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Chapter

A Study for Coupled Systems of
Nonlinear Boundary Value Problem

Noureddine Bouteraa and Habib Djourdem

Abstract

This chapter deals with the existence and uniqueness of solutions for a coupled
system of fractional differential equations with coupled nonlocal and integral boundary
conditions and for the system of two-point boundary value problem when we take the
case of integer derivative. The existence results for the fist problem are obtained by
using Leray-Shauder nonlinear alternative and Banach contraction principle and for the
second problem, we derive explicit eigenvalue intervals of 1 for the existence of at least
one positive solution by using Krasnosel’skii fixed point theorem. An illustrative exam-
ples is presented at the end for each problem to illustrate the validity of our results.

Keywords: positive solution, uniqueness, Green’s function, system of fractional

differential equations, system of differential equations, existence, nonlocal boundary
value problem, fixed point theorem

1. Introduction

In this chapter, we are interested in the existence of solutions for the nonlinear
fractional boundary value problem (BVP)

( “Du(t) =f(t,u(t),v(t)), t€(0,1], 2<a<3,
DPu(t) = g(t,u(t),v()), te0,1], 2<p<3,
Au(0) + yu(1) = u(n), w(0) +yv(1) = v(n), (1)
u(0) = Zu(s)ds, v(0) = JZv(s)ds,

\ A°DPu(0) + y*DPu(1)="DPu(n), 1<p<2

[ u™(t) = da(t)f (v(t)), 0<t<1,
oM (&) = b (t)g(u(t)), 0<t<1, )
#(0) = 0,4/(0) = 0,u"(1) = 0, w"(1) =0,

L 2(0) = 0,0/(0) = 0,0"(1) =0, v"(1)=0.
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a

where D{., Dg+ are the standard Riemann-Liouville fractional derivative of order a
and , the functionsf,g € C((0,1) x R? R), the functionsf,g € C((0,1) x R, R) in the
second problem and 1> 0,a,b € C([0, 1], [0, 0)).

The first definition of fractional derivative was introduced at the end of the nine-
teenth century by Liouville and Riemann, but the concept of non-integer derivative
and integral, as a generalization of the traditional integer order differential and integral
calculus, was mentioned already in 1695 by Leibniz and L’Hospital. In fact, fractional
derivatives provide an excellent tool for the description of memory and hereditary
properties of various materials and processes. The mathematical modeling of systems
and processes in the fields of physics, chemistry, aerodynamics, electrodynamics of
complex medium, polymer rheology, Bode’s analysis of feedback amplifiers, capacitor
theory, electrical circuits, electro-analytical chemistry, biology, control theory, fitting
of experimental data, involves derivatives of fractional order. In consequence, the
subject of fractional differential equations is gaining much importance and attention.
For more details we refer the reader to [1-6] and the references cited therein.

Boundary value problems for nonlinear differential equations arise in a variety of
areas of applied mathematics, physics and variational problems of control theory. A
point of central importance in the study of nonlinear boundary value problems is to
understand how the properties of nonlinearity in a problem influence the nature of
the solutions to the boundary value problems. The multi-point boundary conditions
are important in various physical problems of applied science when the controllers at
the end points of the interval (under consideration) dissipate or add energy according
to the sensors located, at intermediate points, see [7, 8] and the references therein. We
quote also that realistic problems arising from economics, optimal control, stochastic
analysis can be modelled as differential inclusion. The study of fractional differential
inclusions was initiated by EL-Sayad and Ibrahim [9]. Also, recently, several qualita-
tive results for fractional differential inclusion were obtained in [10-13] and the
references therein.

The techniques of nonlinear analysis, as the main method to deal with the prob-
lems of nonlinear differential equations (DEs), nonlinear fractional differential equa-
tions (FDEs), nonlinear partial differential equations (PDEs), nonlinear fractional
partial differential equations (FPDEs), nonlinear stochastic fractional partial differ-
ential equations (SFPDEs), plays an essential role in the research of this field, such as
establishing the existence, uniqueness and multiplicity of solutions (or positive solu-
tions) and mild solutions for nonlinear of different kinds of FPDEs, FPDEs, SFPDEs,
inclusion differential equations and inclusion fractional differential equations with
various boundary conditions, by using different techniques (approaches). For more
details, see [14-37] and the references therein. For example, iterative method is an
important tool for solving linear and nonlinear Boundary Value Problems. It has been
used in the research areas of mathematics and several branches of science and other
fields. However, Many authors showed the existence of positive solutions for a class of
boundary value problem at resonance case. Some recent devolopment for resonant
case can be found in [38, 39]. Let us cited few papers. Zhang et al. [40] studied the
existence of two positive solutions of following singular fractional boundary value
problems:

Dg. u(t) +f(t,ut)) =0, te(0,1)

(3)
u(0) = 0, Dh,u(0) =0, Dfu(1)=YDf,u(y),
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where D, D . are the stantard Riemann-Liouville fractional derivative of order
ae(2,3],p€1,2], feC([0,1] x R,R) and aj,1; € (0,1),x — f>1 with
S0P <1

In [41], the authors studied the boundary value problems of the fractional order
differential equation:

{ Dg. u(t) =f(t,u(t)) =0, t€(0,1),

} (4)
u(0) =0, Dp,u(1) =aDy, u(n),

where 1<a<2, 0<y<1, O<a,ﬁ<1,f€C([O,1] X RZ,R) and D, , Dg+ are the
stantard Riemann-Liouville fractional derivative of order a. They obtained the multi-
ple positive solutions by the Leray-Schauder nonlinear alternative and the fixed point
theorem on cones.

In 2015, Alsulami et al. [42] studied the existence of solutions of the following
nonlinear third-order ordinary differential inclusion with multi-strip boundary conditions

(u® () eF(t,ut)), t€(0,1),
u(0) =0, #(0)=0,

n—2 (5)
u(l) = Zaigi_u(s)ds,
i=1

( 0<{i<n;<L,i=1,2, ...,nm—2,n>3.

In 2017, Resapour et al. [43] investigated a Caputo fractional inclusion with inte-
gral boundary condition for the following problem

(“Du(t) € F(t, u(t), Dlu(t),u(t)),

u(0) +4/'(0)+°D’u(0) = Eu<s>dsa (6)

w(1) + (1) £DPu(1) = J;u(s)ds,

\

where 1<a<2, n,v,$€(0,1), F: [0,1] xRxR xR — 2% isa compact valued
multifunction and ‘D” denotes the Caputo fractional derivative of order a.

Inspired and motivated by the works mentioned above, The goal of this chapter is
to establish the existence and uniqueness results for the nonlocal boundary value
problem system (1) by using some well-known tools of fixed point theory such as
Banach contraction principle and Leray-Shauder nonlinear alternative and the exis-
tence of at least one positive solution for the system of two-point boundary value
problem (2) by using Krasnosel’skii fixed point theorem. The aim of the last results is
to establish some simple criteria for the existence of single positive solutions of the
BVPs (2) in explicit intervals for 4. The chapter is organized as follows. In Section 2,
we recall some preliminary facts that we need in the sequel, for more details; see [44]
and we give main results of problem (1). Finally, we give an example to illustrate our
result. In Section 3, deals with main results of problem (2) and we give an example to
illustrate our results.
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2. Existence and uniqueness results for problem (1)
2.1 Preliminaries

In this section, we introduce some definitions and lemmas, see [2, 4, 44-46].
Definition 2.1. Leta>0, n —1<a<n, n = [a] +1and u € C([0, ), R). The
Caputo derivative of fractional order « for the function u is defined by

Dul) :ﬁ;&—n"‘“‘luw (5)ds, @)

where I'(+) is the Eleur Gamma function.
Definition 2.2. The Riemann-Liouville fractional integral of order a> 0 of a func-
tion u : (0, ) — R is given by

I"u(t) = F(la); (t —s)* u(s)ds, t>0, (8)

where I'(+) is the Eleur Gamma function, provided that the right side is pointwise
defined on (0, 0).Lemma 2.1. Let >0, n —1<a<n and the functiong : [0,T| — R be
continuous for each T > 0. Then, the general solution of the fractional differential equation
‘D% (t) = 0 is given by

gty =co+cit+ -+ cp1t" 1, 9)

where cg, 1, ...,¢,—1 are real constants and # = [a] + 1.
Also, in [19], authors have been proved that for each T'> 0 and # € C([0, T]) we have

I“D®u(t) = u(t) +co +cit + -+ + ¢, 1" 1, (10)

where ¢g, 1, ...,¢,—1 are real constants and # = [a] + 1.

2.2 Existence results

Let X = {u(t) : u(t) € C([0, 1], R) } endowed with the norm ||u|| = sup |u(t)| such
t€[0,1]
that ||u|| < oo. Then (X, ||.||) is a Banach space and the product space (X x X, ||(«,)]|) is
also a Banach space equipped with the norm ||(#,v)|| = |ju| + |||
Throughout the first section, we let

r3-p)

M:m#o,uw—ll#o, y—m|#£0, Q=2(1—n)y—n)+ntli+y—1]|#0,

AQ) = M) = |A+y =1 (" +2(1—n)),

B(r) =|A2t)| = (P |A+y =1+ 3|y —#*|(1=n)) (7" +2(1 = n)t) — Q (> +3(1—n)F),
(11)

and

Q=21-n(r—n+n(A+y-1)#0. (12)
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Lemma 2.2. Let y € C(]0, 1], R). Then the solution of the linear differential system

( “Du(t) = y(t), D'v(t) =h(t), t€]0,1], 2<a,f<3
u(0) +yu(1) = v(n), w(0)+yv(1) =u(n),

u(0) = | vds, v(0) = [u)as, (13)

0 0
ADPu(0) + yDPu(1)="DFv(n), 1l<p<2,

( A°DPv(0) + y*DPo(1)="Dfu(n), 1<p<2,

is equivalent to the system of integral equations

_[e=s L (=
u(t) = J o) y(s)ds + T (J r(3) h(r)dr) ds

MO
Q(l—n)J

0

MM
6(1-n)Q

where

M) = A+y—1) (" +2(1—n)t), (16)

and

M@E)=PA+ry-1)+30-n)1—n)0*+20—n)t) — Q(r +3(1 —n)r*).
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Proof. It is well known that the solution of equation ‘D*«(t) = y(¢) can be
written as

u(t) =I%(t) +co + c1t + cot?, (17)
o(t) = IPh(t) +do + dat + dyt?, (18)

where cg, 1,20 €R and and do, d1,d> €R are arbitrary constants.
Then, from (68) we have

u'(t) = I“_ly(t) + ¢1 + 2cat, (19)
and

242P
ré-p)’

‘DPu(t) =1Py(t) +c2 1<p<2. (20)

By using the three-point boundary conditions, we obtain.

M

=7 (" Py(n) — yI“ (1)),

2y ) [ [0 e L[ ;
©= e JO ) h(“df)”’ = (J e Wf)”l
0 \O 0 \O
ORPG Ay = 1) 430 — = )] — QM | [ (n - ) s
21-n)Q r'(p—p)
fa-s 7 s [a-5""
J/JMJ’(SMS} + Q Hf(ﬁ)h(s)ds - 76[”“))’(5)615] J

and

z<z+y1>"<s<sr>“h )
1= (z)dz |ds
e

(PA+y =1 +3(r —n*)1—n)M ﬁ (n — S)H_lh(s)ds —7 j(ls—)aply(s)dS]
0

o [ — st T(1— oot
+2(1Q ) [J (n—5) y(s)ds — yji(l 03 y(s)ds} .
0 0
(22)

Substituting the values of constants cg, ¢1 and ¢; in (68), we get solution (64).
Similarly, we obtain solution (65). The proof is complete.
The following rolations hold:

A@)|<|B+7 =1 +2(1—1n)) = Ay, (23)
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and

B@)| <|(P1B+7y—1+3|y —n*|(1—n)(n* +2(1—n)) = Q(r’ +3(1—1n))| = B,

(24)
For the sake of brevity, we set
A = ' n At " MByn/ ¥
1-nl(F+2) QU-nI(F+2) 1-nQ@-p+1)
A
QAT )
MBl}/ Alj/ 1
Ay = 25
2T 61 —nQla—p+1) Qi+y 1@+l T+l (25)
A3 _ ],]a+1 N Alﬂa+1 N MBlnafp
1=nl(a+2) QA-nl(a+2) (1-nQl(a—-p+1)
Am”
QM +y—1Ul(a+1)’
and
MBU/ Alj/ 1
Ay = + . (26)
YTE- QI —p+1) Qi —10GFE) T+
In view of Lemma 2, we define the operator T : X x X — X x X by
T1(u,0)(2) )
T(u,v)(t) = , (27)
o)) = (e

a1 T
Tl(u,v)(t)zj(t ‘02 f(s,u(s),v(s))ds—{—llnj(

BOM | [(1—s)*" [ ger
T 6(1-1)Q H I g(s,u(s),v(s))ds — Jrf(S,u(s),v(s))ds:|

p=p) ?)
AW [[n—9" A=
+Q|ﬁ+}/—1| H r(p) g(s,u(s),v(s ))ds_}’l a) f(S,u(S),v(s))ds]

A0 6=
Q- J (l rp e WWT) “

(28)
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and

BOM [ [(n—s) " t -yt
6(1-1)Q L[ (s, uls),v(s))ds — YJPg(S,u(S),U(S))dS:|

Q-1 )" T

n — a—1 1 — p-1
Alt) [J (n—5) f(s,u(s),v(s))ds — J/J(l)g(&u(f),”@))ds-]

o ]7 S(S_T)a_l 7,u(z),v(7))dr | ds
Q(ln)l<l T(a) f (7, u(7), ())d>d.

Observe that the boundary value problem (1) has solutions if the operator equation
(u,v) = T(u,v) has fixed points.

Now we are in a position to present the first main results of this paper. The
existence results is based on Leray-Shauder nonlinear alternative.

Lemma 2.3. [44] (Leray-Schauder alternative). Let E be a Banach space and T : E —
E be a completely continuous operator (i.e., a map restricted to any bounded set in E is

compact). Let

(29)

e={(u,v)eX xX : (u,v) = AT (u,v), for some 0 <A <1}. (30)

Then either the ¢(T') is unbounded or T has at least one fixed point.

Theorem 1.1 Assume thatf,g : [0,1] x R x R — R are a continuous function and.

(H,) there exist a function k; > 0m; > 0,i = 1,2 and kg > 0, > 0 such that
VueR,VWelR,i =1,2, we have

If (¢, u,v)| <kg + ky|u| + ka|v|, (31)
and
lg(t,u,v)| <mo + mq|u| + ma|v|. (32)

If (Az + A3)k1 + (Al + A4)WL1 <1and (Az + Ag)kz + (Al + A4), m3 <1, where
4;, i=1,2,3,4 are given above. Then the boundary value problem (1)-(58) has at

least one solution on [0,1].

Proof. It is clear that T is a continuous operator where T : X x X — X x X is
defined above. Now, we show that T is completely continuous. Let Q CX x X be
bounded. Then there exist positive constants L; and L, such that

[ftu(t),v(®)) <L, gt u)v())| <Ly V(u,v)€EQ. (33)
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Then for any (u,v) € Q, we have

L, b S(S—T)/’Ll
|T1(u,v)(t)$1_nJ(J ) dr)ds

0 \0

n t

A@IL, [([6=o)" (t—s)" "
+Q(1—71)J | N0 "“)”“Llj Ma)

0 \O0

MBO)| | (=)
NG in rG—p)

ds + }’Ll

(34)

AQ) (n— s
Q-1 [Lzl rp “trh
0

(s — )/ A ([ -
) dT)’“Q(l—n)J ((J) (ap) df)d‘

0

MB;  [(n—s)7 A [—s)
+6(1—n)Q1 TG —p) d5+6|z+y—1|j r'(p) d‘}
i1, _MrB I(l_S)a_p_ldg—F Ay j(l_s)a_lds—l-J(t_s)a_lds
16(1—77)Q0 T(a—p) Qi+y—1]) T(a) ) T ’

0
<LoA1 + L1A;.

Hence

HTl(u,v)H <LA; + L1A,. (35)
In the same way, we can obtain that

”Tz(u,l))H SLlAg +L2A4. (36)

Thus, it follows from (78) and (95) that the operator T is uniformly bounded, since

|T(u,v)|| <L1(A1 4+ A3) + La(Ay + A4). Now, we show that T is equicontinuous. Let
t1,t; €[0, 1] with #; <t,. Then we have

151

|T1(u(t2),v(t2)) — Tl(u(tl),v(tl))| <L, J (tz —S) _F(—a)(h —S) — ds

5]

(tr —s)*" |A(t2) — A(t1)|La O (s—z) !
+L1J o) ds + Qa—n l(l (5) dT)dS

51

+ (Blt2) — Be1))M [Lz des + L1 J(l;—)aplds}

6(1—-n)Q I'(p—p) ['(a—p)
Aty) —Aw) | [ —s) [@—s
NCTETZST !LJ ) ds”“i M ds]

(37)



Boundary Layer Flows - Modelling, Computation, and Applications of Laminar, Turbulent...

Obviously, the right-hand side of the above inequality tends to zero as t, — t;.
Similarly, we have

151

| T2(u(t2),v(t2)) — T2(u(t1),v(t1))] SLzJ
0

(tr—s) ' = (t1—s)"
r(p)

5]

(=5 Al —A@IL [ [—0""
+L2J () ds + Q(1—7n) J(J df)ds

5]

(B(t2) — B(t1))M h (n—s)"*" h (1—s)/ 71
* 6(1—n) [Lll—pds+7L2l—ds:|

Aty) —Aw) | T—s)" [@—s
+Q|/1—|—y—1| !L1J dS—]/L2J4F( dS]

(38)

Again, it is seen that the right-hand side of the above inequality tends to zero as
ty — t1. Thus, the operator T is equicontinuous.

Therefore, the operator T is completely continuous.

Finally, it will be verified that the set ¢ =
{(u,v)€X x X : (u,v) = AT (u,v),0 <A <1} is bounded. Let (u,v) € ¢, with (u,v) =
AT (u,v) for any t € [0, 1], we have

u(t) = AT1(u,v)(t), v(t) = AT2(u,v)(t). (39)
Then
[u(t)| <Az(ko + kalu| + ka[v]) + A1(mo + mafu| +ma]), (40)
= Axko + Aymg + (Azks + Aymq)|u| + (Azky + Aymy)|v),
and
[0(2)| <A3(ko + Rafu| + kalv]) + Aa(mo + mafu| + mav]), (41)
= Askg + Aymo + (Asky + Agmq)|u| + (Aszky + Agm;)|v)].
Hence we have
|lul| = Azko + Aymo + (Azkqr + Aymy) ||u|| + (Azks + Ayms) |||, (42)
and
[v]] = Asko + Agmo + (Asky + Agma)lu| + (Asky + Agma) ), (43)
which imply that
lull + |[v]] = (A2 + A3)ko + (A1 + Ag)mo + [(As + A3)ky + (A1 + Ag)mq]||u| (44)

+[(A2 + A3)ky + (A1 + Ag)ma]||v]|-
Consequently,

10
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0 = 2R L Lo, (45)

where

Ao = min {1 — [(A2 + A3)k1 + (A1 + As)m], 1 — [(A2 + As)ks + (A1 + As)my) ),
(46)

which proves that ¢ is bounded. Thus, by Lemma 15, the operator T has at least one
fixed point. Hence boundary value problem (1) has at least one solution. The proof is
complete.

Now, we are in a position to present the second main results of this paper.

Theorem 1.2 Assume thatf,g : [0,1] x R?* — R are continuous functions and there
exist positive constants L; and L, such that forallz € [0, 1] and u;,v; €R, i = 1,2, we have.

LIf(t,u1,u2) —f(t,01,02)| L1(Jur — v1] + |ua — v2),

2.g(t, u1,u2) —g(t,v1,v2)| <Lo(Jur — v1] + [ua — v2)).

Then the boundary value problem (1) has a unique solution on [0,1] provided
(A1 + A3)L1 + (A + Ag)Ly < 1. (47)

Proof. Let us set sup [f(¢,0,0)] = Ni<ooand sup [g(¢,0,0)| = N, <co.

t€0,1] t€0,1]
For u € X, we observe that

[f & u(®),v(®)| <|f(&u(®)) —f( 0,0)| + f(z 0,0)],
<Li(fu(®)] + [o(2)]) + Na, (48)
<La(|lufl + [fo[]) 4 N1,
and
lg (@, u(t), v(1))| < lg(t,u(t)) —g(t, 0,0)| + [g(z, 0, 0)| < La[uf| + N (49)
Then for u € X, we have

(J (s ;(;);_1 [Lo]|(w,0)|| + Nz]df) ds
0

wammanslfnl

s

Al f(je-a o
+MJ bW[LZH(“,U)H +N2]d7) ds + JW[M”(%U)H + N4|ds

MBE) [ fn—s) 7 fa—gert
Tea-nQ | TG —p) [Lzll(u,v)H+Nz]ds+ybir(a_p) L | (s )+N1]ds]
QL [[o=9" Ta-ge
+Qﬁ+y1[l gy Ll N7 [l i

11
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1 ([ [=o" A (6=
S(LZ(M’U)l—I—NZ){l—’Yb[(j ) dr>d5+Q(1_n)l<l T(3) dr)ds
(n—s)""

) $}

(n—9)""
L'(p) (50)

n—- ﬁp 1 Ay
rp 6|/1+7/—1|

n)Q

n— ﬂp 1 Aq
rp 6|/H—7/—1|

]
]

O 3 O 3

mQ

! o1
a0 +Nl>{j(t s

1 1 L 1
M}/Bl J a r- Al}/ J (1 — S)OH d
s 5,
I'(a Q|/1+7/— 1[)  I(a)
0 0
(LzV + Nz)Al + (LlV + Nl)A
Hence
HTl(u,v)H S (LzAl —|—L1A2)1"+N2A1 —|—N1A2 (51)
In the same way, we can obtain that
| T2(u,v)|| < (L143 + LoAs)r + NoAg + N1As. (52)

Consequently,
| T (u,0)|| < ((A2 + A3)L1 + (A1 4+ A4)Ly)r + No(A1 4+ A4) + N1(Ay + A3) <r.  (53)

Now, for (u1,v1), (#2,v2) €X x X and for eacht € [0, 1], it follows from assumption
(H3) that

i1 s— )t
T (102,02 (¢) — T (41, 00) ()] < Lotz — ] + o2 ”1>{1 = (J< F(ﬁ)) dr) ds

Ay h S(S_T)ﬂ_l
+Q(1—’7)i (l I df)ds
VRS Y Y (V)
61-1)Q, [(F-p) “6u+y—1\l X0 d}
Lol ] + oz - m{J(t o

1

MyB; [(1—s)*?! Ay (1-s5)""

d d.
6(1—77)QJ [(a—p) S+QM+7—1\J S}

< (LaAr + Lady) ([luz — ual + fJoa —al])-
(54)

12
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Thus

[ T1(u2,v2) — T1(u1,01)[| < (L2A1 + Lada)([[uz — ua| + [lo2 — val]). (55)
Similarly,

IT2(2,02) — Ta(u1,01)|| < (LaAs + L1Ag) (luz — wa| + |lv2 — v1])). (56)

It follows from (101) and (110) that
T (w2, v2) — T(ur,v1)|| < (La(41 + 43) + L1(42 + A4)) ([luz — ua | + [[o2 — v1]]). (57)

Since Ly(A1 4+ A3) + L1(4; + A4) <1, thus T is a contraction operator. Hence it
follows by Banach’s contraction principle that the boundary value problem (1) has a
unique solution on [0, 1].

We construct an example to illustrate the applicability of the results presented.

Example 2.1. Consider the following system fractional differential equation

u ) (e 10(0))’
‘D3u(t) = % (( cos (¢)) sin (M)> +——7—, t€]0,1],

2 1412
(@] ) o
1 v(t 1
c3 o -
D°v(t) =5 sm(27ru(t))+16(1+|v(t)|) 5> te]0,1],
subject to the three-point coupled boundary conditions
(1 1 1
0,5
u(0) = J u(s)ds, (59)
0
1 CD% 0 1CD% _CD% 1
| 10 u(0) + 55 D2u(1)="Du| 5 |,

where f(t,u,v) =% <( cos (t)) sin (\u\;lvl)) +e 1e[0,1),7 = 0,54 = 0,01,y =
0.1,p = 1,5 and g(t,u,v) = g sin (2m(0)) + geriiayy + &

T 32 L+o()])
It can be easily found that M = £ and Q =
Furthermore, by simple computation, for every u;,v; €R, i =1,2, we have
Jf‘<ta Ui, uZ) _f(ta V1, 1)2>| SL(|M1 - 7)1| + |u2 - UZ')a (60)
and
lg(t,ur,ur) — g(t,v1,02)| <L(ju1 — v1| + |42 — v2}), (61)

where L1 =L, =L = %. It can be easily found that Ay = A3 =2 0,799562, A, =
A, =2 1,182808.

Finally, since L1(A1 + 43) + Ly(A; + A4) = 2L(41 + 4A3) = 0,247796 < 1, thus all
assumptions and conditions of Theorem 1.2 are satisfied. Hence, Theorem implies that
the three-point boundary value problem (58, 59) has a unique solution.

13
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3. Existence result for second problem (2)

We provide another results about the existence of solutions for the problem (2) by
using the assumption.

We shall consider the Banach space B = C([0, 1|) equipped with usual supermum
norm and B = C" ([0, 1]). In arriving our results, we present some notation and
preliminary lemmas. The first is well known.

Lemma 3.1. Let y(¢) € C[0, 1]. If u € C*[0, 1), then the BVP

{ uld (1) = y(t), 0<t<1,
u(0) = #'(0) = (1) = u”'(1) = 0,

(62)
has a unique solution
1
u(t) = JG(t,s)y(s)ds, (63)
0

where
1,
—t°(3s —t), 0<t<s<1,
G(t,s) = ) (64)
gs2(3t —s5), 0<s<t<l
Lemma 3.2. For any (t,s) € [0,1] x [0, 1], we have

0<G(t,5)<G(1,s) ==s"(3—5) = wl(s). (65)

Proof. The derivatives of the function G with respect to ¢ is

1, 1

2
a ES —E(S—t), OSISSS1
—G(t,s) = (66)
ot 1,

is s 0<s<t<1.

Since the derivative of the function G with respect to ¢ is nonnegative for all
t€10,1], G is nondecreasing function of ¢ that attaints its maximum when ¢ = 1. Then

_ _1, 15
OrgféilG(t,s) =G(1,s) = > g5 (67)

Lemma 3.3. Ler 0 <@ < 1. Then for y(t) € C*(0, 1], the unique solution u(t) of BVP (14)
is nonnegative and satisfies

min u(t) > —||u||. (68)

Proof. Let y(t) € C*[0, 1], then from G(z,s) > 0 we know u € C*[0, 1]. Set u(to) =
||lu]|, to € (0, 1]. We first prove that

14
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G(t,s)
G(to,s)

2
> §1:3, t,to,s € (0,1]. (69)

In fact, we can consider four cases:

1.if 0<t,t9 <s <1, then

G(t,s)  t*(3s—1) _ t3(2) _2(x) _2(2) 28
Gltos) B35 —t0) -3 —t0> 3 = 3 3 (70)

2.if 0 <t <s<tg<1, then

G(t,s) (35 —1) S 2(2s) S £2(2s) S t2(2t) 23

= =—, 71
G(to,s) t3(3s—to) 3s—to 3 ~— 3 3 (71)
3.if 0 <s<t,t9 <1, then
2(3f — — — _ _ 3
G(t,s):s(3t s):3t s23t sZ3t 522t+t SZ%ZZL, 72)
G(to,s) 52(3t0 —S) 3tg — s 3to 3 3 3 3
4.if 0<tg <s<t <1, then
2(2F _ 2(2F _ _ 3
G(t,s) :s(3t 5) Z1:0(3t 5) Z31: 523t tzgzzi, (73)
G(to,s) t5(3s—to)  t5(3t —to) 3t 3t 373
Therefore, for ¢ € [0, 1], we have
h (G 213 26°
f f
ut) = | Gy = [ G20 syl S uteo) > L lul. 09
0 0
The proof is complete.
If we let
, 20°
K=<{x€B: x(t)>0 on [0,1], and minx(t)> — x| (75)
te(6,1] 3

then it is easy to see that K a cone in B. We not that a pair (#(¢),v(t)) is a solution of
BVPs (2) if, and only if

W) = 4 J G(t,)a(s)f (l J G, V)b(V)g(bt(V))dV) ds, tel0,1], (76)
0 0
and
v(t) =1 J G(t,s)b(s)g(u(s))ds, te]0,1]. (77)

15
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Now, we define an integral operator T : K — B by

(Tu)(t) = A J G(t,s)a(s)f (/1 J G(s, V)b(V)g(u(V))dV) ds, uek. (78)

0 0

We adopt the following assumptions:
(H1) a,b €C((0,1), [0, 00)) and each does not vanish identically on any subinterval.
(H) f,g2€C([0,0), [0, 00)) and each to be singular att = Oort = 1.

(H3) Allof f, = lim@, go = lim £ I\ = lim %) and £, = lim‘@exist
x—07F

4}0+ X x—oo X X—00
as real numbers.
(H4) g(0) = 0 and f is increasing function.
Lemma 3.4 Let A be positive number and K be the cone defined above.
i. fueB" and v :[0,1] — [0, ) is defined by (77), then v €K.

ii. If T is the integral operator defined by (78), then T'(K) C K.

iii. Assume that (H1), (H2) hold. Then T : K — B is completely continuous.
Proof. Let u € B" and v be defined by (77).

i. By the nonnegativity of G, b and g it follows that»(z) > 0, t € [0, 1]. In view of

(H1), (Hz), we have
1 1
| tt.mguts)s> | min G s)belgisas, (79)
0 0
from which, we take
1 1
tren[g’nl] l G(t,s)b(s)g(u(s))ds > itlen[gll]G(t,s)b(s)g(u (s))ds. (80)

Consequently, employing (68) and for 4> 0, we have

1

2 J Gt )b(s)g(u(s))ds > /IJ min G(t,5)b(s)g(u(s) ds
0

tel,1]

(81)
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Therefore
3

26
inv(t)> — ||o|. 2
min v(t) 2 - || (82)

Which give that v €K.

ii. Obviously, forv €K, T(x)€C"[0,1]. Fort€ |0, 1], we have

<t<1

|Tut)] = max i J G(t,)a(s)f (v(s))ds
0

1 (83)
<i|GLoa o,
and
i) = 4| Gt (s
= G G w(o)ds o
-2 j G(1,)a(s)f (v(s))d
:

> %03||Tu(t)||.

Which give that Tu € K. Therefore T : K — K.

iii. By using standard arguments it is not difficult to show that the operator T :
K — B is completely continuous.

The key tool in our approach is the following Krasnoselskii’s fixed point theorem of
cone expansion-compression type.
Theorem 1.3 (See [47]) Let B be a Banach space and K C B be a cone in B. Assume

Q; and Q, are open subset of B with 0 €Q; and Q; C O,
T:Kn (ﬁz\Ql) — K be a completely continuous operator such that.

i ||Tu|| <||lu||, Yu e KN0oQ and || Tu|| > ||u||, Yu € K N 0,; or.
ii. | Tu|| > ||u||, Yu € KN 0 and ||Tul| < ||u||, Vu € K N 0Q;.

Then, T has a fixed point in K N (ﬁz\Ql). Throughout this section, we shall use the
following notations:

17
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= s () o o 1, @)

2 2

w(r)a (V)goodV:| (85)

D e
D ——

and
1 -1 1
Ly miin Uy/(r)a(r)fochf] , [Jw(r)b(r)gochf] | (86)
0 0
(2 fomora] [(2) fromea]
L3 = max — w(ra(r)fdr| || — w(r)a(r)g,dr (87)
3 ) 0 3 ) 0
and

D ey |2
<
—
~N
SN—
1Y
—~
=
8
QL
SN
| I |
Lok
1

L4 = min [ Jw(v)b(r)gmdr} : (88)

4, Existence results

In this section, we discuss the existence of at least one positive solution for BVPs
(2). We obtain the following existence results, by applying the positivity of Green’s
function G(t,s) and the fixed-point of cone expansion-compression type.

Theorem 1.4 Assume conditions (H1), (H>) and (H3) are satisfied. Then, for each 4
satisfying L1 <A < L, there exists a pair («,v) satisfying BVPs (2) such that «(¢) > 0 and
v(t)>0o0n (0,1).

Proof. Let L; <A< L,. And let £ > 0 be chosen such that

()

-1

Iwmam (f.. - gw} 1, [(2393) }wmm (8 - e)dr] <
[ [

2

(89)
and
1 -1 r1 -1
A< min [J w(r)a(r)(fy + 8)d1":| , [J w(r)b(r)(g, + e)dr] ) (90)
) )
From the definitions of f, and g, there exists an R; > 0 such that
f(u)s(fo+8)u, O0<u<Rq, (91)
and
gw)<(gy+€)u, O<u<Ry, (92)
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Let u € K with ||u#|| = Ry. From (65) and choice of ¢, we have

1

1| Gesirgu)) <i[wirbogtue)ar

<A|w(r)b(r)(gy + €)u(r)dr

(93)
0
1
< Huu/ljw(r)h(r)dr(go 4 e)dr
0
<Ry = [
Consequently, from (65) and choice of ¢, we have
1 1
Tu(t) = 4 J G(t,s)a(s)f (i J G(s,7)b(r)g(u (V))dV) ds
0 0
1 1
<i J w(s)a(s)f (/1 J G(s,7)b(r)g(u (V))dV) ds
0 0
1 1 (94)
<A|y(s)a(s)(fy+e€) [/1 J G(s, V)b(r)g(u(r))dr} ds
0 0
1
<A |y(s)a(s)(fy + €)Ruds
0
<Ri = |lu.
So, ||Tu|| <||u]|. If we set Q1 = {u€B: |u||<Ri}, then
| Tu|| < ||u||, for ueKno (95)
Considering the definitions of f_ and g_, there exists an R, > 0 such that
f(u)z(foo —e)u, 0<u<R,, (96)
and
g(u) > (goo — 5)u,0<u <R,. (97)
Let u €K and R, = max {2R1, %} with [|#|| = R,, then
min u(s) > >60|u|| >R (98)
sel0,1] -3 =72
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Thus, from (68) and choice of ¢, we have

> |y(r)b(r)(g., —e)ulr)dr

0

(99)

> [|u| (2?93> zﬂjy/(r)b(r)dzf(gm —&)dr

2Ry = [|ul|

Consequently, from (77) and choice of ¢, we have

Tu() > 22 J w(s)a(s)f (a J GG, r)b(r)g(u(r))dr) ds
0

2Ry = [ju].

So, ||Tu|| > ||u||. If we set Q; = {ueB: |u|]| <Rz}, then
| Tu|| > ||u||, for ueKnoy,. (101)

Applying (i) of Theorem 3.1 to (95) and (101), yields that T has a fixed point
u*eKkKn (ﬁz / Ql). As such and with v defined by

1
v(t) =4 J G(t,s)b(s)g(u(s))ds, (102)
0

the pair (u,v) is a desired solution of BVPs (2) for the given 4. The proof is complete.

Theorem 1.5 Assume conditions (H1), (H2), (H3) and (Hy4) are satisfied. Then, for
each 4 satisfying L3 < A < L4 there exists a pair (#,v) satisfying BVPs (2) such that
u(t)>0and »(t) >0 on (0,1).

Proof. Let L3 <A< L4 and € > 0 be chosen such that

max {( 3> Jy/(r)a(r)(fos)drl {( 3> J w(r)a(v)cgoe)drj| <), (103)

0 0
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and
1 1 r -1
A< min [J w(r)ar)(f., + E)dV] , |:J w(r)b(r)(g., + s)dv] . (104)
0 0
From the definitions of f; and g, there exists an R; > 0 such that
f@)>(fy—€)u, O<u<Ry, (105)
and
g(u) > (go — g)u, O0<u<R4, (106)

Now g(0) = 0 and so there exists 0 <R, <R; such that

Ry

Ag(u) < , 0<u<R,. (107)

Let u € K with ||u#|| = R,. Then

AjG(t,s>b<v>g<u<V>> sajmr)bmg(u(r»dr

1
jwr)b(r)w (108)
0

Therefore, by (68), we have

1 1
Tu(t) = A J G(t,s)a(s)f (/1 J G(s,7)b(r)g(u (V))dr) ds

0 0

3 ¢ 3
> %zu w(s)als)f (2§z w(v)b(r)g(u<r>>dv> ds
) 0
3 ¢ [ 26\? |
> 21 [veaoito -9 | (5 ‘J"’<V>b(”)(g08>””]d5 (109)
9 L 0
3 ~
> 20 [w )l (f — )l
0
NEA
> (%) 2| wra (o )l
> ||ul|
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So, ||Tu|| > ||u||. If we set Q1 = {u€B: |ju|]|<R,}, then
ITull> lll, weKn (@\Q) (110)

Considering the definitions of f_ and g there exists Ry > 0 such that

f@)<(fo, +eu, u>Ry, (111)
and
gw)< (g, +e)u, u>Ry. (112)

We consider two cases: g is bounded or g is unbounded.
Case (7). Suppose g is bounded, say g(#) <N, N> 0 for all 0 <# < oo. Then, for
uek

) (113)
M = max {f(u) 0<u SNAJU/(V)b(V)dV}
0
and let
1
R3> max {ZRZ, M2 J l//(S)&l(S)dS}. (114)
0
Then, for u € K with ||u|| = R3, we have
(115)

So that ||Tul| < ||u|. If we set Q, = {u €B: |ju|| <R3}, then, for u € K noLy:

|Tul| <|ju|, ue€Kno, (116)

Case(ii). g is unbounded, there exists R3 > max {2R,, R, } such that g(u) <g(Rs), for
O<u<R;.

Similarly, there exists Ry > max {2R3, Mﬂjg w(r)b (V)g(R3)ds} such that
f(u) <f(R4), for O <u <R4.
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Let u € K with ||u|| = R4, from (H4), we have

Tu(t) <2 |wis)a()f (ﬂ | w(v)b(v)g(&)dv) ds

0
1
<
Al y(r)a(r)f (R4)ds (117)
<Ay (r)a(r)(f., + €)Rads
0
<Ry = [full.
So, ||Tu|| < ||ul|. If we set Q, = {x € C[0, 1]|||x|| <R4}, then
| Tu|| < ||ul|, for ueKno,. (118)

In either of cases, application of part (ii) of Theorem 3.1 yields a fixed point #* of
T belonging to K n (ﬁz / 91), which in turn yields a pair (,v) satisfying BVPs (2) for
the chosen value of 1. The proof is complete.

We construct an example to illustrate the applicability of the results presented.

Example 4.1. Consider the two-point boundary value problem

+K
B (1) = 2to(t ( e v &), 0<t<1,
ue) = aeo(0) (wfe)e 0 + T2
" (119)
+K
H(t) = Mtu(t ( t)e L) 0<t<1,
o (e) = au(e)(w(0e 0 + TS
and satisfying two-point boundary conditions
u(0) =0,4'(0) = 0,u"(1) = 0,4"(1) = 0, (120)
v(0) = 0,v'(0) = 0,2"(1) = 0,2"(1) =0,

wherea(t) =b(t) =t, f(v) =v (ve*” + i’jﬁ) , glu)=u(1+ 1"#;)
By simple calculations, we findg(0) = 0,f_ =g = %,
Choosing 0 = %, n =100, andK = 10*, we obtain L3 = 1,1817237,L, = 9, 1666667.

By Theorem 4, it follows that for every A such that 1,1817237 <1 <9, 1666667, there
exists a pair (u,v) satisfying BVPs (25-2526).

o
I
)
o
|
~

5. Conclusions

This chapter concerns the boundary value problem of a class of fractional
differential equations involving the Caputo fractional derivative with nonlocal
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boundary conditions. By using the Leray-Shauder nonlinear alternative and Banach
contraction principle, one shows that the problem has at least one positive solutions
and has unique solution. Secondly, we derive explicit eigenvalue intervals of 1 for the
existence of at least one positive solution for the second problem by using
Krasnosel’skii fixed point theorem. The results of the present chapter are significantly
contribute to the existing literature on the topic.
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