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An Existing Problem for Symmetric Design: Bruck Ryser Chowla Theorem 

Emek DEMİRCİ AKARSU*1, Safiye ÖZTÜRK1 

Abstract 

Symetric designs are interesting objects of combinatorics, and have some relations with coding 

theory, difference sets, geometry and finite group theory. They have applications on statistics 

and design experiments. In the present paper we study an existing problem for symmetric design 

due to Bruck, Ryser and Chowla and write an algorithm by using their theorem called BRC 

Theorem. 

Keywords: Symmetric design, difference sets, Bruck Ryser Chowla Theorem 

 

1. INTRODUCTION 

Definition 1. Let  Ƥ be the set of points and ℬ 

be the set of blocks.  An incidence structure is 

a triple  (Ƥ, ℬ, ℐ)  such that Ƥ ∩ ℬ = ∅  and  ℐ ⊆
Ƥ × ℬ is an incidence relation between Ƥ and 

ℬ. For 𝑝 ∈ Ƥ and 𝐵 ∈ ℬ (𝑝, 𝐵) ∈ ℐ mean p and 

B are incidence [1]. For instance; Ƥ can be the 

point set and  ℬ can be the block set in the 

Euclidean plane.  

Let (Ƥ, ℬ, ℐ) be incidence structure, Ƥ =
(𝑝1, 𝑝2, … , 𝑝𝑣) point set and ℬ = (𝐵1, 𝐵2, … , 𝐵𝑘) 

be the block set. An incidence matrix 𝑀 is 

defined as finite incidence structure where  𝑝𝑖 

represents points, 𝐵𝑗 represents blocks and  

𝑚𝑖𝑗 ∈ 𝑀 such that 

𝑚𝑖𝑗 = {
1  if  𝑝𝑖 ∈ 𝐵𝑗, 

0  otherwise.
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A symmetric (𝑣, 𝑘, 𝜆) design is an incidence 

structure (𝒫, ℬ, ℐ)  for 0 < 𝑘 < 𝑣 the following 

statements hold [2]. 

(i) There are 𝑣 points (|Ƥ| = 𝑣 ) 

(ii) There are 𝑣  blocks (|ℬ| = 𝑣 ) 

(iii) Each point and each block are incident with 

𝑘 blocks and 𝑘 points respectively. 

(iv) Each pair of points and each pair of blocks 

are incident with 𝜆 blocks and  𝜆  points 

respectively. 

If 𝜆 = 0 and  𝜆 = 𝑘 − 1, they are called trivial 

symmetric designs. 

Example 2. The set ℤ7 = {0, 1, 2, 3, 4, 5, 6} has 

a subset 𝐷 = {1, 2, 3, 5} with four elements, if 

we take shifts of all the elements of 𝐷 then 

blocks are as follows. 
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The definiton of design theory is combinatorial 

however there are strong connections to algebra, 

geometry and has applications to statistics and 

coding theory. Symetric designs play a key role in 

construction of differences sets in finite groups.  

James Singer is the first person who studied 

difference sets by relating to topics with finite 

projective geometry [4]. Then the first 

construction of blok designs was given by [5]. 

In the beginning of 40’s, this study became 

more systematic with Halls’s work [6].  Levi 

stressed in his work that there is a close relation 

between finite projective geometry and affin 

geometry [5,7,8,9] they used equivalent 

matrices for these geometries in their work [8, 

10, 11] in their study the theory of Bruck Ryser 

Chowla for (𝑣, 𝑘, 𝜆)  parameters was given for 

the existence of symmetric design.  In their first 

paper for 𝜆 = 1 the theorem was proven and 

this result was extended to any positive 𝜆 in the 

second paper. [12] was explained more simple 

proof of the theorem. Later so many writers 

worked on the related subjects [1, 12, 13, 14, 

15], etc.  

Difference sets link design theory to group theory 

because a group acts regularly on the points and 

the blocks of a symmetric design with the 

condition the group includes a difference set. 

Most of the examples of difference sets obtain 

from theory of numbers for examples squares, 

twin prime numbers etc. A detailed work on the 

difference sets and cyclotomy is given in [18]. 

Definition 3. Let 𝐺 be a finite group with |𝐺|  =
 𝑣. Let ∅ ≠ 𝐷 =  {𝑑1, 𝑑2, … , 𝑑𝑘, } ⊆ 𝐺 be 

composed of 𝑘 elements of the remaining 

classes in the 𝑚𝑜𝑑𝑢𝑙𝑜 𝑣. For 𝑑𝑖 , 𝑑𝑗 ∈ 𝐷, 𝑑𝑖 ≠ 𝑑𝑗 

and 𝛼 ∈ 𝐺, 𝛼 ≢ 1𝐺(mod 𝑣), congruence  

𝑑𝑖 − 𝑑𝑗 ≡ 𝛼(mod 𝑣)                 

contains exactly λ  pairs of solutions (𝑑𝑖, 𝑑𝑗). 

Multiset of differences is expressed as follows: 

Δ = {𝑑𝑖 − 𝑑𝑗| 𝑑𝑖, 𝑑𝑗 ∈ 𝐷,  𝑑𝑖 ≠ 𝑑𝑗}.                     

The parameter system (𝑣, 𝑘, 𝜆)  in this structure 

expresses the difference set 𝐷 ⊆ 𝐺. If 𝐺 is a 

multiplicative group, difference set congruence 

𝑑𝑖𝑑𝑗
−1 ≡ 𝛼(mod 𝑣) has exactly 𝜆 solution pairs 

(𝑑𝑖, 𝑑𝑗) with 𝑑𝑖, 𝑑𝑗 ∈ 𝐷 and 𝑑𝑖 ≠ 𝑑𝑗. Hence the 

multiset is Δ = {𝑑𝑖𝑑𝑗
−1| 𝑑𝑖, 𝑑𝑗 ∈ 𝐷,  𝑑𝑖 ≠ 𝑑𝑗} [1]. 

Notice that every difference set is a symmetric 

block design with a point set {0, 1, 2, … , 𝑣 − 1} 

and a block set {𝐷, 𝐷 + 1, … , 𝐷 + (𝑣 − 1)} [13]. 

The most important and fundemental question of 

difference set is the existence problem. Does a 

given group have a difference set? Or can we 

create a difference set? To find an answer to these 

questions, first neccessary condition is counting 

of parameters of a (𝑣, 𝑘, 𝜆) difference set which 

leads the equation 𝑘 (𝑘 − 1)  =  𝜆 (𝑣 − 1).  

Another answer of the question mentioned above 

is Bruck- Ryser- Chowla (BRC) theorem. This 

theorem explains when a (𝑣, 𝑘, 𝜆) symmetric 

design does not exist, hence a (𝑣, 𝑘, 𝜆) difference 

set does not. The proof of this theorem uses 

incidence matrix 𝑀 of the design.  

2. MAIN RESULTS 

Bruck-Ryser-Chowla Theorem is one of most 

important methods determining if a particular 

difference set cannot exist providing the 

conditons for (𝑣, 𝑘, 𝜆) symmetric designs’ 

(non)- existence. This theorem also restricts the 

parameters of a difference set and explains how 

the solutions of a linear diophantine equation 

affects the existence of a symetric design. 

Bruck Ryser Chowla theory was first proven 

for 𝜆 = 1 [8], the writers after extend the result 

for any positive 𝜆 [8, 11].  

(𝑣, 𝑘, 𝜆) = (𝑛2 + 𝑛 + 1, 𝑛 + 1, 1)  

symmetric design is called a projective spaces 

where parameter 𝑛 is the degree of projective 

Figure 1 (7,4,2) symmetric design [3] 
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spaces. BRC theorem is used to investigate the 

question of existence of projective spaces with 

degree of non prime power 𝑛 . For 𝑛 ≡
1,2(𝑚𝑜𝑑 4) and 𝑥, 𝑦 ∊ ℤ we have 𝑛 = 𝑥2 + 𝑦2. 

The following designs are example of 

projective planes for degree n=1, n=2 and n=3 

[16].  

 

Theorem 4. (Bruck-Ryser-Chowla Theorem) Let 

𝐺 be a group with degree 𝑣 and (𝑣, 𝑘, 𝜆) 

symmetric design exists; 

• If 𝑣 is even then 𝑛 is a perfect square. 

• If 𝑣 is odd, Diophantine equation  

𝑥2 = 𝑛𝑦2 + (−1)(𝑣−1)/2𝜆𝑧2  has a 

nonzero solution in integers 𝑥, 𝑦, 𝑧. 

Linear diophantine equation can also be 

rephrased when 𝑣 ≡ 3(𝑚𝑜𝑑 4) or 𝑣 ≡
1(𝑚𝑜𝑑 4)  

𝑥2 = {
 If   𝑣 ≡ 3(𝑚𝑜𝑑 4),   𝑛𝑦2 − 𝜆𝑧2 

 If  𝑣 ≡ 1(𝑚𝑜𝑑 4),   𝑛𝑦2 + 𝜆𝑧2.
  

[8,12]. 

If the BRC statements become to be false for a 

certain set of parameters, then those parameters 

do not satisfy a difference set. However if the 

above criteria is true, we say a difference set 

may be possible. In addition to that it is safe to 

presume difference set exists whereas other 

tools must be used to eplore its existence. 

The proof of the theorem for the case number 

one is straigtforward but the other case needs 

matrices equivalence and some arguments from 

linear algebra and number thoery. One can see 

a simplest proof of the paper in the paper of 

[12]. 

Example 5. Let us take parameter  (76, 25, 8). 

When  𝑣 even, 𝑛 should be perfect square. 𝑣 =

76, 𝑘 = 25 and 𝜆 = 8 provide 𝜆(𝑣 − 1) =
𝑘(𝑘 − 1) condition. According to Bruck Ryser 

Chowla Theory, since 𝑣 = 76 is even, 𝑛 = 𝑘 −
𝜆 must be perfect square in order to get a 

symmetric design. However, 𝑛 = 25 − 8 = 13 

is not a perfect square, there is no symmetric 

design with this parameter. Therefore, there is 

no difference set with the parameter (76, 25, 8). 

MATLAB applications of Linear diophantine 

equation 

This code lists the solution triple for linear 

diophantine equation provided by BRC theorem. 

Besides, how many solutions there can be for the 

result is also given. This is only a sample size of 

the solution space. 

function BRC_linear(v,n,l) 

if (mod(v,2)==0) 

    error('given value v is even. BRC holds.') 

end 

devir=0; 

for i=1:1000 

     for j=1:1000 

        x=sqrt((n*i^2)+(-1)^((v-1)/2)*(l*j^2)); 

        if ((x^2)>0 && mod(x,1)==0) 

            

disp(fprintf('(x,y,z)=(%1.0f,%1.0f,%1.0f)',x,i,j)) 

            devir=devir+1; 

        end 

     end 

end 

disp(fprintf(' For those parameters there are %1.0f 

triple solutions', devir)) 

end 

Figure 2 n= 1, 2, 3 Projective Planes [16] 
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The following result is a possible (𝑣, 𝑘, 𝜆) =
(67, 14, 2) difference set with   𝜆 = 2, 𝑛 = 12 in 

group ℤ67. Because there are too many solutions 

to write of (1817) outputs, they are not given here 

totally. 

>> BRC_linear(67,12,2) 

(x,y,z)= (2,1,2) 

(x,y,z)= (4,2,4) 

(x,y,z)= (10,3,2) 

(x,y,z)= (6,3,6) 

(x,y,z)= (8,4,8) 

(x,y,z)= (10,5,10) 

(x,y,z)= (20,6,4) 

 ………… 

(x,y,z)= (3310,993,662) 

(x,y,z)= (3448,996,88) 

(x,y,z)= (3320,996,664) 

(x,y,z)= (3284,998,764) 

(x,y,z)= (3330,999,666) 

(x,y,z)= (3182,999,962) 

With this paramaters there are 1817 triplet 

solutions. 

The non symmetric design solution triple for  ℤ67 

is the following example. Here we have 𝑣 = 67, 

𝜆 = 7, 𝑛 = 15, with this possible parameter  
(𝑣, 𝑘, 𝜆) = (67,22,7) is not a difference set. 

>>BRC_lineer(67,15,7) 

With this parameters there are 0 triplet solutions. 

The following result is a possible (𝑣, 𝑘, 𝜆) =
(73, 9, 1) − difference set in ℤ73 with 𝜆 = 1, 𝑛 =
8.  For other 𝑘 and 𝜆 values, other possible 

difference sets of the group ℤ73 can be tested.  The 

entire output is not shown here because there are 

too many solutions. 

>>BRC_linear(73,8,1) 

(x,y,z)=(273,91,91)     

(x,y,z)=(387,91,289)     

(x,y,z)=(663,91,611)     

(x,y,z)=(276,92,92)     

(x,y,z)=(414,92,322)     

(x,y,z)=(561,92,497) 

(x,y,z)=(759,92,713) 

 ………… 

(x,y,z)=(2988,996,996) 

(x,y,z)=(2991,997,997) 

(x,y,z)=(2994,998,998) 

(x,y,z)=(2827,999,89) 

 (x,y,z)=(2997,999,999) 

(x,y,z)=(2850,1000,350) 

(x,y,z)=(3000,1000,1000) 

With these parameters there are 3038 triplet 

solutions. 

The following outputs are for the potential 

difference sets with parameters (𝑣, 𝑘, 𝜆) =
(91, 10, 1).  

>> BRC_linear(91,9,1) 

(x,y,z)=(12,5,9) 

(x,y,z)=(9,5,12) 

(x,y,z)=(24,10,18)     

(x,y,z)=(18,10,24)     

(x,y,z)=(36,13,15) 
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(x,y,z)=(15,13,36) 

(x,y,z)=(36,15,27) 

(x,y,z)=(2835,977,744) 

(x,y,z)=(2880,984,648) 

(x,y,z)=(2925,985,420) 

(x,y,z)=(2850,986,792) 

 (x,y,z)=(2808,986,930) 

(x,y,z)=(2835,999,972) 

(x,y,z)=(2880,1000,840) 

With these parameters we have 919 triplet 

solutions. 

The non symmetric design solution triple for ℤ91 

is  (𝑣, 𝑘, 𝜆) = (91,36,14) parameters, hence it is 

not a difference set.  

>> BRC_linear(91,22,14) 

With these parameters there are 0 triplet 

solutions. 

MATLAB Application of BRC Theorem 

This code is the application of the second 

condition of BRC Theorem. The possible 

solutions of the equation  𝑥2 = 𝑛𝑦2 +

(−1)
𝑣−1

2 𝜆𝑧2 are analayzed. That controls 

integers values from 1 to 1000 for y and z 

values. If the program results 0 output, that 

means there is no symmetric design. However, 

if the result is 1 it can be a symmetric design. 

When the result is 1, the existence of symmetric 

design should be checked by other tools. 

function s = brc_odd(v,k,lam) 

s = 0; 

n = k-lam; 

tic 

for y= 1:1000 

    for z= 1:1000 

         x= sqrt((n*y^2)+((-1)^((v-1)/2))*lam*z^2); 

         if floor(x)==x && x^2>0 

             s = 1; 

toc 

             return 

         end 

    end 

end 

The following are the resuts of both solutions and 

non solutions.  

>> brc_odd (27,13,16)               ans = 0 

>> brc_odd (34,12,4)                 ans = 0 

>> brc_odd (46,10,2)                 ans = 0 

>> brc_odd (92,14,2)                 ans = 0 

>> brc_odd (172,19,2)               ans = 0 

>> brc_odd (115,19,4)               ans = 0 

>> brc_odd (117,29,7)               ans = 0 

>> brc_odd (119,59,7)               ans = 0 

>> brc_odd (125,32,8)               ans = 0 

>> brc_odd (67,12,2)                 ans = 0 

>> brc_odd (137,17,2)               ans = 0 

>> brc_odd (103,18,3)               ans = 0 

>> brc_odd (53,13,3)                 ans = 0 

>> brc_odd (43,15,5)                 ans = 0 

>> brc_odd (77,20,5)                 ans = 0 

>> brc_odd (157,40,10)             ans = 0 

>> brc_odd (171,85,41)             ans = 0 
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>> brc_odd (173,44,11)             ans = 0 

>> brc_odd (181,45,11)             ans = 0 

>> brc_odd (185,24,3)               ans = 0 

>> brc_odd (187,31,5)               ans = 0 

>> brc_odd (193,129,82)           ans = 0 

>> brc_odd (6271,210,7)           ans = 1 

>> brc_odd (2591,260,26)         ans = 1 

>> brc_odd (5167,288,16)         ans = 1 

>> brc_odd (5167,820,130)       ans = 0 

>> brc_odd (5167,1107,237)     ans = 0 

>> brc_odd (5167,1477,422)     ans = 0 

>> brc_odd (5167,1764,602)     ans = 0 

>> brc_odd (5167,2296,1020)   ans = 1 

>> brc_odd (5167,2583,1291)   ans = 1 

Table 1 The average working time for the number of solutions parameters (𝑣, 𝑘, 𝜆) according to (𝑥, 𝑦, 𝑧) 

(𝑣, 𝑛, 𝜆) Function 
The number of 

solutions 

Average working time 

of the programme 

(67,12,2) BRC (𝑣, 𝑛, 𝑙) 1817 0,22 second 

(67,15,7) BRC (𝑣, 𝑛, 𝑙) 0 0,10 second 

(73,8,1) BRC (𝑣, 𝑛, 𝑙) 3038 0,29  second 

(91,9,1) BRC (𝑣, 𝑛, 𝑙) 919 0,15  second 

(91,22,14) BRC (𝑣, 𝑛, 𝑙) 0 1,15  second 

Table 2 Average working time for  (v, k, λ) parameters 

(𝑣, 𝑘, 𝜆)               Function 
 

1&0 
Average working time 

of the programme  

(43,15,5) brc_odd (𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,1 second 

(53,13,3) brc_odd( 𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,1 second 

(67,12,2) brc_odd (𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,1 second 

(77,20,5) brc_odd (𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,1 second 

(103,18,3) brc_odd (𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,1 second 

(115,19,4) brc_odd (𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,1 second 

(117,29,7) brc_odd (𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(119,59,7) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(125,32,8) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(137,17,2) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(157,40,10) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(171,85,41) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(173,44,11) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(181,45,11) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(185,24,3) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(187,31,5) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(193,129,82) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,2 second 

(2591,260,26) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  1 0,3 second 

(5167,288,16) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  1 0,5 second 

(5167,2296,1020) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  1 0,5 second 

(5167,2583,1291) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  1 0,5 second 

(5167,1477,422) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,5 second 

(5167,1764,602) brc_odd(𝑣, 𝑘, 𝑙𝑎𝑚)  0 0,5 second 
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