform in bifundamental representations of pairs of gauge groups,
as dictated by the quiver diagram. The theories have an SU(2); x U(1)2 x U(1)p x U(1)r
continuous global symmetry, where SU(2); x U(1)2 is a mesonic flavor symmetry (and we
denote the Cartan of SU(2); with U(1);), U(1)p is a baryonic symmetry and U(1)g is the
superconformal R-symmetry. The matter fields can be organized into four groups, dubbed
{Y,Z, U, V*} with o = 1,2, according to their charges under the global symmetry as we
summarize in the following table:

Fields | multiplicity | U(1); [ U(1)2 | U(1)gr | U(1)p
Y P+q 0 -1 | Ry |p—gq
Z P—q 0 1 Rz | p+q
Ut P 1 0 Ry —p (2.1)
U? P -1 0 Ry —p
178 q 1 1 Ry q
V2 q -1 1 Ry q
A 2p 0 0 1 0

By X\ we denoted the gaugini in vector multiplets, transforming in the adjoint representation
of the gauge groups. The R-charges of the matter chiral multiplets are

2p — q)w + 2pg — w? 4p? — 2pw
RY:( ) 5 , Ry = —F5—,
3q 3q (2.2)
R ~ (2p+ qQw — 2pg — w? R, 30— 2tw
7 — 32 9 V_377
q q

where we have defined
w

VAap? —3¢2. (2.3)



One should keep in mind that the fermions in chiral multiplets have R-charge 1 less than
that of the multiplet. When w € Z, the central charges of the 4d theory are rational.

The conformal anomaly coefficients, or central charges, a and ¢ of the YP¢ theories,
can be computed using the well-known relation [39] between conformal and R-symmetry
't Hooft anomalies in N/ =1 SCFTs:

~ Yy - 3 e N
a= o Tr(R?) 3 Tr(R), c= o Tr(R’) 3 Tr(R). (2.4)

Using the charges in (2.1) and (2.2), one finds

3p*(3¢? — 2p* + pw) N2
4¢%(2p + w) '

a(YP9) + %p = o(YP9) + % = (2.5)
This is obtained® by noticing that the bifundamentals have implicit multiplicity N?, while
the gaugini have multiplicity N2 — 1. At leading order in N, the two central charges
are equal because for this class of quiver gauge theories and at that order, the linear
R-symmetry 't Hooft anomaly vanishes: Tr R = O(1).

There are some cases of special interest. The theory YP is a Z, orbifold of the
Klebanov-Witten (KW) theory [40] and has central charges

27
a(YPY) ~ ¢(YP0) ~ G—fNQ, (2.6)
at leading order in N. The theory YPP is a Z, orbifold of the N' = 2 quiver theory which
itself is obtained by a Zsy orbifold of N'=4 SYM. The central charges for this theory are

a(YPP) = ¢(YPP) = §N2 ~ 2pay—y, (2.7)

where in the last equality we have emphasized the relation to the central charge of N' = 4
SYM at leading order.

It is worth collecting here the explicit expressions for the linear and cubic 't Hooft
anomalies for the quiver gauge theories of interest. After a straightforward algebraic cal-
culation one finds that the 20 independent cubic ’t Hooft anomalies are:

k111 = k222 = k122 = k12 = k12r = k1BB = k1BR = k1RR = k2rR = kBBB = kBRR =0

9
k12 =2gN?,  kup =2(¢* — p*)N?, kiir = qu(pw2+(q2—2p2)w — 2pg®)N?

2

2 2
kepp = 2p*qN?,  kopp = ?pq(w —20)N?,  kaop = 3712(2172 +pq + ¢°)(w — 2p) N?

2 \2 2p° 2 8p* 3 2 3\ A2
kap =20°N”,  kppr=——5-(p+w)N", krrr= o (w” + 9pg” — 8p°)N= — 2p.
(2.8)

3If some chiral multiplet is in the adjoint rather than in the bifundamental representation, the implicit
multiplicity is N2 — 1 and the O(1) terms are different. This only happens for Y! = C?/Zy x C. One
obtains a(Y"") = IN? — 2 and ¢(Y"!) = IN? — 1

12 3"



The linear 't Hooft anomalies are
]{?1:]{32:]{33:0, kZR:—2p. (29)

The identity 9%k rr = kj, valid for any flavor (non-R) symmetry J in a 4d N'=1 SCFT
is clearly obeyed [41]. As pointed out in [11], baryonic symmetries are such that kppp =
kp = 0. For general flavor symmetries this is not necessary, although for the YP¢ theories
we also have k111 = k:222 == kl = kz =0.

2.2 2d central charges

In this section we consider compactifications of generic four-dimensional N' = 1 field the-
ories on compact (i.e. with no punctures) Riemann surfaces ¥, of genus g, performing a
partial topological twist so as to preserve NV = (0,2) supersymmetry in two dimensions.
Under the assumption that the theories flow to interacting SCFTs (which could be tested
holographically, for instance), we would like to compute their central charges. To do this,
we exploit the fact that in two-dimensional N' = (0,2) SCFTs the R-symmetry can be
identified by a c-extremization principle [7, 8], and then the central charges are related to
its 't Hooft anomalies. We begin by providing explicit examples in the case of Y quivers
and then discuss an approach for generic four-dimensional N = 1 field theories.

The calculation proceeds as in [8]. To perform the partial topological twist, we turn
on a background gauge field along the generator

T = b Ty + byTs + BT + gTR, (2.10)

where T2, Tp are the generators of U(1);2 and U(1)p, respectively, while Tx is the
generator of the U(1)g superconformal R-symmetry. We have defined « as the normalized
curvature of the Riemann surface: k =1forg=0,x =0forg=1, and Kk = —1 for g > 1.
When the flavor flux b; is nonzero, the SU(2); flavor symmetry of the system is broken to
U(1)1. For by = 0 the SU(2); symmetry is intact.

An important point is that the background flux (2.10) must be properly and carefully
quantized. We turn on an external flux

F =Tdvols,, (2.11)

where the volume form is normalized [ dvoly, = 27y and 1y = 2[g — 1| for g # 1,y =1
for g = 1. Then for every gauge-invariant operator O, the effective number n of flux units
felt by the associated particles and defined by

1/ F-O=nT-0=n0, (2.12)
2 P

should be an integer: n € Z. This is the standard Dirac quantization condition. Since we
have fixed the origin of the flavor flux around the 4d superconformal R-symmetry, which
in the case of YP¢ quivers typically assigns irrational charges, one generically needs an
irrational flavor flux to balance it. In particular, zero flavor flux is generically not allowed



unless the superconformal R-charges are rational. When a twist by the pure superconformal
R-symmetry is in fact possible, we refer to it as the “universal twist,” for reasons that will
become clear below.

Next, we define the trial 2d R-symmetry to be a general linear combination of the 4d
R-symmetry and the Abelian flavor symmetries, i.e.

Tow =eTi + eTh+epgTp + Tk, (2.13)

where the real parameters ¢;’s are unfixed at the moment and we construct the trial
central charge

=305 Y mote(q))? (2.14)

The sum above is over the 4d fermionic fields labelled by o, m, is their multiplicity,
qg) is the charge under the trial R-symmetry in (2.13), and ¢, is the charge under the
background gauge field in (2.10). Here we have used the relation ¢ = 3kgp (see [7, §]
for details) and that the net number of right-moving minus left-moving 2d chiral massless

fermions is computed by the index theorem:

o) (o) _

n7(‘ —ny, = _tanE . (215)

For the case of Y4 quivers, the various parameters are summarized in the following table:

Fields My ty qg)

Y | (p+q)N? |5(Ry —1)—bo+B(p—q)| Ry — 1 —e2+ep(p—q)
Z | p—q)N? |5(Rz—1)+bs+B(p—q) | Rz —1+es+epp—q)

Ul pN? 5(Ry —1)+b1 — Bp Ry—1+e¢€ —e€pp (2.16)
U? pN? §(Ry —1) — by — Bp Ry—1—¢; —epp

Vvl gN? S(Rv —1)+by+b1+Bg | Ry —1+e+e +epgq

V2 gN? S(Ry —1)4+by—b1+Bq | Ry —1+e —e1 +epq

1

A [ 2p(N? 1)

%

We recall that for Y1 the multiplicities are different, see footnote 3.

At this point we invoke the principle of c-extremization, stating that the 2d super-
conformal R-symmetry is the one extremizing the trial central charge (2.14), whose value
at the extremum is the actual right-moving central charge ¢, of the 2d SCFT. With the
ingredients given above, these can be calculated for any Y7 quiver, Riemann surface, and
background fluxes. In full generality the result is lengthy, so in the following subsections we
discuss some cases of particular interest. When carrying out the extremization procedure,
one must often treat the cases k =0 (g = 1) and k # 0 (g # 1) separately, as we do below.

2.2.1 YPO on 54

We begin with the special case ¢ = 0. For p = 1 this corresponds to the KW theory, while
for general values of p we have a Z, orbifold of it that preserves N’ = 1 supersymmetry.



Assuming  # 0 (and thus x% = 1) the trial central charge is extremized at

2b1k(16b3 — (4Bp — K)?)

T T80 + b3 + 2B2p2) + 32Bpr( — 12)
2b2k (1667 — (4Bp + k)?)
€2 = 2 12 2,2 212\’ (2.17)
1— 8(b2 + b2 + 2B%p?) + 32Bpr(b? — b2)
2(2(b3 — b3) — Bpr(1 + 8b? + 8b3 — 16B%p?))
€ =

p(1 — 8(b% + b3 + 2B%p?) + 32Bpr(b? — b3))

We note, rather surprisingly, that even when the background baryonic flux B vanishes, we
have eg # 0 and thus the two-dimensional superconformal R-symmetry is mixed with the
baryonic symmetry. Only when the flavor fluxes by o are also set to zero there is no mixing
and the 2d and 4d R-symmetries coincide. This is a generic feature of all the examples we
will discuss below.

Evaluating the trial central charge at the extremum we find

3 —16(b2 + b3 + 2B?p?) — 256(b%b§ + Bipt — B2p? (b2 + bg)) 9
cr = —3pKNy 5 5 3 3 N —-1].
4(1 — 8(b? + b3 + 2B?p?) + 32Bpr(b3 — b3))
(2.18)
An interesting case is obtained by setting the mesonic flavor fluxes to zero, i.e. by = by = 0:
1
cr = —3prnx [4(3 + 16B?*p*)N? — 1} for by = by = 0. (2.19)
This can be positive only for k = —1. Another useful specialization is obtained by
setting B = O:
3 — 16(b} + b3 + 16b3b3
¢ = —3prny b1+ §+ e N2 for B=0. (2.20)
4(1—8(b2 + b3))
Interestingly, both for k = 1 and K = —1 there are regions in the (b1, b2)-plane where ¢, is
positive. Finally, we note that setting B = b; = bo = 0 (i.e. when the twist is purely along
the superconformal R-symmetry in the UV) which requires k = —1, one has
32 0
=(g-1) ga(Yp’ ) —2p for by =by =B =0, (2.21)

where a(YP?) is the 4d central charge of the YP? theory given in (2.6). We will see that
the leading order of this simple relation between the 2d central charge and the 4d anomaly
coefficient a, is a wuniversal feature that holds for a large class of theories justifying the
name “universal twist”.

Before moving to other examples, let us analyze the Y?¥ theory on a Riemann surface
with x = —1 in more detail, since this is one of the examples that we will revisit holograph-
ically in section 3. Specifically, we set by = by = 0, but admit a nonzero baryonic flux B.

The R-charges of the fields (Y, Z,U) are (%, %, %) and the baryonic charges are (p,p, —p),



respectively. It is easy to see that the quantization condition (2.12) for the background
R-flux (2.10) imposes

pNB = ng, (2.22)

4(g—-1)
where np is an even (odd) integer if N(g — 1) is even (odd).? Using this, equation (2.19)
can be written as

3p nQB

_ 32 _IPTB
B 2(g—1)

(5 1)a(yr") +

Cr —2p(g—1), (2.23)

with a(YP?) given in (2.6). We will reproduce this result holographically to leading order
in N in section 3.

2.2.2 YPO on T2

Setting £ = 0 and in the presence of generic background fluxes one finds

b1 (b3 — B*p?) ba(b — B*p?) 2B%p® — (b + b3)
Elzﬁa GQZT’ €E — 3 P 5 (224)
Bp(bt — b3) Bp(bt — b3) 2p(by — b3)
which leads to the central charge
b2 — B202)(b2 — B2p2
¢ = 6772( 1 p )( 2 p )N2 . (225)

B(b} — b3)

When B = 0 (or by = by = 0) the trial central charge is linear in the parameters €; 2 (or
ep) and one cannot apply c-extremization directly. When B # 0 but one of the fluxes b; 2
vanishes, one finds

Bp 1—2B%p? Bp*(b3 — B*p?) 5
€1 =0, EQZE, EB:W, ¢ = 61y bg N for by =0,
Bp —1 +2B%*p? Bp*(—b3 + B*p?)
€1 :—E, €2 =0, €B = 72}?6% , ¢ =61y B2 N= for by =0.
(2.26)

The case by = 0 is special because the SU(2); factor in the flavor symmetry is restored,
and the analysis of section 3 will focus on this case. As one can check from the expressions
above, there are always regions in the (be, B)-parameter space where the central charge is
positive, for k = 0, +1. This is illustrated in figure 1, where we have limited the analysis
to leading order in NV for simplicity.

4To see this, consider for instance a baryonic operator made out of N fields Y, with gauge indices
appropriately contracted. The total baryonic charge is pN and the R-charge is N/2. Thus, the quantization
condition (2.12) in this background imposes 2(g — 1) N(pB — 1/4) = n, where n € Z. Equivalently, we may
write this as pNB = ﬁng, where we defined np = (2n+ N(g —1)). We note that np is an even (odd)
integer if N(g — 1) is even (odd).



Special twists. Finally, let us comment on the boundaries of the colored regions in
figure 1. At generic points on these boundaries the central charge either diverges or becomes
zero and such points are therefore excluded. Exceptions to this rule may appear at points
where two such contours intersect. To obtain the value of the central charge at such points,
and determine whether such a twist leads to a candidate unitary CFT in the IR, one should
insert the value of the fluxes into the trial central charge (2.14) first, and then extremize
it. Carrying this out for kK = 0 and x = 1 one finds that all the boundaries in figure 1 are
completely excluded, to leading order in N. For x = —1 the situation is more interesting
and one finds that there are three special points that lead to a finite and positive central
charge in the IR, namely the points A = (1/2,1/4), B = (—1/2,1/4) and C' = (0,—1/4).
Let us discuss these special twists for Kk = —1 in more detail. The trial central charges at
large N read:

3
A: Cty = §pN2(g —1)(4 — (=1 + 2e5 + 2pep)?) ,

3
B: Cor = QpNQ(g —1)(4— (1+2e2 —2pep)?), (2.27)

3
C: Cir = ipN2(g— 1)(—46%4‘(1-2])63)(34‘2]?63)).

We note that for each twist ¢y does not depend on certain mixing parameters ¢;. For
the A and B twists it does not depend on €; and depends only a particular combination
of €5 and ep while for the C twist it is independent of eo. This implies that there are
no mixed anomalies between the corresponding flavor symmetry and the R-symmetry and
thus mixing with it is irrelevant. Thus the corresponding flavor symmetry does not act at
low energies and simply decouples.

Extremizing the trial central charges (2.27) one finds that the central charges in the
IR coincide and are given by

cr(A) = ¢, (B) = ¢,.(C) = 6p(g — 1)N2. (2.28)

It would be interesting to study these twists, and the putative CTFs they lead to, in more
detail.

2.2.3 YPP on Xg4

Another special case of interest is ¢ = p. For p = 1 one has a quiver with two nodes with
N = 2 supersymmetry which is a Zg orbifold of N' =4 SYM [42]. In this case the chiral
field Y is in the adjoint. For all other values of p we have a Z, orbifold of this N' = 2
theory which preserves only A/ = 1 supersymmetry.

Assuming x # 0, the trial central charge (2.14) is extremized for

2()1,‘1(6()2 + I{)

T T2 + B3 + B2 + boBp)
1263 — 2byr — 8(bF + b3 + B?p? + by Bp) (2.29)
62 = ) .
1 —12(b} + b3 + B?p? + by Bp)
403 + b3 + B?p® + by Bp) — (1203 + 1203 Bp + 2Bpk)
€Ep =

p(1 —12(b3 4 b3 + B2p? + by Bp)) ’
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Figure 1. In blue, the regions in the (be, pB)-plane where the central charge for Y70 with b; = 0
is positive. The cases k = {1,0, —1} are presented from left to right and the horizontal and vertical
axes represent by and pB respectively.

and the right-moving central charge reads

72(1 — 3kbg) (b2 + B%p? + by Bp) — 8(1 — 9b3
cr = 3pKny ( riba)( 1;_ 2p + b2 Bp) ( 2)N2+ 1] . (2.30)
9(1 —12(b3 + b3 + B2p? + b2 Bp))
For b1 = by = 0 this simplifies to
8(1-9B%?%) .,
, = — — N — 1] . 2.31
Cr = — 3PS {9(1 T 12B%2) (2:31)
On the other hand for B = 0 one finds
8(1 — 9(b3 + b3) + 27Kb3b
¢ = —3prns (L= 907 + 22+ 2'{1 2)1\72—1 (2.32)
9(1 —12(b2 + b3))
2.24 YPPon T2
Setting £ = 0 one finds
by by 2 by —b?+2b3— B2p?+2by Bp
€1 = 2 2 2..2 ’ €2 = S ——€1, €EB = P P 2 9 y (233)
by +b5+B*p*+by Bp 3 b 3p(by+b5+ B?p?+by Bp)
which leads to the central charge
bap(b3 + B%p? + bo B
ey = Gy 2P+ B+ 02BD) . (2.34)

b2 + b2 + B2p? + by Bp

If B = b; = 0 the c-extremization procedure seems to be applicable but one finds ¢, = 0
and thus does not lead to a candidate unitary CFT. When B = by = 0 or by = by = 0,
the trial central charge is linear in the parameters ¢; so one cannot apply c-extremization
directly. We will thus take at least two of the background fluxes to be non-trivial. We
summarize some of the results for the Y?P quivers with b; = 0 in figure 2.
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Figure 2. In blue, the regions in the (be, pB)-plane where the central charge for Y?? with b; =0
is positive. The cases k = {1,0,—1} are presented from left to right.

Special twists. As in the Y79 case discussed above, generic points on the boundaries of
the colored regions in figure 2 are excluded as they lead to either a vanishing or diverging
central charge. The only exceptions are found for kK = —1, at the intersection points between
the ellipse and the straight lines, namely A’ = (—3,3),B = (3,—%) and C’ = (3, 3). The
trial central charges at large N read:

2
A Cor = gpNQ(g—l)(8—662—9e§),
2

B': ¢y = gpN2(g — 1)(—9€2 4 (2 — 3pep) (4 + 3pep)) (2.35)

2
o Cty = gpNQ(g — 1)(—9€2 + (4 — 3e3 — 3pep) (2 + ez + 3per)) .

As seen from these expressions, and discussed below equation (2.27), the three twists lead to
certain flavor symmetries decoupling in the IR (this is manifested by the mixing parameter
€; not appearing in the trial central charge). The corresponding central charges of the
candidate CFTs in the IR read again:

cr(A) = ¢, (B') = ¢,(C") = 6p(g — 1)N2. (2.36)

It is curious to note that these values are the same as the ones presented in (2.28). It will
be interesting to investigate further whether there is a relation between these classes of
two-dimensional CFTs.

Finally, we comment that one might have naively expected that the central charges
in (2.30) with B = 0 can be compared to the ones derived in [8], since the theories considered
here arise as the IR fixed points of Zy x Z, orbifolds of N' = 4 SYM further placed on
a Riemann surface, while the theories in [8] came from pure N'=4 SYM on a Riemann
surface. However this is not the case and the central charges in (2.30) differ from the ones
in [8]. This suggests that the RG flow from four to two dimensions does not commute
with the orbifold action. From the field theory point of view, one of the reasons is the role
played by the U(1) 5 symmetry which is absent in N’ =4 SYM (and therefore in the setup
of [8]), but clearly plays a crucial role in the present construction since it mixes along the
RG flow with the U(1)r symmetry.

- 12 —



2.2.5 YP49 on T?

Let us now take k = 0 and keep p and ¢ general. For general values of the flavor and
baryonic fluxes the central charges are lengthy and we will refrain from presenting them
here. When we set b; = 0 we get an enhanced SU(2) flavor symmetry and this will be the
case of interest in the supergravity analysis. Let us focus on this choice of background flux.
The trial central charge (2.14) is extremized for

_ptw 3pb§ _Ap — 2w pB?

= 07 ) - - .
“ “ 3¢ 3¢+ byBq+ B) P 3¢? b3 + by Bq + B2¢?

(2.37)
The right-moving central charge is particularly simple:
B2p2
=6p°B |1 — N? 2.38
=P 03 + b2 Bq + B¢ (2:38)
If in addition we set by = 0 the result is
6B802(n% — o2
. — _GBp (p2 q )N2’ (2.39)

q

which is positive only for B < 0. This result looks very similar to the central charges found
in supergravity in section 4.1 of [22]. Indeed after the redefinition p = ¢pek, ¢ = Poek + bk
and BN? = Npex Mpcx, the central charge in (2.39) becomes

o = 6pDGKQ]2)GK(pDGK + 2QDGK)
" (pDGK + QDGK)2

Npcex Mpex s (2-40)

which is identical to equation (4.18) in [22].

2.2.6 YP9o0n X4

Finally, we discuss the generic case of Y9 on a Riemann surface with x # 0. For general
values of p and ¢ and general background fluxes it is straightforward to apply the general
c-extremization procedure as outlined above, but the results are too unwieldy to present
explicitly. Therefore we will restrict ourselves to a few special values of the background
fluxes while keeping p and ¢ general.

For by = by = 0 the expression for the central charge is relatively complicated and
takes the form

16
¢ = —3nxk ja(Yp’q)
4p*¢* B*[w? (2p® —p*w+3¢°w) — 365 B¢* (p* — ¢°) (pw+w?+6¢* B*(¢° —pw—2p?))]
3(2p2 +pw—q?)(2pw—w2 46k Bg?(p—w) — 12B2¢*)?

48p°q" B (p + w)[2p* — p(p® + ¢*)w + (0 — 4> )w® +pu’] 5 p (2.41)
3(2p% + pw — ¢%)(2pw — w2 + 65Bg2(p — w) — 12B2¢*)? 31 |

N2

5Tt is clear from the analysis of [22] that there is an allowed range for the parameters in which ppgk < 0,
gpck > 0 and gpgk > \pDGK|. This is the range compatible with the values of the parameters p and ¢ in
YP9 je. withp>0andp>qg>0.
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If instead we set by = B = 0 we find

16 8b2p’w P
- _3 2 a(yPa 2 NZ_Z . 2.42
o R Y1) + w(2p + w) — 4b3(2p + w)? 3 (242)
Finally, we note that by setting the remaining flux b = 0 (which requires kK = —1) one
finds to leading order in N again the relation
32
e = E(g —1)a(YP?) +0(1). (2.43)

As we explain in the next section, this relation holds not only for Y?¢ quivers at large N,
but quite generally for a large class of 4d A/ = 1 SCFTs on Riemann surfaces, twisted by
the four-dimensional superconformal R-symmetry (when this is possible).

2.3 A universal RG flow across dimensions

Here we would like to show that when a four-dimensional A/ = 1 SCFT is placed on a
Riemann surface with a partial topological twist, there is a universal relation between the
conformal anomalies in two and four-dimensions. Our result is valid under the assumption
that the 2d theory in the IR is indeed a SCFT with normalizable vacuum, and that there
are no accidental IR symmetries. Whether this is true or not is a dynamical question
which we will not be able to address in general. However if the four-dimensional the-
ory has a gravitational dual we will establish the existence of the two-dimensional SCFT
holographically.

Suppose that we have a 4d N' = 1 supersymmetric theory (not necessarily conformal)
with global symmetry U(1)gr x U(1)r x Gr where U(1)g is an R-symmetry, U(1)r is a
flavor symmetry, and G is some additional non-Abelian global symmetry.® The 't Hooft
anomalies of this theory are encoded in the following 6-form anomaly polynomial:

k k k k
- R;Rq(fR)ngﬂcl(}—F)%r BRE o (FRr)?c1(Fr) + R2FF01(]:R) c1(Fr)®
k k
— ﬁm (Fr)p1(Ta) — icl(}—F)pl(ﬁ) : (244)

Here kapc and k4 are the cubic and linear 't Hooft anomalies, ¢1(F) is the Chern class of
the bundle with curvature F, p1(7y) is the Pontryagin class of the four-manifold on which
the theory is placed, and the powers of all characteristic classes are with respect to the
wedge product. When the theory has a Lagrangian description, one can easily compute the
anomalies as kapc = Tr(ABC) and kg = Tr(A) where the trace is over all chiral fermions
in the theory.”

In a similar fashion one can encode the anomalies of a 2d theory with N/ = (0,2)
supersymmetry in the 4-form anomaly polynomial®

k k k
I = %cl(fﬁ + %cl (Fr)* + krr e1(Fr) e1(Fr) = 5;p1(T2) (2.45)

5The results below generalize easily to the case where there is more than one Abelian factor in the flavor

group. We refrain from discussing the general case to avoid clutter in the formulae.

"One should represent all fermions with right-moving chiral fields. Otherwise, the correct formulae
should be kapc = Trys ABC and ka = TrsA, where 5 is the 4d chirality matrix.

8For simplicity we again assume that the 2d theory has only a single Abelian factor in the flavor group.
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where all the Chern and Pontryagin classes are the ones in 2d. The coefficients kap are
the quadratic 't Hooft anomalies, while k is the gravitational anomaly. In a theory with
Lagrangian description they are given by the formula kap = Try3AB and k = Tr~3, where
the trace is over all complex chiral fermions in the theory and -3 is the 2d chirality matrix
(positive on right-movers).

If the theories are actually superconformal and R is the superconformal R-symmetry,
the relations between conformal and 't Hooft anomalies in 4d and 2d take the following form:

) krrR — ikR, c= g/ﬁ«um - EkR’ ¢r =3kgr, ¢ —qaq=k. (2.46)

“T 3 32 32 32

Here ¢;, are the 2d left- and right-moving central charges. Superconformal symmetry also
enforces 9krrr = kr in 4d [41] and krp = 0 in 2d [7].

We place the 4d theory on a compact Riemann surface and implement a partial topolog-
ical twist which preserves A = (0, 2) supersymmetry in the remaining two dimensions. At
the level of R-symmetry and flavor symmetry line bundles, this topological twist amounts
to the following replacement:

o FeY - S, FUP 5 FOP) L e FEP) yvty. (2.47)

Here t4 is the Chern class of the tangent bundle to the Riemann surface normalized in
such a way that fzg tg = nx. The R-symmetry background is fixed by supersymmetry.
The parameter b, instead, represents the freedom to turn on a background magnetic flux
through the Riemann surface for the U(1) p symmetry — such a parameter should be prop-
erly quantized as in (2.12). We are interested in flows that lead to 2d fixed points. We
have introduced the parameter ¢ because by F}(;?D) we now mean the 2d superconformal
R-symmetry, which in general is a mix between some R-symmetry derived from four di-
mensions and the Abelian flavor symmetries. As in section 2.2, the value of € at the 2d
fixed point is fixed by c-extremization.

To calculate the anomalies of the IR 2d SCFT, we plug the background (2.47) into the
6-form (2.44), integrate the result over ¥y (notice that tg = 0) and then read off the Iy
anomaly polynomial of the 2d theory. Extremizing the trial value of krr(e) with respect

to € we find
_ Kkkrprr —2bkgrF

€= , 2.48
kkrrr — 2bkprr (2.48)
and the right-moving central charge is
3 k —2bk 2420k k —2bk
o= B (kkrrr — 2bkrpp)” + 2bkgrr(kkrpr — 2bkppr) (2.49)
2 kkrrprp —2bkppp

The values of the other 2d anomalies are

k‘FF:%(2bkFFF—HkRFF), Cr —C| = U?E(Qbk‘p—fik‘}z), k‘RF:O. (2.50)

The relation krp = 0 precisely corresponds to the fact that we have extremized c,.
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Consider now the case of a 4d SCFT with kr = 0, and perform the partial topological
twist using the exact 4d superconformal R-symmetry, i.e. R is the 4d superconformal R-
symmetry and take b = 0 (in cases where the R-symmetry flux on 3 is properly quantized).
Since 9krrr = krp = 0, from (2.48) it follows that ¢ = 0. This means that the IR 2d
superconformal R-symmetry coincides with the UV 4d one, and no mixing with U(1)p
occurs along the RG flow. For such an RG flow across dimensions, which is unitary only
for k = —1, we obtain a universal relation

Cr 16 5 —3 a
Do) e

This result is reminiscent of the universal RG flow between four-dimensional N' = 2 and
N =1 SCFTs discussed in [43]. In our case, the RG flow is between four-dimensional
N =1 SCFTs and two-dimensional N" = (0,2) SCFTs.

We note that for ¢, to be positive, the four-dimensional theory should satisfy

3 a
My 2.52
P < (2.52)

or krrr > 0. This lower bound is compatible with the Hofman-Maldacena (HM) [44]
window % <e< % for N =1 SCFTs, but it places a restriction on the class of theories
for which this RG flow can lead to unitary 2d SCFTs with a normalizable vacuum in the
IR. On the other hand, the upper bound of the HM window implies that the 2d SCFTs at
hand obey the bound ¢, /¢; < 9/4. We emphasize that these inequalities hold only for the
universal twist of four-dimensional theories with kp = 0.

Finally, we note that for theories with a = ¢ (i.e. with kg = 0), one has ¢, = ¢; and

o = %2(9 “1)a. (2.53)

Notice that if kr ~ 0 or kr ~ 0 only at leading order in IV, the statements above are still
true at leading order. Since the YP¢ quivers have kr ~ kr ~ 0, the result in (2.53) is
an explanation of the universal result observed at large N in many of the examples seen
above, as in (2.19). For CFTs with weakly coupled supergravity duals we have a ~ ¢ and
thus the universal relation in (2.53) holds. In section 3.2 and appendix B we indeed show
how this comes about on the supergravity side.

Since the YP? quiver gauge theories generically have two Abelian flavor symmetries
for generic p,q (one mesonic and one baryonic), the formula (2.49) is not applicable. Of
course, the approach taken above is valid and one can repeat the analysis in the case of
several Abelian flavor symmetries, but we do not provide the results here. The case of
Y10 with purely baryonic flux b = B is an exception; in this case the full flavor symmetry
is enhanced to SU(2); x SU(2)2 x U(1)p and there can be no mixing of the R-symmetry
with any flavor symmetry other than the baryonic one. In this case using the values for
the anomaly coefficients k..., one can verify that (2.49) reproduces (2.19).

Some interesting examples of N/ = 1 SCFTs with holographic duals for which we
have kr # 0 are discussed in [13, 14, 45]. For these theories one should use the general
formula in (2.51).
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2.4 D3-branes at del Pezzo singularities

To illustrate the utility of our general result in (2.51) let us consider the N' =1 SCFT
describing the low-energy dynamics of D3-branes at the tip of Calabi-Yau three-folds which
are complex cones over del Pezzo singularities, dPy, k = 0,1,...,8. These theories were
originally introduced in [46] and admit a dual holographic description. For k = 3,...,8
the theories do not have any flavor symmetry, have rational R-charges and thus should
provide an ideal testing ground for our universal formula. In the case of dPy = P?, the
theory has SU(3) flavor symmetry which however cannot mix with the R-symmetry. We
can also add P! x P! to the list, which has SU(2)? flavor symmetry not mixable with the
R-symmetry. Finally, we can also consider D3-branes in flat spacetime — of which the P?
case is a Zg orbifold — giving N' = 4 SYM at low energies. The cases of dP; = Y?! and
dP», instead, are different because they have an Abelian flavor symmetry that can mix
with the R-symmetry, and in fact the 4d R-charges are irrational: these theories cannot
be placed on a Riemann surface in the “universal way” (although they can if we allow for
flavor fluxes).

The conformal anomalies for the quiver gauge theories arising from the dP—_3 g sin-
gularities were computed for example in [47]. At leading order in N — or formally for
gauge group U(N) — they are given by

27
— - _ = N2 2.54
G4, = CP = g1 (2.54)
The conformal anomalies of NV =4 SYM are
1
N4 = CN—g = ZN2. (2.55)

The case of dPy =2 IP? gives a Z3 orbifold of N' =4 SYM with conformal anomalies
3 2
ap2 = Cp2 = ZN . (256)

Finally, the line bundle over P! x P! gives the Klebanov-Witten theory:

27
AKW — CKW — @NQ . (2.57)
From the universal formula (2.53) we find the central charges of the two-dimensional
SCFTs that arise from the compactification of the 4d SCFTs on a Riemann surface with

U(1)g twist:

d 8(g—1 d 9Y(g—1 d 2(g—1
053':)4 = (?))N2a Cg{z\i\;: (2)N2; CElQPk) = (é—k‘))]\ﬂ (258)

These field theory results nicely reproduce a dual supergravity calculation presented in [20]
as we now show.

17 -



In section 6.1 of [20] the authors found a class of AdS3 solutions of type IIB super-
gravity based on the six del Pezzo surfaces dP,—3 g, on P2 and on P! x P!. The internal
seven-dimensional manifold is topologically a Sasaki-Einstein 5d manifold fibered over a
closed Riemann surface of genus g > 1. The Sasaki-Einstein manifold is in turn a U(1)
bundle over the four-dimensional Kéahler-Einstein base. One can think of these solutions
as arising from the backreaction of D3-branes transverse to the 5-manifold which wrap the
Riemann surface. The central charges of the N' = (0,2) SCFTs dual to these solutions

were computed in [20]:
_ 36M|x]|
Csugra = m2h2l

(2.59)

Here x = 2 — 2g is the Euler number of the Riemann surface, | = ged{m, |x|},
h = ged{2L |x|}. The numbers (M, m) are as follows: for CP? we have (M, m) = (9,3), for
P! x P! we have (M, m) = (8,2), and for dPj, with k = 3,...,8 we have (M, m) = (9—k, 1).
Finally, the number n is expressed in terms of N through

M

M 2.60
ol (2.60)

The integer N is the quantized 5-form flux through the five-cycle transverse to the Riemann
surface wrapped by the D3-branes, and should then be identified with the rank of the gauge
group in the dual field theory. We can rewrite the supergravity central charge as

20g—1
Csugra = |§4l ’NQ . (261)

Using the values of M and [ given above, we find perfect agreement with the field theory
result in (2.58). For dPs_ g and P! x P! we have immediate matching. For the circle bundle
over P? that gives S°, i.e. for N' = 4 SYM, one notices that the adjoints have R-charge
% and so there are gauge-invariant mesonic operators of fractional R-charge: the twist is
only possible on surfaces whose g — 1 is a multiple of 3, then | = 3 and the central charges
match. Alternatively, for the line bundle over P? which leads to C3/Z3, the field theory
has bi-fundamentals of R-charge % but the gauge-invariant mesons have integer R-charge
2, and the twist is possible for any genus; then [ = 1 and the central charges match.

This agreement between field theory and gravitational calculations provides strong
evidence that the supergravity solutions found in section 6.2 of [20] are dual to the 2d
N = (0,2) SCFTs which arise from a twisted compactification on 3; of the 4d N =1
dP, SCFTs.” In fact, we will show in the next section that this matching holds for twisted
compactifications on ¥4 of a general class of 4d N = 1 SCFTs with gravity duals, whenever
twisting by the pure 4d superconformal R-symmetry is possible. We will also provide new
examples of gravity duals to field theories twisted by baryonic flux and match their central
charges. A generalization to include flavor flux is also possible, and although we provide the
local backgrounds explicitly, we leave a global analysis of these solutions and a matching
of their central charge for future work.

9We were informed by Jerome Gauntlett that he has arrived at the same conclusion by an independent
field theory calculation of the two-dimensional central charges.
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3 Supergravity solutions

We are interested in constructing type IIB supergravity solutions of the warped-product
form AdSs3 x,, M7 preserving ' = (0,2) supersymmetry. The concrete four-dimensional
N =1 SCFTs discussed above arise from D-branes at the tip of conical Calabi-Yau man-
ifolds. This suggests that the only non-vanishing flux in the supergravity solutions of
interest is the self-dual 5-form. Thus, we search for solutions of the form

ds?y = L* (e”‘alsids3 + dsi,h) ,

4 (3.1)
gsF(5) =L (1 + *10) dVOlAd83 A F(Q) ,

where F(y) is a 2-form on M7. The most general solution with these properties was analyzed
in [18, 24], where it was shown that the internal manifold M7 must locally be a U(1) bundle
over a six-dimensional Ké&hler manifold, whose Kéahler potential satisfies a fourth-order
nonlinear partial differential equation. Explicit solutions were further studied in [21, 22].
Here, rather than searching for explicit solutions for the six-dimensional base, motivated by
the field theory analysis we assume that M7 is a five-dimensional fibration over a Riemann
surface with SU(2) x U(1) x U(1) isometry and derive a set of BPS and Bianchi equations
for this Ansatz. Of course, the final solution can be written in the form derived in [18, 24],
as we have checked.

When only the metric and 5-form flux are turned on (i.e. without any non-trivial axio-
dilaton or 3-form flux), the supersymmetry variations of the spin—% fermions in type IIB
supergravity vanish identically and the gravitino variation is given by'®

1 i
0thy = Ope + Zw““brabe T @FMV1V2V3V4FV1V2VSV4€ =0, (3.2)

where € is a complex ten-dimensional spinor satisfying the chirality condition
[12345678910¢ — ¢ 11 The self-dual 5-form Fi5) = (1 4 #10)G(5) must satisfy the Bianchi
identity dF(5) = 0, and we will make a choice for G(5) such that

dG(5) =d *10 G(5) =0. (3.3)

In principle, solutions to (3.2) and (3.3) are not necessarily solutions to the equations of
motion. In our setup, however, we have checked that solving (3.2) and (3.3) for the Ansatz
in (3.1) leads to solutions to the equations of motion.
Once we have constructed a globally well-defined supergravity solution of the
form (3.1), the central charge of the dual CFT is given by the Brown-Henneaux formula [2]
3L

Csugra =— 73y » (34)
gl

where Gg\?;) is the 3d Newton constant (see appendix B for conventions and explicit

formulas).

19We follow the conventions of [48].
111 our notation, we denote the time direction by z!, rather than the more conventional z°.
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The Ansatz. The field theory setup suggests that we should be looking for solutions in
which My is a five-dimensional fibration over a Riemann surface 3g:

Mz —— M7

l

X

In addition we require M5 — and therefore also M7 — to have SU(2) x U(1) x U(1) isom-
etry, corresponding to the flavor and R-symmetry of the dual field theory. We denote the
coordinates of AdS3 by {t, z,}, the coordinates of ¥4 by {z1,z2}, and the remaining coor-
dinates by {y,0, #, 3,1}. The most general Ansatz compatible with these requirements is'?

dsty = f1(y)*dsias, + f2(y) ds3, + f3(y)*dsge + fa(y)’dy® + f5(y)* DB
+ fow)2 (DY + f2(y)DB)?,

G5y = dvolaas, A [Gl(y) dvoly, + Ga(y) dvolg: + Gs(y) dy A DB
+Galy) dy A (DY + f(y) DB)] .
where

—dt? + dz? + dr?
* 2z rar , dszzg = 2h(@1,22) (dm% + dx%) ) ds?gg = d#? + sin® 0d¢? ,

ds> =
AdSs r

Dj = df+ccosdp+azAg(x1,22), D =dip+bcostdp+azAg(z1,r2), dAg= dvolg,

and dvolx is the volume form on X (see appendix A for details). The real parameters
{b,c,az,a3} are for the moment free but will be constrained by the BPS equations. We
choose 0 < 0 < mand 0 < ¢ <27 so that ds%2 is the metric on the round S2. The ranges of
the other coordinates will be determined by requiring that the metric is globally compact
and smooth and they depend on the details of the particular solutions. We will discuss this
in more detail for some concrete examples below. The parameters ao and ag specify the
fibration of the five-manifold over ¥X; and thus we expect them to be related to the flavor
flux by and the R-symmetry flux fixed to x/2 by supersymmetry (2.10). Since we impose
an SU(2) isometry, our solutions will capture supergravity duals of the field theory setup
in section 2 with vanishing flavor flux b; in (2.10).

In principle, a term of the form G5(y)DjS A D in the flux is allowed, but it is easy to
show that G5 = 0 follows from dt5 = 0 (see appendix A). The function h(z1,x2) encodes
the constant curvature metric on the genus g Riemann surface and is given by

—log 1+xz+z§ forg=0
h(z1,22) = 4 5 log 2 forg=1 (3.6)
—log xo forg>1.

12Here we omit the overall scale factors of L and g, from (3.1). These must be reinstated when computing
the central charge.
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We define the normalized curvature k = 1 forg =0,k =0forg=1,and x = —1 for g > 1.
The symmetries of the problem suggest that we impose the following projectors on e:

'2e = —¢, I = e, %7€ = ie, ' = je. (3.7)

As shown in appendix A, the BPS equations impose f5(y) = aafi(y), with as a non-
vanishing constant. The function f4(y) in (3.5) can be freely adjusted by choosing an
appropriate coordinate y. It is convenient to make a choice such that

1
FEW) faly)

To simplify the BPS equations for the remaining functions fi, fo, fs, f4, f7 it is instructive
to rewrite them in terms of the functions P1, Po, Ps3, O, P7, defined by:

fs(y) = (3.8)

Pa(y)Ps(y) Pa(y)P1(y) Ps(y)P1(y)
fily) = W f3ly) = Wv fiy) = T(y)’
VP1(y)Pa(y)Ps(y) Pr(y)
i) = YRR - gy — P (39)
This form of the Ansatz combined with reality and positivity of the metric requires that
sign(P1(y)P2(y)Ps(y)) =+, sign Q(y) = +. (3.10)

The range of y will be restricted by the zeros of the function Q(y), between which Q(y) > 0
We shall assume that y takes values in the finite range [y, y2] between two such zeros and
that in this range'3

Pi(y) >0, Pa(y) >0, Ps(y) >0, Y € [y1,y2] . (3.11)

In what follows we will often omit the argument y in all the functions.

3.1 General solution

As shown in appendix A, the BPS equations imply that the functions P 3 are linear in y:
Po=asy+ Co, Ps=—cy+ Cs, (3.12)

where Uy 3 are two integration constants. The functions P 7 are fixed in terms of Pa3

and Q by

as (azP3 — bP2 + P7) 4o PaP3 — Q'

) P7 = >
2 dorp
where o is another integration constant'?

P =

(3.13)

and prime denotes derivative with respect to y.
For consistency of the BPS equations one must impose the constraints

1
cal—l—bazz—i, agal—i—agagzg. (3.14)

13 Another option is that two of the three functions P1 2,3 are negative and the remaining one is positive.
However, by simple redefinitions one can choose them all to be positive. For instance, if P13 < 0 and
P2 > 0, one may redefine (P1, Ps, P7) — (—P1, —P3, —P7), which leaves the Ansatz invariant.

1 As discussed in appendix A.2 it is always possible to set a1 = 0 by a coordinate transformation.
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Similarly, the 5-form flux in the Ansatz (3.5) is determined by:

8PPy —26PoP3 + asQ’ _ 8P1P3—2PoP3—cQ

G 4P ’ G 4P ’ (3.15)
G — 2PyPs(Pa+ kP3) + (¢ Py —az P3) Q' i — —a PaPs ! '
5= 4Py P2 P A

Thus, the metric and the 5-form are completely determined in terms of the integration
constants and the single (yet unknown) function Q. The final constraint is the Bianchi
identity (3.3), which implies a fourth-order ODE for the function Q. Remarkably this ODE
can be integrated twice into the following second-order ODE:

Q72— 2Q(Q” —2(Py + lﬁpg)) + PoPs (—4y2/<c + 81 + 52y) =0, (3.16)

where 41 2 are new integration constants. Thus, the supergravity backgrounds we are after
are completely characterized by solutions to (3.16). Although we have not found the most
general solution to this equation, it is easy to see that the most general polynomial solution
is at most a cubic:

Q=@ +er+ay+aqo. (3.17)

In this case the functions Py, P7 in (3.13) become linear and quadratic in y, respectively.
Specifically, we have

401 PyPs — Q'
Pr=Ciy+Cy, Pr=axy+Cy, P3=—-cy+Cs, 7’72(1111297 (3.18)

where Cy = i(Cg + O3k — q2) and C) = i(ag —ck — 3q3).

The solutions seem to depend on the parameters {ay, ae, as, as, b, ¢, k, g;, Ca, Cs, 1,02}
However, these are not all independent. The parameters a; 2 can be set to a convenient
value by a choice of coordinates (see appendix A.2), and we consider as,b fixed in terms
of other parameters by (3.14). Finally, plugging the expressions for Q,P,,Ps into the
Bianchi identity (3.16) leads to a number of nonlinear constraints among the remaining
parameters {as, ¢, K, g;, C2, Cs, 1, 92 }, with many different branches of solutions, depending
on the values of as, ¢, k. All the explicit supergravity solutions that we discuss below and
in appendix A.l arise from different solutions to these constraints.

For the purpose of comparison with the field theory analysis of section 2, we are
interested in solutions describing Y?¢ manifolds fibered over the Riemann surface. Of
course, our general Ansatz captures not only those solutions, but all solutions with (at
least) the same isometry, including for instance AdSz x S® x T%. In this section we will
focus on the solutions relevant to the field theory analysis. Before we do this however it is
important to understand whether M7 can have any conical singularities prior to specifying
any particular solution.
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3.1.1 Absence of conical singularities

One may worry that at zeros of the function Q the metric might be singular. It is easy to
see, however, that such potential singularities are at most conical, and in fact can always
be removed by an appropriate choice of coordinate periodicity. This follows from the form
of the Ansatz and the BPS equations and thus holds for any solution in this class. We first
make a linear change of variables 8 = w1 8+w2t) and ¢ = wsB+w4y in (3.5), where w234

are real constants, and study the metric in the (y, #) subspace. As shown in appendix A.2:

ds3 = \/Q73 dy* + w?

202
aQQ ~ 2
d o , 3.19
w%P1Q + a%(w4732733 + w2P7)2 ( pt ) ( )

where we defined P = P;PoP3 and w? = (wiws — wows)?. Near a zero of Q at y = y; we
expand Q(y) ~ Q' (y;)(y — y;) and, defining the new radial variable

r? =2y -y, (3.20)
we have
. 2 /(0 \2 N
dsy ~ 2YPW) 140 | w7 2 (vi) 2 (dB+..) . (3.21)
Q' (3)] 4 (waPa(yi)Ps(yi) + waPr(ys))

To avoid conical singularities one has to ensure that the coefficient of r2(d/5’ +...)% is the
same at all zeros y; of @, and choose the periodicity of 8 accordingly. The functional
identity relating P; to Q' in (3.13) ensures that this is indeed the case; choosing

wy = —aq , wo = Qg , (3.22)
and using (3.13), the 2d metric near a zero of Q becomes

2y/P(yi -
ds? ~ ’Q’(y(zyﬂ) [er + 4(aqwy + asws)?r?(dB +...)%| . (3.23)

All conical singularities are avoided by fixing the periodicity of 3 to be 27 and choosing,
say, ws such that

1
a1wy + apws = :|:§ . (3.24)

3.2 YP49 on X471 with universal twist

As we have seen on the field theory side, when the flavor flux by vanishes, i.e. for a twist
performed using the UV superconformal R-symmetry, the RG flow is special and universal.
It is natural to expect that by = 0 is mapped to as = 0 in our supergravity Ansatz. Indeed
in this case the supergravity solutions considerably simplify as we now show. After setting
as = 0 there are still various branches of solutions depending on the values of ¢ and x.
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Assuming x # 0 and ¢ # 0, one such solution is (see appendix A):

3 3|1 — eyl .
ds?y = dshas, + st§9>1 + T(da2 + sin? 0 d¢?)
9 [1-cyl 2, 1(2c° —3y° +a) 2
= d = d 0d
+8(2cy3—3y2+a) vty 11— cy| (df + coos§ dg)
1 g\ 2 (3.25)
+ 4<d1/1 —cosOdo+y(dfB + ccosdp) — a:1> ,
2
1 —cyl 1
G (5) = dvolags, A | 2dvoly ., + dvolg2 + Zdy A (dB + ccosOdo) |,
where a is the only remaining integration constant. This solution exists only for kK = —1

(i.e. g > 1). The internal metric is precisely the metric on Y4 written in canonical form
as in [12], fibered over ¥4~ in such a way that the fibration is non-trivial only along the
Reeb vector 0. This is a consequence of setting az = 0. As in the case of the standard
YP4, since we have assumed!® ¢ # 0 it can be rescaled to 1 and 0 < a < 1. In fact, this
metric looks like those found in section 6.1 of [20], namely

3 9~2
dS%O = dSidS3 + Zd8%9>1 + ZdSSE5 y (326)

~2
with dsgp, a five-dimensional Sasaki-Einstein manifold fibered over ¥y~1. In the case at
hand, SE5 = YP4. Using the general formulas for the supergravity central charge presented
in appendix B, the volume of the Y?¢ manifolds computed in [12], and the AdS;/CFTy
relation a) ;5" = %, the central charge of the two-dimensional CFT dual to the AdSs
solution in (3.26) can be written as

32 )
Csugra = g(g - 1) azuDg *. (3.27)

This is in perfect agreement with the universal field theory result (2.53) obtained by c-
extremization. This is strong evidence that the background in (3.25) describes the IR fixed
point of 4d YP4 SCFTs with AdSs gravity duals, placed on R? x Yg>1 with a partial-
topological twist along the UV superconformal R-symmetry. In fact, in this case there
exists a consistent truncation of type IIB supergravity to five-dimensional minimal super-
gravity [49].1® Within the five-dimensional theory it is possible to construct the entire
RG flow connecting the AdS; and AdSs backgrounds at hand analytically [6, 15, 52]. We
believe that these supergravity and field theory results amount to very strong evidence for
the proposed duality.

3.3 YP0 on ¥, with baryonic flux

As seen on the field theory side, in the case of YP? quivers an interesting generalization
of the universal twist arises by turning on background baryonic and mesonic flavor fluxes.
Here we identify the gravity dual to Y7 with purely baryonic flux B (i.e., az = 0) discussed
in section 2.2.1.

151t is in fact possible to set ¢ = 0 in this solution, corresponding to Y?° fibered over Yg>1. However, in
this case there is a more general solution which we discuss in section 3.3.

16Five-dimensional minimal gauged supergravity arises also from a consistent truncation of more general
type IIB [50] and M-theory [51] compactifications. Our universal flow should therefore also exist in these
constructions.
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Setting as = ¢ = 0 in (3.16) and solving for the remaining parameters one finds that
only kK = —1 is allowed. After some coordinate redefinitions and an overall rescaling, the
metric and 5-form read

v +v+1 v2+v+1 , 1 .
dS%O = d82AdS3 + Td8%9>1 m <d02 + S1n2 0d¢2 + ; (dw2 + Sln2 w dV2)>
1 dzy )
+ - <d1/1 —cosfdp — coswdr — x1> ,
4 x2
_ (v+1)? ) 1
G(5) = dVOlAdS3 VAN <21}dV0129 + m (U dVOISg¢ + ;dVOISau> s (328)

where v > 0 is a parameter controlling the relative size of ¥, and the two S 2’5 in the metric.
As we show below, the parameter v also controls the baryonic flux in the dual field theory.
Taking the standard periodicities for the S? coordinates 8, w € [0, 7] and ¢,v € [0, 27),
the geometry of My is a U(1) bundle over Xy x S? x S2. Letting ¢ & 1) + 27y, the first
Chern classes are 2(1 — g) /4y, 2/4y, and 2/{y, respectively. Thus, quantization imposes

¢g¢+%, (3.29)

with m an integer. In the case of maximal length, m = 1, this describes a fibration of the
conifold Y19 22 711 corresponding to the well-studied Klebanov-Witten (KW) theory [40].
Higher values of m describe a Z,, orbifold of this theory along ), but it is well-known that
only m = 2 (which corresponds to a fibration of Fy) preserves supersymmetry. To obtain
YP0 we proceed as follows. We start with the conifold (m = 1) which is subjected to the
following identifications:

(9, v, 0) = (¢+2m v, +27) = (¢, v +2m, ¢ 4 2m) = (), v, + 47), (3.30)

and perform a Z, orbifold along v:

(6, v,0) = (¢,u+ 4;,@ . (3.31)

This orbifold does preserve supersymmetry: one can check in the original conifold geometry
— the CY3 given by the cone over 71! — that the Killing spinor is invariant under 9,, as
is the holomorphic (3,0)-form 2. Notice that for p = 2 this is the same as a Zg orbifold
along 1, but not for higher values of p.

Using the formulas provided in appendix B we find that the central charge correspond-
ing to (3.28) is given by
vPtu+1 o

(14 v)?

We claim that (3.28) describes the IR fixed point of the Y70 field theory placed on $g-1
with baryonic flux, considered in section 2.2.1. The parameter v, as we shall show below,
is related to the baryonic flux B in the field theory. To make contact with the field
theory result (2.23) for the central charge, we need to discuss the topology of M7 in more

Csugra = 6p(g — 1) (3.32)

detail. The 2-forms dvols, dvolys and dvol,, are closed and potentially in cohomology.
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However because of the existence of dey, one linear combination vanishes in cohomology.
Correspondingly, there are three 5-cycles one can construct in the geometry: 1) the Y?
fiber of M7 at a fixed point on X; 2) fibrations of S (coming from Y7 = §3 x $2) over
¥4, and two representatives of S® are at fixed (6, ¢) or fixed (w,v). By integrating *G5 on
those 5-cycles we obtain, respectively:

v +o+1 g—1
N =4m3N— "~ N = N, No=(g—1 N, (3.33
T v ! v+1 2= (o )v+1 ( )
WhereAzmﬁ. Notice that
v—1
N1—|—N2:(g—1)N, TLBENQ—le(g—l) N. (334)

v+1

The first relation is precisely the relation in homology, and dim H?(Mz7,R) = 2. We
interpret N as the number of D3-branes, while np is proportional to the baryonic flux. We
note that np is an even (odd) integer if N(g — 1) is even (odd). We also note that under
the replacement v — 1/v (which exchanges the two S%’s in (3.28)), one has N — N while
ng — —np. The solution with v = 1, and hence ng = 0, corresponds to the universal
twist. Solutions with non-trivial baryonic flux have other values of v, fixed by

(g — 1)N + np
= = — 3.35
(8—1N —ng (3.35)
Finally, using (3.35) in (3.32) gives
32 3pn?
sugra — -1 Yp,O B .
Csugra = - (@ — 1) af )+2(g_1), (3.36)

which matches precisely the field theory result (2.23) at large N. This provides strong
evidence that (3.28) is the gravity dual describing the IR limit of Y7 quiver gauge theories
placed on g1, twisted by the superconformal R-symmetry and baryonic flux.

3.4 YP9 on T? with baryonic flux

Another interesting solution is found in the case ¢ # 0 (which we rescale to 1 here). For
simplicity we discuss only the case kK = 0 and, as in the previous subsection, we set the
mesonic flavor flux as to zero. Setting ¢ = 1 and ag = 0 in (3.16), solving the constraints
among the remaining parameters and performing some coordinate redefinitions, we find:

2 2 NG 1 2 b -9
dSlO = 7\/§d3Ad83 + b dSTQ + 4b\/igdss2 + 4@5/2 (b2 _ (1 _ g)2) dy (337)
b2 —(1—7)2 N 5 V1425 ( - g - 2
d 0d R LA — 0d .
T P14y TS0 doy T ( Vg Ao ees ¢)>

The 5-form is given in the appendix — see (A.93) and discussion below it. This solution
was found previously in [22] (section 4.1), where its central charge was computed and shown
to depend on four integers ppex, ¢ock, Mpck, Npek and is given by

GPDGKQ%GK (pDGK + 2qDGK)
(pDGK + qDGK)2

Mpex Npex - (3.38)

Csugra =
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By making the identifications p = ¢pgk,qd = Pocek + gpex and BN? = MpaxNpak, the
central charge matches exactly our field theory result (2.39). This is strong evidence
that (3.37) is the gravity dual to the IR limit of Y7 quiver gauge theories on T2, twisted
by the superconformal R-symmetry and baryonic flux.

3.5 Solutions with flavor flux

Finally, we briefly comment on turning on the mesonic flavor flux, which is controlled by
the parameter as. There are several branches of solutions to the Bianchi identity, which we
give in detail in appendix A.4. Here we give only the local form of the solution, leaving a
careful analysis of global properties and computation of the central charge for future work.
Assuming g > 1 and ¢ # 0, the metric is given by

) _ y(3+4dazy) (3 +4azy) (3(1 —a)a —4Cy)
dSlO = \/3(1 — a)a% — 4cly dSAdS3 + ]_6y d52g>1 (339)

1—a)a2—4 y(3 + 4azy) (3(1 — a)a2 — 4C1y
+\/y(3< )0 —1Cvw) (YO H o) j-acw)

3+ 4daqy 49

49, /y(3(1—a)a3 —4Cry / 2
\/ (3(1—a)a3 —4Cy )D/32+} y(3+;102y) <D1/1+ 2Q Dﬁ) ’
y2(3+4agy)3/? 4\ 3(1—a)a3 — 4C1y y(3+4azy)

where D = df + cos 0 d¢ + axAg, D) = dip — cos 0 dp — Ag,

o 3(1 — a)(7+ a3 +8Cy — 4as(1 + C1)) N 3as(1 — a)(ag — 4Cy — 5)
B 16(az — 1)2 4(ay — 1)
3 1
+ Z(l —4(a—1)a3)y* + §(1 + ay — 401y, (3.40)
where C; = —%(1 4+ as + 24/1 —as + ag); here the parameter a is the only remaining

integration constant after solving the BPS equations and the Bianchi identity and as # 1
controls the flavor flux. The 5-form flux, which we do not write here, is determined by the
formulas in appendix A.4.4. In the special case aa = 0 the solution coincides with (3.25)
with ¢ = 1 (up to a simple change of coordinates). The case ag = 1 is a special branch (see
appendix A.4). For g = 1 there are two other branches of solutions, given in appendix A.4.3.

4 Discussion

In this paper we have argued for the existence of a vast landscape of two-dimensional
conformal field theories with N' = (0,2) supersymmetry. These theories arise through
twisted compactifications of four-dimensional N'= 1 SCFTs on a smooth Riemann surface.
If the four-dimensional theory has a weakly-coupled supergravity dual, we can construct
the holographic RG flows which in many cases lead to the supergravity duals to the two-
dimensional IR fixed points. We have illustrated in detail how these general ideas work for
the case of YP? quiver gauge theories that arise from D3-branes probing toric Calabi-Yau
singularities. We have also argued that there is a universal RG flow across dimensions
connecting 4d N’ = 1 and 2d N' = (0,2) SCFTs. This flow bears a resemblance to the
universal flow between 4d N/ =2 and N' =1 SCFTs discussed in [43].
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Our supergravity solutions for the general YP¢ theories suggest that the two-
dimensional SCFTs have, in general, large conformal manifolds. Some of the exactly
marginal deformations are easy to identify. For g > 1 there are the 3g — 3 complex
structure deformations of the Riemann surface!” (in the case g = 1 there is one complex
structure deformation). Besides, one can turn on a flat connection for the SU(2) flavor
symmetry group that does not receive magnetic flux. As discussed in [45], the SU(2) flavor
group leads to 3g — 3 independent complex moduli (one for g = 1). There might be other
marginal deformations, for instance coming from flat connections for the remaining U(1)
mesonic and U(1)p baryonic flavor symmetry depending on the flux turned on, as well as
other less manifest moduli. For g = 0 there are no complex structure deformations nor
flat connections, and it is plausible that the corresponding two-dimensional SCFT's are iso-
lated. This is surely an issue that deserves further study. Let us also remark that, although
we have not studied supergravity solutions in which the SU(2) flavor symmetry is broken,
the field theory analysis in section 2 suggests that there are two-dimensional SCFTs with
only U(1); x U(1)y flavor and U(1)p baryonic symmetry for any g in some range of the
parameters {p, q, by, ba, B}.

An interesting finding of our study is that the R-symmetry mixes along the flow not
only with mesonic flavor symmetries, but also with the baryonic symmetry. Thus, the
R-symmetry of the 2d CFTs is realized by an isometry of the background combined with a
gauge transformation of the RR potential. It would be interesting to study whether there
is a geometric construction to determine the precise combination of isometries and RR
transformations corresponding to the dual superconformal R-symmetry.

It is certainly desirable to have a more direct understanding of the 2d SCF'T's uncovered
by our construction. One way of thinking about these two-dimensional systems is to start
from the four-dimensional theory on R? x >y with a partial topological twist on ¥y and
write down the BPS equations following from the Lagrangian of the theory. Then the
two-dimensional theory at low energies will be a nonlinear sigma model on the moduli
space of solutions to these BPS equations. A similar analysis has been performed for
four-dimensional A = 2 SCFTs in [4, 10]. The difficulty in this approach stems from
the fact that the BPS equations for these four-dimensional theories are some appropriate
generalizations of the Hitchin equations on X and the moduli space of solutions is not
known. An alternative approach would be to find a suitable two-dimensional gauged linear
sigma model which in the IR describes the SCFTs of interest. It would be interesting to
explore also whether there is a connection with the recent work in [37, 54, 55].

The current work as well as the construction in [8] leads to the natural question of
whether one can establish a useful correspondence between 2d CFTs and some 2d TQFT
on the compactification Riemann surface. This correspondence should be in the spirit
of similar proposals that relate four- and three-dimensional SCFTs with two and three-
dimensional TQFTs, respectively [56-58]. In the same spirit it is natural to extend our
construction to Riemann surfaces with punctures.

17We conjecture that similarly to the analysis in [53] the Kahler moduli of the Riemann surface correspond
to irrelevant deformations.
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It would also be interesting to compute the 72 x S? partition function [59] for our
theories and see whether we can match the result with the supergravity calculation.
The field theory analysis should be accessible through the techniques developed recently
in [38, 59, 60].

The manifolds we constructed provide infinite-dimensional families of explicit 7d met-
rics of the type studied in [18, 24]. These manifolds seem to provide a natural general-
ization to Sasaki-Einstein geometry and it would be very interesting to understand their
geometry further.

We have restricted our supergravity analysis to AdS3 solutions with SU(2) xU(1) xU(1)
isometry. It should be possible to relax this assumption and look for solutions with lower
amount of symmetry. While this will be technically complicated since the BPS equations
will reduce to PDEs, rather than ODEs, our field theory analysis suggests that these PDEs
should have interesting solutions. Among them should be the solutions dual to Y79 theories
on Y4 with non-zero b; and by flavor flux. In addition it is natural to expect that there
is a generalization of our analysis to the LP?" quiver gauge theories which posses only
U(1) x U(1) x U(1) global symmetry [61-63].

The field theory calculation of the central charges of the two-dimensional SCFTs per-
formed in section 2 is exact while the supergravity results are valid only to leading order in
the rank of the gauge group, N. It will certainly be very interesting to understand how the
1/N? corrections to the central charge arise on the supergravity side. This should amount
to understanding higher-curvature corrections to our type IIB supergravity backgrounds
along the lines of [64].

It would be nice to extend our analysis and find similar AdS, solutions of eleven-
dimensional supergravity. These should fall in the classification of [65] (see also [66]) and be
dual to M2-branes at the tip of a conical singularity, wrapping a compact Riemann surface.
These solutions can be viewed as M2-brane black holes and the microscopic understanding
of their entropy will be facilitated by the techniques recently developed in [59, 67].
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A BPS equations and Bianchi identities

Assuming that only the metric and 5-form flux are turned on, the type IIB gravitino
variations read'®

1 7 .
5%n:@m+waﬂ“%+g@§ﬂmwwmrwwwme:0. (A.1)
In our notation, we denote the ten dimensional coordinates by x*, with = 1,...,10, and
the signature is (—, +, - - ,+). The ten-dimensional spinor € satisfies the chirality condition
12345678910, _ (A.2)

The supersymmetry variation of the spin-1/2 fermion in type IIB supergravity vanishes
identically when there are no non-trivial dilaton-axion and 3-form fluxes turned on. In
addition there is the Bianchi identity for the self-dual 5-form flux F(5) = (1 + *10)G5):

ClF(5) =0 = dG(5) =d *19 G(5) =0. (A3)

The symmetries of the problem suggest that we impose the following projectors on the
spinor e:
2 = —¢, I = e, %7 = e, % = je, (A.4)

which together with the ten-dimensional chirality condition implies
310 = —je. (A.5)

The most general metric Ansatz compatible with our expectations is

dsiy = fi(y)*dsias, + fo(y)*dsd, + f3(y)’dsgz + fa(y)*dy* + f5(y)* (DB)? (A.6)
+ fo(y)® (DY + f2(y)DB)* |
Gs) = €' AN [g1(y)e N+ ga(y)e® AeT +g5(y)e*Ae” + ga(y)e* N + g5 (y)e” ne']
where
@@%:ﬂw+f””ﬂ,d%:wW%WWﬁ+m@,d%Fww+mMm%
. ‘

DB = dB+ccosbdp+asAg(x1,22), Dip = dip+bcosfdp+azAg(x1,22), dAg= dvolXy,
and we defined the vielbein

elzédt, €2=%d2, e?’:%dr et = fyelde, € = freldrs, (A.7)
S =f3d0, € = fysin0dp, €= fidy, ¢ =f;DB, €'O=fo(DY+ frDp).

The function h(xy,z2) is defined in (3.6). We denote the volume forms by

1
dvolads; = ﬁdt/\dZ/\dT, dvoly = 2M@Le2) gy Ndxy,  dvolge =sinfdindd.  (A.8)

18 We follow the conventions of [48].
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In our normalization

4 —1 1
vol(Xy) = / dvoly,, = { mlg—1, g# (A.9)
g 27, g=1.

Now we can use the gravitino variation in (A.1) along with the projectorsin (A.2), (A.4)
to derive a set of differential equations for the unknown functions f;, g; appearing in the
Ansatz (A.6). Before writing out all the equations we show that g5 = 0. This follows from

the 915 component of the gravitino variation'”

f s B g
oy = 816—&— [4 —gq4 —igs| I'*7e
fa fafa f3 °
i | felas + ao fr
~3 [QW +g1— g2 — g3:| e =0. (A.10)
2

For the spinor of interest we should have 9,,e=0.2" Then the equation 615 =0 is of the form
iAT*e + (B 4 iC)I'Ye = [-iA+ (B +iC)[*?] e =0, (A.11)

with {4, B, C} real and C' = —g5/8. This equation implies A%2 — B?+4 C? = BC = 0, which
in turn implies C' = 0 and thus g5 = 0 in order to have nontrivial solutions. From now on
we set g5 = 0 in the remaining equations. The explicit form of all gravitino variations is:

_ Tger L[4 o 18
51/11—f15t6+8 [fl (91 +g2+g3)]F € [f1f4+94}11 €, (A12)
0o = %826 — é [;1 — (g1 + g2 +93)] e+ = [fj} ] ', (A.13)
03 = %&«6 + 8(91 +92+g3)e+ 5 . [}Llf } I, (A.14)
0y = Zfieh [28 2A1a285 - 2A1a38¢ + Zam h} €+ = |: ffj% ;5 g4:| %
2
1 [W g1 — ga— gg} 510, (A.15)
8 f3
5¢5 = 2];6}1 [289@ - 2A2a285 - 2A2a38¢ 18:51 h} €+ < |: f2f}4 :; — 94 :| F496
2
_d [zfe<s+f7> g 93} P, (A.16)
8 f3
0 = Eae€+ [ f§3f4 fz +g ]Fw +8[ fﬁ(cg+ )—914-92—93] %, (A7)
0y = 7 slin [04 + cosO (—bdy — cO — L) e+ = { ff}4 + 20;2 — g4 } %
LRI gy ) o, (A1)
8 I3

90ne can also argue that gs = 0 using the equations of motion.

20Here we assume that the metric on the Riemann surface is the constant curvature one and thus the
spinors do not depend on the coordinates on the Riemann surface. This assumptions could in principle be
relaxed but the general analysis is more involved. The results of [53] however suggest that the constant
curvature metric is capturing all interesting physics.
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dipg = [iaye—k 513946] + = [ ;6? — 92 +g3} 1%, (A.19)
o)
St = — |0 — fr0y — 105 _ i S I
g 7. [ 5 — f70y 27, Lf2 27 + gf504]| €
B é ;6;7 g +gg] 810, (A.20)
|1, i, (lag+asfr) (Cf7+b)> ( f6f7 )]
= [faa_ 4f6< 5 72 8 \"fufs

The gravitino variations are of the form (A 4+ BI'“??)e = 0 for some real A and
B, ¢1 # co. If € and I'“’“2¢ are independent spinors (i.e. I'“'°2 is none of the projectors
appearing in A.4), then A = B = 0. Equipped with this fact we are ready to analyze the
gravitino variations in detail.

We first focus on the terms proportional to gamma matrices in §1),; this leads to a
total of eight independent equations:

4— fi(g1+92+93) =0, (A.22)
—91+gz+gz—Wzo, (A.23)
91—g2+93+W:O, (A.24)
;‘j;i —0, (A.25)

i";éﬁ_ =0, (A.26)
—i;iifwwgz—gs:o, (A.27)

—263322f5 +;12f£1_g 0, (A.28)

2;:;5 2’;?4 91=0. (A.29)

From (A.22)-(A.26) we can algebraically solve for the functions g;:

2 felaz+azfr)

S B
2 felb+efr)
92 = fl + f:)? )
_ <a2f7f2;|r az bJ}S;JJ?) 7 (A.30)
94:_4fé __Af
fafs fafr’
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and we also find

fe=az f1, (A.31)

with ag a constant. From now on we consider the functions g; determined in terms of the
fi by (A.30). The remaining equations (A.27)—(A.29) read

2 —az —azfr  b+cfr f7 ) _

i ik ( 13 * f3 fafs . (4.52)
2fi | 2fs aofs A
ST (4.35)

2h (25 e (A.34)

fifa - f3fa o f3

Now we turn to the equations arising from terms proportional to the identity in d1,,.
There are ten such equations in total. From (A.12), (A.13), (A.14), (A.16), part of (A.18),
and (A.19) one immediately concludes that

Oie = 0,6 = Ope = Oge = 0. (A.35)

In addition, we assume that 0, € = 0y,€ = 0. Then

:{ﬂ@fzmw, (A.36)

where €(3,) is a spinor that will be fixed shortly. In addition, we have the equations

(ia$2h — 20@141(35 — 2&3141 8w) e=0 N A 37)
(—i@mlh - 2&214285 - 2&3142 6¢) e=0 y (A 38)
[—i — 203 — 2b9y| € =0, (A.39)
az o af 8i(9s - f78¢)] -
[2 <f2 f3> f5—ga+ Tl + 7 e=0, (A.40)
4 8idy (—a3—a2f7 btefr  fr )] _ A
R (FR g ) =0 (A4

Combining (A.32) and (A.41) implies dye = iag € and from (A.39) we have

' 1/2
€ — eilanftazy) <f1£y)> €0 , (A.42)

where € is a constant spinor obeying the projection conditions (A.2), (A.4) and

1
ca1+ba2:—§. (A.43)
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Thus, we are left with the set of BPS equations
2f1 n 2fy axfs

-0, A.44
fifs - fafs f3 (A-49)
2f1 | 2f3  cfs
+ + 2=, A 45
fifs  fafs  f3 (4.45)
2 —az—azfr  b+cfr  fr )
—+ + — =0, A.46
fi 2/t ( /3 /3 fafs ( )
az ¢ Afs  8(a1 — f7042)]
2(2 - 2 ) fs—qut - e=0, A A7
[(ﬁ .@)R Lt Iz (A.47)
(iamh — 2iA; (alag + a3a2)) e=20, (A48)
(—i@mlh — 2@142(0&1(12 + agoéz)) e=20. (A.49)
It is convenient to choose the coordinate y such that
fifafs =D, (A.50)
where D is a constant. With this coordinate choice (A.44) and (A.45) simplify to
(fif3) =a2D,  (f1f3) =—cD. (A.51)

Let us analyze equations (A.48), (A.49). Taking the derivative of these equations
one has

2(age + azaz)dAg = —(02, + 02,)hdzy A dzs. (A.52)

For g # 1 (i.e. k # 0) the background R-symmetry flux is set to dA = dvolX, = e*dzy Adx,

in order to preserve supersymmetry. From (3.6), (A.52) implies the consistency condition

a2 01 + a3z Qg = g . (A.53)

Thus equations (A.48), (A.49) imply
Agz1 = K (Og,hda — 0, hdax?), (A.54)
which is compatible with dA; = dvol¥y. Of course, the connection is defined up to gauge

transformations Ay — Ay + d\. In the case g = 1, we can choose a gauge in which:

1
Agzl = % a:lda;g . (A55)
Up to this point the only assumptions we have made are the Ansatz (A.6), the projec-

tors (A.4) and that the spinor € is independent of {x1,x2}.

Bianchi. In addition to the BPS equations there are a total of four Bianchi identities
from (A.3) which read:

0y (9111 13) — asgaf? fufs — gafi fafs(azfr + az) = 0, (A.56)
Oy(g2fP f3) + cgsfi fafs + gaf? fafs(cfr + ) =0, (A.57)

Oy(f3 f393f6) + fafsfo(cgafs — azgrf3) =0, (A.58)

Oy(gsf3 15 fofz) — Oy(gafs f3f5) + fafsfe(asgrf3 — bgafs) =0. (A.59)

Here we have used dAy = dvol¥, to simplify the equations.
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A.1 General solution

To solve the BPS equations and Bianchi it is convenient to trade the functions f1,fo, f3,f4,f7
by the functions P1, Ps, Ps3, Q, P7, defined by:

| P2(y)Ps(y) | P2(y)Pi(y) | Ps(y)Pi(y)
VP P2(y)Ps(y) _ Paly)
fily) = D? o) . frly) = Poly)Ps(y) (A.60)

Recall that f5, f¢ are given by (A.50), (A.31), respectively. This form of the Ansatz
requires that
sign(Pi(y)P2(y)Ps(y) =+, Qly) >0. (A.61)

We assume that the range of interest for y € [y1,y2] is finite and that in this range

P2(y), Ps(y) >0, Yy € [y1,92], (A.62)

which also implies that Pi(y) > 0 in this range. From now on we omit the argument in
the functions P, Q. From (A.51) it follows that

Py =asDy+ Cs, Ps=—-cDy+Cs. (A.63)

The remaining BPS equations are (A.46) and (A.47), which using (A.60) can be used to
write Py 7 in terms of the known functions P, 3 and the (yet undermined) function Q as:
a3 (a3DP3 — bDPs + Pr)

P = ; Pr

B 4Do PPy — Q'
2D N '

4DO(2

(A.64)

Thus, given a function Q all local solutions to the BPS equations are given by (A.60), (A.63),
(A.64) and are characterized by the parameters {as, as, b, ¢, Ca, C3, D, a1, ag, Kk}, subject to
the constraints (A.43), (A.53). Not all these parameters are physical, e.g, by a rescal-
ing of y one can set D = 1, and other parameters may also be absorbed by coordinate
transformations. We will analyze this in more detail below.

The only equations that remain to be solved are the Bianchi identities (A.56)—(A.59).
The first three of these equations are automatically satisfied, assuming the BPS equations.
Thus, the only remaining equation is (A.59), which using the BPS equations can be written
as a fourth order differential equation for the function Q@ and has the form

Bianchi = By x B4 =0, (A.65)
with By = Q" — 2D2('Pg + kP3) and By depends on up to fourth order derivatives of Q.
There are two branches: By = 0 and B4 = 0. The former leads to

D3
Q= ?y?’(aQ —ck) + D**(Cy + C3k) + 12y + 71, (A.66)

where 71 o are constants. However, using this solution in (A.64) implies P; = 0 which is
clearly singular. Thus, the solutions of interest arise from the branch By = 0. This is a
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fourth order differential equation for @, which is rather complicated. However, it has the

remarkable property that it can be integrated twice into the second order equation:?!

1

B (Q% —20(Q" —2D*(Py + KP3))) — AD*y*k + 61 + by = 0, (A.67)
2773

where J1 o are integration constants.??> Thus, general solutions to the BPS equations and
Bianchi are characterized completely by solutions to this differential equation. Although
we have not found the most general solution to (A.67), it is straightforward to show that

the most general polynomial solution can be at most cubic, i.e.

Q= Z %y (A.68)

Plugging (A.68) into (A.67) leads to a system of five algebraic equations, which determine

the four coefficients ¢; plus one constraint among the remaining parameters. The generic
solution can be written in the iterative form?3

2

=3 (—ag +ckE \/a% + agkc + 02/€2> :

—4a9Cy + ascdy + 4Csck?
4(ag — cx — g3)
B CyC301 + g}
O TN O+ Cor— )

g2 = Co + kC3 +

together with the constraint

asc(ag+cr)d + (a303—Cac?k)da + 4k (20203(a2+/<oc) +cC3 + angg)
16(az + ck)? (a3 + azck + 2K?)

=0. (A.70)

Since the denominator in (A.70) vanishes for the special values a3 = —kc or ag =0 =c or
az = 0 = kK, these cases must be analyzed separately.
We note that when Q is a cubic polynomial, the function P; given in (A.64) becomes
linear: 1 1
Py = 1(02 + O3k — q2) + Z(QQ — k= 343)Y (A.71)

and P becomes a quadratic function of y.
Finally, we give the expression for the 5-form G(5). Using (A.30) and the expression
for P7 in (A.64) and the relations (A.43), (A.53), we find:

G(s5) = dvolAdS3A[G1(y)dvolSg+Ga(y)dvolS® + G (y)dy ADB+Gy(y)dy A(Dv+ fr(y) DB))
(A.72)

21We note that the differential equation below has the form Q(y)? —2Q(y)Q(y)” +29(y)F(y)+G(y) = 0.
n_ G _ Ew _

4q(y)®  2q(y)
221t is worth pointing out that a similar differential equation controls a class of supersymmetric AdSs

Defining ¢(y) = Q(y)1/2, it becomes q(y)

solutions of eleven-dimensional supergravity studied in [20].
Z3We have used a rescaling of the y coordinate to set D = 1 for convenience.
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where

1 1
Gl (y) = m(8D'P1’P2—2DI€P2'P3—|—a2 Ql) 5 GQ (y) = m(SDP1P3—2D’P2'P3 — CQ’) y
2DPyP3(Po+£Ps3)+(cPa2 — aaP3) Q' PP’
Gaty) = 2PPPAPEEERP P ST )= (T2 (A7)

This completes our analysis of the local solutions to the BPS equations and Bianchi iden-
tities. It is worth emphasizing that despite the fact that our backgrounds preserve only 4
out of the 32 supercharges of eleven-dimensional supergravity we have managed to solve
the BPS equations in full detail analytically.

A.2 Linear transformations on (3, )

Let us focus on the two-dimensional part of the metric (A.6) corresponding to the

(8,%) plain:

s} = f5(u)? (48 + ccos 0+ az4,)°
2
N fﬁ(y)g <d¢ +beosdo + f7(y) <d5 + ccosO@do + szm) + a3A9> . (A74)

and perform the linear transformation

(dB,dp)" =W (dB,d)" W

(“’1 “’2> . (A.75)
w3 Wq

The Killing vectors transform as (9g,dy) = (95, 0p)W 1. It is easy to see that the metric
takes the same form as in (A.74), i.e.

dss = f5(y)? (dB + cos 0d + aQAg)2
+ fo(y)? <d1/~) + beosOde + fr(y) <dﬂ~ + écosfdp + Zd:z,‘l) + &3Ag> : . (A.76)
where the new parameters are given by
(a2,a3)" =W ' (ag,a3)", (&0 =W (c,b)", (A.77)

and the functions by

f~2 _ (detW)2 f52f62
° w3 fZ + [2(ws + wafr)?’
fé = wif2 + f3(wa +wafr)?, (A.78)

Fr= wiws f2 + f3(ws + w1 f7)(wa + wafr)
! w3 3+ f§(wa + wafr)? '

These expressions are useful in proving the absence of conical singularities, as shown in
section 3.1.1.
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Setting a; = 0. Let us perform a linear coordinate transformation as above with

wy =wg =1, wy =0, (A.79)
while keeping w3 arbitrary for now. One can see that
ig=ay, é=c, fF=f, 5=/, (A.80)
Moreover one has
a3 = as — wsas , b=b—wsc, fr=fr4+ws. (A.81)

Note that as and b appear in the differential BPS equations and Bianchi identity only
through the combinations

as + a2f7 = a3+ a2f7 , b+ Cf7 = B—l— 5f7 . (A.82)

Thus the only effect of the arbitrary constant ws on the system of differential equations is
in the expression

a1 — agfr = (a1 + agws) — a2f7. (A.83)
The phase of the spinor is also modified:
1B+ o) = (a1 4+ aws) B + agy. (A.84)
Finally, the algebraic constraints from the BPS equations read
agag + agay = azae + as(ag + asws) = g , bas + cay = bas + é(ag + aows) = —% )
(A.85)

Since we assume «gy # 0 (as we must, since fg = agf1) we can always choose the arbitrary
constant w3 = —ay /ag, thus eliminating the constant «;. We conclude from this analysis
that we can safely set a; = 0 from the beginning, which is often convenient. Finally, by
a rescaling of the coordinate v it is possible to set as to any nonzero value. Note that in
this argument we have not made any assumptions on the solutions to the BPS equations
or the values of the parameters {ag3,b, c}.

A.3 Solutions with no flavor flux: as = 0

Setting as = 0 leads to many simplifications. Nonetheless, the system is still quite rich and
there are four cases that must be analyzed separately: (i) k # 0,¢ = 0; (ii) k # 0,¢ # 0;
(iii) Kk =0,c¢ =0 and; (iv) kK =0,c # 0.

A.3.1 Case (i): Kk #0,c=0

One finds that only x = —1 is allowed. After some coordinate redefinitions and an overall
rescaling of the metric, the solution reads

2 2
2 .o vi+u+1 v +v+1 2, o 2p2,2, L9 9 2
dsm—dsAdSS+74v d829>1+74(v+1) df” + sin” Od¢ —I—U(dw + sin” wdr?)

1 da:l 2
+ - (dw — cos 0d¢p — coswdr — ) ,
4 xTo
(v+1)?
v

1 2 2 1 2
G(5) = dVOlAng AN < dVOlEg>1 + m <'U dVOlSQd) =+ ;dVO].Swu s (A86)
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where v > 0 is a real parameter. This is the solution discussed in some detail in section 3.3.
For the special value v = 1 the metric of the solution can be written as

3 9
ds%o = dsQAdSS + st%g>1 + ids%m , (A.87)

where dsQTL1 is the metric for the conifold with a Reeb vector fibered over 3. This solution
is an example of the solutions discussed in section 6.1 of [20] for P! x P! as the Kihler-
Einstein base.

A.3.2 Case (ii): Kk #0,c #0
There are two branches, corresponding to g3 # 0 and g3 = 0.
Branch g3 # 0: fibered Y?9. In this branch, only x = —1 is allowed. We set a; =0

and ap = 1/2. After an appropriate coordinate redefinition and overall rescaling the
background takes the form:

3 3|1 — cy] )
dsiy = alsids3 + st%pl + T(dez + sin® 0dp?)
9 11— cyl o 12y —3y° +a) 2
2 d S d 0d
+8(20y3—3y2+a) S |1 — cyl (df + ccos 6d9)
1 dzrq 2
+ 1 <dw —cos0d¢p + y (df + ccos 0dgp) — > , (A.88)
T2
1-— 1
G (5) = dvolAdS3 A <2dv012g>1 + | 403/\ dvolS? + Zdy A (dB + ccos 0d¢)> . (A.89)

This solution is again of the form presented in section 6.1 of [20], i.e.
2 2 3.2 99
dsiy = dsaqs, + stzpl + styp,q , (A.90)
where ds%p,q is the local from of the metric on Y7¢ (fibered over ¥4~ 1), written in canonical

form [12]. We discuss this solution in section 3.2.

Branch g3 = 0: AdS3 x S§3 x T%. In this case, we find that only x = 1 is allowed
and we denote this sphere by 52 with coordinates (0,¢). After an appropriate change of
coordinates we find

1 y y (a+y?) |
2 _ .2 2 2 2 2 2
dsiy = dSAdS3+ZdS§2+ZdSS2+4(a+y2) dy“+ 1y (dB+cos fdo) +Z(d1l}—cos 0do)”,
1
G (5) = dvolAdS3 A (gdvolS2 - §dy A (df + cos qub)) , (A.91)

where we defined I/NJ = )+ /3. This solution corresponds to AdS3 x 3 x T* (with only 5-form
flux turned on), for any value of a. This is easy to see in the case a = 0; defining y = p? the
terms ds%Q, dp? and the (DB)? combine into the metric on 7% while the Riemann surface
and the (D1)? term combine into an S3, and the solution is AdS3 x S® x T%. One can

check that for generic a the four-dimensional metric has vanishing Riemann tensor and is
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therefore always 7. Usually the AdS3 x S x T* background of type IIB supergravity
is associate with the D1-D5 system and thus it has only 3-form flux. Here we see the
same solution sourced only by 5-form flux. The two backgrounds should be related by two
T-duality transformations.

A.3.3 Case (iii): c=k =0
After appropriate coordinate redefinitions, we find
2 2 L. 9 L. 9 dy* y 2 1 1 ?
dSIO = dSAd83 + ZdSZEZI + ZdSSQ + @ + Zd/B —+ 1 dT!) — COS 9d¢ — §dﬁ ,
1 1
G(5) = dvolAdS3 A <2 dvol¥g—1 + idy A\ dﬂ) . (A.92)
Again, by the simple change of coordinates y = p? one sees that the genus-one Riemann

surface combines with dp? and dB3? into a T and the S? combines with the (D1)? part to
give an S3. Thus, the solution is again AdS3 x S3 x T* with 5-form flux.

A.3.4 Case (iv): k=0,c#0

After appropriate redefinitions and simple coordinate transformations?* the metric and
5-form flux read:

ds%o = ﬁdsid&% + ?ds%g_l + éll)i/gdS%Z + 4@5/2(1)2 _b i g)2)d52
W(dﬂ +cos Bdp)* + 4\1)/5 <d1/)—c0s Odo+ [ﬁz;g_l(dﬁ—kcos Gdgb)) 2 ,
G5 = dvolAdSs A <2dvolEgl + %dVOISQ - %;21 djj A (df + cos Odg) (A.93)
+ ;;dgj A <d7¢) — cos Odo + b2+bg_1(dﬁ + cos 9d¢))> > .

This coincides with the solution in section 4.1 of [22]. To see this one must make the linear
change of coordinates:

B=-B+d, w=5. (A.94)
Using the formulae in appendix A.2 it is easy to see that the metric reads:

b V7 1 b .
2 2 2 2 2

dSlO = \/gdsAdSS + b d529:1 + 4b\/§d352 + 43}5/2(1)2 _ (1 _ g)2)dy (A95)

O*-(1-9% 2 20 OP-1425 (o Gz ’
d 0d — | dYp———"=—=(d 0d
F i —1+25) P eos8de) + e gy (A8 Heosbdd) )

which coincides exactly with the solution found in [22], where its central charge was also
computed. We discuss this solution further in section 3.4.

%4For the y coordinate the change of variables is of the form § = ~v/y+6, with &,y some specific constants.

40 —



A.4 Solutions with flavor flux: az # 0

Here there are also a few special cases: 1) ay = —kc # 0 and; 2) ¢ = 0.

A4.1 Casec=0

When solving the Bianchi identity there are two branches: g3 = 0 and ¢3 # 0. The latter,
however is inconsistent as it leads to P; /Py < 0, in contradiction with the assumption that
all P; > 0. The former branch leads to

Ky? + A
dSlo—dSAde‘l—deE + d852+ 2+)\dy2_|_y7

G (5) = dvolAdS3 A (2y dvol¥y + 2dy A (dB + Ay)) - (A.96)

(dB + Ag)* + i(dw — cos0de)?

Here k = {0,41} and A is a real parameter and y > 0. For k = {1,0, —1}, positivity of the
internal manifold requires for 2 > —\, A > 0, and y? < ), respectively. The connection Ag
is given in (A.54) for K = £1 and for k = 0 in (A.55). The case kK = —1 is not topologically
allowed since the Riemann surface ¥4 shrinks to zero size at y = 0. One can see that the
cases k = {1,0} lead again to AdS3 x S x T* for any value of .

A.4.2 Caseas = —Kkc#0

There are two branches: branch A with g3 = —%cm; and branch B with g3 = —2c¢k.

Branch A. For this branch, we find that only x = 1 is allowed and after appropriate
coordinate redefinitions

9y 2
4y3 — 9y? + 6ay — a2)

Z/

3
2 2 2 2
dSlO = deAdS3 + g (dSEg:o + dSSQ) + 4(

492 —9y% +6ay —a>

2
(dB+cosBdp—Ag)*+ ( (dB+cosbBdp—A )),

16y3
G 5 = dvolAdSs A <Zdv01290 + 9dvolS2 + (Q)dy A (dB + cos Od¢ — Ag)
Y
— 2ydy N\ (dw +—— e (dﬂ + cosfdp — A )>> (A.97)

This matches the solution presented in [19], with KE,; = S% x S2. We were not able to
identify a candidate dual field theory to this solution.
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Branch B. After appropriate coordinate redefinitions we find that in this branch the
metric reads:

[yly — 1)K [yla —y)K (y—1D(a—y)x
ds%o = Tyd‘SQAdS;g + ﬁds%g# + ” dséz
N Vil —Da—ys_

2y — 1)(a—2ay + 42"
L Cy—Dla—2ay+ vyl —D(a—y)k

(dB + cos Odg — rA,)?

y*(y — 1)
1 y(y—l)n( ., 2(a—2ay+y?) >2
+ | == dY + dB + cosfdp — KA , A.98
where a is a real parameter and the flux reads:
— a2 _ 2
G (5) = dvolAdSz A (a y dvol¥gs1 — wdv(ﬂs?
a—y a—1y
(2y — 1)(a — 2ay + y?)k
dy A (df + cosfdp — kA A.99
(a —2ay + y*)k ( ,, 2(a—2ay +y?) >>
dy N\ | dy' + dp + cosfdp — KA .
2a-yz YN -1 ¢ )

The connection A is given in (A.54). For the metric to be positive definite one needs®’

1 1 1
k=1: (O<y<a—|—\/a(a—1),a§0> or (a<y<1,2<a<1> or <2<y<1,a§2>

1 1 1
k=—1: <2<y<a,2<a§1> or (2<y<a— a(a—l),a>1) i
We note that for k = 1 there are no real zeroes for the metric functions; thus the solutions
for k = 1 are not compact and we must take xk = —1. In the case Kk = —1 and a = 1 the
space is topologically AdS3 x ¥y~ x S5. This is easy to see; setting @ = 1 the metric can
be written as

dsty = \/Zj[dsid& + d5229>1 + ds%} ; (A.100)
and with the change of variables sin? y = % the five-dimensional metric reads

du? 1.
ds? = m + 1 sin? p (dS%Q + cos? ju (df + cos Odg + AQ)Q)

1
+ g (0~ 2sin? 1 (d + cos 0de + Ag))” . (A.101)

1
4

This metric looks like the metric on S® written as a U(1) bundle over CP?. Due to the
denominator in the du? term this is not the Einstein metric on S°. Since we have as # 0 we

*For k = —1 one also finds the possibilities (a + y/a(a — 1) < y,a > 1) or (y > 1,a < 1). However, we
exclude these since the warp factor is not bounded.
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believe that this supergravity solution is dual to the Y?? theory compactified on ¥ with
some particular value of the background flavor flux by and possibly non-zero baryonic flux.
It will be of course interesting to understand better this supergravity background, compute
the supergravity value of the central charge and compare to the expressions in section 2.2.3.

A4.3 Casek =0,c#0

There are two branches:

Branch A: g3 = 0. In this branch the metric reads

y(b — azy) 1L [(b—agy)(b—1—agy) 1 Jy(b—1—azy)
ds3y = Py p—— ds?Ang + 1 y d32T2 + IV — ds§2
dy?\/(b — agy) (b — 1 — azy) y(b—1—azy) _ .o
D A.102
L [y(b—azy) 2
— | (D D
1y b—1—agy +b—a2y fl

where D = dip — cos0do, DS = df + cos8dp 4+ as A and the 5-form flux:

1 b—1
G5) = 5dvolAdSs A ( (1 +b—axy — ) dvolT*

b—1—aoy
a2y
- (” b= )b - 1—a2y>) D (4105
1 b—1
—5 (1_b—1—a2y> dy/\(Dl[)—l—b_awDﬁ)).

Branch B: g3 # 0. We find:

yly—1) . 5 3 J(@o—a2y)ly—1) o 3 [yleo—azy) ,
ds® = | 2 —Ldsd yg. + > dstg 4+ = [ =200 g
Qo —ay "4 (1 "4\ dy-1y %

9dy®/y(y — 1)(q0 — azy) | w(y)\/y(y —1)(q0 — asy) . .o

+ o) + 12717 DB (A.104)
1 Jyly—1) _ w'(y) ?

T qo — azy <Dw 6azy(y — 1)D5> ’

where ¢ is a parameter and we assumed as >0, Dy =dy—cos 0d¢, DB =dB+cos 0dp+as A
and defined

w(y) = qo(2 — 3y)* + a3 — 4y), (A.105)
and the flux is given by

B _ 2
qo + CLQy(y 2) dVOlT2 4 M dvolS2
2(qo — a2y) az(qo — azy)

(90 — 290y + az2y?) <_ w'(y)>
i 2(qo — a2y)? L+ 6azy(y — 1) dy N DB (A.106)

(g0 — 290y + a2) < _ uw'(y) > >
- 2(qo — a2y)? dyn\ Py 6azy(y — 1)D5 ’

G(5) = dvolAdS3 A <
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which can also be written as

-9 — 2
G5) = dvolAdSA <q° Ty =2) yogre . O e
2(go — azy) az(qo — azy)
(g0 — 290y + a2y?) )
+ dy A (D — DB) ) . A.107
ot S dy 1 (Db~ DY) (A107)

We leave the analysis of the global properties of the solutions in branches A and B above
for future work.

A44 Casek #0,c#0

Here we assume k = —1 and ¢ # 0, which we rescale to 1. As discussed in appendix A.2
it is always possible to set a3 = 0 and as = % by a coordinate transformation, which we
do. Since ¢ # 0 we may shift y to set Cs = 0. The parameter C can be similarly rescaled
away, thus we can set C to any nonzero numerical value (we set Co = 2). The Bianchi
identity leads to a number of constraints among the remaining parameters. Finally, the

solution is given by

3 3 1
Pl = Z(a’ - 1)0’% + Clya PQ = -+ asy, 7)3 =Y, 737 = _§Q/7 (A108)

4
—3(a—1)(7+ a3 +8Cy —4az(1 + C1))  3az(a—1)(az —4Cy —5)
= — A.109
< 16(az — 1)2 A(as — 1) y  (A109)
3 1
+5 (1= 4a=1)a3) y* + 21+ a2 = 4C1)y%,
with C7 = —%(1 4+ as + 241 —as + a%). Explicitly, the metric reads
2 y(3+4azy) 2 1 [(3+4agy)(3(1—a)a3—4C1y) , ,
dle = \/3(1—@)@%—4cldeAdS3+4 y d829>1 (A].lO)

_ 2 _ _ 2 _
n y(3(1 — a)a; — 4C1y) ds2, + 1 V(3 + 4agy) (3(1 — a)aj — 4C1y) dy?
3+ 4daqy 4 Q

49\/y(3(1—a)a3—4C1y) . » 1 y(3+4azy) ( 29 )2
y2(3+4agy)3/? DB * 3(1—a)a3—4Cry Dw+y(3+4agy)D5 ’

where D = df3 +cos 0 + azAg, D = dip — cos @ — Ag. The 5-form, which we do not write
explicitly here, is given by (A.72) and (A.73). Setting ay = 0 and sending y — —%(y +1)
and redefining the parameter a, the metric coincides with the solution with no flavor
flux (A.88), with ¢ scaled to 1. It is also possible to take the limit aa — 1. Taking this
limit and performing the change of variables y — 3/4(y — 1) and changing ) — ¢ — 3 the
metric coincides with (A.98) with kK = —1. Thus, this solution contains all previous cases.

Case a = 1. Let us consider the local form of the metric more carefully for a = 1. In
this case the cubic Q becomes

3 9
Q=" (1 —v), =— . A.111
WY S L i) (A1)

— 44 —



There is a negative root at y = y; and a doubly-degenerate root at y = 0. It is convenient
to go to a basis (5,) in which it is manifest that there are no conical singularities,
provided 3 period 2m. As discussed in section 3.1.1 this is accomplished by a coordinate

transformation mixing (1, 8). Setting oy = 0, ag = 1/2 and ¢ = —b = 1 we may choose
wy = —1,wy = %,’U)g =1,wq4 =0, i.e.
1- - -

B=59-8, w=84 (A.112)
It is also convenient to make the coordinate transformation

21 sin? I

== € [0,7/2], A.113
st ne i) (A.113)
3y% cot? p

in terms of which O = 0

Troaczy?> With zeros at = {0,7/2}. In these coordinates the

metric reads

&
dsty = f3 |dskas, + |C1ldsd,, + 2G0las?], (A.114)
with
ds? = dy” + sin? p (d322 —|—L cos? pi (dfB+cos Odp+ A )2> (A.115)
(1+sin®p)? * 4g(p) () ?
- 2
3 flw) ([dv <9 + 8y1> sin®
— +(ag — 1A, — dp + cosfdp + A ,
Sl tog00 \ 2 Tl AT (T ) T | o

where we defined the functions

Fw) =1+ (1 + 8?) sin2p,  g(u) =1+ <1 + 8“;“) sin? i1, (A.116)

and the overall warp factor is given by fZ = <$§$2“)>1/2. We note that for the
special value ag = 1 then y; = —%, Cy = —1and g(u) = f(u) = 1 and the metric coincides
with (A.101) with ¢ = 2¢’. Similalry to the metric in (A.101) the metric in (A.115) looks
like a squashed metric on S° written as a U(1) bundle over CP2. We believe that this
background is dual to the YP theory on ¥y with general value of the flavor flux by which
is related to the value of the supergravity parameter ay. However we leave a global analysis

of this background and a supergravity calculation of the central charge for future work.

B General formulas for the central charge

Here we provide some useful normalizations and formulas for computing the gravitational
central charge for the class of solutions considered in the paper.
Consider a metric and flux of the form

ds® = L*e* s} gg, + L2ds}y. , 9sFz) = L1+ %10)G(5) - (B.1)

The quantization condition for Fs) is (here we follow the conventions of [19])

N(D) = (27:”4 /D Fs). (B.2)
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where D is any five-cycle in M7 and N(D) is an integer. The type IIB supergravity

1 /
SHB = w /leCU _g(lO)R(IO) + ... s (B?))
167Gy

where the dots stand for other terms in the action that will not be important for our

action is

discussion. The normalization we use (see for example appendix D in [68]) is such that

167G\ = (2m)7g2e8 (B.4)

8§78

where g is the string coupling constant and £ is the string length. The central charge of
the dual CFT is given by the Brown-Henneaux formula [2]

3L

ey (B.5)
26

Csugra =

where L is the same as in (B.1) and GS\?) is the 3d Newton constant which can be read off
from the 3d effective gravitational action

1
Sy = (3)/d3x\/—g(3)R(3) o (B.6)
167Gy

The goal now is to find GE\?;) by reducing the type IIB action on the manifold M7. To do

this one has to plug the metric (B.1) in the type IIB action (B.3) which leads to
1 L’

= d"z\/gm, €, (B.7)
167G 167TG§§°)/ '

and therefore

3L8
Csugra = — v / d"z, /IM: et (B.8)
2Gy

Now we specialize these general expressions to the Ansatz in equation (3.5). Using (3.9)
we have

/d7$\/gM7 N = /d7$\/ﬁ\/g§f1f22f§f4f5f6

Y2
=z (4m)* (g - DABAY [ dyPu(y),
Y1
where AS = 2mlg and Ay = 27nly, denote the periods of the corresponding coordinate

(B.9)

and the integral over y is between two roots yi,y2 of Q, between which the function Q
is positive.

Now we look at the quantization condition for the 5-form F(z). In general there can be
several five-cycles in M7, one of them being the manifold M3, spanned by {0, ¢,y, 3,9},
itself. The 5-form flux through Mj corresponds to the number N of D3-branes. The only
term that contributes to this integral is

/ (1+%10G5) = / 9112 fafsfodvolS® Ady AdB A dip . (B.10)
Ms Ms

26Under a conformal transformation § = e*g, \/§R = e(D72>/\R\/§+ ..., where D is the dimension; this
leads to the factor e* in the integrand.
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Using (A.30), the expression for P; in (A.64), and the relations (A.43), (A.53) we can write

2 a2 Q
Gfsfafsfe=—0y 20— 5] . (B.11)
4 Ps
Thus,
Ql Y2
/ (14 #10G5)) = mas ABAY | 2y — - . (B.12)
Ms Po Y1
Thus, the quantization condition reads
1 LA '\ |v2
N=—F"—+— ABAY S S =(2y— = B.13
A mag ABAY S(y1,y2), (y1,v2) ( Yy P2> " (B.13)

Putting everything together, the central charge is given by:

192(g — 1)N? 1 /y2
Csugra = dy P . B.14
sugra o Eﬂgw S(y1, y2)2 " Y l(y) ( )
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