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Abstract

In this paper, we propose two new estimators of the multivariate rank correlation coefficient Spearman’s footrule which are based
on two general estimators for Average Orthant Dependence measures. We compare the new proposals with a previous estimator
existing in the literature and show that the three estimators are asymptotically equivalent, but, in small samples, one of the proposed
estimators outperforms the others. We also analyse Pitman efficiency of these indices to test for multivariate independence as
compared to multivariate versions of Kendall’s tau and Spearman’s rho.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Spearman’s footrule is a measure of association proposed by Spearman [36] for comparing pairs of ranks, that is
closely related to Spearman’s rho but has been scarcely used in practice. Both coefficients can be written in terms
of copulas and share some interesting properties; see Nelsen [25] for a detailed description in the bivariate case and
Genest et al. [14] for a further discussion —see also the recent contributions of Genest and Jaworski [13] and Beliakov
et al. [3] for bivariate copulas. However, the generalization of these coefficients to measure multivariate dependence
is not straightforward since, as Durante et al. [9] point out, the pairwise properties do not always carry over to three
(or more) dimensions. In this setting, and due to the increasing interest in measuring multivariate dependence, several
multivariate (theoretical and empirical) versions of Spearman’s rho can be found in the literature; see, for instance,
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Nelsen ([24], [26]), Dolati and Ubeda-Flores [7], Schmid and Schmidt [32], Nelsen and Ubeda-Flores [28], Garcia
et al. [11], Pérez and Prieto-Alaiz [29], Garcia-Gémez et al. [12] and Liebscher [21], among others. By contrast,
the literature on multivariate generalizations of Spearman’s footrule is scarce. Ubeda-Flores [38] proposed a copula-
based multivariate version of Spearman’s footrule and Genest et al. [14] surveyed the scattered literature on this
coefficient. Pérez and Prieto-Alaiz [30] fit the multivariate Spearman’s footrule into the unifying framework of the
Average Orthant Dependence (AOD) measures proposed by Dolati and Ubeda-Flores [7] and prove new results. More
recently, Fuchs and McCord [10] provide further results on the best lower bound of multivariate Spearman’s footrule
and Decancq [6] introduces two indices of diagonal multivariate dependence whose average equals the multivariate
generalization of Spearman’s footrule in Ubeda-Flores [38].

Interest in Spearman’s footrule is partly motivated by its simplicity of calculation and its robustness, which makes
it more suitable than Spearman’s rho in contexts where outlying observations are likely to occur, such as those en-
countered in Finance, Insurance, Welfare Economics, Hydrology or Environmental Science, for example. Because of
its potential use to measure multivariate dependence in these areas and the scant existing literature on its estimation,
a thorough discussion on the topic is required and this is the goal of this paper. In particular, we focus on the copula-
based multivariate version of Spearman’s footrule proposed by Ubeda-Flores [38] and further develop the problem
of its estimation, beyond the succinct formula provided in that paper.! To do so, we exploit that Spearman’s footrule
belongs to the class of AOD measures and resort to some results for this class in Dolati and Ubeda-Flores [7].

Our contribution is fourfold. First, we propose two new nonparametric estimators which are based on two sample
versions of the AOD measures proposed by Dolati and Ubeda-Flores [7], and provide new insights on the estimator in
Ubeda-Flores [38], which was the only one existing in previous literature. We prove that, in the bivariate and trivariate
case, one of our estimators coincides with that in Ubeda-Flores [38], but this coincidence does not longer hold for
more than three dimensions. Moreover, we show that, under independence, this new estimator is unbiased regardless
of the dimensions considered. Second, we demonstrate that the three estimators at hand are asymptotically equivalent,
and we prove its asymptotic normality under milder conditions than those in Genest et al. [14], using a central limit
theorem for non-degenerate U -statistics rather than the functional approach used by these authors. Third, we illustrate
that the three estimators differ on their finite sample properties, through extensive Monte Carlo experiments based
on some parametric well-known copulas. Our results show that, as expected, both bias and dispersion reduce as the
sample size increases and the performance of the three estimators is quite similar in large samples. However, in small
samples, one of the two estimators we propose clearly outperforms the other, especially in terms of bias, and it is
nearly equivalent to the estimator already proposed in Ubeda-Flores [38]. Finally, we explore the possibility of using
the estimators of the Spearman’s footrule as tests statistics for multivariate independence and carry out asymptotic
relative efficiency comparisons with other well-known measures of association, like Spearman’s rho and Kendall’s tau,
under local copula-based alternatives. Although no general recommendation can be made, our results are promising.

The rest of the paper is organized as follows. Section 2 briefly reviews the copula function and introduces the
Spearman’s footrule as an AOD measure of multivariate association and summarizes its main properties. Section 3
is devoted to nonparametric estimation of Spearman’s footrule. We introduce two new estimators based on sample
versions of the AOD measures and discuss their properties as compared to the other estimator previously proposed
in the literature. Section 4 includes Monte Carlo experiments to compare finite sample performance of the estimators
discussed in Section 3. In Section 5 the proposed estimators are also investigated in the light of their Pitman asymptotic
relative efficiency, as compared to Spearman’s tho and Kendall’s tau, when they are used as statistics for testing
multivariate independence. Finally, Section 6 gathers a summary of our main conclusions.

2. Preliminary concepts

For d > 2, we consider the d-dimensional random vector X = (X1, ..., Xgz) with joint distribution function H,
univariate marginal distribution functions Fi, ..., Fy, and copula C. Sklar’s Theorem (see Sklar [35]) says that H can
be represented as

H(X)=C(Fi(x1), ..., Fg(xg)) forx=(xi,...,xq) €RY, (1)

I Mesfioui and Quessy [23] propose a non-continuous multivariate version of Spearman’s footrule, but do not tackle its estimation, as they
recognized that this is a difficult problem, even in the continuous case.
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where the copula function C : [0, 119 = [0, 1] is a d-dimensional joint distribution function whose margins are stan-
dard uniform U (0, 1). Throughout this paper, we will assume that the margins F1, ..., Fy are all continuous and so
the copula C in (1) is unique. For a complete survey on copulas, we refer to the monographs [8,27].

Let us define the probability integral transformations, U; = F;(X;), with j =1, ..., d, which are uniform U (0, 1)
and whose joint distribution function is the copula C, i.e., let U = (Uy, ..., Uy) ~ C. Two examples of copulas are
the independent copula IT —or product copula— and the comonotonic copula M. The former denotes the copula of
d independent random variables and is defined as I[T(u) = ]_[‘;=1 uj, for any real vector u = (uy,...,uq) € [0, 114.
The copula M represents maximal dependence, i.e., the case when each of the random variables X1, ..., X4 is almost
surely a strictly increasing function of any of the others. This copula and its associated survival function, M, are
defined, for any real vector u = (uy, ..., uq) € [0, l]d, as

M(u) = min {u;}, 2)
I<j=d
M(u)=1— max {u;}. 3
I<j=d

Let Q/,(C, M) be the probability of concordance between C and M defined as (see Nelsen [26])

Q,(C,M)= f (M(u) + M(u)) dC(u).
(0,134

For any d-copula C, the multivariate Spearman’s footrule ¢;(C) —or simply ¢y, if there is no confusion—, proposed
by Ubeda-Flores [38] can be defined as

L Qu(C. M) —au

4
e —az “)
where
_ 2
a='l'I,M=/ M@ + M) dll(u) = ——
4= Qy(T, M) [W( (W) +MWw) W = 7=
and
1 JR—
bszi,(M,M)zf (M@, ....00+ M(&,...,1) dt =1;
0
that is,
(d+ 1)1 - Q,(C, M))
=1- . 5
Pa @=1 ®)
Notice that ¢4 can be alternatively written as
d+1 .
va=1— T-1 (lrg]afd{uj} - 121]_12d{“j}> dC(uw). (6)
[0,119

The coefficient ¢4 in (4) is a particular member of the general class of AOD measures of multivariate association in-
troduced by Dolati and Ubeda-Flores [7]. In particular, ¢4 can be regarded as a normalized probability of concordance
between the distribution of X, as represented by their copula C, and the copula M, which represents maximal depen-
dence. When C = I1 (the case of independent variables), we have ¢; = 0 and when C = M (maximal dependence),
we have g4 = 1, and the inequality ¢; > —1/d always holds. In the bivariate case (d = 2), if the underlying copula
is the lower Fréchet-Hoeffding W, Spearman’s footrule attains its best-possible lower bound, that is, ¢» = —1/2. For
higher dimensions (d > 3), Fuchs and McCord [10] provides characterizations of the copulas attaining the best lower
bound —1/d of multivariate Spearman’s footrule. Moreover, in the bivariate case (d = 2), the coefficient ¢4 in (5)
becomes the bivariate footrule,

=06 / M(uyi,uz) dC(uy, uz) — 2,
[0,1]2
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whereas in the trivariate case (d = 3), the coefficient ¢3 can be written as

1,2 1,3 2,3
0+ oy
@3 =22 g 2 (7)

where <p;’j denotes the corresponding Spearman’s footrule for the bivariate random variable (X;, X ;), with 1 <i <
Jj=<3.
The following examples illustrate the values of ¢, for some d-copulas.

Example 1. For d > 2, let Cg GM pe the d-copula given by

d

d
Cy M) = (]‘[w) [1 +o]Ja- ui)], uelo, 11, ®)
i=1

i=1

with 0 in [0, 1]. C g GM belongs to the Farlie-Gumbel-Morgenstern family of d-copulas (see Durante and Sempi [8] and
Nelsen [27] for more details). We note that all the margins of any dimension j > 2 of (8) are I1, in the corresponding
dimension j. Then we have

rem) _ , (1+ DY) @+ D@)?
"’d(c9 )‘9 d—DQd+1)! ©)

in particular,

0 0
) (CQFGM) =5 » (CgGM) =0, ¢ (chM) T

Example 2. For d > 2, let CgA be a multivariate generalization of the (parametric) Cuadras-Augé family of copulas
(see Cuadras and Augé [5]) given by

CEA ) = (M)~ (M W)’

for all u € [0, l]d and any 6 € [0, 1], for which COCA =1Iland C 1CA = M. For this d-copula, all the margins of any
dimension j > 2 belong again to the corresponding Cuadras-Augé family of j-copulas. Thus, after some algebra, we
obtain

d+1 1 1 d!
CA =1 _
ACH +d—l<d+l—(d—1)9 1+9+(1—e)1‘[?=0<ﬁ+i)>’

where B = (140)/(1 —0), for 6 € [0, 1[. Note that, for instance,

20 6(216% — 706 + 61)
cA) = CCA):_, CoA) = —
"’2< 6 ) "’3< 0 3-9 "’4( 0 ) 963 — 6062 + 1296 — 90

Example 3. For this example, we need to recall the concept of Archimedean d-copula. Let ¢ be a continuous strictly
decreasing function from [0, 1] to [0, oo] such that ¢ (0) = co and ¢ (1) =0, and let ¢_1 be the inverse of ¢. Then the
function given by

d
Cow)y =g~ (qu (ui)) . uelo, 117,
i=1

is a d-copula if, and only if, (;5_1 is completely monotonic on [0, oo[, i.e., (—l)ijkkqb_l(t) > 0 for all ¢ €]0, oo,
k=1,2,..., where % denotes the k-th derivative. In such a case, we say that Cy is an Archimedean d-copula, and
the function ¢ is called a generator of C¢. For more details, see McNeil and Neslehova [22] and Nelsen [27]. Then,

for d > 2, we have
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1 1

—d’+d-2 d+]1 4

¢a(Cs) = ZJ;D +df1 /¢‘w¢mwh+2}4YQ)f¢‘awmdr
0 i=2 0

Next we show the cases of two particular Archimedean d-copulas.

1. Consider the generator ¢g(r) =1~? — 1 for all t > 0 and 6 > 0, which generates a subfamily of the bivariate
Clayton family of copulas (see Clayton [4]). Since ¢, ! )=1+1)"Y% and

(14 n~k10 o

(—1) ¢9 ") = oF

H(1+k0)>0

i=1
for all 7 > 0, then ¢, Uis completely monotonic on [0, +o00[, and thus we obtain the d-copula

~1/6

d
Cgf(u)=<zu;"—d+1) . uel0,1)9, (10)

i=1

where C (u) =0 when u; =0 for some i € {1,...,d}. This d-copula is a generalization of the Clayton family
of 2- copulas for which limg_, o+ C(S (u) =TII(u) and CQC (u) > I(u) for all u € [0, 1]¢ (see [27] for more details).
Therefore, after some tedious —but elementary— algebra, we have

—d*>+d-2
o (c5) - 52

2(d—1)
d+1 | 122  d—1
R I Sl VI 7 S P

+2(d—1)|: 2‘(999 d )

d .
. 1 22 i—1
+§x4y()*%ﬂ< +1; .)}
P i 999 i

where 7 F| denotes the (Gaussian) hypergeometric function (see, e.g., Seaborn [33]). Since all the bivariate mar-

gins of (10) —which we denote by Cl] g for 1 <i < j <d—areequal,i.e.,

_ _ —1/6
CS,Q(M,U)Z(M O+ 9—1) / (11)

for all (u, v) € [0, 1]2, we have

1 2 2 1
<P2<C9C)=<P3<C9C>_3 2" 1/92F1<9 7' 0+1;§>_2

122 1 10 122 2
¢4<C§:)_—§+5 2” l/02F< +1'—)——-3_1/02F1 (5,5§§+1'—>

and

000 "2) 3 '3
5 122 3
4R (= 2 241 2.
*3 M\ g gathy

2. Consider the generator ¢ (f) = In (l 61— ’)) for all > 0, with 6 € [0, 1[. Since ¢9 (1) =

k—1 ) .
(1 _ G)et Z piele(k_’_l)t
i=0

(el _ 0)k+1

for all  €]0, +o0[, where p; > Oforalli =0,1,...,k — 1, with po = px—1 = 1 (see Lemma | in Appendix A),
then ¢, is completely monotonic for 6 € [0, 1[ and

k

d
ewawﬁm=
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d d 1 -1
AMH( )_¢9 <Z¢9 (u1)> :(1—@) |:1_[( 0 +9> —9:| s uE[O, l]d, (12)

i=1 i=1 !

is a d-copula (note that CAMH IT), which is a generalization of the Ali-Mikhail-Haq (AMH, for short) family of
bivariate copulas given by

CAMH _ uv
) = i —v) (13

for all (u, v) € [0, 1]? (see Ali et al. [1] and Nelsen [27]). We note that all the margins of any dimension j > 2 of
(12) belong to the corresponding AMH family of j-copulas. Therefore,

1
—d*’+d—-2 Wd+1DA-06) td
AMH
(C )‘ 2d—1) T d-1 |:/(t9t—8+l)d—9tddt

d 1 4
if(d tt _
+22:(_1) (z) 01 —0+1)i — o1 dl}’ (14)
i= 0

and since all the bivariate margins of (12) are the 2-copulas given by (13), then we have

1
12 146 1+40 1
ciMH CcAMH =6f7 —2=6 In —1 1—0)— -] -2
( ) 3( 0 ) 1—6(1 —1)2 203271 Z ﬂ (=0 0
0
(see Gradshteyn and Ryzhik [17, 2.175.4]) and

10(1— o) [ (“ G i) 7

(CAMH /Z AELS PR

@t —-0+1) —o¢ 3

0

i=2

Fig. 1 depicts the behaviour of the Spearman’s footrule coefficient, ¢4 (Cyp), as a function of 6 for the d-copulas
studied throughout this section, with d = {3, 4, 6}. Notice that the y-axis scale for the FGM copula is different, as this
copula models small departures from independence and so it results in much smaller values of the Spearman’s footrule
than the others. The y-axis scale for the AMH is also different as this copula does not allow for higher dependencies
either.

3. Estimation

In practice, the copula C is unknown and ¢; must be estimated from the data. Therefore, a sample version of

@q is required. In order to do that, let X; = (X;1,..., Xiq4), i = 1,...,n, be a sample of n serially independent
random vectors from the d-dimensional vector X = (X1, ..., X4), and let (R;1,...,R;q), i = 1,...,n, denote the
associated vectors of componentwise ranks of the sample, such that R;; is the rank of X;; among {X1;, ..., X;;}, with
j=1,...,d. Then, the d-variate empirical copula, C,, is defined as the empirical cumulative distribution function
computed from the scaled ranks, i.e.,
1 & Ri1 Riq
cn(u)=;ilel{n+1 S d}

for all u € [0, 114, where 1{A} denotes the indicator function of a set A.

In this section, we first review the definition and main properties of the only estimator of ¢, previously proposed
in the literature (to our knowledge), that will be called @21). Then, given that ¢, is an AOD measure, we draw on the
two sample versions for AOD measures proposed in Dolati and Ubeda-Flores [7] and apply them to build up naturally

two new estimators of Spearman’s footrule, say @(31) and (pnil) The first one consists of only estimating the function

6
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6 10° Footrule values for a d-dimensional FGM copula 5 Footrule values for a d-dimensional Cuadras-Augé copula
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Fig. 1. Behaviour of the d-dimensional Spearman’s footrule for three different dimensions, d = {3, 4, 6}, and four copulas: FMG, Cuadras-Augé,
Clayton and AMH.

Q;l (C, M) in (4), whereas the second one is obtained by estimating in (4) the function Q;(C , M) as well as the
coefficients ay and b;. We show that the three estimators at hand are asymptotically equivalent and so the asymptotic
normality of only one of them, namely 65,(1?, is proved.

3.1. First estimator

As far as we know, Ubeda-Flores [38] proposed the only empirical version of ¢4, given by

n
~(1) d+1 1
=1l-——— NI, 15
(pnd d _ 1 I’l2 _ 1 ; 14 ( )
where, foreach i € {1, ..., n}, L; is defined as
(16)

L; = max (R;;) — min (R;;).

As expected, when the ranks in each dimension coincide, i.e., in the case of perfect positive dependence, "521) =1.
Due to the lack of motivation in the original proposal of this estimator, we will discuss later two other estimators based
on expression (4). Before that, we briefly summarize the main properties of @(lll)

3.1.1. Particular cases
e When d = 2, the expression in (15) reduces to the sample bivariate Spearman’s footrule —known as fs— given
by

n
() g 3 R
Ppy = S—l—nz_IZIRzl Riz|.

i=1

a7)

o In the trivariate case (d = 3), the sample version of Spearman’s footrule in (15) is equal to the average of the three
pairwise sample Spearman’s footrule coefficients, that is, property (7) continues to hold for the corresponding
empirical coefficients; see Pérez and Prieto-Alaiz [30].
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3.1.2. Asymptotic distribution

Genest et al. [14] consider an alternative expression of the estimator @ﬁi), which is based on (6), namely

o =1- / (E;lf‘;‘d{”f} - lg?;‘d{”f}) dCy(w),
(0,114
and show that, under fairly general conditions —the d-copula C admits continuous (first-order) partial derivatives
on 10, 1[?—, @2} is asymptotically unbiased, though it is biased in finite samples. Moreover, they show that @2} is
asymptotically normally distributed, i.e.,

1 d
ﬁ(@id) —(pd> —>N(0,a§c>, (18)
where —d> denotes the convergence in distribution and crq% - is defined in equation (AS) in Genest et al. [14].
3.1.3. Moments at independence

Genest et al. [14] show that, under the hypothesis of independence, that is, when the underlying copula is I1, we
have

d+1 n 2 "

~DY _ .d

E“(‘p"d)_l_d—ln—l{1_(n+1)ndz, 1l } (19)
1=

Noticeably, when d = {2, 3}, this expectation vanishes, i.e., E (@(112)) =FEqn (@ﬁ?) = 0. When d > 3, this expecta-

tion is only O(1/ nz). For instance, when d = 4, it becomes Epg (@(lz)) =1/ (9n2). Hence, under independence, the
estimator fﬁflld) is unbiased for d = {2, 3} but it is biased for d > 3. Genest et al. [14] also provides the expression of

the large-sample variance of the asymptotic distribution in (18) when the underlying copula is I1, which is

, _,(d+] 2 2+4d —d* +d? B(d,d+2)
o = — )
n d—1 d(d+2)2d + 1)(d + 1)2 d+1
where B denotes the Beta function. This can be rearranged as

2 d+1\? d(5d + 1) 24\ !
o= l- - , (20)
d2d+1)\d—-1 d+2)(d+1)?2 d
giving alg[ = {2/5,2/15,149/2268, 11/280} for d = {2, 3, 4, 5}, respectively, and showing that crlg[ decays as 1/al2
when d grows.

3.2. Second estimator

To look for alternative empirical versions of ¢, we will make use of the fact that ¢, is an AOD measure and we
will propose two new estimators based on the two sample versions for AOD measures given in Dolati and Ubeda-
Flores [7]. In doing so, our goal is twofold. First, we want to compare the properties of the new proposals with the
estimator @(1:1) previously discussed, but we also intend to shed light on the definition of @(112

One possible estimator of ¢, based on (4) is given by

~2) _ @;,d(ca M) —aq

= , 21
nd by — ag 2
where the estimator Q\; 4 for Q! is given by
~ 1 & Ri1 Rid —( Ri Rid
L(C, M) =~ M{——,..., — ) +M[|——,..., —
Onat ) n;( (n—i—l n+1 n+1 n+1
1 n
=1-— L;, 22
n(n—i—l)z ; (22)

i=1
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where L; is defined in (16). Hence, @(3 can be written as
n
5@ =1—- E ; L; 23
¥nd d—]n(n—i—]); : (&)

This estimator is closely related to the estimator @(lll) previously discussed. Actually, the following relationship holds:
1 1
2 1
Pd =+ <1 )@,ﬁd) (24)

Hence, both estimators are asymptotically equivalent. Moreover, when the ranks in each dimension coincide, i.e., in
the case of perfect positive dependence, @2} = @ﬁl) = 1, otherwise, aﬁ) > nli) Therefore, if @(lil) attains its best-
possible lower bound d =—1/d, then @' gon F ) will not, since the inequahty o, d > —1/d always holds. Notice also
that, in the bivariate case, (',5(2) attains the best-possible lower bound, g’a\r(lz) = —1/2, in case the ranks in one dimension

are just the reversed of the other dimension and with » odd, but ¢ A( ) does not.

3.2.1. Particular cases
e When d = 2, the coefficient in (23) becomes

n n
~(2) 3 n—1 3
=] - — Ri1—Roy|=1——7M——— Ri1 — Ri»|,
Puy = nn+ 1) E |Ri1 il n 2—1) § |Ri1 il
i=1 i=1

which does not exactly coincide with the sample bivariate Spearman’s footrule in (17) due to the (negligible)
factor (n — 1)/n.

e When d = 3, the coefficient in (23) is not equal to the average of the three pairwise Spearman’s footrule coeffi-
cients, that is, in this case, property (7) does not hold for the corresponding empirical coefficients.

3.2.2. Asymptotic distribution
In order to derive the asymptotic distribution of §¢ (pn d , we first notice that, from (4) and (21), we have:

d+1 ~
Vit (@1 = 0a) = TV (2,4(C. M) — Q(C. 0D))..
We introduce the following assumption:

Assumption A¢. Let Cjy be the bivariate copula of the random pair (X i Xk), for 1 < j < k <d. Assume that
the partial derivatives of Cj; with respect to the first argument —denoted by C (.1)— exist and are continuous on a

neighbourhood {(u v)€[0,11%: ju—v| < 77} of the diagonal, where n > 0. O
Remark 1. Let C, é‘MH be the generalization of the AMH d-copula given by (12). Since all the bivariate margins are
given by (13), then we have

CAMH() v(l —0(1 —v))
Ciko (1—6(1 —u)(1 —v))*’

Observe that the domain is the set given by {(u, v) €[0,112:0(1 —u)(1 —v) # 1}, and the bivariate margins of
CQMH fulfil Assumption A¢. Also note that the bivariate margins of the FGM family of d-copulas given in Example 1
trivially satisfy Assumption Ac.

However, the generalization of the Cuadras-Augé d-copula given in Example 2 does not, since it has a singular
component (coming from M) such that C CA(D does not exist at the diagonal (see Nelsen [27] for details). Further-
more, the generalization of the Clayton d copulas given by (10) does not satisfy the assumption either since, from
(11), we have

—1/6—1
Jck(é)(u U) —u —0—1 (ufe 4 U79 _ 1) / ,
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so that [ := lim,, - (0,0) Cj(.:k(_é)(u, v) is different for different trajectories, e.g. [ =2~ @+V/? for vy =y and | =
3=O0+D/0 for v = 2u; therefore Cjck(;) is not continuous at the origin.

The following theorem provides the asymptotic normality for Q;l 4(C, M) and @(3

Theorem 1. Assume that F1, F», ..., F; are continuous and, for any d-copula C, Ac is fulfilled. Then
2y d
Vi (04g(C, M) — Q4(C, M)) == N (o, 02) :

where o2 is given by expression (50) in Appendix B. Moreover,

2
ﬁ(aﬁ) _ (pd) N (0, (%) 02) . (25)

Proof. See Appendix B. O

As expected, the asymptotic distribution in (25) coincides with the asymptotic distribution of g’o\flll) derived in Genest
et al. [14], but Theorem 1 above requires milder conditions. Proposition 3 of Genest et al. [14] uses the stronger
assumption that the partial derivatives of the whole copula C : [0, 1]d — [0, 1] are continuous. Moreover, Genest et al.
[14, Proposition 3] provide a sophisticated expression for the asymptotic variance of @(lil) depending on covariances

2
of Gaussian processes defined in terms of the copula. By contrast, our formula (%) o2 for the asymptotic variance

of g’o\rfl) in (25) is explicit through the expression (50) for o2. Furthermore, the variance o2 in Theorem | above can be
estimated as explained in Appendix C.

In the paper by Genest et al. [14] the functional approach is applied for proving asymptotic normality. In the proof
of our Theorem 1, the crucial point is the use of a central limit theorem for non-degenerate U -statistics. This central
limit theorem is proved utilizing Hoeffding’s projection method.

Theorem 1 can be used to establish confidence intervals for ¢;. Moreover, tests about ¢4 can be constructed, for
example the test of the hypothesis Hyp: ¢y > K, H : ¢4 < K, where K > 0 is a given number.

3.2.3. Moments at independence
Taking into account the relationship in (24) and the formula of Ep (’(p?,(lil)) in (19), it turns out that, under indepen-

dence, the estimator @fi) is always biased, even for d = {2, 3}. In particular, we have that, under independence
1

2 2
En (@,(12)) —E@Y) = -

2

~2\ _ - +n-—1
En (‘/’,,4 ) = o
(2) (1

To sum up, the estimator @,/ is well-motivated and it is asymptotically equivalent to the estimator @, d)’ but the latter
has better properties in finite samples. Moreover, the former takes a narrower range of values than it should be.

’

3.3. Third estimator

The last estimator of the coefficient ¢y we consider, is based on estimating in (4) both the function Q;(C , M) and
the coefficients a; and by, that is,

~(3) _ Q;,d(C, M) —Gna
Pna = N

= ; (26)
bna — Gna

where di(C, M) is given in (22) and
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ig — i id
= g e ey M LR ’
=g 3 3 [ (e ) ()]

i1=1 ig=1
i i
n+1""""n+1/)]

~ 1 & i i —

bpa = — M e M

" n;[ <n+1 n+1>+

Qna=1— nd(n—}—l) Z Z [max(iy, ..., ig) —min(y, ..., ig)],

Now, from (2) and (3), we obtain:
ii=1  ig=l

End: 1’

and, putting these expressions back into (26), we have:

d
3 n
o) =1- Y L, 27)
Snd

where L; is defined in (16) and S,4 is as follows (see Appendix D):

—1 it 2 (& a+1 d+1—2k
Spg = DHn® =2 + Bogndt1=2 28
na = (14 D' Z’ d+1 d+1];<2k> ki (%)

where | x| denotes the floor of x and By, is the corresponding Bernoulli number, i.e., {B2k},fil ={1/6,—-1/30,1/42,
—1/30,5/66,...}.

Now, the question arises on how the estimator a(li) in (15) compares with the new estimator @(31) in (27). As
expected, when the ranks in each dimension coincide, i.e., in the case of perfect dependence, both estimators coincide

and attain their maximum value, i.e., '(p?,(l;) = '(p?,(,z) = 1. Moreover, the following relationship holds:

~3)

d—1n?>—1)nd!
70 =14 ( ) @0~

d—+1 Snd

1.

3.3.1. Particular cases
e In the bivariate case (d = 2), the expression in (28) becomes S, = nn?—1) /3. Now, putting this back into (27),
we obtain

n n
~(3) n 3
= ——E Ri1 — R; =1—7E Ri1 — Ri3|,
Pu2 = S £ |Ri1 il m2—1) £ |Ri1 il

which is the sample bivariate Spearman’s footrule fs in (17). Therefore, when d = 2, both the estimator in (15)

and that in (27) coincide and reduce to the sample bivariate Spearman’s footrule in (17), i.e. A(]z) = @(f) fs.

e In the trivariate case (d = 3), the expression in (28) becomes S,,3 = n?(n* —1)/2, and so,

2 n n
A(3) n 2
Sn3 5 (= —1) =

Noticeably, if we evaluate the estimator {5,(!2) in (15) for d = 3, the expression above also comes up. That is, when

d = 3, both the coefficient in (15) and that in (27) coincide, i.e. go % = g'z?,?;, and both are equal to the average of

the three pairwise sample Spearman’s footrule coefficients.
e In higher dimensions (d > 3), both estimators no longer coincide unless they are both equals to 1. The proof is as

follows. Using (15) and (27), it turns out that ¢') =) if and only if

d+1 S
(n* =) = T (29)
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But, taking into account (28), the left hand side of (29) becomes

d+1 S

T =" e e,
where

2By (d+1\ dd+1)

Cl = — = ——

=0\ 2 6(d—1)

and €(n, d) is given, for d > 3, by

ld/2]
2 d+1 2-2k )
e(n,d) 71 k2=2 ( ok ) 2% on—)

Therefore, for d > 3, the estimators @flil) and ?p?flz) will not coincide unless €(n, d) = 0 and ¢y = 1, but the former

is not possible and the latter implies d(d + 1) = 6(d — 1), and the roots of this quadratic equation are d = {2, 3}.

3.3.2. Asymptotic distribution
Notice that, as n? — 1 and n? — cq + €(n, d) are asymptotically equal (meaning that their quotient tends to 1 as

n — 00), the estimators ?p?,(l;) and @g} are asymptotically equivalent. Even more, we have n (?p‘r(l;) /‘p\;ﬁl) ) — 0 because

)

and 0 < L; < n implies that the limit above is zero. A similar argument shows that, in fact, n* (?ﬁ(l) - ’cﬁflz)) — 0 for
any o < 2.

d+1
hmsupn|<pnd g’o;(z) = d+ 1 limsup<
PN _

n— 00 n? — _Cd

Remark 2. We want to note that, since the random variables are measurable functions, the limits are at almost every
point, whence the convergence is almost surely (a.s.).

3.3.3. Moments at independence
From the result on the expectation of ) in (19), it turns out that, under independence,

En(ZL>—n(n+1)— Zz

i=1 i=1

Therefore, taking into account (27), when the underlying copula is I, we have

En (¢<3))_1 |:n(n+1)—ndi12idi|,

i=1

d—l

nd

and the first equality for S,; in (28) shows that the expression above vanishes. That is, under independence, the
estimator {5,(2, unlike the two estimators previously discussed, is always unbiased, regardless of the value of d, i.e.,

we have

3
En (afw;) 0.
L) )

To summarize the new estimators @, ;' and @, ; are well-motivated and they are asymptotically equivalent to the
estimator (pn d ) first introduced by Ubeda-Flores [38]. Moreover, @(3 and @(31) share some interesting properties. For
instance, they coincide for d = {2, 3}. Actually, in the bivariate case (d = 2), they both reduce to the well-known
empirical bivariate Spearman’s footrule whereas in the trivariate case (d = 3), they both become the average of the

corresponding pairwise estimators. By contrast, the est1mat0r does not fulfil any of these properties. Noticeably,

the estimator @, d) has generally better finite sample properties. For instance, under the hypothesis of independence,

12
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it is always unbiased, regardless of the dimension d, whereas the others are not: @ffd) is always biased and @flld) is

only unbiased for d = {2, 3}, in which case it coincides with @SJ). Hence, it seems that, among the three estimators
considered, {5,(’? is preferable, especially in small samples, but @fl;)

the bivariate and trivariate case, where it coincides with aﬁl)

also makes sense and can be a useful estimator in

4. Finite sample comparisons

This section is devoted to present the results of a simulation study of the three estimators discussed in the previous
sections in order to evaluate their practical performance. The results presented below are quite suggestive of the
applicability of the large-sample theory to finite samples.

We carry out a set of Monte Carlo simulations for the FGM d-copula described in Example 1 and the AMH d-
copula described in Example 3 —the Monte Carlo simulations have been implemented using the R package copula
in Hofert et al. [18]. As a benchmark, we also simulate the d-dimensional independent copula IT. We consider three
different dimensions, d = {3, 4, 5}, and five sample sizes, n = {10, 20, 50, 100, 500}. For each copula, each parameter
value and each dimension d, we generate 1000 Monte Carlo replicates of size n and for each replicate, we compute
the three estimators of the coefficient ¢; defined in the previous section, namely fﬁflld), {5,(1? and @(3,) For the sake
of simplicity, we only fully report the results for d = 4 and n = {50, 500}. The results for d =3 and d =5 and
other sample sizes are not displayed here to save space, but they are available as additional material. Interestingly,
conclusions remain unchanged.

Tables | and 2 report summary statistics for the three estimators under all considered models with n = 50
and n = 500, respectively. These tables display, for each copula and estimator, the true multivariate Spearman’s
footrule (true), the mean, the standard deviation (sd), the root mean square error (rmse), the 2.5th percentile (¢25),
the first quartile (g»s), the median (gsp), the third quartile (¢75) and the 97.5th percentile (g97.5). The investigated
copulas are the independence copula, which appears under the case 6 = 0, the FGM copula with parameter values
0 =1{0.25,0.5,0.75,0.95} and the AMH copula with parameter values 8 = {0.2, 0.4, 0.6, 0.8}. To enhance the global
picture of the finite performance of the three estimators, Fig. 2 and Fig. 3 display the box-plots of the empirical distri-
bution of the three estimators for FGM and AMH copulas, respectively, with dimension d = 4 and three sample sizes
n = {50, 100, 500}. The true value of the multivariate Spearman’s footrule for each simulated model is also displayed
as a horizontal line. The independence copula will be further analyzed in Fig. 4.

As we can see, when n = 50, the small sample performance of '(ﬁ,(il) is quite different from the other two estimators,

which display hardly no differences between them. First, @2} and @(2 tend to underestimate the true footrule, whereas

@(3 tends to overestimate it. Second, there is a clear superior performance of the former estimators due to their smaller

bias. For example, in the AMH model, the maximum relative bias does not exceed 7% in both ’(ﬁlﬁb) and {5,(3]) while the

relative bias in aﬁl) could reach nearly 40%. The median follows the same pattern as the sample mean for the three
estimators, which suggests a symmetric sampling distribution, a feature confirmed in Figs. 2 and 3. So, the larger bias

of @fii) is not due to asymmetry of its sampling distribution, but it could be related to the relationship between the three

estimators set in Section 3. At a glance, the more limited values that g’ﬁr(ji) can take —recall that {5,(12) < '(ﬁ,(jj)— push its
sampling distribution up, making this estimator not so well behaved, in terms of bias, as the other two estimators.

By contrast, in terms of dispersion, the differences between the three estimators are not so marked. The standard
deviation of three estimators reported in Table 1 are nearly the same, so their performance in terms of rmse is similar
to that in terms of bias. Moreover, the length of the intervals with the 50% and 95% of values of the three estimators
are very similar, although the quantiles which defined such intervals are quite different in the case of ’@(3.

The large sample performance of the three estimators drawn from the Monte Carlo simulations is consistent with
our theoretical results; see Table 2 and the box-plots shown in Fig. 2 and Fig. 3. As expected, as the sample size
increases, bias and dispersion tend to reduce and the differences between the three estimators become negligible. The
same conclusion emerges comparing the quantiles: looking across the entries of the Table 2, we can observe that the
quantiles of the three estimators are pretty equal for all models considered, although the sampling distribution of @%)
seems to be still slightly upwards.

Finally, to get a better insight on the approximation to the asymptotic distribution, Fig. 4 displays the empirical
distribution of the three estimators (rescaled by +/n) for the independent copula IT and d = 4, with the corresponding
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Table 1

Bias, standard deviation, rmse and different quantiles of three estimators of the Spearman’s footrule coefficient. Computations are based on 1000
Monte Carlo replicates of size n = 50 of the Farlie-Gumbel-Morgenstern d-copula with d =4 and parameter values 6 = {0.25,0.5,0.75, 1} and
the Ali-Mikhail-Haq d-copula with d =4 and parameter values 6 = {0.2, 0.4, 0.6, 0.8}. The case 6 = 0 stands for independence.

Independence copula
(] true estimator | mean |sd rmse | Qs Gas Uso qrs Qors
7N -0.0001 | 0.0345 | 0.0345 | -0.0664 | -0.0232 | -0.0004 | 0.0216 | 0.0676
0 0 2 0.01990.0338|0.0392 | -0.0451 | -0.0028 | 0.0196|0.0412 | 0.0863
@3 -0.0002 | 0.0345 | 0.0345 | -0.0665 | -0.0233 | -0.0004 | 0.0216 | 0.0676
Farlie-Gumbel-Morgenstern copula
e true estimator | mean |sd rmse |qas Oas Aso Ars Qoz.5

@1 | 0.0013|0.0352 |0.0352|-0.0671|-0.0231| 0.0009 [0.0249 | 0.0532
025|00013| @ | 0.0213]0.0345/0.0399(-0.0458 |-0.0026 | 0.02090.0444 | 0.0627

@3 0.0013 | 0.0352 | 0.0352 | -0.0672 | -0.0231 | 0.0009 | 0.0249 | 0.0532
?1 0.0038 | 0.0364 | 0.0364 | -0.0638 | -0.0211 | 0.0026 | 0.0283 | 0.0543
0.5 |0.0026 @3 0.0238 | 0.0357|0.0415| -0.0425 | -0.0007 | 0.0225 |0.0477 | 0.0637
@3 0.0038 | 0.0364 | 0.0364 | -0.0638 | -0.0211 | 0.0026 | 0.0282 | 0.0542
@1 0.0027|0.0368 | 0.0368 | -0.0671 | -0.0224 | 0.0016 |0.0276 | 0.0574

0.75| 0.004 @2 0.0226 | 0.036|0.0406|-0.0458 | -0.002| 0.0216 |0.0471 |0.0668

—

@3 0.0026 | 0.0368 | 0.0368 | -0.0671 | -0.0225 | 0.0016 |0.0276 | 0.0574

1 0.0052 | 0.0384 | 0.0384 | -0.0671 | -0.0204 | 0.0036 |0.0316 | 0.0587

0.95| 0.005 @2 0.0251|0.0377|0.0427 | -0.0458 0| 0.0235| 0.051)0.0682
@3 0.0051 | 0.0384 | 0.0384  -0.0672 | -0.0205 | 0.0036 |0.0316 | 0.0587
Ali-Mikhail-Haq copula
(:] true estimator | mean |sd rmse |qas Gzs dso qrs Qo7s

[ 0.0389 | 0.0424 | 0.0425|-0.0318 | 0.0123 | 0.0383 |0.0651(0.1243
0.2| 0.0416 [ 0.0581(0.0415|0.0447|-0.0111| 0.032| 0.0575|0.0838 (0.1418
@3 0.0388 [ 0.0424 | 0.0425|-0.0318 | 0.0122 | 0.0382 |0.0651(0.1243
?1 0.0849 | 0.045|0.0451| 0.0029 | 0.0548| 0.0876|0.1183(0.1797
0.4| 0.089 [ 0.1032 | 0.0441|0.0463 | 0.0228 | 0.0737| 0.1059|0.1359 | 0.1961
B 0.0849 | 0.045|0.0451| 0.0029 | 0.0547| 0.0876|0.1183(0.1797
[ 0.1382(0.0491|0.0495| 0.053| 0.1076| 0.141|0.1725| 0.239
0.6| 0.1449 2 0.1554 | 0.0481|0.0492| 0.0719 0.1255| 0.1582|0.1891 | 0.2542
Pz 0.1382(0.0491|0.0495| 0.0529( 0.1076| 0.141|0.1725| 0.239
@1 0.2093 [ 0.0496 | 0.0498 | 0.1129 0.1755| 0.2104 | 0.2444 | 0.3077
0.8| 0.2142 (2 0.2251(0.0486 |0.0498| 0.1306( 0.192| 0.2261|0.2595(0.3216
@3 0.2092 | 0.0496 | 0.0498 | 0.1128| 0.1755| 0.2103 |0.2443 | 0.3077

asymptotic Normal distribution. Note that closed-form expressions for the asymptotic variance are rare, but in the
case of independence, we do have an explicit formula for the asymptotic variance; see equation (20). Noticeably, the
~(1) a(3)

nd

approximation to the Normal distribution for the estimators ¢, ;' and is very good, even for small samples. How-

ever, that is not the case for the estimator @ﬁl), which is clearly upward biased, as previously remarked. Nevertheless,
as the sample size increases, the bias decreases, the differences between the three estimators reduce and the Normal
approximation becomes appropriate for the three of them.

To sump up, the results do suggest that, in small samples, g?r(lli) and @(31) outperform @(31) since the former are sys-
tematically less biased and the dispersion of the three estimators are similar. However, in large samples, the differences
between the three estimators are quite negligible and, so, large sample theory can be applied to evaluate their practical

performance.
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Table 2

Bias, standard deviation, rmse and different quantiles of three estimators of the Spearman’s footrule coefficient. Computations are based on 1000
Monte Carlo replicates of size n = 500 of the Ali-Mikhai-Haq d-copula with d = 4 and parameter values 8 = {0.2, 0.4, 0.6, 0.8} and the Farlie—
Gumbel-Morgenstern d-copula with d = 4 and parameter values 6 = {0.25, 0.5, 0.75, 1}. The case # = 0 stands for independence.

Independence copula
e true estimator | mean |sd rmse Qs Oas Gso Ars Qoz.s
@1 -0.0004 | 0.0112 | 0.0112 | -0.0223 | -0.0079 | -0.0007 | 0.0073 | 0.0215
0 0 23 0.0016 | 0.0112 | 0.0113 | -0.0202 | -0.0059 | 0.0013 | 0.0093 | 0.0234

@3 -0.0004 | 0.01120.0112 | -0.0223 | -0.0079 | -0.0007 | 0.0073 | 0.0214
Farlie-Gumbel-Morgenstern copula

e true estimator | mean |sd rmse |qas qas dso qrs qo7.5

@1 0.0002 (0.0117(0.0117| -0.023|-0.0073| 0.0002 |0.0081|0.0251
0.25|00013| @ | 0.0022/0.0116/0.0117| -0.021|-0.0053 | 0.0022 [0.0101| 0.027
[ 0.0002 (0.0117 (0.0117| -0.023(-0.0073| 0.0002 |0.0081|0.0251
@1 0.0026|0.0119|0.0119|-0.0199 | -0.0057 | 0.0027 |0.0111 | 0.0256
0.5 |0.0026 @2 0.0046 (0.0119| 0.012|-0.0178(-0.0036| 0.0047 |0.0131|0.0275
@3 0.0026 | 0.0119(0.0119| -0.0199 | -0.0057 | 0.0027 |0.0111|0.0256
91 0.0039(0.0117(0.0117|-0.0171 | -0.0046 | 0.0035|0.0115|0.0281
0.75| 0.004 [ 0.0058 ( 0.0116 | 0.0118| -0.015|-0.0026| 0.0055 |0.0135 0.03
@3 0.0039(0.0117 (0.0117|-0.0171 | -0.0046 | 0.0035|0.0115|0.0281
@1 0.0049|0.0117 {0.0117 | -0.0165 | -0.0034 | 0.0045 |0.0128 | 0.0284
0.95( 0.005 @2 0.0068 ( 0.0117 | 0.0118| -0.0145 | -0.0014 | 0.0065 |0.0148|0.0303
P3 0.0049(0.0117(0.0117| -0.0165 | -0.0034 | 0.0045 |0.0128|0.0284
Ali-Mikhail-Haq copula
e true estimator | mean |sd rmse |qas qzs qso qrs qoz7s

@1 0.0413(0.0127|0.0127( 0.0162| 0.0324 | 0.0412|0.0497|0.0648
0.2| 0.0416 (2 0.0432|0.0127|0.0128| 0.0182| 0.0343 | 0.0431 |0.0516 | 0.0667
@3 0.0413(0.0127(0.0127| 0.0162| 0.0324| 0.0412|0.0497|0.0648
@1 0.0893 (0.0137(0.0137| 0.0618| 0.0799| 0.089|0.0983|0.1158
0.4( 0.089 [ 0.0911(0.0136|0.0138( 0.0636| 0.0817 | 0.0908 |0.1001|0.1175
@3 0.0893(0.0137|0.0137( 0.0618| 0.0799| 0.089|0.0983|0.1158
?1 0.1440(0.0146 | 0.0147( 0.1167| 0.1339( 0.1439|0.1557|0.1736
0.6 | 0.1449 @2 0.1457(0.0146 | 0.0146| 0.1185( 0.1356| 0.1456 |0.1574|0.1752
@3 0.1440(0.0146 (| 0.0147| 0.1167| 0.1339| 0.1439|0.1557|0.1736
91 0.2134(0.0158 | 0.0158| 0.1839( 0.2038| 0.2141| 0.224|0.2458
0.8| 0.2142 2 0.2150(0.0157 [ 0.0158| 0.1855( 0.2054| 0.2157 |0.2255|0.2473
@3 0.2134(0.0158 | 0.0158( 0.1839| 0.2038 | 0.2141| 0.224|0.2458

5. Asymptotic relative efficiency

Empirical Spearman’s footrule, as well as other copula-based measures, like Spearman’s rho or Kendall’s tau, are
natural statistics for testing independence. Hence, it makes sense to compare them to help the user make a substan-
tiated choice of the most efficient one. In this section, we undertake such comparison by looking at their Pitman’s
asymptotic relative efficiencies (ARE) as test statistics for independence. In particular, we will compute Pitman’s
ARE using the classical formulation for asymptotically normally distributed statistics; see Serfling [34]. This requires
introducing some further notation. First, let Cy denote a one-parameter d-copula such that Co = I1, so the hypothesis
of independence can be regarded as Hy : & = 0, and let ¢; = ¢4(6) be the population Spearman’s footrule for this
copula Cy. Second, given that the three empirical versions of Spearman’s footrule in Section 3 are asymptotically
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Farlie-Gumbel-Morgenstern Copula,d=4
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Fig. 2. Empirical distribution of three estimators of Spearman’s footrule coefficient for the Farlie-Gumbel-Morgenstern d-copula with d = 4,
parameter values 6 = {0.25, 0.5, 0.75, 0.95} and sample sizes n = {50, 100, 500}. Horizontal red line in each graph sets the true value of Spearman’s
footrule.

equivalent, here ownwards we will drop the superscript and denote the empirical footrule as @,4. From the results in
Section 3, we know that /7 (@,4 — @4) is an asymptotically zero-mean normal variable, whose limiting variance, say
o(/% (), depends on the underlying copula Cy. Let V,, be another statistic for independence, such that /n (V,, — v (6))
is also an asymptotically zero-mean normal variable with limiting variance 0‘2/ (6) under Cy. Thus, provided that the
copula Cy meets mild regularity conditions, the Pitman’s ARE of ¢,,; compared with V,, will be calculated as

_ N CAONATRONS
ARE @na. Vo) = (%((») <Gv(0)) ’ ¢

where go"i (0) and ;/V (0) are the derivatives with respect to 6 of the asymptotic means ¢,4(6) and py (6), respectively,
evaluated at 6 =0, i.e., 7, (0) = 3y (0)/96)|9—0 and ¢,;(0) = (3¢4(9)/36)]g—0, and 05(0) and a‘%(O) stand for
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Ali-Mikhail-Haq Copula,d=4
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Fig. 3. Empirical distribution of three estimators of Spearman’s footrule coefficient for the Ali-Mikhail-Haq d-copula with d = 4, parameter values
6 ={0.2,0.4,0.6, 0.8} and sample sizes n = {50, 100, 500}. Horizontal red line in each graph sets the true value of Spearman’s footrule.

the asymptotic variances of @4 and V,,, respectively, at independence. Note that the expression of a(z (0) is given in

equation (20), where it was denoted as alg[. If ARE (@n4, Vi) > 1, Spearman’s footrule will be a locally more powerful
test statistic for independence than V,,, whereas ARE (@4, V,,) < 1 will indicate that V,, is more powerful.

As far as we know, the only paper comparing the merits of the tests based on Spearman’s footrule with other test
statistics for independence is Genest et al. [14], who confine their analysis to the bidimensional case and conclude
that no general recommendation can be made, as the results depend on the specific class of alternatives. In a mul-
tivariate setting, Stepanova [37] establishes conditions for Pitman optimality of multivariate tests for independence
based on multivariate versions of Kendall’s tau and Spearman’s rho. In particular, the author proves that the average
pairwise Kendall’s tau and the average pairwise Spearman’s rho are asymptotically equivalent (in the Pitman’s sense)
and they are Pitman optimal for some particular copulas, whereas for other alternatives, the multivariate version of
Spearman’s rho proposed by Joe [19] is Pitman’s optimal. Quessy [31] complements the findings in Stepanova [37]
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Fig. 4. Empirical distribution (rescaled by 4/n) of three estimators of Spearman’s footrule coefficient for the independent d-copula with d = 4 and
sample sizes n = {50, 100, 500}. The corresponding asymptotic Normal distribution under independence is also displayed.

by comparing eight Spearman-type statistics for independence under different copula models and also concludes that
their performance can vary depending on the kind of local alternatives encountered.

Following this literature, we investigate Pitman’s ARE of multivariate Spearman’s footrule with respect to multi-
variate versions of Kendall’s tau and Spearman’s rho. In particular, we consider the multivariate coefficients in Nelsen
[24], which can be written as follows:

1

g =14(0) = -1 _1

d+1
+ _ 7t —
pa =P O =77

1

1 24 1—/K(t,9)dt —11,

0

24 / udCp(u) — 1|,

(0,13
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_ d+1 |,
Py =pg (0)= W _g_1 2 Co(w)du—11, (32)

(0,13

where Cy is a one-parameter d-dimensional copula, with d > 2, and K (¢, 0) is the so-called Kendall’s distribution
function of Cy; see Barbe et al. [2] and Genest et al. [16]. Nelsen [24] notes that, when d = 3, 13 coincides with the
average of the three possible pairwise Kendall’s tau. For further comparisons of our results with previous literature,
we also consider another multivariate version of Spearman’s rho, defined as the average of all possible pairwise

Spearman’s correlation coefficients, i.e.”
* * 2
pr=p10)=———> |12 Co(uj,ug)dujduy —3
dd—1) =
[0,1
The corresponding statistics for testing independence, based on a random sample X; = (X1, ..., Xjq),i =1,...,n,

of a continuous random vector X with copula Cy, are the following:

- 1 24
T [‘1 P X-"}} |

e [ig - (2 ) [ (3]
=[5 - () ]/ L5 ()

12 2 1 n n+1\?
fifd=—[7 > —ZRinik—<—2 )}

n?—1|dd-1) </ S<an =

where R;; are the ranks defined in Section 3 and R; j =n+ 1 — R;;. The statistic T, is taken from Genest et al. [15],
whereas the statistic ,(’5;;1 is in Joe [19], Stepanova [37] and Pérez and Prieto-Alaiz [29], the statistic ﬁr:d is taken from
Pérez and Prieto-Alaiz [29] and ,?)7: 4 18 taken from Joe [19] and Stepanova [37]. These last three statistics are slightly
different to those in Quessy [31] and Schmid and Schmidt [32], but they are asymptotically equivalent. Noticeably,
for d = 3, the statistic 7,3 becomes the average of the three possible empirical pairwise Kendall’s tau.

Under certain regularity conditions, Genest et al. [15] show that the statistic /7 (7,4 — T4) is an asymptotically
zero-mean normal variable whose limiting variance, under the null hypothesis of independence, i.e., when Co = I1, is

2(0) = 2 A NNEN 2 33
0= |(5) +(3) -2 9

Similarly, it can be proved (see Quessy [31], Schmid and Schmidt [32] and Stepanova [37]) that the statistics
V(B —pF). v (p,, —p;) and /n (5}, — p}) are asymptotically zero-mean normal variables, whose limiting
variances under independence are:

I S C o Vi N _d

02 (0) = p+(0)_(2d—d—1)2|:<3) 21 (34)
2
dd—1)

Now, using equation (30), the Pitman’s ARE of the empirical Spearman’s footrule with respect to the empirical
Kendall’s tau, for instance, is computed as

05 (0) = (35)

2 Notice that Quessy [31] and Schmid and Schmidt [32] denote the coefficients p,, p;r and pj as p1,4, 02,4 and p3 4, respectively, whereas Joe
[19] denoted p,; and p; as  and o, respectively, and Wolff [40] introduced p; as pg.
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Table 3
Asymptotic relative efficiency of multivariate Spearman’s footrule with respect to multivariate Kendall’s tau and Spearman’s rho.
Model FGM AMH
Statistic d=2 d=4 d=6 d=2 d=3 d=4 d=5 d=6
Thd 0.9 1.898 2.030 0.9 0.9 0.859 0.787 0.701
,75;;1 0.9 2.313 2.869 0.9 0.810 0.705 0.597 0.496
Prd 0.9 2.313 2.869 0.9 1.266 1.712 2.242 2.876
Prd 0.9 - - 0.9 0.9 0.875 0.831 0.780
1 2 ’ 2
. 9,(0) 7,(0)
ARE(‘/)mh Tnd) = < s
0y (0) o7 (0)

where 03(0) is given in (33) and 1:[; (0) = (074(0)/00)|9=p will be calculated for each particular alternative. The
Pitman’s ARE of @4 compared with 5, 5", and p*, are computed in a similar way.

To illustrate our results, we will chose as alternatives the multivariate FMG copula in Example 1 (notice that this
generalization is different from that used in Quessy [31] and Stepanova [37]) and the multivariate AMH copula in
Example 3. These two families are one-parameter d-copulas, say Cy, that reduce to the independence copula when
68 =0, i.e., Co = II, so the hypothesis of independence can be regarded as Hyp : & = 0 in both cases. Moreover, the
election of these families enables comparing our results with the existing literature mentioned above. Given below are
the results for the cases d = {3, 4,5, 6}. As a benchmark, we also compute the results for d = 2 (recall that, in this

case, p; = pf = p3 and By = By = ).

Example 4. Let Cg GM pe the FGM d-copula in equation (8). As shown in Ubeda-Flores [38], when d is odd, one
gets t; = ¢g = 0. Hence, for this family we will only perform comparisons for d = {2, 4, 6}. Moreover, for d > 3, all
the margins of any dimension j > 2 are IT in the corresponding dimension j and so, the average pairwise Spearman’s
tho p equals 0. Hence, for d > 3, the corresponding statistic ", will not be considered. Noticeably, for this family
it is possible to work out closed-form expressions of the four coefficients to be analysed. In particular, the expression
of multivariate Spearman’s footrule is given in equation (9) and, from this equation, one easily deduces’

s (pem) (L4 (=D + 1)(d)?
v (CE™M) = d—D2d+ 1)

An explicit expression of multivariate Kendall’s tau for this family is given in Genest et al. [15], from which it is
obtained immediately

s (~Fem) . (T+ (=D
ta (CO )_3d(2d—1—1)'

Finally, in Appendix E, we derive closed-form expressions of multivariate Spearman’s ,o; and p, for this copula
model. From these formulae, one deduces

+ (CFGM) _ (=DTd+1) — (CFGM> . d+D

Pa \~0 )T 3dpd —g_1y Pa \M0 )T 3d0d —4 1y

Now, simple calculations based on the expressions above and those in equations (33)-(34), yield the results displayed
in the first columns of Table 3. As expected, for d = 2, Spearman’s footrule is less efficient than Kendall’s tau and
Spearman’s tho, which are equivalent. Recall that the latter are optimal for the bivariate FGM; see Stepanova [37].
However, for d > 3, the Spearman’s footrule is always the best, while 7,4 is the second one and Z):l_d and ,?)jd, which
are asymptotically equivalent, are not worth considering for these local alternatives. Hence, for this family and d > 3,
the statistics can be ordered in terms of their asymptotic efficiency, from the best to the worst, as

3 To avoid possible confusion, oy (Cg GM) will stand for the value of ¢/, (0) in the FGM copula, 7, (Cg GM) for the value of z; (0) in the FGM
copula, and so on. An equivalent notation will be used for the AMH copula.
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o~ o~ o~ AJ’»
Pnd > Tnd > Ppg = Ppg

Example 5. Let C QMH be the AMH d-copula in equation (12). Unlike Example 4, in this case, there are no simple
closed-form expressions of the coefficients to be analysed. For the Spearman’s footrule, we do have an explicit formula
in Equation (14), from which it is a routine exercise to check that

AMH d d+1 d ii—1)
(C )(d+2)(2d+1) [Z( (i)(i+1)(i+2)(2i+1)]

For the other four coefficients, we directly focus on computing and evaluating their derivatives under 8 = 0. Regarding
Kendall’s tau, in Appendix E we derive a recursive general formula to compute 7(0) for Archimedean d-copulas,
using the results in Barbe et al. [2] and Genest et al. [16] based on the Kendall’s distribution function. From this
formula, the following particular values for the AMH come up

(cAMH) (cAMH) 0.222, (CAMH> —0.194, 7 (CAMH) —0.156, . (CAMH> —0.120.

In turn, the derivatives of the multivariate Spearman’s ,oj, p; and p;’ for the AMH copula, evaluated at 6 = 0, are
(see Quessy [31])

AMH d+1) 4 d \
(C ) 4—d—1) <3) 3 H-

AMH d+1) 2 d \
(C ) ( D ( ) + 1,

i () = 5
From these expressions above and those in (33)-(35), the results displayed in the last columns of Table 3 come up. One
sees that, for d = 2, the results for the bivariate FGM and AMH copulas coincide. This does not come as a surprise
since, in the bivariate case, ¢} (Cé‘MH) =¢) (CgGM), 7 (C(’)‘MH) =1 (CgGM), and p} (C{)‘MH) =P} (CgGM). For
d > 3, Spearman’s footrule is always more efficient than ,’071_d, which becomes the poorest statistic for this kind of
alternatives. By contrast, Spearman’s footrule is always less efficient than Kendall’s tau and Spearman’s o', and o Pd>
and the latter always dominates the others. Keeping in mind that ,Z);Ld is as its best under AMH kind of alternatives
(see Quessy [31]), Spearman’s footrule remains a good competitor, especially when d is small. As expected, for
d = 3, Kendall’s tau and Spearman’s p'; become equivalent; recall that Stepanova [37] shows that average pairwise
Spearman’s and average pairwise Kendall’s are asymptotically equivalent (in the Pitman sense). Hence, for this family
and d > 3, the statistics can be ordered in terms of their asymptotic efficiency, as

Pra > T 2 Bla > Bud > By
Other comparisons are not computed, but one can recover, for instance, the ARE (,on 4> P d) via the relationship

ARE (and, ',.Id) '
In doing so, the values obtained for the AMH copula coincide with those in Quessy [31, Table 2], as expected.

ARE (ﬁ;;d’ Z)j_d) =

6. Conclusions

In this paper, we propose two new nonparametric estimators of multivariate Spearman’s footrule which are based
on two sample versions of AOD measures of multivariate concordance and compare them with a previous estimator
proposed in Ubeda-Flores [38]. We show that, one of the estimators proposed share some interesting features with the
estimator in Ubeda-Flores [38]. In particular, they coincide in the bivariate case, where both reduce to the well-known
empirical bivariate Spearman’s footrule, whereas, in the trivariate case, they both become the average of the corre-
sponding pairwise estimators. Moreover, we show that the three estimators analysed are asymptotically equivalent and
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we derive their asymptotic distribution under milder conditions and using a different approach than those in Genest et
al. [14]. Furthermore, we show that, under independence, one of the new estimators proposed outperforms the others,
since it is unbiased regardless of the dimensions considered. These results are further illustrated with Monte Carlo
experiments based on the independent copula and two well-known one parameter copulas, namely a multivariate FGM
copula and a multivariate Archimedean copula. These experiments also reveal that, in small samples, the performance
of the three estimators considered is different. In particular, one of the two estimators proposed is nearly equivalent
to the estimator in Ubeda-Flores [38] and clearly outperforms the others, especially in small samples. The paper also
investigates the performance of this estimator, in terms of their Pitman asymptotic relative efficiency, as compared to
Spearman’s rho and Kendall’s tau, when they are used as statistics for testing multivariate independence. As one could
expect, the results vary considerably depending on the kind of alternatives encountered: Spearman’s footrule seems to
be locally optimal for the multivariate FGM alternative when d > 3, but it is less efficient when the alternative is the
multivariate AMH, where Spearman’s f);ti and p,,, seem to be the most and least efficient, respectively. Further com-
parisons with other multivariate measures of association, like Gini’s gamma or Blomqvist beta, would be interesting
for future works.
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Appendix A

Lemma 1. Let f(t) = =% forall t > 0, with 6 € [0, 1[. Then

=
(1 _ 9)6[ Z p,‘@le(k_l_l)t
i=0

(et _ 9)k+]

forallt €]0, +o0[, where p; >0 foralli =0,1, ...,k — 1, with po = px—1 = 1.

k
(—D"Wf(t) =

(36)

Proof. We prove this result by induction on k. If k = 1, then

(1-6)'py
=07 =/

for all + > 0. Now, assume the result is true for any value 2, ..., k. Then, by using (36), we have
4y & f@
dt dtk

k—1 k=2 k—1
(Z pieie(k—i—l)t + Zplgl(k —i— l)e(k—i—l)t> (et _ 9) _ Zpieie(k—i—l)t(k + l)e[

i=0 i=0 i=0

d
(=D f)=

:_(1 —9)€t (et _9)k+2
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k—1 k—1
€ =0 pib'(k—ie* "V —(k+ 1) pife®
- t i=0 i=0
=—(1—0)e (e! _9)k+2
D pit k= i)e® " =" pi 107k — i+ De®D" =3 it (k + De*
_ ti=0 i=1 i=0
=—(1—0)e (e! — O)k+2

k
(1—0)e' Y gio e
i=0
(e’ _9)k+2
forallt > 0,withgo=po=1,gk=pr—1=1landgi=(G + )p; + (k—i+ 1)pi—1 >0foreveryi=1,...,k—1,
whence the result follows. O

Appendix B. Proof of Theorem 1

To prove Theorem 1 we need additional notation and some preliminary results. We denote the empirical distribution
function of the d-dimensional vector X = (X1, ..., X4) by H,, defined as

1 n
(x) n—i-l; {X; <x)

for x = (x1,...,xq) € R4, where X;, fori =1,...,n, is a sample of n independent random vectors from X, and
X; <xmeans X;; <xj,forall j=1,...,d, and we denote the empirical marginal distribution of X;; by F;, defined
as

1 n
i=1

Note that in the case of data without ties, we have

R.‘
Faj (Xij) =~
where R;; denotes the rank of X;; among {X1;,..., X}, with j=1,...,d.
Consider
n
1
An =3 M(Fa (X, Faa(Xia)) = / M(u) dC(w), (37)
i=1 .13
n
1 _8 _
By= =3 M(Fn(Xi1). ... Faa(Xia)) = / M (u) dC(w). (38)
i=1 [O,I]d
Now we have
0,y(M,C) — Q(M,C) = A, + By, (39)

and

1 n
Ay =A,+ p Y (MFn(Xin), ... Faa(Xia)) = M(FL(X01), ..., Fa(Xia))).

i=1

. s — —
By=By+ 3 (M(Fu(Xa), .. Fua(Xia) = MOF\ (Xi1), ..., Fa(Xia)

i=1
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where

1 n
Ay = —Z(M(Fl(Xil),--.,Fd(Xid)) —EM(F1(X;1), ..., Fa(Xia))),
o

n

1 — —
B, = - Z (M(Fi(Xi1), ..., Fa(Xia)) = EM(Fi1(Xi1), ..., Fa(Xia))) -

i=1

[M3SC+; v1.361] P24 (1-32)
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(40)

(41)

We next give an auxiliary proposition, where @ denotes the elementary event and w — n,(w) is a random number.

Proposition 1. Assume that the (univariate) distributions Fy, ..., Fg are continuous. Then

a) max sup |Fj,(x) — F;(x)| = Op(n~"/?), and
j=l.d ccR

Inlnn
b) max sup |Fj,,(x) — Fj(x)| <K a.s.
j=l.d R n

for n > no(w) with a constant k| > %«/E

Proof. Assertion a) is a consequence of the Dvoretzky-Kiefer-Wolfowitz inequality (see van der Vaart [39], p.268):

P {ﬁ sup |Fju(x) — Fj(x)| > t} <2072’
xeR

forn,t>0,j=1,...,d.
Assertion b) follows from van der Vaart [39], p. 268, for example. O

Lemma 2. Consider the expressions (37), (38), (40) and (41), and suppose that Assumption Ac is fulfilled. Then we

have

i. Ay —A*=D,+op (n_l/z), where

n

N

d
1
D=3~ (Faj(Xij) = Fj(Xip) 1{Fj (X)) < Fi(Xan) VI # j}

~.
Il
—_
_

ii. B, — Bf=E,+op (nfl/z), where

d
1
E,= Z 7. (=Fuj(Xij) + Fj(Xip) 1{F;(Xij) > F(Xi) VI # j} .

j=1"i=1

Proof. Firstly, note that 1(A N B) = 1(B) — 1(A N B) for any two events A, B, and
P{F;(Xij) = Fi(Xi)} =0 forl #j.

We prove part i. We obtain

n
jk=1" i=

d n
1
An—Ar=" =" (Fu(Xix) — Fj(Xi)))
1
W Fu(Xix) < Fu(Xi) VI <k, Fu(Xik) < Fu(Xip) VI > k,
Fj(Xij) < Fn(Xim) Ym # j}
=Dy + Dp1 — Dy2 a.s.,

where

24
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d n
Du=)_ > % > (Fu(Xi) = Fj(Xij))

j:llskgd i=1
k#j

W Fu(Xir) < Fu(Xip) VI < k, Fu(Xi) < Fu(Xip) VI > k,
Fi(Xij) < Fi(Xin) VI # j},

n

d
1
Dy = Z - Z (Fuj(Xij) — Fj(Xi)))
=1

=1"i=1
1{max{(F,;(X;j) = Fu(Xi) for some [ < j), (Fnj(Xi;) > Fu(Xj) for some ! > j)},
Fj(Xij) < Fu(Xim) Vm # j} .
Define

_ Inlnn
Yn = max sup |Fj,(x) — Fj(x)| and 7, =k ,
j=l.d R n

with k1 as in Proposition 1. For Fy (Xix) < Fj(Xij), Fj(Xij) < Fr(Xix), we have

Fux(Xix) — Fj(Xij) < Fpj(Xij) — Fj(Xij) < v,

Fue(Xix) — Fj(Xij) > Fue(Xix) — Fe(Xik) = —yn a.s., (43)
whenever k # j. On the other hand,

Fr(Xik) — vn < Fup(Xig) < Fyj(Xij) < Fij(Xij) + v < Fr(Xig) +vn a.s. (44)
Hence

d n
1
Dl <vu Y Y = M Fu(Xi) <Fyj(Xij), Fi(Xij) < Fe(Xin)}
j=11<k<d o
k#j

d n
1
v Do - ) HFX) =2 =Fi (X)) < Fe(Xi)}
j:1lfi§d i=1
J

d n
1
<) Do - ) M2 sFiXi) — FeXu) <0} as.

j=l1<k=d i=l
k#j

Applying the law of iterated logarithm for empirical processes (cf. Van der Vaart [39], p. 268) on the sample
{Fj(Xij) — Fr(Xik)}i=1..n, it follows that

d
1Dl <y | OG0+ Y P{=27 < Fj(Xij) — Fe (Xix) <0} | as.
j=11<k=<d
k]

et us fix j, k, ,and U; = F; (X;;) and V; = F (X;x). Therefore, by assumption Ac, it follows that C:,’ is
Let us fix j, k, j # k, and U; = F; (X;j) and V; = Fg (Xx). Therefore, by ption Ac., it follows that €'} i
uniformly continuous on a neighbourhood of the diagonal and

1
P{-27 = £, - Fex(®) <0} = [ P(=27 < U = Vi <01 Ui =uld

0
1

= / (C;}{)(u, u~+2y,) — C;,lc)(u, u)) du
0
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=0(1),
and therefore,

Dl =0 (n772). (45)

Now notice that (Ul# El) NG C Ul;éj(El N G)) forevents Ey, ..., E4, G1, ..., G4, and where G = ﬂizl Gp.
Then an application of Proposition 1 leads to

d n
1
Dol < v Y~ 3 U {Faj (Xij) = Fur(Xg) for some & 5% j, Fj(Xij) < Fu(Xim) Y 2 j}
j=1"i=1
d 1 n
<¥n Z Z - Zl {Foj(Xij) = Fu(Xin), Fj(Xij) < (X}
j=11<i<d n i=1
I
= op (n—1/2>’ (46)

the latter identity analogously to the considerations on D,,;. Thus, part i. of the lemma is a consequence of (42)—(46).
Now we prove part ii. We obtain

d n
1
B, — Bf= E ;E (= Fak (Xix) + Fj(Xij))
1

k=1t iz
V{Fu(Xi) > Fu(Xi) VI < k, Fu(Xit) = Fu(Xip) VI > k, Fj(Xij) > Fu(Xim) Ym # j}
=E,+E,1—Ep a.s., 47)

where

d n
En1=Z Z %Z(—Fnk(xik)'FFj(Xij))

j=l1<k=<d  i=1
k#j

VFu(Xix) > Fu(Xin) VI <k, Fur(Xix) = Fu(Xi) V1 > k, Fj(Xij) > Fu(Xim) Ym # j} ,

]:
1 {max{(Fnj(X,-j) < Fu(X;) for some [ < j)(Fyj(X;j) < Fp (X)) for some [ > j)},
Fj(Xij) > Fou(Xim) Vm # j}.
For Fyx(Xix) = Fpj(X;j) and F;(X;;) > Fr(X;), it follows that
—Fu(Xip) + Fij(Xij) < —Fyj (Xij) + Fj(Xij) < Y,
—Fu(Xir) + Fj(Xij) > —Fu(Xig) + Fr(Xig) > —¥n,
whenever k # j. On the other hand,
Fir(Xig) + vn = Fax Xin) > Foj (X)) > Fj (Xij) — Yo > Fr(Xik) — Vn-
Taking (43) and (44) into account and applying Proposition 1, we derive

d n
1
Enl <va Y D> = > U Fu(Xi)=Fyj(Xij). Fj(Xij) > Fe(Xip)}
j=1 1%;5@” i=1
J

d n
1
sy D ) MHF Xy = 2m=FXu) < Fj(Xip}.

j=l1<k=d i=1
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Analogously to the considerations in part i., we obtain
|Entl = op (n7'72). (48)

By Proposition 1 and considerations in part i., we have

d n
1
[En2| < v E E - E 1{Fj(Xij) < Fu(Xin), Fj(Xij) > F; (X))}
j=ll<i=d " i=1
I#]

=op (n_l/z) . (49)

Identities (47)—(49) lead to part ii. of the lemma, and this completes the proof. O

Let V, be a U-statistic with symmetric real-valued kernel function A (symmetric means that interchanging the
arguments does not affect the values of A):

Vn=<;>l Z A (Y. Yiy).

1<iy<ip<n

where Y1, ..., Y, is the sample of i.i.d. random vectors. Define

My) :=EA(y, Y2),
&1 =V (YY),
B:=EArY1)=EA(Y1,Y2),

where V is the symbol for the variance. Note that A(y) is the conditional expectation of A given one argument equals
y.

In the next proposition we recall the central limit theorem for non-degenerate U -statistics (Theorem 5.5.1A in
Serfling [34]).
Proposition 2. Assume that A is symmetric and {1 # 0. Then
d
Vn(Vy =) — N(0,4¢1).

Now we are in conditions to prove Theorem 1.

Proof of Theorem 1: Since

DutEn= oy Z (I Xy = Xij} = Fj (X)) L{F; (Xi5) < Bt (Xip) VI # j}

C(U{F; (Xij) < FEXa) VI # j} = 1{F; (Xij) > FL(Xi) VI # j}) + Ra,

where

i

24 1 _d
= n2 nn+1)) n+1

as a consequence of (39) and Lemma 2, we obtain
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0,,4(M., C) = Qy(M,C) = A} + B} + Dy + Ey +op (n™'/2)

=Ay+ B,
1 n d
+— > (X < Xij} = Fj(Xip) V{F;(Xij) < Fi(Xan) VI # )
n i,k=1j=1
1 n d
- Xy < Xij} — Fj(Xip)) 1{Fj(Xij) > Fi(Xi) VI  j}
i, =1]=1
+ Op ( 1/2)

_%ZZA(Xl,Xk)_Qd(M C)+0]P’< 1/2>

where

AX,y) = M(Fl (xX1), -+, Fa(xq)) + M(Fi(x1), ..., Fa(xq))

+Z <x,} —F; (x,)) (I{E/(xj) < Fi(xp) Vl;«éj} —l{Fj(xj) > Fi(x;) Vl;éj})
for x,yeRd.Since

1 & -
Y AKX =op (n7),
i=1

we can conclude

0,,4(M. C) = Q4(M, C) =V, = Q4(M. C) +op (n™'7),
where

1 o
V, = EZ D (A X)) + AKX X)) .
i=1k=i+1

V, is a U-statistic with symmetric kernel (x,y) —> A(X,y) + A(y, X). Note that

h(x):=E (A X;,x) + A (x,X}))

=Y | (Mfxj =z} = Fi@p) U{Fj(z)) < ) VI # j} = 1{Fj(z)j) > Fi(z)) VI # j}) dH (z)

+ M(Fi(x1), ..., Fa(xa)) + M(Fi(x1), ..., Fa(xa) + Qy(M, C).

By applying Proposition 2, for A(.) = h(.)/2, B = Q/;(M,C) and ¢ = o2, and taking into account
o =V(h(X;)

/ Z/ xj <zj} = Fj(z))

R4 J= le
(L{Fj(zj) < Fz) VI # j} = 1{F;(zj) > Fi(z)) VI # j}) dH (2)
+M(FI @), ..., Fa@a) + M(Fi(x), ..., FaGa) — Qy(M., ©))* dH (%)
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d
=f Z / (v <uj} —uj) W {u; <uy Vi j}—1{u;>u Vi j})dC)
(0,114 \/=0,1)¢

+M¥) + M(v) — Q4(M, €))> dC(v)

g

[0,11¢ J
d
=)

+M(¥) + M(¥) — Q(M, C))* dC(v), (50)

we complete the proof. O

M&

/ u,<u1\7’l;«é]}( { <u]}—u])dC(u)

Ho.1pe

u] >u1Vl7é]}( { <uj}—u])dC(u)

H\

Appendix C. Estimation of o2

The variance o2 in Theorem 1 can be estimated by replacing in the expression of /(x) above, the functions H and
F; by their empirical counter-parts H, and F,;: Since

d

h(x) = Z[ (1{x; <zj} = Fi(z))

jle"
“(M{Fj(zj) < FG) VI # j} = 1{Fj(zj) > Fi(z)) VI # j}) dH,(2)
+M(F1 (1), - s Fa(xa)) + M(F1(x1), ..., Fa(xa)) + QLg(M, C)

—_ZZ <X1] Fnj(Xij))

j=1li=1
(U Fj (Xij) < Fu(Xa) Y1 # j} = 1{Foj (Xij) > Fu(Xa) Y1 # j})
+M(Fi(x1), ..., Fa(xq)) + M(Fi(x1), ..., Fa(xq)) + @;d(M, 0)

we have

. 1 < ~,
67— Z (A(Xp) —20),,(M, 0))

1 n 1 d n
:n Z ;ZZ Xk/<Xl/} Fn/(Xt/))

(1 {Fnj(Xij) < Fu(Xi) V1 # j} = 1{Fyj(Xij) > Fu(Xi) VI # j})

2
+M(Fi1(Xk1), - -, Fa(Xka)) + M(F1(Xx1), -, Fa(Xga)) — @;d(M, C)) .

Appendix D

Note that according to the calculations preceding (27), for this formula to hold we have to take

n n
Sna =Y -+ Y (max(iy,....ig) —min (i, ....iq)).

i1=1 ig=1

We are going to prove that this is consistent with (28).

29
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Lemma 3. Letn,d € N such thatn > 1 and d > 2. Then

—1 2 WA
Spa = (n + Dn? 22 4 = m nd+l — 1 Z ( o )B2knd+1—2’< (51)
k=1

where |x | denotes the floor of x and By, is the corresponding Bernoulli number, i.e., { By }7> ; = {1/6, —1/30,1/42,
—1/30,5/66,...}.
Proof. First, note
max (i1,...,ig)=n+14+max(i;—n—1,...,ig—n—1)
=n+1—-min(n+1—ip,....,n+1—1iy);
Since the terms n + 1 — i, withr =1, ..., d, take the values {1, ..., n}, we have
Spa = (n + Dn? = 2T, (52)
where
Z me(zl,..., d).
i1=1 ig=1

Observe Ty = 1 and T,, — T,,_; = n?, thus

+1 d d
L By d! d—k+1
”_Z’ d+1 2+;k!'(d—k+1)z'” :

The second equallty is known as Faulhaber’s formula and also, very often, Bernoulli’s formula (see formula 0.121
in Gradshteyn and Ryzhik [17] and Knuth [20] for more details). Now, putting the expression above back into (52),
expression (51) comes out, which completes the proof. O

Appendix E

We next derive a closed-form expression of multivariate Spearman’s p, in (32) for the FGM d-copula in Exam-
ple 1. The result follows easily by plugging the formula of the FGM copula function in Equation (8) into the equation
(32). Then, simple calculations yield

1 1

d+1 d d 0d+1)
CFGM) od / du: + 0 (l—u)du; | -1} =—-—2 .
( Y il;[lo uidu; + il;[lo ui(1 —u;)du; 32 —d—1)

To obtain the expression of multivariate Spearman’s p;, we resort to Ubeda-Flores [38, Example 2], who provides an
explicit formula of a multivariate version of Spearman’s rho, called pg, which is defined as the average of p; and pj,
namely

£ (chom) = pd (CF™) + 2y (CF™) _ 0@+ D1+ (=D
0 2 2.342d —d — 1)

Hence, from the two equations above, it is immediate to get the value of pj as

o (Cch) _ (=14 (d + 1)'
3424 —d — 1)

Explicit formulae of Kendall’s t; for the AMH d-copula in Example 3 are not available. However, we will be
able to work out a recursive formula to compute 7/(0). To start with, let us denote Ka(1,0) = 0K4(t,0) /060, where
K (¢, 0) is the Kendall’s distribution function of a d-copula Cy that depends on a single parameter 6. Barbe et al. [2]
provide the following expression to compute this function for an Archimedean d-copula with generator ¢, for d > 2,
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=

i!

(Po (1)) fi—1(2,0), (53)

d—1
Kat,0) =1+

i=1

Where fO(t»Q) = l/d)é)(t)’ d)é(t) = 8¢9(t)/8t’ and fOr l Z 19 fz(t, 9) = fo(tsg)ﬁ/_l(t19)9 Where f;'/_l(tsg) =
dfi—1(t,0)/0t. Then, simple calculations based on (53), evaluated at d = 2, yield

1 ge(t) | ¢olt) ¢p(t)
dp(t) 00 (dp(1)? 36

and, for d > 2, we can define K4(z, 6) recursively through the following formula,

Ratt,6) = Raes 0.6+ S22 [0 fya0,6)]. (54)
d—-1)! 96
Now, taking into account (31), one easily deduces
374(0) 2d :
T4 .
6) = "0 =~ [ Kaworar (55)
0

(see Genest et al. [16]) and putting (54) back into (55), a direct evaluation of r(; (0) at & = 0 gives the following
recursion for any Archimedean d-copula with generator ¢y, for d > 2,

1
2d—l ) 2d (_1)(1—1 )

GO0 = 1O = s | g (@O faa.6)]
0

dr.
6=0

In particular, for the AMH d-copula in Example 3, tedious calculations yield
7 (COMH) = (M) =0.222, o (CPMH) =0.194, o4 (M) =0.156,

and so on.
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