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Abstract

In this paper we study Stein equations where the coefficient matrices are
in companion form. Solutions to such equations are relatively easy to
compute as soon as one knows how to invert a Vandermonde matrix (in
the generic case where all eigenvalues have multiplicity one) or a confluent
Vandermonde matrix (in the general case). As an application we present
a way to compute the Fisher information matrix of an ARMA process.
The computation is based on the fact that this matrix can be decomposed
into blocks where each block satisfies a certain Stein equation.
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1 Introduction

In this paper we investigate some properties of (confluent) Vandermonde and
some related matrices aimed at and motivated by application of them to a prob-
lem in time series analysis. Specifically we show how to apply results on these
matrices to obtain a simpler representation of the (asymptotic) Fisher informa-
tion matrix of an ARMA process. The Fisher information matrix prominently
features in the asymptotic analysis of estimators and in asymptotic testing the-
ory, e.g. in the classical Cramer-Rao bound on the variance of unbiased estima-
tors. See [10] for general results and for time series models, see for example [2].
However, the Fisher information matrix has also attracted considerable atten-
tion in the signal processing literature, e.g. [6], [19] and [12]. We have previously
shown, see [14], that the Fisher information matrix of an ARMA process is the
solution of a so-called Lyapunov equation. Let us be a little bit more precise,
although we don’t go into details on ARMA processes until Section 5. The
Fisher information matrix in this case can be decomposed into blocks that are
solutions of equations like

X+MXNT =R.

The coefficients M and N in this equation turn out to be in companion form in
the given context of time series analysis and the right hand side R is another
given matrix.

The plan of attack that we follow to solve such an equation is to break up
the solution procedure into a number of steps that are each relatively easy to
perform. First we replace by a basis transformation the coefficient matrices
with their Jordan forms, thereby also changing the variable matrix X and the
right hand side R. Since a basis of (generalized) eigenvectors of companion
matrices can be represented as the columns of a (confluent) Vandermonde ma-
trix, the basis transformation needed for this can be expressed in terms of the
just mentioned Vandermonde matrices. Performing the basis transformation
requires knowledge on how to compute inverses of confluent Vandermonde ma-
trices. One of the aims of our paper is to derive rather simple, but explicit,
representations for these inverses. Of course this whole procedure would be
meaningless if the equation in the new coordinate system is more complex than
the original one. In Section 4 we will see that fortunately the resulting equation
is much easier to solve than the original one, especially in a generic case, where
the solution becomes almost trivial. By applying the developed procedure to
the computation of the Fisher information matrix for an ARMA process, we
reach our goal of giving an alternative way to represent this Fisher informa-
tion matrix. This application motivates also from a statistical perspective the
interest of analyzing (confluent) Vandermonde matrices.

The remainder of the paper is organized as follows. In Section 2 we introduce
the basic notations that we use throughout the paper. Section 3 is devoted to
technical results on companion matrices and confluent Vandermonde matrices,
the main results concerning inversion of confluent Vandermonde matrices. In
Section 4 we apply these results to describe solutions to Stein equations where



the coefficient matrices are in companion form. Finally in Section 5 we inves-
tigate the special case where the solutions to certain Stein equations are given
by blocks of the Fisher information matrix of an ARMA process.

2 Notation and preliminaries

Consider the matrix A € R™*"™ in the following companion form.

0 1 0 0
0 1
4= S 1)
0 0 1
—Qn —a2 -4
Let a' = (a1,...,a,), u(z)" = (1,2,...,2" 1) and u*(2)" = (2" %,... 1)

(where T denotes transposition). Define recursively the Horner polynomials
ar(+) by ap(z) =1 and ag(z) = zag—1(z) + ax. Notice that a,(z) is the charac-
teristic polynomial of A. We will denote it by 7(z), occasionally by m4(z) if we
want to emphasize the role of the A-matrix.

Write a(z) for the n-vector (ag(z),...,a,-1(2))". Furthermore S will denote
the shift matrix, so S;; = §; j+1 and P the backward or antidiagonal identity
matrix, so Pj; = 0;4;jn+1 (assuming that P € R™*"). As an example we have
Pu(z) = u*(z). The matrix P has the following property: if M is a Toeplitz
matrix, then PMP = M T, in particular P? = I, the identity matrix.

We associate with the vector a the matrix T, € R™*™ given by

T,=| ™
Ap_1 a1 1

Notice that the matrices T, and S commute and that a(z) = Tyu(z).
Denoting the k-th basis vector in R™ by ey, we can write

A=—e,a' P+ ST, (2)

If q(-) is a polynomial and if for some natural number k the term (z — ) is
a factor of ¢(z) (which happens if « is a zero of ¢(-) with multiplicity greater

than or equal to k), then we define the polynomial gx(-; ) by g (z; ) = (Zq_(z))k .
(k)

Notice the following identity: gi(o; ) = ¢, ' (a)/k!. In the sequel we will often
use D for differentiation (w.r.t. z). For instance, instead of d%qk(z; a) we then
write Dgi(z;a) and Dgi(z;«) in z = « is denoted by Dgy(«;«). Notice also
the formula

(z) = m(a) = (z — a)u’(2) Ta(a), (3)



which follows from the definition of the Horner polynomials by a direct compu-
tation.

We also need some results on Lagrange and Hermite interpolation problems. As-
sume to be given s pairwise different complex numbers a4, . .. , as (so a; # o iff
i # 7) and we want to find n polynomials p1, ... , p, of degree at most n— 1 such
that the p;(a;) take on certain given values. Notice that we have n? unknown
parameters to determine, but only ns conditions. Therefore we add constraints

by prescribing certain values of the derivatives pg.k) (o) for k=1,... ,m; — 1,

where the m; are such that > ;_, m; = n. In this way we obtain n? constraints.
The total set of prescribed values of the polynomials p; and their derivatives
that we consider are given by the following equations:

k—1
o)
(k—1) "Xz mithg

where j =1,... ,n,i=1,...,s, k =1,... ,m; and ¢ denotes the Kronecker
symbol. Notice that in the case where s = n all m; are equal to 1, and we only
require p;(a;) = d;;.

In order to give the solution to this interpolation problem an elegant form we
present the conditions as described below. We need some notation. First we

denote by p(z) the column vector (py(2),...,pn(2))". For each i we denote by

(E=1) (g,
I1(7) the nxm,; matrix with columns I1(7); = %, withk=1,...,m;. The

constraints are now given in compact form by the equality (II(1),... ,II(s)) = I,
where [ is the n x n identity matrix.

Write 7(2) = [[}_;(z — @)™ = X" _a;2""7 and let A be the associated
companion matrix of equation (1), so that m is its characteristic polynomial.
Let U;(z) be the n x m; matrix with k —th column equal to (kil)! u*=1(z) and
write U; = U;(a;). We define the n x n matrix V' (often called the confluent
Vandermonde matrix associated with the eigenvalues of A) by V = (Uy, ... ,Us).
Similar interpolation problems involving one polynomial only are known to have
a unique solution, see e.g. [17, p. 306] or [5, p. 37]. Here the situation is similar
and as an almost straightforward result from the current setup we have

Proposition 2.1 The unique solution to the interpolation problem is p(z) =
V—lu(z).

Write p*(2) = z”_lp(%) and notice that we use multiplication with the same
power of z for all entries of p(1).
Let II* be defined by II* = V~!'PV. Then the matrix II* is involutive, i.e.
()% = 1.

Proposition 2.2 The polynomials p and p* are related by
p*(2) =V IPVp(z) = IT*p(2). (4)

In particular, p*(0) = V~te,.



Proof. This follows from

p*(z) = z"_lV_lu(é) =V Pu(z) = V7 IPVp(2).

3 Confluent Vandermonde matrices

The main topic of this section is to give some formulas for the inverse of a
confluent Vandermonde matrix. We need some auxiliary results. First we give
an expression for adj(z — A), where A is a companion matrix of the form (2).
The next proposition is an alternative to formula (31) on [7, page 84].

Proposition 3.1 Let A be a companion matriz with m as its characteristic
polynomial. The following equation holds true.

n—1
adj(z — A) = u(z)a(z) " P — 7(2) Z 28It (5)
7=0
Proof. First we show that
a(z)TP(z — A) = 7(2)e] . (6)
Using (2), we have
a(z)"P(z—A) = a(2)"P(z—S" +e,a' P)
= a(2)"(z =S+ Pepa' )P
= (n(2)e) —a' +a(2)" Peya")P
m(2)e, P,

which gives (6). Multiply the right hand side of (5) by (z—A). First we consider
a(2)TP(z — A). In view of (6), this is just

m(2)e] . (7)

Then we consider Z;l;ol 2SIt (z—A) = Z;L;Ol zj“SjH-i-Z;-:Ol A SIH (-8 T+
ena' P). Since Se,, = 0, this reduces to Z?;Ol 2Tl gi+l —Z?;g 27§78 T, Use
now the equality SST = I —eje] to rewrite this as Z;L:_Ol 299(28 — I +eref),
which equals Z;:OI 2989(28 — 1) + z;:ol ZJeji1e] . But this is equal to —I +

u(2)e] , because the first summation is just —I and the latter one equals u(2)e; .

Hence

n—1

Z 2SI (2 — A) = T+ u(2)e] . (8)

J=0

So we obtain from equations (7) and (8) that the right hand side of (5) multiplied
by z — A is equal to

u(z)m(2)ef +m(2)(I —u(2)e]),



which is 7(2)I, precisely what we have to prove. O

For the application to time series that we have in mind, as explained in the intro-
duction, we need the inverse of a (confluent) Vandermonde matrix. Especially
in the 1970’s this was a popular topic and many papers appeared on the sub-
ject. Quite often attention has been paid to the finding of efficient procedures to
carry out the inversion numerically. Recently, there has been a renewed interest
to a related subject, the inversion of Cauchy-Vandermonde matrices. These ap-
pear in rational interpolation problems and are beyond the scope of the present
paper.

Further down we provide inversion formulae for confluent Vandermonde matri-
ces. Some of these can be found in the older literature, but the derivation below
is different. Of the many possible references we mention [11], [4] that give re-
sults for the relatively simple case of a genuine Vandermonde matrix, or in the
spirit of our Proposition 3.3 (but obtained by different methods) for a confluent
Vandermonde matrix and [20] who has elementwise expressions. Related results
of a different nature can be found in e.g. [9], [3] or [18].

We need the Jordan decomposition of A. We use the notation S,,, to denote
the shift matrix of size m; x m;. Recall that the confluent Vandermonde ma-
trix as we defined is such that the columns are independent eigenvectors of A.
The Jordan form of A is determined by the relation V™AV = J4 and Jy is
block diagonal with i-th block given by o;l,,, + S,IL As a first step towards
expressions for the inverse of a Vandermonde matrix we will use

Proposition 3.2 Let J4 be the Jordan form of the companion matriz A. Then

n—1
adj(z — Ja) = p(2)a(z) " PV —n(2)V ! Z 2SIy, 9)
j=0
In particular
adj(ay — Ja) = w(ag)a(ay) T PV. (10)
Proof. This follows from Propositions 3.1 and 2.1. ]

Next we proceed with some results of general nature. Let M be the block
diagonal matrix with s blocks M (i) of size m; x m; specified by

1 —m;— .. . 3 .
Miyy = | T DT (0 aa) i k4L —mi =120
M 0 else.

(11)
Notice that the M (i) are symmetric Hankel matrices and that the M (i) are
zero for k +1 < m,;. We have for the matrices M (i) the following alternative
expression:

m;—1

1
M (i) = Z 61S'P, where 6§, = —
1=0

Z!Dlﬂmi (Oél'; Oéi).



Here we denoted by S the m; x m; shift matrix and by P the m; x m; backward
identity matrix.

The computation of the inverse of an M (i) is simple because of its triangular

structure and the fact that it is Hankel. Indeed, it is sufficient to know the first

row of M(i)~!, call it rq, since all rows 7; are of the form 715771, As a matter

of fact the inverses of the matrices M (¢) have a particular simple structure. To

enlighten this we introduce for a given m — 1 times continuously differentiable

real function f the matrix valued function L7(2) of size m x m be defined by
o= { EPO e

0 else.

Notice that the matrices Lf(z) are lower triangular and Toeplitz. One readily

verifies that (Lf(z))™! = L%(z) in the points z where f doesn’t vanish. In
particular, the last row of (Lf(z))™! is given by

1 1
)7 (m=1)!

where P is as above of size m x m.

Now we apply this result to f(z) = mm,(2; ;) and m = m; to get the inverse of
M (i). We then have for this choice of f that M (i) = L¥(a;)P. The first row of
M (i)~! is then seen to be

e L

1 1
T, (i3 aq)” 77 (my — 1)!

Dmi‘l(—l ))P. (12)

Tm, (0 ;)

(

Next we define a matrix NN, consisting of blocks N (ij) of size m; x m;. To do
so we need some additional notation. We write 7*(z) = z"m(1) and 7} (2;a) =
2" 'me(L; ). Then we define the entries of the N (ij) by

1
(k—1)!

N(Zj)kl = Dk_lwl*(ai;aj).

Unfortunately, the matrix N doesn’t share the nice properties (block diagonal,
block Hankel, block symmetric) with the matrix M above.

Proposition 3.3 The following equalities hold.

w()T, = a(z)'P (13)
u*(z)TTaV = (m(z;a1),.. Ty (z51), .oy T1(2508), o Tm, (2505)) (14)
V'PT,V = M (15)
u(z)TTaV = (mza1),...,mm (z500), ..., 71 (z506), ..., T, (25a5)) (16)
viT,v = N (17)
V' = M'W'PT,=M YT,V)'P (18)



Proof. The equality (13) is the result of the string u*(2)"T, = u(z)" PT, =
u(z) T P =a(z)"P.

We continue with showing (14). Consider (3) and differentiate k times w.r.t. c.
We obtain —D*r(a) = u*(2) T ((z — a)D*a(a) — kD¥ta(a)).

If o is a zero with multiplicity m, then D¥7(a) = 0 for k < m—1. So we get the
system of equations 0 = u*(2) T ((z — a)D*a(a) —kD*la(a)) for 1 <k <m—1
and 7(2) = (2 — a)u*(2) Ta(a). Write now qi(z) = u*(2) T D¥a(a), then go(z) =
™) and we have the recursive system of equations 0 = (z—a)qi(2)—kqr—1(z) for

- w(2)

k=1,...,m—1. Solving this system yields qx(z) = k!m = klmgy1(z; Q).
In other words, we find

u*(z) " DFa(a) = klmpp 1 (2; ). (19)

Consider now a(w) = T,u(w) = T,Vp(w), where p is the interpolation polyno-
mial. Then we also have u*(2) "a(w) = u*(2) T, Vp(w). Take in this equation
derivatives w.r.t. w, substitute the «; for w and use the definition of the inter-
polation polynomial to get

D™~ 1a(ay)
(my—1)! 7

D™=~ 1a(ay)

u*(z)TTaV — (a(al), RN (ms . 1)[

ya(as), ..., ). (20)
Combination of equations (19) and (20) yields (14).

To prove (15) we start from equation (14). Take the appropriate j-th order
derivatives, divide by j! and substitute the «; in the resulting expression. Doing
so results in a block-diagonal matrix, with on the diagonal exactly the M (i) as
above.

Equation (16) immediately follows from (14) by definition of the polynomials
(2 ).

The proof of (17) completely parallels that of (15) and is therefore omitted.
Now we turn to (18). First we observe that all the matrices M (i) are invertible,
because of their triangular structure and the non-zero elements 7, (a;; a;) (o
had multiplicity m;) on the antidiagonal. Therefore also M is invertible and
taking inverses in equation (15) yields the first equality of (18). The second one
then follows from PT, = T, P. O

Remark 3.4 The most important formula of Proposition 3.3 is Equation (18)
that gives an expression for the inverse of the confluent Vandermonde matrix.
We see that the only inversion that has to be carried out is that of M. For that
we have (12) at our disposal.

Corollary 3.5 The matrices M and N are related through the following two
identities

M = NI (21)
N = (II")'M. (22)

Moreover NM~™1 = MN~! and thus NM ™1 is involutive.



Proof. From equation (17) we get V~T =T,V N~! and hence VT PV~-TN =
VTPT,V and in view of equation (15) this equals M. Now II* was defined as
II* = V-'PV, so we get (II*)" N = M and since M is symmetric we obtain
(21). But then also N = (II*)~ "M = (II*) " M, since IT* is involutive. For the
same reason the final assertion of the corollary follows. O

In the next proposition we present integral representations for the matrices

M and M~!. Below we use the notations u,, (2)" = (1,z,...,2z™ 1) and
uf, (2)7 = (2™71,...,21) and the I, are sufficiently small contours around
the Q.

Proposition 3.6 The following integral representations for the matrices M (i)
and M (i)~ are valid.

) 1 7(z)
M _ - * —a; * —a; T "\ 2
(7’) 2mi T Upn, (Z o )umi (Z o ) (Z — O[Z‘)2mi dz ( 3)
MG = b (e — )i (2 — o) ——dz (24)
oo, T Yom(z) T

As we have noticed before, M (i) ! is completely determined by its first row (or
column). From Proposition 3.6 we get, using Cauchy’s theorem, that this first
row is given by

1 T 1 1 1

) 1
)T s = Dt
U z(z Oé) ﬂ'(Z) z (ﬂ'm,;(aﬁai) (mzfl)' ﬂ_mi(ai;ai)

)P,

27 T,

in agreement with what we already found in (12).

4 Application to Stein equations

The goal of the present section is to obtain a way to compute the solution of
Stein’s equation, where the coefficients are matrices in companion form. Apart
from its interest this is chiefly motivated by the computation of Fisher’s in-
formation matrix of an ARMA process. As we wrote in the introduction, the
blocks of Fisher’s information matrix are solutions to such a Stein equation,
see [14]. We postpone the application to ARMA processes to Section 5.

Let A be a complex matrix of size n x n (not necessarily in companion form).
If f is a C"*! valued analytic function, then we define f(A4) as Y_re , & AF F*)(0).
We use the following known result (see for instance [17, Section 9.9, Theorem

2).

Lemma 4.1 Let A be a complex matriz (n X n) whose eigenvalues lie strictly
inside the unit disk T'. Then for a C™*" valued analytic function f one has

1
21 T

(2 — )7 f(2)dz = f(A).



As an application of Lemma 4.1 we solve the Stein equation. Given matrices
A, C and H of appropriate dimensions (we also assume that the eigenvalues of
both A and C lie inside the unit disk), we are looking for the solution for S of

S—ASCT =H. (25)

This equation is of interest in matrix and operator theory (e.g. the operator
that takes S to S — ASC is called a displacement operator, see [8]). In [15] we
study this equation further and relate solutions of various Stein equations to a
certain Fisher information matrix.

The solution to (25), see [16], is given by - §.(z — A) 7! f(2)dz, with f(z) =
H(I — 2C)~ T and hence equal to Y ;= , A*H(CT)*.

We continue with presenting an alternative way to obtaining a solution for the
special case where both the matrices A and C are in companion form. Let V4
be the Vandermonde matrix associated with A and let V¢ be likewise associated
with C. Let § = VAflsVCT—r and H = VXIHVCTT. The results of Section 3 on
inverses of confluent Vandermonde matrices enable us to compute H.
Premultiplication of (25) with V ! together with postmultiplication with Ve T
results in

S—JaSJ5 =H, (26)

where J4 and Jo are the Jordan forms of A and B respectively.

Let v = vec (S) and h = vec (H). Then it is known (see [16]) that v is given by
v= (I —Jc®Ja)"th under the assumption that no product of an eigenvalue of
A and an eigenvalue of C' equals 1. This assumption is typically fulfilled in the
context of stationary and invertible ARMA processes, where these eigenvalues
are the zeros of both the AR and the MA-polynomial and thus lie inside the
unit circle, see Section 5.

The computation of the inverse of the matrix I —.Jo ® J4 can now be done in an
efficient way. Let J4 ; be the Jordan block of J4 associated with the eigenvalue
a; and Jc ; be the Jordan block of Jo associated with the eigenvalue ;. Then
I—Jc®J4 is block diagonal with diagonal blocks I —J¢ ;®J4 ;. Moreover, these
blocks are upper triangular and even almost block diagonal. On the diagonal we
find the blocks I —+;J4,; and on the subdiagonal just above it the blocks —J4 ;.
Therefore, (I —Jo;®Ja,;)"" is again upper triangular with on the diagonal the
blocks (I —~;J4,;)"" and on the k-th subdiagonal above it (k < m; — 1 with
m; the multiplicity of ;) one finds the blocks (I — WjJA,i)_’“_lJf"i. Finally the
inverses of the I —;J4,; are upper triangular Toepliz matrices with kl-element
given by wf_l(l —ayy) R for k> L

The generic case is that where all the eigenvalues of A have multiplicity 1 and
likewise for the eigenvalues of C'. Consequently the matrices J4 and Jo are
diagonal. In this case equation (26) has a very simple solution: S has elements

1
1=,

10



5 Application to ARMA processes

Consider an ARMA(p, q) process y, a stationary discrete time stochastic process
that satisfies

Yt +a1Y—1+ -+ apYt—p = €t T C1€¢—1 + - + Ce€t—yq, (27)

where ¢ is a Gaussian white noise sequence with unit variance. The real con-
stants ai,...,ap and ¢, ... , ¢4 will be fixed throughout the rest of this section.
Introduce the monic polynomials a(z) = > 0_ a,—;z* and ¢(z) = >0 cq—iz’
and let a* and ¢* be the corresponding reciprocal polynomials, so a*(z) =
S pazt and ¢*(2) = >oF_¢;z". We make the common assumption that the
ARMA process is causal and invertible, meaning that a and ¢ have their zeros
strictly inside the unit circle [2, chapter 3].

Write 0 = (a1,... ,ap,c1,...,¢4) . Notice that the observations y (given ran-
dom variables or their realized values) of course don’t depend on the parameter
6, but then the noise sequence € does. The Fisher information matrix F},(6) for
n observations is defined (see [1]) as the covariance matrix of the score function
and, because of the assumed Gaussian distribution of e, it is asymptotically
equal to n times the stationary Fisher information matrix

de e

0000 ’

where Ey denotes expectation under the parameter 6. Knowledge of the Fisher
information matrix is crucial for asymptotic statistical analysis. For instance, it
is known (see e.g. [2]) that maximum likelihood estimators of the parameters of
an ARMA process are consistent and have (using n observations) an asymptotic
covariance matrix that is n~! times the inverse (provided that it exists) of the
stationary Fisher information matrix. The inverse exists if the polynomials a
and ¢ have no common zeros, see [13].

The matrix F'(f) has a representation in the spectral domain given by the fol-
lowing block decomposition

F(0) =By

F(o) = (l;T f;) (28)
where the matrices appearing here have the following elements
iy = erile_l Wdz Gok=1,....p)
Fib = 271”]2_1%@,@—1,... pk=1,...,q)
FiF = 271”]2'_1 mdz,(j,k =1,...,9).

With k(z) = a(2)a*(2)c(z)c*(2), up(z) = (1,...,2P71) T, ug(2) likewise and u})
and uy their reciprocal polynomials we have the following compact expression
for the whole Fisher information matrix.

11



_ 1 1 C*(Z)UP(Z) * T * T
F9) = 5 jlil_l B (—a*(z)uq(z) (c(z)up(z) a(z)ul(z)") dz. (29)
As in Section 2 we let A € RP*P be the companion matrix associated with the
polynomial a(-) (its precise form is given by equation (1) for n = p). The matrix
C € R associated with the polynomial ¢(-) has an analogous form.

Let the matrix A € RPtO*(®+4) be given by

A:<gl g)

In [14] we showed that the Fisher information matrix F'(6) is the solution of the
following Stein equation

F(0) — AF(0)AT =ee', (30)

T = (e}, el.) with e,, the p-th standard basis vector in RP and ey, the

where e o0 €4q
g-th standard basis vector in R?. Using for F'(f) the block decomposition (28),
we see that each of the blocks involved satisfies a Stein equation with appropriate

coefficients. For instance for F,. € RP*? we have
Fac - AFCLCCT = Hac7 (31)

with H,. = eppeqTq. As we already announced in the introduction, equation (31)
as well as the analogous equation for the other blocks of Fisher’s information
matrix motivated the study of solutions to Stein’s equation, when the coefficient
matrices are in companion form.

We apply the results of the previous sections as follows. Let V4 be a matrix
whose columns are the generalized eigenvectors of A, and Vi the corresponding
matrix for C'. As we have seen before these matrices are confluent Vandermonde
matrices. By J4 and Jo we denote the Jordan forms of A and C' respectively.
Let also F,, = VglFacVCTT and H,, = VXIHGCVCTT. Then we can replace (31)
with the equivalent equation

Froe — JaFu.J) = Hye. (32)

A little more can be said. The matrix H,. here becomes Vi e, (Vi 'egq) T and
we observe that both V; e, and V; e, are the last columns of the inverse of a
Vandermonde matrix. We have already seen in Section 2 how these columns are
related to interpolation polynomials. We have for instance that V- 1epp is equal
to p% (0), where p* (2) = zp_lpA(%) and p4 the interpolation polynomial related
to the eigenvalues of A as described in Proposition 2.2. Likewise Ve, =
po(0).

Let us finish with considering the generic case of Fisher’s information matrix,
i.e. we assume that A and C only have eigenvalues of multiplicity 1. It then
follows that Fac has as it’s ij-th element

P4 (0)ip5(0);
1 —

12



Now it is easy to compute F,. = VAF'GCVCT . To the other blocks of the Fisher
information matrix the same procedure applies.

Acknowledgement. We thank one of the referees for many (detailed) sugges-
tions that helped us in writing the revision.
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