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Abstract. Let 0 < ¢ < 1 and N denotes the set of all positive integers.
In this paper we will deal with it too the family U(z?) of all regularly
distributed set X = {x1 < 22 < -+- < xn < ---} C N whose ratio block
sequence
1 T1 T2 T1 T2 T3 1 X2 Tn
x1733273327$3’$3’x3’...,$n,xn’“.7$n7...
is asymptotically distributed with distribution function g(z) = 2% x €
(0,1], and we will show that the regular distributed set, regular sequences,
regular variation at infinity are equivalent notations. In this paper also
we discuss the relationship between notations as (N)-denseness, directions
sets, generalized ratio sets, dispersion and exponent of convergence.
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1. Introduction

In the whole paper we assume X = {z; < 29 < - <z, <---} C N where N
denotes the set of all positive integers.
The following sequence derived from X

r1 1 o X1 T2 T3 1 T2 In

L (1)

b) b ) ) b) AR ] )
Ty T2 T2 XT3 T3 T3 Tpn Tn Tn

Published online: 10 January 2023 T Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-022-01830-1&domain=pdf
http://orcid.org/0000-0002-6792-8634

54 Page 2 of 33 p. Miska and J. T. Té6th Results Math

is called the ratio block sequence of the set X. It is formed by the blocks
X1,Xo,..., Xy, ... where

X:() n=1.2....

T ' Tn ’ L
is called the n-th block. This kind of block sequences was introduced by Strauch
and Téth [17] and they studied the set G(X,,) of its distribution functions.
Further, we will be interested in ratio block sequences of type (1) possessing
an asymptotic distribution function, i.e. G(X,,) is a singleton (see definitions
in the next section).

By means of these distribution functions in [22] there was defined some
families of subsets of N. For 0 < ¢ < 1 we denote by U(z?) the family of all sets
X C N whose ratio block sequence is asymptotically distributed with distri-
bution function g(z) = z9; = € (0,1]. Further in [22] the following interesting
results can be seen, that the exponent of convergence ) is closely related to
distributional properties of sets of positive integers. More precisely, for each
g € [0,1] the family Z<, of all sets A C N such that A(4) < ¢ is identical
with the family Z(x7) of all sets A C N which are covered by some regularly
distributed set X € U(z9).

The exponent of convergence of a set A C N is defined by

AA) = inf{s € (0,00) : Za;s < oo},

neN

where A = {a; <az <---} CN.

In this paper we will show that the regular distributed set, regular se-
quences, and regular variation at infinity are equivalent notations and also we
discuss the relationship between notations as (N)-denseness, directions sets,
generalized ratio sets, dispersion of sequence (1) and exponent of convergence.
The rest of our paper is organized as follows. In Sects. 2 and 3 we recall some
known definitions, notations and theorems, which will be used and extended.
In Sect. 4 our new results are presented. Section 5 summarizes the results in
chains of implications.

2. Definitions

The following basic definitions are from papers [12,14,17-19,21,22].

o 1 <12 <9 <--- denotes a sequence of positive integers.
e For each n € N consider the step distribution function
#{i<n:E <a}

F(X,,z) = nw ,

for x € [0,1), and for = 1 we define F(X,,1) = 1.
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A non-decreasing function g : [0,1] — [0, 1], satisfying conditions g(0) =
0, and g(1) = 1 is called a distribution function (abbreviated d.f.). We
shall identify any two d.f.s coinciding at common points of continuity.

A d.f. g(z) is a d.f. of the sequence of blocks X,,, n = 1,2,..., if there
exists an increasing sequence n; < ng < ... of positive integers such that

klim F(X,,,x) =g(x)

a.e. on [0, 1]. This is equivalent to the weak convergence, i.e., the preceding
limit holds for every point z € [0, 1] of continuity of g(x).

Denote by G(X,,) the set of all d.f.s of X,,, n = 1,2,.... The set of
distribution functions of ratio block sequences was studied in [1-7,9-
13,15,16].

If G(X,,) = {g(x)} is a singleton, the d.f. g(z) is also called the asymptotic
distribution function (abbreviated a.d.f.) of X,,.

Especially, if G(X,,) = {z}, then we say that the sequence of blocks X,
is uniformly distributed (abbreviated as u.d.) in [0, 1].

The function A : 2 — [0, 1] defined by

)\(A)—inf{t>():z;t<oo}

acA

is called the exponent of convergence of a set A C N.

If ¢ > A(A), then Y, 4 & < oo and if ¢ < A(A), then Y. ., =& =
0o. In the case when ¢ = A\(A), the series > can be either conver-
gent or divergent.
From ([12, p.26, Exercises 113, 114]) it follows that the set of all possible
values of X\ forms the whole interval [0, 1], i.e. {A(4) : A C N} = [0,1]

and if A ={a1 < a2 <--- <a, <---} then A\(A) can be calculated by

1
a€A ad

Here and in the whole paper we use log for the natural logarithm.
Evidently the exponent of convergence X is a monotone set function, i.e.
AMA) < X(B) for A € B C N and also A(AU B) = max{\(A),\(B)}
holds for all A, B C N.

For every f : N — [0, 00) such that Y7, f(n) = oo we define a summable
ideal generated by the function f by

If:{BCN: Zf(n)<oo}

neB
In particular, if f(n) = 1/n? with 0 < ¢ <1 we obtain the ideal

1
Zl/nq—{BCN5 an<00},

neB



54

Page 4 of 33 p. Miska and J. T. Té6th Results Math

where 7y /0 = Fin = {A C N: A is finite}.

By means of A we define the following ideals (see [21]):
Teg={ACN:XA)<q}for0<qg<1,
Ty ={ACN:)\A)<gq}for0<g<1and
Io={ACN:\A) =0}
Obviously Z<o = Zy and Z<; = 2. Moreover, we introduce the following
families of subsets of N (see [22]):

Ulco(z)) ={X CN: G(Xy) = {co(a)}},
Z(co(z)) ={ACN:3X € U(co(x)), A C X},

and for 0 < ¢ <1

U(z?) ={X CN: G(X,) ={z}},
I(z?9)={ACN:3IX eU(x?),AC X},

where

1 fo<e <1

0 ifz=0,
Co(x):{

Obviously,
Ulco(z)) & Zlco(x)), U(z?) G I(x?).

For a finite set A C N we have A(A) = 0. Consequently, Fin C Zj.
The families 74,Z<, and the well known family Z,,,. are related for
0 < g < ¢ <1 by following inclusions (see [21], Th.1.)

FinGTo Gl G Time G Iq G Icq & 1<, (2)

and the difference of successive sets is infinite, so equality does not hold
in any of the inclusions.

In this paper we deal with such sets Y which are from some family U/(z?)
for 0 < ¢ < 1, so the asymptotic density of the set Y is zero (d(Y) = 0),
since

U(Z‘q) QI(xq) :ng CZa CIl/nl Cly= {A CN: d(A) ZO} .

The standard way to evaluate the size of sets of real numbers is to take
their Lebesgue measure. In this theory sets of Lebesgue measure zero
are the smallest ones and often considered as negligible. Sometimes it is
important to distinguish also among these sets. To do so, the best way is
to use the Hausdorff dimension. The most frequently used characteristics
to evaluate the size of sets of positive integers is the (upper or lower)
asymptotic density. Here again, sets of asymptotic density zero are some-
times considered as negligible. In this case, to distinguish among them,
the best way is to use the exponent of convergence, or equivalently, the
exponential density.
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Let Z c 2V, Then 7 is called an admissible ideal of subsets of positive
integers, if Z is additive (if A,B € 7 then AU B € 7), hereditary (if
A €7 and B C A then B € 7), containing all finite subsets of N and it
does not contain N.

Suppose f(x) is eventually defined on (1,00) and eventually positive.
Given a € R, f(z) has regular variation at infinity of index «, abbreviated
as f(x) € RV,, if

li f(Cl‘) a

im =%, for every ¢ > 0.
(see [5], p-136). If f(x) € RV then f(x) is also said to be slowly varying
at infinity.

Let A C N. Define the counting function of the set A as A(z) = {a € A :
a<z}l,xz>1.1f

A(z) ~ 2¢(),

where ¢(z) € RVy and 0 < ¢ < 1, then A will be called a regular set
with exponent ¢ (see [12], Exerc. 153, p. 86).

The concept of a ratio set has been introduced in the papers [18,19].
If ACN, B CN, then we put R(A,B) = {%; a € A, b € B}. The
set R(A, B) is said to be the ratio set of A and B. In particular, for
A = B we put R(A, A) = R(A). The symbol X¢ will stand for the set
of all accumulation points of X C [0,00]. It is easy to see that for any
infinite subsets A, B of positive integers we have {0, +oc0} C R(A, B)<.
The set R(A, B) is dense in (0, 00) if R(A, B)? = [0, +c]. Note here that
R(A, B) # R(B, A) in general, however R(A, B) is dense in (0, c0) if and
only if R(B, A) is dense in (0, 00).

We say that the set A C N is (N)-dense set if R(A, B) is a dense set in
(0,00) for arbitrary infinite set B C N and A is (R)-dense set if R(A) is
a dense set in (0, 00). Therefore (N)-denseness implies (R)-denseness.
Let us denote

R-i— = (07 00)7

k+1
Sk{(xl,...,mk,xk+1)€Rk+1:Zz?1},
i=1
k _ gk k+1
ST =S"NRY

for each k € N. Then, for each k € N, k > 2, we define k£ — 1-dimensional
ratio set of given sets Ay,...,Ax_1,B C N as

RF(Ay,...,A;_1;B)
:{(%,...,akl)_l) ca; € A, ..., a5 eAk_l,beB}.

If Ay = ... = A1 = A, then we will write R¥(A;B) instead of
RE(A, ... A;B). Similarly, if Ay = ... = A,y = B = A, then we
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shall write R*(A) instead of R¥(A; A). Of course, R?(A; B) = R(A, B)
is the well known ratio set of A and B. In particular, R?(A) = R(A).
Moreover, let us introduce for each k € N, k > 2, the k-th directions set
of sets Aq,...,Ar_1,B C N as

Dk(A17~ .. 7Ak71;B)

(o)
ety a1 1y--
\/ Zf:l ag \/ Zf:l ag

If Ay = ... = Ap_; = A, then we will write D¥(A;B) instead of
DF(A,..., A; B). Similarly, if A; = ... = Ay_; = B = A, then we shall
write D¥(A) instead of D*(A; A). The concept of directions sets D¥(A)
as generalizations of ratio sets was introduced and studied by Leonetti
and Sanna in [11].

e Let us define dispersion of an infinite set A = {a; < as <az<...} CN
as

S Qp—1 € Ap_1,ar € B}.

1
D(A) = liminf — max{ay,a;41 —a; ;i € {1,...,n—1}}.
n—0o0 (A
Let us notice that dispersion is an non-increasing function on the set
2M\ Fin of all infinite subsets of N, i.e. if A C B C N are infinite, then
D(A) > D(B). Moreover, D(N) = 0 and every value from the interval

[0,1] is attained as dispersion of some subset of N (see [20]).

3. Overview of the Known Results

In this section we mention well known results related to the topic of this paper
and some other ones we use in the proofs of our theorems. In the whole section
in (A1)-(A8) we assume X = {z; <z2 < - <xp <---} CN.

(A1) Assume that G(X,,) is singleton, ie., G(X,) = {g(x)}. Then either
g(x) = ¢o(z) for x € [0,1]; or g(x) = 27 for = € [0,1] and some fixed
0<q<1[17, Th. 8.2].

The sets X = {x1 < x3 < ---} from U(cyp(x)) are characterized by (A4)
and these ones belonging to U(z9) are characterized by (A2) and (A6). In
([22, Theorem 1 and Example 1]) there is proved that the family U (cp(x)) is
additive, i.e. it is closed with respect to finite unions and does not form an
ideal as it is not hereditary, i.e. there exists sets C' € U(cp(x)) and B C C such
that B ¢ U(co(x)). On the other hand the family Z(co(x)) is an ideal ([22],
Theorem 2). For these families the following statements hold.

(A2) Let 0 < ¢ <1 be a real number. Then

X eU(?) < VEeN: lim 5 = ks .

n—oo ITp

8, Th. 1]
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(A3) Let 0 < ¢ <1 be a real number. If X € U(z7), then

. xn—‘—l
lim

n—oo I,

=1

[6, Remark 3]
(A4) We have

Xelu +— lim — =0.
€ Uleo(2)) Jim - sz

i=1

[17, Th. 7.1]
(A5) We have

€ G(X,) < liminf i = 0.
co(x) € G(X,) <= limin mnzw

[6, Th. 4]
(A6) Let 0 < ¢ <1 be a real number. Then

X eU(z?) = nan;C — sz =

[3, Th. 1]
(A7) Let X € U(co(x)). Then

1
lim —2" =0 (i.e. A(X) = 0).

n—oo log x,

(3, Th. 2]
(A8) Let 0 < ¢ <1 be a real number. If X € U (z?) then
. logn
lim
n—oc log xy,

= ¢ (therefore A\(X) = q).

3, Th. 3]

54

(A9) Let 0 < ¢ < 1. Then each of the families Zy, Z«4 and Z<, forms an

admissible ideal, except for Z<; [21, Th. 1].

(A10) Let 0 < ¢ < 1. Then each of the families Z(co(z)), Z(z?) forms an
admissible ideal except for ZT<1, and Z(co(z)) = Zo, Z(29) = I<, [22,

Th. 5 and Th. 7].

In (A10) there are characterized sets A C N belonging to ideals Z(co(x)) or
Z(x?) by means of their exponent of convergence, i.e. A(A) = 0 or A\(4) <
¢, which means that A € Zy or A € Z<,. From (A8) and (A10) we obtain
also the following interesting inclusion holding for studied families of sets (for

characterization of Z<, and T, see (All) and (A12)):
U(x?) C T<,\I~,, which implies T, C Z(x?)\U(x?).
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(A11) Let 0 < ¢ < 1 be real and define the counting function of A C N as
Alx) =#{a <z :a € A} for x > 1. Then

. Ax)
Aeley <= V35>0: wlingqu+6 =0.
21, Th. 3]
(A12) Let 0 < ¢ <1 be a real number and A C N. Then
A
AeT., « 35>0: lim (fg =0
x—oo x4
[21, Th. 4]

(A13) Let 0 < g <1, X ={r1 <z < -} CNY={ys <ya<---} CN,
let g(x) € {co(z), 27} be fixed and assume that

Y e U(g(x)) and tlggo )}f((g =0.
Then
XUY elU(g(x)).
[22, Th. 4]

(A14) Let f(x) and g(x) are eventually defined on R, and eventually positive.
Then, for «, 8 € R we have:
' f(z)
xa

i) f(x) e RV, — € RV

[5], Prop. 7. 20, p. 136)
if f(x) ~ g(x) € RV,, then f(x) € RV,,

a)
b) if f(z) € RV, and g(z) € RVg, then the reciprocal ﬁ €

(
i) (
(
RV_q , and the product f(z)g(z) € RVa+ 3,
(¢) RVy is closed under multiplication, division, and asymptotic
equality.
([5], Prop. 7. 21, p. 137)
(A15) Let A={a1 <ag <---<ap<---} CN. Then
1 log A
A(A) = lim sup %87 _ lim sup log A(x)

n—oo 10gan, r—oo logx

and
logn log A(x)

lim inf = lim inf
n—oo logay, z—oo logx
[12, Ex. 148, 149, p. 85]
(A16) Let A = {a1 < g < - < ay <
exponent g > 0, then A\(4) = ¢. [12, Ex. 153, p. 86]
(A17) Let A ={a1 < az < -+ <ap < ---} C N.If Ais a regular set with
exponent ¢ > 0, then A(z) € RV, ie. lim; o ’?4((0:;) = ¢4 for every

¢> 0. [12, Ex. 154, p. 86]

---} C N. If A is a regular set with
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(A18) Let A={a; <ag <---<ap<---} CNbearegular set with exponent
q > 0 and let o > 0. Then

1 a;\ >4 ! a—g q
1' R g (J) :/ d = - .
Pateol A(t) = t 0 v «

Therefore, as a = ¢ + 1 we have

1 — q
lim a; = —— .
n—’OO'I’LCln; ¢ q+1

(12, Ex. 157, p. 86]
(A19) Let a € [0,00). Suppose f(x) € RV, is eventually nondecreasing and
diverges (to infinity). Then

a = lim log f(n) .
n— 00 logn

[5, Prop. 7.23., p. 138]
(A20) Let A C N be a set such that
Alet
htnig}fA((Ct)) > 1 for every ¢ > 1,
then A is (IV)-dense set. [19, Satz 3]
(A21) Ifaset A={a1 <az < -+ <ap<--} CN satisfies

. An 41
lim
n—oo  Qp
then A is (IV)-dense set. [4, Th. 2]
(A22) Let A={a1 <az <---<ap<---} CN. Then

=1

7

lim 2 = — D(A) =0 = Ais an (R) — dense set

n—oo (O

= D(4) <

N |

20, Th. 2, Th. 3]
(A23) Let A={a1 <as<--<a,<---}CNandk,l €N, 2<k <! Then
D'(A) is dense in S'7! = D"¥(A) is dense in S¥".

Moreover, there exists a set A C N such that D¥(A) is dense in R% but
D'(A) is not dense in R', [11, Th. 1.4].
(A24) Let A={a3 <as <---<ap<---}CN. Then
lim 2 — 1 — vk >2: D*(A) is dense in S"1.

n—oo (A

[11, Th. 1.5]
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4. Results
Lemma 1. Let A= {a; <az <---} CN. Then, for every ¢ > 0 we have
) Alet) . Alan)
1 —= =1
RSP Ay SR T, ®)
.. LAt ... Alay)

Proof. Let ¢ > 0 be a fixed and denote | = limsup,,_, A?(;::)' Then, for
€ > 0 there exists an ng € N such that for each n > ng we have
Alan)
A( an)
For sufficiently large ¢ there exists n > ngy such that 1 san <t < an+1
Therefore

<l+e.

Alct) _ Alany1)  Alany1) Alan) n+1 .
A0 = AQay) ~ Alaw) Afan) © m T

From this we get (since n — oo if ¢ — o0) that limsup,_, A( D <lte
for arbitrary € > 0. Thus

N

t
lim sup (ct) <I.

Since on the other hand we obtain (by putting ¢t = %an) that

Ale
li?iigp A(( t)) >,

then there holds equality (3). The proof of (4) is similar. O

Theorem 1. Let A= {a; <as <---} CNandg:[0,1] — [0,1] be a distribu-
tion function of the sequence of blocks A,,. Then:

i) liminf, . ‘2((?)) < ﬁ < limsup,_, ., % for each ¢ > 1 such that 2

s a point of contmuity of g,
i) VO <e<1: liminfi o ‘Z(ftt)) < g(e) < limsupt_,oo A(t) for each
€ (0,1) being a point of continuity of g.

Moreover, the conditions i) and ii) are equivalent.

Proof. Let us start with the proof of i). Let g(z) € G(A,) and ¢ > 1 be its
point of continuity. Thus, there exists a sequence (ny) of positive integers such
that

. a; 1
1 1 #{zgnk: < A(ta,
g(f) :klim F(Ank_,f> = lim S °C — lim M.
& —00 &
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Then
A(ta, 1 A(ta, Aan 1
lim inf ( ¢ ) Sg( ) < lim sup ( ¢ ) i.e. liminf (an) < —
n— o0 A( ) C n—oo A( ) n—oo A( an) 9(2)
< limsup M .
P )
From above and Lemma 1 we have
lim inf Alet) < ! < limsu Alet)

BT < o) S e e
The proof of implication i)=- ii) is following. By i) we have
A(Lt) 1 A(Lt)
lim inf < —— <limsup —=£
T (3 R A T

for each ¢ € (0,1). Thus

At A(t
lim inf & <yg(e) < hmsupﬁ,
t—oo0 A( ) t—o0 A( )
and substituting ct in the place of ¢ we get
Alct) ) A(ct)
liminf —2 < g(¢) < limsu ,
minf oy < g(c) < limsup A0)
which was to show. The proof of implication ii)=> i) is analogous, thus we omit
it. O

Remark 1. Let us notice that if a distribution function ¢ : [0,1] — [0, 1] ful-
fils the conditions i) and ii) in the above theorem, then it need not to be a
distribution function of the sequence of blocks A,,.

Let A = NN Up;((2k)!,(2k + 1)!]. Then for each ¢ € (0,1) we have
hmmft_mo% = limg_ 00 % = 0 and limsup,_, . A((Ctt)) limg— 00
A((2k+1)1)
A(Lk+1)!)
< g(e) < limsup,_, . ?4((?)) for ¢ € (0,1). Assume by contrary that there is a
subsequence (n;) such that g(z) = lim; .o F'(Ap,, ) for each x € [0,1]. In
particular, lim;_ oo F (Anj, %) = % and limj_,ooF(Anj,%) = 1. Let ap; €
((2k)!, (2k+1)], where k is sufficiently large, be such that F (A,,, ) < 2 and
F (A, %) > %. Then Ja,, < (2k)!. Otherwise, we would have a,, > 2 - (2k)!
and

7 1 1 a; 1 1 1
- <FlA,,=-|=— < — — = — i <N a; < =G
8< ( ; 2) nj#{znj anj<2} nj#{znj a<2a1}

(2k — 1)! + 3a,, — (2k)! B %+ 3 o — 1

1
(2k — 1) — (2k — 2)+an @R~ 2 e Y

= 1. Hence, the function g(z) = min{2x, 1} satisfies lim inf;_, %

<
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which is impossible. Thus %a,, < (2k)! and

7 1 ) 1
8<F<An],2)—nj {zgnj:a1;<2an]}

(2k —1)!
(2k —1)! = (2k — 2)' 4+ an, — (2k)
Hence, an; < (2k)!+ $(2k — 1)! + (2k — 2)!. On the other hand,
5 1y 1, (. 1 (2k — 1) — (2k — 2)!
- F An - = — < i a; — Uy, .
8~ < 9’4) nj#{z—”ﬂ @< } 7 @k — 1)+ an, — (26)!
Hence, a,; > (Qk)! + 32k — 1)1 = 3(2k — 2)1. Finally, we obtain

<

(2k)! + = (2k;—1) (2k — 2)! > (2k)! + = (2k—1)'—7(2k—2)

which holds only if2k—1< 16, ie. k< 107 ThlS stays in contradiction with
the fact that k can be sufficiently large.

The above remark shows that not always there exists a distribution func-
tion g(x) of (A,,) such that g(c) = v and g(d ) = ¢ for some ¢, d,~,d € [0, 1] sat-

isfying liminf; ‘Z((t) < v < limsup,_ A(i) and liminf, . 24 < § <

A0
limsup,_, o A((it)) Despite this, for any ¢, v € [0, 1] satisfying lim inf,_, ’Z(g)) <

v < limsup,_, o i(ét)) there exists a distribution function g(z) of (4,) such that

g(c) = . In order to prove this fact, we will need the following lemma.

Lemma 2. Let ¢ € (0,1) and v € {hmmft_)oo A((t)),hmsuptﬁOo A(ct)] Then

A(D)
there exists an increasing sequence (ny) of positive integers such that
: A(Ca"k)

hmk_,oo T =7.

Proof. Every value from the interval {lim inf; o0 %,lim SUD;_, oo 1?4(&73)] is

attained as a limit limy_, o ’LX(C;:)) for some sequence (t;) of real numbers in-

A(ct)

am €
[0,00) is a piecewise constant function with the points of discontinuity of the
form an and 1 “ap, where n € N, and variations at these points not greater

than 1. Moreover, if (;t)) < limg_,,- i((?)), then ¢ = a, for some n € N.

creasing to infinity. This holds because the function [a1,00) 2 t +—

Hence every value from the interval {lim inf; %, lim sup,_, A(ct)} can

At)
. . A(can
be attained as limj_. (P%’”) for some increasing sequence (ny) of positive
integers. U

At this moment we are ready to state and prove the aforementioned result.
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Theorem 2. Let ¢ € (0,1) and v € [liminft_)oo Afgig)t),limsupt_)oo Ajgi(t))t)]

Then there exists g(x) € G(A,) such that g(co) = 7.

Proof. By Lemma 2 there exists an increasing sequence (n,(go))keN of posi-
tive integers such that limy .., F (A (0>,c0) = limy_ o A(C?OT;’?) = . Let
QN (0,1)\{co} = {ea : I € N}. Since the interval [0,1] is compact (with

respect to the natural topology on R), for each | € N we can choose a

subsequence (n,(cl))keN of the sequence (n,(cl_l))keN such that the sequence

(F (An(z) , cl> ) . is convergent. From the construction of sequences (n,(cl))keN,
k eN

l € N, it follows that the sequence <F (Anm,cj)) is convergent for each
k keN

j €40,1,...,1}. Thus, the sequence (F (An(k) , cj>> is convergent for each
k keN

j € N. Define g(x) = limsup;_ . F (An(k)70j> for z € [0,1]. g is a non-
k

decreasing function. In particular, g has at most countably many points of

discontinuity. Let x € (0, 1) be a point of continuity of g. Then

lim lim F(A (k)7q> lim g(q) = g(x)

Q3>q—x— k—oo Qo>qg—x—

= lim g¢g(¢g)= lim lim F(A (;c),q>

QB(I—>{£+ QBq—),L"' k—oo

On the other hand,
lim lim F (A (k),q) < likrg'ng (Anl(ck),x> <limsup F (A (k)5 & )

Q3>q—x— k—oo k—o00

< lim lim F (A (k),q)

Q3>g—xt k—oo

Hence, g(z) = limy_.oo F (A (k),x) for every x € [0, 1] with at most countably
many exceptions. This means, that g(z) € G(4,). O

Now we give a series of corollaries following from Theorem 2.
Corollary 1. If G(A,) is not a singleton, then #G(A,) = c.

Proof. Since distribution functions are non-decreasing and we identify two of
them if they coincide on their common points of continuity, we can assume
that all the elements of G(A,) are right-continuous functions. Assume that
1 < #G(A,,) < ¢. Then we consider the set

D ={be[0,1] : bis a point of discontinuity of some g(x) € G(A,,)}.

Then #D < max{Rg, #G(A4,)} < c¢. Thus (0,1)\D is dense in [0,1].
We claim that there exist gi(z),g2(z) € G(A,) and ¢o € (0,1)\D such that
g1(co) < g2(co). Indeed, if any two functions from G(A4,,) (that are monotone
and right-continuous) coincide on (0,1)\D (which is dense in [0, 1]), then they
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are equal. This means that #G(A,) = 1, contradicting our assumption on
cardinality of G(4,). Let ¢o € (0,1)\D be such that g1(co) < g2(co). By
Theorem 1 we have

liminf F(A,,¢) < g1(c) < ga(c) < limsup F(A,,c),

n—0o0 n—oo
meanwhile by Theorem 2 we conclude that for each v € [liminf,, .. F(4,,c),
limsup,, . F(A,,c)] there exists g(z) € G(A,,) such that g(c) = ~. Since
¢ is a point of continuity of any function from G(A,), we obtain ¢ pairwise
distinct functions from G(A,), once again contradicting the assumption on
cardinality of G(A,). Finally, we get that if G(A,) is not a singleton, then
#G(A,,) > c. On the other hand, the cardinality of G(A,,) does not exceed ¢
as the cardinality of the set of all functions mapping the interval [0, 1] to itself
and having at most countably many points of discontinuity. O

Remark 2. The fact #G(A,,) € {1,¢} was proved implicitly in [17, Theorem
5.1] under additional condition on distribution of elements of A. To be more
precise, the connectedness of G(A,,) with respect to weak topology was showed
in this case.

Let us also note that Corollary 1 follows directly from Theorem 2 if we
distinguish any two functions that differ at at least one point. However, we
identify two functions in G(A4,) if they differ on at most countably many
points. This is the purpose that the proof of Corollary 1 becomes more subtle.

Corollary 2. Let A = {a1 < ay < ---} C N. Then, the following conditions
are equivalent:

() G(An) = {g(2)},
(ii) Ve>0: lim % exists,
(i) Ve>1: tlgg} A((Ctt)) = g(l%),
. A(ct
(iv) VO<e<1: thm A((t)) =g(c)

Proof. According to Theorem 1, it suffices to prove the equvalence i) < ii). For

the proof of ii) = i) assume that lim;_, él(( )) exists for each ¢ > 0. By The-

orem 1, each distribution fuction for (A,,) is of the form g(x) = lim;_. %,

€ (0,1).
We prove the implication i)=-ii) by contrary. If ii) does not hold, i.e.

liminf;
A("t) # limsup,_, 1?4((?)) for some ¢ € (0,1), then the set G(A,,) contains

functlons g1(z) and go(x) such that gi1(c) = hminft_,oo% and go(c) =

lim sup,_, % However, we assume i), i.e. G(A4,,) = {g(z)}. Thus, g(z) €

{co(x), 27 : ¢ € (0,1]} in virtue of (Al). Since g1, g2 and g are non-decreasing
and g(o,1) is continuous, then there exists i € {1,2} and ¢ > 0 such that
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gi(x) # g(x) for each x € (c—¢,c+¢). Hence G(A,,) has at least two elements,
contradicting i). O

Corollary 3. Let A={a; <as <---} CN and 0 < g < 1. Then, we have
(i) A€U(co(x)) <= V>0 limy o 4 =1, ie. Ax) € RV,
(i) AeU(z?) <= Ve>0: limy_.o0 A(g)) =c?,ie A(z) € RV,.

Proof. This is a direct corollary of Corollary 2 and (Al). O

Corollary 4. Let A = {a; < az < ---} C N. Then, the following conditions
are equivalent:

(i) Ve>1: lime oo %Ctt)) exists,

(ii) 3¢ € [0,1] : A(z) € RV,.

Proof. For the proof of the implication i)= ii) denote g (1) = lim;—o %

for each ¢ > 1. By Corollary 2 we have G(A,) = {g(x )}, which means that
A € U(g(x)). Hence, by (A1) we have g(z) € {co(x),2? : ¢ € (0,1]} and by
Corollary 3 we conclude that A(z) € RV, for some ¢ € [0, 1].

The implication ii)=- i) is obvious. O
From Corollary 3, (A7) and (A8) we obtain the following.

Corollary 5. Let A= {a; <az <---} CNand 0 < g <1. Then we have the
following.

(i) If lims— oo % =1 for every ¢ > 0, then lim, . 1% =0, i.e. \(A) =

logan,
0.
(il) If limy— oo A((Ct)) = ¢4 for every ¢ > 0, then lim,,_, léogg;; = q (and then
A(A) = q).
Remark 8. Of course, the condition lim;_, % = 1 for each ¢ > 1 im-

plies that A(A) = 0. The inverse implication does not hold as U(co(z)) €
Z(co(x)) [22, Example 1]. This means that there exist sets B C A C N such
that A € U(co(x)) but B & U(co(x)). By Corollary 3 we thus have that
B(z) € RVy. However, since A(z) € RVy, by Corollary 4 we conclude that

limy, oo 2640 — \(A) = 0. Hence, lim,,_,o. 2620 — \(B) = 0as B C A

logn logn
and the exponent of convergence is a monotone set function.

Remark 4. Let us note that the condition liminf;_, . i(ét)) > 1 for each ¢ > 1
(ct)

does not imply that lim;_, ‘2( ) exists. Let

A= NmU (2k — 1), (2K) | U{25: (2k)!<2j < (2k+1)1}).

Fix arbitrary ¢ > 1. Then

Alcet) Ale-(@R)) L Ale (28)) — A(2R))
it 25 = ey A A((2R))
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(c—1)-(2k)!
=1 li 2
T T 2R
c—1 c+1
+ 2 2

and

, Alet) . Ale- (2k— 1))
tmsup oy = 2 s 1)

o Ale- 2k 1)) — A((2k — 1))
=1+ fm A2k — 1))
=1+ lim (e 1) (2k— 1) =1420c—1)=2c—1> ctl

(2k—1)!
2

The example below shows that for each ¢ € (0, 1] there exists a set A C N
los An) jpes not exist and A(A) = q.

logn

such that the limit lim,,

Ezample 1. Let 0 < p < ¢ <1 be fixed. Let (px) be a non-increasing sequence
of positive numbers convregent to p and (by) be a strictly increasing sequence
of positive integers such that

b by, . logk
@<1, WLOaSkHooand kllngologbk =

For k£ € N we define sets
Aoy = {[Jﬁw tjeNand byp—1 < j’%"‘ < b2k}7

A= {7

Choose the set

Q=

]:jeNandb%q%gb%H}.

A= U A .
k=1
Then,
log A(bok+1) > lim log # Aay, > lim log (b5, — b, — 1)
k—00 log b2k+1 T k—oo log b2k+1 T k—oo lOg b2k+1
b3
1' log bgk+1 i 10g (1 B bgkil B bglel+1) log bgk—i-l
= 1m = —_— =
k— o0 log bag 41 k—oo log bog11

(because the second equality in the second line holds due to the fact that
q

limy_.co 772~ = 0) and
2k+1

log A(ba) _ |, los(#Aax—1+ YohTL (# Az 1 + #As)))

k—o0 log boy, k—o0 log boy,
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: k—1 j j
log(bgz - b127271 + Zj:l (bgj - bgjfl + bngrl - bgj))

.
=i log boy,
o ToB(E = V0B~ )
< lim
k—o0 lOg bgk
Pk
log(2k — 1) + log b3} + log (1 - %4=2)
= lim 2k
k—o00 IOg b2]€
log by,

koo log bo,

(because the second inequality follows from the fact that bgj - bzz);‘q < b3, —

q Pk _ 1P q q p D D
szf1 < bgy — by, and b2j+1 — sz < by —byp_ forevery j=1,2,... k-1,
q
2k—1

. b .
since —%x 1 0 as k — oo, and the second equality comes from the facts that
2k

. bok . ° _
limy_ oo %}El =0 and limy_, o li(gilzzkl) = 0). Hence,
log A log A
tim inf B4 <) g < i g 12BAR)
n—oo  logn n—oo  lOgn
On the other hand,
1
log A 1 j cja < 1 q
limsupL(n) < lim og#{j EN:ju <n} < lim ogn _
n—ooo  lOgn n—00 logn n—oo logn
and
1
log A 1 jeN:jr < log n?
liminfL(n)Z lim og#{j € jr =n} > lim s _
n—oo logn n—oo logn n—oo logn
for p > 0 (if p = 0, then obviously lim inf,, loi‘gff) > p). Hence,
log A log A
p < liminf 224 i qp 9840
n—oo  logn n— 00 logn
From (A15) we have, as a result, A\(A) = limsup,,_, lolgo‘gAiln) = ¢ and
T log A(n) _
liminf,, ogn =P

We start our reasonings on directions sets and multidimensional ratio
sets. The following lemma shows that there is a strong connection between
their topological properties.

Lemma 3. Let k € N and Ay,..., Ax_1, B C N. Then, the following conditions
are equivalent:

(i) D*(Ay,...,Ax_1;B) is dense in S';

(i) RF(A1,..., Ap_1;B) is dense in RE 1.
If additionally Ay = -+ = A1 = B = A, then the above conditions are
equivalent to the following one:

(iii) R¥(A) is dense in (0,1)k1.
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Proof. We start with the proof of the equivalence 1)< ii). Consider the map-
pings

k—1 L1 Tk—1 k—1
F: ST B(zl,...,xk)r—><xk,..., o )€R+ ,

Y1 Yk—1

I R Y 7 I Ny u
1

Vit oty 1

These mappings are continuous and inverse to each other. Indeed, let us
compute (G o F)(xy,...,2x):

G: R (Y1, k1)
+ N

k—1
esk 1.

x Tl —
(GoF)(a:l,...,a:k):G(—l,...,g>
Tk T
.
) & = 1
- 12 2 3y 2 22 ) 2 22
S+ AL
_ Ty Tr—1 Tk
2 2 i 2 22 ’ 2 22
Tk \/j—%+...+’;gl+1 Tk \/i—%+...+’;§_1+1 Tk \/j—%+...+’;§_1+1
_ 1 Tr—1 Tk
22+ ... 422 | +a? 2+ .. 42l +al 22+ 422 | +a?
= (21, Tr—1,Tk),
where in the last equality we use the fact, that (z1,...,z;) € S¥~1. Now, we

compute (F o G)(y1,...,Yk—-1):

(FoG)(y1,--+Yr—1)

_r Y1 Yk—1 1
N R £ R RNy (7 B B
= Y1,y Yk—1)-
Let a1 € Al,...,ak_l S Ak—17b € B. Then,

ai ap—1 b
F ,
aZ+...+ai_, +b? \/a§+...+a§_l+b2 \/a§+...+a§_l+b2

(a1 akg—1

(e,

Hence, F : Sﬁfl — Rffl is a homeomorphism such that
F(D*(Ay,...,Ar_1;B)) = RF(Ay, ..., Ap_1; B).

Thus, the denseness of D¥(A;,..., A;_1; B) in S’iﬁl is equivalent to the
denseness of RF(Ay,...,Ay_1;B) in R’ffl.
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From now on we assume that Ay = ... = Ap_1 = B = A. Then, the implication
ii)= iii) is obvious. It remains to prove iii)= ii). Let us consider the sets
Xj = {(.731, R ,xk_l) S Rﬁ__l 1Ty > I,V#j x; < 33]‘}, where j € {1, v k— 1}.
Then, the mapping

Hj : Ri71 = (.’1?17 . ,wkfl)

-1 -1 -1 -1 k-1
r—»(xlxj s Tj1T T T s Th—1T; ) € RY

is continuous and involutive. Moreover, H;((0,1)*~1) = X; and H;(RF(A)) =
RE(A), as

H. ar af—1 _ ay aj—1 Ak Qj41 Ak—1
i\ar " a o e e a )
Consequently, if RF(A) is dense in (0,1)*~!, then R*(A) is dense in X
for each j € {1,...,k — 1}. This, combined with the facts that (0,1)*~! is

dense in (0,1]*~1, X is dense in the set Y; = {(21,...,25-1) € RE" 1 2y >
1,Vizj v <}, j€{1,....,k—1}, and (0,171 U Uf;ll Y; = ler_l, gives the
denseness of RF(A) in RE~1, O

Now, we give a list of equivalent conditions to the (IN)-denseness of a given
subset of N.

Theorem 3. Let A= {a1 < az <---} CN. Then, the following conditions are

equivalent:
i) Ve>1: A(et) > A(t) fort > 0;

Ve>1: limpoo(Alct) — A(t)) =

iii) V k > 2V B C N infinite: R*(A; B)

iv) YV k> 2V B CN infinite: D*(A; B)

v) 3k >2V B C N infinite: R*(A; B)

B)

ii) 00;
i) is dense in le__l;
) is dense in Sffl;
) is dense in Rf"[l;
vi) 3 k> 2V B C N infinite: D (A; is dense in S{fl;
vii) V B C N infinite 3 k > 2: R¥(A; B) is dense in R’frfl;
viii) V B C N infinite 3 k > 2: DF(A; B) is dense in S’fr_l;
ix) A is (N) — dense;

)

i)

On41 __ 1 .
- )

x) lim,,— o o

xi) limg, oo - L ’max{al,aiﬂ —a;:ie{l,...,n—1}} =0.

Proof. In order to show the implication i)=- ii) it suffices to show that for each
¢>1and k € N there exists . such that A(ct) — A(t) > k for each t > t. .
Indeed, let . be such that A(/ct) > A(t) for ¢ > t. . Then

Alet) — At) = zk: (A ({“/Ejt) —A (\%j‘lt)) >k

which was to prove.
The implication ii)=- i) is trivial.
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For the proof of the implication i)=-iii) let us fix £ > 2, an infinite subset B of
Nand ay, 51 ..., ak—1, k-1 € Ry such that o; < f; foreach j € {1,...,k—1}.
By i), for sufficiently large ¢ > 0 we have A(f3;t) > A(a;t) for each j €
{1,...,k — 1}. Since B C N is infinite, we can choose b € B so large that
A(ﬂjb) > A(a;b) for each j € {1,...,k — 1}. This means that for each j €

{1,. — 1} there exists an a; € A such that o;b < a; < §;b, equivalently
a; < % < ;. Hence, (%,..., %) € RF(A; B)N(oq, fi] X ... x (ae—1, Bo—1]-
Because ar, By, -1, Br—1 are chosen arbitrarily, we conclude that the set

RF(A; B) is dense in RF!

The equivalences iii)< iv), v)< vi) and vii)< viii) follow directly from Lemma
3.

The implications iii)= v) and v)=- vii) are obvious.

The implication vii)=- ix) follows from the facts that R(A, B) is an image
of R*(A; B) via the projection RE™* 5 (21,...,25_1) — 21 € Ry and an image
of a dense subset via continuous surjection is a dense subset of a codomain.
We prove the implication ix)=- i) by contraposition. Assume that there exist
a ¢y > 1 and a sequence (Z,)nen of positive numbers strictly increasing to
infinity such that A(cox,) = A(z,) for each n € N. Then, take N € N such
that wﬁfil < ¢ and put ¢; =
This means that

Tn < ci(xn, —1) < ecp|zn] < colzn] < coxn, n > N.

Hence, A(cy|2n]) = A(eo|an]) for n > N. Let us consider the set B =
{lzn] : n > N}. If R(A,B) N (c1,¢c0) # &, then there are some a € A and
n > N such that ¢; < ﬁ < ¢, Or equ1valently alzn] < a < colzn] -
this contradicts with the fact that A(cy|x,]) = A(co|an]) for n > N. Hence,
R(A, B) is not dense in Ry and, as a result, A is not (N)-dense.

The implication x)=> ix) is exactly the fact (A21).

For the proof of the implication i)= x) it suffices to show that for each
€ > 0 and sufficiently large n € N we have M < 1+e¢. Let us fix € > 0.
By i), there exists a constant M > 0 such that A((1 +¢)t) > A(t) holds for
every t > M. As a consequence, if a, > M, then A((1+¢)a,) > A(ay), which
means that an4+1 < (1 + €)a,, equivalently a”“ <1+ e. This was to prove.
We show the implication x)= xi). For the convenience of notation we put
ag = 0. Then, for each n € N there exists i(n) € {0,1,...,n — 1} such that
max{a;41—a; 21 € {0,1,...,n—1}} = a;(n)4+1—0i(n)- If the sequence (i(n))nen
is bounded, then the value of a;(,)11 — @;(n) is bounded and

nlin;oaimax{al,aiﬂ —a;:ie{l,...,.n—1}} = nlin;ow =0

as lim,,_, o, a, = oo. If the sequence (i(n)),ecn is unbounded, then we write the
following chain of inequalities.

1 Qi(n — Qj(n
0< —max{ais; —a; i €{0,...,n—1}} = —mtL —Tiln)

an an
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_ Ai(n)4+1 = Qi(n) Qi(n) < Qj(n)+1

Aj(n) G, Qi(n)

—1,
where ag = 0. By x), the right-most expression in the above chain tends to
0 as n — oo. Therefore, imax{al,aiﬂ —a; i €{l,...,n—1}} — 0 as
n — 0.

We are left with the proof of the implication xi)= x). We write

Qp, — G 1

el < = max{ay, aipr —a; i€ {1,...,n—1}}.

an an

0<

By x), the right-most expression in the above double inequality tends to 0 as
n — oco. Thus, *r—tnt =] — 2=l

: An—
— 0 as n — oo. Hence, lim,, o ===+ =1,

n

which is equivalent to the limit lim,, o a;“ =1. O

Remark 5. The reasoning like in the proof of the implication vii)= ix), in
view of Lemma 3, gives another proof of the fact that if & < [, then the
denseness of D'(A) in S'7! implies the denseness of D¥(A) in S&~'.

At this moment we give a generalization of the last implication in (A22).

Theorem 4. Letk € N, k > 2, and A C N. Assume that the set R¥(A) is dense

in RE~1. Then, D(A) < +.

Proof. Let us write A = {a; < az < ---}. Since R¥(A) is dense in RE™!

(n) (n)

there exists a sequence ((ay ’,...,a; " ))nen such that ajn)

€ A for each j €

RO
{1,...,k} and n € N, and lim,, .o, 57 = % for every j € {1,...,k—1}. Then,
ay

(n) _ (n)
a; — a1 a; a;_y 1
max Tg max w3 7%
teN:ar<al  ay 1<j<k a, k
where we put ag = 0 and aén) =0, n € N. As a result,

. ar — ap— 1

D(A) = liminf max ———1 < —,

s—oo 1<t<s Qg k

O

With the use of the above theorem and Lemma 3 we are able to give a topo-
logical characterization of having dispersion equal to zero.

Theorem 5. Let A C N. Then, D(A) = 0 if and only if for each positive integer
k > 2 the set R*(A) is dense in R L.

Proof. Firstly, we assume that D(A) = 0. For the proof of the implication
=, by Lemma 3 it suffices to prove that for each positive integer k > 2 the
set R¥(A) is dense in (0,1)*7L. Let A = {a1 < ag < ---} and put ag = 0.
Choose any z1,...,z5-1 € (0,1) and £ > 0. Since D(A) = 0, we can choose
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an n € N such that max;<;<, “—*=* < e. Then, there exist t1,...,t;—1 such
that
The proof of the implication < follows directly from Theorem 4. 0

%j — xj‘ < ¢ for each j € {1,...,k — 1}, which ends the proof.

Remark 6. The equivalence x)< xi) in Theorem 3 combined with the impli-
cation = in Theorem 5 gives another proof of (A24).

Remark 7. Let us notice that the implication in (A24) cannot be inversed. It
suffices to construct a set A = {a; < az < ---} C N such that D(A) = 0 but
the limsup,,_, agil > 1. Then, by Theorem 5 the set D¥(A) is dense in S{fl
for each k£ > 2.

Let us consider the set A =NnNJr—,[(2k)!, (2k + 1)!]. Then,

(2R = (2k-1)) i 1 1
D(A)=1 =1 — =0.
D) = lim — hono 26+ 1 2k(2k+ 1)
On the other hand,
!
limsupM = lim ﬂ = lim 2k = oo.

n—o00 an, k—o0 (Qk — 1)' k—o0

Our next result shows that Theorems 4 and 5 are the only dependences
between the denseness of generalized ratio sets of a given subset of N and
dispersion of this subset. Moreover, we can construct a subset A of positive
integers with R¥(A) dense in RX™!, RF+1(A) not dense in R and arbitrarily

log A(t)
bet € [0.1].

prescribed dispersion d € (O, ﬂ and the value of lim;_, o,

Theorem 6. For each positive integer k € N and real numbers d € (O, %] and

X € [0,1] there exists a set A C N such that R¥(A) is dense in RE"1, RF1(A)

log A(t)
logt

is not dense in RY., D(A) = d and lim;_. = A (in case of k =1 we

understand the condition "R*(A) is dense in R’ffl 7 as an empty fulfilled one).

Proof. Let us fix k € N, k > 2, d € (0, %] and A € [0,1]. Enumerate all the
elements of the set {(z1,...,2,_1) € (0,1)NQF 112y <@y < ... <31} =
{(qgn), e ,q,(;i)l) : n € N} such that for each | € {1,...,k — 1} the value of

(dn—1)!- ql(n) is an integer at least equal to (4n — 2)!. Construct three families
of subsets of N:

B, = Hjﬂ : jEN}ﬂ<max{(4n—4)!,d-(4n—3)!},22_dd~(4n—3)! :
Cp={(4n -1 ¢ . (an = 1)1 ¢\™, (4n — 1)1},

Dy, = wa : jeN}m((4n1)!,(4n)!],
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where n € N (if d = 1, then we take D,, = @; if A = 0, then we put B,, = ).
Then we define

A= U(BnUC'nUDn).
neN

From the very definition of C,, we know that (qgn), cey q,(gi)l) € RF(A).

Additionally, each (k—1)-tuple of rational numbers from the interval (0, 1) can
be attained as (quﬁ), ce qc(:é,)cfl)) for some o : {1,...,k—1} = {1,...,k—1}
(not necessarily bijective). Thus RF(A) is dense in (0,1)*~!. By Lemma 3,
RE(A) is dense in ]R’i_l.
Assume by contrary that R*T1(A) is dense in RE. Let 0 < 71 < ... <
(n)
ri < 1 and al(n) €A, neN,l€{l,...,k+1}, be such that lim, .o <45 =1
A1
for each I € {1,...,k}. For sufficiently large n € N we have ai’“ < e <

agl) < a,(:gl. If for infinitely many n we have ag"), .. .,a;n),afﬁr)l € B, for

some m € N, then

r; = lim 4 >1—g,l6{1,...,k}.

Otherwise, by the assumption on enumeration of the k& — 1-tuples (q§n),

. ql(:i)l) and from the definition of the sets D,, we have
(n)
ry = lim il <1-d.

g4

This means that all the accumulation points of RF*1(A) N (0,1)* have
all the coordinates at least equal to 1 — g or at least one coordinate at most
equal to 1 — d. This means that R**1(A) is not dense in (0, 1)".

At this moment we compute D(A). Write A = {a; < az < ag < ...} and set

ap = 0. Consider several cases for the value of a—lt maxi<;<¢(a; — aj_1).

e If a; € B, for sufficiently large n € N, then

d-(4n—3)!—(4n—4)! d
a% maxi<;<j,(a; —aj—1) > W =1-4¢
_#nig)ﬁl—%>dasn—>oo,
o If aq; = (4n71)!~ql(")7 n>21¢€ {1,...,]6'71}7 then
! ! 1as—ai—y
a T a-1) 2 - p e e
a 1§§'n§%‘)j+l(aj a]—l) = fg?%(l(at—l-&-s at—l-&-s—l) = l
> 1 (4n —1)!- g™ — (4n — 3)!

(4n —1)!- ql(n) !
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R S
1 (4n—2)(4n—1)~ql(") 1 1
= — 7 > E as n — oo,

l

where the convergence L &y — 0 in the second line follows
1

(4n—2)(4n—1)-q,
from the assumption that (4n —1)!- ql(") > (4n —2)\.
o If a; = (4n — 1)!, n € N, then

1 ( ) > 1 ( ) > 1 Ay — Qp—k
ay 1SIjnS%§+l 4= 41 = ay (28 \Behes T Qihs—1) = ay k
1
I (@n—-1)'-@n-3)" l1-@mo@-—1 1
> = — as .
(4n—1)! k k TR T
o If q = [‘é’jﬂ € D,, j,n €N, then
L ma ) > —( )
L oex (e —a ) > Yla —ar
a 1I£j%(t a; —aj—1) = o at — ag—1

e (][5

—1—-(1-d)=dasn— .

__log4n
log(1—d)

Moreover, if a; = max D,,, then j = L J — o0 asn — 00. As a

result, we have

(An=1!T [ (4n—1)!
(1—d)y W {(1 - d)"‘lw
(4n —1)! (4n —1)!

ay — Qg1 = {

(1-d)7 (1—d)yi—-1 (1-d)
> max{(4n— 1), {(én—_déﬂ - [((ﬁ;)iﬂ L se€ {17...,3'—1}}

; 1 1
for sufficiently large n. Hence, ™ maxi<;<¢(a; —aj_1) = Z(at —a;_1) —
d, n — oo.

(4n—1)1 -1

Summing up, D(A) = liminf, a% maxi<;<¢(a; —aj—1) = d.
We are left with the computation of lim;_, loﬁ)‘ggt). We do this by esti-

mating the lower and upper limit from below and above, respectively. On one
hand,

. |
liming 08 A® _ g Ad- (nt DY o log(#Bn)
t—o00 logt n—00 log(d . (4n =+ 1)') n—o0 log(d (4n + 1)[)

log ((;dd (dn — 3)!)A —(d-(4n — 3)!)*)
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A
log ((QQdd) - d’\> + A (4n — 3)log(4n — 3)
= lim

n—o0 logd + (4n + 1) log(4n + 1)

:A’

loggnn — 1 as n — oo. On the other hand,

log A - (4n — 3)!
lim sup log A(t) _ li <2 )

logt  noo 2d
t—o0 08 " og (—d (4n—3)!)

. 10g< (4n—3)))\_)\,
- T og ( - (4n — 3)! )

where we used the fact that

where we used the fact that

1

4B, < # ({[ ] e N} m((4n—4)!,(4n_3)!]),
#C, < # ({ [ﬁ] L je N} A ((4n — 3)!, (4n — 1)!]) :
#D, < # ({ [jﬂ L je N} N ((4n — 1), (4n)!])

lolgA(t) -\
ogt :
Now we consider the case of k =1 and A € (0, 1]. Define

d if de(0,1),
d, = n €N,

for sufficiently large n. Thus we showed that lim; ..,

(1-L1)% if d=1,
and
Ay = {fdn “nl],nl, [jﬂ jeNN [(dn~n!))‘,(n!))‘]}.

Then we set

A= ] A,

neN

54

We see that R(A) is not dense in (0, 1). Indeed, if a < b are two elements
of A and a,b € A,, for some n € N, then % >d,. Ifae A,, and b € A, for

a 1
m<n,then§§m

Now, we compute the dispersion of A. We begin with a remark that
among all the elements of A not exceeding n! the greatest difference between
two consecutive elements is [d,, - n!] — (n — 1)! for sufficiently large n € N.

Indeed, we have

[dp - nl]—(n=1)!>d, - n!l—(n—1D!=(d, - n—1)(n—1)!>(n-1)!

forn > 2 if d € (0,1) and n > 2'+% if d = 1. Moreover,

A= -0¥] <t -G -}
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>|=

=nl(1—(1—(n)™)¥) +1
<nl (1 _ (1 - i(n!)k» 1=l %(n!)*A +1

= %(n!)l_)‘ +1<(n—-1)

<nl+1—((n)*-1)

for sufficiently large n € N, where the second inequality follows from the
assumption that j < (n!)*, the third inequality in the second line comes from
Bernoulli inequality and the last inequality holds for n > 0 as A > 0. As a
result,

cnl = (n—1)
D(A) = lim dn-ni=(n=D!_ lim (dn - 1) =d.
n

We compute limg_, o lolgo‘git) by estimating the lower and upper limits

from below and above, respectively.

.. log A(t) . log A(dpyr - (n+ 1)) . log(#A,)

1 f =1 > 1

oo logt ) log(dp+1 - (n+1)Y) — 6o log dy4+1 + log(n + 1)!
log((n))* — (d,, - n))*) — lim log(1 — (d,)*) + Alogn!

n—oo log dpi1 + (n+1)log(n +1)  n—oco logdy1 + (n + 1) log(n + 1)
log(1 — (d,)*) + X -nlogn

n—oo logd,+1 + (n+ 1)log(n + 1)
Next, we estimate the upper limit from above with the use of the fact that

Ac{m%: jeN}.

log A(t log A(n! 1 nA
lim sup og A(t) = lim o8 AW (n!) < lim og(n!) =
t—o0 logt n—oo logn! n—oo logn!

Summing up our estimations, we get

log A log A
A < liminf L(t) < lim sup og A(t)
t—00 ogt oo logt

<A

which means that lim;_, lofo‘ggt) exists and is equal to .

We are left with the case of k =1 and A = 0. It is quite easy as we may take

s {{1—d)~*]:keN} forde(0,1),
O {k:keN} ford=1.

as a required set. The facts that R(A) is not dense in Ry, D(A) = d and
log A(t)
logt

limy o = 0 are classical ones, so we leave their proof to the reader. [

Remark 8. Replacing some of the sets B,, or A, by

{[#]: sen}n (max{(4n —4)d- (an =)}, 52 (an - 3)1
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where £ < A (in case of K = 0 we only delete some sets B,, or A,), we

can even construct a set A C N with RF(A) dense in R, RF1(A) not

log A(t)
logt

dense in ]R’i, dispersion equal to d € (07 %], and liminf,_ ..
log A(t)
logt
and limsup,_,

= KR

= A. We decided not to consider distinct values of

log A(t) log A(t)
logt logt

cate its proof that is tricky even in the present form.

and limsup,_, .

liminf;_, in Theorem 6 as it would compli-

Remark 9. With the use of Theorem 6 we are able to conclude that the con-
dition

lim,, . oo loigo’;;") = g for arbitrarily fixed ¢ € (0,1] does not imply that A(z) €
RV4. By Theorem 6 we know that there exists an subset A of N such that

log An) _ ¢ and D(A) > 0. Hence, A is not (N)-dense and, as a result,

logn

hmn%oo

AERY,.

Theorem 6 concerns the case of positive dispersion. Our last theorem

compliments it as it shows that there are (N)-dense sets A C N (and hence
log A(n)
logn

the sets with dispersion zero) with arbitrary value of lim,,_, o , and

hence the exponent of convergence.

Theorem 7. For each A € [0,1] there exists an (N)-dense set A C N such that
log A(n)
logn

limy, 00 = X (in particular A has convergence exponent equal to ).

Proof. If A > 0, then we put
A:{m%: jeN}.
Then, of course,

log A(t) lim logt* A

t—oo  logt . logt

and
[G+13] 1\ F
Jj—00 {jﬂ j—oo J
so by Theorem 3 we know that A is (IV)-dense.
We are left with the case of A = 0. Define
Ap={":jen o 1, (n+ )" —1,(n+1)""}}, neN

and

A={]A,.

neN

Note that max A4,, = min A, ;1 = (n + 1)1,



54 Page 28 of 33 p. Miska and J. T. Té6th Results Math

We check that Y, , -5 < oo for each o > 0.
n n+1 0o
oo (nt+1) (n+1) nal
IEEDS D D T e <
a€A n=1 j=npn—1 n=1
where the first inequality follows from the facts that
#n" e ()" L (n+ )" < (4 1)

and

1 . -1, n—1 1 1
S e €T T ) L 1),
The convergence for the last series comes from the root test as

(n+1)*+t  (n+ 1)t n*
nn—1na - nn—1a < nn—1a

0< { — 0 asn — oo,
where the last inequality holds for n > 2 because then we have 1 + % < 2 and
n+1<n2
Now we shall prove that lim;_, ., a;tl = 1, where A = {a1 < a2 < a3 <

..}. Then, by Theorem 3 we will know that A is (IN)-dense. Let us take two
consecutive elements a;,a;11 € A. Then, there exists an n = n(t) € N such
that a;,a;+1 € A,. This means that a; = j” and a;41 = (5 + 1)" for some
je{n " 1n"1 .. (n+1)""" —1}. Then,

n

a¢41 o (]-'-1)” o 1 "
1<7*.7nf 1+ - <
at J J
1 nn—1 n
:<<1—|— nl) ) — 1l asn — oo,
n

2—n
where the inequality follows from the assumption j > n”~! and the conver-

n—1
gence holds because (1 + ﬁ)n — e and n2™™ — 0 as n — oo. Thus,
limy .o “+ =1, which ends the proof. O

Remark 10. Intersecting the sets A constructed in the above proof with the
set Upe; [(2k)!, (2k+1)!] we see that for each A € [0, 1] there exists a set B € N

such that lim;— loi{;t = ), D(B) = 0 but B is not (IN)-dense.

Remark 11. The set A from Example 1 in the case of p > 0 is (IV)-dense as the
quotient of two consecutive elements of A tends to 1. Hence there exists an (N)-

dense set A C N such that liminf;_, 101%)??) log A(t) _

= p and limsup,_, Togt ,
where 0 < p < ¢ < 1 are arbitrary. Meanwhile the set A" = (Ji—; (Aap—1UA4g),

where Ay, are as in the example, has dispersion equal to 0 but is not (IV)-dense,
log A"(t) log A"(t)
logt logt q.

and liminf;_,

= p and limsup,_,
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It is also possible to construct an (N)-dense set B € N such that
log B(t) log B(t)
logt logt

p-auvJ{[##]: it <al,
k=1

where A is the set from the proof of Theorem 7 in the case of A = 0 and
(bk)ken, (ck)ren are appropriately chosen sequences increasing to infinity. Of
course, the set

liminf;_ o =0 and lim;_ = ¢, where g € (0,1] is arbitrary.

Namely,

o 1 1
= {ﬁﬂibkﬁﬁﬁck}
k=1
. . e _ . . log B/(t) —
has dispersion 0, is not (N)-dense, and liminf; .o =557 0 and
: log B'
hmt%oo Oglogt(t) =q

Remark 12. The set A constructed for A = d = 0 in the proof of Theorem 7
shows that the condition Ve > 1 : liminf; ’?4(?)) > 1 is essentially stronger
than Ve > 1 : A(et) > A(t) for ¢ > 0. Indeed, let ¢ > 1 be arbitrary. Let
t € R,. Then, there exists a unique k = k(t) such that ¢ € [kF~1 (k + 1)F*+1).

Thus, we have

At) > #{jeN:j* <t} <Vt
and
Alct) — A(t) < #{j e N: j* € (t,et]} = #(N N (Vt, Vet]) < Vet — V.

Consequently,

tli’nolo 1?4((075)) B tlggo (1 + W) < t{l& (1 + W)

= lim *®/c =1,

t—o0

as lim; o k(t) = oo. On the other hand, A is (N)-dense, as we noted in
Remark 10. Hence, by Theorem 3 we know that A(ct) > A(t) for each ¢ > 1
and t > 0.

Moreover, for any nonempty set B C A and number ¢ > 1 we have

liminf; ]‘Z,((t) = 1. Assume the contrary. Let B C A, ¢, g,h,tg > 1 be such

that g > h, B(tg) > 0, B((t)) > g and A((Ct)) < h for t > tg. Then,

g"B(to) < B(c"to) < A(c"to) < h"A(to), mneN.
On the other hand, ¢"B(tg) > h™A(to) for sufficiently large n € N as

g > h and B(tg) > 0 - a contradiction. Thus, liminf; %((ct';) = 1 for each
0 #BCAandq>1.
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5. Summary of Results

Firstly, we show the relationships between the implications (A16), (A17), (A18)
and the properties (statements) introduced or proved in this paper.

Further let A = {a; < az < ---} C N. Then we have first chain of implications
as A(4) > 0.

(A18) 1 &

A is regul. set with exp. 0 <1 = lim — ai= -1 Acu(at
g p.0<qg< e nﬁwmn; i q+1(A6) € U(xT)
(A19) trivially
— A(z) € RVq z lim log A(n) =q < lim logn =gq z AA) =¢q
Corol.3 Rom.9 " logn (A15) n—oc logan Bol
(A10)
= AcT \Ieqg = AcI(a?).
def. trivially

On the other hand we have second chain of implications, where there is A(A) =
0.

Corol.D
hm— al_0<:>AeLIc — A(z)eRVy = MA) =0
n—00 NGy, ZZ: ( O( )) Corol.3 ( ) 0 RZ??) ( )

ﬁAeIoﬁAeI(co( x)).

The next chain of statements is continuation of the first one and contains
e.g. extension of (A20), equivalent conditions for (N)-denseness and charac-
terization of the condition D(A) = 0.

t

Jg€(0,1]: Aw) ERV, = Ve>1: lim A

Corol.4 t—oo A( )
trivially t

= ves1: limint 2D 5
Rem.4 t—oo A(t)
trivially
= Ve>1: A(ct) > A(t) for t>>0
Rem.12
<= Y k>2V B C N infinite: R¥(4; B) is dense in Rk !
Thm
<= VY k>2V B C N infinite: D*(4; B) is dense in S
Thm3
<= 3 k>2V B CN infinite: R*(4; B) is dense in Rk !
Thm3
<:>3 3k >2V B C N infinite: D*(A; B) is dense in 5!
Thm
<:>3 ¥V B C N infinite 3 k > 2: R*(A; B) is dense in Ri_l
Thm
<= V B C N infinite 3 k > 2: D*(A; B) is dense in Sffl
Thm3
<= Ais (N)—dense <= lim dntl _ 4
Thm3 Thm3 "= ap
1 trivially

<~ lim — max{ai,ai+1 —a;:1€{l,...,n—1}} =0 z D(A)=0
Thm3 "= ap Rem.7

<~ Vk>2: R*(A) is dense in ]Rk ! «—= VEk>2: D*(A) is dense in S_]f__l
Thmb Lem.3
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trivially
= 3k>2: DF(A) is dense in S§" <:>3 Jk>2: RF(A) is dense in Ri_l
Thmb6 Lem.

see proof of vi) = viii) in Thm3
= A is (R)-dense.
Thmb

The last chain of implications complements the third one as it gives a connec-
tion between denseness of sets R'(A) in RY"! and R*(A) in RE ™! for 2 < k <1

and a necessary condition for denseness of R¥(A) in R’ffl in terms of dispersion
(in fact, this necessary condition is a natural generalization of (A22)).

R!(A) is dense in R! Lem43:7>(A23) RF(A)is d in RE—1 TQ’A D(A) < 1
T = s dense in Ri™ 52 D(4) < .
(A23) Thmb

The implications in the above chains and these ones derived from them
by transitivity law are the only valid implications between conditions and their
conjunctions presented in the chains.
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