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ABSTRACT: We discuss holography for Schrodinger solutions of both topologically massive
gravity in three dimensions and massive vector theories in (d+1) dimensions. In both cases
the dual field theory can be viewed as a d-dimensional conformal field theory (two dimen-
sional in the case of TMG) deformed by certain operators that respect the Schrodinger
symmetry. These operators are irrelevant from the viewpoint of the relativistic conformal
group but they are exactly marginal with respect to the non-relativistic conformal group.
The spectrum of linear fluctuations around the background solutions corresponds to oper-
ators that are labeled by their scaling dimension and the lightcone momentum k,. We set
up the holographic dictionary and compute 2-point functions of these operators both holo-
graphically and in field theory using conformal perturbation theory and find agreement.
The counterterms needed for holographic renormalization are non-local in the v lightcone
direction.
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1 Introduction and summary

Gauge/gravity dualities have become an important new tool in extracting strong coupling
physics. The best understood examples of such dualities involve relativistic quantum field
theories. Strongly coupled non-relativistic QFTs are common place in condensed matter
physics and as such there would be many interesting applications had one had under control
holographic dualities involving non-relativistic QFTs. Motivated by such applications [1, 2]
initiated a discussion of holography! for (d + 1) dimensional spacetimes with metric,

_ b2du? . 2dudv + dx'dxt + dr?

T T

with i € {1,...,d—2}. The isometries of this metric form the so-called Schréidinger group,
whose generators are given by:

H:u— u+a,
M:v—wv+a,
D:r—(1-a)r, u—(1-a)u v-—o, = (1-—a)' (1.2

C:r—(1—-aur, u—(1-au)u, v—>v+;(xixi+r2), ' — (1 — au)z’

plus rotations, translations and Galilean boosts in the z* directions. Here (D,C) are the
generators of non-relativistic scale transformations with dynamical exponent z = 2 and
special conformal symmetries, respectively.

It was initially suggested that the metric (1.1) could play the role of a background for
the holographic study of critical non-relativistic systems in (d—1) spacetime dimensions, for
example fermions at unitarity, which have the same symmetry group. For such theories the
specific realization of the Schrédinger group on (1.1) dictates that the (d — 1) dimensional
theory should live on the spacetime spanned by the coordinates (u,z%) with u playing
the role of time. In this setup one considers operators Oa, m(u,z?) of definite scaling
dimension Ay and of charge m under the symmetry M. This charge m, which corresponds
to momentum in the v direction, would then have to be identified with a discrete quantum
number like particle number. In order to discretize the possible values of m one therefore
needs to compactify the v direction. This procedure is however very nontrivial as in
general quantum corrections become important and one cannot trust the metric (1.1) with
a compact null direction [5]. Recent work aiming at obtaining solutions without such a
compact direction can be found in [6].

The metric (1.1) has constant negative scalar curvature but it is not an asymptotically
locally AdS (or AlAdS) spacetime. (We review this further below.) This property sets
it apart from other gauge/gravity dualities, which are based upon the notion of AIAdS
spacetimes. It should be stressed that this implies that a priori one cannot extend any of the
standard holographic results to such spacetimes. For example, there are no guarantees that
the dual description has the form of an ordinary local, renormalizable quantum field theory.

'Note that a Kaluza-Klein framework for the geometric realization of Schrodinger symmetries was in-
troduced much earlier, in [3]; the relation of this work to the holographic framework is discussed in [4].



The principal aim of this paper is to understand how holography works for these
spacetimes. To avoid the complications of a compact null direction, we consider (1.1) with
v non-compact. The effects of such a compactification may be considered afterwards but
this issue will be for the most part suppressed in this paper. We will present evidence that
the spacetime (1.1) is dual to a d-dimensional quantum field theory that is non-local in
the v direction. More precisely, our viewpoint is that the dual quantum field theory can
be obtained from a d-dimensional conformal field theory by deforming with operators that
respect the Schrodinger symmetry. These operators are irrelevant from the perspective of
the relativistic conformal group but they are exactly marginal from the perspective of the
non-relativistic conformal group. As a first consistency check, notice that an irrelevant
deformation generally changes the UV properties of the theory and this explains why the
dual gravity solution is no longer asymptotically anti-de Sitter. In our context the UV
properties are now governed by the Schrodinger group and indeed the solution realizes this
symmetry geometrically.

Since the deformed QFT is Schrodinger symmetric, we should organize it in a way
that makes this symmetry manifest. To discuss this let us first recall that any relativistic
d-dimensional CFT is also invariant under the (d — 2) dimensional Schrédinger group.
This follows from the fact the conformal group in d dimensions has as a subgroup the
(d — 2)-dimensional Schrédinger group (as first discussed in [7] for d = 4).2 Tt follows
that it should be possible to rewrite the correlation function in a form that manifests the
Schrodinger symmetry. Indeed, as discussed recently in [8], the mixed representation of
the 2-point function where one Fourier transforms over the lightcone coordinate v brings
the relativistic 2-point function into the form dictated by the Schrodinger symmetry [9].

Schrodinger solutions have arisen as solutions of various gravitational theories; in this
paper we will focus on topologically massive gravity (TMG) in three dimensions and the
massive vector model used by Son [1]. Schriodinger solutions of TMG arise for a specific
value of the coupling, namely p = 3, and in earlier literature have been referred to as
null warped AdSs backgrounds. The operator X,, which deforms the dual theory has
relativistic scaling dimensions (h,h) = (3,1), breaks the Lorentz invariance and is dual
to a null component of the extrinsic curvature, as discussed in [10, 11]. Gravity coupled
to a cosmological constant and a massive vector with m? = 2d also admits Schrodinger
solutions in general dimension d; moreover the solution for d = 4 can be understood as
a consistent truncation of a decoupling limit of TsT transformed branes [5]. In this case
the deforming operator X, has relativistic scaling dimension d + 1 and is dual to a null
component of the massive vector.

As mentioned above, in theories with Schrédinger invariance operators are labeled by
the non-relativistic scaling dimension A, and the eigenvalue of M, which in our case is the
right-moving momentum k,. We will therefore Fourier transform in the right moving sector

2The embedding is the following. Choosing lightcone coordinates u, v, the relativistic momentum gen-
erators P, and P, are identified with H and M, respectively, the non-relativistic scaling generator D is
a linear combination of the relativistic scaling generator and a boost in the uv direction and C is related
to a relativistic special conformal generator. Translations, rotations and Galilean boosts and related to
translations and rotations in the relativistic theory. More details can be found, for example, in [1] or [5].



and consider the operators with different &, as independent operators. If v is compact then
k, would be a discrete label, but as mentioned above we do not compactify v and therefore
k, is a continuous variable. The deformation of the original CF'T for the case of the massive

vector is of the form,
Scrr — Scrr+ / d*rdudv V' X, (v, u, 2) = Scpr + / A %edu b X, (ky=0, u, z'), (1.3)

where Scrr is the original CF'T action, b* is a constant null vector whose only non-vanishing
component is b” = b and X u is the Fourier transform of X, in the v direction. In the rest
of this paper we will often drop the tilde and (with abuse of notation) denote an operator
and its Fourier transform with respect to v by the same name. We see from (1.3) that
the theory is deformed by an operator of zero lightcone momentum. The operator X,
has dimension d + 1 from the perspective of the relativistic CFT and breaks the Lorentz
symmetry. Since its (relativistic) dimension is different from d, one can use relativistic
scaling® to set b = 1. This operator however is exactly marginal from the perspective
of the Schrodinger symmetry, i.e. its non-relativistic scaling dimension is Ay = d and
this implies that the action (1.3) has Schrodinger invariance. These facts have an exact
counterpart in the bulk: one can set b = 1 in (1.1) by either by a bulk diffeomorphism
that scales all coordinates by b (corresponding to the relativistic rescaling) or by rescaling
the lightcone coordinates as in footnote 3 and the metric has Schrodinger isometries. The
discussion for the case of TMG is similar: one replaces b* by the symmetric null tensor
b with the only non-zero component being b*¥ = —b?> and X, by X, where X, has
relativistic scaling (3,1) and non-relativistic scaling A = 2.

To show that the deformation is exactly marginal we have to show the non-relativistic
scaling dimension of deforming operator, which was equal to Ag; = d in the original CFT,
remains equal to A; = d in the deformed theory. This amounts to showing that the 2-point
function of this operator in the deformed theory is the same as the 2-point function in the
original CF'T and this can be proven using conformal perturbation theory. In more detail,
consider for concreteness the case of the massive vectors, then one needs to establish that
for any n

. ‘ d=2,. o _ o _
k1390<xv(kv) (il_[l/d vidu; VX, (K, 0)> X, kv)>CFT 0 (1.4)

where the expectation value is taken in the original CFT and to avoid clutter we only
display the k, dependence. One can show that

<Xv(k7v) (H b“XM(kU:0)> Xv(_kv)> = <Xv(kv)Xv(_kv)>CFT (b"ky)" f(log ky, . . .)
i=1 CFT
(1.5)

3 Alternatively, one can set b = 1 by rescaling of the lightcone coordinates, u — wu/b, v — vb. This
transformation is a composition of a relativistic scaling with parameter b and a Schrddinger scaling with
parameter 1/b.



where f(logk,,...) is a dimensionless function that carries the dependence on the positions
of the operators and is at most logarithmically dependent on k,. Taking the limit k, — 0
we indeed find that the rhs of (1.5) vanishes and thus (1.4) is satisfied. Consequently the
operator X, (k,=0) is exactly marginal.

The same computation shows that operators with k, # 0 will in general acquire an
anomalous dimension,

Ag=A2sb=0)+ > calbky)". (1.6)
n>0

where A4(b = 0) is the non-relativistic scaling dimension in the original CFT and the ¢, are
computable numerical coefficients. This discussion holds not only for X, (k,) but also for
general composite operators O(k,), i.e. in general, when k, # 0, they acquire anomalous
dimensions in the deformed theory. We will discuss explicit examples in section 4.

Note that b* appears always in the combination bk, and this quantity is invariant
under the rescalings (discussed above) that can set b to any non-zero value. Later on, when
we study in section 4 specific examples using conformal perturbation theory to leading order
the small parameter will be b%k,.

The fact that Ag depends on k, has several important consequences. Correlation
functions of composite operators in general require renormalization and the corresponding
counterterms contain poles when Ag takes integer values because new infinities arise when
Ag is an integer. The dependence of Ag on k, then implies that the counterterms are
non-polynomial in k, (when bk, < 1, they are polynomial but contain an infinite number
of k, factors) and thus non-local in the v direction.

The stress energy tensor in the field theory is somewhat more subtle because there
are actually two related stress energy operators. One is the operator that couples to the
metric; this is a natural operator when considering the theory as a deformation of the CFT.
This operator however is not conserved except at b = 0. The second operator is the one
that couples to the vielbein; this tensor is not symmetric but it is conserved and it is the
natural operator to consider in the deformed theory. We will illustrate this point with a
toy Schrodinger invariant field theory in section 4.

We now move to the gravitational side. In all other examples of holography one
sets up a holographic dictionary as follows: one first derives the most general asymptotic
solutions of the field equations consistent with the boundary conditions. Substituting these
solutions into the on-shell action S allows one to regulate the volume divergences and
derive a covariant local boundary counterterm action Set which renormalizes the action,
via Syen = S+S¢t [12]. Renormalized one point functions in the presence of sources are then
derived by applying the GKPW prescription [13, 14] to the renormalized action, namely:

1 5Sren

(0) = V960"

(1.7)

where the boundary value @) acts as a source for the operator O. Higher correlation
functions are obtained by further functional differentiation; to obtain n-point functions one
will need exact regular solutions of the bulk field equations to order (n — 1) in fluctuations.



The first question that we address is whether such a holographic dictionary can be set
up for probe scalar operators, dual to minimally coupled scalar fields. We find that indeed
there is such a dictionary, but with a key conceptual difference to all earlier examples of
holography: the boundary counterterms are non-local in the lightcone direction v. This is
consistent with the the field theory discussion which implies that, once we turn on a source
for an operator with non-zero k,, there would generically be counterterms that depend
on (bk,)™ for all n, and thus provides structural evidence for the holographic duality. As
previously noted in [1, 2, 15] the Schrédinger dimension for a scalar operator has the

d d\?
Ag = 2+\/<2> +m? 4 b2k2, (1.8)

where m? is the mass squared of the bulk scalar field (in units of the curvature radius).

closed form:

This indicates that the series expansion like the one in (1.6) should resum the square root
form (1.8).
We then focus on the gravitational sector of TMG and the massive vector theories.
As a first step we consider linearized fluctuations about the Schrédinger backgrounds. We
consider here the linearized equations in radial axial gauge (h,; = h,» = 0) such that
b2du? N 2dudv + dr*  h

. ) + 5 da'da! (1.9)

ds®> =

r r

along with vector fluctuations in the vector model. We give the general solutions for these
linearized fluctuations in sections 7 and 8. In particular, we note that the number of
independent solutions corresponds to the correct number of sources for dual operators and
their expectation values (subject to constraints related to dual operator Ward identities).
These solutions have a number of interesting features which we now briefly summarize.
Both models admit two distinct sets of solutions to the linearized equations, which we dis-
tinguish with superscripts ‘T’ and ‘X’. The ‘T solutions are associated with the dual stress
energy tensor, whilst the ‘X’ solutions are associated with the dual deforming operator.
Note however that all bulk field fluctuations are non-zero in both sets of solutions.
Looking first at the ‘X’ solutions, we see that indeed these exhibit the behavior expected
for a bulk field dual to an operator with a k, dependent scaling dimension. In the case of
TMG, the leading component of the fluctuation of the extrinsic curvature, K., acts as a
source for the dual operator X,,. The asymptotic expansion of this linearized fluctuation is

Ryu = R(O)uur_As_Q(l +- ) + ’EL(ZAS—?)UUTAS_Ll(l +o )7 (1'10)
Ay =1+ /1+0%2,

where the ellipses denote subleading terms as 7 — 0. Then £(q),,, acts as a source for the
dual operator X,,, and Ay is its scaling dimension; moreover the two point function of this
operator is indeed found to be of the expected Schrodinger form. The scaling dimension
depends on the lightcone momentum, as shown in the field theory, and resums into the
square root. At b = 0 the Schrédinger dimension is in agreement with that of a relativistic
dimension (3,1) operator, as required by the AdS/CFT dictionary.



’ solutions are associated with the

The case of the massive vector is analogous: the ‘X
dual operators X,, and X, the latter of which is the deforming operator. The asymptotic

expansions indicate that the Schrodinger dimensions of these operators are respectively:
Ag(Xy) =1+ V/14+02k2;  Ay(Xy) =149+ b2k2, (1.11)

which are consistent with the CFT operator dimensions at b = 0 and are again expressed
as closed forms in (bk,).

An important feature of both these solutions is that they diverge faster as r — 0 than
the background solution. This is because the operators with non-zero k, renormalize and
while these operators were marginal (w.r.t. Schrodinger scaling) at b = 0 they become
irrelevant when b # 0. Irrelevant operators change the UV behavior of the theory and
should hence modify the leading asymptotics of the holographic dual. This is precisely
what happens here: the faster rate near r — 0 is precisely that dictated by the anoma-
lous dimension.

Now let us turn to the ‘T’ modes. In TMG the metric perturbation takes the form:

1 ~
hZu - r2 h(f2)uu + h(O)uu IOg(TQ) + h(O)uu + 702h(2)uu

1 .
hZU - r2 h(—2)uv + h(O)uv 10g(7"2) + h(O)uv + 742h(2)uv (112)
hby = Ry + 72y,

with analogous results for the massive vector model. The precise form of the coefficients
h(a)i; as functions of (u,v) is given in section 7; there are six independent coefficients subject
to three constraints. The metric perturbation diverges faster as 7 — 0 than the background
solution; it does not respect the falloff conditions discussed in [16]. This is associated with
the fact that certain components of the dual stress tensor are irrelevant with respect to
the Schrodinger dilatation symmetry. It is possible to impose by hand the constraint that
the metric perturbations should not blow up faster than the background metric as r — 0,
but this generically imposes constraints on the operator sources in the dual field theory. In
previous works such as [1, 17, 18] only such solutions with constrained asymptotics were
discussed, and indeed the fact that the sources were apparently constrained was already
noticed in [17].

These ‘T’ modes should correspond to the stress energy tensor in the dual field theory.
However, as noted above, there are subtleties in setting up the holographic dictionary
in this case. One issue is the fact that one component of the stress energy tensor is an
irrelevant operator, as mentioned above. The other is the fact that the conserved stress
energy tensor for the field theory should couple to the vielbein, rather than the metric,
and therefore, as noted in [18], the appropriate variational problem in the bulk corresponds
to specifying boundary conditions for the vielbein. This involves reformulating the bulk
theories in a vielbein formulation and will be discussed elsewhere.

The fact that the Schrodinger spacetime is obtained from anti-de Sitter by irrelevant
deformations was already briefly noted in [1]. In [5] the relation of Schrédinger to anti-de



Sitter via TsT transformations was used to argue that the dual field theory should be a null
dipole theory; see also [17, 19] for additional discussion of the TsT transformations required.
This observation is consistent with the view espoused here: the irrelevant deformations
should resum into a null dipole theory which respects Schrodinger invariance. Note that
all terms in the dipole theory are exactly marginal w.r.t. the Schrédinger symmetry. We
postpone to subsequent work full exploration of the null dipole structure, since null dipole
theories have not been developed in earlier literature and their properties differ qualitatively
from the spacelike dipole theories developed in [20-22].

Whilst our viewpoint is consistent with the earlier proposals of [1] and [5] in the massive
vector case, a somewhat different proposal has been made for the holographic dual to null
warped backgrounds of TMG. In [23] it was suggested that the holographic dual to the
null warped background should be a two-dimensional CFT with certain central charges
(cp,cr). Applying the Cardy formula at finite temperature using these central charges
gives an entropy in agreement with that of a black hole which has null warped asymptotics.
This agreement is certainly thought-provoking, but there are conceptual challenges with
the suggestion that the dual field theory is a conformal field theory. When b2 is small
we can treat the solution as a linear perturbation around AdS and the spacetime (1.1)
can be interpreted using the standard AdS/CFT dictionary at the linearized level. Using
the TMG holographic dictionary derived in [10], the b? term acts as a source for the
dimension (3, 1) irrelevant operator in the dual CFT. Therefore, the dual interpretation of
null warped solutions of TMG at finite b? should indeed be in terms of a CFT deformed
by irrelevant operators, which are however exactly marginal from the perspective of the
Schrodinger symmetry.

The outline of the paper is as follows. In the next section we review two gravitational
models which admit Schrodinger solutions, namely topologically massive gravity in three
dimensions and the massive vector model. In section 3 we discuss the modified asymptotics
of the Schrodinger metrics and how these show that the dual theory is obtained from specific
irrelevant deformations of a relativistic conformal field theory. We show in section 4 that
these deformations are exactly marginal with respect to the Schrédinger group and use
conformal perturbation theory to discuss how the dimensions of operators change in the
deformed theory. In section 5 we begin the holographic analysis by setting up the correct
variational principle for TMG and deriving the dilatation operator at linearized level. In
section 6 we discuss the bulk computation of the two-point function of a scalar operator.
We consider the linearized analysis for TMG in section 7, and present the general solutions
of the linearized equations. We set up a holographic dictionary for the deforming operator,
and show that its two point function is of the expected form. We treat the linearized
problem in the massive vector model in d = 2 and give the general solution of the linearized
equations of motion in section 8. We discuss our conclusions and open questions in section 9.

2 Gravity theories

Schrodinger backgrounds arise as solutions to a variety of gravitational theories. In this
paper we will consider topologically massive gravity and massive vector models and here



we briefly review both theories. Throughout this paper we use the following conventions
for the curvatures:

R, = 010, + Fﬁp o~ (k=) Ryp = R,,," (2.1)

so that for the metric G, given by (1.1) one obtains:

2

b
Ry, = —dG, + (d + 2)T45z53 (2.2)

which can be used to verify the formulae below.

2.1 Topologically massive gravity

Topologically massive gravity (TMG) is a three-dimensional theory of gravity where the
usual Einstein-Hilbert action is supplemented with a gravitational Chern-Simons term.
The total action reads:

1

1 2
= 3 Apv o o T
S N 167TGN /d r \/_G<R N 2A + 2:“’6 : <Fl))\aaﬂrpy + 3F§UFMFW,>> (23)

where I’ﬁy are the connection coefficients associated to the metric G, and where we use the
covariant e-symbol such that /—Ge“" = 1, with r the radial direction in (1.1). Variation

of the action results in the equations of motion:
1 1 po oo
Ry, — 2G,WR + AG,, + 2 € "VoRoy + €,V ,Roy | =0. (2.4)

We henceforth set A = —1. Taking the trace of this equation results in R = —6, so all
solutions to TMG have a constant negative Ricci scalar. Furthermore, any Einstein metric
in three dimensions has R,, = —2G,, and is easily seen to be a solution of (2.4) as well.
In particular, AdSs is a solution of TMG for all values of u. For generic values of y there
also exist so-called warped AdS3 spaces, see [23] for their properties. In the specific case
1 =3 we find null warped AdS; as a solution,

_ b2du? . 2dudv + dr?

2 __
ds® = 4

, (2.5)

r r2

which is precisely (1.1) with d = 2. Therefore null warped AdSs is equivalent to the three-
dimensional Schrédinger spacetime. In solving the TMG field equations b? is an arbitrary
real parameter, so, in particular, b?> can have either sign. In the massive vector model we
discuss below this is not the case and b? is necessarily positive. Furthermore, the analysis
in section 6 seems to indicate that b? > 0 is necessary for stability. For these reasons we will
continue to use the notation b? even when we consider the metric as a solution to TMG.
In [10] details of the holographic dictionary for TMG were presented. The most im-
portant feature for our purposes is that, since the equations of motion of TMG are third
order in derivatives, we need to specify not only the boundary metric but also (a compo-
nent of) the extrinsic curvature in order to find a unique bulk solution. When we apply



gauge/gravity duality to TMG with a negative cosmological constant, the extra bound-
ary data corresponds to the source of an extra operator. Therefore, besides the boundary

energy-momentum tensor 7;;, which couples to the boundary metric g(g);;, we also have a

ij
new operator X,, which couples to the leading coefficient of the radial expansion of the
(uu) component of the extrinsic curvature. It was shown in [10] that the operator X, has
weights (hr,hr) = %(,u—i—?), w—1). (Strictly speaking, the analysis of [10] was for 0 < p < 2,
but the extension to general u is straightforward.) Moreover, a precise relation between
the extra boundary data and the presence of a new operator in the dual field theory was
established and the two-point functions of these operators around the state dual to an AdS
background were computed.

Working to leading order in b?, we can interpret the Schrédinger solution (2.5) using
the linearized AdS/CFT dictionary. Noting that the metric
B hijdxidxj + 2dudv + dr?

2
ds 5

) (2.6)

describes linearized perturbations about an AdS background, then the results of [10] indi-
cate that the general solution to the linearized equations of motion at ;1 = 3 in which h;;
depends only on the radial coordinate is:

huw = h(O)uv§ (2.7)
1 2
huw = r2 h(—2)uu + h(O)uu +r h(2)uu;

hyy = h(O)UU + r2h(2)UU + 7a4h(4)vva

which is expressed in terms of seven independent integration constants. If only the constant

2 is non-zero, the linearized solution is precisely the Schrédinger solution,

h —uu = —b
W(hiC)h of course also solves the full non-linear equations of motion. However, applying the
holographic dictionary derived at the linearized level, —b? acts as a (constant) source for
the dimension (3, 1) operator X,,. Therefore, the dual field theory, at least to leading order
in b2, must be a null irrelevant deformation of the original conformal field theory.
Applying the holographic one point functions applicable at the linearized level which
are given in [10] yields:
<Tuu> = <TUU> = <XUU> =0, (2'8)

for this background. This indicates that the background corresponds to the vacuum of
the deformed theory. It is also interesting to note that a linearized solution with constant
h(~2)uu = N2)uu also solves the non-linear equations of motion. The resulting background:

dr? 1 1
ds> = 4 <—62< 5 T 7"2>du2 + 2dudv> (2.9)
T

r2 r2

is Schrodinger in the global coordinates introduced by [24]. Applying the linearized holo-
graphic one point functions given in [10] to this background, we note that there is still a

constant source for the dimension (3, 1) operator X, but:

b2, (2.10)
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with (Ty) = (Xy») = 0. This suggests that the background should correspond to the
deformed field theory in a different state, with (7)) presumably related to the Casimir
energy. We should emphasize however that these formulae for the holographic one point
functions apply only at leading order in b%. Understanding the dictionary at finite b? is far
more subtle; it requires us to go beyond asymptotically locally AdS spacetimes and is the
focus of section 7.

Note that the holographic dictionary for TMG reflects the various problems of the
theory. The theory contains negative norm states and it is thus unlikely that TMG in
itself could be a consistent theory of quantum gravity. Nevertheless it remains a rich and
interesting toy model offering gravitational dynamics in three bulk dimensions, logarithmic
correlation functions (for p = 1) and, as we exploit here, it allows Schrodinger backgrounds
as solutions.

2.2 Massive vector model

The massive vector model consists of Einstein gravity coupled to a massive vector field.
The action is

1

1 1
S = 167G /dd“x V—G(R —2A — o Fua P = 2m2A“A“) (2.11)

The equations of motion take the form

1 1 1 1 1
Ry = RGuy + MGy = [ FypF, 7 + QmQANA,, - Gu <8FPUFP(’ + 4m2A,,AP>

(2.12)
V'F,, —m?A, =0
The vector equations of motion also imply the identity V#A, = 0.
For A = —d(d — 1)/2 and m? = 2d we find the metric (1.1) and
b
A= 2 du. (2.13)

as a solution. Note that the dimension of the dual vector operator X; is (d 4+ 1) and the
linearized AdS/CFT dictionary implies that b acts as a source for the operator X,.

The solution with d = 4 requires a massive bulk vector field with m? = 8. Such a
vector field arises as one of the Kaluza-Klein modes in type IIB compactifications of the
form AdSs x Y with Y a Sasaki-Einstein manifold. A consistent truncation including this
mode was found in [5], and this can be used to uplift the solution to a ten-dimensional
solution of type IIB supergravity. The five-dimensional consistent truncation contains the
metric, the massive vector field with m? = 8 and three scalars (one of which is massless)
with a nontrivial potential. Further discussions of embeddings of Schrodinger solutions
into string theory may be found in [25-31].

The solution presented above in the case of d = 4 is related by a so-called TsT trans-
formation to AdSs x Y [5, 17]. Following the chain of transformations, this implies that
the field theory dual to a Schrodinger spacetime should be a null dipole theory. Dipole
theories were originally introduced in [20] and arise from taking decoupling limit of branes
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in a background with a B field with one leg longitudinal to the brane and one leg trans-
verse to the brane. The structure of dipole theories is analogous to the better known
non-commutative theories that arise on decoupling branes in a background with constant
B longitudinal to the brane worldvolume [32]. In general, to obtain a dipole theory, one
starts with a local and Lorentz invariant field theory in d dimensions. Then to every field
® is assigned a vector L, where yy = 1, - - - d; this is the dipole vector of the field. The fields
can be scalars, fermions or have higher spin. Next, one defines a dipole product which is
non-commutative:

1 1
D x Dy E‘I)1<1'— 2L2>‘I>2<1‘+ 2L1> (214)

This defines an associative product provided that the vector assignment is additive, that
is, @1 x Py is assigned the dipole vector L + Lo. For CPT symmetry, one requires that if ®
has dipole vector L then the charge conjugate field, ®f, is assigned the dipole vector —L.
Also gauge fields have zero dipole length. In most of the earlier literature, the case where
the dipole vector L is spacelike was considered. In the current context, however, the dipole
vector is null, as we review below. In the case where Y = S°, the TsT transformations
change the dual field theory from N = 4 super Yang-Mills to a null dipole version of this
theory. The analytic structure of quantities computed holographically should therefore
match those expected for a null dipole theory. However, there is very little literature on
null dipole theories. The analytic structure of spacelike dipole theories is believed to be
closely related to that of non-commutative theories, which in turn is extremely subtle due
to UV/IR mixing [33]. The analytic structure of null dipole theories should however be
more similar to theories with light-like non-commutativity, which were argued in [34] to be
unitary, and this is consistent with what we find here.

3 Asymptotics in the gauge/gravity duality

As already mentioned in the introduction, the Schréodinger spacetime is not an asymptoti-
cally locally AdS spacetime. As is reviewed in [12], any asymptotically locally AdS space-
time admits in the neighborhood of the conformal boundary » — 0 a metric of the form:

d?”2 1 i k k
2 + T2gijdx dx 9ij (1, 2%) = g(0yij (") + ... (3.1)

ds® =
where the dots represent terms that vanish as 7 — 0 and g(g);; is an arbitrary non-
degenerate metric.

The relevance of this structure to holography is the following. Suppose we would
like to use holography to compute certain field theoretic quantities. Just as in field the-
ory computations, the holographic computation of these correlation functions suffers from
divergences which need to be regularized and renormalized [12]. In this procedure of holo-
graphic remormalization the asymptotics of the spacetime play a crucial role: they are,
via the equations of motion, directly related to the form of the divergences which need to
be subtracted [35, 36]. For example, for asymptotically AdS spacetimes the supergravity
equations of motion, combined with the asymptotics (3.1), guarantee that all divergences
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are local in the boundary data [37, 38]. These divergences can therefore be subtracted by
local counterterms as well. This is in agreement with the fact that the dual field theory is
local and renormalizable, and the fact that the divergences on the gravity side have this
form is strong structural evidence for gauge/gravity dualities.

For the case at hand, we find ourselves outside of the usual framework, since for nonzero
b the spacetime is no longer AIAdS. The standard results of holographic renormalization
therefore do not directly carry over to this setting and in order to obtain correlation func-
tions one has to build a holographic dictionary from first principles. Just as in field theory,
it is imperative to understand systematically the structure of these divergences in order to
discuss renormalization and obtain correct finite correlation functions. Notice that there
is a priori no guarantee that the divergences will be local in the boundary data and in fact
we will encounter certain nonlocality in the divergences below.

3.1 Interpretation as a deformation

In this paper we will explore the analytic structure on both sides of the duality. As a first
step in this exploration it is interesting to take the limit b — 0, for which the metric (1.1)
reduces to that of empty AdS, and expand correlation functions perturbatively in the small
parameter b. When b is zero we simply recover the AdS metric in Poincaré coordinates, and
results to leading order around b = 0 may be obtained via the usual AdS/CFT dictionary.
In particular, for small perturbations around the conformal vacuum we find the following
radial expansion for the massive vector field A,:

1
A = 2 <A(O)z +...+ T’d+2A(d+2)i + ... ) . (3.2)

Holographically, A g); is interpreted as the source for a dual operator X i and its expectation
value is related to the normalizable mode A4 9);. Given the mass of the bulk vector field,
the corresponding scaling dimension A of the dual operator X" is given by (d + 1).

By comparing the explicit gauge field solution (2.13) with (3.2) we find that, to first
order, switching on b can be interpreted holographically as an irrelevant deformation of the
original CF'T of the form:

/ dP T2 X, (3.3)

where b = b. Similarly, as we discussed earlier, for TMG the corresponding deformation is:
/ b Xy, . (3.4)

with b% = —b?.

These results are based on an analysis for small b. Given that the deforming operators
are irrelevant (so the deformed theory appears non-renormalizable and thus uncontrollable
in the UV) it would seem hard to extend these results to finite b. We have seen however
that the linearized solution automatically solves the non-linear equations of the motion.
This is related to the fact that the linearized solution has a new scaling symmetry, the
dilatation of the Schrondinger group, which controls the UV behavior of the theory and

,13,



the value of b can be set to any value (provided it is non-zero) by an appropriate scaling
of the lightcone coordinates (see footnote 3) while maintaining the new scaling symmetry.
Thus the solution derived for small b is automatically also a solution for large b. The
counterpart of this statement on the QFT side is that the deforming operator is exactly
marginal and after the deformation the theory finds itself at a non-relativistic fixed point.

One of the main questions is then to understand how the deformation changes the
spectrum of operators. We will analyze this question on the field theory side using confor-
mal perturbation theory. On the gravitational side, the same question amounts to solving
the linearized equations of the motion.

4 Field theory analysis

From the previous discussion, Schrodinger backgrounds are dual to conformal field theories
deformed by operators that respect the Schrodinger symmetry. In this section we will use
conformal perturbation theory to show that the deforming operator is exactly marginal and
then study how the spectrum of scaling dimensions changes in the deformed theory. We
will only use general results that follow from conformal invariance, so our results are valid
for any relativistic CF'T, weakly or strongly coupled, that has in its spectrum operators
of the right type. Similar arguments can be made for scale invariant theories with other
dynamical exponents, z # 2, and these are discussed briefly in section 4.4.

4.1 Marginal Schrédinger invariant deformations

Any relativistic d-dimensional conformal field theory is also invariant under the (d — 2)-
dimensional Schrédinger group. In particular the non-relativistic scaling dimension Ag is
related to the relativistic scaling dimension A via [1, 5, 7]:

Ag = A+ My, (4.1)

where M, is the eigenvalue of the boost operator in the lightcone directions normalized
such that v and u have eigenvalues +1 and -1, respectively. This implies that one can
break the relativistic conformal group while preserving the (d —2)-dimensional Schrédinger
subgroup. Such deformations will necessarily also break the Lorentz invariance since the
deforming operator must have a non-zero eigenvalue M,,.

Consider now a conformal field theory deformed by an operator with Schrédinger
scaling dimension Ag. Such a deformation is irrelevant with respect to the Schrédinger
symmetry when Ag > d, marginal when A; = d and relevant when Ag; < d. Consider
first the case where we deform with a scalar operator. Then the deformation respects not
only Schrodinger symmetry, but also the relativistic conformal symmetry, as it does not
break rotational invariance in the (u,v) directions; such marginal deformations of CFTs
have been extensively explored. Suppose now that the operator is not a scalar, but rather
a vector X; or a tensor Xj;, of Schrodinger dimension d. Such deformations can respect
Schrodinger symmetry, but break the relativistic symmetry, provided that the sources are

constant null vectors or tensors respectively, with components only along the v directions.
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An example of such a deformation is:
Scrr — ScFT +/dd_2xdudvbiX¢(v,U,$i) = ScFT +/dd_2xdubi)~(i(kv = O,U,Cﬂi), (4.2)

with b* a constant null vector with non-vanishing component »¥ = b and X the Fourier
transform of X in the v direction. This example is realized in the duality with the massive
vector theory. In the case of TMG, the deformation of interest is by a tensor opera-
tor, namely:

ScrT — Scrr + /dudvbinZ-j (v, u, xl) = Scrr + /dubij)?ij(kv =0, u, xi), (4.3)

where the only non-vanishing component of b/ is b*” = —b2. In both cases the deformations
are marginal from the perspective of the Schrodinger symmetry, i.e. whilst both operators
are irrelevant from the perspective of the relativistic conformal symmetry, they have non-
relativistic scaling dimensions Ag; = d. The deformations break the Lorentz symmetry, but
respect all rotations, translations and boosts of the Schrédinger group. In the specific case
of two dimensions, the deformations in addition respect the infinite-dimensional algebra
associated with analytic coordinate transformations v — u' = u/(u).

To illustrate the general idea let us give a simple explicit example: consider the two-
dimensional action

S = /dudv (0,20, ® + b3, 2(0,P)?) . (4.4)

The first term preserves full two-dimensional relativistic conformal invariance whilst the
second corresponds to a deformation of the relativistic conformal field theory by a dimen-
sion four operator, with scaling weights (3,1). The deformation manifestly breaks both
relativistic conformal invariance and two-dimensional Lorentz invariance but preserves the
Schrodinger invariance (at least at the classical level). More generally, one can observe
that any deformation of the type:

68 = /dudv(@udwv@)f(@vfb,@g@,---) (4.5)

respects the Schrodinger symmetry at the classical level for any functional f(9,®,02®, - -).

Such deformations are manifestly marginal with respect to the Schrodinger symmetry,
but one also needs to show that the deformations are exactly marginal. This requires
proving that the non-relativistic dimensions of X (k, = 0,u, 2') remain equal to A, = d in
the deformed theory, which amounts to showing that the 2-point function of X (k, = 0, u, 2*)
in the deformed theory is the same as in the original theory. We can demonstrate this
property using conformal perturbation theory as follows. Let us consider first the case of
deformation by a vector operator with a constant null source. In conformal perturbation
theory, the correction to the two point function in the deformed theory is expressed in
terms of higher point functions in the conformal theory as:

§( Xy (K, b ki) X (— ke, — ko, —k5))
=) :L! <Xv(kv, ku, ki) (0X,(0))" Xy (— ko, — K, —ki)>

n>1

e (46)
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Note that the operator insertions are at zero momentum. In the original CF'T, the opera-
tor X, (0) has relativistic conformal dimension (d + 1) and Schrédinger dimension d, and
transforms as a vector. This implies that the deformed theory is invariant under relativis-
tic conformal symmetry provided that b is transformed contravariantly, with relativistic
scaling dimension minus one. Each additional insertion of (bX,(0)) therefore adds another
factor of bk,, so that:

<Xv(kv,ku,kl-)H(va(O))XU(—kv,—ku,—ki)> = (4.7)
CFT

n

(bl )" (Koo, s k) Ko (s =k —hi) ) f (1n(K/12))

As we will show below, relativistic conformal invariance implies that the scalar function
f can depend only logarithmically on the momentum. Since the CFT two point function
is necessarily finite or vanishing at zero momentum, the operator at zero k, momentum
receives no corrections to its two point function since:

<XU(O7kU7ki) ﬁ(b)?v(o)))zv(07_kw_ki)> —0 (4'8)
CFT

for all n > 1. A similar argument implies that the operator at zero k, momentum re-
mains orthogonal to all other operators. Thus the deforming operator is exactly marginal.
However, the operators at non-zero k, momenta do receive corrections to their two point
functions and thus to their scaling dimensions under Schrodinger symmetry; these correc-
tions will be explicitly computed below.

4.2 Proof of marginality

The key identity required to prove that the operator X (k,=0) is exactly marginal is:

<Xv<kv> <H - qu%:m) Xv<—kv>> — (4.9)
CFT

i=1
(X (ko) Xy (=kv)) cpp (07ky)" f(log ky, . . .)

where f(logk,, ...) is a dimensionless function that carries the dependence on the positions
of the operators and is at most logarithmically dependent on k,. The corresponding identity
for TMG involves the operator X,, in the two dimensional conformal field theory.

In this section we will prove this identity in the case of two-dimensional CFTs. In
two dimensions, both the massive vector and TMG cases involve deriving the structure of
(n + 2)-point functions of (g, 1) operators, X,,..., (¢ v-indices), with themselves, in which n
of the operators are at zero momentum. We will do the computation in position space and
in Euclidean signature and then Fourier transform afterwards. We thus need to compute

ntl n—1
/ (H d2wi> <Xv...v(w1,w1) <H XU...U(wZ-,u?i)> XU...U(wn+2,wn+2)> . (4.10)
=2 =2

CFT
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Recall that conformal invariance constrains the (n + 2)-point function, G"*2)_ of op-
erators of weight (h, h) to be of the form

_ _ —2h _—2h -
G +2) (w1, W15+ Wot2, Wng2) = Hwijz /(n+1)wij2 /(nH)Y(wfjl;wfjl) (4.11)
1<j

where w;; = w; —w; and Y is an arbitrary function of the 2((n 4 2) — 3) cross ratios,

wf]l = Wt = Wik The case of interest for us is (h, h) = (g, 1) but we will not
iWk; " Wi Wk 5
yet impose this. We need to integrate over the position of n operators, as in (4.10). To

proceed we first use translational invariance to set wy 12 = wy,+2 = 0 and rescale,
w; = WiwWi, W; = WiwW7, 1=2,....,n+1 (4.12)

This yields

n+1
/ <H d2wi) G(n+2) (wla Wiy Wpt2, wn+2)
=2
1 n+1
_ 2 kl
- W=D ,2h+nh 1) / (Hd w’) wi; o)

» H ( —2h/( n+1) wi)f2h/(n+1)) H(Wi _ wj)th/(nJrl)

1<j

% H ( —2h/ n+1) wi)f2l71/(n+1)) H((‘DZ B @j)fQFL/(nJrl). (4.13)
1<j
Power counting shows that the integrals diverge as w; ~ w; ~ 0 with degree of divergence
(h — 1)n, and similarly there is a divergence when w; ~ w; ~ 0 with degree of divergence
(h —1)n. When h =1 and/or h = 1 the integral has logarithmic divergences.
Specializing to our case we find

n+1
/ <H d2wz> < Vv whwl (HXU v w27wz ) va(070)>
=2 CFT

1 -
= (Xpoow (w1, 01) X0 (0, 0)) cpr (q_l)nf(log lwi|?p?)  (4.14)
wy
where f(log |w |>14?) is the (dimensionless) function that results from the evaluation of the
integrals (after appropriate regularization/renormalization) and we explicitly indicate that
it will depend on log |wq|?1? (at most polynomially) because the integrals are logarithmi-
cally divergent. We will compute such integrals in the next few subsections.

Fourier transforming and reinstating the coupling b¥¥ we find

< v (K ) <Hb” VX o (k= 01<;_0)> =k, k)> =
=1 CFT

(X (b )Xo (=, —E) ) oy (07 ()" f (log || /m?).  (4.15)
Wick rotating to Lorentzian signature k& becomes k, and this is the identity we wanted to
prove.

,17,



4.3 Deformations of two-dimensional CFTs: TMG example

In this subsection we consider more explicitly deformations of two dimensional conformal
field theories that respect Schrodinger symmetry. In particular, we would like to understand
how the spectrum of operators changes as we move from the relativistic fixed point to the
Schrodinger fixed point, i.e. we would like to compute the non-relativistic dimension Ag
of the operator. As in the previous subsection we will use conformal perturbation theory;
note that this does not require a weakly coupled realization of the CFT. In contrast to
the previous subsection, we will only work to the first non-trivial order. We will, however,
explicitly evaluate all integrals. Keeping in mind the example of TMG, we begin with
the case where the CFT is deformed by a (3,1) operator X3 (called X,, in the previous
subsection) so that

Scer — Scrr — b? /deXg,l, (4.16)

and from here onwards we work in Euclidean signature with V2u — w and v2v — w. The
numerical factors are included for computational convenience in what follows.

Suppose that the original CF'T has primary operators O, ; of dimension (h,h) (one of
which is X(31y). We would like to compute their dimension in the theory (4.16). Let their
two-point functions in the original CF'T be normalized as

co

<Oh,ﬁ(w’ w)oh,ﬁ(o’ 0)) = w2h@g?h’

(4.17)
where the Euclidean metric is
ds? = dwdw. (4.18)

Now let us calculate the corrections to the two point functions in the deformed theory, work-
ing perturbatively in the deformation parameter b?. To leading order in b? the corrections to
the two point functions are computable from three point functions in the conformal theory

(O, jy (W, 0) Oy, 1,,(0,0)) = —b2/d2y<0h1,h1(w,w)X371(y,gj)OhS,hS(O,O». (4.19)

Note in particular that the correction to the two point function does not in general preserve
the orthogonality of the basis; there is operator mixing and the operator basis needs to be
diagonalized. For simplicity we will consider here the case of operators which do not mix
with other operators.

The three-point functions with the operator X3 are given by the familiar expression

_ _ _ 1
<(f)hljll (wl’ U)l)XgJ(’LUQ, wQ)OhSﬁS (w3’ UJ3)> - ClX?’ h1+3—hs3, 3+hs—h1, h3+h1—3
Wy 23 13
1
- _ - 4.20)
—h1+1—h3 —1+h3—h1 —h3+h1—1’ (
Wi Wa3 wy3

where w;; = w; —w; and C}x3 are constants. However, there is a subtlety, as this expression
holds only at separated points, whilst (4.19) involves an integration which receives contri-
butions from contact terms. This means that (4.20) needs to be replaced by a renormalized
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expression which is well-defined at coincident points. Since the integration is over posi-
tion space it is convenient to use differential regularization techniques [39] and write down
an expression for the three point function which coincides with (4.20) at separate points
but is well-defined at coincident points. In d dimensions a distribution |z|~2* behaves for

x — 0 as:
1 1 1 T

2n ¢(d
2/ 7 d+ 20 — 22 2200l D (4 4 ) Sa-107"8 (), (4.21)

where Sq_; = 27%2/T'(d/2) is the volume of the unit (d — 1) sphere. This implies that
the distribution has poles at A = d/2 +n where n = 0,1,---. To obtain a well-defined
distribution one subtracts this pole; it suffices to work out the case of A = d/2 since the

others can be obtained by differentiation. In particular, in two dimensions one replaces
1/]z[? by

1 1 2,022
D(x)=R <’$‘2> = 8D1n (m?|z|?) (4.22)
where m? is the renormalization scale. The renormalized expression differs from 1/|z|?

by the infinite term &(z)log(m?|z|?) localized at # = 0. This form for the renormalized
quantity is specific to two dimensions, and can be obtained taking the d — 2 limit of
the corresponding expression for d > 2 given in (4.70). The Fourier transform of the
renormalized expression was computed in the appendix of [40] and is given by

D(k) = / d?ze”**D(z) = —7In (f;) : (4.23)

where ;2 = 4e=2Ym?2.

The three point function of interest has hy = hs = h and hy = hs = h, and can be
rewritten in the form:

C

2h—3 —2h—1
4wy Wi

1 1
2 ( ) o2 < ) |
1 ’ww‘z 3 ‘wQ3’2

The structure constant C'is given by C' = Cx1. The singularities as wo — wy and we — w3

(O (w1, w1) X531 (w2, w2) Oy, j, (w3, w3)) = (4.24)

are removed via the renormalized expression:

C

2h—3 -2h—1
dwig Wiy

1 1
x92 R o2 R( > :
' (!ww\z) 5\ was?

which manifestly agrees with the previous expression away from contact points. For sim-

(O, p (w1, w1) X531 (w2, W) O, (w3, w3)) = (4.25)

plicity we will compute the correction to the two point function at separated points, i.e.
we will disregard contact terms as w; — ws, but it is straightforward to generalize the
analysis to include these. Note also that contact terms are in any case absent when the
scaling weights are such that 2h and 2h are not integral.
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The leading correction to the two point function is:

_ e 5 o 1 9 1
OO (w0, D)OWAO0)) = =) ot gyoris / TYOR j— g2 ) O\ o — g2 )y
(4.26)
To compute the integral first note that it is a convolution and therefore:

J#om (e ) R (0t ) = e [ B8P0, G

where the Fourier transform D(k) was given in (4.23). Thus:

1 1 1 .

2 27, ik(w—x 201.2/,2

/d yR<|w_y|2>R<|x_y|2> = 4/d feeF(0=2) In2 (k2 /112), (4.28)
1

= 27
lw — x|

2 2
) In(m?|w — z|*),
where we again use the Fourier transform (4.23). The complete two point function to first

order in b2 is then:

_ 1 1270%C | .
(O p(w, w)0), ;,(0,0)) = 2h2h <co -2 ln(m2|w|2)> ) (4.29)
where m? = m2e=25/12. This correction respects Schrodinger symmetry and is of the

form (4.14) discussed in the previous subsection.

As discussed earlier, it is natural to work with operators of fixed right moving momen-
tum, so we now Fourier transform this expression. For simplicity, we will work out the case
h = h. The general case is a straightforward extension. Recall that the general expression
for the Fourier transform of a polynomial in d dimensions is

/ddxe—il;~f(|x|2)—>\ _ 7Td/22d—2>\r(dl{(2)\; )‘) (|k‘|2))\_d/2, (4‘30)

which is valid when A # (d/2 + n), where n is zero or a positive integer. (These are the
cases in which the distribution in x is ill-defined, as discussed in (4.21), and one needs to
subtract poles.) Differentiating this expression with respect to A results in the identity:

/ddxe_ig'f(lx‘Q)_A ln(MQIm\Q) _ _ﬂ_d/22d—2)\r(dr/(2)\; )‘) (‘k’2)>\—d/2 ln(]k\Q/,uQ), (4.31)

with
u? = M2 expli(d/2 — \) + B\, (4.32)

where () is the digamma function. In the two-dimensional case, d*w = 1/2dwdw, and

applying (anti) holomorphic derivatives leads to further identities such as:

L 'l -
/ dwdu—)efzkwfzkwwfﬂwrw\ — 93722 ( )‘) k2‘k’2()\71)’ (4.33)
T(A+2)

where |k|? = 4kk. After differentiating with respect to A one obtains:

 ikw—ik®, —2(, |- o' =A _
/dwdwe =ik ) =2 3| =22 In( M2 w]?) = 723 QAFEHz;kQ‘k’Q(A Din(|k?/u?), (4.34)
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where p2 = 4M? exp[p(1 — \) + (2 + \)].

Using these identities the Fourier transform of the corrected two point function of a

scalar is:
(Op (K, k)Opp(—k, —k)) = AR B2 (14 B In(|k*/113)) (4.35)
where
A= cowz“hr(; (;hQ)h); B=- h?;hc ) b2, (4.36)

Note that the normalization of scalar operators in the CFT required to match the standard
holographic normalization is [12]:

T'(2h)

co = (2h— 1)771‘(2h 1)’

(4.37)
in other words, a canonically normalized bulk scalar field will lead to two point functions
in the CFT with this normalization. In momentum space the general expression for the
two point function in a Schrodinger invariant theory takes the form:

(On, (b, k)OA, (<K, —k)) = G(k)k> 1, (4.38)

The corrected two point function is consistent with this form where at leading order in b?

6mwC
P = heh )

A = 2h + (k)
re-2
g(k) — _23—4h E h) kAs—l

b2 k?; (4.39)

and we have used the normalization (4.37) in the latter equality. The normalization factor
g(k) is written in this way in anticipation of the holographic result in section 6, which
indeed takes this form to all orders in b. As anticipated, the anomalous dimension depends
explicitly on the holomorphic momentum, and vanishes when this momentum is zero. Note
that on general grounds it is also clear that correlation functions in these theories should
depend on the combination b?k?, as this is the quantity which is invariant under rescalings
of the bulk lightcone coordinates. In other words, by rescalings of the lightcone coordinates
one can rescale b? to any non-zero value but b*k? is independent of such rescalings.
Analogous corrections would be expected for the two point functions of all operators,
but in general, as mentioned above, operators will mix and one will need to rediagonalize
the basis of operators. The leading order corrections are all determined by the three
point function coefficients C7x3. This means in particular that, because the form of the
OPE for the stress energy tensor (T,7T) in a conformal field theory implies that the stress
energy tensor does not have a three point function with the operator X3 i, the correlation
functions of (T,T) are not corrected at order b?. This is as one might have expected,
since the stress energy tensor should not acquire an anomalous dimension. However, as
we will discuss shortly, the conserved stress energy tensor of a non-relativistic theory is
necessarily not symmetric, and thus the operators (T, T) are not natural operators in the

deformed theory.
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As discussed earlier, the deforming operator X itself generally acquires an anomalous
dimension when its lightcone momentum £k, is non-zero. The leading correction to the two
point function is given by (4.29), and generically corrections to the two point functions
occur at all orders b*", and are related to (n + 2)-point functions in the CFT. The holo-
graphic computation in section 7 indicates that this series in b can be resummed into the
simple form:

(X(R)X(=k))p = glko)kg"", (4.40)

where the normalization §(k,) is lightcone momentum dependent and so is the non-relativistic
scaling dimension, Ay = 1+ \/ 1+ b2k2. Notice in particular the scaling dimension is larger
than two, for b> > 0 and non-zero k,, and thus the operator is irrelevant. This expression
is completely analogous to the expression for the probe scalar operator (4.38). Expanding
this expression perturbatively in b results in:

41.4 41.4
(XX = (k)b (15 (202 = " il + 8 mik) o) @)

to order b*. It would be interesting to see whether the terms at order b* follow from generic
features of the four-point function of X, or whether these coefficients are specific to the
theory dual to TMG.

4.4 Other deformations of 2d CFTs: general 2

Let us next consider the more general situation in which one deforms a 2d CFT by a (p, q)

operator ), , where (p, ¢) are the CFT scaling weights corresponding to (v, u) respectively,

SCFT - SCFT + bp7q / dudvyp,q. (4.42)

Such a deformation will respect non-relativistic scale invariance with dynamical exponent
z under which © — A\u and v — A\?>~%v provided that

P-1D(=-2)=(@¢—-1)z (4.43)

For z # 2 scale invariance is respected provided that ¢ = 1 with p arbitrary. For z > 2
the condition can be satisfied for discrete values of the weights (p,q). Note that the ratio
u?~?v ™% is scale invariant, whilst (uv) scales with dimension two (as in the relativistic
theory). As a simple example in the case of z = 3 a classical action one can write down is:

S— / Qudv(9,8)(0,8) (1 + bs.2(0,8)(9,)?) (4.44)

where by 4 characterizes the deformation of the original relativistic CFT by a dimension
(2,4) operator. Dual holographic geometries which respect such non-relativistic scale in-
variance with a generic dynamical exponent z # 1 are given by:

dr?

ds® = 5
r

1 5 du?
+ 2 <2dudv —b 7“2(21)) . (4.45)
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The symmetry group consists of:

H:u—u+a, M:v—v+a, (4.46)
D:r—(1-a)r, u— (1 —za)u, v— (14 (2 —2)a)v,

and thus the v coordinate scales non-trivially except when z = 2. Note that for z > 2 the
coordinate v scales as a negative power of the dilatation.

For generic z such non-relativistic backgrounds can be straightforwardly realized as
solutions of Einstein gravity coupled to massive vectors, although much of the literature
has concentrated on the Schrédinger case for which z = 2. The case of critical speeding
up, namely z < 1, for which b? < 0, will be explored in detail in other work [41]; in this
case the spacetime is asymptotically anti-de Sitter and many of the conceptual subtleties
of the z > 1 case are absent. Spacetimes with generic z can also be realized as solutions of
TMG: the metric (4.45) solves the TMG field equations when p = (22 — 1). These TMG
solutions were discussed in [42] and fit into the classification given in [43] as pp-waves. For
b > 0, these solutions with « compactified were recently discussed in [44].

Now consider operators Oy, ; of conformal dimensions (h,h) in the original CFT in
Euclidean signature with v/2(v,u) — (w,w). Under the non-relativistic scaling symmetry

with exponent z such that w — A\>7%,% — \*w, this operator scales as:
Opi(w, @) — A~hE=2=h2 0, £ (322 \*w), (4.47)
and thus the non-relativistic scaling dimension is
Apr = h(2 = 2) + hz. (4.48)

Non-relativistic scale invariance constrains the two point functions to be of the form

1

(O, (w, w)Ox,(0,0)) = w(Anr+Aé,r)/zf(

X), (4.49)

where f(X) is an arbitrary function of the scale invariant quantity
X =w *w* 7. (4.50)

Note that for general z operators of different scaling dimension are not precluded from
having a non-zero two point function, although when z = 2 the additional special conformal
symmetry ensures that the correlator is only non-zero when A, = Al .

Consider now the 2-point function (4.17) of an operator Oy, j, in a relativistic CFT. A
simple computation shows that it can be written in the form (4.49) with the non-relativistic
dimension A, = A/ given in (4.48) and f(X) = coX?"/*. Using conformal perturbation
theory, the leading correction to this two point function is given by

OO O) ~ "7 [ o) @D
’ ’ wh—pp2h=a (w —y)PyP(w — g) 1y
Consider the case where the deforming operator ), , has integral spin, i.e. p = ¢ + n with

n an integer. Then the (renormalized) correction can be written as:

1 L(q)? ) 1 1
b _ (=" " | d°yR R . 4.52
pvqw2h_q_nu_j2h_q( ) F(q + TL)2 aw / Yy |y _ w|2q |y|2q ( ) )
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When ¢ is not an integer computing the integral leads to:

(_1)%1%1“(1 —q)’I'(2¢ + 2n — 1) 1

. . 4.53
[(q+n)2I(1 —2q) PTyp2htntp—1p2htp—1 ( )
This implies that the two point function to first order in the deformation can be written as:

_ 1 1o
Oup( 0O 0.0) = 1 (co+abyu! Pl ~1), (459
1
_ (p-1)/2
= g (co + ab, #D/7),

where « is a numerical constant and (4.43) is used in the last equality. Thus, the two point
function indeed preserves non-relativistic scale invariance at this order, with the two point
function being of the form (4.49) with the same values of A, = Al (given in (4.48)) and

F(X) = x2/e <co + abpqu@—l)/Z) (4.55)

One can also understand why the corrections must behave as bp7qw1—pw1—q as follows: the
deformed action will remain invariant under the original dilatation symmetries provided
that the coupling b, , is also transformed. In particular, under the scaling z — A\Z the
deformation to the action is invariant provided that b, ;, — S\qflbpvq. Since the corrections
to the correlation functions respect this symmetry they must be organized in powers of
bp,qwlfpu’)lfq.

For integral ¢ the analysis is more complicated as we need to use the renormalized
expressions for the distributions, and we obtain instead for the integral:

I(q)? 2n2g—2 -2 21,12
—1)"2 by 0224 1 4.56
( ) Wr(q + n)g P,q~w w (’w’ n(m ’w’ )) I ( )
which gives a correction to the two point function proportional to:
1
b In(m?|w|?), (4.57)

P, 2h+(p—1) p2h+(g—1)

with m? a rescaled mass scale. This implies that the two point function to first order in
the deformation can be written as:

(0w, 9)0,,4(0,0)) = (co+ BhpqutPa@ D mpmAwl)),  (158)

w2hp2h

1 1)/ -
= ohgoh <co + by, ;X P71/ ln(mz\w\z)) ,

where (3 is a computable numerical constant and (4.43) is used in the last equality. Note
that the correction to the two point function preserves the z = 2 non-relativistic scale
invariance when ¢ = 1 for any p. In this case not only f(X) but also the non-relativistic
dimension of the operator get corrections and the 2-point function is given by (4.49) with
J(X) = X720 (o + Bb, X W2 TA)) + O0L,); (459)

Ape = Al = h(2 = 2) + hz — Bb, XP~D/2 L O@2 ).
When z = 2, namely the deformation is by a (p,1) operator, the scale invariant quantity

X depends only on the coordinate v and one can check that these formulas reduce to the
ones we presented in the previous subsection.

— 24 —



4.5 Massive vector model with z = 2

The specific case of a deformation by a (2,1) operator corresponds to the z = 2 massive
vector model. The above considerations indicate that generically under such a deformation
operators will acquire anomalous dimensions depending on the lightcone momentum as
functions of ba 1k, .

In the bulk calculations in later sections, we will focus on scalar operators dual to
minimally coupled scalar fields, as well as the operators dual to the bulk metric and massive
vector field. We indeed find that such scalar operators and the vector operators acquire
anomalous dimensions, and that these anomalous dimensions are functions of (6271/€v)2. We
can understand the latter straightforwardly as follows. If one considers scalar operators
dual to minimally coupled scalar fields in the bulk, the three point function between two
scalar operators and the vector operator necessarily vanishes. It vanishes because minimally
coupled implies that there is no three point coupling® between the bulk scalar fields and
vector field: the bulk action under consideration is

S— /dd+1x\/—g (R _on— e tear _ L ae)y - 1m<21><132>. (4.60)
4 2 2 2

Expanding the field equations to cubic order in fluctuations couples the scalar to the vectors
via the metric, and thus there is generically a non-trivial four point function between two
scalars and two vectors. The first correction to the scalar two point function therefore
follows from this four point function between two scalar operators and two insertions of
the vector operator. The leading correction will hence occur at order (bmkv)Q, but to
compute it via conformal perturbation theory we would need to know the explicit form
of the four point function (since it is of course not completely determined by conformal
invariance). The bulk action implies that only correlation functions involving two scalars
and an even number of vectors is not zero, and therefore subsequent corrections should
be organized in powers of (b ; k,)2. Indeed this feature is seen in the holographic dual in
section 6, along with the stronger result that the anomalous dimension resums into a closed
form. It would be interesting to derive the latter result from a null dipole realization.

A similar story holds for the deforming vector operator itself: the action implies there
is no cubic coupling between three vectors, and thus the three point function between three
vector operators is zero. Since the bulk action (4.60) is quadratic in the massive vector
fields, only correlators with an even number of vector operators are non-zero, and thus
that the corrections to the vector two point function in the deformed theory should be
organized in powers of (b271kzv)2.

Let us now consider the scaling dimensions of the vector operator (in d = 2). Consider
first the theory at b1 = 0. The mass of the bulk vector field is such that it corresponds
to a vector operator of dimension three in the dual conformal field theory. Splitting the
vector operator into holomorphic and anti-holomorphic components, one sees that there is

4Strictly speaking, the vanishing of the bulk three point coupling does not always guarantee vanishing
of the corresponding three point function, see [45, 46]. The boundary counterterms required by holographic

renormalization can induce non-zero three point functions even when the bulk coupling is zero; this happens
for extremal correlators, but none of the correlators discussed here is extremal.
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a (2,1) operator X, and a (1,2) operator X,,. Since in the conformal field theory the two
point functions are:

Cx
w2w?’

Cx
whw?’

<Xv(w7w)Xv(an)> = <Xu(w7w)Xu(07O)> = (4'61)

with cy normalizations, the scaling dimensions with respect to the Schrédinger symme-
try are:

AS(XU) =2 AS(XU) =4 (4'62)

This is in agreement with the non-relativistic scaling dimensions of the source and vev
coefficients found holographically in (8.31). Switching on the deformation by the operator
X, we expect that the scaling dimensions of both X, and X, at non-zero k, are corrected,
with the corrections being organized in powers of (ba 1 k,)?. The holographic calculation of
section 8 gives explicit expressions for these scaling dimensions at finite by 1. Just as in the
case of TMG, the dimensions are expressed as a square root, with the dimensions of both
operators being greater than two, at non-zero k,.

4.6 Higher spacetime dimensions

There has been considerable interest in using massive vector models in dimensions higher
than three to model non-relativistic theories. As explained in subsection 3.1, to leading
order in b the standard AdS/CFT dictionary implies that switching on b corresponds to
switching on a source for a vector operator X% of dimension

Ay=d+z—1 (4.63)

in the d-dimensional dual CFT, i.e.
Scrr — Scrr + / dixbX,. (4.64)

Corresponding type IIB and eleven-dimensional supergravity solutions for general z are
given in [30]. In this section we will focus on the case of z = 2 in dimension d, and discuss
the leading corrections to operator correlation functions in the deformed theory. As already
mentioned, the leading corrections to the deforming operator itself and to scalar operators
dual to minimally coupled scalar fields occur at order b?, and are derived from four-point
functions in the conformal theory.

Corrections at order b can however occur for complex scalar operators as these can
have non-zero three point functions with the deforming vector operator. Let us consider a
complex scalar operator O with dimension A in the original conformal field theory. It has
a two point function in the conformal field theory given by

©O@OO) = o (4.65)
where ca is the operator normalization and we are working in Euclidean signature. Notic-
ing that

z|? = w + 2y, (4.66)
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we see that the operators are also primary from the perspective of Schrédinger symmetry:
under w — A2, ' — Az' with w invariant, the operators scale with non-relativistic scaling
dimension Ay = A.

Next consider the correction at first order in b to this two point function in the deformed
theory (4.64). The leading correction to the two point function is:

(O@)0(0)) = b / dy(O(z) X, (5)O(0)). (4.67)

This can be computed by first noting that three point functions between a complex scalar
and a vector are fixed by conformal invariance to have the form (derived holographically
in [47)):

(O@) X ()0 (2)) = i© (“” —u_(e- y)“) ,

|2 — 2PATI A [z — y Aoy — 2| A=l 2 —y[2 |2 —y)?
(4.68)
where C is a (real) normalization factor.

As in the previous sections, the expression for the three point function needs to be
regularized to take into account contact term contributions to the integral. In the case of
z = 2 the deforming vector operator has dimension A, = d + 1. Using this fact, the three
point function can be rewritten as:

i iC 1 1 1 1
O(z) X (y)O(0)) = — o + Oy, ) 409
(O(2) X" (y)0(0)) d]r[25-d <|y|d o=yt —yld Tyl o9

In differential regularization one replaces 1/|x|? by the well-defined expression:

R {(an) = aga- o) Ppapes ()4, ) ()

which is the generalization of (4.22) to arbitrary dimensions d > 2. (The last term in (4.70)
is scheme dependent.) Then the leading correction to the two point function is:

5(0(2)0(0)) = —dm;i_dicaw /ddyR (,yl‘d> R (,m _1y’d> . (@.71)

The integral can be computed analogously to the two dimensional case via the convolution:
/ d%yR < ! > R < ! > __— / dke*ZD2(k) (4.72)
ly|? [z —ylt)  (2m)?

~ o 7.‘.al/2
D) = f e B (o ) == gy BRI

with p? = 4m2exp(¥(1) + ¥(d/2 — 1)). Note that in d = 4 this reduces to p = 2m/y'
since the Euler constant 7/ = exp(—W¥(1)) = exp(7y). To derive this formula, one can use
the expansion of the identity (4.30) with 2\ =d — 2 — 2a:
I'l+a)
(d/2 -1+ a)

where

|
/ddxe—zk-x‘x’d_Q (m‘x’)Qa _ 7_[_cl/222-i-2ar ’k‘_Q(’k‘/m)_Qa (4.73)
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in powers of a. Equating terms at each order in a results in the identities:

e 1 42
e T = ; 4.74
J 57 s = g1y e
7. =In(m?a?) 4 /2
d, . —ik-T o 27 2\,
/d Te a2 = T |RRR(d)2 — 1) In(|k["/p7);
7 =In%(m?|z)?) 4/ 2
d,, —ik-& _ 1 2 27,2 _ \I/(l) 21
[ AR AN (L R R IR

where (™) (z) is the polygamma function, the (m+1)-th derivative of the gamma function.
These identities generalize similar ones for d = 4 derived in [39].
Using the third of these identities we note that

[ () ® (0 ) (47

/2 . ~
T (d—2)°r(d/2 - 1)D ||d-2 <1ﬂ2(m2\x!2) — 6 T v (d/2 - 1)> _

Note however that away from z = 0,

0 <ln2|(xn|?_|f|2)> - leld (4(d — 2) In(m?z*) + 8(3 — d)) (4.76)

and therefore the leading correction to the two point function has the form:

S a (U]

where M is a rescaled mass scale and ¢; is a real numerical constant proportional to the

(0(2)0(0)) =

three point function constant C':

8rd/2
= dd—2r(d2— 1) (4.78)

The corrected two point function can be rewritten as:

n 12 CEQ
o).

where M? = M?exp(1/A —2/d). In the case where A is non-integral, the Fourier trans-
form is:

CA d(9

O@OO) = | oy +iciby,

~ oal(d/2 — A) _ d -
O(k)O(—k)) = ean?/?2¢-24 kA (1 kbey In(|k[?/ a2 4.80
(OR)O(~k)) = ean by A (1 S Rber n(kP) ) (480
where k is the momentum conjugate to w. (When A is integral we need to Fourier trans-
form the renormalized expression, which can be done analogously to previous sections.)
Analytically continuing back to Lorentzian signature, the time-ordered correlator is

(TO(k)O(=k)) = c(2kyky + kik? — ie)™s9/2, (4.81)
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where ¢ = can??29-2AT(d/2— A)/T(A) in the renormalization scheme where i = 1. The
scaling dimension Ay is to leading order in b given by:

A7i/2C

1
As=A+y, 7= \/Q(bk”)A(d —2)I'(d/2-1)

(4.82)
and the anomalous dimension hence depends on (bk,).

To describe the theory at finite b the null dipole picture should be of use: in the context
of the S° reduction of type IIB, the dual theory should be the null dipole deformation of
N =4 SYM. In this case the global R symmetry charges are used to determine the dipole
vectors of the various fields as follows. Choose a constant element B € su(4), where su(4)
is the Lie algebra of SU(4). Then denote the elements of B in the 4 representation as

Uk, where g,k =1,--- .4, and denote the elements of B in the 6 representation as the
antisymmetric matrices My ;, where I, J =1,--- ,6. Let ulI be an eigenvector of My ; with
eigenvalue L;. The N' = 4 SYM complex valued scalar fields ® = IulICDI are then

assigned (null) dipole vectors L;. Similarly the fermionic fields are assigned dipole vectors
determined by the eigenvalues of the matrix U ik

Suppose for example one chooses M;; such that only Mo = — My is non-zero. Next
complexify the six scalars into three complex scalars ®¢, with a = 1,2,3 where ®! =
®! + i®, and so on. Then ®. has non-zero dipole charge, given by L, = —ibd,,,, while the
other two complex scalars have zero charge. The dipole product (2.14) can be expanded
to leading order in b as:

L x ®lT = &3 + B2 + b(9, D1 Py — 9, PoPy) + - - (4.83)

The analogue of the Seiberg-Witten map in this case relates fields ® in the dipole theory
to fields @, in the ordinary theory as:

1
o =9,P (exp(z’L“/ Ay(r + tL)dt)> . (4.84)
0
Substituting into the N' =4 SYM action and expanding to leading order in b, results in:
S = Sp—q+ / d*zbyr? 4 - (4.85)

where the vector operator VHI 7 transforms as the 15 of the SO(6) R symmetry group and
has the form:

VI = Ty (pquval + D 0" Du(@ oM + - ) : (4.86)
K

Here I,J =1,---,6 are R symmetry indices, D,, is the covariant derivative with respect to
gauge fields A, of the field strength F},, and square parentheses denote antisymmetrisation.
The ellipses denote fermionic terms. At linear order in b the null dipole theory is indeed
equivalent to a deformation of ' = 4 SYM by a constant null source b for an operator
of relativistic dimension (d 4+ 1) = 5. This operator however has Schrédinger dimension
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four, using the fact that Az(A4,) = 0 whilst Ay(¢!) = Ay(A4,) = A(4;) = 1. Expanding
to higher order in b will lead to a series of deformations respecting Schrodinger symmetry.
Note that the amount of supersymmetry preserved by the dipole deformation depends on
the explicit choice of My .

It is important to note that all these deformations are marginal with respect to the
Schrodinger symmetry. This immediately follows from the fact that every term in the
null dipole product of any two fields has the same Schrédinger dimension, even though
the relativistic conformal dimensions of the terms are different. One can see this property
in (4.83), since a term at order b" involves n derivatives in the v direction, which leaves
the Schrodinger dimension unchanged but increases the usual dimension. More generally,
the product of any two fields (®,,, ®4,) with dipole charges L1 = —in;b and Ly = —ingb
respectively, in k, momentum space is:

@Ql(ki, u, m’) * Py, (k:g, u, xl) = eib(mk%_"lkghbql(ki, u, xi)fﬁqQ(kg, u, xi), (4.87)

with the dipole dependence contained in the phase factor, which is invariant under
Schrodinger transformations.

Given that the series of deformations considered here is expected to resum into a null
dipole theory by the analogue of the Seiberg-Witten map [32], one might ask what this
implies for the renormalizability and unitarity of the theory at finite b. This question
has not been explored in previous literature, although it has been argued that analogous
theories with light-like noncommutativity are well-defined, despite the non-locality in one
null direction [34]. The reason is that lightcone quantization in which the other (local)
null coordinate is treated as the time coordinate results in a lightcone Hamiltonian which
is Hermitian. Naively at least the same argument would apply also to null dipole theories,
since they are local in the (u,z?) coordinates.

4.7 Stress energy tensor

Next we turn to the stress energy of the deformed theory. It is useful to start the discussion
by considering again a simple explicit model which is Schrédinger invariant:

S = / d*z (0,20,® + b3, 2(0,®)?) . (4.88)

This model exhibits the Schrodinger group of symmetries (1.2) presented in the intro-
duction. Let us now consider the Noether current J* for each symmetry Q. For H the

corresponding symmetry current is:
HY=0;  H"=(0,9)*(1 + 200,P). (4.89)
For M the symmetry current is:
M = (0,2)°(1+b(0,®)); MY =b0,2(9,P)°. (4.90)
The dilatation current is:

DU=0;  D¥=u(0,P)?*(1 + 200,9), (4.91)
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whilst the special conformal current is similar:

Ch=0;  C"=u?(0,2)*(1+ 2b0,®). (4.92)
The currents are conserved onshell because of the field equation:

Du0p® + b0, PID + 200,0,90,P = 0. (4.93)

Usually the currents associated with (conformal) isometries can be expressed in terms of a
symmetric conserved (traceless) stress energy tensor T;j as

J'=T4¢ (4.94)

where CJ-Q is the vector field generating each symmetry, i.e. 5sz’ = (9,

In the case at hand the symmetry currents can all be written as J* = t¥ C]Q where the
tensor ¢;; is:

tuw = (0,0)2(1 + 200, D); tou = 0; (4.95)
tuy = b0, ® (8, ®)*; tow = (0,@)(1 4 b(9,®)).

Under the dilatation symmetry v — A%u the tensor t;; scales as:
tuw = AN st = AN sty — Aty (4.96)

This tensor is conserved but it is not symmetric and it is not traceless. The latter implies
that the theory is invariant only under chiral dilatation invariance, rather than the corre-
sponding anti-chiral dilatation invariance. In a relativistic theory one can always find an
improvement term 0;; = 8lY2ij, where Y};; is antisymmetric in its first two indices, such
that Tj; = t;; + 0;; is symmetric. In the example at hand one can easily prove that such
improvement tensor does not exist.> This illustrates a general result:

Any theory in Minkowski spacetime that possesses a conserved, symmet-
ric stress energy tensor Tj; is Lorentz invariant.

This can be shown as follows. Minkowski space has an isometry corresponding to
Lorentz transformations with Killing vector ¢’ = w;j2/ and w;; antisymmetric. Using 75,
one can construct the corresponding conserved Lorentz current,

Ji = Twja® (4.97)
This is conserved because
Oy = (0T wjpa® + Tw;; = 0. (4.98)

For the Schrédinger theory, invariance under translations implies the existence of a con-
served stress energy tensor. However, this must be non-symmetric because otherwise the
theory would be Lorentz invariant.

5Assuming Y to exist one obtains from T%" = T** and (4.95) that b8u<1>(8v<I>)2 = 0, Y'Y — 9, Y
should hold. This equation, however, does not hold as the deformation is not a total derivative.
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When one couples a theory which is Lorentz invariant to background gravity the sym-
metric and conserved stress energy tensor arises from the variation of the action with
respect to the metric. In a non-Lorentz invariant theory one can couple the model to back-
ground gravity using vielbeins. The coupling to gravity amounts to replacing curved indices
by flat target indices using vielbeins, i.e. A; becomes e]"A,,, where m is a curved space
index. The fact that the underlying theory is not Lorentz invariant means that some of the
tangent space indices are open, i.e. not contracted. In this case the non-symmetric energy
momentum tensor will naturally emerge from the variation of the action with respect to
the vielbein.

For the toy model given above coupling to the vielbein gives
S = /de e (€™ el 0, @0, ® + bell el el (0, 2)(0,9)(0,P)) = /de el, (4.99)

where e is the determinant of the vielbein and the tangent space metric is g;; = 7;; such
that 1y = 1. For clarity the tangent space indices are denoted (4, v). Defining:

J
_en 0L
ton = o (4.100)
gives:
tmn = Om®On® — gmnL + b (eanehel + 2e5neb el) 0, @0, 20,9, (4.101)

which in a flat background in which g, = 7m, reproduces the tensor t;; above. The
simplest way to show that t,,, is conserved is the following. Pulling ¢,,, back into tangent
space reproduces t;;; the latter is manifestly conserved using the field equation:

0@ + Da(b(95P)?) + 2D; (b0 80, ®) = 0. (4.102)
Since
Dmtmn = Dm(efne%tij) = G%Ditij, (4.103)

conservation of the pulled back tensor ¢;; implies conservation of ,,,.

To summarize, there are two related stress energy operators in the deformed field
theory. The first is the symmetric tensor T;; which couples to the metric, but is not
conserved in the deformed theory at finite b. The second is the operator t,,, that couples
to the vielbein, which is not symmetric but is conserved. It is the latter operator which
is natural in the deformed theory, and thus in the holographic analysis one should trade
metric fluctuations for vielbein fluctuations. In other words, one should specify boundary
conditions for the vielbein, rather than the metric; this point was noted in [18].

It is interesting to connect this discussion with the conventional description of non-
relativistic theories. Suppose one formulates a Schrodinger invariant theory in (d — 1)
dimensions, with background coordinates (u,z?). Then, the natural operators are the
energy current & with components (&,,&;); the mass current p with components (py, p;)
and the (symmetric) stress tensor 7;;. In the d-dimensional realization of the Schrédinger
symmetry discussed here, the operator t,,, should include these operators. It will however
also include additional operators associated with the extra lightcone dimension, which
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are not usually discussed in the lower dimensional realizations. These extra operators
are necessarily present because the Schrodinger theory is obtained via a deformation of a
relativistic theory in d dimensions.

Before leaving the field theory discussion, it is also useful to summarize which operators
are expected to be marginal, irrelevant and relevant in the deformed Schrodinger invariant
theory. In the cases of both TMG and the massive vector, the operator which deformed
the theory to Schrodinger is irrelevant at finite k,; its scaling dimension in both cases is
given holographically (for d = 2) as:

Ag =1+ +/1+b2%2. (4.104)

In the massive vector case the dimension of the other vector operator X, is such that
it is also irrelevant for non-zero k,. Therefore these operators are all irrelevant in the
Schrodinger theory, except for the deforming operator itself with k, = 0.

Now consider the stress energy tensor 7;;, at b = 0. The non-relativistic scaling
dimensions of its components are:

As(Tun) =4 AyTw) =27 Ay(Ty) =0, (4.105)

and thus the components are irrelevant, marginal and relevant, respectively. Away from
b = 0 this is not the conserved operator, but the components of ¢;; have the same scaling di-
mensions, see (4.96), and these are protected. Thus from the perspective of the Schrodinger
symmetry group, the operator Ty, is irrelevant.

Since the operators X, (ky), Xy(ky), Xu(ky) and Ty, are irrelevant, switching on finite
sources for these operators in the deformed theory would be expected to change the UV
structure of the theory. Correspondingly, in the holographic dual, finite sources for these
operators would be expected to change the asymptotic structure of the dual spacetime. In
the subsequent sections we will consider solutions of the bulk linearized equations, and we
will indeed see the bulk fields dual to these operators blow up faster at the boundary than
the background, demonstrating the fact that these modes change the asymptotic structure
of the spacetime.

5 TMG and the null warped background

In this section we consider TMG and the null warped AdS3 background in more detail. The
results presented below will provide a basis for the holographic computation of correlation
functions in the next sections. In subsection 5.1 we investigate the variational principle for
TMG for finite values of the cutoff. In subsection 5.2 we consider the dilatation operator
for linearized fluctuations around the null warped background.

5.1 The variational principle for TMG

In this subsection we analyze the variational principle for TMG for finite values of the
cutoff. Recall that for ordinary Finstein gravity such an analysis results in the addition
of the Gibbons-Hawking term to the Einstein-Hilbert action. For TMG the corresponding
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variational principle is worked out in detail in this section. Note that the results in this
section are completely general and independent of the choice of background metric. They
can therefore also be used to obtain, for example, the correct on-shell action for black hole
solutions in TMG.

We begin by decomposing the background metric in a radial ADM form:

ds? = N?dr® 4 ~;;(dx’ + N'dr)(dz? + N7dr). (5.1)

The connection coefficients are then given by:

Iy, =y +N'Bi Ii, =7"*N;— N'T}, - N°B' - F’;,N’
) . ) 1
I, =F'—N'B; Tij = i (5.2)
) ) 1 .
I = Bi =Tl - NNZKjk

where we defined:
1 ,
Fij = ViN; = NKij, B; = N(aiN + K;;N7). (5.3)

A dot denotes a radial derivative. Indices are raised with v% and €;; and covariant deriva-
tives V}, are defined using 7;; as well. Henceforth all F;k are those associated to v;;. In

our conventions the extrinsic curvature is given by:

Kij = VZN] + V]NZ — 8,%-]»). (54)

1
2N (
We henceforth suppose that N > 0. The Einstein-Hilbert action plus Gibbons-Hawking
term then becomes:

1 g
Spn = / dx\/—yN(R[y] — 2A + K? — K;; KV). (5.5)
167Gy

The Chern-Simons action becomes:

1 .. .
Scs = / d*zy/—ve? | KFKy; + N2V, VK]
16umG N
) . (5.6)
+ N V(K Kj) — 2K Vi K + 26lk6kR] — QFZaTr§k>

plus a radial boundary term of the form [ d2z/—~ve” K;;(9;N*)/(2N) which vanishes once
we gauge-fix N¥ = 0 below. Here spatial total derivatives have been omitted. This ADM
form of the Chern-Simons action was also found in [48-50].

The Chern-Simons action can be manipulated as follows. First of all, we define A* via:

[ #av=aeithory = [day-raty, (5.7)

up to total spatial derivatives. Furthermore, the first term in (5.6) can be rewritten. To

this end we decompose the extrinsic curvature as:

_
Kij = kij + kij + ki (5.8)
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with:

k= 'yinZ]
kij = P‘k<KkJ - 1k7k]> = (0F + E'k)<KkJ - 174%3’)'
: ‘ 2 o 2 ’ (5.9)
k 1 ko k 1
kij = B (Kky - 2’?%) =, (0 —€ )(Kkj - 2ka]'>-

Notice that k;; and k;; are symmetric, traceless and chiral (or antichiral), so:
77kij =0, kij = Kji, P;Fkyy = 0;
Y kij =0, kij = kji, P,*kyj = 0.

(5.10)

These equations imply that k;; and /;:ij each have a single independent component. Us-
ing (5.8) we may rewrite:

/ dPa/—ve K Ky = / d3m\/—7< — 2k} 0, kY — N' (k] KE) + NKkil?:f)

(5.11)

+ / d*x/ =k k).

The last boundary term should be canceled by a boundary term in the action.

We now regard k:i , /;:Z and £ as independent variables, together with ~;;, N “ and N.
On the other hand, K;; should henceforth be understood as in (5.8). We need to introduce
a single Lagrange multiplier II¥ enforcing (5.4):

/dgx\/—’YHij(’.Yij + 2NKZ']' — VZ'NJ' — VJNZ) (5.12)

The combined action S consists of the Einstein-Hilbert term, the Chern-Simons term, the
constraint (5.12) and two boundary terms: the Gibbons-Hawking term and a new term
that cancels the last term in (5.11). The total action then becomes:

5= 67T1GN / d3w—7< - ikgarkf (k- Q‘LAJ"“)%-,C +NH+ N%) (5.13)
with:
H =Ry —2A + ;/9 — 2]k + 200 (k] + k) + I}k + iv’“vi(k;,@ — ki) + ;kkikf
Py =2V + ; [Vl(k‘i%?) + V(KPR 1) — 2¢7 Ky VK] + ;szakR} (5.14)

The variation of the action is given by:

1

2 . _ : 1 .
= 3 20o/—~ | = TEISER + (I9F — T ATR)Gny, 1
5S 167Gy [/d x(eom) + /d xy/ 'y< Iukkékj + ( 2 )5%/&)} (5.15)

so we find a well-defined variational principle if we define ~;; and Ef as the boundary data.
Notice that we may also lower the index on E‘i since using Eij = lzrfwkj rather than l?:i is a
simple change of variables that does not affect the variational principle.
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Below we will need to evaluate the first variation of the on-shell action and we therefore
need the on-shell expression for II;;. This can be obtained by varying the action (5.13)
with respect to k;j, k;; and k. In the gauge where N* = 0 and N = N(r) (which we use
below) we obtain:

1, - _ R
= O (kij — kij) + kij +kij —vij | ok Kk
77N (ij §) + kij + ki 'YJ<2 +2,U 1 m>+

1 _
Q,Mk(kij — k”) (5.16)

The other equations of motion combine to (2.4) and (5.9) with (5.4), as expected.

5.2 The dilatation operator in the null warped background

A convenient way to obtain the correct counterterms in the usual AIAdS backgrounds is the
radial Hamiltonian method [37, 38]. In this method one expands the conjugate momenta
to the bulk fields in terms of eigenfunctions of a covariant dilatation operator, denoted ép,
which is asymptotically equal to the radial derivative.

As an example, consider a (d + 1)-dimensional asymptotically locally AdS background
of the form:

ds® = di? + 'yijdxidxj Yij = 62?9(0)1‘3‘ +... (5.17)

where 7 is a new radial coordinate relative to (3.1): r = e™" so the boundary is now at
7 — 00. To keep the notation uncluttered in this and the following section the coordinate 7
will henceforth be denoted as r. In anticipation of what follows we also consider a massive
symmetric transverse traceless second rank tensor, ®/, satisfying

(V. VH + (2 —m?))®H =0, Oh=0 VL =0, (5.18)

v

where m? = A(A — d). This field is dual to an operator of dimension A. In a spacetime
of the form (5.17) the symmetric tensor has a radial expansion which to leading order has
the form:

Pl(r,2") = e(Afd)”qﬁ(o);- +... (5.19)

Consider now an object like the regulated on-shell action S for this configuration. It is a
functional of the boundary data for the fields at the cutoff surface, so we may write:

S[ij, ®5] (5.20)

where it is understood that ;; and @;- are the induced fields on the cutoff surface. Since
the action does not depend explicitly on the radial coordinate r, its radial dependence is
inherited completely from the radial dependence of 7;; and @; For its radial derivative we

. 08 .. 08
S = [ d%x4; dlz % 5.21
/ T Yij 5y +/ x ]6<1>§ ( )
where a dot denotes a radial derivative. Asymptotically we may use (5.17) and (5.19) to
find that:

may therefore write:

5 > 5

d d )

~ 27,4 A — d)D .= .22
Or /dx 'y,j(s%j—i—/d x( d) i 5 op (5.22)
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at least when acting on a functional like the on-shell action. The tilde symbolizes equality
up to terms that vanish as r — oo. The functional operator dp is precisely the field
theory dilatation operator and this relation between the radial derivative and dilatation
operator reflects the fact that the RG scale becomes geometric in gauge/gravity duality.
This relation is useful for the renormalization of the action in the following way. Normally
the divergences in the bare on-shell action are organized in terms of degree of divergence,
i.e. in terms of a power series in e”. However we may also organize these terms in terms of
eigenfunctions of the dilatation operator dp. Just as in the ordinary method the equations
of motion are then used to determine the exact form of this expansion. The advantage
of expanding in eigenfunctions of dp is that dp is fully covariant and as a consequence
the divergences will be organized directly in a covariant expansion as well. This greatly
simplifies the analysis of the counterterms which one can essentially pick to be (minus)
the divergent components in this expansion. We will see an example worked out below.
(In the presence of a conformal anomaly this story is altered somewhat as we will also
demonstrate below.)

Let us now formulate a similar operator for the null warped background. For
concreteness we are working in TMG; the analysis for the massive vector model is
completely analogous.

For TMG the on-shell action S depends not only on the induced metric ~;; but also
on a component of the extrinsic curvature E; For the on-shell action we therefore write

this time:
Slyij, k). (5.23)
For the radial derivative on such a functional we find:
1) )
arz/de'i- +/d2xk? o 5.24
Yij 5’7ij 7 6](55 ( )

Now, for the AIAdS spacetimes we substituted at this point the general leading-order radial
behavior of the fields (given in (5.17) and (5.19)) to obtain a covariant dilatation operator
which was valid for all AIAdS spacetimes. On the other hand, for the null warped case we
do not have a precise definition of an ‘asymptotically null warped spacetime’ and we do
not know what the leading-order behavior of the fields for the general solution should be.
Therefore we will from now on narrow down our analysis to a specific class of solutions.
Specifically, the analysis below is valid for solutions that asymptote to the null warped AdS
solution (2.5). The null warped background metric can be written as:

ds® = dr® + ’yijdmidxj Yij = Gij + bij (5.25)
where we introduced
(ijdatda? = e*"2dudv bijda'ds? = —e* b2 du? (5.26)

Notice that ¢;; is simply €2T772‘j and in particular is not equal to the induced metric ~;; on
slices of constant r. On this background we find that

1
Kij =

o Yig = Yij + bij (5.27)
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from which it is easy to find that k;; = b;; (in conventions where /—ve™ = +1)
and therefore:
k= 7kby; = —e¥b26160. (5.28)

Note that l?:i is a second rank symmetric transverse traceless tensor that satisfies (5.18) for
d=2,A =4 in an AdS3 background.
Let us now go back to (5.24). Using the above asymptotics we obtain

) )
8r~/d2m 2vij + 2kij +/d2x2kg . 5.29
(2735 J)(S%j 51{:@]' ( )

Let us further change variables from (v;;, Ef ) to (Gij, Ef ). This yields

5 5
arw/d% 2(;4 +2k T | =6 5.30
<C]5Cij "ok P (5.30)

which is precisely the dilatation operator that corresponds to a deformation of the CFT
(on 2d Minkowski spacetime) by a dimension 4 operator, cf (5.22).

The most useful representation of the radial derivative however is obtained by changing
variables from ((;;, k7) to ((;;,b% = ¢*kj). This results in

0
Oy ~ /d% 2 = 6p. 5.31
J 6(1] ( )
Note that b*Y = —b? and b** = b™ = 0, so after all these change of variables

and in this functional the radial derivative is represented by (5.31). We will use this form
of the operator dp to organize the divergences in the next section.

It is also interesting to use this discussion to understand how to couple a metric to the
dual deformed theory. Recalling that the deformation is by a (3,1) operator, a simple toy
model that captures this behavior is the scalar field theory used in section 4:

S = /d% (0,20 + b0, 2(0,®)?) . (5.33)
For this model the coupling to the metric is the following
S[¢, k] = / d*z/~C[C0;90;® + ki (0,00, 9, 9Dy, RCIFC™)] (5.34)

Under Weyl transformations (0; 020,90, ®¢7¥¢!™) transforms as a dimension 4 opera-

tor. Then
2 S

V(o

Note that this operator is not conserved except when b = 0.

Ti; = (5.35)
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6 Scalar field in the Schrodinger background

In section 4 we discussed the effect of irrelevant deformations preserving Schrédinger sym-
metry from the field theory perspective. In this section we holographically compute the
two-point function of a scalar operator to illustrate the consequences of the finite irrelevant
deformation; this computation displays the same structure as found in the field theory. For
computational simplicity, we work in d = 2, so three bulk dimensions, but the generaliza-
tion to higher dimensions would be straightforward.

6.1 Action and equations of motion
For a massive scalar field the action is:

1
§=-, /d?’x\/—G<3M<I>8“<I> + m2<I>2>. (6.1)

The equation of motion in the metric (5.25) becomes:
O 420+ B — (m?-b20H)D =0 (6.2)

where a dot denotes a radial derivative and (= 2¢72"0,0,. This equation of motion is
precisely the equation of motion for a massive scalar in AdS:

d+20+ - M®=0 (6.3)

with the effective mass squared M? = m? — 292 which depends on the lightcone mo-
mentum.5 If we Fourier transform ®(k,,k,) = [ dudvexp(ik,u + ik,v)®(u,v) then the
asymptotic solution to this equation is of the form:

B(r, ks ky) = B2 <¢(0)(k7) +o e BRI oN (k) + - ) (6.4)

where here and below we drop the tilde from ® and Ay = 1+ /1 +m?2 + b2k2. For b* = 0
one would find that Ay, = A with A =1+ V14 m?2 the scaling dimension of the dual
operator. For nonzero b?> we shall see how A, will be the scaling dimension under the
dilatation operator D that appears in the Schrodinger group (1.2); the fact that the scaling
dimension depends on the lightcone momentum k, was noted previously in [1, 2, 15]. The
generalization to arbitrary dimensions is:

d d?
Ag = o TV 4 T m? + b2k2. (6.5)

SIn this paper we suppress real-time issues. In [61] it was shown that the Scrodinger spacetimes do not
admit a global time function and it was argued that the initial value problem for (6.2) is not well-defined,
unless one removes the k, = 0 modes. In the context of AdS/CFT the proper set up to investigate the
initial value problem is the framework of [52, 53]. This framework was adapted to the Schrodinger case
in [54], but the analysis for k, = 0 is not given there. This is an interesting issue that we leave for future
work.
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Notice that Ag explicitly depends on the lightcone momentum k,. The expression (6.4)
is valid for generic values of Ag; exceptions occur when Ag € {1,2,3,...} and we discuss
these separately below.

At this point it is important to make a distinction between b positive and negative.
For b? negative (which is allowed in TMG but not in the massive vector model), there is
a critical value of the lightcone momentum k2 = m?/|b?| above which the effective mass
squared drops below the BF bound and the corresponding operator dimension becomes
complex. For b? positive the effective mass squared is always positive, and the operator
dimension grows linearly with large momentum #k,,.

We now proceed to analyze the massive scalar using Hamiltonian methods of holo-
graphic renormalization. At a technical level the similarity of (6.2) with the equation of
motion in pure AdS means that the analysis will proceed along the same lines as for pure
AdS, but with an important conceptual difference: the counterterms depend explicitly on
As and therefore on the lightcone momentum k, in such a way that they are non-local in
the v direction.

6.2 The dilatation operator and asymptotic expansions

The on-shell regularized action S for ® is a functional of ~;;, Ef and ®. In this section we
treat the scalar in a fixed null warped AdS background, so we may replace ~;; and 1212] with
their background values and furthermore perform a change of variables to (;; and b7, We

then write:

S(Gij, b7, @] (6.6)

where b%Y = —b%. Again, all radial dependence of such a functional resides in the radial
dependence of its arguments (;;, b and ®. The radial derivative of S can therefore be
written as:

0. = [ @b 5@5(@ + [ @i 5bif(k) + [ @him Mjik)
= /d2k2<z‘j(k)5<ij(k) +/d2kﬂ(k‘)5q;zk)

where we substituted the explicit expressions for the radial derivatives and defined II = &.

(6.7)

Notice that we are again working in Fourier space. By Hamilton-Jacobi or by explicit

computation we obtain that:

1
VAR
where [ is the onshell action and we used that det(G) = det(¢). From this expression

I (6.8)

it follows that II, just like I, can also be regarded as a functional of (;;, ¥ and ® and
therefore the radial derivative acting on II can also be written in the form (6.7):

oIl

1= /d2k 2¢;;(k) +/d2/<:H(/<:)5q)(k). (6.9)

o1l
6Gij (k)
Having found the asymptotic solution, the next step in the Hamiltonian holographic renor-
malization is to expand the divergences in eigenfunctions of the dilatation-like operator ép

,40,



defined in (5.31). We write it in Fourier space as:
0 0
6pz/d2k2§i-k +/d2k A, —2)0(k 6.10
We now want to organize II in terms of eigenfunctions of the dilatation operator dp. We
therefore write:

II = H(Q—As) + H(4—As) + H(G—As) +...+ H(As) +... (6.11)
where by definition
5’DH(5) = —SH(S) . (612)
From (6.4) we obtain to leading order in the radial expansion that:
MI=(As—2)0+... (6.13)

and therefore we immediately find that Ily_a,) = (As — 2)® which is in fact how we
obtained the leading-order weight (2—Ag) in (6.11). Furthermore, substituting this in (6.7)
shows immediately that:

Or ~ 0p. (6.14)
To find an expression for the subleading terms we rewrite the equation of motion (6.2) as:
I+ 2T — kZ® — (m? — b°k2)® = 0 (6.15)

where k? = (Ukik; = 2¢” % k,k,. We then replace II with (6.9), substitute (6.11) and
use (6.12) to collect terms of equal dilatation weight. This results in the following expres-
sions for the subleading terms:
1
My a,) = ki
(=8 7 9n, —47¢
-1

Il = (o 1
6-8 = (9, — 4)2(2A, — 6)"¢ (6.16)

iom-n,) = c(m, A)kZ" 2

where the coefficients ¢(m, Ay) can be determined recursively. The above expansion con-
tinues up to the terms with weight —Ag. At this order we find that the expression for IIa,
is undetermined for generic values of A, whereas if A; € {1,2,3,...} we can only satisfy
the equation of motion if we include in the expansion an inhomogeneous term of the form:

M= +rlla,y+... (6.17)
with
opllia,) = —Ila,) (6.18)
after which we obtain that:
opll(a,) = —Addl(a,) + a,). (6.19)

The equation of motion then fixes:
ia,) = &A,) K220 (6.20)

where the prefactor ¢(Ag) is also determined by the equation of motion. In those cases
IIa, is still undetermined.
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6.3 Renormalization of the action

The bare on-shell action has the form:
1
Sbare = 9 /ko \/_C(I)(_k)n(k) (621)

where \/—( = €?" 50 in particular it is independent of k. Substituting the expansion (6.11),
we find divergences that for generic Ay can be removed by adding the counterterm action:

Su==y [ REV=COR) S M (6.22)

(2—As)<s<As

Notice that for b = 0 these counterterms would be local functions of the boundary data ®,
which can be seen directly from the explicit expressions (6.16). This is of course required
by the locality and the renormalizability of the dual theory. Transforming back to position
space we would then find the standard covariant counterterms. To emphasize this fact
we use the ‘covariant’ notation \/—( rather than simply e?”, even when we write the
counterterms in Fourier space like in (6.22). For nonzero b? the explicit coefficients involving
Ag = 14 /1 4+ m?2 + b2k2 make the counterterms nonlocal in the v-direction. On the other
hand, the counterterms do remain local in the u-direction.

We mentioned before that we need an inhomogeneous term in the expansion (6.11)
at the integer values of Ag. To see how this affects the holographic renormalization we
consider the particular example where Ag ~ 3. If A, is slightly less than 3, we need the
counterterms:

1 [, ,  KP?
Setne$3 =~ /d k \/—C<(As —2)0° + oA, — 4> (6.23)
where ®2 = ®(—k)®(k). At Ay = 3 we need:
R — /d% V¢l @2+ Lo - Liter, (6.24)
Rs= 9 9 ¢ 4 o

and when Ag is slightly bigger than three we find:

— 1 2 2 ng)Q kéqﬂ
Set,ai23 =~ /d kv <<(As D = N 4T oA —oea,—ap2) O

Of course, we may include both of the above counterterms involving k‘zf in the first case as
well, as it does not play a role when Ay < 3. However, the last counterterm in the case
As 2 3 becomes singular when Ay = 3 and conversely the inhomogeneous counterterm (so
the last term in (6.24) is divergent for Ay 2 3.

Adding (6.21) and (6.22) we find the renormalized action to be:

1
Sren = Sbare + Sct = 9 /d2k \/_C(I)(_k)H(As)(k) (626)

and the one-point function is then given by:

(Ok)) = 1i e OSren _ (k) (6.27)
T e = OB(k) el @IV '
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If As(k) is non-integral the one point function for the operator O(u, k) can be explicitly
written as:

(O(F)) = —(2As = 2)p2a,—2) (k). (6.28)

The one point function at integral A4(k) receives additional contributions.
To evaluate the two point function, we note that the complete regular solution of the
field equations can be expressed in terms of a Bessel function:

227AS‘MA571

KA1 ([kle
F(As—l) € As 1(| |€ )

(6.29)

= P(o) (k)e 2" <1 o (2222 R A eaar >

P(A, 1)

where |k|? = 2k,k, and the expressions are again valid for the non-integral values of Aj.
Substituting this regular solution into (6.28) we find that:

2n,—2T(1—A

(O(k)) = =25 = DI/ 72 T

b0 (), (6.30)

and thus the two point function is given by:

2A5—2 F(l - AS)

(O(F)O(=k)) = =2(As = 1)(|k]/2) (A, — 1)

(6.31)
(Note that this expression is not valid at Ag € {1,2,3,...} where the radial behavior
changes and logarithmic counterterms are required.)

6.4 Interpretation of the result

The result (6.31) is of the expected form for a Schrodinger invariant theory: as reviewed
in section 4, the two point function for an operator of dimension A should be of the form

(O, (u,ky)On, (0, —ky)) = ca, b 0aau" 2, (6.32)

where ca, i, is the normalization obtained from (6.31). Recalling that the Fourier transform
of u™®s is proportional to k271 we see the expected behavior. The normalization of
the correlator does not however agree with earlier computations such as [54-56] in which
holographic renormalization was not carried out. (The form of the correlators found in these
works otherwise agrees with that found here, see also [57, 58] for further computations of
correlation functions in warped AdSs.) Already in an AdS background, i.e. b = 0, the two
point functions have incorrect normalizations if holographic renormalization is not carried
out; this incorrect normalization was pointed out in [59] and the correct normalization
derived by holographic renormalization is given in [12].

Our computations also agree with the picture given in section 4. In particular, the
counterterms are nonlocal but the nonlocality is restricted to the v lightcone direction.
Therefore it is meaningful to compute the correlation function as a function of v and the
result (6.32) is scheme-independent away from u = 0.
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Note that an alternative way to derive the counterterms in the case of asymptotically
AdS spacetimes is to impose the appropriate variational problem for spacetimes with a
(non-degenerate) conformal boundary [60]. As noted earlier, the Schrodinger spacetimes
are outside this framework and these results do not carry over automatically. In a recent
paper [61] the variational problem was analyzed for spacetimes with general asymptotics
and it was found that in general non-local boundary terms may be required. In the context
of holography, one must understand the physics behind possible non-local boundary terms,
i.e. whether or not such non-local counterterms can be associated with a dual (non-local)
quantum field theory.

Let us note in addition that the counterterms are actually of precisely the same form
as in AdS, except for the implicit lightcone momentum dependence in the quantity Ag.
Schrodinger symmetry does not enforce this; more general counterterms with arbitrary k,
dependence would also respect the required symmetry. It seems possible that this specific
form of the counterterms, together with the simple expression for the scaling dimension
relative to that in the original CFT, follows from the null dipole picture.

7 Linearized analysis for TMG

In this section we consider the linearized TMG bulk equations of motion around the
Schrodinger background (1.1) and present the most general solution of the linearized equa-
tions. In particular, this solution contains sources for both the dual energy momentum
tensor and for the deforming operator X,,. The general linearized solution allows us to
compute two-point functions in the deformed field theory of both the energy-momentum
tensor and the deforming operator X,,. To obtain these two-point functions from an
on-shell action the usual procedure of holographic renormalization needs to be carried out.

We should emphasize that to carry out holographic renormalization one needs to obtain
the most general asymptotic solution of the field equations. In earlier work the most general
solutions were not considered, but this corresponds to switching off or constraining sources
in the dual field theory. Systematic renormalization requires the complete set of divergences
to be isolated, and then these divergences should be canceled by appropriate counterterms.
In the case at hand, the counterterm action would be expected to be non-covariant, re-
specting only the Schrédinger symmetry, and non-local in the lightcone direction.

The section is split into the following parts. We first consider the linearized equa-
tions of motion around the null warped background and solve them explicitly. Then we
substitute these solutions into the on-shell action, isolate the divergences and use holo-
graphic renormalization to render it finite. We may then functionally differentiate this
finite on-shell action with respect to the sources to obtain correlation functions.

7.1 Linearized bulk equations and solutions

In this section we consider the linearized TMG bulk equations of motion around the back-
ground (1.1) and present the general solution.
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Background and equations of motion. We work in coordinates in which the back-
ground metric takes the form:
dp? b2du?  2dudv

+ %jdxidxj %jdwid$j =— + (7.1)

G, dxtda” =
" 4p? p? p

where p = r2 with r? the coordinate appearing in equation (1.1). We use conventions
where N = 1/(2p) and /—v€"’ = +1. We then find that on the background:

k=2 kij =0 kij - bij (7'2)
with by, = —b?/p? the only nonzero component of b;;. From (5.16) we obtain:
Tij = —Yij - (7.3)

Finally, from (5.7) it is trivial to see that:
Aij =0 (7.4)

on the null warped background.

We now consider a small deformation 6G,, = H,, and we will work in a radial-axial
gauge so that H,, = 0 and H,; = 0. We then define h;; = pdv;; = pH;;. We introduce the
following notation for the first-order variation of the other fields:

Iij = —7ij + mij[hl;
k =2+ k[hl;
kij = wij[h;

kij = bij + Rij [h]

(7.5)

Since we work at the linearized level, 7;;, k, K;; and k;; are all linear in h;;. We mentioned
below equation (5.10) that k;; and l?:l-j have a single independent component. To see what
this implies for their fluctuations x;; and &;; we linearize the equations (5.10) around the
background (7.1). This results in:

bt v?

Ruu = 4[)2 Rov, Ryy = _2p"fvv7 (76)
b2
Ryv = _2/)2 hvva Roy = 0, (77)

so the independent components of x;; and k;; are Ky, and Fyy.-

It is now convenient to express the fluctuations in momentum space as:

2 . .
hij(x) = / (;T’;Q ethuutibovp, (k) (7.8)
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Using the equations of motion (2.4) we then find at the linearized level:

0 = 6kykyp®huy — 3k2p*hyy — 6%y + (—0*ky — 3kyup)(=b%ky + kup) o (7.9)
+2p ((6 = 0°K3) phiyy, — kop* iy + (Kop® + 0°(2+ kokup)) hiy, — 26°ph7,)
0 = 2kykyp® (b%ky + kup)huw + k20> (—0*ky — kup) o (7.10)

+(=b%ky — kup) (—6b> + k2 p*) huy + 49 ((b%ky — Bkyp) Rl — b2 kyhl,
+2kyp (2h,, + Uiy, + phiy,) + 02 (V2ky + kup)hiy, )

0 = —2kuk2p*huw + k2 p* ho + K (66 + k2% Ty (7.11)
+4p (—3kyphly, + (—b2ky + 2kup)hly, — p(b%ky + 2kyp) L)

0 = 20%kykyp*huy — Okl p* by — b (=07 (6 — b2K3) + 20 kokup + 2k7p%) oy (7.12)
—2p (p (=02 (2 + b2k2) + k2p?) hlyy + kup? (—bPky — kup)hl,
6 (k207 = D=2 + hykup)) By + 407 (2620, + p (300, + 0203 + o)) ))

0 = —b* (=12 = b*k2 — kokyp) by — 26%k2p* R, — 10bphl, (7.13)
b2k2hy,
0=— 9" +2k2h,, — 2kykyhl,, + 8phl) (7.14)
p
From the trace of the equation of motion (which is R = —6) we find:

— 2k ko p? Ptk 0% Py 100 Byt k2 p? By —4p° B, —8V? ph!, 4803 ! +4b? p* Rl = 0. (7.15)

Let us consider the case where k, is nonzero. We can then use the trace equation to write
huyy in terms of hy, and hy, and their derivatives. We then substitute this into (7.11) to

: /7 /
find an expression for h;, in terms of hy,, h

wo and hy, and its derivatives. Similarly, we

can use (7.14) to solve for hl, in terms of h,, and its derivatives. Substituting now all
these expressions into the first radial derivative of (7.9) results in the ordinary differen-
tial equation:

(—b%k2 — 2k, kyp)hlly, + 8phSD) + 4p?R() = 0. (7.16)

(% v

Having solved this equation, one can obtain the other components from equation (7.14)
and the trace equation. Note that
Rl =0 (7.17)

is a trivial solution of (7.16). Actually (7.17) is one of the equations obtained by linearizing
three dimensional Einstein gravity. We will call the solution obtained by solving (7.17) the
‘T’ solution and the solution obtained from the regular non-trivial solution of (7.16) the
‘X’ solution. We will distinguish the two sets of solutions with superscripts 7" and X.

The ‘I’ solution. The first solution takes the form:
1 -
hZu = ph(f2)uu + h(O)uu IOg(p) + h(O)uu + ph(2)uu

1 -
hgv - ph(—2)uv + h(O)uv log(p) + h(O)uv + ph(g)uv (7'18)
hfv - h(O)vv + ph(Q)vv
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with:

2 2 1 2

kvh(f2)uu =-b <kukvh(0)vv - 4h(2)vv> h(72)uv = _2b h(O)vv (719)
- 5 - b2

kvh(O)uu =b kuh(2)vv h(O)uv = 2 h(2)vv (720)

. 1 .
heyw =, R) koh@pu =, kul() (7.21)

1 -
kuh(2)vv - 4kvR(0) (722)
and with

R(O) = kih(o)vv - kakuh(o)uv + kgh(o)uu (7'23)

the linearized scalar curvature associated to a metric perturbation 7;; + h(g);-

These modes are expected to correspond to switching on a source for the energy-
momentum tensor in the boundary theory. As already noted in the introduction, these
solutions blow up faster at the boundary than the background metric. In earlier work, the
boundary conditions used only allowed a subset of these solutions. For example, in the
original paper of Son [1], an asymptotically Schrodinger metric of the type

d2 1 b2—2<I>
_ 4 <_ ¢

du? + 2~ du(dv — aodv)> (7.24)
p p

was proposed. (For convenience of comparison the notation here follows that of [1].) Here
the functions ®(p,u,v) and ag(p,u,v) were proposed to correspond to the energy and
mass currents of the dual field theory, respectively, and were assumed to have a finite
limit as p — 0. Clearly the linearization of this ansatz does not match the solutions
above: the h,, fluctuations have been switched off entirely. Constraining the asymptotics
by not allowing for these fluctuations necessarily constrains or sets to zero certain of the
operator sources in the field theory; related constraints were noticed in earlier discussions
of renormalization for Schrodinger in [17]. Before analyzing the complete set of solutions
of the linearized equations and setting up the holographic dictionary one cannot determine
whether switching off h,, corresponds to switching off or constraining sources. While it
would be consistent to set certain operator sources to zero, it is not consistent to constrain
sources. It is also not consistent to set the vector fluctuation to zero, as proposed in [1]; in
the analysis of the massive vector model in the next section we will see that the linearized
field equations are coupled, and solutions involve both metric and vector fluctuations.

Let us also note that if the h,, fluctuations are switched off, then the remaining solution
is asymptotically Schrodinger, in the sense that the fluctuations fall off at least as fast as
the background as p — 0. This connects with the discussion around (4.105): the operator
Ty is irrelevant, whilst the other components of Tj; are marginal or relevant, and (at b = 0)
h(o)w acts as a source for Ty,. Switching on h,, therefore seems related to switching on
the linearized source for T, which would be expected to change the asymptotic structure
of the background spacetime.
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The precise holographic interpretation of these metric modes is however rather subtle
and will be discussed elsewhere. For now we will set all of these modes to zero, and focus
on the second independent type of fluctuations:

The ‘X’ solution. The second solution takes the form:

_ 1 1
how = hi—2s0p” *1F2(1 — 52— 25,3 — s; 0 kokup) + hs 2000 T 1F2(5;25,2+ 5 kakul))
(7.25)
with 11
s=,+ 2\/1 + b2k2 (7.26)

and with | F5 the hypergeometric function. When we Taylor expand the hypergeometric
functions around p — 0 we find subleading terms whose form depends on whether s €
{1,2,3,...} or not. Namely in the first case we find, just as for the scalar field, logarithmic
terms in the expansion. We will not treat these cases here but note that one may deal
with them in the same way as we did in section 6. For non-integral s the subleading terms

become an ordinary power series:

hoyy = h(4—23)vvp2_8(1 + a1 (8)kukop + a2(8) (kukop)® + . .+ an(8) (kukop)™ +...) (7.27)
+h(2s+2)vvps+1(1 + ﬁl(s)kukvp + 62(3)(kukvp)2 ..ot Bn(s)(kukvp)n + .. )

where a,(s) and ,(s) are rational functions of s. Their explicit form follows directly from
the expansion of the hypergeometric function but it will not be needed here.

To compute a two point function we also need to identify which solution is reg-
ular throughout the bulk spacetime. To check regularity as p — oo we use the

asymptotic behavior:

1
lim p?~ %1 F (1 —$2—25,3—s; kvkup>
p—00 2
(7.28)

s—T7/4
e /4 2 kukup/2 L B _ kyky,
phﬁrgop e 4\/71_(2 s)I'(3 25)( 5 +...

and we find that the divergent pieces in thv cancel only if we relate the two independent

(5= 2)T(3 —25) [(koky >
h(2s+2)vv - (S + 1)F(1 + 28) 2 h(472s)vv : (729)

The solution for the other components h,, and h,, can be obtained by completely

solutions as:

solving the linearized equations of motions. Their asymptotic behavior as p — 0 takes
the form:

thu = p_sh(_gs)uu(l +.. ) + ps_lh(gs_g)uu(l +.. )

s . (7.30)
hE = p hioasgu(l+ ) + P hasuw(1+...)
with the leading coefficients given by:
16
h(*23)uu - k48(8 - 2)(82 - 1)h(472s)vv
(—2s)uv — (28 . 2) (4—2s)vv
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and analogous formulas hold for the expression of /19,2y, and hag)y, in terms of hog 2y, -
The ellipses in (7.30) represent subleading terms which have a similar form to those in hy,:
in each case the ellipses represent an infinite power series of the form

> an(s) (kukop)™ (7.32)
n=1

The coefficients «a,(s) are again rational functions of s whose precise form is different for
each of the occurrences of such a series in (7.30), but whose values are easily calculable
starting from the expansion of h,.

Using the linearized version of (5.4) (with N* = 0, N = 1/(2p)) and (5.9) we obtain
that for this solution:

Ry = 2(s — 2)h(4,28)wp78+1(1 +...)—-(1+ s)h(23+2)wps(1 +...) (7.33)
as well as:
8
Ry = oA s3 (s —1) (82 + 5s — 14) h(4_25)wp_8_1(1 +... )
"y (7.34)
- i (s — 1)23 (32 —7s — 8) h(25+2)wp5_2(1 + .. )

and we recall that the other components of x;; and &;; are given in (7.6) and (7.7). For m;;
we linearize (5.16) and obtain:

32
oy = — 3/<:48(6 — 115+ 14s® — 135% + 454)h(4_25)wp_8_1(1 +...)
v
16
+ g (5 —1)s(4s> — 3s% — s + 6)h(28+2)vvp5_2 (1 +...)
v
4
Tuw = — 581+ 105 — 105 + 25°)h(s_ogwp *(1+...)
3k (7.35)

2 _
~ g2 (5 —1)(—3 — 4s + 45> + 253)h(28+2)w,08 1(1 +...)

v

2 _
Ty = 3(252 —4s = 3)hu_2s)wp stl (1+...)

1 s
+ 3(282 - 5)h(2s+2)vv/0 (1 + .. )

Again the ellipses in the above five equations represent subleading terms of the form (7.32)
with a,(s) calculable rational functions of s whose precise form depends on the quantity
under consideration.

7.2 On-shell action

Let us begin with the on-shell action evaluated on the null warped background. We substi-
tute the background values (7.2) and (7.3) in (5.13) to find that the on-shell action when
evaluated on the background takes the form:

1 2
Siol bare = / d*z / d 7.36
[0}, 167G N 20 pp2 ( )
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where the subscript [0] denotes the fact that this is the on-shell action to zeroth order in
the perturbation and pg is a cutoff to regulate the action. As py — 0 we find a divergence
which is canceled by the counterterm:

1
Siog,et = "8Gy / d%z\/—. (7.37)

With this counterterm included, the combined action Sy pare + Sjoj,c¢ 18 finite and actually
vanishes as py — 0.

We next consider the on-shell action evaluated to first order in the perturbations. We
need to add the first-order variation of the on-shell action, given in (5.15), to the first-order
variation of (7.37). This results in the following expression:

1 2 - . ) 1 .
S[1),bare = 167Gy /d2$\/—7<3ki5k§? + (— % — A% 4 6AJ’“> Mjk) (7.38)

where we added an extra sign with respect to (5.15) because the radial boundary is at the
lower end of the p integration and we have set p = 3. Substituting the background values
given in (7.2), (7.3) and (7.4) we find that all conjugate momenta vanish and and therefore
Sy vanishes as well.

With Sjg) and Sjy; vanishing, we conclude that the lowest-order term in the on-shell
action is second order in the variations. From the variation of (7.38) we find that:

1 2 1/2 J =k ik ik
S[2],bare = 397G /d xp <3"€kﬁj — (M W )hj ). (7.39)
Notice in particular that the second variation of the term [ /=y Al 0;j vanishes for our
background, as can be directly seen from its definition (5.7).

Let us for now set the ‘T’ modes to zero. We then substitute the expansions for the
‘X’ modes given in subsection 7.1 in (7.39) to find its radial expansion:

_ 1 2 —25+1 32 2 2 2
S[Q],bare - 327TGN /d k |:p 3]{:;4) (_2+3)(_1+S)S (_12+7S +s ) h(4f2s)vv (1 + .. )
32
- k4 (_2 —s+ 52)(_35 + 45* — 25° + 84)h(4—28)UU(_k)h(2+28)vv(k) + O(p)

(7.40)

where h%4723)w = h—2s)v0(—k)ha—25)00 (k). The dots again represent subleading terms
which take the usual form (7.32) with certain rational coefficients «,(s). These terms are
divergent and need to be canceled with a suitable counterterm action. The O(p) symbol
represents the terms that vanish as the cutoff p — 0.

To find the counterterms one may follow the usual procedure of holographic renor-
malization. However we discussed above that the current framework is not well adapted
to discuss the ‘T’ modes and we would therefore like to set these to zero. Unfortunately
this introduces an ambiguity in the definition of the counterterm action because then all
components of h;; and &;; essentially have the same component at leading order in their
radial expansion. One may therefore replace for example hy, with K., in a counterterm
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(and adjust the overall coefficient) without affecting the fact that it appropriately cancels
a certain divergence. When we include the ‘T’ modes however this ambiguity is lifted,
since a counterterm which seemed suitable once the ‘T’ modes are set to zero may actually
induce extra divergences once they are nonzero. For this reason one cannot consistently

9

perform the holographic renormalization without switching on the ‘T’ modes as well and
a more careful analysis of the counterterms will therefore be given elsewhere.
Nevertheless the structure of the divergences still allows us to obtain certain nontriv-
ial results without performing the complete holographic renormalization. From a short
analysis of the divergences and the possible counterterms one obtains that the renormal-
ized on-shell action necessarily takes the same functional form as the term of order one
in (7.40), albeit with a different normalization which can be an arbitrary function of s. We

therefore write:

S[2},ren = S[2},bare + S[2},ct = 32771GN /koCIEJ? h(472s)vv(_k)h(2+2s)vv (k) (7'41)
with an arbitrary function c(s). The fact that c(s) is undetermined as long as the holo-
graphic renormalization is not appropriately performed is similar to the well-known fact
that for AIAdS spacetimes the correct normalization of the two-point function is obtained
only once one properly holographically renormalizes the action. We repeat that we have
set the ‘T’ modes to zero by hand which is why they do not appear in (7.41).

Just as for the empty AdS background we will take the leading component of &, to
be the source of a dual operator X,,,. So if we rewrite (7.34) as:

Fuw = 0 (Foyuu (1 +-2) + Bas—2yuup™ (1+...)) (7.42)
with
8
R(O)uu = A 82(5 — 1) (52 + 55 — 14) h(4723)vv
’y (7.43)

R(4372)uu - = 4 (5 - 1)28 (52 —T7s— 8) h(2s+2)vv

then we should take &gy, to be the source for X,.
Using the above equation as well as (7.29) we can rewrite the renormalized action (7.41)
in terms of &(g)yy:

1 20 =0 = 4 25—1—
S[Z]Jen = 327Gy /d kC(S) H(O)uu(_k)kv(kvku) K(O)uu(k) (744)

with undetermined normalization ¢(s). The two-point function of X, then takes the form:

s

<va(k3)va(_k)> = _i4GN

&)k (kyky)? L. (7.45)
This is the behavior expected for the two-point function of an operator of weight A; = 2s

under the Schrédinger dilatation symmetry D. As b?> — 0, the correlation function also
reduces to that of a (3,1) operator in a CFT, as expected.

,51,



8 Linearized analysis for the massive vector model

In this section we present the general linearized solution to the vector model equations of
motion in three dimensions. We should note that in five dimensions gravity coupled to
a massive vector is not by itself a consistent truncation of ten-dimensional supergravity;
additional scalar fields need to be included [5]. The linearized equations of this consistent
truncation do not coincide with those of the gravity plus vector model, but the generic
features of the linearized solutions of this system are expected to be similar to those in the
model analyzed here.
We choose a radial gauge such that:
2

dp hij o
2 ? 7 b
ds® = 402 + <’)’ij + p]> dz'ds? , A, = Aug + A, (8.1)

where ;5 is the background metric (7.1), A9 = 2du is the background gauge field, and h;;
and A, parameterize small metric and gauge field perturbations. The linearized Einstein
equations can then be written as:

R;;[h] + tr('y_lh’)'yij —p (2 h;'] — 462;)_2522 ;)v + pr_Qtr(y_lh')5?5f>

= 3620 2oy yig + b9 R0 0) + 4bp~ Ao +4b (85, — Fopyis )

) 1 1
0; (tr(v~'h)) — v O hi; — 0 b2 20ihuwy + b2 p 201 O (hﬁ - 2tr(h)55> (8.2)
=bp ' Fjy —dbp A, 61
1 _
2b2 9y (P72 huw)

1
= 2tr(’y_1h”).

Note also that R;;[h] — J7i;R[h] = 0, and F;; = 0;A; — 9;A;. The linearized vector field
equations are
ij -2 i1 i 4
0 (VI Fjp) —bp 20; | hiy — Q,tr(h)év = ) Ap; (8.3)
g , 1 4 .
0; <7”7kl]:jl> +40, <p71k]:pi> + 4bp_16p (hﬁ — tr(h)&f) = " AMA,,
2 p
whilst the linearized divergence equation is:
. ik ! —19. i 1 2
0; <7 .Ak) +4p A, —bp~0; <hv - 2tr(h)6v> = 0. (8.4)
In these equations tr(h) = tr(y"'h) = b?hyep ™' + 2Ry

It is useful in solving these equations to carry out a Fourier transform with respect to

the boundary coordinates z*, by defining

dzkiuiv~ d2kiuiv~
hij(z, p) = / (212 ettt (k) Aule,p) = / (22 ethuutiko 4 (k,p). (8.5)
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In order to keep notation uncluttered, we will drop the tilde in what follows. In solving
the linearized equations of motion around the null warped background” we find that the
solutions again split into two independent sets, the ‘X’ modes and ‘T’ modes, as follows:

As in the previous section, the ‘T’ modes are associated with the dual stress energy tensor
whilst the ‘X’ modes are associated with the deforming vector operator.

The ‘T’ modes. This part of the solution can be written as:

1
h;];u(p’ k) = P h(—Z)uu - h(O)uu Inp+ h(O)uu +p h(2)uu

1 ~
hgv(p’ k) = p h(72)uv - h(O)uv Inp+ h(O)uv +p h(2)uv
th (p’ k) = h(O)vv +p h(2)vv (87)
1
'Al’«(p’ k) = p'A(O)u + -’4(2)“

The various fields carrying (n) subscripts are purely functions of k. The equations of
motion relate the various functions as follows:

1 1 F

A(O)u = _2b h(72)uu ) A(O)v = _b h(72)uv ) A(O)p - - 4 (88)
o F _

A(Q)Z - — 4 5 A(Q)p == 0 5 F = kUA(O)U - kUA(O)u (89)

Thus, the “I” modes of the gauge fields are completely determined in terms of h(_s);; or

vice versa. Now let us turn to the metric solution. The equations of motion give®

b? z 27 2 7
h(f2)uv - - 9 h(O)vv ) 2kukvh(O)uv = kvh(O)uu ’ b h(2)vv = 2h(O)uv' (810)

The quantity R(O) has been defined in (7.23). Notice that the last relation implies a nonlocal
relationship between the coefficients h(_s);; and h(g);;. Finally, the remaining equations of
motion give

kvh(Z)uu = kuh(Z)uv ) kvh(Q)uU = kuh(Q)UU (811)
Combining the last equations we find that R(O) determines 9);; and iL(O)ij as

by = 1- ky =

h(2)yuu = 4];) Ry , h@u = Ro) » h(2)po = sk, R (8.12)
_ b - . b2k, -
h(oyuu = 4 R h(oyuw = Sk, R (8.13)

and a particular linear combination of the h(_g);; as

keukoh(—ayuu — 2kah(—2)yuw = b Rg). (8.14)

"We have used Mathematica to do this computation.
8Here the equations of motion have been solved order by order in p.
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Using the first relation in (8.12), we obtain
kuh( 2y = b (koh(0)uu — 2kuh(oyun)- (8.15)

The ‘T’ modes should correspond to the energy momentum tensor but are subject to the
same subtleties as the ‘T’ mode solutions of TMG.

The ‘X’ modes

The second set of independent solutions are the ‘X’ modes; one can view these as physical
modes, since unlike the ‘T’ modes they propagate in the bulk. We define the following

function
9(p) = pAY, (8.16)
and substitute this into the equations of motion. We find
2ikyp i ib’kyg
AT = k;%l?z (kokug + 29" — 2pg") + iy p (49 T Bkohupg = ap’g" )+
21 .
AY = L Zg; (kokug + 29" — 2pg") — ikvg , A = i- (8.17)
v

Only one metric component is nonzero for this part of the solution, namely

8 4ibg'

oy = 5 Rkokug + 49" + kokupg' — 4pg” — 2p*9") + (8.18)
bk ke
The equations of motion further require that g(p) satisfy the fourth order equation:
1
ptg +4p°g™ — (262k3p2 + kvkup3> g"
1 VEE Rk, E2E2p?
~kpkup®d b2k? v v v =0 8.19
vhup” g + (2 » 16 + 4 + 4 g ( )
A feature of this equation is that it depends on p only though the combination:
T = pkyky. (8.20)

Note in particular that this variable x is invariant under the dilatation symmetry. In terms
of the new variable, the equation (8.19) becomes:

2
9@ (z) +42° g (z) — (202? 4+ 2°) " (2) — 229 (2) + 2+ a® + az + z )g(z) =0 (8.21)

where 1252
— v
a=, (8.22)
and all primes now denote derivatives with respect to x. Unfortunately, the exact set of
solutions of this equation has not been found. The equation becomes exactly solvable in
terms of hypergeometric functions in the two limiting cases, (i) ¢ < a and (ii) > a. In
particular, the approximation in case (ii) leads to the same equation as in the undeformed

theory, b = 0, and we will discuss the exact solution for this case below.
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However, one can obtain the general asymptotic solution of (8.21). There are four
independent set of such solutions which to leading order in the radial variable x are:

g(x) = x(z,AI)(a)x;*é\/Hb%g + m(Al)(a)x;‘Lé\/Hka% (8.23)

+m(27A2)(a)m;fé\/9+b2kg +x(A2)(a)x;+;\/9+bzkg_

where

Ay =1+ /14022, Ag=1++/9+b2k2. (8.24)

Furthermore, the subleading terms in each independent solution are necessarily expanded
as a power series in z, e.g. the first of the solutions behaves as:

1 1
23T BVIHH (2—a,) (@) + - @)z + TG0 ()2 + ). (8.25)

For generic values of the product b?k2 the dimensions (Aj,Ay) are irrational, and the
asymptotic expansion of each independent solution involves only radial powers. The nota-
tion used for x(,) indicates that in this case the coefficients scale as z(,) — A\™"z(,) under
the dilatation symmetry which acts as p — A?p, © — A?u. When the dimensions take
rational values, however, logarithmic terms arise in the asymptotic expansion and in this
case the coefficients do not all scale homogeneously under the dilatation symmetry.

From the form of the asymptotic solution, one would expect that the coefficients x(5_a,)
are related to the sources for dual operators with dimensions A;, while z(4,) are associated
with the corresponding vevs; we will explain this further below. Requiring smoothness®
of the solution for g(p) in the interior of the spacetime should determine T(a,) In terms
of z(3_p,) completely. Since these coefficients depends only on « the regularity conditions
can depend only on the quantity «, and thus will result in:

z(a,) = fila)ze-n,) (8.26)

where f;(«) are functions of . This implies that the regular solution is of the form

9(0) = wonypt 2R (L4 4 pA T (@RS TS T ) (8.27)

where the dots indicate subleading terms. In order to determine the explicit form of f;(«)
we would need to solve the full equation for g(x), but fortunately the k,-dependence is
completely determined without knowing the full solution. Note that for rational values of
the A; this argument needs to be refined: logarithmic terms can arise in the asymptotic
expansion and the coefficients z(a,) do not then scale homogeneously under dilatations.
This happens for example at b = 0 where the equation for g(z) can be solved exactly: the
two regular solutions are

g(z) = g1aKo(vV2x) + gra V2K (V2z), (8.28)

9Strictly speaking, the regular requirement should be imposed on the vector field itself, rather than on
the function g(p). However, the only feature we use in what follows is that regularity imposes two conditions
on the four independent solutions.
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where K, (z) is the modified Bessel function of the second kind. Using the asymptotic
expansion of these functions as x — 0, we indeed find logarithmic terms; these relate to
the terms logarithmic in momentum in the renormalized correlation functions, as expected
for operators of integral dimension in a CFT.

It is also interesting to see how the b?> — 0 limit is reached. Let us rewrite the leading
terms in the expansion of g(p) as:

g(p) = ikvg(QfAl)Péié\/lerng + ibzkvg(zfm)ﬂ;*é\/%b%g (8.29)
. 1,1 . 1,1
+Zkavg(A1)p2+2\/1+b2k% + Zkvg(Ag)P2+2\/9+b2k’2’ 4.

where the ellipses denote the subleading terms and the (:c(l_ A),x(A)) have been rescaled
relative to (8.23). The notation for g(,) again indicates that the coefficient scales as g,y —
A7"g(n) under the dilatation symmetry which acts as p — A2p, u — A’u. Substituting
these terms back into the vector field components we find:

49(9— + +

A, = 9(2()2A1)p§_§\/1+b2k3(1 — 1+ b2k2) — 49(2—A2)p§_§\/9+b2k%(1 V9 + 02k2)
1,1 9(Az) 141

2g(A1)p2+2 \/1+b2k%(1 \/1 b2k2) — (b22)p2+2\/9+b2k5(6 _ 2\/9 b2k2) 4 - - ;

Ay = 49(27A1)P_é_5\/1+b2k3 - 4529(27A2)P_5_é\/QMQICg (8.30)
—60g(a,yp VIO g pmata VORI

Taking the limit of 4> — 0 and retaining only the leading terms results in:

Ay = —16g(_2)p~" — 4kJg(0) + 4920 + 3kigup” + -+ (8.31)
Au = 4g0)p~" +4gyp + -

where we have used A; — 2 and Ay — 4.

Let us next review the holographic correspondence at b = 0, namely for linearized
perturbations around the AdS background. The mass of the vector field is such that it
corresponds to a vector operator of dimension three in the dual conformal field theory. Solv-
ing the linearized equations of motion for the vector around AdS results in an asymptotic
expansion of the vector fluctuations of the form:

a;(u,v) .

A; = ) (14 )+ai(u,v)p(l+--), (8.32)
where i = (u,v) and the ellipses denote subleading terms in p. Then a; is a source for the
dual vector operator X; whilst its expectation value is related to the normalizable mode
a;. Comparing with (8.31) we note that:

ay = —=16g02-n,);  au=490-a)); G =490 Au=49(a,) (8.33)

and thus the data (g(Q_Al),g(Al)) is associated with the operator X, whilst the data
(9(2_A2),9(A2)) is associated with the operator X,,.
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8.1 Interpretation

From the general linearized solution of the massive vector equations one can compute the
two point functions of the dual stress energy tensor and of the deforming vector operator.
This calculation however requires systematic holographic renormalization, which is rather
complex and will be discussed elsewhere. Focusing on the ‘X’ modes one can however make
a number of interesting preliminary observations. Let us first recall what happens at b = 0
in the AdS background; recall that the scaling dimensions with respect to the Schrédinger
symmetry are such that A (X,) = 2 and A4(X,) = 4, according to (4.62). From the
asymptotics of the bulk vector field one sees that a, acts as a source for the (2,1) operator
X, whilst a, acts as a source for the (1,2) operator X,,.

Working now to leading order in b, the field theory is deformed by a source for the
operator X,,. The general arguments made in section 4 indicate that both operators, X, and
X, would be expected to acquire lightcone momentum dependent anomalous dimensions,
when k, # 0. Looking at (8.30), if one continues to interpret J(2—A,) as a source for the
deformed operator X? away from b = 0, and similarly interprets g2—-A,) as a source for the
deformed operator X, then

Ag(XD) = A1 =1+ V14022, Af(XD) = Ay =14 /9+b2k2. (8.34)

These expressions are in agreement with (4.62) at b = 0, and indicate that the anomalous
dimensions at finite b? take this closed form. Given that the coefficients g(a,) and ga,)
have dilatation weights (A1, Ay) respectively, the vevs of the operators are expected to be
of the form:

(Xu) ~ 9(aq); (Xo) ~ g9a0); (8.35)

since for generic non-rational values of A; no other terms in the asymptotic expansion of
g(p) have this dilatation weight. Using (8.27), we can immediately infer that

(Xu(k) Xy (=k)) ~ EE27Y (X, (k) Xy (k) ~ k511, (8.36)

which is indeed of the form expected for operators of these scaling weights in a
Schrédinger invariant theory. The k, dependent normalization can however only be
determined using exact regular solutions of the linearized field equations together with
holographic renormalization.

9 Conclusions

In this paper we have considered holography for d+1 dimensional Schrodinger backgrounds
and argued that they are dual to d dimensional theories on Minkowski spacetime obtained
by deforming conformal field theories by irrelevant operators, which are however exactly
marginal from the perspective of the non-relativistic conformal group. In other words,
they describe a continuous deformation from a relativistic fixed point to a non-relativistic
fixed point. On the field theory side, we used conformal perturbation theory to study this
system (so the undeformed CFT can be either weakly or strongly coupled) and showed that
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the deforming operator is indeed exactly marginal. We also studied how the dimensions of
operators change, to leading order in the deformation parameter b?, when we deform the
theory. These results are in agreement with the results obtained using the gravity dual,
when linearized in b?. The gravitational result, however, is valid for any b*> and resums
the corrections into a closed, squared root form. An important result is that the boundary
counterterms obtained by holographic renormalization are are non-local in the lightcone v
direction, implying that the boundary theory is not a local QFT.

Working at the linearized level in the metric sector, we saw that the general solution of
the equations of motion blows up faster at the boundary than the background Schrédinger
solution. This was not unexpected, since the linearized solutions correspond to operators
that are irrelevant with respect to the non-relativistic scaling symmetry, and therefore a
finite source for this operator would be expected to change the asymptotic structure of the
spacetime. Similarly components of the stress energy tensor are also irrelevant with respect
the Schrodinger dilatation symmetry. This feature is responsible for many subtleties in
setting up holographic renormalization for Schrédinger, and needs to be understood better
before generalizing the analysis to the non-linear level. The conserved stress energy tensor
of the dual theory couples to the vielbein, rather than the metric, and hence the correct
holographic setup is to fix boundary conditions for the vielbein, rather than the metric.
The holographic dictionary for the gravitational sector is thus rather technically involved,
even at the linearized level, and it will be discussed elsewhere.

Throughout this paper we have noted a number of interesting open questions. The
Schrédinger invariant theory should admit a realization as a null dipole theory; for each
“ordinary” CFT one would obtain the null dipole theory by replacing ordinary products
with null dipole products. Such a realization should allow one to compute the scaling di-
mensions A in the deformed theory in terms of the conformal dimensions A in the ordinary
CFT. Moreover the analog of the Seiberg-Witten map [32] between the null dipole and or-
dinary theories should allow one to understand the detailed structure of the counterterms.
In particular, we noticed that in the holographic realization the boundary counterterms
for a scalar field in Schrédinger were simply related to those of a scalar field in AdS, and
this may well be a consequence of an underlying null dipole structure. It would also be
interesting to understand the counterterms better from the field theory perspective; work-
ing perturbatively in b we expect a series of counterterms involving increasing numbers of
lightcone derivatives to be induced. This series of terms would then be expected to resum
into the structure obtained in the null dipole theory.
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