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ABSTRACT: We consider the expectation value of a local operator on a strip with non-trivial
boundaries in 141 dimensional massive integrable QFT. Using finite volume regularisation
in the crossed channel and extending the boundary state formalism to the finite volume
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Finite size effects play a central role in quantum field theory and statistical physics. Apart

from having direct relevance to statistical physics models in finite volume, describing for ex-

ample boundary critical phenomena or percolation problems, they naturally appear in the

description of systems at finite temperature. For example, two-dimensional Fuclidean field

theories with a finite, periodic direction provide a framework for studying one-dimensional



theories at finite temperature. Moreover, boundary phenomena and finite volume systems
can play an important role in the understanding of quantum quenches: in certain cases the
boundaries play the role of the initial and final states of the non-equilibrium problem [1-3].
In addition, in many cases, especially for numerical simulations, the system under consid-
eration is put in a finite volume box. In this case it is essential to understand the finite
size behaviour of various quantities.

Correlation functions are very important both at finite and infinite volume because
they encode a lot of non-trivial information about the spectrum and the interactions in
the theory. Calculating correlators is not a simple task even in integrable theories. In 141
dimensional integrable quantum field theories the form factor approach provides an efficient
way to calculate correlation functions at zero temperature and in infinite volume. The
essence of the method is inserting a complete set of asymptotic states into the correlators
and then making use of the explicit forms of the appearing matrix elements of the operators,
the so-called form factors, which are known in many integrable models.

However, for finite temperature or equivalently, for finite geometry the applicability of
the form factor approach at present is somewhat constrained. There has been considerable
progress in free theories (for example the quantum Ising model), where the non-interacting
nature of the theory allows for calculating correlation functions both in the finite temper-
ature setting [4] or in the presence of a boundary [5, 6]. However, interacting theories pose
technical and conceptual difficulties, which have not yet been overcome.

In the finite temperature case one particular approach was developed by LeClair and
Mussardo [7]. They proposed an integral series for correlation functions based on the exact
form factors and the Thermodynamic Bethe Ansatz equations. Their result for one-point
functions were checked in particular examples [8-10], and then a highly non-trivial check
was given by confirming it up to the third order in the low-temperature expansion using
finite volume regularisation [11]. For two-point functions, however, some counterexamples
were found where the formalism does not seem to work [8, 9] and the problem is still far
from being settled.

In this work we address the generalised problem of one-point functions in finite volume
where instead of periodic boundary conditions we consider non-trivial boundary conditions,
thus we have a strip geometry instead of a cylinder. In this sense our work can be a first
step in finding an expression similar to the LeClair-Mussardo formula in the boundary
case. Expectation values in the presence of boundaries in general depend on the position

I The exact determination of them is thus non-trivial; for

of the operator in question.
one boundary the problem has comparable difficulty to that of the two-point functions in
infinite volume; and similarly, in the presence of two boundaries the technical problems
resemble the case of a three-point function or a two-point function at finite temperature.
In the work [13] the authors considered the case of one boundary, or in other words
the problem when the operator is much closer to one of the boundaries than the volume

of the system. They developed a form factor expansion which was later used in [2, 14]

IThis has to be contrasted with the problem of expectation values of boundary operators considered for
example in [12].



to study certain problems in condensed-matter systems. In addition, the analytic results
were confronted in [13] with the numerical Truncated Conformal Space Approach (TCSA).
Our expansion reproduces and goes beyond their result, and we will show that at small
enough volume our results give a remarkable improvement. Our numerical comparison
with the TCSA results is very similar to their method. On the other hand, the theoretical
determination of the spectral series is more involved: there appear conceptual (and also
technical) difficulties, which are not present in [13]. Most importantly, one has to deal with
certain singularities of the form factors and also the divergent contributions to the partition
function. In this work we make use of a finite volume regularisation scheme, which first
was used in interacting field theory in [11, 15] and later in [16, 17].

As remarked above, integrable boundary field theory can be used to investigate quench
problems. Recent papers [2, 3] consider the time evolution of one-point functions after cer-
tain types of global quenches. As we will show, their problem and method have similarities
to ours and thus our results also have relevance to quench problems.

The outline of the paper is the following. In section 2 we introduce the finite volume
boundary states and as a first application we give a series expansion of the finite volume
ground state energy. In section 3 we turn to the problem of one-point functions. After
describing the method in detail we present the explicit calculations of the first terms in the
form factor expansion. At the end of the section we discuss the relation of our expression
with existing results in the literature and we also explain its connection to quench problems.
Section 4 is devoted to the numerical comparison between the spectral expansion and the
TCSA data for the scaling Lee-Yang model, considered as a perturbed conformal field
theory. First we collect the relevant properties and formulae of the model, then we discuss
briefly the TCSA method and how one-point functions can be obtained in this framework.
Finally we compare the form factor and TCSA results for various combinations of boundary
conditions and strip widths. Our conclusions are given in section 5. For some technical
details and for a collection of our final result the reader is referred to the appendices.

2 Boundary states and expectation values

For the sake of simplicity let us consider an integrable relativistic field theory with only
one particle species with mass m and two-particle S-matrix S(#). We are interested in the
case where the theory lives on a finite line segment of length R with boundary conditions
at the edges that do not spoil the integrability.

If B denotes such an integrable boundary then the scattering of an incoming multi-
particle state,?

JA(01)A(02) ... A(6,)) s (2.1)

is purely elastic, i.e. the set of outgoing rapidities is {—6;, —02, ..., —60x} and the scattering
can be described by a product of one-particle reflection amplitudes which are defined as [18]

|A(0))s = Rp(0)|A(-0))B . (2.2)

2The subscript B indicates that the state is in the Hilbert space of the boundary theory.
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Figure 1. One-point function in the original strip geometry (a) and the finite volume regularisation
performed in the crossed channel (b). The upward arrows denote the (imaginary) time evolution
generated by the corresponding Hamiltonians.

The main objective of this paper is to evaluate the vacuum expectation value
(O(@) %" (23)

in the presence of the integrable boundaries o and 3 where = € [0, R]. Here the expectation
value is taken with respect to the vacuum state of the finite volume Hamiltonian H}a%’ﬁ (see
figure 1(a)). In a more general setting one can also take excited states corresponding to
boundary bound states but we do not elaborate on this case here.

One can consider the same quantity (2.3) after a Euclidean rotation. In this picture
R plays the role of the Euclidean time variable and the expectation value is given by the

formal expression
of <Ba| e—HxO G_H(R_x)|Bﬁ>

<O(x)>R <Ba|€_HR|Bg> ) (24)

where H is the infinite volume Hamiltonian and |B,) and |Bg) are the boundary states
corresponding to the boundary conditions a and [, respectively. When they do not con-
tain zero-momentum particles, they can be expanded in the asymptotic multi-particle
basis as [18]
do

|Bj) = Njexp </ 47TKj(9)A(—0)A(9)> |0) , (2.5)

where
K;(0) = R(ir/2-0),  j=af

and A(f#) are the Faddeev-Zamolodchikov creation operators satisfying the commutation

relations

A(01)A(02) = S(01 — 02) A(02) A(61) -

The integrals run from —oo to oo unless otherwise stated. The amplitudes K;(6) satisfy
the “boundary cross-unitary equation” [18]

Kj(0) = S(20)K;(=0) ,



which serves as a consistency relation of (2.5). The behaviour under complex conjugation
is given by K;(0)* = K;(—0).

In general there may be additional contributions to the boundary state involving zero-
momentum particles, which can be associated with a non-zero coupling of a single particle
state to the boundary in the original channel. In this case there is a corresponding pole in
the reflection factor at § = im/2:

, i (g5)?
R;(9) 20 —in/2’
and the boundary state is given by
de
|Bj) = N exp <ng(0) + 47TKj(6)A(—9)A(0)> |0) , (2.6)

where g; represents the one-particle coupling to the boundary. Originally it was argued
that g; = g; [18], however it was found numerically in [13] that the proper normalisation is
gj = gj/2. This claim was later proven on general grounds in [19, 20]. The normalisation
constants A; are infinite in the infinite volume system. However, this is not a serious
problem as they drop out from the calculation of the vacuum expectation values and one
may set them to unity.

The general strategy to evaluate (2.4) now is the following. We substitute expres-
sion (2.6) for the boundary states and expand the exponentials. The resulting multi-particle
states are eigenstates of the Hamiltonian, and the matrix elements of the local operator O
between these states are the form factors, which can be determined in principle and which
are actually known in many integrable models.

The special case for the R — oo limit of (2.4) with x fixed (one-point function in
the presence of only one boundary) was investigated in [13]. In this case there are no
conceptual and technical difficulties and the spectral expansion described above (valid for

go = 0) reads
X1 [de  dba . —2m cosh i
O@) =% 2%'/ MRS CACT TN N | | (Ka(ei)e 2m cosh 0 ) ,
n=0 ) i=1
2.7)
where

FO0y,...,0m) = (0|061,...,0,)

are the elementary form factors of O in infinite volume. In integrable models they are
meromorphic functions of the rapidities which satisfy the so-called form factor axioms
(Watson equations), which can be considered as axioms for the form factor bootstrap.
Supplied with the principles of maximum analyticity and the cluster property they contain
enough information to determine the form factors completely. In a theory with only one
particle species the form factor axioms read:

I. Lorentz invariance:

FOO1+A,....00+A) =e2FO6,,...,6,), (2.8)



where s is the Lorentz spin of the operator O. In this work we only consider scalar
operators corresponding to s = 0.

II. Exchange:
FOO1, ... 04, 0ps1s...,00) = S(0p — 0 )FO (01, ... 0pi1, Ops ..., 0n) . (2.9)

III. Cyclic permutation:

FO 0y 4 2im,0,...,0,) = FO(0s,...,6,,01) . (2.10)

n

IV. Kinematical singularity

—zResF+2(9+m9 91,...,9):<1 11506 —=61) | F201,....0,) . (2.11)
=o' k=1

V. Dynamical singularity

—zResF+2(0+zu0 i, 01,...,0,) =TF2 1(0,01,...,0,), (2.12)

where I' is the on-shell three-particle coupling corresponding to a bound state pole
of the S-matrix ‘
S(0 ~ i2u) ~ i 0 ~ 2iu . (2.13)
0 —i2u’
In a theory with only one particle, like the scaling Lee-Yang model the only possibility

isu=m/3.

We also note that all form factors can be expressed in terms of the elementary form
factors with the help of the crossing relation

OO, 00101, 00) = FO_y 1 (04,0110, + im0, 01, ..., 0)
k—1

+Z <2m5 = 0k) [T S0 — 00) < ES 1,1 (61,0, 1\91,...,9kl,ekﬂ...,an)).

=1

For an introduction to the form factor bootstrap program we refer the reader to the review
of Smirnov [21] and to papers [22-25].

In the simultaneous presence of the two boundaries the expression (2.4) is ill-defined.
There are divergent contributions both to the numerator and the denominator, which are
associated with disconnected terms of the form factors and with various contributions
to the partition function. One way to evaluate (2.4) is to introduce finite volume as a
regulator of the singular contributions. This method was successfully used in [11] to derive
a rigorous low-temperature expansion for one-point functions at finite temperature, which
in the crossed channel corresponds to vacuum expectation values in a finite volume with
periodic boundary conditions. In this sense the present work is an extension of the approach
of [11] to the more general setting of arbitrary (integrable) boundary conditions.



We introduce a large finite volume L in the crossed channel (with periodic boundary
conditions) and consider the limit

55 > (2.14)

)

(O(x))p = lim (O(x)>é — lim <B£‘ e~Hrz0(0,0) e~ Hi(R—x)
L—oo L oo <B£‘6—HLR‘Bé>

where Hj, is the finite volume Hamiltonian and ‘B]L> represent the boundary states in

finite volume (see figure 1(b)). It will be the subject of the next subsection to properly
expand them in the basis of the eigenstates of Hy,.

2.1 Boundary states in finite volume

The boundary states can be expanded in finite volume as
By =3 GIW)IY),,  i=ap,
v

where |W), are eigenstates of the finite volume Hamiltonian Hy,. In particular the function

G?(L) determines the large R behaviour of the partition function and can be written as
G?(L) = e_ijg?(L) .

Here f; is the contribution of a single boundary to the ground state energy Ey(R) and g? (L)
is the standard non-perturbative g-function® which was introduced in critical systems by
Affleck and Ludwig [26]. In theories with only massive excitations in the bulk the g-function
decays exponentially. The exact integral series for the g-function in massive theories was
derived in [27]; for a first treatment of a non-trivial massless flow see [28].

The excited states |¥), of a finite volume Hamiltonian can be described in a large
volume as scattering states consisting of n particles with rapidities #,, given by the solution
of the asymptotic Bethe-Yang equations

Qr =mLsinh 0 + > 60, — 0;) =27L,, k=1,...n. (2.15)
J#k

It is convenient to define a continuous two-particle phase shift function by*
S(0) = —e®®) 5(—0) = —8(0) .
This poses the following prescription for the momentum quantum numbers:

1
I €7 for odd n IkEZ—{—Q for even n .

3This should not be confused with the one-particle boundary coupling g;.

*We made use of the fact that the effective statistics is fermionic, i.e. S(0) = —1. All known integrable
models possess this property, the only counter-example being the free boson. In a theory with more than
one particle species the most convenient choice for the definition of the phase shift is Sap(0) = Sap(0)e?er(®),



The quantum numbers {1, ..., I,} completely determine the individual scattering states,
therefore they may be used to label the sates as

H{hInd) s

where the states are normalised to unity:

v LY. L = OnmOry 17 - 01,11, -

The total energy and momentum are calculated additively as

E:chosh«%—i—(’)(e_“L) , P:stinhﬁi—i—(’)(e_“L) .
i=1 =1

The exponential corrections are governed by the mass scale p which is uniform in the sense
that it is determined by the analytic structure of the S-matrix and it does not depend on
the particular multi-particle state in question. For a systematic treatment of exponential
corrections to excitation energies see [29, 30] and also recent papers [31, 32]. In a massive
field theory it is expected that the leading exponential corrections of more complicated
quantities (like form factors [33] and correlation functions) are also of order e #L.

For later use we introduce the density of states (in rapidity-space) in the n-particle
sector of the theory, which is given by the Jacobian

_ 0Qy

(01, 0,) = det Ji | ,
pn (601 ) = det Jyy Jki 96,

(2.16)

Apart from normalisation issues the boundary states in finite and infinite volume
should have the same structure. Therefore, it is natural to expand the finite volume
boundary state up to the two-particle contribution as

|B) = G3(L) <\0>L + %Nl(L)!{ODL + > Kj(O)N2(6, L){~1,1}) + .. ) , (2.17)

>0

where in the last term it is understood that the rapidities 0 are the solutions of the appro-
priate Bethe-Yang equation

Q1(0) = mLsinhd + §(20) = 2n1 . (2.18)

Note also that the sum in (2.17) only runs over I > 0 because the states [{I,—1}); and
[{—I,1}); are identical. In (2.17) we introduced the normalisation factors Nj(L) and
N3(0, L) which are not determined by first principles. In the following we calculate them
including all finite size effects which scale as negative powers of L (only neglecting those
which decay exponentially). To this order we consider vacuum expectation values in the
R — oo limit with fixed x, both in a large finite volume L and directly in the infinite system.

In infinite volume the first three contributions read [13]

1 [db

gCV —mx * — 242X COS
(O@))q = (0) + 7 FPe + 4 27TKa(a)FQO(e, —f)e 2 ho . (2.19)



The same quantity can also be evaluated in finite volume as

(O(@)g = <0>+g;N( )({0}[O[0) e+ " K5 (0)Na (6, L)({~1, I}|O[0) e P17+,

«

1>0
(2.20)
where
Ey=m+O(e*y E; =2mcoshf + O(e ) |
and the finite volume form factors are given by [15]
FO F2(0,-6)
({oyjoloy, = ' +0(eH), {-L.D}olo), = "2 "+ O ).
L VmL b (6, -9)
The summation in (2.20) can be replaced by an integration leading to
L Yo Ny (L) O e~ me
= Fy
@ = (0)+ % I EOemes
1 No(0, L
n / do p1(6)N2(0, )K;(H)FQO(H, _H)B—mecoshe + O(B—Smaz) + O(G—ML) ,
2] 2 \/pm(6.-0)
(2.21)

where p;(0) is the constrained density of states given by
1O
p1(0) = anl =mLcosh 6 + 2¢(20) .
In a massive theory

(O@@))q = (O@@)y  ~ Oe).

«

Requiring that expressions (2.19) and (2.21) only differ by exponentially small terms for
any scalar operator yields

(0,-0)
Ni(L) = VmL + O~y Ny(0.1) = VP O 22
P1
Note that this argument essentially coincides with that used in [15] to determine the nor-
malisation factors of the elementary finite volume form factors.
The two-particle density satisfies

pa2(8, —0) = p1(8)p1(0) ,

therefore

Ny(60,L) = \/QEZ; —1- mf(;?ha +O(1/12). (2.23)

We stress that the egs. (2.22) include all finite volume corrections which behave as negative
powers of L, in particular there can be no additional O(1/L) corrections to Na. This will
become important in the evaluation of vacuum expectation values at finite R.



It is straightforward to extend the argument above to higher excited states. The finite

volume boundary state is given up to the four-particle terms by
g
\B].L>:G;?(L)<10>L WmL\{O} +ZK )No (0, L)|{I,~1}),

Zgﬂf( )N3(0, L)|{1,—1,0}), ZK 01) K (62)N4(61, 02, )\{I,—I,J,—J}>L>.

I;«éJ
(2.24)

The three-particle sector consists of states with rapidities {—6, 0,60} where 0 is determined
by the single quantisation condition

Q3(0) = mLsinh 6 + 5(6) + 6(20) =21 . (2.25)
Therefore the normalisation of the three-particle states is given by

\//03(97 0’ _9)

Na(8) = p3(0) ’

where iOn(8
p3(0) = Q;; )

In the four-particle case the quantisation condition for the rapidities {—61, 601, —02, 02}

= mLcosh @ + p(0) + 2¢(20) .

is given by the system of equations

Qa1 = mLsinh 0; + 6(6), — 03) + 6(61 + 0) + 6(26,) = 271,
Q472 = mUL sinh 05 + 5(92 — 91) + 6(91 + 92) + 5(292) =2l ,

yielding the normalisation

V/pa(01, 01,05, —05)

Ny(01,02) = 5a(61,02) ;

where _
0Q4,

ik=1,2.

2.2 Large volume expansion of the Casimir energy

Before turning to the evaluation of the one-point function we consider the Casimir energy
in the two-boundary setting. In [34] the exact non-perturbative value was found to be

1

Ey(R) = ~H

/ ;lamcoshﬁlog <1 + K;(H)Kg(ﬁ)efe(e)) , (2.26)
T

where ¢(0) is the solution of the boundary TBA equation

£(0) = 2mR cosh § — / ;ze ©(0 —0")log (1 + K;(e')Kﬁ(e')ef(@/)) : (2.27)

™

,10,



where p(6) = dd(0)/df. Expression (2.26) is normalised to have the asymptotics Eyp(R) — 0
as R — oo. The actual ground state energy also includes bulk and boundary contributions,
which can be calculated from the boundary TBA [35].

Equations (2.26)-(2.27) were derived in [34] for the case g, = gz = 0 but it was
argued that they yield the correct result even in the presence of zero-momentum particles.
Although this claim was supported by several numerical checks [35], a rigorous proof is
still missing. Moreover, it turned out that there are certain cases when (2.26)—(2.27)
cannot be true.

In [19, 20, 36] it was shown that if g, # 0 # g3 then the leading contribution in the
integral in (2.26) is given by

Eo(R) = —m|ga4gﬁ‘ el (2.28)
On the other hand, the authors argued that the leading behaviour of the Casimir energy
is always

Eo(R) = _mgo‘fﬁ emR 4 (2.29)

irrespective of the sign of gogg. This discrepancy shows that the validity of (2.26) is
restricted to the case gogs > 0. On the other hand, it was shown in [19, 20, 36] that it is
possible to derive a proper analytic continuation to the region g,gg < 0 with the correct
leading behaviour (2.29).

Here we derive a large R expansion of the Casimir energy by means of the finite volume
regularisation of the partition function. Our results will be compared to (2.26). We follow
closely the treatment of [19, 20], however we are able to extend their method to obtain the
second order terms of the Casimir energy. In order to keep the exposition simple, we only
consider the region gogg > 0 where the BTBA (2.26)—(2.27) is applicable.

The partition function Z(L, R) can be evaluated in two different channels. Treating L
as time variable and R as space one obtains in the large L limit

7 = e Eo(B)L (1 + O(eme)) ,

where Ey(R) is the ground-state energy in a finite volume R. It follows that

log Z
Eo(R) = — lim .
0( ) L—oco L
Treating R as time variable (corresponding to thermal field theory with temperature 7' =
1/R) the partition function can be developed into a low-temperature expansion. In the
regime mLe ™% < 1 it is sufficient to sum over the low-lying excitations:

o

Z =1+ N? 9“495 e 3" (No(8)) KL (0) K p(8)e 2ot 1 0(e=3mR) | (2.30)
I

Note that in the expression above we did not perform a complex conjugation for g,
although the amplitude K,(0) is conjugated. The motivation for this prescription is a
delicate issue. In unitary theories the one-particle couplings are always real, therefore it

— 11 —



is only the non-unitary case which has to be addressed. In non-unitary theories g, is
purely imaginary, therefore complex conjugation simply results in changing the sign of the
appropriate term. On the other hand, the space of the states is not positive-definite, in
fact one-particle states can be assigned a negative norm. This additional change of sign
accounts for the correct prescription in (2.30). A different argument is provided by the
corresponding conventions in CFT, where the prescription for the inner product does not
include complex conjugation. Moreover, when comparing our form factor expansion with
TCSA results in section 4.2 we will show that this choice of the sign is the correct one.

If mL > 1 one can safely substitute the normalisations (2.22) into (2.30). The loga-

rithm of the partition function is then written as

log Z 9098 —mR mcoshf —2mR cosh 0
=m e + _ KX (0)Kg(0)e “Mmmeos
1 2

- m’L (90‘495 e*mR) +O(e M) + O(e3mR) . (2.31)
The first term is already in complete accordance with (2.29); in the following we also
evaluate the second order terms. First of all note that the summation over I is divergent
because of the double pole

2 92
gagﬁ 1

In order to determine the leading singularity it suffices to use the lowest order approxima-

tion in (2.15)
2l ;135

mL’ 272727
The divergent part of the summation in (2.31) can then be expressed as

0 =

2 2 2 2.2
9a93 ( mL 909
—2mR adp 21 _—2mRIIpB
= L
‘ ; AL <2ﬂ> e 32 7

where we used the identity

12+32+52+ o

2 2 2 2
Therefore the O(Le™2™%) terms cancel exactly in (2.31), as needed to obtain a meaningful
L — oo limit. Note that this result provides new evidence for the normalisation condition
gj = g;/2, because the L — oo limit would not exist with a different choice of g;.

—2mE) terms

In the following we also evaluate the finite left-over piece of the O(e
in (2.31). In order to make calculations as transparent as possible we first introduce the

following theorem:

Theorem 1 Let 07 be the solutions of the quantisation condition

Q1(0) = mLsinh 0 + §(20) = 271

- 12 —



and let f(6) be a symmetric function which apart from a double pole at @ = 0 is analytic

i a neighbourhood of the real axis:

f(9)z92 as 0 —0.

Then the expression
f0n)\ G
S(L) = — —mL
W (2} Ay
has a reqular behaviour at large L with the L — oo limit given by

lim S(L) = I;+ Ky,

L—o00

where
> do cosh 0 G
If:/ i <f(0)_Gsinh29> and Ky = 44,0(0).

The proof can be extracted from the appendix B of [37]. In addition, we also present a
different derivation in appendix A. In the present case Theorem 1 can be applied with the
substitutions
2 2
£(8) = cosh 0K, (—0) K 3(8)e~2mHtcosho G = 9“495 e 2R

Here we made use of the identity K} (0) = K,(—6). It is easy to see that with this choice
f(0) is indeed symmetric and it is analytic apart from the prescribed double pole at 6 = 0.

The results of Theorem 1 for the Casimir energy yields

2 .2
mgagﬁ e—mR o mgagﬁ e—QmR 90(0)

E S

1 [db 9293
_ ho | K, (—0)K4(0 —2mRcoshf __ aJf —2mR O —3mR )
2/2wmcos ( (=0)Kp(0)e Asinh20© O

(2.32)

In order to compare this result to the BTBA equations it is necessary to derive a large
R expansion of (2.26). First of all we regularise the integral along the lines of [19]:

1
2

1+ Ko(—0)K(0)e=®)

2 2
9293 —£(0)
L+ 4sinh? 0

E(R) = _mgo‘fﬁ \/6*6(0) — / ;wmcosthg (2.33)
i

Using the same trick for the integral in (2.27) it is possible to derive the leading correction

to the pseudo-energy:

e(f) =2mRcosh§ — ga2gﬁgo(9)eme coshb 4 O(e~2mR) | (2.34)
and in particular
Vers0 = emmR(1 4 9“495 p(0)e ™ 4 ) (2.35)

,13,



The second term in (2.33) can be expanded as

Ko(—0)K5(0)c®) — 9% <)

10g 14+ 4sinh? 6 —
1+ 9(219%3 675(0)
4sinh? @
K (—9)K (9)6—5(0) _ 939% 6—5(0) 9292
_ e B » 4sinh2 6 ~ Ka(—H)KB(H)efe(G)— .0‘52 OB
1+ 9295 ,—(0) 4 sinh” 0

4sinh? 0
(2.36)

In the last step we used the fact that the extra term in the denominator only makes a
difference for § ~ e~™%  therefore it only contributes to the higher order terms. In the last
expression we may finally substitute the zeroth order approximation £(6) ~ 2mR cosh 6.
Putting everything together we arrive at

Gog 9292
EO(R) = _—m7°© ﬁeme_m @ ﬁtp(O)ei2mR

4 16
1 [do 924>
— sh | K, (—0)K5(0 —2mR cosh(6) _ adf —2mR —3mRy
 spmo (0000 g O

(2.37)

This is in complete accordance with (2.32) and can be regarded as a strong confirmation
of the consistency of our calculations. Apart from checking the identity g; = g;/2 and also
the validity of the BTBA equations, we also confirmed the normalisation factor Na(6, L).
In particular, a different O(1/L) term in No(6, L) would yield a different pre-factor for the
term (0)e"2mE,

Finally we note that our finite volume regularisation scheme is not sensitive to the sign
of gagg, in particular one arrives at the same result (2.37) also for g,gs < 0. On the other
hand, in this regime one has to use the modified BTBA equations given by eq. (2.7) of [20].
We leave it as an exercise to show that a careful large R expansion of this modified BTBA

indeed reproduces (2.37).

2.3 Connection between boundary states and form factors

As a remark to this section we would like to point out an interesting similarity between

the elementary finite volume form factors (0|O|¥); and the amplitudes g}I’ (L) defined by
(B|W), =e litgf (L), j=a.p,

where f; is the contribution of a single boundary to the ground state energy on a strip. Both
quantities measure the overlap of a normalised eigenstate |¥), with a non-normalisable

extended state, namely the boundary state ‘BJL > and the state O|0); created by acting
with a local operator on the vacuum. To demonstrate the analogy we compare the main
results in the case of the specific two-particle state |V), = |{I,—1});. We have seen that

g; (L) = K;(0)N2(0, L)gj (L) + O(e™) .

— 14 —



The vacuum amplitude g?(L) only include exponentially small corrections (see below),
therefore the excited state amplitude can be written as

95 (L) = K;(0)N2(6,L) + O(e ") .
On the other hand, the finite volume form factor was shown in [15] to be given by

O —
oo, = PO

We observe that apart from the exponential corrections both objects are determined by

+ (’)(e_“L) )

the corresponding infinite volume quantity and a normalisation factor which only depends
on the finite volume density of states. In the following we make some comments about the
possible structure of the exponential corrections.

First of all it is instructive to recall the known results in the case of |¥), = |0),, which
corresponds to the exact non-perturbative g-function and to the finite volume vacuum
expectation value (O),, respectively. In the case of the non-perturbative g-function the
final result was expressed in [27] as

2log g0(1) =, / 0 (5(0) ~ 5(0) ~ 20(20)) tog (1 + )

/d61 - / <@ 1+elf( )> (01 +02)p(02—03) ... p(0n, — 1) ,

(2.38)

where ®;(0) = —i & log(R;(#)) and £(0) is the solution of the periodic-boundary-conditions
TBA equation

e(#) = mLcosh§ — / (0 —0")log <1 +e (9/)) .

In the case of the vacuum expectation value the relevant exact result is the LeClair-

Mussardo series [7]

eriodic dal 1
o) Zn'/ . 1+e€(9) 2"5(91""’9)’

where £(6) is the same pseudo-energy function as above. There is a striking structural
similarity between the two series, most importantly the weight functions appearing in the
integrals are exactly the same.

Based on these similarities we conjecture that the structure of exponential corrections
to the excited state quantities (0|O|¥), and g}I’ (L) will be similar to each other as well. It
was remarked in [28] that the exact series for the amplitudes g}l’(L) probably involves the
solution of the corresponding excited state TBA. The appearance of the excited state TBA
was also observed in preliminary studies of exponential corrections to form factors [38]. The
exact result for g}l’ (L) will probably involve an integral series similar to (2.38) normalised
by a “dressed” form of N»(6, L).

,15,



3 Evaluation of the vacuum expectation value

In this section we develop a large R expansion of the vacuum expectation value (v.e.v.)
<O>%’6 . We use the finite volume regularisation scheme described in the previous section

and express the expectation value as

<B£ e

<O>}L% = <B£ -

7HL{L'O e*HL(Rf"L')

L
Bﬁ>

B§>
o (3.1)

We will calculate explicitly the v.e.v. with the boundary states truncated to contributions
with up to four particles. In order to simplify notations we define

4
B =3"1BH™ ., j=a,8,

n=0

where
|BJL>(O) = |0>L )
!BL>“’ = YN0},

ZK YNo(0, L)|{I,~1});

(3.2)
1B Z‘%K (6)N3(6, L) {1, ~1,0}),
|BL ZK 91 ‘92 N4(617927 )HL—I’J?_J}>L
I;«éJ

We also define
Crm = (V(BE|e 120 ()e e (=) | BEY™)

In the following we perform a double expansion of (3.1) with expansion parameters

e~ and e~™EB-2)  In order to keep track of the various terms let us introduce two
auxiliary variables v and v. They are use to count orders of e=™* and e ™(%) and at

the end of the calculations both are set to 1. Then the v.e.v. takes the form
1 -
(O>IL% =, Zu"vanm = Zu"vanm . (3.3)

We define
Z = Z(uv)"Zn ,

n

where the first terms are given by

Zo =1, 7, = 90‘495 mLe ™R | (3.4)
and
Zy= e o ORE0)Kg(0)No(6, L) . (3.5)
I
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The inverse of the partition function is expanded as

z = Z(uv)"Zn ,

n

where the first few terms read

Zo=1, Zh=-Zy, Zo=I}-17.
Putting this together we obtain

Dnm = Z Cnfl,mlel ) (36)
l

where the first few non-trivial terms are given by

Dy = Ciy — Z1Con1 m=1,2,...,
Doy = Com — Z1Crm—1 + (Z} — Z2)Com—2 , m=2,3,....

We expect that the quantities D,,;,, have a regular behaviour as L. — oo and for the
actual limit we define
Dy = lim Dy, . (3.7)

L—oco

The vacuum expectation value is then expressed as

(0)%” =" Dy -

Note that the individual terms contributing to D, may contain divergent pieces which
scale with positive powers of L. The most singular terms in the n particle sector carry a

—mR)

factor of (mLe " therefore the expansion is valid in the regime

1< mL <™,

The L — oo limit of the complete series (3.3) is to be understood as an analytic continuation.
The evaluation of the individual C,,,, is built on the knowledge of the finite volume

form factors. In the general case they are given by [15]

FO (01 +im, ..., 0n +im,01,...,00)

+0(e Ly |
Von(01, - 00)pm (0], ..., 00,) )

(L, .. LYOW Ty, I ) =
(3.8)

where it is understood that the rapidities {61,...,60,} and {6],...,6.,} are solutions to the
corresponding Bethe-Yang equations. Formula (3.8) is valid whenever there are no coincid-
ing rapidities in the two scattering states. In [15] it was shown that the only two situations
when coinciding rapidities occur are the case of diagonal form factors and matrix elements
between parity-symmetric states containing zero-momentum particles. The general rule
for evaluating disconnected contributions can be found in [11]; in the present work we will
cite the necessary results whenever they are needed.
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Before turning to the actual calculations we have to address a very important question
concerning the phase of the form factors. Note that equation (3.8) is to be understood up to
a phase factor; in particular the order of the rapidities is not determined by first principles.
In fact, an additional phase factor corresponds to a redefinition of the basis vectors, and this
phase drops out from the calculation of some physical quantities, for example correlation
functions in infinite volume. However, phase factors are utterly relevant in the present
case because they do affect the final result for the v.e.v. A guideline can be established
from the known results in infinite volume, where the correct phase is fixed by consistency

arguments. First of all, the two-particle contributions to the boundary state are written as
K;(0)A(—0)A(0) .

This expression is symmetric in 0 as required by consistency. When it comes to the
evaluation of the v.e.v. in the presence of a single boundary, the above definition yields
the expressions

L Kg(0)F2(=6,60,...) and ...K:0)FP(0+im,—0 +im,...),

where the dots stand for possible additional rapidities and amplitudes. Observe that both
expressions above are symmetric in 0, therefore we apply the following rule: whenever there
appear the amplitudes Kg(f;) and K7 (6;) with some 6;, the explicit form and order of the
rapidities substituted into the relevant form factor is given by (—6;,6;) and (6;+im, —6;+im),
respectively. The exchange of two pairs of rapidities does not make a difference, therefore
the phase of the form factors is completely fixed by the above rule.

The complex conjugation of the amplitude K, can be avoided by means of the identity
K:(0;) = Ko(—0;) .
An additional change of variables #; — —#; then amounts to the convention

K (0)F2 (=0 +im, 460 +im, ... .

Note also that the presence of zero-momentum particles does not produce any additional

ambiguities, because it is only the expressions

K (0)F(~6,0,0,...) = K;(0)FO(0,~0,6,...)
which are symmetric in 0, i.e. the zero-momentum particle cannot be placed between the
particles A(f) and A(—#0).

In the following we evaluate all D,,,, with n+m < 4. We put forward that all our results
are collected in appendix C together with a pictorial representation of the individual terms.
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The contributions D,,g and Dy,, with n,m = 1...4 only depend on one of the bound-

aries and they are the same as obtained in [13]:

)

D10 = g; FlOe—ma:

Dy = ; ZiKa(e)on(—e,e)ﬁmwsh@ v

Dsy = ; / ZiKa(e)!J;FBo(_aajo)efm(zcosheﬂ) e

Dio = 513 / ‘;il Cé’: Ko (0K (85)FO (=01, 0y, — 0, B )e—2m(cosh Or-+coshtz) o
D1 = 9 FPe i)

Dy =, [ 5 Kp(0)F9 (0, 0)e 2ot ()

Dos = ;/ZﬁKﬁ(a)g;F?)O(_a,a,o)em(2cosh€+1) (R—2)

1 d91 d92 —2m(cos Ccos —x
Do = 8/ 2 2w KB(GI)KQ(HQ)FE(_HI’GM_92’92)6 gm{cosh fuheoshida) (£x) :

Note that these integrals remain well-defined even if there are poles in the amplitudes
K;(8), because the form factors possess the appropriate number of zeros at 6; = 0 as a
consequence of the exchange axiom (2.9).

The first contribution to contain a divergent piece is D11 which is given by

Dy = lim (Cuy = Z1Cop ) (3.9)
where
Cu =P me ({o}|OKo}), e (3.10)

The diagonal one-particle form factor for a generic I is given by [11]

FQ(im +0,0)
p1(0)

The two-particle form factor appearing in the expression above is free of divergences and

{I}OHT}) = +(0) . (3.11)

by Lorentz-invariance it does not depend on 6. In the following it will be denoted by FQC?S.
Specifying (3.11) to I = 0 one finds

D11 = lim (CH - Zlcoo) = gagﬁ FQOSG_mR . (312)
L—oo 4 ’

3.1 Evaluation of Dy and D15

We first consider
D21 = lim <Cgl - Zlclo> (313)
L—oo

with
93 Z FQ(—0 +im, 0 +im,0)

e Bre=m(B=z) i¢ (g) 3.14
2 2 51(0) (9) (3.14)

Co =
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where it is understood that the rapidities 6 are solutions of the corresponding
Bethe-Yang equations
mLsinh 0 4+ §(0) + 6(20) = 2n 1 ,

and the constrained density is

p1(0) = mL cosh 6 + 2p(20) .
Note also that we have already made use of the relations (2.22). Naively one would take
the L — oo limit simply by replacing the summation with and integration leading to

1 do
) 925 ) FO(—0 + im, 0 + im, 0)e2mcoshbe—m(l—2) g (g) | (3.15)
T

However, the expression above is ill-defined at 8 = 0 due to the poles of F3 and K,. Not
surprisingly, this divergence gets cancelled by Z1C1g as we will show shortly.
It follows from the form factor axioms (2.9) and (2.11) that near ;5 =0

11
FQ (01 + im, 0y + im,0) ~ 2i FP — (3.16)
0y 6
and therefore 1
FO (=0 +im,0 +im,0) ~ 4i F100+... . (3.17)

The singular behaviour of the sum (3.14) is determined by the states near § = 0. We
use the approximation of section 2.2 to determine the leading divergence as

2 2 2
4 Flo (ga)2g[3 mL eim(erR) Z 1 — 4 F10 (ga)296 mL eim(erR) 7'1'2 (3 18)
mL 4 27 0 I mL 4 2 2 0

This coincides with Z;C1g therefore (3.13) has a finite L — oo limit indeed.
Similarly to the calculations of section 2.2 we use Theorem 1 to obtain the finite-left

over piece in (3.13). We apply the substitutions
F(0) = F$ (=0 +im,0 + im,0)e~2m coshfe—mlB=z) i (g) | G =2(ga)?FPemt )

It is easy to see that f(#) is indeed a symmetric function, therefore its only singularity near
the real axis is a double pole at 8§ = 0. The net result is then expressed as

2(ga)?FO cosh
D21:gﬁ/d(9 <F??(—9+Z'7T,9+i7‘r,O)Ka(e)e_szOShex_m(R_x)_ (ga). 12008 ee—m(R-i—x))
4 | 27 sinh” 6

—ml\x 0
+ e +R)gg(ga)2F10¢i) . (3.19)

A similar calculation with the roles of the two boundaries exchanged yields

Yo do O —2m cosh O(R—x)—max 2(95)2F10 cosh ¢ —m(2R—x)
Dis = F — K _
127y /27r< 5 (i, =0, 0) Kg(6)e sinh2f  ©

—m(2R—x 0
1 e~m(R ’ga(gﬁ)zFl()(PE;)' (3.20)
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3.2 Evaluation of D3 and D3y

We first consider D3y = limy, . (Cs51 — Z1Co) where

C31 — Z1Cy = ZNg(H)\/ngoilgﬁK;(a) <{I, _170}’0’{O}>L emef2mcosh€ x
I

. 9“495 mLe ™8 " Ny(0)({J, ~T}[0[0) e PP K (6) .
J

The three-particle normalisation is given by

_ \/p3(67 _97 O)
p3(0) .

The four-particle matrix element above includes a disconnected term due to the zero-

N3(0)

momentum particles which is given by [11]

FO(6 + im,—0 + im,im,0) + mLEL (0, —6
{1, —1,0400p, = ¢ ) +mLE(6, ~6)
\/p3(9’ -0, O)mL

while the connected part of C'5; can be transformed into the integral

)

9098 ,-mr [ 49

< 27TKa(e)ﬂ?(—e + im, 0 + im, im, 0)e2meosho @ (3.21)

It follows from the form factor axioms that F{(—6 + i, + im,im,0) is well-defined [11]
and has a regular behaviour as a function of #. Therefore we can apply the exchange
axiom (2.9) to show that
lim FO (=0 +im,0 + im,im,0) =0, (3.22)
therefore the integral (3.21) is regular even at 6 = 0.
The divergent pieces of D3 are given by

O O
9a89B —mR F2 (_9’9) —2mcosh 6 x F2 (_9’9) —2mcosh 6 x
e mL B K,(0)e — B K,(0)e .
4 (ZI: p3(0) ©) ZJ: p1(0) ©

Note the summations over I and J run over the solutions of the different quantisation con-
ditions (2.18) and (2.25), respectively. However, the density factors are the corresponding
ones in both sum, therefore it is allowed to replace the summation with an integration in
both terms. Doing this we make errors of order e #* because both integrands are regular,
therefore the above expression vanishes in the L — oo limit and the net result is

do
Dy = P e [ 2 Ko(0)Ff (=0 + im, 0 + i, im, 0)e 2" 10 o (3.23)
7'('

and similarly,

_ 9098 —mr [ d0

D3 3 27TK6(9)F40(—9 +im, 0 + i, im, 0)e2meosh0 (R-w)
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3.3 Evaluation of D35

Here we consider
Dy = lim (Coz = 22(0) = Z1C1 + (21)* (0} ) - (3.24)
Evaluating Cy2 one has to treat the diagonal and off-diagonal matrix elements separately:

Chy = Y No(01)No(02) ({1, =IO, =T }) e 1o Br Rl i (—0,) K5 6)+
I#J

+ZN2 V2({I,—IHOUI, —T})  Ko(—0)K5(0)e P17 (3.25)

Here it is understood that the rapidities 6, and 6 solve the quantisation condition (2.18)
with momentum quantum numbers I and J, respectively (including the diagonal case with
01 = 03 and I = J). In the off-diagonal case one has

FP (01 +im, —01 + im, —02,02)
p1(61)p1(62)

It would be desirable to convert the sum over these matrix elements into an integral.

No(01)No(02) ({1, I} O J, = J}) = (3.26)

However, one has to be careful because of the ambiguity of the form factors near 61 = 65
and the possible poles of the integrand at 7 = 05 = 0. As a first step we write

Z FQ (61 +im, —01 + im, —02,05)

— 0K (0 672mcosh€1x72mcosho92(R7:v):
p1(01)p1(02) (=61) Ko (6:)

_ZF4 0—1—277 -0+ im,—06,0)

5 (6)2 Ko (—0)Ks(0)e F1R + O(e E) | (3.27)
I

where FP(0 + im,—0 + i, —0,0) is the continuation of the function FQ(6; + im, —6; +

im,—09,02) to 61 = 02 = 0. At first sight there seems to be a double kinematic pole, however

this is not quite true. In [11] it was shown that diagonal form factors may be assigned a

finite value, although the diagonal limit will depend on the particular evaluation method

used. In the following we restate the results of [11] which are needed to evaluate (3.27).
Consider the quantity

FO 0y +e1 +im, ... .00 +ep+im,Op,...,01), (3.28)

where the singularities have been shifted off by the infinitesimal quantities ;. It was
proven in [11] that there exists a finite limit when all €; go to zero simultaneously with
their ratios fixed. Moreover, there are two special evaluation schemes which respect the
physical requirement that diagonal form factors should not depend on the order of the
rapidities. First of all, one can consider the symmetric limit with ey = &9 = --- = &:

F§) (01,...,0,) = i%Fﬁ(@l te4im, .. Oy +e+im,On,...,01). (3.29)
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On the other hand, one can also consider the connected part of the diagonal form factor
which is defined to be the contribution to (3.28) which does not contain any singular factors
of the form ¢;/e; and products thereof:

FQ%,C(HL ...,0,) = (finite part of) Fz(z(ﬂl +er im0, +en+im,Op, ... ,01).

The general structure of the singularities in (3.28) together with the relation between
the symmetric and connected evaluation schemes was worked out in [11]. Here we only need
the formula relevant to the two-particle states, which states that given two infinitesimal
numbers 1 and €9 one has

€1

F40(91 +e1 +im, —0s + &9 + i, —92,91) = ch(é?l,&g) + ( + §2> (p(@l —GQ)FZC?S . (3.30)
1

€2

In particular, the symmetric evaluation with €1 = &5 is given by
O _ 0 O
F47S((91, 92) = F47C(01, 92) + 2(,0(01 - (92)F27S . (3.31)

In the present case we need to evaluate F{(0; + im, —01 + im, —0o,02) near 0; = o = 0
which corresponds to an ”antisymmetric evaluation” with eo = —¢y:
FO(0 4 im,—0 + im, —0,0) = lim FO O +e+im,—0 — e +im, —0,6)
e (3.32)
= FQ.(0,-0) — 20(20)F5, .
Note that the integral in (3.27) is well-defined even if there are poles in the factors
Ko (—0)K3(0) because FQ (01 +im, —01 +im, —0s, 02) possesses a double zero at 61 = 0y = 0
(for a proof see appendix B).
In order to evaluate Cyy we also need the diagonal finite volume form factors. A generic
diagonal four-particle matrix element reads [11]

F{,(01,65) + (p1(61) + p1(62)) F5,
({1 YOI L, oY) = o). (333)
p2(bh, 02)
Specifying the above formula to the present case one obtains
F4OS(6, _0) + 2[)1((9)F205
{1 I}OR-LI}), = ~ " +(0) . (3.34)

/02(97 _9)
Substituting the results of (3.27), (3.32) and (3.34) into (3.25) we obtain

(Co — 2(0) = 1O + (1) (0) ) =

do do
/ 1/ 2 01 Kﬁ(ez)F4 (01+27T — Oy +im, 02702)672mcosh€1172mcosh92(Rfm)

2 " 05)?
+ FY, <§ i H)Ka(—e)Kﬁ(e)e*mcoshf’R _ (o 1965) mLeQmR> +O(e "), (3.35)
I

where we applied the normalisation given by (2.22) and we also made use of the rela-
tion (3.31) and the identity
51(6) = p(6) + 20(26) (3.36)
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The summation in the third line of (3.35) still contains a divergent O(L) piece. How-
ever, it can be proven along the lines of the previous subsections, that this divergence gets
exactly cancelled. One can use Theorem 1 with the substitutions

2
f((g) _ QKQ(—G)KB(G)Q_Qm coshOR 7 G — (gagﬁ) o—2mR

to obtain the finite left-over piece. The net result reads

Doy = L1LH;O (022 — Z3(0) — Z,C11 + (Z1)? <O>> =1y + Joa,

where
1 [ df db
Iyy = / 1 QKQ(Hl)Kﬁ(GQ)leo(—al +im, 0y + i, _02702)6—2771coshGlx—choshGQ(R—x)
4 2 21w
(3.37)
and
df _ (9ags)® cosh _ (9098)* _
J :FO Ko (—0)K5(0 2mcosh R 2mR FO 2mR 0).
22 2,3/ 27r< (—=0)Ks(0)e Asinh? e Lo g °© ©(0)
(3.38)

With this we have finished the calculation of the terms in (3.3) with n +m < 4.
The reader can find the various terms collected in appendix C together with a pictorial
representation of them.

3.4 Connections to other problems

In this subsection we compare our results to those obtained in previous works. Also, we
establish a connection to the problem of finite temperature correlation functions.

3.4.1 Comparison with a proposal of LeClair et al.

The first result in the literature to deal with expectation values on a strip appeared in [4].
In appendix C the authors conjecture the general result to be

O =33 11 .. (339)

n=0 {;‘i::l:

where

. - > db);
Ie(l,)...,en = H {/ A g'?i(ai)} FQOn(alv —01,...,0n, _an)m,---,&n . (3'40)

i=1 7 T
The weight functions above are defined by

e—2ma COShGKa(—H) e—2m(R—x) cosh GKQ(H)
I+ OV = 1 | Ko (o Kp(@)e2meoho -0V =y e ) (0)e-2micosho
(3.41)
and the form factors are given by

FS (01, =01, ..., O0ny—00)ey e = Fsp (01 +iG1, =01 +iG1, ..., 0n + Gy, —0p + i5y)
with ¢; = (1 4+ ¢;)/2. It is assumed that g, = gg = 0.
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It is easy to see that some of our results are reproduced by the above series. However,
there is also a serious discrepancy: (3.39) does not include the diagonal contribution Jao
given by (3.38). This can be proven by putting x = R/2 and considering the large R
limit of (3.39). In this case the nth term behaves as O(e™™"f) while Jop is of order
e 2mE  Therefore Jos can only appear in the terms n < 2. On the other hand these
contributions yield

I-(i-l) — D20 + 0(6*3mR) ’ I(_l) _ D02 + 0(673mR) ,
I_(Ej_ = Dy + 0(6_4mR) ’ I(_2l — Doy + 0(6_4mR) ,
)

1) = 1%) = Iy + O(e ") |

All the above terms are well-defined and finite, thus it follows that Jyy is not
included in (3.39).

We will demonstrate in section 4.2 with the help of non-perturbative numerical results
that the term Jy2 must be included in the expansion, thus the series (3.39) can not be
complete in the general case.

3.4.2 Relation to quench problems

In recent papers [2, 3] the integrable QFT approach was applied to quench problems. In
particular, they considered the time evolution of expectation values of local operators after
a sudden global quench which changes the Hamiltonian from Hy to H, where H (possibly
also Hy) is considered to be integrable. The main assumption is that the initial state of
the system (which is the ground state of Hy) can be expanded in the multi-particle basis
of the integrable Hamiltonian H as a boundary state. In the simplest case with only one
particle type in the spectrum the corresponding expression is

By = ([ K@) A-0)40)) 0),

where K () is an arbitrary function satisfying K (0) = S(20)K(—60). The time evolution of
an expectation value is then given by

(0(0,1)) = (Ble'*0O(0,0)e~ 1| B) .

It is straightforward to establish a connection between the real-time evolution of the ex-
pectation value (O(0,t)) and the static (Euclidean) quantity <O(m)>aRﬁ considered in this
work. In fact, the quench problem above corresponds to the choice

Ko(0) = Ks(0) = K(9) ,
and the expectation value (O(0,¢)) is obtained by the analytic continuation
R =219, =Ty —it,

where 7 is a constant which is analogous to the extrapolation length introduced in the
field theory approach to boundary critical phenomena [1, 3].5

®Keeping a finite (non-zero) 7o is necessary to normalise the boundary states properly, otherwise the
spectral series will not be convergent.
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The results of [2] can be reproduced by our expansion with the analytic continuation
explained above. The main difference between [2] and the present work is that [2] concerns
the sine-Gordon model which is a non-diagonal scattering theory. However, the authors
calculate contributions only from low-lying breather states which possess diagonal scatter-
ing. Therefore our methods directly apply to the situation in [2]. Moreover, our expansion
includes higher order terms which were not considered in [2].

In the following we also compare our results to those of [3], which considers the
t — oo limit of the expectation value (O(0,t¢)). For this quantity the authors obtain

the series expansion

=1 do; |G(6;)? o
- Fon o(01,...,0n) 42
=3 w I 51 St} et 00 242
where the weight function is given by
G(Q) _ 672m7—0 cosh@K(a) ]

The key idea of [3] is that in the ¢ — oo limit only those contributions survive which do not
depend on . In our Euclidean setting this means, that the relevant terms do not depend on
z. If we were able to derive the complete spectral expansion for (O(m))%ﬁ , then in principle
it would be possible to reproduce (3.42) by collecting those terms which are completely
independent of z. However, we can already make a definite statement about the n = 1
term in (3.42). It is easy to see that up to higher order contributions this term is equal to
our Jog given by (3.38), which is indeed independent of x. This way we have established
the first rigorous support for the series (3.42). However, at present we can not make any
statements about the higher order terms. In particular only a detailed study of the higher
order terms in (O(x)>%ﬁ can decide whether some kind of a “dressing” of G(6) is needed
to obtain the correct result, as it was suggested in [3].

3.4.3 Relation to finite temperature correlation functions

There is a way to connect the vacuum expectation values considered in this work to the
evaluation of thermal correlation functions. The relation is not physical in the sense that
it can be established only on a formal level. However, it is certainly worthwhile to explore
this correspondence. For simplicity we suppose go = g3 = 0. Let us define a (non-local)
operator B by specifying its form factors:

<(91,(92, ce 79271—179271‘6‘9/17 9&, ce 70§m—17eém> =
= <5(91 + HQ)KQ(—91)> . (6(92,1,1 + Hgn)Ka(—92n71)>
x (0605 + 05)Kp(6)) - (8(0hys + 05) Kis (O r) ) + (- ) -

where the dots in parentheses stand for disconnected terms which appear if two pairs
(02i—1,02;) and (05;_,03;) coincide for some i = 1,...,n and j = 1,...,m. The form

SFrom a different point of view, the presence of the term Jap in (3.42) supports our claim that the
series (3.39) (which does not include J22) can not be complete.
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factors with an odd number of particles on either sides are identically zero. Note that this
definition of B incorporates information about both boundaries; actually the operator itself
can be visualized by gluing the two boundaries together, thus forming a cylinder.

af
R

With this definition of B the vacuum expectation value (O(z))7 can be expressed on

a formal level as a two-point function at finite temperature 7= 1/R:
(O(2))F = (BO)O(x)F™" .

This correspondence implies, that higher order terms in the v.e.v. (D;; with i+ 3 > 4) will
present technical difficulties which are very similar to those encountered in the evaluation
of the thermal two-point function [7, 9, 17]. However, the exact relation between the two
objects can only be established if the disconnected terms in the form factors of B are
properly defined,” which is out of the scope of the present work.

4 Comparison with TCSA

In this section we compare for various cases our spectral expansion (3.3) computed in the
previous section with the numerical results of the truncated conformal space approach
(TCSA). We choose the scaling Lee-Yang model, because despite being one of the sim-
plest integrable models it already features many properties that we have discussed so far:
it contains a single massive particle, it has tunable integrable boundary conditions with
different g; values and all the form factors of its elementary field are known. Moreover,
the TCSA is quite convergent for this model, which together with the properties listed
above makes it an ideal testing ground for our method. In the first subsection we define
the model and collect the relevant formulae which we will use to make the comparison in
the second subsection.

4.1 The boundary scaling Lee-Yang model

In this section we summarise the relevant properties of the scaling Lee-Yang model de-
scribed as a perturbed conformal field theory. We follow closely the treatment and nota-
tions of [13].

4.1.1 The critical Lee-Yang model as a minimal conformal field theory

The Lee-Yang model [39] is the simplest example of a non-unitary conformal field theory.
It corresponds to the My 5 minimal model with central charge —22/5 and effective central
charge 2/5. It has only two highest weight representations of the Virasoro algebra of
weights 0 and —1/5, so there are only two bulk primary fields, the identity 1 of weight 0
and ¢ of weight —2/5.

The conformal bounary conditions of the model were classified by Cardy in [40] and
the field content on each of these is given by solving the consistency conditions writ-
ten in [41, 42]. The model has only two conformally invariant boundary c?c;lgtions, de-
o

noted by 1 and ®. There is only one non-trivial boundary operator ¢ = that can

A naive substitution of the form factors of B without any disconnected terms results in a series similar
to (3.39). This way one misses the diagonal contributions like Jas.
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live on the <I> boundary and there are two boundary changing operators, ¢ = QS( and

1 /5
Ph = QS( 1 5, which interpolate between the boundary conditions 1 and ®. These three
boundary ﬁelds all have weight hy = hy = 1/5.

For the sake of completeness we list all the operator product expansions (OPEs) and
structure constants of the theory. The bulk OPE is

(p(z72) QO(U),?I}) = C<P<,011 ‘Z - ’U}‘4/5 + CSOSOLP ’Z - w’2/5 QO(U),’IIJ) T

the boundary OPEs are

¢(2) p(w
¥(2)

Cop" |z = w”® + Cop® |z — w|'P d(w) + ...,
00 = Coa®lz =) + .o,
(2) '( C@m e —w|' P ytw) + ...
b(z) T (w Cyyt Ha—wf® + .0,
Ul (2) p(w) = Cyiyz = w® g+ Cyry?lz — w P d(w) + ...,
and the two bulk-boundary OPEs read
p(2) |y = PBL2(z —w)PP +
0(2) lg = PBL[2(z —w)|Y® + ®BS|2(z — w)[V p(w) + ... .

w

w

) =
) =
)
) =

The structure constants can be chosen as [43]

1++5
1 1 1 1
9 |2 9 (/2
C.¥»—_ -a2, (H)Bﬂ:_‘ ’
o 145 4 145
1/2 3/2
145 1++5
wa¢:(;'¢¢¢>:_ ) o, (‘I’>B:;: 5 , (4.1)
1/2 1/2
+ 2 (@) 5+ \/5
= . B¢ — .
Coyt” = Cyg PIVA LS ¢ ) o,
_|r/s)r(6/5) |
~|T(3/5)T(4/5)

We will need the conformal expectation value of the bulk field ¢ across the strip of
width R with various combinations of boundary conditions: (1,1), (®,1) and (®,®).
Our coordinates are 0 < x < R across the strip and y running along the strip, and we
normalise all our correlation functions so that the expectation value of the identity operator
is always one.

The correlation functions on the strip with boundary conditions a and (G can be de-
termined by mapping the strip to the unit disc or the upper half plane and inserting the
appropriate boundary fields gbiﬁl /5 Under the exponential map z = exp(in(z — iy)/R the
strip can be mapped to the upper half plane where the boundaries are mapped onto the
negative and positive real axis. The boundaries meet at the origin (and at infinity) where
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boundary operators are inserted according to the boundary conditions. Through radial
quantisation the Hilbert space of the theory is built on the representations corresponding
to the boundary operators at the origin.® It follows that for the (1, 1) boundaries the
Hilbert space consists of the 1 module, in the (1, ®) case of the ® module and for (®, P)
both modules are present with the ground state corresponding to ¢.

If at least one of the boundaries is the ® then the boundary field ¢(y) may exist on it.
For these cases the boundary one-point functions are

R

™

1/5 1/5
) Cys” <¢(y)>(¢7¢)=<R> Cyo? . (4.2)

@ = ( !

The one-point functions of the bulk field ¢(z) on the strip correspond in general to
chiral three-point functions on the upper half plane, and by the doubling trick they can
be thought of as four-point functions on the full complex plane. Since the representation
¢ has a null-vector at the second level, the correlation functions satisfy certain differen-
tial equations, the solutions of which can be expressed in terms of the four strip chiral

2sin 9\ %/° 4 9 11
= F, 2
h) ((308279) 2 <10 107107~ " 19)

block functions

2sin 9\ /° 3 8 9 9
2(0) = cos319> 2F <10 107107 " 79) ’ (4.3)
3(0) = (2511r119)2/5
(19) (2sin0)/° |

where ¢ = xm/R. The particular solutions are fixed by the boundary conditions, that is
the corresponding bulk-boundary OPEs:

R\ /% T 2R . 7z 2/5
(e, 1)) @) = <W> "B, f3 ( R>% = "B ( . R) ’
R\ (@)1 L @po b p (T
9@ = | ( B, 1 < R> + TBg Coo” f2 < R) ) ’ (4.4)
R
2/5 (@)B:; fi <7;§) + (@)BZ; wa f2(7;§) , z < 9
<<P($ay)>(¢,11) = <7r> - T R
BL f, < R) , x>

The latter is the unique combination of the chiral blocks with the proper asymptotic be-
haviour near the boundaries, for ¥ — 0 and ¥ — .

Since for the (®, ®) boundary conditions both representations are present in the Hilbert

8Thus the states on the strip, unlike the bulk case, are characterised by their behaviour under one copy
of the Virasoro algebra.
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space, we will need also the non-diagonal matrix elements

1/5 1/5
ey = (M) eme s ()= om (T

1/5 2/5
wietelo) = (F) " om () = o (M) e

Due to translational invariance in the “time” direction none of the expectation values
depends on .

4.1.2 The scaling Lee-Yang model
The scaling Lee-Yang (SLY) model can be defined as a bulk perturbation of the critical

)\/dx/dygo(:c,y). (4.7)

The resulting theory is an integrable massive scattering theory, containing a single particle

Lee-Yang model by the term

with two-particle S-matrix [44]

gin 6 it
50) =@ . =" T (45)
2 6

The mass M of the particle is related to the strength A of the perturbation by [45, 46]
r T'(4/5))5/12
M = g)\/12 g =219/12 (CEB/B)T(E/5)™ = _ 2.642944 . .. . (4.9)
55/16T(2/3)T'(5/6)

The form factors of the bulk field ¢ were first computed in [47, 48], but following [13]
we use the conventions of [49], with the difference that for us ¢(z) is a real field. The
function F,, can be parametrised as

f(0; — ;)
F e H, e 4.1
n(617 70 ) Qn xla 7 H xl—i_x] Y ( 0)
where x; = e%. The various terms in (4.10) are
coshf —1
= T — —1 4.11
f( ) COShH+1/2U(Z7T 0)?}( Z7T+0)7 ( )

where v is given by?

N
— (27rz+n+1/2) (27”—|—’I’L—1/6) (27”—|—TL—1/3)
U(H)_TH (gr;+n—1/2) (2, +n+1/6) (42, +n+1/3)

. (2 /oo 4 Sinh(t/2) Sl?h(tg/g) sinh(t/6) (N+1— Ne2t)e2Nt+i9t/7r> ’
0 t sinh”(t)

v(0) =1.111544045 ... | (4.12)

9This form with the finite product in front improves the convergence of the integral [49].
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and the normalisation factor is [50]

H, = i3/ n 4.13

Here 1) is the expectation value () in the bulk:

_3190 F(1)356 M_g B
= n e = (—1.239394325... )M ~2/5 . (4.14)
(2m) % 5T T(2)
The symmetric polynomials Q,(x1,...,xz,) have degree n(n — 1)/2 and partial degree
n — 1. They can be neatly expressed as a determinant of a matrix in symmetric polynomi-
als [47-49]. Here we will need only the explicit form of the first few:

Q=1, Q1=1, Q=02 Q=0 Q,=0c{e{Vc® (4.15)
(n)

where the elementary symmetric polynomials in n variables o, are defined by

ﬁl—i—px Zpk () .
i=1

Let us turn now to the boundary conditions for the SLY model which were analysed in
detail in [35]. The integrable boundary conditions are the 1 conformal boundary condition
and the perturbation of the conformal ® boundary by

h/qb(x) dz (4.16)

which we will denote by ®(h). The exact reflection factors for these two boundary condi-
tions are

Reny(0) = Rp(0) ,  Ru(0) = Ro(0) , (4.17)

= () Q) () (o))

The relation between b and h is given by [35]

where

h(b) = — |he| sin(m(b +1/2)/5) . (4.19)
For numerical calculations it is more suitable to use instead the dimensionless quantity
herie = heM~5%
which was determined in [51]:

r(3

N sin 27
hrogiy = — /5 94/5 51/4 5 3
NY2\ (4

6/5
)
= —(0.68528998399118... . 4.20
rEre ) (4.20)

,31,



Finally, let us consider the boundary-particle couplings g, for the various boundary
conditions. We recall that these quantities are defined via the residue of the reflection
factor R, (0) at the rapidity 6 = in/2

i (ga)?
~ . 4.21
Ral0)~ 4 im/2 (4.21)
In the SLY model we have
g]lz—iQ\/Q\/?) -3 (4.22)

for the 1 boundary, and
tan((b+ 2)w/12
() =t 2/12)
tan((b — 2)7w/12)
for the ®(h(b)) boundary. Notice that although the reflection factors for the boundaries 1
and ®(h(0)) are identical, the corresponding boundary-particle couplings differ by a sign.

(4.23)

This means that the boundary states for these two boundary conditions differ only in the
sign of the contributions from states of odd particle number.

4.2 The comparison
4.2.1 Expectation values in the truncated conformal space approach

The TCSA method allows for calculating the spectrum and other physical quantities of a
perturbed conformal field theory. The approach was developed in [52] for the bulk scaling
Lee-Yang model itself and later it was generalised to systems with boundary [35, 51]. The
idea of the method is very simple: using the conformal field theory techniques one can
calculate in the conformal basis all the matrix elements of the perturbing operator(s) and
eventually of the perturbed Hamiltonian. If the conformal Hilbert space is truncated at
some energy (or at some conformal level), the space of states becomes finite dimensional and
the calculation of the spectrum and of the eigenvectors of the perturbed Hamiltonian boils
down to the diagonalisation of a finite numerical matrix. This approach can be regarded
as a close relative of the standard variational method, and although the errors caused by
the truncation can not be easily controlled, it is generally believed, and checked of course,
that they decrease with increasing the cut. We refer the reader interested in the details of
the behaviour of TCSA to [53, 54].

The Hamiltonian of the boundary scaling Lee-Yang model reads

R
H(B by = Hot ) [ plo,y)do + huo(a=0) + hoo(o=R) . (420
0

where Hj is the conformal Hamiltonian and we have allowed for boundary perturbations

at the edges of the strip (they can be present only for ® boundaries). The matrix elements

of the Hamiltonian, calculated by mapping the strip on the upper half plane are given by

r\6/5

) (¢ lBr)ij),
(4.25)

=T (=) 8 () @51 () @
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(a) (B(—2),d(—2)) at r = 0.5 (b) (®(~1/2), B(—2)) at 7 = 0.5

Figure 2. (M?/°p(z)) vs. £ € (0...r). The dots are TCSA results with cut N = 10 (48 states),
the green dot-dashed and the solid black line is our result (4.31) up to the 3rd and 4th orders,
respectively. The dotted red line is (4.33) and the violet dot-dot-dashed line is (4.31) without the
term Joy. The horizontal axes are positioned at the conformal (¢),.

where

(B1)ij = (ilo(1)15) (Br)ij = (il¢(=1)]4) , (4.26)
B)ij = I/ dd (™)) , (4.27)

and the conformal metric G defined as G;; = (i|j) is needed because the basis vectors
are not orthonormal. Here every operator is understood to be on the upper half plane,
¥ = mx/R and we expressed everything in dimensionless form:

r=MR, K = k5 = 0.097048456298 . .. , (4.28)
xi = sin(m(b; +1/2)/5) hexi xr = sin(m(by +1/2)/5) hexit (4.29)

implying that the energy eigenvalues are also measured in the units of M.
Once the spectrum is known the expectation value of ¢ can be estimated by

(M2p(@)) ~ (;)2/5 <Q\s0(ez<g(’ig§>/r)) @) (4.30)

where £ = Mz is the dimensionless position of the operator on the strip and |Q) is the
ground state eigenvector. If we know the matrix elements of p(1#) on the upper half plane,
the calculation of the v.e.v. amounts to matrix-vector multiplication.
An efficient way to calculate the matrix elements is given in the appendix of [55].

4.2.2 Comparing the form factor expansion with TCSA
Let us recall our main result that we will compare with the TCSA data:

(O@)F =(0)+ Y Dy+.... (4.31)

i+j<4

In the following we will refer to terms D;; with ¢ + j = n as nth order terms.
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(a) (1, 8(0)) at r = 3 (b) (®(—1/2), ®(—1/2)) at r = 2

Figure 3. (M?/°p(z)) vs. £ € (0...7). The dots are TCSA results with cut N = 12 (45 states) in
(a) and N = 10 (48 states) in (b), the blue dashed, the green dot-dashed and the solid black line
is our result (4.31) up to the 2nd, 3rd and 4th orders, respectively. The dotted red line is (4.33)
and the violet dot-dot-dashed line is (4.31) with the sign of the term D;; flipped. The horizontal
axes are positioned at the conformal (¢),.

The work [13] addressed the calculation of the vacuum expectation value in large
volume when the operator is close to one of the boundaries. With this setup they could
neglect the effect of the other boundary and they worked up to the third order, so their
formula in our notations is

(O) + D1o + D2 + Do - (4.32)

One can try to improve this result for finite strips by considering also the analogous terms
coming from the other boundary:

3
(O) + Y _(Dio + Dyy) - (4.33)
i=1
In order to show that our formula means a great improvement we will compare this ex-
pression with our result (4.31).

Figure 2(a) shows the TCSA data with cut N = 10 (48 states) together with our
results for <M2/5g0(£)> for the boundary conditions (®(b = —2),®(b = —2)). In this case
9go = g3 = 0 and only the even orders are non-zero. In particular, in this special case
formula (4.33) coincides with our second order result. In figure 2(b) we plot the case of the
boundaries (®(b = —1/2),®(b = —2)). The TCSA has already converged, since changing
the cut from N = 9 (38 states) to N = 10 (48 states) the maximum change in the v.e.v.
is ~ 0.0005. The plots clearly show that our formula gives much better results than (4.33)
throughout the strip. We also plotted our result without the term J (violet dot-dot-
dashed lines) in order to show that this non-trivial term is indeed present in the expansion
(see the discussion in section 3.4.1).

Figure 3 shows the v.e.v. for other pairs of boundary conditions. For the second pair
changing the TCSA cut from N = 9 to N = 10 resuls in a change of order 107° in the
v.e.v. For the (1, ®(0)) boundaries raising the cut from N = 8 (18 states) to N = 12 (45
states) the change in the v.e.v. is only = 0.05.
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In order to show that the conventions for the complex conjugation of the g factors are
correct we plot also the result with the sign of the term Dq; reversed (violet dashed lines).
In figure 3(b) we show also the second order result to show the convergence of the form
factor expansion. It is clearly seen in both plots that adding the fourth order terms hardly
changes the result, thus in these cases the form factor series is almost saturated by its first
four orders.

In figure 4 we plot the one-point function for the (1, 1) boundaries for different strip
widths. The TCSA is very convergent also in this case: a change in the cut from N = 8 (12
states) to N = 12 (29 states) causes a shift of order 107 in the v.e.v. The convergence of
the form factor expansion is again obvious, however, for » = 2 our formula starts to deviate
from the TCSA values, as a clear sign of the need for higher order terms. Our result is
closer to the real values than the formula (4.33), but what is surprising is that the result
of [13], expression (4.32), performs very well in the vicinity of the boundary. This can be
understood by looking at the leading behaviour of the expectation value near the different
boundaries [13]:

<M2/5<p(x)>¢(0)

<M2/5<p(95)>]1 = (26)%/° WBL (1), + O£/ . (4.34b)

_ (25)1/5 (CP)B:Z <¢>¢(0) + (25)2/5 (‘I’)B:é <]1><I>(O) 4 0(512/5) ’ (434&)

We have to check what happens when z is fixed and the volume R is changed. We know
that the corrections to (4.32) are of the form exp(—M R), thus rescaling R is equivalent to a
rescaling of M. Equation (4.34b) remains unchanged under such a rescaling in the leading
order (and the next term is two orders higher in ). In other words, the z-dependence of
the v.e.v. agrees with the behaviour under a conformal rescaling, which means that for
the 1 boundary the expectation value will not change much when the width of the strip
changes. Obviously this is not true for (4.34a).1°

Since our truncation of the form factor series is truly consistent only at z = R/2, in
figure 5 we plot the deviation of the v.e.v. from the TCSA values at the middle of the strip
for different volumes R. It is clearly seen on the logarithmic plot that for large enough
volume (r 2 2) the errors decrease exponentially with the volume and the exponents for
the error of the consecutive orders are approximately even-spaced. In particular, the sum
of all four orders has the smallest and most rapidly decreasing error. A similar behaviour
can be observed for other boundary conditions.

5 Conclusions

In this paper we considered vacuum expectation values of local operators in the presence of
two integrable boundaries. We developed a consistent finite volume regularisation scheme
to handle the various types of disconnected terms. The method presented in this work
can be considered as a generalisation of the approach of [11] which dealt with expectation
values with periodic boundary conditions. The key ingredients of our approach are the

10We would like to thank Gérard Watts for discussing this question.
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(a) (1,1) at r =3 (b) (L,1) at r =2

Figure 4. (M*5p(z)) vs £ € (0...7). The dots are TCSA results with cut N = 12 (29 states),
the blue dashed, green dot-dashed and the solid black line is our result (4.31) up to the 2nd, 3rd
and 4th orders, respectively. The dotted red line is (4.33) and the asymmetric violet dot-dot-dashed
line in (b) is (4.32). The horizontal axes are positioned at the conformal (¢),.

(a) linear scale (b) log scale

Figure 5. (M?/Pp(x = §)) = (M*/5p(5)) 1 oga for b.c. (1, 1) with TCSA cut N = 12 (29 states)
as a function of r. The violet dot-dot-dashed, the blue dashed, the green dot-dashed and the black
solid line is our result (4.31) up to the 1st, 2nd, 3rd and 4th order, respectively. The red dotted
line is formula (4.33). For r 2 2 the errors decrease exponentially with r.

proper normalisation of the boundary state in a finite volume and the knowledge of the

finite volume form factors.

Apart from the task of evaluating disconnected terms of the form factors the two-
boundary setting poses additional difficulties for g,gs # 0. In this case the boundary
states include zero-momentum particles corresponding to the poles of the amplitudes K;(6)
at @ = 0. We showed that our finite volume evaluation scheme automatically provides a
regularisation of the resulting singularities. We developed a new method to extract the
finite parts (see Theorem 1 in section 2.2) which can be applied also in other cases, e.g.
two-point functions at finite temperature.

As a by-product of our formalism we were able to extract the second order terms
of the ground state energy on the strip (subsection 2.2). This way we confirmed the
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boundary Thermodynamic Bethe Ansatz (BTBA) equations and we showed that they
yield the correct second order terms even in the presence of zero-momentum particles
(9a9s # 0), for which no rigorous derivation of the BTBA is known. Also, we gave further
independent support for the normalisation condition g; = g;/2, which was proven by other
means in [19, 20].

It is possible to compute higher order terms of the vacuum expectation value <O(x)>%ﬁ
using the methods laid out in this work; in particular the finite volume normalisation
of higher multi-particle contributions to the boundary state follows in a straightforward
manner. However, the evaluation of the L — oo limit poses technical difficulties already
at the next orders (D;; with i+ j > 4). There will appear new types of singularities which
are very similar to those encountered in the evaluation of thermal correlation functions
(see subsection 3.4.3). These difficulties call for new summation schemes to separate the
divergent and finite parts of the relevant finite volume series. Alternatively, it would
be interesting to develop a general infinite volume regularisation scheme along the lines
of [6, 17], which could be compared to the results of the present approach.

There is plenty of room for future extensions of this work. First of all, one can consider
expectation values with respect to a boundary excited state. In this case one has to develop
an appropriate modification of the finite volume boundary state formalism. A further
interesting problem is the evaluation of (space and time dependent) correlation functions
on the strip, which can be performed along the lines of the present paper. Future work
is needed to generalise our methods to non-diagonal scattering theories which are relevant
to a number of condensed matter problems [56]. Also, it needs to be clarified whether
some of the present results also apply to massless scattering theories. In the absence of a
mass gap the convergence of the spectral series is not guaranteed anymore and one does
not have control over residual finite size corrections to form factors. However, in some
cases it is possible to apply a modified version of the form factor program to massless
theories [57, 58]. The study of a finite volume regularisation scheme for massless theories

is left as an open problem.
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A Regularisation of the divergent sums

For a given L let us denote by 6; the solutions of the quantisation condition

Q(0) = mLsinh 6 + 6(20) = 2n1 , IeN+ ; . (A1)
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where §(0) is the elastic phase shift defined by
S(0) = —€®), 5(—0) = —3(0) .

We also introduce the density of states

p(0) = d?jéﬂ) = mL cosh§ + 2¢(20) ,

where p(0) = 0'(0).
Theorem 1: Let f(0) be a symmetric function which apart from a double pole at 6 = 0
s analytic in a neighbourhood of the real axis:

f(9)z92 as 0 —0.

Then the expression
f0n)\ G
S(L) = — —~mL
W (2} Ay
has a reqular behaviour at large L with the L — oo limit given by

lim S(L) = I+ Ky,

L—oo
where

S Lo G
If:/ 47T<f(9)—GCOS > and Ky = ¢(0) .

—oo sinh? 6

Proof. We express the sum in the form of a complex integral for a finite L and perform
the L — oo limit afterwards. First of all, the summation over the rapidities can be replaced
by a sum over contour integrals around the solutions of €’? 4+ 1 = 0:

1 1 f(0)
_22}[2m@+1’ (A-2)

where now the summation is over I € Z+1/2. The integration contours can be transformed
into two distinct curves:

e the first starting from 8 = oo + i€ running to € + i€, crossing the real axis between 0
and the first solution of (A.1), then running from 6 = ¢ —ic to § = co — ic;

e and a similar curve around the negative real axis, with the same counter-clockwise
orientation.

These two curves can be joined to form a single contour encircling the whole real axis. In
doing this, one picks up the residue at 6 = 0, which is given by

1, f® _ G . G
o RS ciaw) 4 — 1y (0) = —ig (mL420(0) -
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Therefore the O(L) terms cancel and we obtain

oco—+ie 00—1E (9) G
</ co+ie /oo Z€> am BZQ + 1 - 4 SD(O) .

Note that in the two integrals the L dependence is only contained in Q(6). We may now
perform the L — oo limit for a fixed € > 0. To do this first of all note that the integrand
has become bounded (we stay away from the real axis) therefore one may exchange the
limit L — oo with the integration. Also, observe that

LIE,I;O elQ(GJrzs) +1 =1 ’ LIE,I;O elQ(@ i€) +1 =0.

Putting everything together one obtains
oo+1ie G
f0)+  (0). A3
| 0+ feto) (A3)

The integral above can be pulled back to the real axis after an appropriate regularisation.

We use the identity A
0= / e G o (A.4)
—ootic 4™ sinh” 6
which can be proven by deforming the contour to Imf = in/2. Moreover, the function
above has exactly the same singularity structure around 6 = 0 as the integrand in (A.3).
One may therefore subtract (A.4) from (A.3) and pull back the integration contour to the
real axis. The final result is thus given by

im s = [~ <f(9) - G":"Sh9> + 950,

LS00 oo A sinh? 0

B Properties of the four-particle form factor

In this appendix we consider the behaviour of the function
F40(91—|—’L'7T, —91+iﬂ,—92,92) (Bl)

near ¢, 0y = 0. It follows from the form factor axioms that for infinitesimal 6 » the function
above is antisymmetric in both variables and disappears whenever one of the rapidities goes
to zero whith the other one being kept fixed. Therefore the only allowed singularity is of

the form
1

6165

However, it is easy to see that this pole does not appear. Setting
0h=0+¢, 0, =6, (B.Q)
and taking € — 0 results in [11]

lim FP(0+e+im,—0 —c+im, —0,0) = (FL(0,—0) — 2p(20)F5,) | (B.3)
E—
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which is well-defined for every 0. Therefore a pole of 91102 cannot appear and it follows that

lim FQ(0) + im, —6, + im, —03,05) = lim (F2(0,-0) — 20(20)F5)) = 0.

01,02—0

Moreover, the first term of its Taylor expansion is proportional to 6165, as required in (3.37)
to cancel the double pole of K,(—0)Kz(0).

C Summary of our results

In this appendix we collected the results of section 3. The vacuum expectation value is
given by

(O@)y = ZDz‘j : (C.1)

We calculated the terms with ¢ + j < 4. The relative magnitudes of the individual contri-
butions depend on z. However, a consistent ordering can be achieved by putting x = R/2.
This way D;; behaves in the large R limit as (’)(e*(”j ymR/ 2). A pictorial representation of
the individual contributions can be found in figures 6 and 7.

Terms of order e—™1/2
D10 = g2a Floeimm
D01 _ 92,3 Floefm(szv)

Terms of order e ™%

1
Dy = /daKa(H)FQO(—H,H)e_QmCOShG v

2 2

P P ———

Dy = ga4gg FQ (im,0)e ™~
Terms of order e—3"F/2
D3y = ; ;liKa(e)g; F{(—0,0,0)e mZcosh041) @
D03=; / ;ZiKﬁ(e)ngf(—e,e,o)e*m@mh@“) (R=e)
Doy = gf / ;ii (Fg?(—9+iw,9+m,O)Ka(e)e—%coshew—m(f%—w)_2(%)5511102 ZOSh@ e—m(R-i-J:))

+e @R g (g ) 2RO 90510)

Dy — 9404 / ;ii (F?)O(iﬂ_’_67G)KB(G)e—choshG(R—x)—mx B 2(%);5}1;208}1%"”(2’%‘”)

—-m(2R—zx 0
B
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Terms of order e 2mE

1
D40 _ / d@l d@z Ka(el)Ka(HQ)leo(_ely 91, _92’ 92)6—2m(cosh91+cosh02) x

8.) 27 27

1
Doy = / db, dby Kg(el)Kﬁ(92)F40(_91a 01, —0o, 92)6—2m(cosh 01+4cosh 02) (R—x)

8.) 27 27

do
D3y = 9a9p ,—mP 271'Ka(9)F40(_9 + im0 + im, im, 0)e2meoshd

8

do
Dyz = 9a9p e~ mi Kﬁ(@)Ff(—@ +im, 0 + i, i, 0)6—2m cosh @ (R—z)
m

8 2
Doy = I99 + Joo , where

1 [db do
Ipy = A / 1 / ) 2Ka(91)K5(92)F40 (—61+i777 0; + i, —0s, 92)6—2m cosh 612—2m cosh 62(R—x)
m

6—2mR>_|_ (

2

and

J22:F20(i7r,0){/d0 (Ka(_e)Kﬁ(a)e—choshGR_(

2

— 41 —

9agp)? cosh 6
4sinh? 0

2
gagﬁ) e_szQD(O)

}



(a) Dio (b) Dao

(C) D30 (d) Dao

(e) D1 (f) Da: (g) I22

Figure 6. Diagrams representing the different contributions to the v.e.v. Solid lines correspond
to pairs of particles with opposite momenta. Dashed lines correspond to the propagation of zero-
momentum particles. The diagrams depicting the terms D;; with j > ¢ can be obtained by switching
the roles of the two boundaries.
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(a) Jo2

(b) D12

(¢) Do

Figure 7. Diagrams representing contributions with singular pieces. Solid lines correspond to

pairs of particles with opposite momentum. Dashed lines correspond to the propagation of zero-

momentum particles.
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