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Monitoring process mean level using auxiliary
information

Muhammad Riaz*
Department of Statistics, Quaid-i-Azam University, Islamabad, Pakistan

In this study, a Shewhart-type control chart is proposed for the
improved monitoring of process mean level (targeting both moderate
and large shifts which is the major concern of Shewhart-type control
charts) of a quality characteristic of interest Y. The proposed control
chart, namely the M, chart, is based on the regression estimator of
mean using a single auxiliary variable X. Assuming bivariate normality
of (Y, X), the design structure of M, chart is developed for phase | qual-
ity control. The comparison of the proposed chart is made with some
existing control charts used for the same purpose. Using power curves
as a performance measure, better performance of the proposed
M, chart is observed for detecting the shifts in mean level of the char-
acteristic of interest.

Keywords and Phrases: control charts, power curves, simulations, X
chart, M, chart, regression-adjusted charts, cause-selecting charts,
normality; auxiliary information.

1 Introduction

The monitoring of any process output demands an early detection of shifts in the
process parameters. The shift may be in process variability, process mean level or
both. The variability of any process is controlled first, followed by controlling of
the mean level. In the 1920s, Walter A. Shewhart introduced the idea of control
charts to monitor any process for variability or process mean level. The commonly
used control charts for monitoring process variability are the R chart, the S chart
and the S? chart and for process mean level are the X chart, the median chart, the
trimmed mean chart and the mid-range chart.

For an improved monitoring of a quality characteristic of interest, the idea of
exploiting correlation of the characteristic of interest with some other associated
quality characteristic(s) had been used in the form of cause-selecting and regression-
adjusted control charts, e.g. MANDEL (1969), ZHaNG (1984, 1985), Hawkins (1991,
1993), Wabpe and WoobaLL (1993) and SuHu, TsunG and Tsur (2005). The cause-
selecting and regression-adjusted control charts are constructed for a quality char-
acteristic of interest after adjusting for the effect of some associated characteristic(s)
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(i.e. the residuals are obtained and used for monitoring the quality characteristic of
interest).

By identifying and observing some auxiliary variables along with the variable of
interest, the information on the relationship between auxiliary variables and
variable of interest can be used to improve the precision with which parameters
are estimated. Riaz (2008) introduced the idea of using information on an auxil-
iary characteristic in control charts for improved process monitoring. He consid-
ered the information on an auxiliary characteristic X for the improved monitoring
of variance of a quality characteristic of interest Y. He proposed a regression-type
estimator for variance of Y to capitalize on the correlation between Y and X and
recommended its use in control charts for improved monitoring of variance of Y.
He claimed the superiority of his proposed V, chart to the well-known Shewhart
control chart for variance (i.e. S* chart), conditioned on |p,.| [where p,, is the
correlation (linear relationship) between Y and X1.

There are different classifications, in quality control literature, of control charts,
e.g. according to the type of data, sample size, type of control, etc. FARNUM (1994)
classified two basic types of control: threshold control and deviation control. Thresh-
old control is concerned with detecting the large shifts, whereas deviation control is
concerned with detecting the small shifts in the process parameters. The Shewhart-
type control charts are regarded as threshold control charts, while non- Shewhart
control charts, (e.g. CUSUM and EWMA charts) are regarded as deviation con-
trol charts. In this study, the information about a single auxiliary characteristic X
is introduced for the improved monitoring of the process mean level of a quality
characteristic of interest Y following Riaz (2008). Assuming bivariate normality of
(Y, X), a Shewhart-type process mean control chart, namely M, chart (a thresh-
old control chart), is proposed which is based on the regression estimator of pro-
cess mean level. The focus of the proposed chart is on phase I quality control. The
regression estimator for mean of Y, using a single auxiliary variable X, is defined
for a bivariate random sample (y1, x1), (2, X2),. - ., (Y, X») Of size n as:

M, = y+b(u, — %), (1)

where j is the sample mean of Y, x is the sample mean of X, u, is the population
mean of X (assumed to be known) and b is defined as:

b=ryx(s,/5x), (2

where r,, is the sample correlation coefficient between Y and X, s, is the sample
standard deviation of X and s, is the sample standard deviation of Y.

In the following sections: (i) design structure of the proposed M, chart is devel-
oped for improved monitoring of process mean level of Y, following the work of
PappaNnasTOs and Apams (1996) and Riaz (2006); (ii) power curves are constructed,
as a performance measure, for the proposed M, chart, following NeLsoN (1985) and
Riaz (2008); (iii) performance of the proposed M, chart is compared with those of
some existing control charts (like Shewhart’s well-known X chart, cause-selecting
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460 M. Riaz

and regression-adjusted charts) used for the same purpose, following TuPrAH and
NcuBt (1987), AcosTa-MEiia, PIGNATIELLO and Rao (1999) and Riaz (2008); and
(iv) finally, an illustrative example to explain the working of the proposed M, chart
is also given.

2 The proposed chart

Assuming bivariate normality of (Y, X), a relationship between p, (the unknown
process mean of quality characteristic of interest ¥ which is to be monitored) and
M, [the regression estimator of u, defined in (1)] is required to develop the structure
of the M, chart. Let (y1, x1), ()2, X2), - . ., (¥, X») be a bivariate random sample of size
n from a bivariate normal distribution, and let C be the random variable that defines
a relationship between p, and M, as:

C =M, —w)lo,, 3)

where ¢, is the standard deviation of Y, which has already been controlled using
some variability control chart. The relationship defined in (3) helps determining the
parameters (i.e. centerline, lower and upper control limits) of the proposed M, chart.

Now, if the distributional behavior of C is known then the sample statistic M,
can easily be used for the testing of hypotheses about shifts in p,. When (Y, X)
follow bivariate normal distribution, the distributional behavior of C depends only
on p,, (the correlation between Y and X) and n. The distributional behavior of C,
in terms of its mean, standard error and quantile points, is required for the devel-
opment of the M, chart, and is explored in the following paragraphs when (Y, X)
follow a bivariate normal distribution.

First, for mean, applying expectations to (3) gives:

E(C)=E(V/n(M, - w)loy)= VnE(M, — w)lay. “)

Here, E(M,) can safely be replaced by its estimate M, (the mean of sample M,s)
using an appropriate number of random samples, as discussed in HILLIER (1969) and
YanG and HiLLIER (1970), from the process under study when the process is in the
state of statistical control [just like R replaces E(R) for the R-chart]. Thus, from (4),
an estimate of u,, after rearranging and simplifying the terms, is given as:

f,=M,—6,E(C)l\/n. (5)

The regression estimator M, is generally a biased estimator of the population mean
Wy, but the bias vanishes when the relationship between Y and X is linear (see SUK-
HATME and SUKHATME, 1984, p. 238). So, for the case of bivariate normal (Y, X),
M, is unbiased for p, and hence E(C)=0. Thus, (5) results into the following:

i, =M,. (6)
Also, from (4), we have:
E(M,)=p, ()
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Replacing the estimate of y, [given in (6)] in (7) gives:
E (M)~ M, ®)
Second, for standard error, let the standard deviation of C (i.e. o¢) be
ac=k. )

It is not easy to get the analytical results for k, because E(M?) is difficult to ob-
tain analytically. So, the simulation results are obtained for k, in this paper (in
practice, simulation methods are often used to evaluate the expectation of a sta-
tistic, see Ross, 1990). The coefficient k, depends entirely on p,, and n, in the case
of bivariate normal distribution. Using 10,000 random samples generated from a
standard bivariate normal distribution, without loss of generality, the results of k;
have been obtained, for different combinations of p,, and n, 1000 times each (for a
detailed discussion regarding the number of simulations needed in control chart
studies, see SCHAFFER and Kim, 2007). Based on these results, the mean values of
k,, along with their respective standard errors, are provided in Appendix Table Al
for n=>5,6,...,15,20,25,30, 50, 100 at some representative values of p,,. The similar
results can easily be obtained for any combination of p,, and n.

In addition, taking variance of C and then simplifying finally gives the expression
for ¢ as:

oc=v/noy,loy, (10)

where o), represents the standard deviation of distribution of sample statistic M,.
Using (9) in (10) and rearranging yields the following result for o,.:

om, =kaoyl\/n. (11)
Substituting estimate for g, in (11), the estimate for gy, is given as:
6m, =ka6,1\/n, (12)

where ¢, is controlled estimate of process standard deviation ¢, which can be
obtained from some variability control chart.

An approximation for gy, when (Y, X) follows a bivariate normal distribution, is
given as (see SUKHATME and SUKHATME, 1984, p. 267):

O'M,VZ\/O'f(l —p3 )1+ 1/(n—3))/n. (13)
Consequently,
oo\ (1= p2 )1+ 1/(n = 3). (14)

Asymptotically, and even for the smaller values of n, the approximation (14) works
well, as can be seen from Appendix Table Al, e.g. for =20 and p,,=0.70, we
have k; =0.7373 (from Table Al), whereas relationship (14) gives k; ~0.7348. The
two results are very close to each other, which show the good approximation ability
of result (14).
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462 M. Riaz

Lastly, for the quantile points of the distribution of C, let C, represents the ath
quantile point of the distribution of C (i.e. the point where C completes a% area).
The analytical results for C, are difficult to obtain; so, the simulation results are
obtained for C,. For a bivariate normal distribution of (Y, X)), the quantile points
of the distribution of C depends entirely on p,, and n. Using the same 10,000 sim-
ulated random samples, the results of C, have been obtained (like quantile points
of W =R/o that determine the values of control limits of R chart and power of
the chart) for different combinations of p,, and n, 1000 times each. Based on these
results, the mean values of some commonly used quantile points, along with their
respective standard errors, are provided for n=35,6,...,15,20,25,30,50,100 in
Appendix Tables A2-Al1l at some representative values of p,,. The similar results
can easily be obtained for any combination of p,, and n. These quantile points
help determining the control limits and the power of the proposed M, chart to
detect shifts in process mean level for the quality characteristic of interest Y. The
distributional behavior of C is not symmetrical, at least for small values of n, as
obvious from Appendix Tables A2-A11. Asymptotically, C is normally distributed,
N(O, (1= pp)(1+1/(n —3))).

Now, based on the results obtained in section 2, the parameters of the proposed
M, chart are discussed in section 3.

3 Parameters of proposed chart

The central line (CL), lower control limit (LCL) and upper control limit (UCL) are
the three parameters of any Shewhart-type control chart. There are two approaches
to express these parameters, namely probability limits approach and 3-sigma lim-
its approach. In case of asymmetric distributional behavior of the relevant estima-
tor, the probability limits approach is preferred. If the distributional behavior of
the relevant estimator is nearly symmetric, then 3-sigma limits approach is a good
alternative. The parameters of the proposed M, chart using both the approaches are
expressed in sections 3.1 and 3.2.

3.1 Probability limits approach

The value M, corresponds to CL of the proposed M, chart, just like R for R chart
provided in ALWAN (2000, p. 347) and S for S chart provided in ALwaN (2000,
p- 362). Assuming the probability of making a type I error to be less than a spec-
ified value say o, the control limits (which are actually the true probability limits)
for the proposed M, chart are defined as:

LCL=M, with P,(M,=M,) <o } 1)

UCL=M,, with P, (M,. =M,”) >1—o,
where o =04+ o, and P, represents the cumulative distribution function for a given

value of n.
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Now using (3) and (6) in (15) and simplification finally gives the following:
LCL=M, =M, + Cié,/\/n with P,(C=C) <o }

_ 16
UCL=M,, =M, +C.6,/v/n with P, (C=C,)>1-q, (1o

Thus, the quantile points of the distribution of C, the average of sample M,s (i.e.
M,) and &, (a controlled estimate of process standard deviation o)) allow setting
the true probability limits for the proposed M, chart.

3.2 3-Sigma limits approach

If normal approximation to the distribution of C is used, then the parameters of
M, chart with the usual 3-sigma control limits are given as:

LCL=M, 30y,
CL=M, , (17)
UCL=M,+30y,
Using (12) in (17) gives the following result:

LCL=M, —3ky6,/\/n
CL=M, , (18)
UCL=M, +3k:6,/v/n

where the values of k; are provided in Appendix Table Al.
The validity of these 3-sigma limit-based parameters of the proposed M, chart
depends on how close the normal approximation is to the true distribution of C.
After deciding the control structure, for a given significance level, by either the
probability limit approach or the 3-sigma limit approach, the sample statistic M, is
plotted against time order of the samples. If all the sample M,s lie within control
limits, there is reasonable evidence to conclude that there is no shift (particularly of
larger amount) in the process mean level and the process is stable at M,. Otherwise,
some assignable cause(s) is/are at work, causing a shift in the process mean level.
To address small and moderate shifts, using the developed structure of M, chart,
the runs rules (as discussed by NELsoN, 1984, WHEELER, 1995 and DoEgs and ScHRI-
EVER, 1992) may be supplemented to its basic structure. As a result, the risk of false
alarms is increased.

4 Comparisons

In this section, some comparisons of the proposed M, chart are made with well-
known Shewhart X chart (as the characteristic of interest is denoted by Y in this
study, the name Y chart will be used instead of the X chart later in this paper)
and cause-selecting charts of ZHANG (1984) and WADE and WoobaLL (1993). As the
focus of the proposal is on phase I quality control, power curves have been used as
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1.0

Power

0.0

4.0

Sigma shifts in p,

Fig. 1. Power curves of Y chart and M, chart with \p},x| =0.10,0.30,0.50,0.70 using «=0.01.

a performance measure (in contrast to phase II quality control where average run
length (ARL) is used as a performance measure) of the control charts following
ALBERS and KALLENBERG (2006).

4.1 M, chart vs. Y chart

Using the parameters for M, and Y charts, as given in (16) and ALwan (2000,
p. 394), respectively, the performance of the M, chart has been compared with that
of the Y chart in terms of discriminatory power. As the distributional behavior of
C is not symmetrical, at least for smaller values of n, we have preferred to use the
probability limits approach for the two charts to set control limits for a given signifi-
cance level («). Using the respective control structures of the two charts, the control
limits of M, and Y charts have been obtained for different combinations of pyx and
n, using different significance levels, and power curves for the two charts have been
constructed. The power curves, for n=15, are produced here for some values of p,,
in Figure 1 (using =0.01).

In Figure 1, the curve referred to as Y represents the power curve of the Y chart,
while the curves referred to as M, ,,, M,,,,, M,,,, and M, ,, represent the power curves
of the M, chart when |p,.| is 0.10, 0.30, 0.50 and 0.70, respectively. The similar
behavior is observed for the other values of n. It has been observed that the dis-
criminatory power of the M, chart is higher than that of the Y chart and the gain
in terms of discriminatory power for the M, chart keeps increasing with an increase
in |pyy|, as can be seen in Figure 1.

4.2 M, chart vs. cause-selecting and regression-adjusted charts

The cause-selecting and regression-adjusted control charts exploit the correlation
between Y and X in the same fashion (i.e. both types of charts are constructed
for a quality characteristic of interest Y after adjusting for the effect of some corre-
lated characteristic X); so, the comparisons of the proposed M, chart are made only
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with the cause-selecting charts. In this paper, the performance of the M, chart is
compared with those of cause-selecting approaches proposed by ZHANG (1984) and
WADE and WoobaLL (1993).

WaDE and WooDALL (1993) proposed prediction limits by modifying ZHANG (1984)
limits. They computed the powers of detecting shifts in yu, for given x, using Zhang’s
limits and their proposed prediction limits. Particularly, they considered n= 150,
o=0.006, a§=a§=l and computed the powers for detecting different shifts in p,
for given x, using Zhang’s limits and their proposed prediction limits. They claimed
slightly better performance of their proposed prediction limits than Zhang’s limits,
for detecting shifts in u, for given x. For the same environment (i.e. n= 50, 0 =10.0006,
aﬁ =g2=1), the powers are computed using the control limits of the proposed M,
chart of this paper. The same shifts in u, for given x have been considered, as were
considered by WaDE and WoopALL (1993) for Zhang’s limits and their proposed pre-
diction limits. The powers are then plotted against different shifts in u, given x for
ZHANG (1984) limits, WADE and WoobaLL (1993) prediction limits and the limits
based on the proposed M, chart of this paper. The resulting power curves are shown
in Figure 2 using p,,=0.90 for comparison purposes. A similar pattern of power
curves has been observed for p,,=0.50 as well.

In the following figure, the curves referred to as ‘1°, ‘2’ and ‘3’ are of Zhang’s lim-
its, Wade and Woodall’s prediction limits and the M, chart-based limits, respectively.

It has been observed that in terms of the discriminatory power, (i) the predic-
tion limits of WADE and WoobaLL (1993) are slightly better than ZHANG’s (1984)
(as claimed by WADE and WoobaLL, 1993); (ii) the proposed M, chart-based limits
of this paper are slightly better than those of WADE and WoobpaLL (1993), as obvious
from Figure 2. This improved performance of the proposed M, chart-based limits
may be due to the dual exploitation of the correlation between Y and X [once in
estimating b of (1) and then in computing M, defined in (1)]. These results may
easily be claimed for the M, chart relative to HAwkiINs (1993) regression-adjusted

Power

Shifts

Fig. 2. Power curves for Zhang’s limits, Wade and Woodall’s limits and M, chart-based limits using
Pyx = 0.90 and «=0.006.
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charts at least for the processes without cascade property (see Hawkins, 1993) due
to the similar structure of these charts.

5 An illustrative example

To illustrate the application of the proposed M, chart, let us consider the data consid-
ered first by CONSTABLE et al. (1988) and then by WADpE and WoopaLL (1993) on
X=ROLLWT and Y =BAKEWT. They considered the paired information on (Y, X)
and used X to find the fitted values ¥ and then residuals Y — ¥ by fitting the least square
regression line of ¥ on X when the process is assumed to be stable (in control). They
used first 45 data points (which are from a stable state of the process) to find the fitted
values Y. After capitalizing on the relationship between Y and X this way, the resid-
uals (i.e. Y — ¥) were computed for the improved process monitoring for Y. We con-
sider here the same data set by giving the role of auxiliary variable to X and the role of
characteristic of interest to Y. The same first 45 stable data points on (Y, X)) are used
and the mean values, standard deviations and correlation between Y and X are com-
puted. These are mean(Y) =201.18, mean(X)=210.24, SD (Y)=1.17,SD (X)=1.23
and corr(Y, X)=0.54. As these results are obtained from stable points of the process,
we assume here these estimates as the true parameter values just for illustration pur-
poses(i.e.p, =201.18, u, =210.24,6,=1.17,0, = 1.23and p,, = 0.54). Assuming bivar-
iate normality of (Y, X) and considering u, =210.24 to be the known mean value of
auxiliary variable X', 10 bivariate random samples (ideally these should be 20-30 initial
random samples as recommended by Shewhart, but for convenience we have consid-
ered only 10 here) each of size 10 are simulated from the bivariate normal distribution,
i.e. Na(iy, iy, 0y, 0, pyx). The inspiration for this approach of simulation is taken from
SINGH and MANGAT (1996, p. 221). The simulated data contains 90% values from
N>(201.18,210.24,1.17,1.23,0.54) and 10% values from N,(203.18,210.24,1.17,
1.23,0.54) (i.e. the data is contaminated for y,). The resulting data set of 10 bivariate
randomsamples(Y, X),eachofsize 10,is givenin Appendix Table A12. Now, the objec-
tive is to see whether the M, chart is able to detect the contamination in the data

The sample statistics M, and R,
for the data set given in appendix

Table Al2

Sample number M, R,
1 201.286  4.321
2 201.593  4.417
3 201.691  3.845
4 201.278  4.568
5 201.863  3.504
6 201.226  5.106
7 201.240  3.470
8 201.653  3.737
9 200.364  2.603

10 201.408  3.813
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UCL = 202.2465
202

~ //\ /\ /\ CL =201.360

E < ¥ \ / i
201+ \ /
\V— LCL = 200.4945

200

012345678910
Sample number

Fig. 3. M,-Chart

or not? For this purpose, the sample statistics M, and R, (i.e. sample ranges for Y)
are computed for these 10 samples and are given in the preceding table.

Based on the results of the above table, the control limits for the M, chart using its
control structure given in (16) are given as (using o =0.02):

LCL=M,+ Cy016,/v/n
CL=M, , (19)
UCL= Mr + Co‘gg&),y/\/ﬁ

where ¢, =R, /d»=3.938/3.078=1.2794, C; =—2.1391.

The M, chart using the control limits given in (19), for the simulated data set of
Appendix Table A12, is given in Figure 3.

The sample statistic M,, on its control chart, falling outside lower and upper con-
trol limits refers to some assignable cause(s) in the process at that time point. The
M, chart gives signal of some assignable cause(s) for sample at time point 9 in the
simulated data set.

6 Conclusion

The proposal of this study is a Shewhart-type control chart for stage I quality con-
trol. The proposed M, chart uses the information on a single auxiliary variable and
capitalizes on its correlation with a quality characteristic of interest for the improved
monitoring of the mean level of the quality characteristic of interest. It has been
observed that the performance of the M, chart, in terms of the discriminatory power,
keeps improving with an increase in p,,. In addition, comparisons with the conven-
tional, cause-selecting and regression-adjusted control charts have proven a superior
performance of the proposed M, chart, in terms of the discriminatory power, for
detecting shifts (especially of moderate and larger amount because Shewhart
control charts target such shifts) in the process mean level for Y (i.e. p,).
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Appendix

In the following tables the results are reported up to four decimal places. The values
reported in brackets are standard errors (reported up to five decimal places) for the
results in each cell, reported to show how precise the results in each cell are.
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Monitoring process mean
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Table A12.  Simulated data set
Sample  Sample values in pairs (Y, X) of size 10

number
1 Y 203.32 200.65 204.06 202.01 200.36 200.58 199.73 200.68 200.81 200.92
X 212.04 210.38 209.50 210.66 210.12 212.05 209.91 209.14 210.30 212.90
2 Y 202.88 201.15 200.54 199.11 201.50 200.79 201.72 203.25 201.77 203.52
X 211.23 209.11 210.18 210.92 209.62 209.86 213.26 211.31 211.36 210.90
3 Y 201.34 201.41 203.76 200.57 200.76 203.44 201.31 20247 201.77 19991
X 209.86 20793 209.26 208.50 210.21 211.61 210.99 210.08 210.94 209.50
4 Y 199.51 199.39 202.62 201.88 200.48 199.29 202.93 203.86 200.43 202.61
X 208.94 210.75 210.71 211.01 212.09 207.76 210.77 211.87 210.40 211.52
5 Y 200.86 200.42 201.27 201.70 203.92 202.37 202.45 202.16 201.04 202.65
X 211.20 208.89 210.53 209.16 211.59 211.06 211.72 209.34 211.77 212.02
6 Y 201.11 201.48 203.09 201.27 199.65 201.42 203.84 201.19 198.73 200.52
X 209.99 212.08 209.67 211.64 208.98 212.15 211.39 209.78 207.87 209.84
7 Y 20049 201.38 202.63 201.02 202.04 199.39 199.33 202.80 201.29 201.88
X 209.35 211.11 209.27 210.23 209.74 210.75 208.71 210.73 209.88 210.55
8 Y 202.74 201.59 203.83 202.69 201.89 200.72 200.30 200.10 202.38 200.27
X 21143 208.45 211.29 21220 208.75 208.55 211.41 21291 208.98 207.56
9 Y 20095 201.65 201.76 200.14 199.36 199.55 199.75 201.20 199.16 199.91
X 21217 210.69 209.30 209.60 206.72 209.72 209.94 210.41 208.13 208.53
10 Y 199.92 200.85 201.38 201.92 201.29 201.11 199.78 203.12 203.60 201.04
X 208.93 210.28 210.57 210.31 209.22 210.51 209.29 210.02 212.12 210.14
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