UNIVERSITY OF AMSTERDAM
X

UvA-DARE (Digital Academic Repository)

A homogeneous space whose complement is rigid

Medini, A.; van Mill, J.; Zdomskyy, L.

DOI
10.1007/s11856-016-1348-z

Publication date
2016

Document Version
Submitted manuscript

Published in
Israel Journal of Mathematics

Link to publication

Citation for published version (APA):

Medini, A., van Mill, J., & Zdomskyy, L. (2016). A homogeneous space whose complement is
rigid. Israel Journal of Mathematics, 214 (2), 583-595. https://doi.org/10.1007/s11856-016-
1348-z

General rights

It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations

If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

UVA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

Download date:09 Mar 2023


https://doi.org/10.1007/s11856-016-1348-z
https://dare.uva.nl/personal/pure/en/publications/a-homogeneous-space-whose-complement-is-rigid(d2d98219-5b42-439f-ae79-7d7e8dba5396).html
https://doi.org/10.1007/s11856-016-1348-z
https://doi.org/10.1007/s11856-016-1348-z

arXiv:1410.0559v1 [math.GN] 2 Oct 2014

A HOMOGENEOUS SPACE WHOSE COMPLEMENT IS RIGID

ANDREA MEDINI, JAN VAN MILL, AND LYUBOMYR ZDOMSKYY

ABSTRACT. We construct a homogeneous subspace of 2 whose complement
is dense in 2* and rigid. Using the same method, assuming Martin’s Ax-
iom, we also construct a countable dense homogeneous subspace of 2% whose
complement is dense in 2 and rigid.

All spaces are assumed to be separable and metrizable. Our reference for general
topology will be [vM4]. Given a space X, we will denote by H(X) the group of
homeomorphisms of X with the operation of composition. Recall that a space X
is rigid if H(X) = {id}. Every space of size at most 1 is a trivial example of
rigid space. We refer the reader to [vDl Section 13] for the early history of rigid
spaces. Let us only mention that the first non-trivial example of rigid space was
the zero-dimensional subspace of R constructed by Kuratowski in .

Recall the following definitions. A space X is homogeneous if for every pair (x,y)
of points of X there exists h € H(X) such that h(z) = y. A space X is countable
dense homogeneous if for every pair (4, B) of countable dense subsets of X there
exists h € H(X) such that h[A] = B. These are classical notions, and they have
been studied in depth (see for example the survey [AvM]).

Examples of rigid spaces abound in the literature. See [dGW] for examples of
rigid continua of positive finite dimension. Other examples of this type were given
in [AS] and [ADS], with the additional property that their square is a manifold,
hence homogeneous and countable dense homogeneous (see [vM4, Theorem 1.6.9
and Corollary 1.6.8]). For a non-trivial “very” rigid continuum, see [Cd]. A rigid
space whose square is homeomorphic to the Hilbert cube [0, 1], hence homogeneous
and countable dense homogeneous (see Theorem 1.6.6 and Theorem 1.6.9]),
was given in [vMI]. For other infinite-dimensional examples, see [Di2] and [Dil].
A non-trivial zero-dimensional rigid space whose square is homogeneous was given
in [La][] However, by [VEMS], there are no non-trivial rigid zero-dimensional Borel
spaces.

The interest of most of the above examples lies in the fact that rigid spaces have
as few homeomorphisms as possible, while homogeneous spaces and countable dense
homogeneous spaces must have “many” homeomorphisms. In this article, we will
show how to obtain both extremes simultaneously. More precisely, we will construct
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subspaces of 2“ with a prescribed homogeneity-type property, while making sure at
the same time that their complements are dense in 2“ and rigid. Our main results
are Theorem [6l and Theorem [§] whose proofs are both based on the general method
given by Theorem For other examples of a similar flavor, see [vE], [vEvM],
[vMW] and [Sh].

We will say that a subspace X of 2% is relatively homogeneous if for every pair
(z,y) of points of X there exists h € H(2“) such that h[X] = X and h(z) = y. Every
relatively homogeneous subspace of 2¢ is obviously homogeneous, and Corollary [7
gives a ZFC counterexample to the reverse implication. Similarly, we will say that
a subspace X of 2% is relatively countable dense homogeneous if for every pair
(A, B) of countable dense subsets of X there exists h € H(2*) such that h[X] = X
and h[A] = B. Every relatively countable dense homogeneous subspace of 2% is
obviously countable dense homogeneous, and Corollary [L0l shows that the reverse
implication is not provable in ZFC. This answers a question raised by the referee
of the recent paper [KMZ], which was the original motivation for the research
contained in this article.

1. PRELIMINARIES

Recall that a space is crowded if it is non-empty and has no isolated points. We
will write X ~ Y to mean that the spaces X and Y are homeomorphic. Given a
subset X of a space Z and a subgroup H of H(Z), we will let

HX] = | rlx]
heH

be the closure of X under the action of H. Notice that H[H[X]] = H[X]. For
simplicity, we will let H(z) = H[{z}]. Furthermore, given a group A and a subset
S of H, we will denote by (S) the subgroup of H generated by S.

Given a surjection 7 : X — Y, we will say that a subset S of X is saturated
with respect to 7 if 7~ 1[r[S]] = S. The proof of the following simple lemma is left
to the reader.

Lemma 1. Let w: X — Y be a continuous surjection between compact spaces. If
A C X is saturated with respect to 7 then m | A: A — w[A] is a closed continuous
surjection.

The following lemma, which originally appeared as [vM2, Theorem 2.3] in a
slightly different form, will be the key to making our example homogeneous. We
need some notation, which will be used throughout the entire paper. Let

Q = {z € 2% : there exists m € w such that x,, = x,, whenever n > m}.

Given g € Q, let hy € H(2*) be the homeomorphism defined by hq(z) = z + ¢ for
x € 2%, where + denotes addition modulo 2. Let V = {h, : ¢ € Q}, and observe
that V is a subgroup of H(2*).

Lemma 2. Assume that X is a subspace of 2¥ such that V[X] = X. Then X is
homogeneous.

Proof. Fix the usual metric d on 2¢ defined by d(z,y) = >, . (|zn — ynl/2"). By
[vM2| Lemma 2.1] (see also [vM4l Corollary 1.9.2]), it will be enough to show that
if z,y € X then z and y have arbitrarily small homeomorphic neighborhoods. This
is straightforward, using the fact that each hg is an isometry with respect to d. U
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The following classical result, which is a well-known tool for “killing” homeomor-
phisms (see [vM3] for other applications), will be the key to obtaining rigid spaces.
For a proof of Lemma [3 see [Kel Theorem 3.9 and Exercise 3.10].

Lemma 3 (Lavrentiev). Let f : W — W be a homeomorphism, where W is
a subspace of some Polish space Z. Then there exists a Gs subset T of Z and a
homeomorphism g : T — T such that f C g.

Our reference for set theory will be [Kun|. We will denote by MA(o-centered) the
statement that Martin’s Axiom for o-centered posets holds. Recall that add(meager)
is the minimum cardinal k such that there exists a collection C of size k consist-
ing of meager subsets of 2 such that |JC is non-meager in 2¢[ 1t is clear that
w1 < add(meager) < ¢. Furthermore, it is well-known that MA(o-centered) implies
add(meager) = ¢ (see for example [Kun| Lemmas I11.3.22, 111.3.26 and III.1.25]).

The following lemma, which first appeared as [BB, Lemma 3.2], will be the key
to obtaining our countable dense homogeneous example. See [Mel Corollary 2.2]
for a simpler version of the proof. Given an infinite cardinal A < ¢ and a subset D
of 2¥, we will say that D is A-dense if [DNU| = X for every non-empty open subset
U of 2¢.

Lemma 4 (Baldwin, Beaudoin). Assume MA(o-centered). Let k < ¢ be a cardinal.
Suppose that A, and By are \-dense subsets of 2¥ for a < k, where each A\, < ¢
is an infinite cardinal. Also assume that Ao, N Ag = @ and B, N Bg = @ whenever
a # B. Then there exists [ € H(2%) such that f[A.] = Ba for every a < k.

2. THE GENERAL METHOD

The following theorem gives a general method for embedding suitable zero-
dimensional spaces into 2%, so that their complement will be non-trivial and rigid.
The strategy of its proof is to combine Lemma Bl with the idea of “splitting points”
in a linearly ordered space, which dates back to the classical double arrow space of
Alexandroff and Urysohn (see [AU]).

Theorem 5. Assume that the following requirements are satisfied.

X is a subspace of 2“.

Y =2v\ X.

H is a subgroup of H(2¥).

D is a countable dense subset of 2* such that D CY and DNQ = @.

G is the collection of all homeomorphisms g such that dom(g) and ran(g)
are Gs subspaces of 2¢.

Furthermore, assume that the following conditions hold.
(1) H[X]=X.
(2) If h € H\ {id} then h[D]ND = @.
(3) If g € G and |{x € dom(g) : g(x) ¢ S(x)}| = ¢ for every subgroup S of
H such that |S| < add(meager) then there exists z € dom(g) N X such that
9(2) ¢ X.
Then there exists a subspace X* ~ X of 2% such that 2* \ X* is dense in 2 and
rigid.

2In [Kunl Definitions I11.1.2 and I11.1.6], Kunen uses R instead of 2¢. Since R\Q =~ w® = 2*\Q,
it is easy to see that this makes no difference.
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Proof. Let Z = 2¢. First, we will show that Y N U is uncountable for every non-
empty open subset U of Z. Condition () implies that h[D] N g[D] = & whenever
h,g € H and h # g. In particular, since H[D] C H[Y] =Y by condition (), the
desired conclusion holds if H is uncountable. Now assume that # is countable. We
will actually show that X is a Bernstein setf] Fix a nowhere dense perfect subset
K of Z. Notice that Z\ H[K] is a comeager subset of Z, hence it contains a perfect
subset K'. Fix a homeomorphism ¢g : K — K’ and notice that g € G. Since
{z € dom(g) : g(x) ¢ H(x)}| = |K| = ¢ and |H| = w < add(meager), condition (3)
shows that X NK # @. The same reasoning, applied to ¢!, shows that YNK # @.
Let D* ={d~ :d € D}uU{d" : d € D}, where we use the notation d~ = (d, —1)
and d* = (d, 1) for d € D. Define
Z*=(Z\D)uUD".

Consider the function 7 : Z* — Z defined by the following two conditions.

e w(d~) =n(d") =d for every d € D.

e 7| (Z\D)=id.
Let < denote the linear ordering on Z* defined by the following two conditions.

e d~ is the immediate predecessor of d* for every d € D.
e © < y whenever z,y € Z* and 7(z) < w(y), where < denotes the usual
lexicographic order on Z.

Consider the order topology induced by < on Z*. Since D N @Q = &, it is easy
to check that Z* is a compact crowded zero-dimensional space with no isolated
points. Therefore Z* ~ 2. Furthermore, it is easy to check that 7 is a continuous
surjection. Let X* be the subspace of Z* whose underlying set is X, and notice
that X™* is saturated with respect to m. Observe that 7 | X* : X* — X is a
closed continuous surjection by Lemmalll Since it is also injective (in fact, it is the
identity), it follows that X* ~ X.

Let Y* = Z*\ X*, and notice that Y* D D* is dense in Z*. Assume that
f*:Y* — Y* is a homeomorphism. Let B* = {J,o,(f*)*[D*] and B = 7[B*].
Let W = Y*\B* =Y\ B C Z, and notice that f = f* | W : W — W
is a homeomorphism. By Lemma [3] there exists a Gs subspace T of Z and a
homeomorphism g : T" — T such that f C g. Notice that ¢ € G. Furthermore,
since T = T\ Upez 9"[B] 2 Wisstilla Gs and ¢/ = g | T/ : T' — T is still a
homeomorphism, we can assume without loss of generality that TN B = @.

First assume that |[{z € T : g(z) ¢ S(x)}| < ¢ for some subgroup S of H such
that |S| < add(meager), and fix such a subgroup. Notice that T is a crowded Polish
space because it is a dense G5 subset of Z. Let T}, = {& € T : g(z) = h(z)}
for h € S, and notice that each T}, is closed in T'. Since |S| < add(meager), it
follows that at least one T} has non-empty interior in 7. Assume, in order to get
a contradiction, that T} has non-empty interior for some h € S\ {id}, and fix such
an h. Fix a,b € Z such that a < b and & # (a,b) NT C T,

Fix d € DN (a,b). Since DNQ = & and Y N U is uncountable for every non-
empty open subset U of Z, it is possible to fix a sequence (a,, : n € w) consisting of
elements of (a,d) N W = (a,d) N (Y \ B) and a sequence (b, : n € w) consisting of
elements of (d,b)NW = (d,b)N (Y \ B) such that a,, — d and b, — d in Z. Observe

3Recall that a subset X of 2 is a Bernstein set if X N K # @ and (2¥ \ X) N K # @ for
every perfect subset K of 2. Notice that the complement of a Bernstein set is also a Bernstein
set. Since 2% & 2% x 2% every Bernstein set is ¢-dense in 2.
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that a,, — d~ and b,, — d¥ in Y*. In particular, since f* is a homeomorphism, the
sequences (f*(an) : n € w) and (f*(by) : n € w) should converge to different limits
in Y*, hence in Z*.

Notice that h(a,) — h(d) and h(b,) — h(d) in Z by the continuity of h. Since
h # id, condition (2)) guarantees that h(d) ¢ D. Furthermore, the fact that each
an € (a,b)NW C (a,b)NT C T}, implies that h(a,) = g(an) = f(an) = f*(an) ¢ D.
Therefore f*(ay) = h(an) — h(d) in Z* as well. Using a similar argument, one sees
that f*(b,) = h(b,) — h(d) in Z*, which is a contradiction. In conclusion, T} has
non-empty interior if and only if A = id. As one can easily check, this implies that
Tiq is dense in T'. Therefore, the function g is the identity on 7', which implies that
f* is the identity on Y*. This shows that Y™ is rigid.

Now assume that [{z € T : g(x) ¢ S(x)}| = ¢ for every subgroup S of H such
that |S| < add(meager). Then, by condition (B]), we can fix z € T'N X such that
g(z) ¢ X. Since TN B = @, it is clear that T = dom(g) = ran(g) is the disjoint
union of TN X and W. It follows that g(z) € W. This is a contradiction, because
it implies that z = g7 1(g(2)) = f(g(2)) € W. O

3. THE HOMOGENEOUS EXAMPLE

Theorem 6. There exists a homogeneous subspace of 2% whose complement is
dense in 2* and rigid.

Proof. Our plan is to apply Theorem Bl with H = V. Let G = {g, : @ € ¢} be an
enumeration. Using the fact that ) is countable, it is easy to construct a countable
dense subset D of 2¢ such that DNQ = @ and h[D]ND = & for every h € V\ {id}.

Using transfinite recursion, we will construct increasing sequences (X, : « € ¢)
and (Y, : « € ¢) consisting of subsets of 2 so that the following conditions are
satisfied for every a € c.

(I) | Xo| <cand |Yo <c.

(Il) X, NY, = 2.
(1) V[Xa] = Xa.
(IV) If |{z € dom(ga) : ga(z) ¢ V(2)}| = ¢ then there exists z € dom(gq) N X a1

such that g(z) € Yo41.

Start by setting Xg = @ and Yy = D. Take unions at limit stages. At a successor
stage o + 1, suppose that X, and Y, have already been constructed. Assume that
{z € dom(ga) : ga(z) ¢ V(z)}| = c. Then, it is possible to fix

z € dom(ga) \ (V[Ya] U g ' [Xa])

such that g.(z) ¢ V(z). Set Xot1 = V[Xa U {z}] and Yo41 = Yo U {ga(2)}.
Conclude the construction by setting X = (J, .. Xa-

Since V[X] = X by condition (III), it follows from Lemma 2] that X is homo-
geneous. It is clear that conditions () and (2]) of Theorem [l are satisfied. To see
that condition (B) holds, assume that g € G and |{z € dom(g) : g(z) ¢ S(x)}| = ¢
for every subgroup S of V such that |S| < add(meager). Since V is countable, this
trivially implies that [{x € dom(ga) : ga(z) & V(2)}| = ¢, where a € ¢ is such that
go = g. It follows from conditions (IV) and (IT) that there exists z € dom(g) N X
such that g(z) ¢ X. O

Corollary 7. There exists a homogeneous subspace of 2% that is not relatively
homogeneous.
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4. THE COUNTABLE DENSE HOMOGENEOUS EXAMPLE

Theorem 8. Assume MA(o-centered). Then there exists a countable dense homo-
geneous subspace of 2 whose complement is dense in 2 and rigid.

Proof. Once again, we plan to apply Theorem Let G = {gq : @ € ¢} be an
enumeration. Enumerate as {(Aq, Bo) : @ € ¢} all pairs of countable dense subsets
of 2 making sure to list each pair cofinally often. Fix a countable dense subset D
of 2¢ such that DNQ = @.

Using transfinite recursion, we will construct an increasing sequence (H, : a € ¢)
consisting of subgroups of H(2“), together with increasing sequences (X, : « € ¢)
and (Y, : a € ¢) consisting of subsets of 2¢, so that the following conditions are
satisfied for every a € c.

(I) |Xa| <cand |Ya| <c.
XoNY, =

If h € Hy \ {id} then h[D]N D = 2.
(VI) If {z € dom(ga) : ga(x) & Ha(x)}| = ¢ then there exists z € dom(g,) N
Xat1 such that g(z) € Yoi1.
(VII) If A, U B, C X, then there exists f € Hq41 such that f[A,] = Ba,.
Start by setting Ho = {id}, Xo = & and Yy = D. Take unions at limit stages. At a
successor stage a+ 1, suppose that H,, X, and Y, have already been constructed.
Assume that [{z € dom(gq) : ga(x) & Ha(x)}| = ¢. Then, it is possible to fix

FAS dom(ga) \ (HQ[YQ] U g;I[XOL])

such that go(z) ¢ Ha(z). First we will construct Hot1. If Aq U By € X, set
Hot1 = Ho If Ay U B, C X, let f € H(2¥) be obtained by applying Lemma
with H = Ha, X = Xqo U {2z}, Y =Y, U{ga(2)}, A = A, and B = B,, then set
Haot1 = (HaU{f}). Finally, set Xoy1 = Hat1[XaU{z}] and Yoi1 = Yo U{ga(2)}-
Conclude the construction by setting X = (J . Xa and H = U, c. Ha-

Notice that H[X] = X by condition (IV). Using condition (VII), it is straight-
forward to check that X is countable dense homogeneous. It is clear that con-
ditions () and (@) of Theorem [l are satisfied. To see that condition (3) holds,
assume that ¢ € G and |{x € dom(g) : g(z) ¢ S(z)}| = ¢ for every subgroup S
of H such that |S| < add(meager). Fix o € ¢ such that g, = g, and notice that
{z € dom(ga) : ga(z) ¢ Ha(z)}| = ¢ because |Hy| < ¢ = add(meager) by condition
(IIT) and MA(o-centered). It follows from conditions (VI) and (II) that there exists
z € dom(g) N X such that g(z) ¢ X. O

)

) .

) HolXa] = Xa-
)

)

Lemma 9. Assume MA(c-centered). Furthermore, assume that the following re-
quirements are satisfied.

e X andY are subsets of 2¥ of size less than c.

H is a subgroup of H(2¥) of size less than c.

HIX]INY =o.

D is a countable dense subset of 2* such that D CY.

RIDIN D =& for every h € H\ {id}.

A and B are countable dense subsets of 2* such that AUB C X.
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Then there exists [ € H(2¥) such that the following conditions hold.
(1) f14] = B.
2) HU{fPHIXINY = 2.
(3) h[DIND =& for every h € (HU{f})\ {id}.

Proof. Let A = max{|X]|,|H|,w}, and notice that A < ¢. Start by constructing
X* D X so that X*\ (AU B) is A-dense in 2 and H[X*] NY = &. Notice that
H[X*]\ (AU B) will still be A-dense in 2¥. We claim that any f € H(2“) that
satisfies the following conditions will also satisfy conditions (1) and (2).
(D) f[A] = B.

(I fIHIXT]\ A] = fIH[X™]\ BJ.
In fact, conditions (I) and (II) immediately imply that f[H[X*]] = H[X*], and
therefore

(HU{HIX] € HU{fHIHIXT]] = H[XT],

which is disjoint from Y by construction.

Let H* = H \ {id}. Define Tj, = {x € 2¥ : h(z) = «} for h € H, and observe
that each T}, is closed. Furthermore, if h € H* then T} is nowhere dense, since
D C 2%\ T},. Define

C={x€2¥: h(zx) #z for every h € H*}.

Since |[H*| < ¢ = add(meager) by MA(co-centered), one sees that C' = 2%\ |, cy+ Th
is comeager in 2¢. In particular, C is c¢-dense in 2%, so it is possible to fix a
collection D of size A consisting of countable dense subsets of 2 such that the
following conditions hold.

o UDCC\H[X*UY].

e FENF =& whenever E,F € D and E # F.

o H(x) NH(y) = @ whenever z,y € |JD and = # y.

Given arbitrary F, F € D and h, g € H, one can easily verify that h[E] N g[F] = @
unless £ = F and h = g.

Let T be the set of all s € (H* U {—1,1})<% such that the following conditions
hold whenever {k,k + 1} C dom(s). For notational convenience, we will always
assume that s = (s,_1, ..., So), where n = dom(s).

o If s, € H* then Sk4+1 € {—1, 1}

o If s, € {—1,1} then sp41 € {sx} UH™
Notice that |[7] < A < ¢. Suppose that some f € H(2¥) has been chosen. Given
s € T such that dom(s) = n, we will say that w € (H U {f}) is of type s if it can
be written as

w = hp_1---hiho,

where hy, = sy, if sy € H* and hy, = f5* if s € {—1,1}. In particular, id is the only
element of type @.

Define Dy for s € T so that the following conditions hold.

e Dy =0D.

® Dipy~s = h[Dg] whenever h € H* and (h)"s € T.

¢ D={Dpy~5:5€TrU{D_1)~,:s€ T} is an injective enumeration.
Using the properties of D, it is straightforward to verify that DsND; = & whenever
s,t € T and s # t. Therefore, by Lemma [ we can fix f € H(2¥) that satisfies the
following conditions, together with conditions (I) and (II).
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(ITT) f[Ds] = D1y~ whenever (1)"s € T.

(IV) f[D(~1y~s] = Ds whenever (-1)"s € T.

In order to see that condition (3) holds, we will use induction on n = dom(s)
to prove that w[D] = Dg whenever w € (H U {f}) is of type s. The case n = 0
is trivial, so assume that n > 0. First assume that s = (h)™s" for some h € H*
and s’ € T. This means that w = hw’ for some w’ of type s’. Using the inductive
assumption w’'[D] = Dy, one sees that

w[D] = h[w'[D]] = h[Dy] = D(py~y = Ds.

Now assume that s = (1)"s’ for some s’ € 7. This means that w = fw’ for some
w’ of type s’. Using condition (IIT) and the inductive assumption w’[D] = D/, one
sees that

w[D] = flw'[D]] = f[Ds] = Digy~s = Ds.

The case in which s = (=1)7s’ for some s’ € T can be dealt with similarly, using
the fact that f~'[Dy] = D(_1)~¢ by condition (IV). O

Corollary 10. Assume MA(o-centered). Then there exists a countable dense ho-
mogeneous subspace of 2% that is not relatively countable dense homogeneous.

Question 11. Is it possible to prove in ZFC that there exists a countable dense
homogeneous subspace of 2 whose complement is dense in 2¢ and rigid?
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