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Abstract: Energy transport intensification is a major challenge in various technical applications including
heat exchangers, solar collectors, electronics, and others. Simultaneously, the control of energy transport
and liquid motion allows one to predict the development of the thermal process. The present work deals
with the computational investigation of nanoliquid thermogravitational energy transport in a square
region with hot cylinders along walls under non-uniform magnetic influences. Two current-carrying
wires as non-identical magnetic sources are set in the centers of two heated half-cylinders mounted on
the bottom and left borders, while the upper wall is kept at a constant low temperature. Buongiorno’s
model was employed with the impact of Brownian diffusion and thermophoresis. Governing equations
considering magnetohydrodynamic and ferrohydrodynamic theories were solved by the finite element
technique. The effects of the magnetic sources strengths ratio, Lewis number, Hartmann number,
magnetic number, buoyancy ratio, Brownian motion characteristic, and thermophoresis feature on
circulation structures and heat transport performance were examined. For growth of magnetism number
between 0 and 103 one can find an increment of heat transfer rate for the half-cylinder mounted on the
bottom wall and a reduction of heat transfer rate for the half-cylinder mounted on the left wall, while for
an increase in magnetism number between 103 and 104, the opposite effects occur. Moreover, a rise in
the Lewis number characterizes the energy transport degradation. Additionally, an intensification of
energy transport could be achieved by a reduction of the thermophoresis parameter, while the Brownian
diffusion factor and buoyancy ratio have a negligible influence on energy transport. Furthermore, the
heat transfer rate through the half-cylinder mounted on the bottom wall declines with an increase in the
magnetic sources strengths ratio.

Keywords: thermogravitational energy; current-carrying wires; non-uniform magnetic force; nano-
liquid; Brownian diffusion; thermophoresis

MSC: 76W05; 60J70

1. Introduction

Development of industry demands the control of liquid circulation and energy trans-
port within engineering devices. Nowadays, for this purpose, it is possible to employ
nanoliquids that present heat transfer agents (water, oil and ethylene glycol) containing a
low concentration of solid nano-sized particles (alumina, copper, copper oxide, and ferric
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oxide) [1]. Izadi et al. [2] investigated the convection heat transfer characteristics of nano-
suspension flowing in an annulus using the single-phase method. They concluded that the
flow characteristics are directly affected by the secondary flow and the axial component
of the buoyancy forces. Additionally, the convective heat transfer coefficient alters with
a variation of the Richardson number. Selimefendigil and Öztop [3] analyzed the natural
heat exchange of carbon nanotube/water nanofluid inside a 3D enclosure. The results
indicated a significant enhancement in the thermal index at the highest loading of the
nanoparticle. Moreover, various aspects of natural convection heat transfer in enclosures
such as heatsinks [4], nano-enhanced heat transfer [5], heat exchangers [6], heat transfer in
porous media [7] and thermal energy storage [8] have been investigated in recent works.

Treatment of Darcy-Forchheimer flow of a nanofluid has been investigated under a
rotating disk by Hayat et al. [9,10]. Hayat et al. [10] reported a numerical study on the 3D flow
of a nanofluid over a nonlinearly stretching sheet. Moreover, the usage of magnetic force for
the electrically conductive liquid allows one to manage the flow process and energy transport.
Daneshvar Garmroodi et al. [11] studied magnetohydrodynamic laminar convection of Cu-
water nanoliquid in an enclosure, including two rotating cylinders. They advised a vertical
arrangement of the cylinders, which attains the maximum heat exchange enhancement.
Utilizing CuO/water nanofluid, Selimefendigil and Öztop [12] investigated forced convection
of flow over cylinders through a duct exposed to magnetic effects. They considered the
possible usage of magnetic effects to enhance the heat transfer due to flow structure.

Shafiq et al. [13] considered the magnetohydrodynamic (MHD) convection of nanofluid
flow, including microorganisms. They reported that the inclination angle and magnetic
parameter could reduce the velocity profile. A 3D analysis of heat transfer and nanofluid
flow on a shrinking surface was performed under magnetic effects by Nayak [14]. The
presence of porous material and the magnetic field result in a reduction of heat exchange
between shrinking surface and nanofluid.

Non-uniform magnetic effects on natural heat exchange of nanofluid flowing in a
porous enclosure were analyzed by Izadi et al. [15]. Their results showed that the average
Nusselt number had no dependency on magnetic field at low Rayleigh numbers. Mixed
convection inside an enclosure filled by CuO/water nanofluid under the effects of a
magnetic field was investigated by Selimefendigil and Öztop [16]. Their results confirmed
that as the Hartmann number increases, the rate of heat transfer first decreases and then
increases. Hayat et al. [17] scrutinized the MHD flow of a nanofluid with binary chemical
reaction and activation energy. They reported that the activation energy influenced the
concentration boundary layer thickness.

Additionally, some interesting results about the magnetic impact on convective energy
transport can be found in [18,19]. Sheikholeslami et al. [18] numerically studied nanoliquid
circulation in a porous channel under the impact of the Lorentz force based on the homoge-
neous nanoliquid approach by the lattice Boltzmann method. They ascertained that Nu
rises with the Hartmann number. Malmir–Chegini and Amanifard [19] computationally
investigated laminar nanoliquid circulation in a horizontal tube under the non-uniform
magnetic influence. It was revealed that employing the magnetic field enhances energy
transport in practice.

Gan Jia Gui et al. [20] conducted experiments on ferrofluid heat transfer performance
for forced convective flow in microchannels under the external magnetic impact. It was as-
certained that the energy transport intensity reduced with the growth of magnetic strength.
Calculations on convective energy transport of ferrofluid in a heat sink with porous fins
under the uniform magnetic influence were performed by Bezaatpour and Goharkhah [21].

A single-phase nanoliquid approach, combined with Brownian diffusion effects for
thermal conductivity, was studied. Authors found that the magnetic field has an important
influence on the energy transfer enhancement at low Reynolds numbers. However, the
heat transfer coefficient insignificantly changes for the high values of Reynolds numbers.
Zhou et al. [22] calculated by the lattice Boltzmann method and experimentally studied the
transverse velocity pulsation impact on the energy transport intensity of magnetorheologi-
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cal liquid flow in a microchannel with non-uniform magnetic influence. It was observed
experimentally that the energy transport rate increment could be achieved by the impact of
the alternating magnetic field.

Asadi et al. [23] computationally studied the laminar forced ferrofluid thermal trans-
mission in a channel with corrugated walls under non-uniform magnetic impact. In their
study, the governing equations included the slip velocity and Kelvin force. The authors
showed that a strong negative magnetic field gradient augments the heat transfer rate.
Experimental examination of magnetic impacts on flow structure and energy transport of
ferrofluid in a vertical tube was conducted by Zonouzi et al. [24]. Experiments showed
an opportunity to enhance the energy transport of magnetic nanofluid (2 vol% Fe3O4) wit
quadrupole magnets.

Moreover, the growth of the Reynolds number decreases the energy transport co-
efficient when applying magnetic quadrupole. An numerical analysis of the rotating
non-uniform magnetic field on ferrofluid forced convective thermal transmission and mo-
tion in a horizontal duct was performed by Fadaei et al. [25]. The authors revealed that
the considered rotating magnetic field could change the velocity field, and the Nusselt
number has an optimum magnitude in terms of the magnetic intensity and frequency.
Gibanov et al. [26] numerically considered the mixed convective energy transference within
a lid-driven cavity filled with ferrofluid under a variable magnetic effect. They claimed
that heat transfer enhancement is obtained by increasing the magnetic number.

Selimefendigil et al. [27] numerically analyzed forced convection of a nanoliquid
inside a channel subject to non-uniform magnetic effects. Another study performed by
Mehryan et al. [28] is an investigation of a periodic magnetic effect on entropy generation
of natural heat exchange inside an enclosure saturated by a nanofluid. The results indicated
that the entropy generation of natural heat exchange with the periodic magnetic effect
versus the uniform magnetic one has more value.

Considering the effects of the uniform magnetic field, Hosseinzadeh et al. [29] analyzed
the combined natural heat exchange and thermal radiation of a hybrid nanoliquid in a
porous enclosure. They reported that a higher value of the Hartmann number results in a
reduction in the average Nusselt number. Brownian motion and thermophoresis effects on
MHD flow of viscous nanoliquid subjected to convective surface boundary condition were
examined by Hayat et al. [30]. They reported a weaker nano-additives distribution within
the considered region by a higher Brownian diffusion factor. Alizadeh et al. [31] studied the
magnetic field influence on thermal convection energy transport of nanosuspension inside
a porous circular cylinder with an inner hot circular cylinder. The authors revealed the
thermal transmission strengthening with an increase in the nano-additives concentration.

This brief review demonstrated that magnetic field effect analysis is very relevant
and applicable to a variety of engineering applications. At the same time, now there are
many blank spots in this research, related, for example, to non-uniform magnetic influence.
It should be noted that the non-uniform magnetic impact can be found in modern heat
exchangers, solar collectors, medical devices, chemical reactors, and others. Therefore,
the aim of this research is a computational investigation of ferrofluid free convection in a
chamber with hot semi-cylinders mounted on the bottom and left borders. The upper wall
of the chamber is cold and the ferrofluid, simulated by the Buongiorno model [32], is under
a non-uniform magnetic effect.

2. Materials and Methods
2.1. Problem Formulation

Figure 1 illustrates the computational domain of interest that we have used for the
present study. As can be seen from this figure, two half-circles with a temperature of Th are
set on the left and bottom walls. The bottom and upper semi-cylinders have radiuses of r1
and r2, respectively. The upper border has a constant low-temperature of Tc. Other parts
of the cavity shell are insulated, and no-slip boundary condition is valid for all surfaces.
A ferrofluid is inside the chamber. This type of nanoliquid is assumed to be viscous and
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incompressible. The ferrofluid motion arising from thermogravitational energy transport is
steady and laminar.
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Figure 1. Configuration of the computational domain.

Here, we assume that all the parameters of the nanoliquid are constant except for the
density, where its changes can be described by the Boussinesq model. The whole of the
cavity domain is affected by the gravity and magnetic body forces. Two current-carrying
wires as the magnetic sources are set in the center of the half-cylinders on the bottom wall
in point (x1, 0) and the left wall in point (0, y2), with strengths of γ1 and γ2. The magnetic
fields outside half-cylinders of radiuses r1 and r2 are obtained as follows [15]:

H1 =
γ1

2πr1
′ωu1, H2 =

γ2

2πr2′
ωu2 (1)

where r′ is the magnetic source radius and ωu is the unit vector. Using the cartesian
coordinates, we then have:

H∗1 = H∗1xi + H∗1y j = γ1
2π

y
(x−x1)

2+y2 i− γ1
2π

x−x1
(x−x1)

2+y2 j

H∗2 = H∗2xi + H∗2y j = γ2
2π

y−y2

x2+(y−y2)
2 i− γ2

2π
x

x2+(y−y2)
2 j

(2)

The total vector and absolute magnitude of the magnetic force are

H∗ = H∗1 + H∗2 = (H∗1x + H∗2x)i +
(

H∗1y + H∗2y

)
j, H∗ = |H∗| (3)

Using these mentioned approaches, the governing equations describing the thermal
and hydrodynamic behavior of the nanoliquid are [1,15]:

∇·V = 0 (4)

ρn f (V·∇V) = −∇P + µn f∇·∇V + σn f (V × B)× B + µ0(M·∇)H∗

+ρ f ,0gβn f (1− C0)(T − Tc)j− g
(

ρp − ρ f ,0

)
(C− C0)j

(5)

where B is the magnetic induction vector with projections Bx = µ0H∗x and By = µ0H∗y . ρn f ,
µn f , and σn f are the density, viscosity and electrical conductivity of the nanoliquid; βn f is
the volumetric thermal expansion of the nanoliquid; and ρ f ,0 and ρp are the densities of
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the base fluid and nanoparticles, respectively. The magnetizable vector, M, is defined as
follows:

M = Mxi + My j
∣∣ Mx = My = K′H∗

(
T′c − T

)
(6)

where K′ is a fixed value and T′c is named the Curie temperature. The energy equation can
be written as follows [15]:(

ρcp
)

n f (V·∇T) = kn f∇2T − µ0T ∂M
∂T (V·∇H∗)

+ J·J
σn f

+ Φ + τ
(

DB∇C·∇T + DT
Tc
∇T·∇T

) (7)

where cp,n f and kn f are the specific heat capacity and thermal conductivity of the nanofluid,
µ0 is the permeability of vacuum, and DB and DT are the Brownian and thermophoresis
coefficients of the nanofluid. J = σn f (E + V × B), and Φ is viscous dissipation, taking the
following form:

Φ = µn f

(
2
(

∂u
∂x

)2
+ 2
(

∂v
∂y

)2
+

(
∂u
∂y

+
∂v
∂x

)2
)

(8)

Using the non-homogeneous nanoliquid approach, the nanoparticles concentration
equation should be added in the following form [33]:

(V·∇C) = DB∇2C +
DT
Tc
∇2T (9)

where C is the nanoparticle concentration. The subjected boundary conditions are:

∀ x, y | x, y ∈
{

y ≥ 0, (x− x1)
2 + y2 = r2

1
x ≥ 0, x2 + (y− y2)

2 = r2
2

⇒ T = Th, u = v = 0, DB
∂C
∂n + DT

Tc
∂T
∂n = 0

(10)

It is worth noting that n refers to the direction perpendicular to the circular hot surface
in the dimensional coordinate.

∀ x, y | x, y ∈ y = L, 0 ≤ x ≤ L⇒
T = Tc, u = v = 0, DB

∂C
∂y + DT

Tc

∂Tn f
∂y = 0

(11)

∀ x, y | x, y ∈ x = 0,
{

0 ≤ y ≤ y2 − r2
y2 + r2 ≤ y ≤ L

⇒
∂T
∂x = 0, u = v = 0, ∂C

∂x = 0
(12)

∀ x, y | x, y ∈ x = L, 0 ≤ y ≤ L⇒
∂T
∂x = 0, u = v = 0, ∂C

∂x = 0
(13)

∀ x, y | x, y ∈ y = 0,
{

0 ≤ x ≤ x1 − r1
x1 + r1 ≤ x ≤ L

⇒
∂T
∂y = 0, u = v = 0, ∂C

∂y = 0
(14)

To non-dimensionalize the equations, the following parameters were employed:

X = x
L , Y = y

L , U = uL
αn f

, V = vL
αn f

, θ = T−Tc
Th−Tc

, P = L2 p
ρn f αn f

2 ,

H = H∗
H∗0

, HX = H∗x
H∗0

, HY =
H∗y
H∗0

, φ = C
C0

(15)

where H∗0 = γ1
2πL . Using the above-mentioned characteristics, the governing non-dimensional

equations are:
∂U
∂X

+
∂V
∂Y

= 0, (16)
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U ∂U
∂X + V ∂U

∂Y = − ∂P
∂X + Pr

(
∂2U
∂X2 + ∂2U

∂Y2

)
− PrHa2H2

YU

+PrHa2HX HYV −Mn f PrθH ∂H
∂X

(17)

U ∂V
∂X + V ∂V

∂Y = − ∂P
∂Y + Pr

(
∂2V
∂X2 +

∂2V
∂Y2

)
− PrHa2H2

XV

+PrHa2HX HYU −Mn f PrθH ∂H
∂Y + RaPrθ + RaPrNr(1− φ)

(18)

U ∂θ
∂X + V ∂θ

∂Y = ∂2θ
∂X2 +

∂2θ
∂Y2 + EcHa2(UHY −VHX)

2

+Nb
(

∂φ
∂X

∂θ
∂X + ∂φ

∂Y
∂θ
∂Y

)
+ Nt

((
∂θ
∂X

)2
+
(

∂θ
∂Y

)2
)

+Mn f EcH(ε1 + θ)
(

U ∂H
∂X + V ∂H

∂Y

) (19)

U
∂φ

∂X
+ V

∂φ

∂Y
=

1
Le

(
∂2φ

∂X2 +
∂2φ

∂Y2

)
+

Nt
Le·Nb

(
∂2θ

∂X2 +
∂2θ

∂Y2

)
(20)

Here, Ra, Pr, Ha, ε1, Ec, Mn f , Le, Nb, Nt, and Nr are the control characteristics
that are the Rayleigh number, Prandtl number, Hartmann number, temperature parame-
ter, Eckert number, magnetism number, Lewis number, Brownian motion characteristic,
thermophoresis characteristic, and buoyancy ratio, respectively, which can be written as

Ra =
gβn f ∆TL3

νn f αn f
, Pr =

νn f
αn f

, Ha = µ0H∗0 L
√

σn f
µn f

, ε1 = Tc
∆T ,

Ec =
µn f αn f

(ρcp)n f ∆TL2 , Mn f =
µ0 H∗

2
0 K′∆TL2

µn f αn f
, Le =

αn f
DB

,

Nb = τDBC0
αn f

, Nt = τDT∆T
αn f Tc

, Nr = (ρp−ρ f ,0)C0
ρn f βn f (1−C0)∆T

(21)

It is assumed that the temperature of cold border is equal to the Curie temperature.
Additionally, the dimensionless magnetic field projections are

HX = γr(Y−Y2)
(
(Y−Y2)

2 + X2
)−1

+ Y
(

Y2 + (X− X1)
2
)−1

(22)

HY = −γrX
(

X + (Y−Y2)
2
)−1
− (X− X1)

(
(X− X1)

2 + Y2
)−1

(23)

where γr = γ2/γ1. The non-dimensional form of the boundary conditions is:

∀ X, Y | X, Y ∈
{

Y ≥ 0, Y2 + (X1 − X)2 = R2
1

X ≥ 0, (Y2 −Y)2 + X2 = R2
2

⇒ U = V = 0, θ = 1, Nb ∂φ
∂N + Nt ∂θ

∂N = 0

(24)

in which, N denotes to the direction perpendicular to the circular hot surface in the non-
dimensional coordinate.

∀ X, Y | X, Y ∈ Y = 1, 0 ≤ X ≤ 1
⇒ U = V = 0, θ = 1, Nb ∂φ

∂N + Nt ∂θ
∂N = 0

(25)

∀ X, Y | X, Y ∈ X = 0,
{

0 ≤ Y ≤ Y2 − R2
Y2 + R2 ≤ Y ≤ 1

⇒ U = V = 0, ∂θ
∂X = 0, ∂φ

∂X = 0
(26)

∀ X, Y | X, Y ∈ X = 1, 0 ≤ Y ≤ 1
⇒ U = V = 0, ∂θ

∂X = 0, ∂φ
∂X = 0

(27)

∀ X, Y | X, Y ∈ Y = 0,
{

0 ≤ X ≤ X1 − R1
X1 + R1 ≤ X ≤ 1

⇒ ∂θ
∂Y = 0, U = V = 0, ∂φ

∂Y = 0
(28)
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For description of the heat and mass transfer intensities, the local Nusselt and Sher-
wood numbers at the heater surfaces were used in the following forms:

Nulocal = −
∂θ

∂N
(29)

Shlocal = −
∂φ

∂N
(30)

It is worth noting that the Nusselt number, i.e., Nulocal is defined as the ratio of the
convective heat transfer to the conductive heat transfer. To achieve the local Nusselt number,
we well know that:

− kn f
∂T
∂n

= hn f (Th − Tc) (31)

Substituting the non-dimensional parameters presented in Equation (15) in the above-
mentioned equation,

−
kn f (Th − Tc)

L
∂θ

∂N
= hn f (Th − Tc)⇒ −

∂θ

∂N
=

hn f

kn f /L
(32)

where −∂θ/∂N is defined as the Nusselt number. Obviously, according to the boundary
conditions at the left and right walls, i.e., Equations (24) and (25), the Sherwood and Nusselt
numbers can be converted to each other by the constant value of Nb/Nt. So, the Nusselt
number is the only parameter that is examined here.

2.2. Numerical Technique

The coupled and nonlinear control equations of continuity, momentum, energy, and
concentration are discretized by applying the numerical method of finite element based
on the Galerkin approach along with the imposed boundary conditions. The mentioned
equations are completely coupled with the use of damped Newton approach. Then, the
solution of the equivalent linear algebraic equations is achieved by the Parallel Sparse
Direct Solver. To expand the field variables such as U, V, P, θ, and φ, the interpolated
functions listed below are employed:

U ≈
E
∑

e=1
Ueξe(X, Y), V ≈

E
∑

e=1
Veξe(X, Y), P ≈

E
∑

e=1
Peξe(X, Y)

θ ≈
E
∑

e=1
θeξe(X, Y), φ ≈

E
∑

e=1
φeξe(X, Y)

(33)

Applying the Galerkin scheme, the residual equations for the above-presented field
variables are:

R1
j ≈

E
∑

e=1
Ue
∫ [( E

∑
e=1

Ueξe

)
∂ξe
∂X +

(
E
∑

e=1
Veξe

)
∂ξe
∂Y

]
ξ jdXdY

−
E
∑

e=1

∫ ( E
∑

e=1
Peξe

)
∂ξe
∂X ξ jdXdY + Pr

E
∑

e=1
Ue
∫ [ ∂ξe

∂Y
∂ξ j
∂Y

]
dXdY

+Pr
E
∑

e=1
Ue
∫ [ ∂ξe

∂X
∂ξ j
∂X

]
dXdY− PrHa2H2

Y
∫ ( E

∑
e=1

Ueξe

)
ξ jdXdY

+PrHa2HX HY
∫ ( E

∑
e=1

Veξe

)
ξ jdXdY−Mn f PrH ∂H

∂X

∫ ( E
∑

e=1
θeξe

)
ξ jdXdY

(34)
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R2
j ≈

N
∑

e=1
Ve
∫ [( E

∑
e=1

Ueξe

)
∂ξe
∂X +

(
E
∑

e=1
Veξe

)
∂ξe
∂Y

]
ξ jdXdY

−
E
∑

e=1

∫ ( N
∑

e=1
Peξe

)
∂ξ j
∂Y dXdY + Pr

E
∑

e=1
Ve
∫ [ ∂ξe

∂X
∂ξ j
∂X

]
dXdY

+Pr
E
∑

e=1
Ve
∫ [ ∂ξe

∂Y
∂ξ j
∂Y

]
dXdY− PrHa2H2

X
∫ ( E

∑
e=1

Veξe

)
ξ jdXdY

+PrHa2HX HY
∫ ( E

∑
e=1

Ueξe

)
ξ jdXdY−Mn f PrH ∂H

∂Y

∫ ( E
∑

e=1
θeξe

)
ξ jdXdY

+RaPr
∫ ( E

∑
e=1

θeξe

)
ξ jdXdY + RaPrNr

∫ (
1−

E
∑

e=1
φeξe

)
ξ jdXdY

(35)

R3
j ≈

E

∑
e=1

Ue

∫
∂ξe

∂X
ξ jdXdY +

E

∑
e=1

Ve

∫
∂ξe

∂Y
ξ jdXdY (36)

R4
j ≈

E
∑

e=1
φe
∫ [( E

∑
e=1

Ueξe

)
∂ξe
∂X +

(
E
∑

e=1
Veξe

)
∂ξe
∂Y

]
ξedXdY

+ 1
Le

E
∑

e=1
φe
∫ [ ∂ξe

∂X
∂ξ j
∂X + ∂ξe

∂Y
∂ξ j
∂Y

]
dXdY

+ Nt
LeNb

E
∑

e=1
θe
∫ [ ∂ξe

∂X
∂ξ j
∂X + ∂ξe

∂Y
∂ξ j
∂Y

]
dXdY

(37)

R4
j ≈

E
∑

e=1
θe
∫ [( E

∑
e=1

Ueξe

)
∂ξe
∂X +

(
E
∑

e=1
Veξe

)
∂ξe
∂Y

]
ξ jdXdY

+
E
∑

e=1
θe
∫ [ ∂ξe

∂X
∂ξ j
∂X + ∂ξe

∂Y
∂ξ j
∂Y

]
dXdY

−EcHa2
[

HY
∫ ( E

∑
e=1

Ueξe

)
− HX

∫ ( E
∑

e=1
Veξe

)]2

ξ jdXdY

+Mn f EcH
[

ε1 +
∫ ( M

∑
k=1

θeξe

)][
∂H
∂X

∫ ( E
∑

e=1
Ueξe

)
+ ∂H

∂Y

∫ ( E
∑

e=1
Veξe

)]
+Nb

[∫
∂

∂X

(
E
∑

e=1
θeξe

)
ξidXdY

][∫
∂

∂X

(
E
∑

e=1
φeξe

)
ξidXdY

]
+Nb

[∫
∂

∂Y

(
E
∑

e=1
θeξe

)
ξidXdY

][∫
∂

∂Y

(
E
∑

e=1
φeξe

)
ξidXdY

]
+Nt

[∫
∂

∂X

(
E
∑

e=1
θeξe

)
ξidXdY

]2

+ Nt
[∫

∂
∂Y

(
E
∑

e=1
θeξe

)
ξidXdY

]2

(38)

Gaussian quadrature with second-order accuracy is applied to integrate the above
integral residuals. Newton method using the Parallel Sparse Direct Solver (PARDISO) is
also utilized to solve the residual equations, iteratively [34–36]. The more details of the
method can be found in [37]. Using any numerical methods requires one to guarantee
that the results are independent of the generated mesh. For following this purpose, the
results have been obtained from the course to fine cells generated by a numerical approach.
An unstructured mesh with the triangular cells is utilized to discretize the computational
domain. Figure 2 shows that there is no important variation in the local Nusselt number for
two hot cylinders 1 and 2 when the number of mesh cells meaningfully increases. Therefore,
the present work utilizes the case with 2726 cells for the numerical study. It is worth noting
that S is the arc length of the cylindrical heaters, as depicted in Figure 1.
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Gaussian quadrature with second-order accuracy is applied to integrate the above 
integral residuals. Newton method using the Parallel Sparse Direct Solver (PARDISO) is 
also utilized to solve the residual equations, iteratively [34–36]. The more details of the 
method can be found in [37]. Using any numerical methods requires one to guarantee that 
the results are independent of the generated mesh. For following this purpose, the results 
have been obtained from the course to fine cells generated by a numerical approach. An 
unstructured mesh with the triangular cells is utilized to discretize the computational do-
main. Figure 2 shows that there is no important variation in the local Nusselt number for 
two hot cylinders 1 and 2 when the number of mesh cells meaningfully increases. There-
fore, the present work utilizes the case with 2726 cells for the numerical study. It is worth 
noting that 𝑆 is the arc length of the cylindrical heaters, as depicted in Figure 1. 
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2.3. Comparisons with Others

The correctness of the developed code is validated and verified by comparing the
results of the current investigation and those available in [25,37,38]. In the first comparison,
the temperature fields and streamlines of the current work are verified through the work of
Gibanov et al. [26], as shown in Figure 3. Gibanov et al. [26] analyzed the free convection
of a magnetic nanofluid flowing in a cavity partially heated from below. In the second
evaluation, the numerical results of this work and the experimental results reported in [38]
are compared (Figure 4). The working fluid in the enclosure is air with the Pr of 0.71 and
Ra of 1.425 × 105. The last validation, which is pictured in Figure 5, depicts the comparison
between the average Nusselt number of our work and that of [39]. Kim et al. [39] studied
the thermal-driven convection in a square enclosure, including a cylindrical hot heater.
It worth noting that the δ parameter is the deviation of the heater from the center of the
enclosure. As seen from Figures 3–5, the utilized code is valid and reliable.
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Figure 3. The motion and temperature patterns from (a) Gibanov et al. [26] and (b) current study for
Ra = 105, Ha = 10, Mn f = 0.0, φ = 0.04, and Pr = 6.2.
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Figure 4. Isotherms from experiments of (a) Calcagni et al. [38] and (b) numerical data from the
present study at Ra = 1.425× 105, Ha = 0.0, Mn f = 0.0, φ = 0.0, and Pr = 0.71.

Mathematics 2022, 9, x FOR PEER REVIEW 12 of 21 
 

 

 
Figure 5. Average Nusselt number at the cylinder shell in comparison with numerical data of Kim 
et al. [39] for 𝐻𝑎 = 0.0, 𝑀𝑛௙ = 0.0, 𝜙 = 0.0, and 𝑃𝑟 = 0.7. 

3. Results and Discussion 
Computational analysis was performed for a wide range of key characteristics, 

namely, Rayleigh number (𝑅𝑎 = 10ଷ  and 10ହ ), Lewis number (𝐿𝑒 = 1, 10, 100), Hart-
mann number (𝐻𝑎 = 0, 20, 30), magnetism number (𝑀𝑛௙ = 0, 10ଷ, 10ସ), magnetic sources 
strengths ratio (𝛾௥ = 0.2, 1.0, 5.0), buoyancy ratio (𝑁𝑟 = 0.1, 0.3, 0.5), Brownian diffusion 
coefficient (𝑁𝑏 = 0.1, 0.5, 1.0), and thermophoresis characteristics (𝑁𝑡 = 0.1, 0.3, 0.5). The 
effects of these parameters on streamlines, isotherms, isoconcentrations, and local Nusselt 
(or local Sherwood) numbers profiles were studied and presented in Figures 6–11. 

Figure 6 shows streamlines, isotherms, and isoconcentrations within the cavity for 𝑀𝑛௙ = 1000, 𝑅𝑎 = 10ହ, 𝑁𝑏 = 𝑁𝑡 = 𝑁𝑟 = 0.5, 𝐻𝑎 = 20, 𝐿𝑒 = 10 and different values of 
magnetic sources strengths ratio. The magnetic sources’ strengths ratio reflects the ratio 
of the magnetic source intensity between the second source and the first one. Therefore, 
for 𝛾௥ > 1 one can find the dominance of left magnetic source, while for 𝛾௥ < 1 the bot-
tom source dominates. In the case of 𝛾௥ = 0.2, only one convective clockwise vortex ap-
pears within the chamber, with upstream flows close to the left border and down-stream 
ones near the right vertical surface. The higher density of streamlines in the vicinity of the 
cylinder installed in the vertical wall compared to the lower cylinder indicates that the 
flow strength next to the upper cylinder is higher. This is because the Lorentz force has a 
greater influence on the convection intensity in the vicinity of the lower hot surface. Sim-
ultaneously, the temperature field presents the appearance of the thermal plume over the 
left heater, while the bottom heater reflects the weak development of convective heat 
transfer. This phenomenon is attributed to the convection intensity around the cylinders, 
as discussed. Cooling from the upper wall defines the formation of cold descending flows 
near the right vertical wall that interact with hot flows close to the bottom heat source. As 
a result of such interaction, one can observe a reorientation of the thermal plume over this 
heater. The latter propagates along the bottom wall on the left side of the heater. Isocon-
centrations distribution characterizes the development of areas with high and low con-
centrations of nano-sized solid particles. Low concentration of nanoparticles can be found 
near the isothermal sources, while high concentration zone is located in the right top cor-
ner. Such distribution can be described by the additional effects of thermophoresis and 
Brownian diffusion, which were included in the present analysis. 

δ

Av
er
ag
e
N
us
se
lt
nu
m
be
r

-0.3 -0.2 -0.1 0 0.1 0.2 0.36

7

8

9

10

11
Left: Kim et al.
Right: Presetn work.

Figure 5. Average Nusselt number at the cylinder shell in comparison with numerical data of Kim
et al. [39] for Ha = 0.0, Mn f = 0.0, φ = 0.0, and Pr = 0.7.

3. Results and Discussion

Computational analysis was performed for a wide range of key characteristics, namely,
Rayleigh number (Ra = 103 and 105), Lewis number (Le = 1, 10, 100), Hartmann number
(Ha = 0, 20, 30), magnetism number (Mn f = 0, 103, 104), magnetic sources strengths
ratio (γr = 0.2, 1.0, 5.0), buoyancy ratio (Nr = 0.1, 0.3, 0.5), Brownian diffusion coefficient
(Nb = 0.1, 0.5, 1.0), and thermophoresis characteristics (Nt = 0.1, 0.3, 0.5). The effects of
these parameters on streamlines, isotherms, isoconcentrations, and local Nusselt (or local
Sherwood) numbers profiles were studied and presented in Figures 6–11.

Figure 6 shows streamlines, isotherms, and isoconcentrations within the cavity for
Mn f = 1000, Ra = 105, Nb = Nt = Nr = 0.5, Ha = 20, Le = 10 and different values of
magnetic sources strengths ratio. The magnetic sources’ strengths ratio reflects the ratio of
the magnetic source intensity between the second source and the first one. Therefore, for
γr > 1 one can find the dominance of left magnetic source, while for γr < 1 the bottom
source dominates. In the case of γr = 0.2, only one convective clockwise vortex appears
within the chamber, with upstream flows close to the left border and down-stream ones
near the right vertical surface. The higher density of streamlines in the vicinity of the
cylinder installed in the vertical wall compared to the lower cylinder indicates that the
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flow strength next to the upper cylinder is higher. This is because the Lorentz force has
a greater influence on the convection intensity in the vicinity of the lower hot surface.
Simultaneously, the temperature field presents the appearance of the thermal plume over
the left heater, while the bottom heater reflects the weak development of convective heat
transfer. This phenomenon is attributed to the convection intensity around the cylinders,
as discussed. Cooling from the upper wall defines the formation of cold descending flows
near the right vertical wall that interact with hot flows close to the bottom heat source.
As a result of such interaction, one can observe a reorientation of the thermal plume over
this heater. The latter propagates along the bottom wall on the left side of the heater.
Isoconcentrations distribution characterizes the development of areas with high and low
concentrations of nano-sized solid particles. Low concentration of nanoparticles can be
found near the isothermal sources, while high concentration zone is located in the right top
corner. Such distribution can be described by the additional effects of thermophoresis and
Brownian diffusion, which were included in the present analysis.
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Figure 6. Nanoparticles isoconcentrations, streamlines and temperature field at different γr for
Mn f = 1000, Ra = 105, Nb = Nt = Nr = 0.5, Ha = 20, and Le = 10.
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Figure 7. Isoconcentrations, streamlines and isotherms at different Lewis and Rayleigh numbers for
γr = 1, Mn f = 1000, Nb = Nt = Nr = 0.5, and Ha = 20.

The growth of γr = 1 results in the suppression of the convective circulation, where the
convective cell core has some reorientation. Such changes are related to the suppression of the
thermal plume development from the local heaters. It is well-known that intensive magnetic
field suppresses the convective flow, energy, and mass transport. As a result, for case γr = 1,
one can find a diminution of the liquid flow strength and degradation of convective energy
transference. The heat diffusion dominates within the chamber, with essential heating of the
zone between these two heaters. It can be seen that the mixing the nanoparticles, represented
by the distortion of isoconcentrations, decreases for the case of γr = 1. This phenomenon is
attributed to the reduction in convection intensity in the cavity.

In the case of γr = 5, where the upper magnetic source is dominated, the essential
modification of all considered fields can be found. The main result is the domination
of magnetic effect over the buoyancy force, which leads to the formation of counter-
clockwise circulation of flow within the cavity. Such rearrangement characterizes an
appearance of huge heat conduction area in the upper portion of the enclosure with low
convective circulation intensity. Modification of the major circulation reflects the change of
the nanoparticles’ distribution within the chamber. The zone of maximum nano-additives
concentration is the left upper corner due to the change of the heat fluxes orientation and
flow direction.
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Figure 8. Isoconcentrations, streamlines and isotherms at different Nr and Ha for γr = 1, Mn f = 1000,
Ra = 105, Nb = Nt = 0.5, and Le = 10.

An impact of the Lewis and Rayleigh numbers on the distributions of the considered
variables is presented in Figure 7. Changes of the Lewis number reflect the modification
of the concentrations field, where an increment of Le characterizes a decrease in the con-
centration boundary layer thickness near the surfaces. As a result, such behavior can be
found in Figure 7, namely, for Le = 1 one can find the development of weak diffusive
mode for the propagation of the nanoparticles, while for Le = 100 a development of the
convective mass transport can be found. Moreover, the huge value of the magnetic number
reflects the degradation of convective energy transport within the chamber. Therefore, a
small intensification of convective circulation with a rise of Le can be explained by the
influence of the buoyancy force due to concentration gradient. As pictured, the variations
of streamlines and isotherms are insignificant. It is worth noting that for Ra = 103 and
Mn f = 1000, a domination of the magnetic effects can be observed by the formation of a
weak counter-clockwise circulation within the enclosure, while an increase in the Rayleigh
number results in the domination of buoyancy-induced flow and the development of
intensive clockwise vortex. The growth of Ra reflects the development of the concentration
plume over the upper heater, while thermal plumes are very weak. The latter occurs owing
to the strong impact of the magnetic field.
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Figure 9. Nanoparticles isoconcentrations, streamlines, and temperature field at different Nt and Nb
for γr = 1, Mn f = 1000, Ra = 10, Nr = 0.5, Ha = 20, and Le = 10.

Figure 8 demonstrates the distributions of streamlines, isotherms and isoconcentrations
with the Hartmann number and buoyancy ratio parameter. Addition of magnetic force with
Ha = 30 characterizes the suppression of convective circulation, mass and energy transports
within the chamber, and the domination of the diffusive regime for the heat and mass transport
processes. It is interesting to note that Lorentz force that is described by the Hartmann number
has a hydrodynamic nature, and the modification of convective circulation with Ha has an
indirect impact on the temperature and concentration fields. In fact, the Lorentz force resists
buoyancy, leading to a decrease in the thermal and mass mixings.

The buoyancy ratio parameter (Nr) shows the ratio of the buoyancy caused by the
difference between the density of the nanoparticles and the base fluid of the buoyancy
resulting from the temperature gradients. Rise of the buoyancy ratio parameter for the case
of Ha = 0 characterizes an insignificant modification of the considered variables.

Influences of the Brownian diffusion (Nb) and thermophoresis characteristics (Nt) on
isoconcentrations, streamlines, and isotherms are shown in Figure 9. A rise of Nb leads to
significant variation in the nanoparticles’ concentration field, while streamlines and isotherms
are changed weakly. With the growth of the Brownian diffusion parameter, we have a weak
propagation of nanoparticles within the enclosure with essential heating of the stagnation
zone between the local heaters. Simultaneously, a rise of the thermophoresis characteristic,
i.e., Nt, reflects an essential modification of isoconcentration distribution, an attenuation of
convective circulation, and less heating of the region between the local heaters.
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Figure 10. Profiles of local Nusselt number for variation of (a) Mnf, (b) γr, and (c) Le, along two
semi-cylinders for Ra = 105, Nb = Nt = Nr = 0.5, and Ha = 20.

It is possible to explain the behavior of the local Nusselt (or Sherwood) numbers
along the surfaces of the isothermal heaters by taking into account these distributions. It
is found that for all values of Mn f , the maximum Nulocal2 occurred at the lowest point of
the cylinder and it continuously decreased along the surface of the cylinder. As pictured
in the isotherms’ contours (for the studied cases), the nanofluid moving upward along
the surface of the cylinder heats up. Therefore, the temperature gradients between the
cylinder hot surface and the adjacent nanofluid decline, leading to decrease in the Nulocal1.
However, Nulocal1 experiences its highest value where S is maximum. This is also because
the nanofluid located in the vicinity of the S maximum has the lowest temperature.

The magnetic number has a nonlinear influence on the temperature gradient, namely,
for growth of Mn f between 0 and 1000 one can find an increment of Nulocal1 and a reduction
of Nulocal2, while for an increase in Mn f between 1000 and 10,000 we have the opposite
effect, namely, Nulocal1 decreases but Nulocal2 increases, as shown in Figure 10a. Such
behavior can be explained by strengthening of the magnetic field effects that lead to
rearrangement of the flow structures and temperature field within the chamber. Figure 10b
demonstrates the curves of local Nusselt numbers along the heaters surfaces for various
magnitudes of γr. First of all, according to the governing contours, the nature of Nulocal1
illustrates a rise of the thermal gradient from the left lower corner till the right bottom edge
that is caused by the interaction between the cold and hot flows from the right part and the
formation of the stagnant zone between the heaters. The growth of γr reflects a reduction of
Nulocal1 that illustrates the formation of magnetic influence opposing the buoyancy impact.
In more detail, as shown in Figure 6, an increase in the γr leads to an increase in the thermal
boundary layer thickness, meaning a decrease in the temperature gradients.
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Figure 11. Profiles of local Nusselt number for variation of (a) Nr, (b) Nb, and (c) Nt along two
semi-cylinders for γr = 1.0, Mn f = 1000, Ra = 105, Ha = 20, and Le = 10.

At the same time, the behavior of Nulocal2 is more interesting, namely, a rise of γr
between 1 and 5 leads to the growth of heat removal from the upper heater, while for
γr∈ (0.2, 1), the Nusselt number profile reflects the domination of thermal plume over this
heater, where the temperature gradient is less than that under the heater. As a result, the
typical profile of Nulocal2 characterizes a diminution of the temperature gradient along
the heater surface from the bottom point till the upper one. In other words, based upon
the isotherms presented in Figure 6, the thickness of the thermal boundary layer increases
when reaching γr from 0.2 to 1, meaning a decrease in the temperature gradients. However,
an inverse trend is found for the thermal boundary layer when γr increases from 1 to
5. The behavior of the local Nusselt numbers with the Lewis number can be found in
Figure 10c. The profiles of the local Nusselt numbers are typical for the considered sources,
and augmentation of Le causes a diminution of Nulocal1 and Nulocal2. Such variation is a
result of the diminution of the thickness of the concentration boundary layer with a rise of
the concentration gradient that leads to a degradation of the buoyancy force. Regarding
Equations (24) and (25), it is worth noting that the value of mass transfer represented by
the Sherwood number is exactly equal to the Nusselt number.

Figure 11a demonstrates the profiles of the local Nusselt numbers for various magni-
tudes of the buoyancy ratio. As was mentioned above, the growth of Nr does not have an
essential influence on the temperature gradient. One can find only a weak increase in these
heat transfer parameters. The mentioned weak effect of the Brownian diffusion parameter
is confirmed by low variation of the local Nusselt number presented in Figure 11b, while
the rise of the thermophoresis parameter (Nt) characterizes a reduction of the temperature
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gradient along the surfaces of the heater. Hence, the heat transfer rates along the hot sur-
faces decrease with an increase in the thermophoresis parameter, as depicted in Figure 11c.
Moreover, it is found that the Nulocal2 increases with increasing S and then decreases until
it attains its minimum value. According to the isotherms depicted in Figures 8 and 9, the
thermal boundary layer thickness firstly decreases and then increases when moving along
the hot cylinder surface.

4. Conclusions

This study deals with computational analysis of magnetic nanoliquid behavior within
a chamber with two local heaters possessing two magnetic sources in the presence of
Brownian diffusion and thermophoresis impacts. The investigation has been performed for
a wide range of control characteristics. The obtained results have revealed that

– The rise of the magnetic sources strengths ratio illustrates an increase in the upper
magnetic source power that reflects an increment of the thermal diffusive zone in
the upper part of the cavity. As a result, the Nulocal along the bottom hot element
decreases, but along the upper one increases;

– An increment of Le characterizes a decrease of the heat transfer rate.
– The rise of the thermophoresis parameter reflects a reduction of Nulocal , while major

modifications can be found only in distributions of nanoparticles;
– The influence of the Brownian diffusion characteristic and buoyancy ratio is non-significant.
– An increase in Mn f from 0 to 1000 leads to an increment of Nulocal1 and a reduction

of Nulocal2. However, the opposite effects can be observed while increasing Mn f from
1000 to 10,000.

– An increase in the Nr is associated with an insignificant increase in the Nusselt number.
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