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Abstract. This paper aims to examine impacts of Cattaneo–Christov heat flux on the magneto-
hydrodynamic convective transport within irregular containers in the presence of the thermal
radiation. Both of the magnetic field and flow domain are slant with the inclination angles Ω and γ,
respectively. The worked fluid is consisting of water (H2O) and Al2O3-Cu hybrid nanoparticles. The
enclosures are filled with a porous medium, and the local thermal nonequilibrium (LTNE) model
between the hybrid nanofluids and the porous elements are considered. Influences of various types
of the obstacles are examined, namely, horizontal cold elliptic, vertical elliptic and cross section
ellipsis. The solution methodology is depending on the finite volume method with nonorthogonal
grids. The major outcomes revealed that the location (0.75, 0.5) is better for the rate of the flow
and temperature gradients. The higher values of H∗ causes that the solid phase temperature has
a similar behavior of the fluid phase temperature indicating to the thermal equilibrium state. Also,
the fluid-phase average Nusselt number is maximizing by increasing Cattaneo–Christov heat flux
factor.

Keywords: Cattaneo–Christov heat flux, wavy containers, hybrid nanofluids, LTNE technique,
natural convection, nonorthogonal grid, radiation.

1 Introduction

Nanofluid composed of nanometer-sized solid elements such as fibers and tubes loaded
in a liquid medium with the length scales of 1 to 100 nm. Commonly, metals, oxides and
carbon nanotubes are implemented as nanoparticles in nanofluids. The worked regular
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fluids utilized frequently are water, methanol and ethylene glycol water. Nanoliquids
have massive thermophysical features thermal conductivity, such as viscosity specific heat
and stability, which possess an indispensable significant in heat transmission. Recently,
the advanced class of nanoliquids, known as hybrid nanofluids, has shown encouraging
enhancements in heat transmission attitude and thermophysical attributes in comparison
to conventional nanoliquid. Some of scientists have exhibited the problems concerned
with nanofluid of hybrid nanofluid from both theoretically or experimentally points of
view. Mahdy et al. [11] reported a numerical simulation of buoyancy-driven flow of
free convection heat transmission and entropy generation through a square porous con-
tainer filled with hybrid nanofluids. The viscosity and thermal conductivity of the Al2O3-
Cu/water hybrid nanofluid with volume fractions from 0.1% to 2% has been measured by
Suresh et al. [27]. The outcomes revealed that both factors of the hybrid nanofluid boost
with the solid volume nanosize particles concentrations. Nadeem et al. [16] discussed
the flow of a non-Newtonian nanofluid stimulated by an oscillatory porous plate related
to slip impact. A practically presented contribution concerned with cooling of solid el-
ements of nanomaterials through a moving bed was analyzed by Turkyilmazoglu [28].
The analytical valuation of non-Newtonian of third grade nanofluid along an accelerated
plate was presented by Khan and Shehzad [9]. Sundar et al. [26] synthesized a MWCNT-
Fe3O4-H2O hybrid nanomaterial, whilst a Titanum and Copper hybrid nanomaterial has
been formed by Madhesh et al. [10]. Muhammad et al. [7] illustrated the fractional pattern
of Brinkman sort fluid (BTF) holding hybrid nanosize particles. TiO2-Ag nanoparticles
were liquefied in H2O as regular fluid to get a hybrid nanofluid. Numerical analysis
has been introduced by Ahmed [1] for the convective transmission due to triangular fins
within a slant trapezoidal non-Darcy porous container containing nanomaterial. Mansour
et al. [13] argued the consequence of partial slip on mixed-radiative interaction convection
flow of a micropolar hybrid nanomaterial with a slant magnetic field in an odd-shaped
porous container with separated heating. Selimefendigil and Oztop [21] investigated nu-
merically natural convection through a cavity due to a corrugated partition, which have
varient liquids with different sections of the partition using carbon nanotube (CNT)-water
nanofluid.

Thermal convection, conduction radiation represent the major kinds of heat transmis-
sion. Heat energy transport possesses an essential role in our daily life applications, i.e.,
heat absorption phenomenon, electronics, solar collectors, thermal and cooling system
and engineering applications. With the intent of boosting the performance of variant
energy systems, scientists have examined the energy transmission features of several
nanofluids. Zheng et al. [31] illustrated the consequence of radiation-natural convec-
tion with entropy analysis of Al2O3-H2O nanomaterials inside a slant container. Their
outcomes illustrated that the maximum average Nusselt number and a total entropy are
achieved at an anglethe of inclination π/6. Mansour et al. [14] reported a slant MHD
mixed radiative-convection nanoliquid flow of a non-Newtonian hybrid through a slant
lid-driven odd-shaped enclosure. House et al. [6] argued the case of natural convective
heat transfer within a square container with heat-conducting obstacle placed at center, and
they elucidated that the heat transmission weaken with a rising values of the solid obstacle
length. Usman et al. [30] have argued that the radiation heat and mass transmission of
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MHD flow enclosed in a square enclosure within two heated and two clod body. Usman
et al. [29] addressed the significant consequences of nonlinear thermal radiation and
unsteady thermal conductivity of rotating flow of hybrid nanofluid along a 3-dimension
stretchable surface.

Since the prediction of heat transmission for curved surfaces (wavy or complex ge-
ometries) represents a topic of massive significance, it is watched in several engineering
operations. It is necessary to analyze the heat transmission for more complex geometric
shapes (e.g., containers with wavy and/or irregular sides). Engineering applications such
as cooling systems of microelectronic apparatuses and wall bricks, heat exchangers, con-
densers in refrigerators, underground cable systems and heat transmission appeared in
chemical reactors. Pop et al. [20] imposed the finite difference approach for analyzing the
free convection in a partially heated wavy enclosure loaded by nanofluid. A numerical
treatment of the mixed convection flow of Cu-H2O nanofluid in a lid-driven cavity for
variant aspect ratios employing the control volume technique has been provided by Muth-
tamilselvan et al. [15]. Abundant published papers concerned with simple and irregular
cavities [3, 5, 8, 17, 18, 23].

Magnetohydrodynamics (MHD) points out an indispensable spectrum field of re-
search that analyze the magnetic features of electrically conducting liquids. The flow and
heat transmission phenomenon for a viscous liquid in the existence of magnetic field
have massive applications in solar physics, chemical engineering, stellar, geophysics,
optimization of solidification processes of metals and design of MHD power generators.
Also, MHD flow has an indispensable role in the zone of medical science like magnetic
resonance imaging, in the treatment of cancer tumour and other diagnostic tests. Sheik-
holeslami and Sadoughi [22,24] discussed the lattice Boltzmann technique for MHD free
convection nanofluid through a porous container for different shapes of nanoparticles and
with elliptic inner cylinder. A numerical simulation of MHD free convection has been pre-
sented for a 2-dimensional triangular container with heated from below partially and cold
oblique wall filled with nanoliquid by Mahmoudi et al. [12]. Biswas et al. [4] exhibited
the thermal efficacy of half-sinusoidal variable heating at variant spatial frequencies for
a porous MHD free convection system considering Cu-Al2O3/water hybrid nanoliquid.
The governing equations are introduced utilizing a classical square cavity. Sheremet et
al. [25] carried out the case of MHD free convection inside a wavy open porous tall
cavity filled with a Cu-water nanofluid in the presence of an isothermal corner heater
numerically.

Due to our knowledge, the authors neglected the case of Cattaneo–Christov heat
flux impacts in their contributions of the hybrid nanofluids through cavities due to the
complexity of the mathematical formulations. Therefore, this study aims to cover this
gape. Moreover, there are a few contributions concerned with the applications in the wavy
container, thus the intention behind the present analysis is to assay Cattaneo–Christov
heat flux pattern with the influence of slant magnetic field. In addition, the substantial
intention of the present contribution is to examine the numerical analysis of the natural
convection heat flux paradigm implementing local thermal nonequilibrium on sinusoidal
wavy cavity filled with Al2O3-Cu/water hybrid nanofluid under the impact of the internal
heat generation, slant magnetic field and thermal radiation. The calculated outcomes are
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validated with early numerical published data and the impact of the significant factors and
presented via graphically in the form of streamlines, isotherms, local and average Nusselt
numbers.

2 Physical configuration

Figure 1 portrays the physical configuration of steady two-dimensional radiative natural
convection heat transfer problem inside a wavy container with wall length H and undula-
tion number λ and containing various types of the obstacles. The worked hybrid nanofluid
undergoes Newtonian, laminar and incompressible flow. A nonvariable slant magnetic
field of intensityB0 is imposed of an inclination angleΩ. The walls of inner obstacles are
kept at a cold temperature Tc. Furthermore, the feature of viscous dissipation has been
ignored. Left and right walls are kept with temperature Tc, whilst the above and bellow
walls are presumed as adiabatic and all wall are supposed to be impermeable. The porous
medium, nano-size elements and regular fluid are given homogeneous and in thermal
equilibrium. Thermophysical attributes and its values of alumina, copper and water used
here are stated in Table 1. Besides, due to Rosseland approximation, radiation heat flux
within the hybrid nanofluid porous container is imposed. The Boussinesq approximation
is adopted for our governing flow equations [2, 13]
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Figure 1. Schematically of the physical model of the porous cavity.

Table 1. Thermophysical attributes of water, copper and
alumina [11, 13].

Property H2O Cu Al2O3

ρ 997.1 8933 3970
cp 4179 385 765
k 0.613 401 40
β 21 · 10−5 1.67 · 10−5 0.85 · 10−5

σ 0.05 5.96 · 107 1 · 10−10

The proper boundary conditions for the porous container on the left wall, the right wall,
the top wall, the bottom wall and over the inner obestical considered as follows, respec-
tively:

u = v = 0, Tf = Tc = Ts, x = 0, 0 6 y 6 H,

u = v = 0, Tf = Tc = Ts, x = H −AH

(
1− cos 2πλy

H

)
, 0 6 y 6 H,

u = v = 0,
∂Tf

∂y
=
∂Ts

∂y
= 0, 0 6 x 6 H, y = H,

u = v = 0,
∂Tf

∂y
=
∂Ts

∂y
= 0, 0 6 x 6 H, y = 0,

Tf = Ts = Tc,

where notations appearing in governing flow Eqs. (2)–(4) are as follows: x and y stand
for Cartesian coordinates scaled along the vertical and horizontal walls of the container,
respectively; u and v symbolize the hybrid nanofluid velocities along the x- and y- axes,
respectively; T denotes the hybrid nanofluid temperature, P indicates the hybrid nanofluid
pressure, g indicates the gravity acceleration, K means the permeability and Q̃ means the
volumetric heat generation/absorption rate.

The concerned factors of the Cu, Al2O3 and water hybrid nanoliquid, i.e., viscosity,
density, electrical conductivity, thermal conductivity, heat capacity and effective electrical
conductivity are defined as [11, 13, 14]

µhnf =
µnf

(1− ϕ2)2.5
, µnf =

µbf

(1− ϕ1)2.5
,

ρhnf = (1− ϕ2)ρnf + ϕ2ρ2, ρnf = (1− ϕ1)ρbf + ϕ1ρ1,
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(ρcp)hnf = (1− ϕ2)(ρcp)nf + ϕ2(ρcp)2, (ρcp)nf = (1− ϕ1)(ρcp)bf + ϕ1(ρcp)1,

(ρβ)hnf = (1− ϕ2)(ρβ)nf + ϕ2(ρβ)2, (ρβ)nf = (1− ϕ1)(ρβ)bf + ϕ1(ρβ)1,
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where ϕ1 = ϕAl2O3
and ϕ2 = ϕCu. With the help of the dimensionless scales
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Due to the previous equations, the concerned factors are formulated as
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Once again, the imposed boundary conditions on the left wall, the right wall, the top wall,
the bottom wall and the inner obestical altered into, respectively,

U = V = 0, θf = θs, x = 0, 0 6 Y 6 1,

U = V = 0, θf = θs, X = 1−A(1− cos 2πλY ), 0 6 Y 6 1,
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3 Solution approach

To solve the aforementioned system of equations, the nonorthogonal control volume
described by Patankar [19] is applied. This methodology starts with introducing the new
coordinates ξ1 and ξ2 as
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Figure 2. Validation test at RaE = Ral = 105, a = 0.8.

In Eq. (5), β11, β12, β21, β22 and J are given by

β11 =
∂X2

∂ξ2
, β12 = −∂X2

∂ξ1
, β21 = −∂X1

∂ξ2
, β22 =

∂X1

∂ξ1
,

J = β11β22 − β12β21.

The previous transformations is applied to approximate the convective terms as

Uj
∂Ω∗

∂Xj
=

1

J

∂

∂Xi
[ÛkΩ

∗].

Here [Ûk] is the converted velocities (Ûk = Ujβjk). Additionally, the diffusive terms are
given by

∂

∂Xj

[
Γ
∂Ω∗

∂Xj

]
=

1

J

∂

∂ξi

[
Γ

J
βik

∂Ω∗

∂ξk

]
, (6)

where βik = βjiβjk. Furthermore, an algebraic system of equations is obtained. This
system is solved iteratively using ADI algorithm. A home FORTRAN code is performed
to implement this technique, and the convergence criterion is 10−6. Regarding the grid
size, it is noted that the grid 81 × 81 and 101 × 101 are enough for all the calculations.
Figure 2 shows the validation test with the similar shape (wavy enclosure). A comparison
with the results presented by Oztop et al. [17] is carried out. It is remarkable that the
streamlines and isotherms are almost the same, and the relative error between the values
of the maximum stream function is 6.13%.
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4 Results and discussion

This section presents a comprehensive discussion of the obtained results. Here the il-
lustration tools of the results are contours of the streamlines, isotherms for the fluid
phase and isotherms for the solid phase. The controlling parameters are varied in wide
ranges, namely, the thermal relaxation parameter δ (0 6 δ 6 10), various locations of the
inner shape (X,Y ) = (0.25, 0.5), (0.75, 0.5), (0.5, 0.25) and (0.5, 0.75), the radiation
parameter Rd (0 6 Rd 6 20), the Hartmann number Ha (0 6 Ha 6 100), the heat
transfer coefficient H∗ (0 6 H∗ 6 20), the heat generation parameter Q (0.25 6 Q 6 3)
and the undulation number λ (1 6 λ 6 5). In all the obtained results the hybrid nanofluid
case is applied with ϕ1 = ϕ2 = 0.05.

Figure 3 demonstrates the contours of streamlines, isotherms of fluid phase and iso-
therms of solid phase for the variations of the relaxation parameter δ at Ha = 10, Q = 1,
ε = 0.5, H∗ = 10, Rd = 0.5. This figure is performed using case C (cross-shaped
ellipse). Also, the range of δ is between 0 and 10. Two convective cells are performed
within the domain for all values of δ. Additionally, the increasing values of δ cause
a clearly enhancement in the rate of the hybrid nanofluids flow. The isotherms for the
fluid and porous phases revealed that there are heated zones near the horizontal walls
and cold zones near the cold boundaries. The increase in δ results in an increase in
the thermal zones together with the maximum temperature. These behaviors are due to
the additionally heat flux (Cattaneo–Christov heat flux), which enhance the temperature
differences, and hence the convective flow is augmented.

Features of the streamlines, fluid-phase temperature and solid-phase temperature for
various locations of the inner obstructs at Ha = 10, Q = 1, ε = δ = 0.5, H∗ = 10,
Rd = 0.5 are shown in Fig. 4. Here cross-shaped ellipse are used (case C), and five loca-
tions are tested, namely, (0.25, 0.5), (0.75, 0.5), (0.5, 0.25), (0.5, 0.75), (0.5, 0.5). Vari-
ous configurations for the flow and thermal features are noted as the locations are changed.
Here the isotherms and streamlines features are gathered in the opposite direction to the
cross-shaped ellipse. The natural convection flow and heat transfer get their maximum at
the location (0.75, 0.5) comparing with the other considered locations. Also, the temper-
ature gradients get their minimum in the location (0.25, 0.5).

Wide ranges of the radiation parameter Rd (0 6 Rd 6 20) and the Hartmann number
Ha (0 6 Ha 6 100) are considered. The impacts of these ranges on the streamlines,
temperature for the fluid and porous phases at Q = 1, ε = δ = 0.5, H∗ = 10 using
cases C and Bare depicted in Figs. 5 and 6. Here it should be mentioned that the features
of θs are closed to those of θf due to the higher heat transfer coefficient H∗ = 10. The
convective transport is enhanced as Rd is maximizing, and hence the flow and temperature
distributions are augmented as Rd is increased. Physically, these behaviors return to the
additional heat generation resulting from the radiation flux, and hence the buoyancy force
is enhanced. On the contrary, the considered range of Ha causes a reduction in the flow
rate and temperature features. These behaviors are due to the Lorentz force, which works
against the convective transport.

Figures 7(a)–7(c) disclose the profiles of the fluid-phase Nusselt number Nuv for the
variations of the relaxation parameter δ, various locations of the inner obstructs and heat
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Figure 3. Contours of streamlines (a) isotherms of fluid phase (b) and isotherms of solid phase (c). Case C for
Al2O3-Cu/water hybrid nanofluid at Ha = 10, Q = 1, ε = 0.5, H∗ = 10, Rd = 0.5.

Figure 4. Contours of streamlines (a) isotherms of fluid phase (b) and isotherms of solid phase (c). Case C for
Al2O3-Cu/water hybrid nanofluid at Ha = 10, Q = 1, ε = 0.5, δ = 0.5, H∗ = 10.
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Figure 5. Contours of streamlines (a) isotherms of fluid phase (b) and isotherms of solid phase (c). Case C for
Al2O3-Cu/water hybrid nanofluid at Ha = 10, Q = 1, ε = 0.5, δ = 0.5, H∗ = 10.

Figure 6. Contours of streamlines (a) isotherms of fluid phase (b) and isotherms of solid phase (c). Case B for
Al2O3-Cu/water hybrid nanofluids at Q = 1, ε = 0.5, ε = 0.5, H∗ = 10, Rd = 0.5, δ = 0.5.
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(a) H∗ = 10, Rd = 0.5. (b) δ = 0.5, H∗ = 10.

(c) δ = 0.5, Rd = 0.5.

Figure 7. Profiles of the local Nusselt number of fluid phase for Al2O3-Cu/water hybrid nanofluid at Ha = 10,
Q = 1, ε = 0.5.

transfer coefficient H∗ at Q = 1, ε = Rd = 0.5. It is remarkable that the features of
Nuv follow the wavy geometry of the enclosure side wall. Also, the maximizing of δ is
better to obtain a higher rate of the heat transfer. Unlike the impact of δ, the minimizing
of the heat transfer coefficient H∗ causes a higher rate of the heat transfer between the
fluid and porous phases, which leads to the reduction of the heat transfer rate between
the fluid and side wall. Additionally, the second location of the inner shape (0.75, 0.5)
gives the higher values of Nuv, while the Nuv takes their minimum values at the location
(0.25, 0.5). In a related context, two graphical illustrations are presented in Fig. 8 to
display the significance of the radiation parameter Rd on both the local Nusselt number
for the fluid Nuv and solid phases Nuss at Ha = 10, Q = 1, ε = δ = 0.5, H∗ = 10. It is
noted that the growing in Rd results in a raising in the solid-phase temperature gradients,
and hence Nuss is augmented. On the contrary, Nuv is minimizing as Rd is increases due
to the lower convective flow.

Figures 9 and 10 depict the average Nusselt coefficients for the fluid Numf and for the
solid Nums under the impacts of the heat generation/absorption parameter Q, undulation
number λ and NP (nanoparticles) volume fraction ϕ at Ha = 10, Q = 1, ε = δ = 0.5,

https://www.journals.vu.lt/nonlinear-analysis
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(a) (b)

Figure 8. Profiles of the local Nusselt number of fluid phase (a), and solid phase (b) for Al2O3-Cu/water hybrid
nanofluid at Ha = 10, Q = 1, ε = 0.5, δ = 0.5, H∗ = 10.

Figure 9. Variation of the average Nusselt number of fluid phase for Al2O3-Cu/water hybrid nanofluid at
Ha = 10, ε = 0.5, H∗ = 10, Rd = 0.5, δ = 0.5.

(a) (b)

Figure 10. Variation of the average Nusselt number of fluid phase (a) and solid phase (b) for Al2O3-Cu/water
hybrid nanofluid at Ha = 10, Q = 1, ε = 0.5, δ = 0.5, H∗ = 10.
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H∗ = 10. The figures revealed that a clear rising in Numf as either Q or ϕ is growing.
Here the increase in Q means a good buoyancy-driven flow and hence Numf. Also, the
increase in ϕ refers to a good thermal conductivity of the mixture, and hence rate of the
heat transfer is augmented. On the other side, the rising in λ increases the complexity of
the geometry, and hence both of Numf and Nums are diminishing.

5 Conclusions

The magnetohydrodynamics convective transport within a wavy porous cavity filled with
hybrid nanofluids (Al2O3-Cu-H2O) has been studied. Cattaneo–Christov heat flux to-
gether with the radiation and heat generation/absorption were considered. Various shapes
of the inner obstructs were used to control the flow, and the LTNE conditions between the
fluid and solid phases was assumed. Two different inclination angles were introduced for
the flow domain and magnetic field. The nonorthogonal FVM technique was applied to
solve the governing system. The following major outcomes can be pointed out:

• Cattaneo–Christov heat flux enhances the convective flow and rate of the heat
transfer.

• The radiation flux enhances Nuss, while it has negative impacts on Nuv.
• The maximizing of the NP concentration is better to get a higher rate of the heat

transfer.
• The flow features can be well control using various locations of the inner shape.
• The location (0.75, 0.5) is better for the rate of the flow and temperature gradients.
• The profiles of solid-phase temperature are closed to the those of the fluid-phase

temperature at the higher values of H∗.

In addition, this study can be extended in the future to include the case of a variable
magnetic field, non-Newtonian nanofluids or phase change materials case.
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